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ABSTRACT 
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Photovoltaic power is vital to meet the future global energy demand. DC power from the 

photovoltaics is converted to AC power using PV inverters and integrated into the AC 

power electrical grid. The synchronous operation of PV inverter with the electrical grid 

is facilitated by the phase locked loop. The SRF-PLL in PV inverters extracts the phase 

angle and frequency information of the FFPS component of the electrical grid voltages. 

The transformation blocks in the control system of the PV inverter uses this information 

and produces grid synchronized control signals. The SPWM uses the control signals to 

produce switching pulses accordingly so that the PV inverter output currents are 

synchronized with the electrical grid voltages. The performance of PLL is very good in 

balanced grid conditions, where only FFPS component is present. However, the estima-

tion of phase angle and frequency of FFPS component using SRF-PLL during unbalance 

conditions contains oscillations and hence it is not satisfactory. This will cause unwanted 

tripping of the PV inverter from the electrical grid and the harmonics may cause damage 

to the control system of the PV inverter. 

 

In this thesis, DSC-PLL is investigated, to eliminate the effect of FFNS component and 

estimate the phase angle and frequency of FFPS component of grid voltages. The delayed 

signal cancellation method promises to eliminate the FFNS component inside the control 

block of PLL, by inducing a time delay to the original voltage signal. The resultant volt-

age signal contains only the FFPS component. The PLL estimates the phase angle and 

frequency of the remaining FFPS component. 

 

The DSC operation is implemented in two ways, one in the dq-domain and other in the 

αβ-domain. In the dq-DSC-PLL method, the elimination of FFNS component and the 

estimation of phase angle and frequency of FFPS component are perfomed inside the 

control loop of PLL. The small signal model of dq-DSC-PLL is derived. The symmetrical 

optimum method is used to design the control parameters of PI controller in the dqDSC-

PLL. Whereas, in the αβ-DSC-PLL method, the elimination of FFNS component is done 

in αβ-domain and the estimation of phase angle and frequency information of FFPS com-

ponent is performed in dq-domain. The small signal model of αβ-DSC-PLL is derived. 

Loop-shaping technique is used to design the control parameters of PI controller in the 

αβ-DSC-PLL. 
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1. INTRODUCTION 

Energy is essential and plays a key role in the advancements of human civilization. From 

the industrial age until now, the age of the internet, human energy needs are fulfilled by 

conventional energy sources like coal, oil and natural gas. The necessity for a high 

standard of living requires a considerable amount of energy. In addition, the human pop-

ulation has increased many folds due to the advancements in the healthcare industry, con-

sequently increasing the overall global energy demand. The nature of these energy 

sources is non-renewable. Considering the current level of consumption, the fossil fuels 

reserves will last another century. Another main disadvantage of using fossil fuel as an 

energy source is that it produces more pollutant emissions. Among the various pollutant 

gases emitted, the most environmentally hazardous gases are carbon dioxide and me-

thane. The increase in carbon emission causes rising in overall global temperature by few 

degrees, which inadvertently result in adverse climate change. The global energy demand 

should be replaced by alternative energy sources[1], [2]. It is quite evident that renewable 

energy sources will play a vital role in decreasing our dependency on fossil fuels and 

protect the environment. 

Renewable energy sources are clean and environmental friendly because they do not pro-

duce pollutant gases. Some of the renewable energy sources are solar, wind, tidal etc. 

Currently, the contribution of renewable energy sources towards the global energy de-

mand is minimum. However, the renewable energy sources have the capability to supply 

most of the global energy demand, mainly by solar energy. The annual global energy 

consumption is only a minuscule fraction compared to the total annual solar energy re-

ceived on the surface of the earth[3]. 

From the perspective of production, transmission, and consumption of energy, Electrical 

energy is the most efficient and preferred form of energy. Traditionally electrical grid 

uses conventional power sources to run the large synchronous generators and works in 

three-phase AC power. The electrical grid contains linear and non-linear type of loads. 

The non-linear loads cause harmonics and unbalance in the electrical grid. In addition, 

the electrical grid is prone to various types of faults, which makes the electrical grid volt-

ages unbalanced. The large synchronous generators are robust and can handle unbalance 

in the grid effectively because the synchronous generators have high inertia, which resists 

any change in the nominal grid frequency[4]. 

Distributed renewable energy sources pose key issues in integration with the traditional 

electrical grid. The photovoltaic energy is a DC powered source and the traditional grid 
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works in AC power. Thus, PV Inverters are necessary for the integration of the photovol-

taic energy into the electrical grid. When connected to the grid, the PV power became an 

integral part of the energy balance in the grid. Sudden connection or disconnection of the 

PV inverter will affect the energy balance of the electrical system and eventually leads to 

changes in the frequency of the electrical grid. Evolution of electrical grid, with less num-

ber of large synchronous generators in the electrical grid, will possess low inertia, thus 

any change in frequency, by connection and disconnection of PV inverters; will result in 

the unstable electrical grid system. Therefore, strict grid codes ensure the efficient and 

stable operation of the grid, without compromising the safety of the PV converter[5]. 

For efficient and synchronous working of the PV inverters along with the electrical grid 

requires accurate information about the phase angle and frequency of the electrical grid. 

This information of grid phase angle and frequency is supplied to the PV inverters through 

Synchronous reference frame - Phase locked loop (SRF-PLL). The implementation of 

SRF-PLL is simple, and the estimation of phase angle by SRF-PLL is fast and highly 

reliable in balanced grid conditions. SRF-PLL is an integral part of the control system of 

the PV inverter[6][7]. However, the performance of SRF-PLL degrades in unbalanced 

grid conditions. Estimation of grid phase angle and frequency is critical for the PV in-

verter during unbalance conditions for the safety of the inverter. Taking in consideration 

of stability of the electrical grid, the PV inverter should possess fault ride through capa-

bility. An efficient and robust synchronization method is essential for PV inverters to 

work effectively in balance conditions and also during unbalance conditions[8]. Delayed 

signal cancellation method –Phase Locked loop(DSC-PLL) is investigated in this thesis, 

as a viable alternative synchronization method for PV inverters during balanced and un-

balanced grid conditions. 

This thesis contains seven chapters, following the introduction; Chapter 2 describes the 

background information required for this thesis. Chapter 2 introduces the space vector 

theory and symmetrical components theory in brief. In addition, chapter 2 describes the 

modeling of the PV inverter and the loop-shaping technique for control design. Chapter 

3 discusses the small signal modeling of SRF-PLL and its behavior in balanced and un-

balanced grid conditions. Chapter 4 discusses the methodology of delayed signal cancel-

lation in synchronous and stationary reference frames. Chapter 5 derives the small signal 

model and control parameter design of dqDSC-PLL. Chapter 6 derives the small signal 

model and control parameter design of αβDSC-PLL. In the final section of chapter 6, 

using the simulation results the performance of dqDSC-PLL and αβDSC-PLL are com-

pared. Finally, chapter 7 derives the conclusion. In this thesis, the simulation of the PV 

inverter model is carried out in MATLAB/Simulink environment.  
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2. BACKGROUND OF THE THESIS 

This chapter discusses background information required to implement a synchronization 

method for a PV inverter, during unbalanced grid conditions. This chapter is divided into 

six sections. In the first section, the grid variables for balanced and unbalanced grid con-

ditions are defined. In the second and third section, space vector theory and instantaneous 

symmetrical theory are described. In the fourth section, the loop-shaping technique is 

shortly discussed. In the fifth section, modeling of PV inverter is briefly described. The 

final section derives the unbalanced grid variables in the different reference frames and 

in addition illustrates using space vector theory.  

2.1 Definition of grid variables 

The definition of grid variables for different grid conditions is useful to understand the 

grid behavior. A better understanding of the grid behavior results in the efficient design 

of the control system. Some of the grid voltage distortions are phase unbalance, harmon-

ics, offset[7].  The definitions for normal grid condition, voltage unbalance, grid voltage 

with harmonics are shown in this section. 

The balanced three-phase electrical grid system is composed of three sinusoidal time-

dependent components oscillating at their fundamental frequency ωs, equally displaced at 

120 degrees and are interrelated to each other. The three-phase balanced grid voltages are 

defined as in (2.1). Fig.1 depicts a balanced three-phase sinusoidal time-domain voltage 

signals rotating at frequency 50 Hz. 

   𝑣𝑎 = 𝑉 ⋅  cos(𝜔𝑡+𝜃) 

  𝑣𝑏 = 𝑉 ⋅ cos(𝜔𝑡−
2𝜋

3
+ 𝜃)                                                         

   𝑣𝑐 = 𝑉 ⋅ cos(𝜔𝑡+
2𝜋

3
+ 𝜃)                                                                     (2.1) 

The subscript ‘abc’defines the phase of the grid, and V is the peak-to-peak grid voltage. 

θ is the phase angle of the grid. ω = 2πf, f represents the frequency of the grid. 

During distorted grid conditions, the grid variables like voltage and current are no longer 

of equal magnitude and their phase displacement varies depending on the distortion of 

the grid. During unbalance, the grid voltage magnitudes are of different values and this 

phenomenon is defined as in (2.2).  

  𝑣𝑎 = 𝑉 ⋅  cos(𝜔𝑡+𝜃) 

  𝑣𝑏 = 𝑉(1 + 𝛾) ⋅ cos(𝜔𝑡−
2𝜋

3
+ 𝜃)                                                         

   𝑣𝑐 = 𝑉(1 + 𝜆) ⋅ cos(𝜔𝑡+
2𝜋

3
+ 𝜃)                                                (2.2) 
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Where, γ and λ define the unbalance in the grid voltage magnitudes. 

 

Figure 1. Balanced three-phase voltages 

When the grid is distorted with harmonics, the magnitude and frequency of the phases 

voltages are influenced by the order of harmonics present in the grid. The three-phase 

grid voltage with harmonics is defined as in (2.3). 

  𝑣𝑎 = ∑ 𝑉𝑛
𝑛=1 𝑛

⋅  cos(𝜔𝑡 +𝜃) 

  𝑣𝑏 = ∑ 𝑉𝑛
𝑛=1 𝑛

cos(𝜔𝑡−
2𝜋

3
+ 𝜃)                                                         

   𝑣𝑐 = ∑ 𝑉𝑛
𝑛=1 𝑛

⋅ cos(𝜔𝑡 +
2𝜋

3
+ 𝜃)                                                    (2.3) 

Where, 𝑉𝑛 is the magnitude of the harmonics and n is the order of the harmonics.  

2.2 Space vector theory 

The electrical system modeling with three sinusoidal signals is complex and the three-

phase signals even at steady state, vary with time. According to space vector theory, time-

dependent three-phase grid variables are represented as a complex time-dependent rotat-

ing space vector and its zero component. The space vector rotates at a fundamental fre-

quency ωs. In its inception, this novel theory was used to model and analyze the transient 

states of ac machines[9]. The space vector theory can be applied to model the switching 

states of the converters[10]. The relation between the three-phase grid variables and the 

space vector is given in (2.4) and (2.5), 

  𝑥(𝑡) =  𝑥𝛼 + 𝑗𝑥𝛽  =
2

3
(𝑥𝑎(𝑡) + 𝑎𝑥𝑏(𝑡) + 𝑎

2𝑥𝑐(𝑡))                             (2.4) 

  𝑥𝑧(𝑡) =
1

3
(𝑥𝑎(𝑡) + 𝑥𝑏(𝑡) + 𝑥𝑐(𝑡))        (2.5) 
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where, 𝑥(𝑡) & 𝑥𝑧(𝑡) are space vector and its zero component respectively. 𝑥𝑎, 𝑥𝑏,𝑥𝑐  are 

three phase variables. ‘a’ is the Fortescue factor and is defined as in (2.6) 

  𝑎 =  𝑒𝑗2𝜋/3 = −
1

2
+ 𝑗

√3

2
         (2.6) 

The constant factor 2/3 in (2.4) maintains the length of the space vector to be equal to the 

amplitude of the three-phase variable and hence this transformation is known as ampli-

tude invariant transformation. In addition, there are other types of transformation, one 

famous and widely used transformation known as power invariant transformation, which 

uses a factor  √2 ∕ 3 instead of 2/3. However, the focus of this thesis is to extract the 

fundamental frequency positive sequence of the unbalanced grid voltages and hence only 

amplitude invariant transformation is used. 

 

Figure 2. Stationary reference frame  

The stationary reference frame is depicted in the Fig. 2. The transformed complex space 

vector now composes of real 𝑥𝛼 and imaginary components 𝑥𝛽 , this allows representing 

the space vector into real and imaginary axes projections in the complex reference plane. 

This complex reference plane is also known as Stationary Reference Frame or as αβ-

domain(αβ-plane). The real axis and imaginary axis of the stationary reference frame are 

known as α and β axis respectively. The real axis and imaginary axis projections vary in 

the length, according to the position of the space vector and is directly related to the phase 

angle of the grid φ. The polar notation of space vector is given in (2.7). The mathematical 

simplifications and formulas related to complex variables can be applied to the space 

vector. 

    𝑥 =  |𝑥|𝑒𝑗𝜑       (2.7) 

where x is the stationary reference frame space vector. 

