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Optical projection tomography (OPT) is a biomedical imaging technique that uses

visible and near-infrared light to investigate the spatial distribution and shapes of

objects contained in a sample. It bears close resemblance to the better known X-

ray computed tomography used in medical applications as well. The OPT imaging

methods come in roughly two varieties: the transmission and fluorescent modes.

This thesis focuses on developing a forward model for measurement data generation

in the latter case. Additionally the inversion of the model using an iterative approach

is discussed.

The presented model is based on the generalisation of the Radon transform. While

the attenuation of electromagnetic radiation is satisfactorily described by the simple

Radon transform, the fluorescent case relies on a type of attenuated Radon trans-

form. The object of interest in fluorescent OPT is the emission function describing

the locations and strengths of fluorescent sources within the sample, whereas the

attenuation function central to transmission mode is more of a parameter to the

model. For these reasons the inversion of these models differ from each other.

The transmission mode OPT can be inverted using the filtered backprojection

method, perhaps the most popular technique in applications. The different forward

model, however, implies that this is not sufficient in the fluorescent case. Following

earlier work in the context of X-ray fluorescent computed tomography, an itera-

tive inversion procedure is varied by the application of attenuation recovery and

relaxation and the methods are compared in numerical experiments. Using both

techniques results in significant improvements in the reconstruction mean squared

error compared to the backprojection and other variations of the iterative method.
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ĥ the Fourier transform of h

h̃ the 2D Fourier transform of h

I the intensity of light

K a general weighed integral operation

MSE mean squared error

µ, λ attenuation functions

OPT optical projection tomography

R the Radon transform

R−1 the inverse Radon transform

RARI relaxed attenuation recovering iteration

R, R2 the real line and plane



List of Abbreviations and Symbols vi

RSI relaxed simple iteration

Rw the weighted (generalised) Radon transform

S1 the set of unit direction vectors in R2

sCMOS scientific complementary metal oxide semicon-

ductor (camera)

SI simple iteration∫
the indefinite integral∫

x·θ=s
the integral over line x · θ = s∫

S
the integral over set S

SPECT single photon emission computed tomography

supp(h) the support of function h

θ · ∇ the directional derivative in direction θ

w a weight function

XFCT X-ray fluorescent computed tomography



1

1. INTRODUCTION

Optical projection tomography (OPT) introduced in 2002 by Sharpe et al. [15]

is a biomedical imaging technique used to find the 3D structure of transparent

samples. It is closely related to optical microscopy in its use of visible to near-

infrared electromagnetic radiation. The difference is that the OPT is a tomographic

imaging technique, where the whole sample can be reconstructed in slices, whereas

traditional microscopy provides a projection of the object. Thus the OPT method

can provide more information about the sample.

The closest analogue to the OPT is the X-ray computed tomography (CT), which

is used for diagnostic purposes in medicine. In their most basic forms, both involve

the propagation of electromagnetic radiation through the sample, which then causes

attenuation via absorptive and scattering processes. This attenuation is detected

and the measurement is repeated in multiple rotational directions to gain enough

information about the spatial distribution of objects within the sample. All this data

can be used to create an estimate of the mentioned distribution, and the process

is known as reconstruction. The task in tomography is an example of an inverse

problem. The measurement results are relatively easy to model and calculate based

on knowledge of the sample, but the inverse task of predicting the sample structure

from measurements is much more difficult.

Some biologically important molecules exhibit a phenomenon known as fluorescence:

when illuminated with light they begin to emit photons. Fluorescent optical projec-

tion tomography is based on this principle. Light falling on the investigated sample

causes fluorescence, and this emission is measured. In this thesis a model is de-

veloped for fluorescent OPT, and its differences and similarities compared to the

transmission OPT are discussed. The model is acknowledged to be very similar

to the one used in X-ray fluorescent computed tomography (XFCT), owing to an

analogy between the two methods.

Following the model description an iterative inversion method introduced by Mique-

les and De Pierro in [11] is investigated to express the fluorescent structure of the

sample in terms of the measurement data. The iteration relies on an inversion proce-
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dure for the transmission mode measurements known as the filtered backprojection,

which is also introduced for completeness. The iterative method is varied to assess

the effects of its components, namely compensation for attenuation and relaxation.

Using the forward model for fluorescent OPT some measurement data is simulated

using a digitally synthesized sample slice, and the variations of the inversion proce-

dure are compared for their performance.

Earlier development in transmission and fluorescent OPT modelling has mainly

focused on its optical aspects. As acknowledged by Sharpe et al. [15], this is not an

issue in CT, where easily propagating X-rays are used, but in OPT the wave nature

of light and thus optical phenomena are highlighted. Darrell et al. [5] consider the

effects of defocus in fluorescent OPT, whereas van der Horst and Kalkman [9], and

Trull et al. [19] discuss a Gaussian beam shape model in image formation. Their

research concentrates on modelling the point spread function of the measurement

system. Different methods for image reconstruction have also been developed, and

a comparison of these is provided by Trull et al. in [20]. It seems, however, that the

fluorescent mode model discussed in this thesis has not been considered specifically

in OPT, whereas in another of its analogues, the single photon emission computed

tomography (SPECT), it has been under research for over 40 years.
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2. MODELLING FLUORESCENT OPTICAL

PROJECTION TOMOGRAPHY

Optical projection tomography together with for example X-ray CT, SPECT and

others form an eponymous class of tomographic methods for medical imaging. All of

the different methods or modalities within the class produce a 3D reconstruction of

the imaged sample by dividing the image into thin slices that are processed more or

less individually. A complete reconstruction is formed by stacking these slices. This

sets these methods apart for example from the regular X-ray scan and radiography,

which aim at producing a 2D projection of the imaged sample.

The two modes of operation within the OPT modality are distinguished by the

use of an illuminating light source. The transmission mode depends on the light

transmitting through the sample and measuring changes in its intensity, or the

attenuation. The fluorescent OPT mode, which the present discussion will focus

on, however, utilizes the light to excite the fluorescent molecules within the sample.

These will then emit light to be measured.

This chapter introduces concisely the necessary mathematical tools and the physics

of light-matter interaction and fluorescence relevant to the OPT. A model for the

formation of fluorescent data is then developed from these principles.