Imag axis

Real axis

α
 

jβ 

X(t)

ωs

φ
 

Xα(t)

Xβ(t)
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Figure 3. Grid voltages in the stationary reference frame 

The space vector theory helps to define the three-phase signal into two orthogonal sinus-

oidal elements, thus making the system modeling easier. The reference frame in which 

the three-phase signals are represented is known as natural reference frame or abc refer-

ence frame. The transformation from the natural reference frame to the stationary refer-

ence frame is performed using Clark’s transformation matrix as in (2.8). Fig.3 depicts the 

grid voltage signals in the stationary reference frame. 

  [

𝑥𝛼
𝑥𝛽
𝑥𝑧
] =  

2

3
 [

1 −1 2⁄ −1 2⁄

0 √3 2⁄ −√3 2⁄

1 2⁄ 1 2⁄ 1 2⁄

] [

𝑥𝑎
𝑥𝑏
𝑥𝑐
]     (2.8) 

The inverse transformation from the stationary reference frame to the natural reference 

frame is also possible and it is performed using inverse Clark’s transformation matrix as 

in (2.9). Note that for performing inverse transformation knowledge of zero component 

is necessary[9]. 

  [

 𝑥𝑎  
𝑥𝑏
𝑥𝑐
] = [

1 0 1 
−1 2⁄ √3 2⁄ 1

−1 2⁄ −√3 2⁄ 1

] [

 𝑥𝛼 
𝑥𝛽
𝑥𝑧
]      (2.9) 

The space vectors can be represented in any arbitrary reference frame from the stationary 

reference frame[10]. Instead of using an arbitrary reference frame, it is advantageous to 

use synchronous reference frame which rotates with the fundamental frequency of the 

grid. Hence, both the space vector and the reference frame will rotate at the fundamental 

frequency in the synchronous reference frame. [11]. The space vector in the synchronous 

reference frame is depicted in the Fig.4.  
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Figure 4. Space vector in the synchronous reference frame 

The space vector transformation from the stationary reference frame to the synchronous 

reference frame is performed as in (2.10). The variables transformation from the 

stationary reference frame to the synchronous reference frame is performed using trans-

formation matrix as in (2.11). 

  𝑥𝑠 = 𝑥 ∙ 𝑒−𝑗𝜃𝑠        (2.10) 

where, 𝑥𝑠 represent space vector in the synchronous reference frame and x represents 

space vector in the stationary reference frame. 

  [ 

𝑥𝑑 
𝑥𝑞
𝑥𝑧
]  =  [

𝑐𝑜𝑠𝜃𝑠 𝑠𝑖𝑛 𝜃𝑠 0 
−𝑠𝑖𝑛 𝜃𝑠 𝑐𝑜𝑠𝜃𝑠 0
0 0 1

] [ 

𝑥𝛼
𝑥𝛽 
𝑥𝑧
]      (2.11) 

 

Figure 5. Grid voltages in synchronous reference frame 

 

x(t)

ωs

d

q

-d

-q

θs

xβ(t)

xα(t)
Direct axis

quadrature 
axis
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This transformation allows the steady-state sinusoidal signals transform to steady state 

time-invariant DC variables shown in Fig 5. In this domain, the DC valued variables are 

known as d and q components The DC valued variables facilitate linearization of a 

dynamic model of grid-connected converters around specific steady-state operating point. 

In addition, the PI controller can be regulated using DC valued d and q-components and 

hence control design of grid-connected converter is preferred in the synchronous refer-

ence frame[11]. 

The real axis and imaginary axis of the synchronous reference frame are known as direct-

axis (d-axis) and quadrature (q-axis) respectively. The reverse transformation from the 

synchronous reference frame to the stationary reference frame is performed as in (2.12). 

The inverse variable transformation from the synchronous reference frame to the 

stationary reference frame is performed using inverse transformation matrix as in (2.13). 

  𝑥 = 𝑥𝑠 ∙ 𝑒𝑗𝜃𝑠         (2.12) 

  [

 𝑥𝛼  
𝑥𝛽
𝑥𝑧
] =  [

 𝑐𝑜𝑠𝜃𝑠 −𝑠𝑖𝑛 𝜃𝑠 0 
𝑠𝑖𝑛 𝜃𝑠 𝑐𝑜𝑠𝜃𝑠 0
0 0 1

] [

 𝑥𝑑  
𝑥𝑞
𝑥𝑧
]      (2.13) 

The variables from natural reference frame can be transformed directly to synchronous 

reference frame using Park’s transformation matrix as in (2.14) and inverse transfor-

mation of variables from synchronous reference frame to natural reference frame is per-

formed using inverse Park’s transformation matrix as in (2.15). However, knowledge of 

zero component is essential for inverse transformation. 

  [

 𝑥𝑑  
𝑥𝑞
𝑥𝑧
] =  

2

3
 [

 𝑐𝑜𝑠𝜃𝑠 𝑐𝑜𝑠(𝜃𝑠 − 2𝜋 3)⁄ 𝑐𝑜𝑠(𝜃𝑠 − 4𝜋 3)⁄  

−𝑠𝑖𝑛 𝜃𝑠 −𝑠𝑖𝑛 (𝜃𝑠 − 2𝜋 3)⁄ −𝑠𝑖𝑛 (𝜃𝑠 − 4𝜋 3)⁄

1 2⁄ 1 2⁄ 1 2⁄
] [

 𝑥𝑎  
𝑥𝑏
𝑥𝑐
]  (2.14) 

  [

 𝑥𝑎  
𝑥𝑏
𝑥𝑐
] =  [

 𝑐𝑜𝑠𝜃𝑠 −𝑠𝑖𝑛 𝜃𝑠 1 

𝑐𝑜𝑠(𝜃𝑠 − 2𝜋 3)⁄ −𝑠𝑖𝑛 (𝜃𝑠 − 2𝜋 3)⁄ 1

𝑐𝑜𝑠(𝜃𝑠 − 4𝜋 3)⁄ −𝑠𝑖𝑛 (𝜃𝑠 − 4𝜋 3)⁄ 1
] [

 𝑥𝑑  
𝑥𝑞
𝑥𝑧
]  (2.15) 

 

2.3 Instantaneous symmetrical component theory 

In the early 20th century, CL Fortescue proposed the method of symmetrical components 

to analyze the unbalanced three-phase system. The method provides a better understand-

ing of the unbalanced grid system. According to symmetrical components theory, a steady 

state unbalanced three-phase system decomposes into three balanced sequence compo-

nents of any one of the three phases. The sequence components are known as a positive 

sequence, negative sequence and zero sequences. The positive sequence components and 

negative sequence components are differentiated by their direction of rotation. The 
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positive sequence component rotates counterclockwise direction, coherent to the grid 

system. Whereas the negative sequence component rotates clock-wise direction opposite 

to the grid system. Zero sequence has no rotation[12]. The symmetrical components 

transformation for phase A is shown using (2.16).   

  [

 �⃗� 𝑎
+ 

�⃗� 𝑎
−

�⃗� 𝑎
0

] =  
1

3
[
1 𝛼 𝛼2

1 𝛼2 𝛼
1 1 1

] [

𝑉𝑎∠𝜃𝑎
𝑉𝑏∠𝜃𝑏
𝑉𝑐∠𝜃𝑐

]      (2.16) 

Where,  �⃗� 𝑎
+,  �⃗� 𝑎

−,  �⃗� 𝑎
0  are phase A postitive, negative and zero sequences respectively, ‘α’ 

is the Fortescue factor in the frequency domain and is defined as in (2.17) 

  𝛼 =  𝑒𝑗2𝜋/3 =  1∠120°                (2.17) 

The relation between different phase sequences are shown in (2.18). 

   �⃗� 𝑏
+ = 𝛼2. �⃗� 𝑎

+ ;       �⃗� 𝑏
− = 𝛼. �⃗� 𝑎

−  

   �⃗� 𝑐
+ = 𝛼. �⃗� 𝑎

+ ;       �⃗� 𝑐
− = 𝛼2. �⃗� 𝑎

−       (2.18) 

 

Lyon reformulated the method of symmetrical components in the time domain. He 

transforms the steady state unbalanced three-phase system into three sets of balanced 

phasors [13]. The positive sequence, negative sequence, and zero sequence voltage 

vectors are shown as in (2.19). 

�⃗� 𝑎𝑏𝑐 = 𝑉
+ [

cos(𝜔𝑡 + 𝜃)

cos(𝜔𝑡 −
2𝜋

3
+ 𝜃)

cos(𝜔𝑡 +
2𝜋

3
+ 𝜃)

] + 𝑉− [

cos(𝜔𝑡 + 𝜃)

cos(𝜔𝑡 +
2𝜋

3
+ 𝜃)

cos(𝜔𝑡 −
2𝜋

3
+ 𝜃)

] + 𝑉0  [

cos(𝜔𝑡)
cos(𝜔𝑡)
cos(𝜔𝑡)

]    (2.19) 

The extraction of three-phase positive sequence and negative sequence voltages in the 

time domain using ‘a’ operator is shown as in (2.20) and (2.21) respectively. 

  �⃗� 𝑎𝑏𝑐
+ = 

1

3
[
1 𝑎 𝑎2 
 𝑎2 1 𝑎
𝑎 𝑎2 1

] [

 �⃗� 𝑎 

�⃗� 𝑏

�⃗� 𝑐

]       (2.20) 

  �⃗� 𝑎𝑏𝑐
− = 

1

3
[
1 𝑎2 𝑎 
𝑎 1 𝑎2

𝑎2 𝑎 1

] [

 �⃗� 𝑎 

�⃗� 𝑏

�⃗� 𝑐

]       (2.21) 

Where, �⃗� 𝑎𝑏𝑐
+ , �⃗� 𝑎𝑏𝑐

−  represents the postive and negative sequence voltages. The �⃗� 𝑎 , �⃗� 𝑏 , �⃗� 𝑐  

represents the threephase unbalanced grid voltages. The’a’ is the fortescue operator in 

time domain.  
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Figure 6. Positive sequence voltages 

 

 

Figure 7. Negative sequence voltages 

Fig 6 and 7 shows the positive sequence and negative sequence voltages. Fig 8 shows the 

different sequence components and their orientation of rotation. In the positive sequence 

voltage, phase A is followed by phase B and phase B is followed by phase C. In the 

negative sequence voltage the phase A is followed by phase C and then phase B. So the 

positive sequence voltage vector orientation is opposite to that of negative sequence 

voltage vector. Fig. 8 depicts an arbitrary length of the sequence components, whereas, 

in a real scenario, the length of the individual sequence components depends on the 

unbalance in the system voltages. 
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Figure 8. Orientation of positive sequence and negative sequence voltage vectors 

The transformation produces instantaneous variables as complex positive sequence 

component and complex negative sequence components and a real zero sequence 

component as shown in (2.22). The negative sequence component is a complex conjugate 

of the positive sequence component[14]. 

  𝑉+−0 = 

[
 
 
 
1

2
𝑉+𝑒𝑗𝜔𝑡 + 

1

2
𝑉−𝑒−𝑗𝜔𝑡 

1

2
𝑉+𝑒−𝑗𝜔𝑡 + 

1

2
𝑉−𝑒𝑗𝜔𝑡

𝑉0 cos(𝜔𝑡) ]
 
 
 
      (2.22) 

2.4 Loop-shaping technique 

According to loop-shaping technique, the shape of the control loop of the control system 

is modified by placing of zeros, poles of the controller in appropriate frequencies, and by 

proper choice of the gain of the controller. A zero gives a phase boost in the system, 

whereas a pole gives a phase decrease in the system. Therefore, a zero is positioned 

around the desired frequency to increase the phase margin of the system. When a zero is 

placed in the desired frequency, the phase of the system begins to increase by 45° per 

decade. The zero effect takes place one decade earlier and continues to the next decade, 

overall giving a total phase boost of 90° in two decades. The central frequency of the zero 

effect is the set desired frequency. The zero also affects the magnitude of the control 

system loop. The magnitude shape changes to an increasing ramp of 20dB per decade 

starting from the desired frequency.  

Compared to zero, the pole creates an opposite effect to the system, when positioned 

around the desired frequency. When a pole is placed in the desired frequency, the phase 

of the system begins to decrease by 45° per decade. The pole effect begins one decade 

earlier and continues to the next decade, overall giving a total phase decrease of 90° in 

two decades. The central frequency of the pole effect is the desired set frequency. On 

V-
a

V+
a

V+
b

V+
c

V-
c

V
-
b

120° 

120° 

120° 120° 

120° 

120° 
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contrary to the zero, the pole affects the magnitude of the control system loop to a de-

creasing ramp of 20dB per decade starting from the desired set frequency. The gain K of 

the system affects only the magnitude of the control system loop. Thus, it is determined 

finally to define the required crossover frequency. In this thesis, the PI controllers are 

tuned using the loop-shaping technique.  

A Transfer function with one zero, one pole and gain K is given as in (2.23). The pole 

effect and the zero effect is shown in the Fig.9. The zero and pole are set at the desired 

frequency of 50Hz. 

  𝐺(𝑠) = 𝐾(

𝑠

𝜔𝑧
+1

𝑠

𝜔𝑝
+1
)         (2.23) 

where, K is the gain and 𝜔𝑧 , 𝜔𝑝are the zero and pole frequencies respectively. 

 

Figure 9. Effect of a zero and a pole placed at 50Hz 
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2.5 Dynamic modelling of PV inverter 

This section deals with small signal modeling of PV inverter. Small signal model of a 

system is helpful to analyze the non-linear behavior of the system, with a set of linear 

equations around its steady-state operating point[15]. Numerous modeling techniques 

have been proposed for PV inverters. In this thesis, the methodology used for dynamic 

modeling and the control design of the PV inverter is based on the [16] [17]. The proper 

dynamic modeling of PV inverter helps for better design of inverter control system. The 

various issues involved in the dynamic modeling of the PV inverter is discussed in detail 

in [16]. The different factors responsible for the problems caused in the PV inverter be-

havior is analyzed in [17]. 

The steps involved in the dynamic modeling of the PV inverters begin with the determin-

ing the input and output variables of the inverter. The known electrical source and load 

variables are usually considered as input variables. The output variables are their un-

known counterparts of the input variables. 

Applying Kirchhoff’s current and voltage laws to the specific inverter topology and av-

eraging them over one switching period derives the average model of the inverter. The 

number of energy storage elements like inductors and capacitors play a vital role in the 

dynamic model of the inverter. During steady state, in the energy storage elements, the 

rate of charging of current or voltage is equal to their rate of discharge. Hence, the steady 

state equations are derived by equating the rate of change of current in an inductor and 

rate of change of voltage in a capacitor to zero. This design procedure is similar to the 

dynamic modeling of DC-DC converters, as formulated by Dr. Middlebrook. However, 

in the inverter, even in the steady state, the signals are sinusoidal, hence making it difficult 

to average the equations and analyze in steady state operating point. The sinusoidal sig-

nals need to be converted to DC valued signals. Thus, space vector theory discussed in 

section 2.1 is applied to averaged model equations of the inverter. The average model 

equations become DC valued in dq-domain and the steady state operating point is ob-

tained, by equating the DQ domain average model equations to zero. 

The linearized state-space model of the PV inverter is obtained by linearizing the aver-

aged model around its steady-state operating point, using the first order partial derivatives 

of each input and a state variable. The time domain linearized equations are transformed 

to the frequency domain by using the Laplace transform. State space theory helps in de-

fining the linearized state-space model of the PV inverter. The state space equation be-

tween input and output variable of the PV inverter is derived. The relevant transfer func-

tion corresponding to individual variables are obtained. The transfer function helps to 

analyze the behavior between the various input, state and output variables. 
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Average model of the PV inverter 

 

Figure 10. PV inverter topology 

Fig.10 represents the PV inverter topology used in this thesis. According to [18], the 

photovoltaic generator is a power limited non-linear current source. The PV generator is 

non-linear, because it possesses both constant current and constant voltage like charac-

teristics depending on the operating point in the PV curve of the PV generator. The PV 

inverter is designed to supply real power to the grid. This thesis uses cascaded control 

system where the input voltage and output current are controlled, therefore the inverter is 

designed with a current source and voltage load. The input variables are the input current 

and output voltages. The output variables are input voltage and output currents. The in-

verter has three pairs of IGBT switches where the high frequency switching pulses are 

defined by PWM with duty ratio d, where the upper terminal switches are on and the 

lower terminal switches for (1-d)T. The upper and lower terminal switches are not ON at 

the same time to avoid short circuit. 

Kirchhoff’s voltage and current laws are applied to the inverter topology in Fig.10 and 

the averaged equations over one switching period are derived. The averaged model con-

taining the derivatives of inductor currents, capacitor voltages in abc-domain are shown 

as in (2.24)-(2.29). 

  
𝑑𝑖𝐿𝑎

𝑑𝑡
= 

𝑑𝐴〈𝑣𝐶〉

𝐿
− 

𝑟𝑒𝑞

𝐿
〈𝑖𝐿𝑎〉 − 

〈𝑣𝑎𝑛〉

𝐿
− 

〈𝑣𝑛𝑁〉

𝐿
 ,     (2.24)  

  
𝑑𝑖𝐿𝑏

𝑑𝑡
= 

𝑑𝐵〈𝑣𝐶〉

𝐿
− 

𝑟𝑒𝑞

𝐿
〈𝑖𝐿𝑏〉 − 

〈𝑣𝑏𝑛〉

𝐿
− 

〈𝑣𝑛𝑁〉

𝐿
 ,    (2.25) 

  
𝑑𝑖𝐿𝑐

𝑑𝑡
= 

𝑑𝐶〈𝑣𝐶〉

𝐿
− 

𝑟𝑒𝑞

𝐿
〈𝑖𝐿𝑐〉 − 

〈𝑣𝑐𝑛〉

𝐿
− 

〈𝑣𝑛𝑁〉

𝐿
  ,    (2.26) 

  
𝑑〈𝑣𝐶〉

𝑑𝑡
= 

1

𝐶
(〈𝑖𝑖𝑛〉 − 𝑑𝐴〈𝑖𝐿𝑎〉 − 𝑑𝐵〈𝑖𝐿𝑏〉  −  𝑑𝐶〈𝑖𝐿𝑐〉) ,   (2.27) 

  〈𝑣𝑖𝑛〉 =  〈𝑣𝐶〉 ,        (2.28) 

iin

+

-

vin

vg

+

-
vc

A

B
C

rL
L

C

P

N

ig
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  〈𝑖𝑜𝑎〉 = 〈𝑖𝐿𝑎〉 ;  〈𝑖𝑜𝑏〉 = 〈𝑖𝐿𝑏〉 ;  〈𝑖𝑜𝑐〉 = 〈𝑖𝐿𝑐〉       (2.29) 

where, 𝑟𝑒𝑞 represents the switching resistance 𝑟𝑠𝑤 and the inductor resistance 𝑟𝐿. The 

𝑑𝐴, 𝑑𝐵, 𝑑𝐶 defines the switching states of the abc phases respectively. 𝑖𝐿 , 𝑣𝐶 denotes the 

inductor current and the capacitor voltages. 𝑣𝑛𝑁 represents the common mode voltage. 

The Equations (2.24)-(2.29) represent in abc-domain and are sinusoidal in nature, Hence 

the space vector theory is applied to the equations and the averaged dq-domain equations 

are obtained and are shown as in (2.30)-(2.34). 

  
𝑑𝑖𝐿𝑑

𝑑𝑡
= 

𝑑𝑑〈𝑣𝑖𝑛〉

𝐿
+ 𝜔𝑠〈𝑖𝐿𝑞〉 − 

𝑟𝑒𝑞

𝐿
〈𝑖𝐿𝑑〉 − 

〈𝑣𝑜𝑑〉

𝐿
 ,    (2.30) 

  
𝑑𝑖𝐿𝑞

𝑑𝑡
= 

𝑑𝑞〈𝑣𝑖𝑛〉

𝐿
−𝜔𝑠〈𝑖𝐿𝑑〉 − 

𝑟𝑒𝑞

𝐿
〈𝑖𝐿𝑞〉 − 

〈𝑣𝑜𝑞〉

𝐿
 ,    (2.31) 

  
𝑑〈𝑣𝐶〉

𝑑𝑡
= 〈𝑖𝑖𝑛〉 −

3

2
( 𝑑𝑑〈𝑖𝐿𝑑〉 + 𝑑𝑑〈𝑖𝐿𝑑〉) ,     (2.32) 

  〈𝑣𝑖𝑛〉 = 〈𝑣𝐶〉 ,         (2.33) 

  〈𝑖𝑜𝑑〉 = 〈𝑖𝐿𝑑〉 ;  〈𝑖𝑜𝑞〉 = 〈𝑖𝐿𝑞〉 ,      (2.34) 

In steady-state, the derivatives of inductor currents and capacitor voltages are zero. The 

eqns(2.30)-(2.32) are equated to zero as shown in (2.35)-(2.37) and the variables are de-

noted in upper case to specify the steady-state values.  

  0 =  
𝐷𝑑𝑉𝑖𝑛

𝐿
− 

𝑟𝑒𝑞

𝐿
𝐼𝐿𝑑 − 

𝑉𝑜𝑑

𝐿
 ,      (2.35) 

  0 =  
𝐷𝑞𝑉𝑖𝑛

𝐿
− 𝜔𝑠𝐼𝐿𝑑 ,        (2.36) 

  0 =  𝐼𝑖𝑛 −
3

2
 𝐷𝑑𝐼𝐿𝑑 ,        (2.37) 

The steady state values of variables Dd, Dq and ILd are solved as in (2.38)-(2.40). 

  𝐷𝑑 = 
𝑉𝑜𝑑+ √(𝑉𝑜𝑑

2+
8

3
 𝑉𝑖𝑛𝐼𝑖𝑛𝑟𝑒𝑞)

2𝑉𝑖𝑛
 ,      (2.38) 

  𝐷𝑞 = 
2𝜔𝑠 𝐿 𝐼𝐿𝑑

3𝐷𝑑𝑉𝑖𝑛
 ,        (2.39) 

  𝐼𝐿𝑑 = 
2

3
 
𝐼𝑖𝑛

𝐷𝑑
 ,          (2.40) 
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Linearized model of the PV inverter 

The linearized model of the PV inverter is derived by applying first-order partial deriva-

tives to the averaged dq-domain eqns(2.30)-(2.34) around its steady-state operating point. 

The linear model is derived to determine the relation between the variables in effect of 

how small changes in one variable affects the other variable. The linearized equations are 

shown as in (2.41)-(2.45). The ‘ ̂ ‘ represents partial derivation upon the variables. 

   
𝑑�̂�𝐿𝑑

𝑑𝑡
= − 

𝑟𝑒𝑞

𝐿
𝑖̂𝐿𝑑 + 𝜔𝑠𝑖̂𝐿𝑞 +

𝐷𝑑

𝐶
𝑣𝐶 −

1

𝐿
𝑣𝑜𝑑 + 

𝑉𝑖𝑛

𝐿
�̂�𝑑 ,   (2.41) 

  
𝑑�̂�𝐿𝑞

𝑑𝑡
= − 

𝑟𝑒𝑞

𝐿
𝑖̂𝐿𝑞 − 𝜔𝑠𝑖̂𝐿𝑑 +

𝐷𝑞

𝐶
𝑣𝐶 −

1

𝐿
𝑣𝑜𝑞 +

𝑉𝑖𝑛

𝐿
�̂�𝑞 ,   (2.42) 

  
𝑑�̂�𝐶

𝑑𝑡
= −

3

2

𝐷𝑑

𝐶
𝑖̂𝐿𝑑 − 

3

2

𝐷𝑞

𝐶
𝑖̂𝐿𝑞 + 

1

𝐶
𝑖̂𝑖𝑛 − 

3

2

𝐼𝐿𝑑

𝐶
�̂�𝑑 ,    (2.43) 

  𝑣𝑖𝑛 = 𝑣𝐶,          (2.44) 

  𝑖̂𝑜𝑑 = 𝑖̂𝐿𝑑 ;  𝑖̂𝑜𝑞 = 𝑖̂𝐿𝑞       (2.45) 

The input, output, and state variables are rewritten in the matrix form as input, output and 

state vectors respectively as shown in (2.46)-(2.47). And defining the input, output and 

state vector matrices as shown below in (2.48), 

𝑑

𝑑𝑡
[

𝑖̂𝐿𝑑
𝑖̂𝐿𝑞
𝑣𝐶

] =

[
 
 
 
 −

𝑟𝑒𝑞

𝐿
𝜔𝑠

𝐷𝑑

𝐿

−𝜔𝑠 −
𝑟𝑒𝑞

𝐿

𝐷𝑞

𝐿

−
3

2

𝐷𝑑

𝐶
−
3

2

𝐷𝑞

𝐶
0 ]
 
 
 
 

[

𝑖̂𝐿𝑑
𝑖̂𝐿𝑞
𝑣𝐶

] +

[
 
 
 
 0 −

1

𝐿
0

𝑉𝑖𝑛

𝐿
0

0 0 −
1

𝐿
0

𝑉𝑖𝑛

𝐿
1

𝐶
0 0 −

3

2

𝐼𝐿𝑑

𝐶
0 ]
 
 
 
 

 

[
 
 
 
 
 
𝑖̂𝑖𝑛
𝑣𝑜𝑑
𝑣𝑜𝑞

�̂�𝑑
�̂�𝑞 ]
 
 
 
 
 

         (2.46) 

 [

𝑣𝑖𝑛
𝑖̂𝑜𝑑
𝑖̂𝑜𝑞

] =  [
0 0 1
1 0 0
0 1 0

] ∙   [

𝑖̂𝐿𝑑
𝑖̂𝐿𝑞
𝑣𝐶

]  +  [
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

] ∙  

[
 
 
 
 
 
𝑖̂𝑖𝑛
𝑣𝑜𝑑
𝑣𝑜𝑞

�̂�𝑑
�̂�𝑞 ]
 
 
 
 
 

 ,                      (2.47) 

 𝑥 =  [

𝑖̂𝐿𝑑
𝑖̂𝐿𝑞
𝑣𝐶

] ;  𝑢 =    [𝑖̂𝑖𝑛 𝑣𝑜𝑑 𝑣𝑜𝑞 �̂�𝑑 �̂�𝑞]
𝑇
;  𝑦 = [

𝑣𝑖𝑛
𝑖̂𝑜𝑑
𝑖̂𝑜𝑞

]  ,              (2.48) 

The vectors are in the time domain and by applying Laplace transform, variables are 

transformed into frequency domain. According to State space Theory, the relation be-

tween the state variable and input variable is given as in (2.49) and the relation between 

output variable and the state and input variables are given as in (2.50). Hence, the relation 

between output matrix to input matrix is given as in (2.51). 
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  𝑠𝑥 = 𝑨𝑥 + 𝑩𝑢,         (2.49) 

  𝑠𝑦 = 𝑪𝑥 + 𝑫𝑢 ,        (2.50) 

  𝒀(𝑠) =   [𝑪(𝑠𝑰 − 𝑨)−𝟏. 𝑩 + 𝑫] 𝑼(𝑠) = 𝑮.𝑼(𝑠),    (2.51) 

On solving, the input to output transfer function is obtained and is shown in(2.52). The 

number of input vectors is five and the number of output vectors is three and hence the 

input to output transfer function contain 15 open loop transfer functions. On analyzing 

each of the open loop transfer function, the behavior of one-output variable in correspond-

ence with the input variable is achieved. 