2.1 Modelling tools

The definitions of the mathematical concepts central to the fluorescent OPT model

are presented here for later reference. Some relevant results are also discussed.

Definition 1. A set S ⊂ R2 is compact if and only if it is bounded and closed.

The preceding definition is made possible by the Heine-Borel theorem that shows

it true from a more general definition of set compactness. For proofs and more

information, see for example [18].
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Definition 2. The support of a real valued function is the subset of its domain that

does not map to zero, that is for h : X → Y ⊆ R

supp(h) = {x ∈ X |h(x) ̸= 0} . (2.1)

A function is said to have compact support, if its support is a compact set.

The following two theorems consider the line integrability of functions with compact

support. The line integral is central to the construction of the OPT models.

Theorem 1. Let h : R2 → R be a continuous function with compact support and

additionally let C ⊂ R2 be a continuous curve. Then the line integral∫
C

h(x)dx (2.2)

exists as finite.

Proof. Because h has compact support, there exists a closed and bounded set S ⊂ R2

so that h(x) ̸= 0 implies x ∈ S. Now C = (C ∩ S) ∪ (C \ S), and thus∫
C

h(x)dx =

∫
C∩S

h(x)dx+

∫
C\S

h(x)dx. (2.3)

But by contraposition h(x) = 0 whenever x ̸∈ S and therefore also when x ∈ C \S,
meaning that the second integral vanishes. Now∫

C

h(x)dx =

∫
C∩S

h(x)dx, (2.4)

and the integrability of the latter follows from the continuity of h and the bound-

edness and closedness of C ∩ S.

Theorem 2. Let h : R2 → R be a continuous function with compact support and

additionally let C ⊂ R2 be a continuous curve. Then the line integral∫
C

h(x)g(x)dx, (2.5)

exists as finite, where g : R2 → R.

Proof. Consider x ̸∈ S = supp(h). Here h(x)g(x) = 0 · g(x) = 0, which implies

that supp(hg) ⊆ S. Thus h(x)g(x) ̸= 0 implies x ∈ S, and the result can be proved

similarly to Theorem 1.
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Definition 3. L1(S) is the set of functions h : S → R that satisfy∫
S

|h(x)|dx < ∞. (2.6)

Definition 4. S1 is the set of unit direction vectors in R2, that is

S1 =
{
ξ ∈ R2

⏐⏐ ∥ξ∥ = 1
}
. (2.7)

For an arbitrary θ ∈ [0, 2π], define

θ =

[
cos(θ)

sin(θ)

]
∈ S1 and θ⊥ =

[
− sin(θ)

cos(θ)

]
∈ S1. (2.8)

The functional transforms central to the model construction and also to its inversion

are introduced next. Theorems 1 and 2 guarantee the existence of the line integrals

in Definitions 5–7.

Definition 5. The Radon transform of a continuous function h : R2 → R with

compact support is

(Rh)(s,θ) =

∫
x·θ=s

h(x)dx, (2.9)

where s ∈ R and θ ∈ S1.

Definition 6. The divergent beam transform of a continuous function h : R2 → R
with compact support is

(Dh)(x,θ) =

∫ ∞

0

h(x+ tθ⊥)dt, (2.10)

where x ∈ R2 and θ ∈ S1.

Definition 7. The weighted or generalised Radon transform with bounded weight

w : R2 × S1 → R of a continuous function h : R2 → R with compact support is

(Rwh)(s,θ) =

∫
x·θ=s

h(x)w(x,θ)dx, (2.11)

where s ∈ R and θ ∈ S1. This reduces to the Radon transform when w ≡ 1.

Other choices of w lead to other special cases, and specifically the attenuated Radon

transform, where

w(x,θ) ∝ e−(Dµ)(x,θ) (2.12)

and µ : R2 → R is piecewise continuous and has compact support.
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Definition 8. Let h : R × S1 → R be a function that satisfies h(·,θ) ∈ L1(R) for
all θ ∈ S1. Its Fourier transform is

ĥ(σ,θ) = (Fh)(σ,θ) =

∫
R
h(s,θ)e−i2πsσds. (2.13)

The inverse Fourier transform also exists and satisfies

h(s,θ) = (F−1ĥ)(s,θ) =
1

2π

∫
R
ĥ(σ,θ)ei2πsσdσ (2.14)

everywhere, except possibly where h is discontinuous.

Definition 9. The two-dimensional Fourier transform of a function h : R2 → R,
h ∈ L1(R2), is

h̃(k) = (F2h)(k) =

∫
R2

h(x)e−i2πx·kdx. (2.15)

The inverse 2D Fourier transform also exists and satisfies

h(x) = (F−1
2 h̃)(x) =

∫
R2

h̃(k)ei2πx·kdk (2.16)

everywhere, except possibly where h is discontinuous. In polar coordinates the

inverse 2D Fourier transform is defined in a similar manner by

h(x) = (F−1
2 h̃)(x) =

∫
S1

∫ ∞

0

h̃(rθ)e−i2πx·rθrdrdθ. (2.17)

These concepts suffice for discussing the forward model and its inversion from an

applied mathematical point of view. More sophisticated methods are required for a

rigorous and theoretically complete description.

2.2 Overview of the measurement setup

Fluorescent optical projection tomography can be used for example to deduce the

locations of target cells within a sample after they have been dyed with a chemi-

cal exhibiting fluorescent activity. This is a method often employed in fluorescent

microscopy, which is a closely related biomedical research method. Different mea-

surement setups have been developed for the purposes of fluorescent OPT, the one

by Darrell et al. in [4, 5] as an example.

The present OPT setup description is based on the measurements of Belay et al.

[1]. As shown in Figure 2.1, the source illuminates the sample and all of its cross-

sections S with parallel beams of almost monochromatic light, or light consisting of
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S

source

optical system sCMOS

Figure 2.1 Fluorescent OPT measurement setup. Adaptation of Fig. 1 in [1].

only one wavelength. Some of the photons transferred to the sample are absorbed

by the active molecules, also called fluorophores. The energy carried by the photon

is consumed in exciting the molecule from its ground state to a higher energy level.

Some picoseconds later it relaxes back to the ground state, emitting a single photon

in the process. See [21] for a more complete description of fluorescence and its

biological applications.

The sizes of the fluorophores are negligible compared to the macroscopic sample,

which justifies describing them as point sources of radiation. Due to this small

size it is also feasible to assume the molecules to be isotropic sources of fluorescent

emission, that is the emission is similar in all directions. These two assumptions

lead to the simplest mathematical treatment of emission sources within the sample.

The light emitted by the sample is collected with an optical system to convey infor-

mation in an optimal form. In the constructing the model for fluorescent OPT this

part of the measurement process is neglected, which can limit its applicability. The

optics related to the wave nature of the fluorescent light and especially the effects

of defocus are discussed in [5], but these considerations are beyond the scope of this

thesis. Finally the optical system releases the input light onto an sCMOS (scien-

tific complementary metal oxide semiconductor) or an equivalent camera device for

detection of the intensity of the radiation.

2.3 Beam propagation through the sample

Consider a planar cross-section S ⊂ R2 of the sample in an OPT measurement

and assume it to be convex. The linear attenuation coefficient is a property of the

sample itself, and points outside the cross-section should give no contribution to

the attenuation process. Define a piecewise continuous function µ : R2 → R with

compact support and supp(µ) ⊆ S. Now naturally µ(R2 \ S) = 0 as required.
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In the OPT measurement the sample is illuminated with light, which in geometric

optics is described as a collection of beams, or paths the light travels along. In a

medium of constant refractive index a beam is a straight line in all directions. This

assumption will be made in the following discussion. Consider now a beam of light

C = {x ∈ R2 : x · θ = s, s ∈ R} (2.18)

with normal unit vector θ ∈ S1 and s ∈ R the directed perpendicular distance from

the origin to the beam. The direction of light propagation defines the orientation of

C, and θ is assumed to be the counter-clockwise normal of the line. Then θ⊥ ∈ S1

represents the direction opposite to the beam propagation direction. The light along

the beam has a positive intensity I : C → R+ that describes the energy it carries

per unit time and area. The widely used Beer-Lambert law connects the intensity

to the linear attenuation coefficient at any point x ∈ C with

θ⊥ · ∇I(x) = −µ(x)I(x). (2.19)

This requires that the intensity function is differentiable everywhere along C. When-

ever µ has a point of discontinuity there, the directional derivative is interpreted as

a one-sided operator.

Equation (2.19) is separable, meaning that its solutions are of the implicit form∫
dI

I(x)
+

∫
µ(x)dx = ln(I(x)) +

∫
µ(x)dx = c. (2.20)

The boundary conditions are determined by the physical properties of the measure-

ment setup: the initial intensity of the beam is I(x) = I0 before entrance to the

sample. Here µ(x) = 0 by definition and therefore within the sample (2.20) becomes

− ln

(
I(x(t))

I0

)
=

∫ t

−∞
µ(x(τ))dτ. (2.21)

Recognising x(t) as the end point of the line integral that exists by Theorem 1,

Definition 6 allows to write (2.21) as

− ln

(
I(x(t))

I0

)
=

∫ ∞

0

µ(x(t) + τθ⊥)dτ = (Dµ)(x(t),θ). (2.22)

If the integration is extended all the way across the cross-section S of the sample,

the attenuation coefficient becomes zero again and the value of the integral does not
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change anymore. Therefore I is constant and letting I(x) = I1 there results in

− ln

(
I1
I0

)
=

∫
x·θ=s

µ(x)dx = (Rµ)(s,θ). (2.23)

This is precisely the model of light intensity related to the transmission mode of

OPT, where only the attenuation of external radiation through the sample is de-

tected. The divergent beam transform is more central to the fluorescent OPT model.

2.4 Emission from a single fluorescent source

Consider a ray C1 with normal θ1 originating from x ∈ S, which represents the

fluorescent point in the sample. This is illustrated in Figure 2.2. The attenuating

behaviour of the point is assumed to be no different from non-fluorescing points, but

this point becomes additionally a source of light. Assuming that the initial intensity

of light propagating towards x is I0, the light intensity I1 arriving at the fluorescing

point satisfies

− ln

(
I1
I0

)
= (Dµ)(x,θ1) ⇔

I1
I0

= e−(Dµ)(x,θ1), (2.24)

as derived in (2.22). The incident radiation then causes excitation and subsequent

fluorescent emission at the point. Assume that the intensity I2 of the fluorescent

radiation at emission satisfies
I2
I1

= f, (2.25)

where f is some measure of the concentration of the fluorescing material at x. All

related physical constants and parameters are ignored here for simplicity.

The fluorescing point is assumed to be an isotropic point source of light. The beam

model and geometric optics describe the propagation of light near the point source

insufficiently, and it should rather be considered as a spherical wave. At large

distances from the source, however, the spherical wave is well approximated by a

plane wave, which is the counterpart of the geometric beam in wave optics. In the

OPT measurement setup of Belay et al. [1] the distance to the detector is far greater

than for example the characteristic diameter of the sample, and hence this far-field

approximation is applicable. Any fluorescent sources within the sample would be

detected as if they sent strongly directed radiation, that is a beam.

Let C2 be the line segment with normal θ2 from the fluorophore at x to the point

of observation outside the sample. Assuming that the attenuation of the fluorescent

radiation is described by a function λ : R2 → R with compact support contained
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x

S

C1

C2

y

x

θ1
θ2

Figure 2.2 Ray geometry with respect to a single fluorophore.

in S, and substituting (2.25) for the initial intensity means that the intensity I

measured at the observation point satisfies

I

I1
= fe−(Dλ)(x,−θ2) (2.26)

and thus
I

I0
= fe−(Dµ)(x,θ1)−(Dλ)(x,−θ2). (2.27)

The equation (2.27) represents the connection of the measured fluorescent intensity

to the initial intensity of the excitation light in the case of a single fluorophore. It is

dimensionless and it embeds any possible scaling parameters introduced in camera

image processing into the present variables. In fact, the initial intensity I0 can also

be ignored here, leading to

I = fe−(Dµ)(x,θ1)−(Dλ)(x,−θ2), (2.28)

where I is a dimensionless representation of the measured value. This theory as such

cannot be used to predict the actual numerical value of the emission strength f , but

rather just a quantity proportional to it. The usefulness of the result becomes more

apparent when considering the emission detected from multiple fluorescent sources

simultaneously.
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C

φ⊥

θ⊥

α

Figure 2.3 Beam geometry with respect to the complete sample.