  [

𝑣𝑖𝑛
𝑖̂𝑜𝑑
𝑖̂𝑜𝑞

] =  [

𝑍𝑖𝑛−𝑜 𝑇𝑜𝑖𝑑−𝑜 𝑇𝑜𝑖𝑞−𝑜 𝐺𝑐𝑖𝑑−𝑜 𝐺𝑐𝑖𝑞−𝑜
𝐴𝑖𝑜𝑑−𝑜 −𝑌𝑜𝑑−𝑜 −𝑌𝑜𝑞𝑑−𝑜 𝐺𝑐𝑜𝑑−𝑜 𝐺𝑐𝑜𝑞𝑑−𝑜
𝐴𝑖𝑜𝑞−𝑜 −𝑌𝑜𝑑𝑞−𝑜 −𝑌𝑜𝑞−𝑜 𝐺𝑐𝑜𝑑𝑞−𝑜 𝐺𝑐𝑜𝑞−𝑜

]

[
 
 
 
 
 
𝑖̂𝑖𝑛
𝑣𝑜𝑑
𝑣𝑜𝑞

�̂�𝑑
�̂�𝑞 ]
 
 
 
 
 

 ,(2.52) 

where, Z represents the impedance, T represents voltage to voltage transfer function i.e., 

transmittance, G represents the transfer functions related to the duty ratio of switches and 

A represents the current to current transfer function i.e., admittance. The subscript ‘in’ 

represents DC side, ‘o’ represents AC side, ‘-o’ represents open loop dynamics, ‘d’ rep-

resents d-component, ‘q’ represents q-component, ‘c’ represents control and ‘dq’ or ‘qd’ 

represents cross coupling. 

Closed loop control of the PV inverter 

 

Figure 11. Closed loop control system of PV inverter 
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Fig. 11 illustrates the closed loop control system of the PV inverter. PV inverter utilizes 

a  cascaded control system, where the output current is controlled in the inner loop and 

the input voltage is controlled in the outer loop. The inner loop is designed to be fast 

control loop because the reference of the inner control loop is defined by the outer control 

loop and the inner control loop is expected to react faster to changes in the outer control 

loop. This is achieved by having high crossover frequency to the inner current control 

loop. The PLL plays a vital role in the control system, as it provides the phase-angle 

information θ of the grid to the inverter and it helps in synchronizing the inverter output 

currents with grid phase voltages. The small signal modeling of PLL is discussed in chap-

ter 3. 

According to instantaneous power theory, the apparent power is given as in (2.53).  

  𝑠 = 𝑣 ∗ 𝑖∗ = (𝑣𝑑𝑖𝑑 + 𝑣𝑞𝑖𝑞) + 𝑗(𝑣𝑞𝑖𝑑 − 𝑣𝑑𝑖𝑞) =  𝒑 + 𝑗𝒒 ,  (2.53)   

where, 𝑖∗represents the complex conjugate of the current. s, p and q represent the appar-

ent, active and reactive power of the inverter respectively. 

The q component voltage 𝑣𝑞 is set to zero in the control system, Hence the power supplied 

to the system is reduced as in (2.54). In addition, the q component of the output current 

𝑖𝑞 is set to zero to achieve unity power factor. This control system allows the system to 

supply real power to the grid. 

  𝑝 = 𝑣𝑑𝑖𝑑 ;     𝑞 =   −𝑣𝑑𝑖𝑞 ,       (2.54) 

using (2.52), the input and output dynamics of the inverter at open loop can be derived. 

For simplicity, it is assumed that the inverter input dynamics depends only on d compo-

nents and the cross-coupling terms between d and q components are neglected. The PWM 

produces the switching pulses for the inverter and thus 𝑑𝑑, 𝑑𝑞are chosen as control vari-

ables.  From the control diagram Fig 2.2, the controlled variables are the output currents. 

Therefore, the current controllers are chosen to produce the PWM switching pulses 𝑑𝑑 

and 𝑑𝑞. The switching pulses 𝑑𝑑 and 𝑑𝑞 in the input and output dynamics are modified 

that the switching pulses are dependent on the output of the current controller as shown 

in (2.55). The inputs to the current controller are the sensed output currents 𝑖𝑜𝑑 and 𝑖𝑜𝑞 

and the reference output currents 𝑖𝑜𝑑
∗  and 𝑖𝑜𝑞

∗  respectively. The reference of q-component 

input current, 𝑖𝑜𝑞
∗  is set to zero. The reference of the d-component input current is given 

by the output of the input voltage controller of the inverter. 

  𝑑𝑑  = 𝐺𝑐𝑑(𝑖𝑜𝑑
∗ − 𝑖𝑜𝑑);    𝑑𝑞  = 𝐺𝑐𝑑(𝑖𝑜𝑞

∗ − 𝑖𝑜𝑞) ,   (2.55) 

The inputs to the input voltage controller are the input voltage of the inverter 𝑣𝑖𝑛 and the 

reference input voltage 𝑣𝑖𝑛
∗ . The input voltage of the inverter is a DC voltage. The refer-

ence of the input voltage controller is usually set from MPP voltage. The input voltage 
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controller acts on error difference between the input voltage 𝑣𝑖𝑛 and the reference input 

voltage 𝑣𝑖𝑛
∗ . The output of the controller is fed as the reference to the d-component of the 

output current 𝑖𝑜𝑑
∗ ; this is shown as in (2.56). The switching pulses 𝑑𝑑 and 𝑑𝑞 after cas-

caded control are shown as in (2.57). 

  𝑖𝑜𝑑
∗ = 𝐺𝑐𝑣(𝑣𝑖𝑛

∗ − 𝑣𝑖𝑛) ,       (2.56)  

  𝑑𝑑  = 𝐺𝑐𝑑(𝐺𝑐𝑣(𝑣𝑖𝑛
∗ − 𝑣𝑖𝑛)  −  𝑖𝑜𝑑);    𝑑𝑞  = 𝐺𝑐𝑑(𝑖𝑜𝑞

∗ − 𝑖𝑜𝑞) , (2.57)  

The controllers are implemented in dq-domain. Therefore, PI controller is used as the 

controller for the control system. The nature of the PI controller is that it works on its 

input error signals towards zero. The loop-shaping technique is used in tuning the con-

trollers. 

2.6 Grid voltages in different reference frames for balanced and 

unbalanced conditions 

In this section, the unbalanced grid voltages are derived in different reference frames, 

using the transformation matrices from section 2 i.e., space vector theory. The balanced 

grid voltages in the natural reference frame are given as in (2.58). The unbalanced grid 

voltages in the natural reference frame, neglecting the zero sequence is given as in 

(2.59)[19].  

  �⃗� 𝑎𝑏𝑐 =  𝑉 [

cos(𝜔𝑡 + 𝜃)

cos(𝜔𝑡 −
2𝜋

3
+ 𝜃)

cos(𝜔𝑡 +
2𝜋

3
+ 𝜃)

] ,      (2.58) 

  �⃗� 𝑎𝑏𝑐 = 𝑉
+ [

cos(𝜔𝑡 + 𝜃)

cos(𝜔𝑡 −
2𝜋

3
+ 𝜃)

cos(𝜔𝑡 +
2𝜋

3
+ 𝜃)

] + 𝑉− [

cos(𝜔𝑡 + 𝜃)

cos(𝜔𝑡 +
2𝜋

3
+ 𝜃)

cos(𝜔𝑡 −
2𝜋

3
+ 𝜃)

] ,   (2.59) 

Balanced voltages in Stationary Reference Frame 

By applying the Clarke’s transformation matrix (2.8), the balanced grid voltages is trans-

formed to stationary reference frame as in (2.60). The stationary reference frame balanced 

grid voltages are in (2.61). 

  �⃗� 𝛼𝛽 =  
2

3
 [
1 −1 2⁄ −1 2⁄

0 √3 2⁄ −√3 2⁄
]  ∙  𝑉 [

cos(𝜔𝑡 + 𝜃)

cos(𝜔𝑡 −
2𝜋

3
+ 𝜃)

cos(𝜔𝑡 +
2𝜋

3
+ 𝜃)

] ,  (2.60) 

  �⃗� 𝛼𝛽 = 𝑉(cos𝜔𝑡) + 𝑗 𝑉(sin𝜔𝑡) ,      (2.61) 
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Unbalanced voltages in Stationary Reference Frame 

By applying Clarke’s transformation matrix (2.8), the unbalanced grid voltages are trans-

formed to the stationary reference frame. The Clarke’s transform is applied individually 

to the first term relating to 𝑉𝑎𝑏𝑐
+ of the unbalanced grid as in (2.62) and to 𝑉𝑎𝑏𝑐

− of the un-

balanced grid as in (2.63). 

  �⃗� 𝛼𝛽
+ = 

2

3
 [
1 −1 2⁄ −1 2⁄

0 √3 2⁄ −√3 2⁄
]  ∙  𝑉+

[
 
 
 
cos(𝜔𝑡 + 𝜃)

cos(𝜔𝑡 −
2𝜋

3
+ 𝜃)

cos(𝜔𝑡 +
2𝜋

3
+ 𝜃)]

 
 
 

,  (2.62) 

  �⃗� 𝛼𝛽
− = 

2

3
 [
1 −1 2⁄ −1 2⁄

0 √3 2⁄ −√3 2⁄
]  ∙ 𝑉−

[
 
 
 
cos(𝜔𝑡 + 𝜃)

cos(𝜔𝑡 +
2𝜋

3
+ 𝜃)

cos(𝜔𝑡 −
2𝜋

3
+ 𝜃)]

 
 
 

 ,  (2.63) 

Using trigonometric identities and mathematical reductions result in the (2.64) and (2.65), 

for simplicity, the effect of the phase angle is not shown. 

  �⃗� 𝛼𝛽
+ = 𝑉+(cos𝜔𝑡)+ 𝑗 𝑉+(sin𝜔𝑡)  ,     (2.64) 

  �⃗� 𝛼𝛽
− = 𝑉−(cos𝜔𝑡)− 𝑗 𝑉−(sin𝜔𝑡) ,     (2.65) 

Comparing (2.61) with (2.64) and (2.65), the Fundamental frequency positive se-

quence(FFPS) component �⃗� 𝛼𝛽
+  (2.64) resembles the balanced grid voltage component 

(2.61). The Fundamental frequency negative sequence (FFNS) component �⃗� 𝛼𝛽
−  (2.65) is 

an additional element because of unbalance in the grid voltages. 

 

Figure 12. Unbalanced grid voltage vectors in stationary reference frame 
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The space vector representation of unbalanced grid voltages is illustrated in Fig. 12. The 

FFPS space vector 𝑉+rotates in counterclockwise direction in the direction of balanced 

grid voltages. The FFNS space vector 𝑉−rotates in the clockwise direction, opposite to 

that of FFPS. Both the space vectors rotate with the speed of fundamental frequency 𝜔𝑠. 

Balanced voltages in the synchronous reference frame 

The balanced grid voltages in the synchronous reference frame is derived, by applying 

the transformation matrix (2.11) to the (2.61), results in (2.66)  

  �⃗� 𝑑𝑞 =  [
𝑐𝑜𝑠𝜔𝑠𝑡 𝑠𝑖𝑛 𝜔𝑠𝑡

−𝑠𝑖𝑛 𝜔𝑠𝑡 𝑐𝑜𝑠𝜔𝑠𝑡
] [
𝑉(cos𝜔𝑡)

𝑉(sin𝜔𝑡)
] ,    (2.66) 

where, 𝜃𝑠 = 𝜔𝑠𝑡. 

Under steady state, synchronous reference frame rotates at the fundamental frequency of the grid. 

Therefore, the synchronous reference frame balanced grid voltages reduces as in (2.67). 

  �⃗� 𝑑𝑞 =  𝑉(cos 0) + 𝑗𝑉 (sin 0) ,      (2.67) 

Unbalanced voltages in Synchronous Reference Frame 

The unbalanced grid voltages in the synchronous reference frame is derived, by applying 

the transformation matrix (2.11) to the (2.64) and (2.65). The Clarke’s transform is ap-

plied individually to 𝑉𝛼𝛽
+ of the unbalanced grid as in (2.68) and to 𝑉𝛼𝛽

− of the unbalanced 

grid as in (2.69). 