2.5 Emission from multiple fluorescent sources

Suppose the detection of the fluorescent emission takes place on a plane outside the

3D sample. A single cross-section S of the sample then defines a single line on the

observation plane, where that particular cross-section sends radiation. In making the

far-field approximation for the fluorescent emission assume that the normal vector

of the observation line uniquely determines the observation direction. This means

that each fluorescent point in the sample contributes to the detected intensity only

at its orthogonal projection onto the observation line. This is illustrated in Figure

2.3.

Because the intensities carried by the parallel beams of fluorescent radiation do

not change outside the sample, the observation line can equivalently be placed at

infinity. Define now C to be a line with normal θ, parametrised as in (2.18). Let the

corresponding θ⊥ be opposite to the direction of observation. Suppose the directed

angle from θ⊥ to φ⊥, the opposite of excitation direction, is α, which gives the
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excitation direction normal simply as

φ = Pαθ =

[
cos(α) sin(α)

− sin(α) cos(α)

]
θ. (2.29)

In analogy to the attenuation coefficient field µ define a fluorescent emission strength

field f : R2 → R with compact support contained in S. The case of a single emitter

is recovered by setting f(x) = f0δ(x− x0) for some f0 ∈ R, x0 ∈ S, where δ is the

Dirac delta function. Now f multiplied by a bounded real-valued function is line

integrable by Theorem 2, and the result of (2.27) is found by integrating along C

and applying the sifting property of the delta function:∫
x·θ=s

f0δ(x− x0)e
−(Dµ)(x,Pαθ)−(Dλ)(x,−θ)dx = f0e

−(Dµ)(x(t),Pθ)−(Dλ)(x(t),−θ) = I.

(2.30)

Extending this idea for an arbitrary emission strength field f(x) gives

I(s,θ) =

∫
x·θ=s

f(x)e−(Dµ)(x,Pαθ)−(Dλ)(x,−θ)dx = (Rwf)(s,θ) (2.31)

for the detected intensity corresponding to the line C characterised by (s,θ), in

accordance with Definition 7, with a bounded weight function

w(x,θ) = e−(Dµ)(x,Pαθ)−(Dλ)(x,−θ). (2.32)

Whereas the model describing the transmission mode OPT is simply the Radon

transform of the attenuation function, the corresponding model for fluorescent OPT

actually becomes a type of attenuated Radon transform of the emission function f

with attenuation defined by µ and λ. The similarity in terminology between the two

models is striking, but their structures differ significantly from each other.
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3. INVERSION OF THE FORWARD MODEL

The description of the light propagation through the OPT sample can be developed

as in the previous chapter. The theory, however, assumes knowledge of the atten-

uation and emission functions µ, λ and f , when in reality there is none. On the

contrary, the ultimate purpose of the different tomographic imaging modalities is to

estimate these functions as precisely as possible. This process is called reconstruc-

tion, which involves inverting the theory to enable the calculations. Tomographic

imaging is a classic example of an inverse problem, which specifically for emission

tomography could formulated as

Given data d and estimates µ and λ of attenuation, find an estimate of

the emission function f .

One of the immediate conclusions drawn from the forward direction theory is that

collecting information from a single beam, or from a single direction for that matter,

will not be enough to deduce anything about the emission function. Any given

intensity value recorded by the camera can form in an infinity of possible ways, which

emphasises the need for large data sets measured from the sample. In the absence of

any a priori knowledge of the emission function itself, the only possibility is to gather

data from multiple directions. In this chapter some ways of estimating the sample

structure are introduced, beginning from the simpler case of the regular Radon

transform model in transmission OPT. Throughout the discussion it is assumed that

the functions being operated on satisfy the Radon and Fourier transform existence

requirements.

3.1 Radon transform backprojection

Consider the transmission tomography equation

d(s,θ) = (Rµ)(s,θ), (3.1)

where d represents the intensity data gathered and µ is the attenuation function.

If there existed an inverse R−1 for the RT, the reconstruction would simply involve
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inverse transforming the data to find the attenuation function. Having knowledge

of only a single projection does not yet allow to write such an inverse transform, but

projecting through the sample in multiple directions does.

Definition 10. The backprojection transform of a function h : R× S1 → R is

(Bh)(x) =
∫
S1

h(x · θ,θ)dθ. (3.2)

The backprojector can be used to find an expression of R−1. Qualitatively, the effect

of directly applying it to the measurement data results in a blurred version of the

original attenuation function [7]. It can be shown that

(BRµ)(x) = (b ∗ µ)(x), (3.3)

a convolution of µ with a blurring function b(x) = 2/∥x∥. As a result, this is a

very poor estimate to the attenuation function. Instead, the Radon transform needs

to be filtered to find a function whose backprojection is the original attenuation.

This arises naturally when considering the Fourier transforms. A result known as

the projection theorem, or the Fourier slice theorem first connects the Radon and

Fourier transforms.

Theorem 3. The spatial Fourier transform of the Radon transform of a function h

with respect to the first argument is equal to the two-dimensional Fourier transform

of h in polar coordinates, that is

R̂h(σ,θ) = h̃(σθ), (3.4)

where σ ∈ R and θ ∈ S1.

Proof. By straightforward calculation it is seen that

R̂h(σ,θ) =

∫
R

∫
x·θ=s

h(x)dxe−i2πσsds =

∫
R2

h(x)e−i2πx·σθdx = h̃(σθ). (3.5)

The second equality follows from substituting s = x·θ and applying the associativity

of scalar multiplication.

The backprojection formula for Radon inversion is found by equating µ = F−1
2 µ̃ in
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polar coordinates and applying the projection theorem.

µ(x) =
1

4π2

∫
S1

∫ ∞

0

µ̃(σθ)ei2πx·σθσdσdθ

=
1

4π

∫
S1

1

2π

∫
R
R̂µ(σ,θ)ei2πx·σθ|σ|dσdθ

=
1

4π

∫
S1

(F−1R̂µ|σ|)(s,θ)dθ

=
1

4π
(BF−1R̂µ|σ|)(x) (3.6)

The inverse Radon transform can thus be expressed as a filtered backprojection

operation. The name reflects the effect of convolving the data Rµ: (3.6) is a filtered

version of (3.3).

This is not, however, the only possible formulation for R−1. Theorem 3 can also

be applied more directly to give µ as the inverse 2D Fourier transform of the 1D

Fourier transform of Rµ:

R−1 = F−1
2 F . (3.7)

Even more importantly, the results obtained by the two different inversion proce-

dures can differ from each other. The Fourier reconstruction of discrete data often

requires interpolating intermediate results in order to be applicable, whereas the

filtered backprojection can operate more straightforwardly. This makes the latter

far more popular in a wide range of tomographic imaging applications. [17]

3.2 Strategies for attenuated Radon inversion

The case of emission tomography such as fluorescent OPT is more complicated than

transmission mode. The underlying equation is

d = Rwf, w(x,θ) = e−(Dµ)(x,Pαθ)−(Dλ)(x,−θ), (3.8)

where the most important differences compared to (3.1) are the weighting and the

change of the function to reconstruct. By the linearity of integration

(Rwf)(s,θ) =

∫
x·θ=s

f(x)(1− (1− w(x,θ)))dx = Rf −R1−wf, (3.9)

so that the direct application of the Radon inverse by filtered backprojection gives

R−1Rwf = f −R−1R1−wf. (3.10)
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This can be interpreted as a distorted version of the true emission function f , be-

coming accurate only when w ≡ 1. Therefore the inverse Radon transform gives

only an approximation to the real reconstruction.

Similarly to the simple Radon transform there exist analytical inversion formulas for

the attenuated Radon transform, the best known two derived by Novikov in 2000 [14]

and Natterer in 2001 [13]. The problem of inverting the transform was, however,

considered earlier already, meaning that several approximate methods have been

developed, including simple corrections, algebraic reconstruction and fixed point

iterative methods. These have primarily been applied to XFCT and SPECT, which

both share the attenuated Radon transform model with slight differences.

The simple correction methods rely on making meaningful approximations to the

theory governing the measured intensity of fluorescent radiation and expressing the

inversion as corrected filtered backprojection. As an example, Hogan et al. [8] and

Brunetti and Golosio [2] develop a discrete expression of the intensity contribution

of each fluorescing point in XFCT and then solve for the emission coefficient at that

point, neglecting the effects of other sources. The approximations yield somewhat

better results compared to the standard backprojection in their numerical exper-

iments, but the achieved accuracy is still relatively low. Earlier work by Chang

[3] in SPECT considers a repeatable correction, which is expected to enhance the

reconstruction quality.

The algebraic reconstruction techniques are, despite their name, not algebraic in

the usual meaning of the word. They are based on a view, where the emission

function is a linear combination of basis functions, in analogy to a vector in a vector

space. If the forward model is linear and continuous, this leads to a matrix equation

that governs the dependence of the measurement data on the emission function.

The algebraic reconstruction is an iterative approach, where the next estimate is

obtained by applying a function determined by a single row of the matrix equation.

The algorithm proceeds cyclically through the rows, and converges to an estimate of

the true emission function, if designed correctly. [7] As the algebraic reconstruction

techniques only consider a part of the model at a time, they require an extensive

number of iterations to arrive at reasonable estimates, which can be problematic

with large data sets.

3.3 Iterative reconstruction algorithms

The correction methods give only crude estimates in emission tomography, owing

to the fundamentally incorrect forward model they are based on. The drawback of
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the algebraic reconstruction techniques is that they are slow to produce high quality

results. These both restrict their applicability when fast and accurate reconstruc-

tions are sought for. For XFCT it seems that fixed point iterations can provide

good results with fast computation. Because of the analogy between the XFCT and

fluorescent OPT, this could be a reasonable approach in the visible region as well.

The following discussion is largely based on the work by Miqueles and De Pierro in

[11, 12].

Define the first approximation to the emission function f as the filtered backprojec-

tion of the measurement data:

f(x) = (R−1d)(x). (3.11)

Choose to model the true emission function as a Fredholm integral equation of the

second kind, based on the crude estimate:

f = f +Kf, (3.12)

where Kf denotes a weighted integral of f . If K is a contraction, then f is the limit

point of the iteration

fk+1 = f +Kfk, f0 ≡ 0, (3.13)

that is f = limk→∞ fk [6]. The choice of K is determined by (3.10) with substitution

Rwf = d:

f = f +R−1R1−wf = f +R−1(R−Rw)f. (3.14)

Now the iteration is defined by

fk+1 = f +R−1(R−Rw)fk = fk + f −R−1Rwfk, f0 ≡ 0, (3.15)

meaning that theoretically the emission function can be reconstructed using only

the inverse Radon transform and the attenuated Radon transform.

The performance of this iteration is affected by the choice of the first approximation

and the step size. In (3.15) the choices are the simplest ones, with f the backpro-

jection of measurement data and step size β = 1. A better starting point for the

iteration could be achieved by compensating for the attenuating weight function in

the forward transform and the convergence could be controlled better by varying

the step size.

A natural way of accounting for the attenuation effect would be to divide the crude

approximation by the weight function w. The value of the weight, however, de-



3.3. Iterative reconstruction algorithms 18

pends on the direction of light propagation, giving different results for all directions.

Instead, the weight can be averaged over all directions at each point by finding

a(x) =
1

2π

∫
S1

w(x,θ)dθ. (3.16)

Dividing by this in the iteration (3.15) leads to

fk+1 = fk +
f −R−1Rwfk

a
, f0 ≡ 0. (3.17)

Notice that choosing a ≡ 1 reduces this to the simpler iteration.