  �⃗� 𝑑𝑞
+ = [

𝑐𝑜𝑠𝜔𝑠𝑡 𝑠𝑖𝑛 𝜔𝑠𝑡
−𝑠𝑖𝑛 𝜔𝑠𝑡 𝑐𝑜𝑠𝜔𝑠𝑡

] [
𝑉+(cos𝜔𝑡)

𝑉+(sin𝜔𝑡)
] ,    (2.68) 

  �⃗� 𝑑𝑞
− = [

𝑐𝑜𝑠𝜔𝑠𝑡 𝑠𝑖𝑛 𝜔𝑠𝑡
−𝑠𝑖𝑛 𝜔𝑠𝑡 𝑐𝑜𝑠𝜔𝑠𝑡

] [
𝑉−(cos𝜔𝑡)
−𝑉−(sin𝜔𝑡)

] ,    (2.69) 

where, 𝜃𝑠 = 𝜔𝑠𝑡. 

Under steady state, the synchronous reference frame is locked with the FFPS component 

and rotates at fundamental frequency of the grid. Assuming that the initial phase angle of 

FFPS and FFNS component are zero and using trigonometric identities and mathematical 

simplifications reduces (2.68) and (2.69) to (2.70) and (2.71). 

  �⃗� 𝑑𝑞
+ = 𝑉+(cos0)+ 𝑗𝑉+ (sin0) ,      (2.70) 

  �⃗� 𝑑𝑞
− = 𝑉−(cos2𝜔𝑡)− 𝑗𝑉− (sin2𝜔𝑡) ,     (2.71) 
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Comparing (2.67) with (2.70) and (2.71), the FFPS component (2.70) is similar to (2.67). 

However, the FFNS component (2.71) presents as a second harmonic component in the 

synchronous reference frame. 

The space vector representation of unbalanced grid voltages in synchronous reference 

frame is illustrated in Fig. 13. 

 

Figure 13. Unbalanced grid voltage vector in synchronous reference frame 

 

Figure 14. Unbalanced grid voltages in synchronous reference frame 

The unbalanced grid voltages in dq-domain is shown in the Fig.14. An unbalance of 0.8 

p.u FFPS 𝑉+ and 0.2 p.u FFNS 𝑉− is simulated at 0.2 second. The peak grid voltage is 

325V. From the Fig.14, the influence of FFNS component as second harmonic component 

in the dq-grid voltages is evident. 
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3. GRID SYNCHRONIZATION 

In this chapter, the small signal modeling of SRF-PLL is derived in the first section. In 

the second section, the choice of control parameters for SRF-PLL is discussed. Final sec-

tion reports about the performance of SRF-PLL in balanced and unbalanced conditions. 

The electric grid is a complex network. The power generating sources and the load com-

ponents are always changing. In addition, some portion of the load is nonlinear in nature. 

Thus, the grid variables like voltage magnitude, frequency and phase angle vary con-

stantly. Therefore, it is important to monitor the dynamic grid variables. Renewable en-

ergy sources are connected to the grid through converters and supply active and reactive 

power to the grid. PV generators are designed to supply real power to the grid[20]. 

The grid-connected converters need to work synchronously with the grid and for this syn-

chronization, the information of instantaneous grid variables between the converter and 

the electrical grid i.e., at the point of common coupling is essential. The process of ex-

tracting the information about the fundamental component of the grid is known as grid 

synchronization. In simpler terms, grid synchronization is a method to find the infor-

mation about the frequency and phase angle of the fundamental frequency positive se-

quence component of the grid voltage.  The transformation blocks in the control system 

of the converter use this information to provide the grid synchronized control signal. The 

SPWM produces synchronized switching duty pulses and by doing so it helps the grid-

connected converter and the dynamic electric grid work coherently[20][21]. The most 

famous method adopted for grid synchronization for three-phase applications during nor-

mal grid conditions is synchronous reference frame phase locked loop abbreviated as 

SRF-PLL. 

3.1 Small signal modeling of SRF-PLL 

 

Figure 15. SRF-PLL control block 
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The small signal modeling of SRF-PLL is adopted from [17],[22] and it is presented for 

better understanding of small signal modeling of delayed signal cancellation –PLLs. 

Fig.15 illustrates the basic control block diagram of the SRF-PLL. The SRF PLL consists 

of a transformation block, a PI controller and an integrator. The transformation block 

transforms the three-phase signals from the natural reference frame to the two DC valued 

signals 𝑉𝑑 and 𝑉𝑞 in synchronous-reference frame. The transformation block is not in-

cluded in the control loop of SRF-PLL.  

Either one of the q or d components of the grid voltage is used for the SRF-PLL. The q 

component of the grid voltage is compared with the reference q-component voltage, 

which is usually set to zero. The generated error signal is fed to the PI controller. The PI 

controller then acts on the error signal until it becomes zero. The output of the controller 

is added with the nominal frequency of the grid and fed to the integrator. The integrator 

acts on the frequency error signal 𝜔𝑐 and outputs the phase angle 𝜃𝑐 value. This phase-

angle 𝜃𝑐 value is fed back to the transformation block resulting in a closed control loop. 

In the transformation block, the angle 𝜃𝑐 is used in the synchronous reference frame trans-

formation. In steady state, the error signal ‘e’ is zero, i.e., the q-component of the grid 

voltage is zero and is equal to the q-component voltage reference. During steady state, 

the control output angle θc resembles the grid voltage angle θ. In addition, the synchro-

nous reference frame rotates with a frequency equal to the grid frequency and outputs 

constant DC signals [6]. Thus, the SRF-PLL estimates the phase angle and frequency 

information of FFPS component of grid voltages. 

 

Figure 16. Space vector of SRF-PLL 

Fig.16 depicts the space vector representation of the grid voltage vector in synchronous 

reference frame. The voltage vector V rotates at a natural grid frequency ωs. The reference 
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frame also rotates at a speed of ωs.  Therefore, the voltage vector is considered as non 

rotating vector in a stationary dq-reference frame. To understand the working of the con-

trol system and the grid, the synchronous reference frame is expressed as two separate 

coordinate systems. One for the grid and another for the control system as in (2.72), and 

they are named as the grid reference frame and the control reference frame respectively. 

The goal of the controller is to synchronize both the reference frames. The difference 

between the two reference frames is Δθ. Due to the controller action, the error between 

the two reference frames becomes zero. Therefore, in steady state, the control reference 

frame and the grid reference frame are aligned to each other [17]. The relationship for the 

voltage vector V expressed between the control reference frame and the grid reference 

frame is shown as in (2.73). 

  𝑣𝑔 = 𝑣𝑑
𝑔
+ 𝑗 𝑣𝑞 

𝑔
 ;     𝑣𝑐 = 𝑣𝑑

𝑐 + 𝑗 𝑣𝑞 
𝑐   ,      (2.72) 

  𝑣𝑐 = 𝑣𝑔 . 𝑒−∆𝜃 ,        (2.73) 

Euler’s formula is used for the expansion of the exponential term and also substituting 

(2.72) in (2.73) will yield (2.74) & (2.75).  

  𝑣𝑑
𝑐 = 𝑣𝑑

𝑔
cos ∆𝜃 + 𝑣𝑞

𝑔
sin ∆𝜃 ,      (2.74) 

  𝑣𝑞
𝑐 = 𝑣𝑞

𝑔
cos ∆𝜃 − 𝑣𝑑

𝑔
sin ∆𝜃 ,      (2.75) 

At steady state, the value of Δθ is zero, therefore, cosine terms are neglected. The Δθ 

value is equivalent to the θc, thus the sine terms are expressed as θc. The equations (2.74) 

and (2.75) is simplified to (2.76) & (2.77). 

   𝑣𝑑
𝑐 = 𝑣𝑑

𝑔
+ 𝑣𝑞

𝑔
𝜃𝑐,        (2.76) 

  𝑣𝑞
𝑐 = 𝑣𝑞

𝑔
− 𝑣𝑑

𝑔
𝜃𝑐 ,        (2.77) 

Linearization is achieved by taking first order partial differentiation to the equations 

(2.76)&(2.77)[17]. The resultant linearized equations are shown as in (2.78)&(2.79). The 

‘ ̂ ’ represents the partial differentiation of variables. 

   𝑣𝑑
𝑐 = 𝑣𝑑

𝑔
+ Ѳ𝑐𝑣𝑞

𝑔
+ 𝑉𝑞

𝑔
 �̂�𝑐,      (2.78) 

  𝑣𝑞
𝑐 = 𝑣𝑞

𝑔
− Ѳ𝑐𝑣𝑑

𝑔
− 𝑉𝑑

𝑔
 �̂�𝑐 ,      (2.79) 

where, the upper case denotes the steady-state values of the variables. And at steady state, 

Ѳ𝑐 = 0.  

Using (2.79) the control block diagram is modified to obtain the frequency domain line-

arized control block diagram of the SRF-PLL as in Fig.17.  
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Figure 17. Linear control block of SRF-PLL 

From the linearized control block, the loop gain 𝐿𝑃𝐿𝐿 of the control block is defined as in 

(2.80). 

  𝐿𝑃𝐿𝐿 = −𝐺𝑃𝐼 .
1

𝑠
 . 𝑉𝑑 ,       (2.80) 

where, 𝐺𝑃𝐼 denotes the transfer function of PI controller. 

The small signal of the phase angle �̂�𝑐 in respect to the input 𝑣𝑞
𝑔

 is derived using reduction 

techniques and shown as in (2.81). 

   �̂�𝑐 = 
1

 𝑉𝑑
 .
𝐿𝑃𝐿𝐿

1+𝐿𝑃𝐿𝐿
 . 𝑣𝑞

𝑔
 ,       (2.81) 

The According to [23], when the small signal PLL  �̂�𝑐 is included in the inverter dynam-

ics, the q channel output impedance of PV inverter behaves like a negative resistor inside 

the crossover frequency of SRF-PLL. The negative resistor behavior pushes the imped-

ance to -180 and this may cause instability problems. Therefore, it is necessary to choose 

the bandwidth of the SRF-PLL carefully, as the chances of a high bandwidth PLL; caus-

ing instability is higher when connected to weak grid. A grid with high inductance value 

is one possibility of a weak grid, where PLL may cause harmonic resonance in the point 

of common coupling. 

3.2 Control design of the SRF-PLL 

Loop shaping technique is employed for the tuning of the controller of the SRF-PLL. The 

loop-shaping technique is discussed in Chapter 2, section 4. In a control system, faster 

dynamics is facilitated by high bandwidth. Therefore, the high bandwidth PLL will have 

faster dynamics. However, taking into account that the PV inverter’s q-channel imped-

ance will behave like a negative resistor for higher bandwidth, the bandwidth is limited. 

The crossover frequency defines the bandwidth of the controller and thus to achieve a 

fairy fast PLL and also to attenuate harmonics components, the 60hz crossover frequency 

is chosen. The phase margin(PM) of the control system also defines the performance of 

the control system. A low PM will create overshoot, while a high PM will have slow 

performance. The PLL resembles a second order system and defines that a PM of 65° is 
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suitable for second order system[24]. The PLL bandwidth is limited and hence the PM 

around 60˚ is chosen for faster control loop performance.  The requirements of the control 

system of SRF-PLL are set accordingly, 

• Low bandwidth 

• Crossover frequency around 60 Hz. 

• Phase margin of at least 60 degrees around the crossover frequency. 

 

Figure 18. Bode plot of SRF PLL control system without and with controller 

 

Applying the loop shaping technique, a zero is placed around 30Hz to ensure the required 

phase margin at the crossover frequency. The gain values are adjusted according to ensure 

that required crossover frequency is achieved. The values for 𝐾𝑝 and 𝐾𝑖 value of the PI 

controller are determined as 1.06 and 200 respectively. The loop-gain transfer function 

of the linearized control block of SRF-PLL, without and with the PI controller is shown 

in Fig.18. 
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SRF-PLL in balanced grid Conditions 

The behavior of SRF-PLL under balanced conditions is shown in the Fig.19. A step 

change of Frequency from 50Hz to 49 Hz is simulated, assuming that the grid voltage 

magnitudes are symmetrical and balanced. From the Fig. 19, it is evident that the SRF-

PLL provides an accurate estimation of grid phase angle and this can be understood from 

the steady-state error between the controller and the grid voltages. Fig. 20 shows the ac-

curate estimation of the frequency of the grid by SRF-PLL. Balanced grid condition is 

simulated using (2.58) with a peak grid voltage 325V is simulated.  

 

Figure 19. Controller error of SRF-PLL in balanced grid conditions 

 

 

Figure 20.  Frequency estimation of SRF-PLL in balanced grid conditions 
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SRF-PLL in unbalanced grid voltage conditions 

Unbalance in the grid voltages arises because of the sudden faults in the electrical system 

or due to nonlinear loads. The PV inverter’s capability to the connection or disconnection 

from the grid during unbalance conditions are governed by grid codes. The behavior of 

the SRF-PLL during unbalance conditions is key to successful operation of the PV in-

verter. Therefore, the working of the SRF-PLL in unbalance conditions are simulated and 

are shown in Fig21 and Fig22. An unbalance of 0.8 p.u positive sequence 𝑉+ and 0.2 p.u 

negative sequence 𝑉− is simulated at 0.2 second. The peak grid voltage is 325V. The 

formulas used to create the unbalance grid voltages are as in (2.59)[19]. 

 

Figure 21.  Controller error of SRF PLL during unbalanced voltages 

 

Figure 22.  Frequency estimation of SRF-PLL during unbalanced voltage  
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From the Figures 21&22, the working of SRF-PLL is not satisfactory. This is due to the 

influence of negative sequence component of the grid voltages in the PLL. During bal-

anced grid condition, only the FFPS component is present, therefore the SRF-PLL follows 

the FFPS component easily. But in unbalanced grid conditions, The negative sequence 

component behaves as a second harmonic signal in the synchronous reference frame, this 

can be seen from in the (2.71) and also from the oscillation in the Fig.21 and 22. Even 

though the crossover frequency of the SRF-PLL is set around 60 Hz to reduce the effect 

of the second harmonic component, the SRF-PLL performs poorly due to the influence 

of second harmonic component. The crossover frequency of the PLL may be reduced to 

even further to reduce the effect of the second harmonic component, However, this will 

result in a slow PLL. The presence of oscillations will cause unwanted tripping of the PV 

inverter from the electrical grid. In addition, the presence of second harmonic component 

in the control system will lead to damage to the control system of PV inverter. To elimi-

nate the effect of negative sequence component in the SRF-PLL, various methods have 

been proposed. Few of the widely recognized methods are Double Decoupling Synchro-

nous Reference Frame – phase locked loop(DDSRF-PLL), and Delayed Signal cancella-

tion- Phase Locked Loop(DSC-PLL) 

To overcome the drawback of the SRF-PLL during unbalance conditions, the DDSRF-

PLL method extracts only the FFPS component of the grid voltage. The DDSRF-PLL 

uses two reference frames, one for the positive sequence and another for the negative 

sequence. The modified reference frames pass through a double decoupling cell and low 

pass filters to extract the FFPS component of the grid voltage. More literature information 

and implementation of this method is found in [25][26]. Even though this method pro-

duces accurate estimation of the FFPS, the implementation of the method adds more com-

putational burden and the presence of LPF will reduce the performance of PLL control 

loop. The method does not eliminate the harmonics present in the sensed grid voltages. 

Therefore, if harmonics is present in the grid voltages, then the harmonics seeps into the 

control loop of the PLL and degrades the performance of PLL. Hence, an alternative eas-

ier method, DSC–PLL, to eliminate the negative sequence component with less compu-

tation, is investigated in chapter 5 and 6. 
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4. DELAYED SIGNAL CANCELLATION 

In this chapter, the concept of delayed signal cancellation is discussed. The delayed signal 

cancellation(DSC) can be performed in dq-domain and in αβ-domain. In the first section, 

the DSC method is derived in dq-domain. The second section derives the DSC method in 

αβ-domain. The third and fourth section, discusses the ability to extract the FFPS com-

ponent from unbalance voltages in dq-domain and in αβ-domain respectively. In addition, 

it illustrates the DSC using space vectors. 

 

Figure 23. Delayed signal cancellation 

The renewable energy sources are influenced by various environmental factors and are 

time varying in nature. With the increase in the contribution of renewable energy, to the 

grid, the grid variables becomes even more dynamic. The grid with traditional large syn-

chronous generators have high inertia, which supports the grid variables to behave in a 

constant manner. This advantage is lost with high penetration of renewable energy. The 

grid with more RES is not as robust as the grid with traditional synchronous genera-

tors[27]. Therefore, careful estimation is necessary in the connection and disconnection 

of RES. If the grid is unbalanced to very less magnitude and does not pose threat to the 

control system of the inverter, and in those conditions the PV inverter is expected to stay 

connected to the grid and continue to supply the active power to the grid. If the renewable 

energy source connected to the grid is disconnected for small magnitude unbalance grid 

condition, the contribution of active power by the RES to the electrical grid is lost and 

thus making the grid even more vulnerable[28]. The RES converters are expected to pos-

sess fault ride through capability to ensure a robust grid. During grid faults, the RES con-

verter controllers are expected to handle fault transients effectively and the semiconductor 

switches should handle the additional stress caused by FFNS compensation currents[29]. 

The PV inverters should remain connected and may provide reactive power support to 
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the grid. The FFNS component should be eliminated and the current references in the 

controller should be free of FFNS component[30].  

If the grid unbalance is of high magnitude, the PV Inverter is expected to disconnect from 

the grid. Therefore, strict grid codes are established to ensure the safety of the converter 

and the stability of the grid[28]. In all the grid cases; balanced, less magnitude unbalance 

and high magnitude unbalance, the estimation of grid variables is necessary. The efficient 

estimation of the magnitude, angle, and frequency of positive sequence component and 

the elimination of the negative sequence component must be facilitated by the PLL in 

steady state and transient conditions. In this chapter, the generalized derivation for the 

DSC method to eliminate different order harmonics and to extract the FFPS component 

is discussed. In the subsequent chapters, the implementation of DSC in the PLL is dis-

cussed. 

Fig. 23 illustrates the basic operation of delayed signal cancellation. The basic ideology 

behind the delayed signal cancellation method is to cancel a signal by adding the signal 

to its time-delayed opposite phase version of the signal. Generally, two signals of opposite 

phase when added cancel each other. This method can be used to create a harmonic free 

input signal. Therefore, it is necessary to create a 180 degrees phase shift through time 

delay in the harmonics of the input signal to cancel the harmonics present in the input 

signal. Further adding the input signal and the time-delayed harmonics signal cancels the 

harmonics present in the signal, and the input signal is free from harmonics. In the pro-

cess, Two signals of the same magnitude are added, therefore to maintain the DC gain of 

the input signal, the resultant signal is divided by 2 [31], as shown in (4.1). 

  𝐷𝑆𝐶𝑛(𝑣(𝑡)) =
1

2
[𝑣(𝑡) + (𝑣(𝑡 − 𝑇 𝑛⁄ ))] ,    (4.1) 

 

Figure 24. DSC operator in dq domain 

The block diagram of DSC operator is illustrated in Fig. 24. When a delay is induced in 

the input signal, it not only affects the harmonics but also affects the FFPS component of 

the input signal. Hence to retrieve the FFPS component unaffected without causing fur-

ther harmonics, the delayed signal cancellation is derived in the synchronous frame(dq 

frame). This is because the FFPS component is a time-invariant DC signal in dq frame, 

therefore any time delay induced will not affect the FFPS component. 

Delay

T/n

0.5

v+
dq

DSC block

+
+

vdq
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4.1 Delayed signal cancellation in dq-domain 

In this section, the DSC operator is derived in the dq-domain. In the dq frame, the FFPS 

component and reference frame rotate counterclockwise at the fundamental frequency of 

the grid, hence the FFPS has no harmonic order, FFPS can be expressed as V0. From 

symmetrical components theory, it is understandable that the negative sequence compo-

nent rotates at the fundamental frequency in the clockwise direction, and in respect to the 

dq reference frame, the FFNS rotates twice the fundamental frequency, the harmonic or-

der becomes two, and the FFNS can be expressed as 𝑉−2. Overall, in the dq reference 

frame, the order of the harmonics reduces by one with respect to dq- reference frame[32]. 

In the Stationary reference frame, the order of the harmonics remain the same, because 

the reference frame is non-rotating fixed reference frame. The order of the harmonics in 

different reference frames is tabulated in the table. 1. 

Component order abc frame αβ-frame dq-frame 

FFPS +1 +1 +1 0 

FFNS -1 -1 -1 -2 

+ve 2nd harmonic +2 +2 +2 +1 

-ve 2nd harmonic -2 -2 -2 -3 

+ve 3rd harmonic +3 +3 +3 +2 

-ve 3rd harmonic -3 -3 -3 -4 

Table 1. Order of harmonics in different reference frame 

The general expression of DSC operator is derived in the dq domain. The DSC operator 

will help to define the specific time delay required to cancel the targeted harmonics. The 

time-domain voltage signal with harmonics in dq domain is represented as in (4.2). [28] 

  𝑣𝑑𝑞
ℎ = 𝑉. [cos(ℎ𝜔𝑡 + 𝜃) + 𝑗 sin(ℎ𝜔𝑡 + 𝜃)] ,    (4.2) 

For simpler understanding, d and q-components are dealt separately; the d-component 

voltage signal with harmonics is given as in (4.3) and the 
𝑇

𝑛
 time delayed d-component 

voltage signal is given as in (4.4). 

  𝑣𝑑
ℎ = 𝑉. cos(ℎ𝜔𝑡 + 𝜃) ,       (4.3) 

  𝑣𝑑
ℎ−𝑑 = 𝑉. cos(ℎ𝜔(𝑡 − 𝑇 𝑛⁄ + 𝜃) ,     (4.4)  

where h denotes the order of the harmonics and the 𝑇 𝑛⁄  denotes the Time delay and ‘-d’ 

denotes the signal is delayed. 

DSC operator is applied in d-component by substituting (4.3) and (4.4) in (4.1) and ap-

plying trigonometric identities for mathematical reduction results in (4.5). 

  𝐷𝑆𝐶𝑛(𝑣𝑑(𝑡)) = 𝑉. cos(ℎ𝜔𝑡 + 𝜃 − ℎ𝜋 𝑛⁄ ) cos(ℎ𝜋 𝑛⁄ )  ,  (4.5)  
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Similarly, the q-component voltage signal with harmonics is given as in (4.6) and the 
𝑇

𝑛
 

time delayed q-component signal is given as in (4.7). 

  𝑣𝑞
ℎ = 𝑉. sin(ℎ𝜔𝑡 + 𝜃) ,       (4.6) 

  𝑣𝑞
ℎ−𝑑 = 𝑉. sin(ℎ𝜔(𝑡 − 𝑇 𝑛⁄ + 𝜃) ,     (4.7) 

DSC operator is applied in d-component by substituting (4.6) and (4.7) in (4.1) and ap-

plying trigonometric identities for mathematical reduction results in (4.8). 

  𝐷𝑆𝐶𝑛(𝑣𝑑(𝑡)) = 𝑉. sin(ℎ𝜔𝑡 + 𝜃 − ℎ𝜋 𝑛⁄ ) cos(ℎ𝜋 𝑛⁄ ) ,  (4.8) 

From the results (4.5) & (4.8), it is evident that applying DSC operator to the input signal 

is equivalent to multiplying the input signal with a gain of cos(
ℎ𝜋

𝑛
) 𝑒−𝑗

ℎ𝜋

𝑛 . The DSC op-

eration induces magnitude gain of cos(
ℎ𝜋

𝑛
) and phase shift of 𝑒−𝑗

ℎ𝜋

𝑛 , to the input signal. 

This gain is taken as the DSC operator gain as in (4.9).  

  𝐺𝐷𝑆𝐶(ℎ) = cos(
ℎ𝜋

𝑛
) 𝑒−𝑗

ℎ𝜋

𝑛    ,      (4.9) 

When the gain of the DSC operator (4.9) equates to zero, the harmonic order h is elimi-

nated. The gain of the DSC operator is equated to zero as in (4.10). using (4.11), the (4.10) 

will result in (4.12).  

  |𝐺𝐷𝑆𝐶(ℎ)| =  cos(
ℎ𝜋

𝑛
) 𝑒−𝑗

ℎ𝜋

𝑛  = 0 ,     (4.10) 

  cos(𝑥) = 0; 𝑖𝑓 𝑥 = ((2𝑘 + 1)𝜋 2⁄ ),     (4.11) 

  𝑛 = ℎ (2𝑘 ±
1

2
)⁄  ,        (4.12) 

Where, h is the order of harmonics and n defines the time delay and k = ±0,1,2.. 

To reject a certain order harmonics, (4.12) is helpful in determining the time delay re-

quired and thus solving n will set the gain of the harmonics to zero and the harmonics is 

eliminated in the DSC operation. For example, to eliminate second order harmonics, h = 

2 and assuming k = 0 and on solving (4.12) yields n = 4, suggesting that a time delay of 

T/4 will eliminate the second order harmonics. Also note that on rearranging (4.12) will 

result in (4.13), for the same delay operator of n= 4, i.e., delay T/4, different values of k. 

for k = 1,2,3.. will yield different values of h, h = 10,18,26.. The same delay operator not 

only cancels the second harmonics but also has the capability to eliminate 10th, 18th, 26th, 

and so on. 

  ℎ = 𝑛 ∙ (2𝑘 ±
1

2
) ,        (4.13) 
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Similarly, for a time delay of T/8, different values of k will yield different values of h, for 

k = 0,1,2… will result in h = 4,20,36.. This signifies that one-time delay operator can 

eliminate different harmonics present in the grid voltages. [28] proposes that cascading 

multiple DSC operators of various time delays will eliminate all the harmonics up to order 

30, present in the grid voltages. The proposed cascaded time delay operators are 2,4,8,16. 

However, cascading multiple delay operators will result in considerable delay effect in 

the PLL control loop. 

Alternatively, the DSC operator gain in dq-domain can be derived in frequency do-

main[33]. The DSC operation can be written as in (4.14). 

  �̅�(𝑡) =
1

2
[𝑣(𝑡) + 𝑣(𝑡 − 𝑇 𝑛⁄ )]  ,      (4.14) 

where, 𝑣(𝑡) denotes the input signal, 𝑇 𝑛⁄  denotes time delay, and �̅�(𝑡) denotes the re-

sultant signal by applying DSC operation. 

 Applying Laplace transform to the (4.14) will result in (4.15). 

  �̅�(𝑠) =
1

2
[𝑣(𝑠) + 𝑣(𝑠). 𝑒−

𝑇

𝑛
𝑠]  ,      (4.15) 

where, 𝑣(𝑠) denotes the frequency domain input signal, 𝑒−
𝑇

𝑛
𝑠
 denotes delay, and �̅�(𝑠) 

resultant frequency domain signal. 

On rearranging, the gain of the DSC operator is derived as in (4.16). 