The step size β can be used to control the magnitude of the correction that is

applied to the estimate in each iteration. The iteration rewritten for step size that

can ultimately vary even between steps is

fk+1 = fk +
βk

a

(
f −R−1Rwfk

)
, f0 ≡ 0, (3.18)

where βk are also called relaxation coefficients. Guy et al. [6] describe an adaptive

way of choosing βk for each iteration, so that the relaxation results in optimal

convergence. Choosing βk < 1 means taking a smaller step towards the true emission

function, essentially increasing the number of iterations required. On the other hand,

this has the benefit of adding control over the process, which is often required for high

accuracy. Image reconstruction as an inverse problem is by nature ill-posed, which

means that the fixed-point iteration presented here will not necessarily converge

to the correct estimate of f . The method is firmly based on the assumption that

d = Rwf , which may not be exactly true because of measurement errors. Therefore,

each iteration should be seen as an estimate to the original function, and the one

that best matches the expected results is chosen as the reconstruction.

In addition to the difficulties introduced to the iteration by the ill-posedness of the

reconstruction, the iteration itself might not converge. Should this occur, the results

obtained would likely be far from the actual emission function. The conditions under

which the iteration operator K is a contraction are discussed first by Kunyansky

in [10] and more completely by Miqueles and De Pierro in [12]. The conditions

are shown to be the same for all attenuation functions µ and λ, but also that the

convergence speed of the iteration decreases significantly with increasing attenuation

values. A more detailed account on the issue is beyond the scope of this work.
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4. NUMERICAL EXPERIMENTS

To validate the results given by the iterative reconstruction process, a simple exper-

iment is set up. In tomographic imaging this is usually carried out by choosing the

function or functions to reconstruct, simulating the measurement data and then ap-

plying the inversion procedure. A benefit of this method is that the original function

or image, called the phantom, is available for quantitative comparison and assess-

ment of performance. The experimental setup, however, qualifies as an inverse crime

because of the use of the assumed forward model to generate the measurement data.

As a result, the quality of the reconstructions will be impossibly high compared to

images formed from real data.

All calculations were done using MATLAB (The MathWorks, Inc.) 64-bit version

R2016b. Two phantoms, shown in Figure 4.1, were synthesized to represent the

emission function f . They are both 512× 512 images with brighter areas of fluores-

cent activity shown. The first one is the Shepp-Logan phantom [16] widely used in

testing biomedical tomography reconstruction methods, and the second phantom is

representative of a fluorescent cell sample. Inside the cells the emission function is

set to a pseudo-random value between 1 and 100, and to zero elsewhere. The maxi-

mum brightness of each phantom is normalised to unity. The bright regions in both

images are confined within the inscribed circle of the image to make it compatible

with other simplifying assumptions made in the experiments.

To reduce the reconstruction time it is assumed that the attenuation functions µ and

λ that define the weight function in the attenuated Radon transform are constant

within the sample. Specifically, they are set to be µ = λ = 1. Additionally the

directed angle between the emission and excitation beams is chosen to be α = −10◦.

The divergent beam transforms of Definition 6 then become simply the product

of the attenuation constant and the length of the path within the sample. The

path lengths can be calculated efficiently, if the cross-section containing them is a

circle. Under this assumption the weight function becomes constant for all propa-

gation directions, saving the work of recalculating it every time. For simplicity, the

attenuation functions are thus assumed to have the unit disk as their support.
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Figure 4.1 The phantoms used in the numerical experiments. The left-hand side image
represents the Shepp-Logan phantom and the right-hand side image a sparse sample of
fluorescent cells.

The attenuated Radon transform is calculated in all directions between 0◦ and 359◦

in 1◦ increments. Applied to the phantom, this gives a simulation of the measure-

ment data related to that particular emission function. Gaussian noise with zero

mean and standard deviations of 0.5% and 2.0% of the emission function mean

value are added in distinct experiments. Based on the discussion in Chapter 3 a to-

tal of four different iterative reconstruction schemes are tested: the simple iteration

of (3.15), the relaxed simple iteration, the attenuation recovering iteration of (3.17)

and the relaxed attenuation recovering iteration of (3.18). These are later referred to

as SI, RSI, ARI and RARI, respectively. In RSI and RARI the step size β is chosen

to be a constant for all iterations. To reliably compare the different reconstructions,

their respective maximum brightness values are normalised to unity. Three itera-

tions of each scheme are computed with the first iteration always equaling the crude

approximation of the method, based on the filtered backprojection. This number is

chosen to explore the iteration performance under realistic time constraints present

in applications.

The results of each type of iteration are summarised in Figures 4.2 and 4.4 for 0.5%

and in Figures 4.3 and 4.5 for 2.0% noise. Each row in the figures corresponds to

a different iteration scheme. All three reconstruction steps are shown so that the

leftmost image represents the first iteration. The specific step sizes chosen for the

relaxed iterations are β = 2 for RSI and β = 0.1 for RARI.

Each of the different iteration schemes behaves more or less as expected. Comparing

to SI on the first rows of Figures 4.2–4.5 it is seen that ARI on the second row leads to

a more accurate initial estimate and RSI on the third row to a better final estimate.
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Figure 4.2 Reconstructed Shepp-Logan phantoms with 0.5% Gaussian noise. The images
from left to right on each row are the first, second and third iterations. (a)–(c) SI, (d)–(f)
ARI, (g)–(i) RSI with β = 2, (j)–(l) RARI with β = 0.1.



4. Numerical experiments 22

Figure 4.3 Reconstructed Shepp-Logan phantoms with 2.0% Gaussian noise. The images
from left to right on each row are the first, second and third iterations. (a)–(c) SI, (d)–(f)
ARI, (g)–(i) RSI with β = 2, (j)–(l) RARI with β = 0.1.
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Figure 4.4 Reconstructed cell phantoms with 0.5% Gaussian noise. The images from left
to right on each row are the first, second and third iterations. (a)–(c) SI, (d)–(f) ARI,
(g)–(i) RSI with β = 2, (j)–(l) RARI with β = 0.1.
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Figure 4.5 Reconstructed cell phantoms with 2.0% Gaussian noise. The images from left
to right on each row are the first, second and third iterations. (a)–(c) SI, (d)–(f) ARI,
(g)–(i) RSI with β = 2, (j)–(l) RARI with β = 0.1.
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Figure 4.6 Shepp-Logan reconstruction mean squared error in comparison to the phantom.
The left-hand side figure is for 0.5% noise and the right-hand side figure for 2.0% noise.

In all cases, however, the third RARI estimate in Figures 4.2–4.5(l) seems visually

superior to any other reconstruction. The effect of the attenuation compensation in

ARI and RARI is to bring the first iteration much closer to the original phantom

than the backprojection does on its own. Sources in the middle of the sample are

brighter in Figures 4.2–4.5(c) than in 4.2–4.5(a), confirming the expectations. A

drawback of the attenuation compensation is that it amplifies the noise introduced

to the simulated data. This leads to the poor contrast seen in Figures 4.2–4.5(f).

RARI, on the other hand, avoids this behaviour mainly because of the use of step

size β < 1, which reduces the magnitude of the individual corrections at iteration

steps. This does not only restrict the noise amplification in RARI, but succeeds in

improving the estimate as well at low noise levels.

In contrast to ARI and RARI, in RSI the iteration enhances the poor estimate

and takes the reconstruction closer to the original phantom. Visually the noise

present in the third iterations in Figures 4.2–4.5(i) is weaker than in their ARI and

RARI counterparts, but the source brightness reconstruction is not as accurate. The

improvement in comparison to SI is a result of choosing the step size β > 1. This
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Figure 4.7 Cell reconstruction mean squared error in comparison to the phantom. The
left-hand side figure is for 0.5% noise and the right-hand side figure for 2.0% noise.

increases the effect of the iterative correction and brings the estimate closer to the

phantom quicker. On the other hand, as ARI and RARI methods show, at some

point the iteration moves the estimate away from the original emission function,

meaning that the performance of RSI is sensitive to the choice of the step size.

An attempt to quantify the deviations of the reconstructions from the phantom

confirms the conclusions of the visual comparison. The mean squared error (MSE)

of the reconstructions, relative to the phantom, was calculated for each iteration.

The MSE reflects the overall deviation from the reference, giving a rough idea of

the image accuracy. A lower MSE value represents closer agreement between the

two images. A weakness of the mean squared error is that different kinds of de-

viations can result in the same value. The results for the Shepp-Logan and cell

reconstructions are shown in Figures 4.6 and 4.7, respectively.

The overall trends shown in the MSE comparison of the methods are the same for

both phantoms. The SI and RSI both approach the phantoms during the three

iterations with slightly better results given by the RSI. The attenuation recovering
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methods, however, give more accurate first estimates than the SI and RSI can achieve

in three iterations. This highlights the role of the attenuation compensation in quick

iterative reconstruction.

The differences between ARI and RARI are significant. The noise amplification

in the non-relaxed iteration destroys the achieved high initial quality, resulting in

poorly contrasted reconstructions. Over three iterations the ARI method performs

the worst, but the RARI instead shows the best results of all. At lower noise

levels the relaxation succeeds in improving the estimate in terms of the MSE. With

stronger noise the simpler cell reconstruction is also improved and the Shepp-Logan

reconstruction quality decreases relatively little.
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5. CONCLUSIONS

In this thesis an analogy is drawn between the X-ray fluorescent computed tomog-

raphy and the fluorescent optical tomography, and a forward model for the latter is

developed. Instead of the Radon transform of an attenuation function widely used

in transmission tomography, the suggested model relies on the attenuated Radon

transform of an emission function, where the attenuation contribution merely de-

fines an exponential weight. A similar model is used in the analogous XFCT, but

also in single photon emission computed tomography. The differences between the

modalities arise in the choice of the attenuating weight function. In these analogous

modalities the attenuated Radon transform model has been used for a long time,

but apparently not yet in fluorescent OPT.

The models governing the XFCT and fluorescent OPT are very similar, and for

that reason simplified iterative inversion procedures drawn from that of Miqueles

and De Pierro [11] are explored as means for image reconstruction. Other possible

methods from literature are deemed inferior to the iterative reconstruction based

on their inaccuracy or computational cost. A total of four fixed point iteration

schemes differing in their use of attenuation compensation and relaxation are tested

in numerical experiments to assess their performance.

Compared to the filtered backprojection, which can be used to invert the Radon

transform, all four reconstruction iterations can achieve better quality reconstruc-

tions. The use of the attenuation compensation gives a far better first estimate to

the true emission function. On the other hand, the iteration in these attenuation

recovering methods seems to significantly amplify the noise introduced to the simu-

lated data, resulting in worse final estimates. A solution to this problem is to apply

decelerating relaxation to restrict the magnitude of the iterative correction. With-

out attenuation compensation an accelerating relaxation can be applied for better

results, but the quality of the final reconstruction is likely to be sensitive to the

choice of the step size. Best results are obtained when compensation and relaxation

are used in conjunction for good first estimates and their small improvements. Ad-

ditionally this method seems to take only a few iterations to arrive at a reasonably

good reconstruction.
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Without applying the presented forward model and its inversion to real fluorescent

measurement results it is impossible to assess their true applicability. The successful

uses in other forms of emission tomography, however, suggest that the fluorescent

OPT reconstructions could be improved this way. The investigated model does

not truly take into account the effects of the wave nature of light on detection,

which could be improved on in future work. Especially the defocus aberrations are

expected to play a significant role in fluorescent OPT measurements. Other topics

left for future work are the implementation of a non-constant attenuation function

in the inversion procedures, the implementation of an adapting relaxation coefficient

and the evaluation of other inversion methods in the context of fluorescent optical

projection tomography.
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A. MALLINNUSTYÖKALUT

Tässä liitteessä esitetään suomenkielinen käännös alaluvun 2.1 sisällöstä. Määritel-

mien ja lauseiden numerointi vastaa englanninkielistä tekstiä, ja yhtälöissä luvun

numero on korvattu liitteen tunnuksella.

Fluoresentin OPT:n mallille keskeiset käsitteet esitellään tässä myöhempää käyttöä

varten. Edelleen käsitellään joitakin oleellisia lauseita.

Määritelmä 1. Joukko S ⊂ R2 on kompakti, jos ja vain jos se on rajoitettu ja

suljettu.

Edellisen määritelmän mahdollistaa Heine-Borelin lause, joka osoittaa sen sisällön

seuraavan yleisemmästä kompaktin joukon määritelmästä. Todistusta ja lisätietoja

varten katso esimerkiksi [18].