  𝐺𝐷𝑆𝐶(𝑠) =  
�̅�(𝑠)

𝑣(𝑠)
=
1

2
[1 + 𝑒−

𝑇

𝑛
𝑠]     ,     (4.16) 

Substituting 𝑠 = 𝑗𝜔 and applying mathematical simplifications to (4.16), the magnitude 

and the phase angle is determined and shown in (4.17), which is similar to the gain of 

(4.10) when 𝜔 = 2𝜋𝑓 is substituted. 

  𝐺𝐷𝑆𝐶(𝑠) =  |cos𝜔𝑇 2𝑛⁄ |  ∠(−𝜔𝑇 2𝑛⁄ ),     (4.17) 

4.2 Delayed signal cancellation in αβ domain  

The delayed signal cancellation method can be extended in the αβ domain by applying 

the inverse transformation matrix (2.13) to dq domain signals as in (4.18). 

  [
 𝑣𝛼
𝑑  

 𝑣𝛽
𝑑  
] = [

cos 𝜃 − sin 𝜃 
sin 𝜃 cos 𝜃

] [ 
𝑣𝑑
𝑑

𝑣𝑞
𝑑  
] ,      (4.18)  

where the superscript ‘d’ denotes delay operation and subscript denotes the reference 

frame 
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For better understanding, the α and β components are dealt separately, the expansion of 

α component and β component from (4.18) is given in (4.19) and (4.20) respectively, 

 𝑣𝛼
𝑑 =

1

2
 [𝑉𝑑(𝑡) cos 𝜃 + 𝑉𝑑(𝑡 − 𝑇 𝑛⁄ ) cos 𝜃 − 𝑉𝑞(𝑡) sin 𝜃 − 𝑉𝑞(𝑡 − 𝑇 𝑛⁄ ) sin 𝜃],    (4.19) 

 𝑣𝛽
𝑑 = 

1

2
[𝑉𝑑(𝑡) sin 𝜃 + 𝑉𝑑(𝑡 − 𝑇 𝑛⁄ ) sin 𝜃 + 𝑉𝑞(𝑡) cos 𝜃 + 𝑉𝑞(𝑡 − 𝑇 𝑛⁄ ) cos 𝜃],    (4.20) 

Now to define the DSC operator in αβ domain, the input signals and delayed input signals 

are defined αβ domain. The normal input signals are defined as in (4.21) and (4.22) and 

time-delayed input signals in αβ domain is defined as in (4.23) and (4.24). 

  𝑣𝛼 = 𝑉𝑑(𝑡) cos 𝜃 − 𝑉𝑞(𝑡) sin 𝜃 ,      (4.21) 

  𝑣𝛽 = 𝑉𝑑(𝑡) sin 𝜃 − 𝑉𝑞(𝑡) cos 𝜃 ,      (4.22) 

 𝑣𝛼
𝑑(𝑡 − 𝑇 𝑛⁄ ) = 𝑉𝑑(𝑡 − 𝑇 𝑛⁄ ) cos(𝜃 − 2𝜋 𝑛⁄ ) − 𝑉𝑞(𝑡 − 𝑇 𝑛⁄ ) sin(𝜃 − 2𝜋 𝑛⁄ )  ,  (4.23) 

 𝑣𝛽
𝑑(𝑡 − 𝑇 𝑛⁄ ) = 𝑉𝑑(𝑡 − 𝑇 𝑛⁄ ) sin(𝜃 − 2𝜋 𝑛⁄ ) + 𝑉𝑞(𝑡 − 𝑇 𝑛⁄ ) cos(𝜃 − 2𝜋 𝑛⁄ ) ,  (4.24) 

Now substituting the (4.21)-(4.24) in (4.19) & (4.20) and applying trigonometric simpli-

fications yields as in (4.25) and (4.26)[32].  

  𝑣𝛼
𝑑 = 

1

2
[𝑣𝛼 + 𝑣𝛼(𝑡 − 𝑇 𝑛⁄ ) cos(2𝜋 𝑛⁄ ) − 𝑣𝛽 (𝑡 − 𝑇 𝑛⁄ )sin(2𝜋 𝑛⁄ ) ] , (4.25) 

  𝑣𝛽
𝑑 = 

1

2
[𝑣𝛽 + 𝑣𝛽(𝑡 − 𝑇 𝑛⁄ ) cos(2𝜋 𝑛⁄ ) − 𝑣𝛼(𝑡 − 𝑇 𝑛⁄ ) sin(2𝜋 𝑛⁄ ) ] , (4.26) 

The (4.25) and (4.26) define the DSC operator in αβ domain and the block diagram of 

DSC operator in αβ domain is illustrated in Fig.25.  

 

Figure 25. DSC operation in stationary reference frame 
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The gain of the DSC operator can be derived in αβ domain in frequency domain[34]. The 

time domain DSC operator is also expressed as in (4.27)[35]. 

  𝑣𝛼𝛽(𝑡) =  
1

2
[𝑣𝛼𝛽(𝑡) + 𝑒

𝑗2𝜋 𝑛⁄ 𝑣𝛼𝛽(𝑡 − 𝑇 𝑛⁄ )] ,    (4.27) 

where, �̅�𝛼𝛽(𝑡) represents time domain resultant signal due to DSC operator. 𝑣𝛼𝛽(𝑡) rep-

resents the input signal and 𝑣𝛼𝛽(𝑡 − 𝑇 𝑛⁄ ) represents the time delayed input signal. 

Applying Laplace transform and rearranging yield (4.28), 

  𝐺𝐷𝑆𝐶(𝑠) =  
�̅�𝛼𝛽(𝑠)

𝑉𝛼𝛽(𝑠)
= 

1

2
[1 + 𝑒𝑗2𝜋 𝑛⁄ 𝑒−

𝑇

𝑛
𝑠] ,    (4.28) 

Now Substituting 𝑠 = 𝑗𝜔 and applying mathematical simplifications to (4.28), the mag-

nitude and the phase angle is determined and shown in (4.29), 

  𝐺𝐷𝑆𝐶(𝑗𝑤) =  |cos(
𝜔𝑇

2𝑛
−
𝜋

𝑛
)| ∠(

𝜔𝑇

2𝑛
−
𝜋

𝑛
),      (4.29) 

4.3 Extraction of FFPS component in dq-Domain 

 

Figure 26.  Space vector representation of DSC operator in synchronous reference 

frame 

The dq-DSC operator is verified for its capability to eliminate the FFNS component in dq 

domain, by applying the DSC operator to the unbalanced grid voltage input signals. The 

unbalanced grid voltage in dq domain is given as in (2.70) and (2.71) and it is reproduced 

below in (4.30), including the phase angle difference ∆𝜃 between the control system and 

the grid. The dqDSC delay operator is defined as in (4.31) and time delay of 𝑇 4⁄  is used 

to eliminate the second harmonics component. 

𝑣𝑑𝑞
 = 𝑉+(cos∆𝜃)+ 𝑗𝑉+ (sin∆𝜃) + 𝑉−(cos2𝜔𝑡 + ∆𝜃)− 𝑗𝑉− (sin2𝜔𝑡 + ∆𝜃),    (4.30) 
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where, 𝑣𝑑𝑞
  denotes unbalanced voltage, 𝑉+and 𝑉−denotes FFPS and FFNS respectively, 

∆𝜃 denotes the phase angle difference.  

 𝐷𝑆𝐶4(𝑣(𝑡)) =
1

2
[𝑣(𝑡) + (𝑣(𝑡 − 𝑇 4⁄ ))] ,    (4.31)  

Fig.26 represents the space vector representation of dq-domain DSC operation in unbal-

anced conditions.  Comprehending dqDSC operator is straightforward. Mathematically, 

the DSC operation delays the d-component cosine and q-component sine term of the 𝑉−, 

and creates a space vector in opposite quadrant displaced by 180 degrees, as shown in 

(4.32). 

𝑣𝑑𝑞
𝑑 = 𝑉+(cos ∆𝜃) + 𝑗𝑉+ (sin ∆𝜃) − 𝑉−(cos 2𝜔𝑡 + ∆𝜃) + 𝑗𝑉− (sin 2𝜔𝑡 + ∆𝜃), (4.32) 

where, superscript ‘d’ defines that the signals are delayed. 

Adding the original signal and the delayed signals, results in the cancellation of the V- 

components with each other. Therefore, only the FFPS V+ component is extracted as in 

(4.33). However, the signals are doubled in the process and thus the DSC operator divides 

the resultant signal with 2 to maintain the DC gain, as shown in (4.34). Note that during 

steady state, the phase difference ∆𝜃 equals zero and FFPS signals are DC valued. 

  𝑣𝑑𝑞
 = 2 [ 𝑉+(cos∆𝜃)+ 𝑗𝑉+ (sin∆𝜃)],     (4.33)  

  𝑣𝑑𝑞
 = 𝑉+(cos∆𝜃)+ 𝑗𝑉+ (sin∆𝜃) ,     (4.34) 

4.4 Extraction of FFPS component in αβ domain 

The αβ-DSC operator is verified for its capability to eliminate the FFNS component in 

αβ-domain, by applying the DSC operator to the unbalanced grid voltage input signals. 

The unbalanced grid voltage in αβ-domain is given as in (2.64) & (2.65) and it is repro-

duced below in (4.35) & (4.36). 

  𝑣𝛼
 = 𝑉+(cos𝜔𝑡)+𝑉−(cos𝜔𝑡) ,      (4.35) 

  𝑣𝛽
 = 𝑉+(sin𝜔𝑡)− 𝑉−(sin𝜔𝑡) ,      (4.36) 

The delay operator for real-axis is derived from (4.25) by applying the time delay n=4 

and is given in (4.37).   

   𝑣𝛼
𝑑 = 

1

2
[ 𝑣𝛼 − 𝑣𝛽 (𝑡 − 𝑇 4⁄ )   ],      (4.37)  
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Figure 27. DSC operation in real axis of stationary reference frame 

Fig. 27 represents the space vector representation of real axis DSC operation in unbal-

anced conditions. In the stationary reference frame, both the FFPS component and FFNS 

component are time dependent and inducing time delay will affect both the components 

simultaneously. Therefore, the orthogonal imaginary-axis signals are utilized to eliminate 

the 𝑉−signals. The time delayed imaginary-axis signals creates an in-phase real axis 

𝑉−signal and opposite phase 𝑉+signal, as in (4.37). Therefore, in the real axis, the 𝑉+and 

𝑉−signal projections of α-axis and the time delayed 𝑉+and 𝑉−signal projections of β-axis 

are subtracted. This eliminates the FFNS 𝑉−component of real-axis and only the FFPS 

𝑉+component of real-axis is extracted. The DSC operator divides the resultant signal by 

2 to keep the length of the FFPS 𝑉+vector unaltered. This operation is performed by 

substituting (4.35) & (4.38) in (4.37) and results in (4.39) 

  𝑣𝛽 (𝑡 − 𝑇 4⁄ ) = −𝑉
+(cos𝜔𝑡) + 𝑉−(cos𝜔𝑡) ,    (4.38) 

   𝑣𝛼
𝑑 = 𝑉+(cos𝜔𝑡) ,          (4.39) 

 

Figure 28. DSC operation in imaginary axis of stationary reference frame 
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Fig.28 represents the space vector representation of imaginary axis DSC operation in un-

balanced conditions. The delay operator for imaginary axis is derived from (4.26) by ap-

plying the time delay n=4 and is given in (4.40).   

   𝑣𝛽
𝑑 = 

1

2
[ 𝑣𝛽 + 𝑣𝛼 (𝑡 − 𝑇 4⁄ )   ],      (4.40)  

The time-delayed real axis signals creates an opposite phase β-axis 𝑉−signal and in phase 

𝑉+signal, as in (4.41). In the β-channel, the 𝑉+and 𝑉−signal projections of β-axis and the 

time delayed 𝑉+and 𝑉−signal projections of α-axis are added. This eliminates the FFNS 

𝑉−component of β-channel and only the FFPS 𝑉+component of β-channel is extracted. 

This operation is performed by substituting (4.36) and (4.41) in (4.40) and results in 

(4.42).  

  𝑣𝛼 (𝑡 − 𝑇 4⁄ )  =  𝑉
+(sin𝜔𝑡) + 𝑉−(sin𝜔𝑡) ,    (4.41) 

   𝑣𝛽
𝑑 = 𝑉+(sin𝜔𝑡) ,        (4.42) 

Overall, the combination of DSC operations in α and β-axis extracts the complete FFPS 

𝑉+ signal and is shown in (4.43). 

   𝑣𝛼𝛽
𝑑 = 𝑉+(cos𝜔𝑡) +  𝑉+(sin𝜔𝑡) ,     (4.43) 
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5. SMALL SIGNAL MODELLING OF dqDSC-PLL 

This chapter discusses the small signal modeling of dqDSC-PLL. In the second section, 

the method for designing the dqDSC-PLL controller parameter is described.   