Määritelmä 2. Reaaliarvoisen funktion kantaja (engl. support) on se määrittely-

joukon osajoukko, jonka alkiot eivät kuvaudu nollalle. Toisin sanoen funktiolle

h : X → Y ⊆ R
supp(h) = {x ∈ X |h(x) ̸= 0} . (A.1)

Funktion sanotaan olevan kompaktikantajainen, jos sen kantaja on kompakti joukko.

Seuraavat kaksi lausetta käsittelevät kompaktikantajaisten funktioiden viivaintegroi-

tuvuutta. Tämä käsite on keskeinen molempien OPT-mallien rakentamiselle.

Lause 1. Olkoon h : R2 → R jatkuva kompaktikantajainen funktio, ja olkoon C ⊂ R2

jatkuva käyrä. Tällöin viivaintegraali∫
C

h(x)dx (A.2)

on olemassa äärellisenä.

Todistus. Koska h on kompaktikantajainen, on olemassa suljettu ja rajoitettu joukko

S ⊂ R2 siten, että kun h(x) ̸= 0, pätee x ∈ S. Tiedetään, että C = (C∩S)∪(C \S),
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jolloin ∫
C

h(x)dx =

∫
C∩S

h(x)dx+

∫
C\S

h(x)dx. (A.3)

Toisaalta kontrapositiolain nojalla h(x) = 0 aina, kun x ̸∈ S ja siten erityisesti kun

x ∈ C ⊂ S, jolloin jälkimmäinen integraali häviää. Nyt∫
C

h(x)dx =

∫
C∩S

h(x)dx, (A.4)

ja edelleen integraalilausekkeet ovat olemassa äärellisinä, koska h on jatkuva ja C∩S
on rajoitettu ja suljettu.

Lause 2. Olkoon h : R2 → R jatkuva kompaktikantajainen funktio, ja olkoon C ⊂ R2

jatkuva käyrä. Tällöin viivaintergraali∫
C

h(x)g(x)dx, (A.5)

missä g : R2 → R on rajoitettu funktio, on olemassa äärellisenä.

Todistus. Olkoon x ̸∈ S = supp(h) mielivaltainen. Tällöin h(x)g(x) = 0 · g(x) = 0,

mistä seuraa supp(hg) ⊆ S. Nyt siis x ∈ S aina, kun h(x)g(x) ̸= 0, ja tulos todistuu

vastaavasti kuin lause 1.

Määritelmä 3. L1(S) on ehdon∫
S

|h(x)|dx < ∞ (A.6)

toteuttavien funktioiden h : S → R joukko.

Määritelmä 4. S1 on joukon R2 yksikkövektorien joukko, eli

S1 =
{
ξ ∈ R2

⏐⏐ ∥ξ∥ = 1
}
. (A.7)

Mielivaltaiselle θ ∈ [0, 2π] määritellään

θ =

[
cos(θ)

sin(θ)

]
∈ S1 ja θ⊥ =

[
− sin(θ)

cos(θ)

]
∈ S1. (A.8)

Seuraavaksi esitellään muodostettavan mallin ja sen inversion kannalta keskeiset

muunnokset. Lauseet 1 ja 2 takaavat viivaintegraalien olemassaolon määritelmissä

5–7.
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Määritelmä 5. Jatkuvan kompaktikantajaisen funktion h : R2 → R Radon-muunnos

on

(Rh)(s,θ) =

∫
x·θ=s

h(x)dx, (A.9)

missä s ∈ R ja θ ∈ S1.

Määritelmä 6. Jatkuvan kompaktikantajaisen funktion h : R2 → R divergent-

tisädemuunnos (engl. divergent beam transform) on

(Dh)(x,θ) =

∫ ∞

0

h(x+ tθ⊥)dt, (A.10)

missä x ∈ R2 ja θ ∈ S1.

Määritelmä 7. Jatkuvan kompaktikantajaisen funktion h : R2 → R painotettu tai

yleistetty Radon-muunnos painolla w : R2 × S1 → R on

(Rwh)(s,θ) =

∫
x·θ=s

h(x)w(x,θ)dx, (A.11)

missä s ∈ R ja θ ∈ S1. Tämä palautuu Radon-muunnokseen, kun w ≡ 1. Muita

erityistapauksia syntyy valitsemalla w eri tavalla. Erityisesti, kun

w(x,θ) ∝ e−(Dµ)(x,θ) (A.12)

missä µ : R2 → R on paloittain jatkuva ja kompaktikantajainen, puhutaan vaimen-

netusta Radon-muunnoksesta.

Määritelmä 8. Olkoon h : R × S1 → R funktio, joka toteuttaa h(·,θ) ∈ L1(R)
kaikilla θ ∈ S1. Sen Fourier-muunnos on

ĥ(σ,θ) = (Fh)(σ,θ) =

∫
R
h(s,θ)e−i2πsσds. (A.13)

Käänteinen Fourier-muunnos on myös olemassa, ja se toteuttaa

h(s,θ) = (F−1ĥ)(s,θ) =
1

2π

∫
R
ĥ(σ,θ)ei2πsσdσ (A.14)

kaikkialla, paitsi mahdollisesti funktion h epäjatkuvuuspisteissä.

Määritelmä 9. Funktion h : R2 → R, h ∈ L1(R2), kaksiulotteinen Fourier-

muunnos on

h̃(k) = (F2h)(k) =

∫
R2

h(x)e−i2πx·kdx. (A.15)
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Käänteinen kaksiulotteinen Fourier-muunnos on myös olemassa, ja se toteuttaa

h(x) = (F−1
2 h̃)(x) =

∫
R2

h̃(k)ei2πx·kdk (A.16)

kaikkialla, paitsi mahdollisesti funktion h epäjatkuvuuspisteissä. Napakoordinaateis-

sa käänteinen kaksiulotteinen Fourier-muunnos määritellään vastaavasti yhtälöllä

h(x) = (F−1
2 h̃)(x) =

∫
S1

∫ ∞

0

h̃(rθ)e−i2πx·rθrdrdθ. (A.17)

Näiden käsitteiden avulla on mahdollista muodostaa sovellusnäkökulmasta riittävän

tarkka esitys fluoresentin OPT-kuvannuksen suoralle mallille ja sen inversiolle. Täs-

mällinen ja teoreettisesti kokonainen kuvaus vaatisi kuitenkin edistyneempiä mene-

telmiä.
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