 

Figure 29. Control block diagram of dqDSC-PLL 

 

Fig. 29 illustrates the basic control block diagram of dqDSC –PLL. The inclusion of DSC 

operator to the SRF-PLL control block forms the control block of dqDSC –PLL. The 

dqDSC –PLL comprises of a transformation block, a delay operator, a PI controller and 

an integrator. The transformation block transforms the voltage signals from the natural 

reference frame to the Synchronous reference frame. The unbalanced grid voltage signals 

contain the FFPS component and the FFNS component. Inside the dq reference frame, 

the FFPS component becomes DC signals and the FFNS becomes second harmonics com-

ponent. The DSC operator eliminates the FFNS component. The output of the DSC oper-

ator contains only the FFPS component. The q-channel FFPS voltage signal Vq
+, is used 

to extract the phase angle information of the FFPS component. The FFPS component Vq
+ 

is compared with q-component voltage reference signal, which is usually zero. The gen-

erated error output is fed to the PI controller. The controller acts on the error signal until 

the error becomes zero. The output of the controller is added with the nominal grid fre-

quency and difference 𝜔𝑐 is fed to the integrator. The integrator outputs the FFPS phase 

angle 𝜃𝑐. The FFPS phase angle 𝜃𝑐 is fed to the transformation block to complete the 

control loop. The phase angle 𝜃𝑐 information is necessary for the synchronous reference 

frame transformation. Therefore, under steady state, The FFPS voltage signal Vq
+, is zero, 

the error input to the controller is zero, thus the phase angle error between the grid and 

the controller is zero. Alternatively, in simple terms, the phase angle output of the control 

block 𝜃𝑐 is equal to the phase angle of the FFPS component of the unbalanced grid. In 

steady state, the Vd
+ and Vq

+ are DC valued signals.     
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Figure 30. Unbalanced grid voltage vectors in synchronous reference frame 

The space vector representation of dqDSC –PLL in the dq reference frame is illustrated 

in Fig.30. The superscript ‘g’ denotes grid reference frame, the superscript ‘c’ denotes 

control reference frame and superscript ‘del’ denotes time delay. In the dq reference 

frame, the space vector and the reference frame rotates at the fundamental frequency, 

conversely, this can also be understood as a fixed nonrotating space vector in a fixed non 

rotating space reference frame. Both the FFPS component V+ and the dq-reference frame 

rotates counterclockwise, at the speed of the fundamental frequency. Therefore, V+ space 

vector is represented as a fixed space vector. The Δθ represents the phase difference be-

tween the control reference frame and the grid reference frame, under steady state it is 

zero. The q-channel voltage reference 𝑉𝑞
𝑟𝑒𝑓

is usually set to zero. Therefore, in steady 

state, the d channel is aligned with the positive sequence component. 

The FFNS component 𝑉− rotates in clockwise direction at a speed of fundamental fre-

quency opposite to the direction of the reference frame and thus the 𝑉− space vector is 

represented as a rotating space vector, with a resultant speed of twice the fundamental 

frequency ωs. The DSC operator creates a time delayed space vector V-
del opposite in 

phase, rotating along with the original 𝑉− space vector. Therefore, in steady state, delayed 

vector V-
del cancels the effect of original space vector 𝑉− and nullifies it. The phase dif-

ference between the V- and V-
del is 180 degrees. 
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5.1 Linearization of dqDSC – PLL 

From the space vector diagram, the grid voltage can be defined as in (5.2). The delayed 

grid voltage vector is given as in (5.3). The DSC operator is expressed as in (5.5). The 

relation between the control reference frame and the grid reference for a FFPS component 

is derived as in (5.6).  

  𝑣𝑔 = 𝑣𝑑
𝑔
+ 𝑗 𝑣𝑞 

𝑔
 ;     𝑣𝑐 = 𝑣𝑑

𝑐 + 𝑗 𝑣𝑞 
𝑐   ,      (5.1) 

  𝑣𝑐 = 𝑣𝑔 . 𝑒−∆𝜃 ,        (5.2) 

The DSC operation is within the control loop of the PLL and the PLL follows only the 

positive sequence and in addition, it eliminates the negative sequence component, this 

can be expressed as shown in(5.3)-(5.6) 

  𝑣𝑐 = [𝑉+𝑒𝜃𝑐 + 𝑉−𝑒−𝜃𝑐] ,       (5.2) 

  𝑣𝑐−𝑑 = [𝑉+𝑒𝜃𝑐 + 𝑉−𝑒180−𝜃𝑐] ,      (5.3) 

  𝑣𝑐−𝑑 = [𝑉+𝑒𝜃𝑐 − 𝑉−𝑒−𝜃𝑐] ,      (5.4) 

  𝑣+𝑐 = 
1

2
[𝑣𝑐 + 𝑣𝑔−𝑐] ,         (5.5) 

where, 𝑣𝑔, 𝑣𝑐, 𝑣+𝑐denotes the voltage vector for grid, control and FFPS component of 

control respectively. 

Applying Euler’s formula to (5.2) and the d and q components of control reference frame 

can be represented as in (5.7) & (5.8). 

  𝑣𝑑
𝑐 = 𝑣𝑑

𝑔
cos ∆𝜃 + 𝑣𝑞

𝑔
sin ∆𝜃 ,      (5.7) 

  𝑣𝑞
𝑐 = 𝑣𝑞

𝑔
cos ∆𝜃 − 𝑣𝑑

𝑔
sin ∆𝜃,      (5.8) 

At steady state, the value of Δθ is very small, therefore, cosine terms are neglected and 

the Δθ is equivalent to θc, thus the sine terms are expressed as θc, Therefore, (5.7) and 

(5.8) simplifies to  

  𝑣𝑑
𝑐 = 𝑣𝑑

𝑔
+ 𝑣𝑞

𝑔
𝜃𝑐,        (5.9) 

  𝑣𝑞
𝑐 = 𝑣𝑞

𝑔
− 𝑣𝑑

𝑔
𝜃𝑐,        (5.10) 

Linearization is achieved by taking first-order partial differentiation to the equations 

(5.8)&(5.9). The resultant linearized equations are shown as in (5.11)&(5.12). The ‘ ̂ ’ 

represents the partial differentiation of the variables. 
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  𝑣𝑑
𝑐 = 𝑣𝑑

𝑔
+ Ѳ𝑐𝑣𝑞

𝑔
+ 𝑉𝑞

𝑔
 �̂�𝑐,      (5.11)  

  𝑣𝑞
𝑐 = 𝑣𝑞

𝑔
− Ѳ𝑐𝑣𝑑

𝑔
− 𝑉𝑑

𝑔
 �̂�𝑐,      (5.12) 

where the upper case denotes the steady state values. And at steady state, Ѳ𝑐 = 0.  

The 𝑣𝑞
+𝑐 is extracted from the 𝑣𝑞

𝑐 only after the DSC operator and the relation between 

the 𝑣𝑞
+𝑐 and 𝑣𝑞

𝑐 is expressed as in (5.13).  

  𝑣𝑞
+𝑐 =

1

2
 [1 + 𝑒−

𝑇

4
𝑠]  �̂�𝑞

𝑐 ,       (5.13) 

Using the (5.12) & (5.13), the linearized control block diagram is illustrated in Fig. 31. 

 

Figure 31. Linearized control block of dqDSC-PLL 

From the control block diagram, the loop gain of the control block is defined as in (5.14). 

The small signal of the phase angle �̂�𝑐 in respect to the input 𝑣𝑞
+𝑔

 is derived using reduc-

tion techniques and shown as in (5.15). The ‘-1’ in control loop denotes that the controller 

output produces an inverted control signal. 

  𝐿𝑑𝑞𝐷𝑆𝐶−𝑃𝐿𝐿 = 
1

2
 [1 + 𝑒−

𝑇

4
𝑠] . −𝐺𝑃𝐼 .

1

𝑠
 . 𝑉𝑑 ,    (5.14) 

where 𝐺𝑃𝐼 denotes the transfer function of PI controller. 

   �̂�𝑐 = 
1

 𝑉𝑑
 .
𝐿𝑃𝐿𝐿

1+𝐿𝑃𝐿𝐿
 . 𝑣𝑞

+𝑔
,       (5.15)  

The relation between the θ and Vg in dqDSC-PLL (5.15), is quite similar to the SRF-PLL 

as in (2.81). However, the loop gain of dq DSC –PLL contains the DSC operator transfer 

function. 
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5.2 Control parameter design 

The symmetrical optimum (SO) method is used for tuning the PI controller of DqDSC –

PLL. SO method can be used for tuning of controllers, if the open loop system contains 

delay elements and also, if the system has more poles close to origin[36]. According to 

symmetrical optimum method, placing the crossover frequency at the geometric mean of 

the corner frequencies ensures maximum phase margin for the desired frequency. This is 

shown in (5.16) [29]. The SO method keeps the frequency response of the system towards 

the lower frequencies. In addition, the system has the capability to handle delays in the 

system response[36]. The Nyquist’s stability criteria help to derive the tuning conditions 

of the symmetrical optimum method as shown in (5.17). 

  𝜔𝑐 = √𝜔𝑝𝜔𝑧 ,        (5.16) 

where 𝜔𝑐, 𝜔𝑝, 𝜔𝑧 are crossover, pole and zero frequencies respectively. 

  |𝐺𝑎𝑖𝑛𝑜𝑙−𝑝𝑙𝑙(𝑗𝜔)| = 1 ;    ∠ (𝐺𝑎𝑖𝑛𝑜𝑙−𝑝𝑙𝑙(𝑗𝜔)) = −180° + 𝑃𝑀 , (5.17) 

where, ‘ol’ denotes openloop, ‘pll’ denotes phase locked loop. 

The exponential term in the delay transfer function is approximated by using first-order 

Padé approximation as shown in (5.18). Therefore, the DSC operator simplifies as in 

(5.19). 

  𝑒−𝑥𝑠 ≈
(
−𝑥

2
𝑠+1)

(
𝑥

2
𝑠+1)

 ,        (5.18) 

  
1

2
[1 + 𝑒

−𝑇

4
𝑠] ≈ (

1
𝑇

8
𝑠+1
) ,       (5.19) 

On solving as suggested in [29], the 𝑘𝑝 and 𝑘𝑖 parameters of the PI controller is defined 

as in (5.20). The 𝑘𝑝 and 𝑘𝑖 parameters are 0.509 and 34.987 respectively. 

  𝑘𝑝 = 1 (𝑇𝑑. 𝑏. 𝑉𝑑)⁄  ; 𝑘𝑖 = 1 (𝑇𝑑
2. 𝑏3. 𝑉𝑑)⁄  ,    (5.20) 

where  𝑇𝑑 = 
𝑇

8
, 𝑏 =  √𝜔𝑝 𝜔𝑧⁄ =  √2 + 1  , 𝑉𝑑 = 𝑝𝑒𝑎𝑘 𝑡𝑜 𝑝𝑒𝑎𝑘 𝑣𝑜𝑙𝑡𝑎𝑔𝑒. 
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Figure 32. Bode plot of dqDSC-PLL loop gain without and with controller 

Fig.32 illustrates the Loop gain of dqDSC-PLL, without the PI controller and the loop-

gain of dqDSC-PLL, with the PI controller, tuned using the SO Method. 
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6. SMALL SIGNAL MODELLING OF αβ-DSC-PLL 

This chapter describes the small signal modeling of αβDSC-PLL. In the second section, 

the choice of controller parameters for the αβDSC-PLL using loop shaping technique is 

discussed. In the Final section, the simulation results of dqDSC-PLL and the αβDSC-PLL 

are compared. 

 

 

Figure 33. Control block diagram of αβDSC-PLL 

Fig. 33 illustrates the basic control block diagram of αβ-DSC-PLL. The αβ-DSC-PLL 

comprises of a transformation block with delay operators, a PI controller, and an integra-

tor. Two transformations take place within the transformation block. Initially, the unbal-

anced voltage signals from natural reference frame are transformed to the stationary ref-

erence frame. The DSC operation takes place in the stationary reference frame. The DSC 

operator eliminates the FFNS V- component. The FFPS V+ signals from stationary refer-

ence frame are transformed to in the synchronous reference frame. The control loop of 

the αβ-DSC-PLL is similar to the control loop of the SRF-PLL. The control loop utilizes 

the q-channel 𝑉𝑞
+ signals, where the q-channel 𝑉𝑞

+ signals is compared to q-component 

reference voltage 𝑉𝑞−𝑟𝑒𝑓
𝑐 , which is set to zero. The PI controller acts on the generated 

error signal ’e’, until the error signal becomes zero. The output of the controller along 

with the nominal grid frequency is fed to an integrator. The integrator outputs the phase 

angle θC of the PLL. The closed control loop is established by supplying the output phase 

angle θC to the transformation block. The synchronous reference frame uses the phase 

angle information for the synchronous reference frame transformation.  In steady state, 

the phase angle of the control output θC and the phase angle of the grid are equal and the 

synchronous reference frame synchronizes with the frequency of grid and outputs con-

stant DC signals. Under steady state, the error signal is zero, which means the q-channel 

voltage signal 𝑉𝑞
+equals zero. 
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Figure 34. Space sector representation of αβDSC-PLL in dq frame 

Fig.34 depicts the space vector representation of αβDSC-PLL in dq frame. The αβDSC 

eliminates the FFNS 𝑉− component in αβ-domain and only FFPS 𝑉+component is pre-

sent in the dq-domain. Therefore, the control reference frame follows only the 𝑉+signal 

similar to the SRF-PLL. The small signal modelling of αβDSC-PLL is very much similar 

to the small signal modelling of SRF-PLL. The 𝑉+ space vector and the synchronous 

reference frame are depicted as a fixed vector and stationary reference frame. This is 

because, both the vector and reference frame rotate counterclockwise at the speed of fun-

damental frequency 𝜔𝑠. Two coordinate systems are used, one for the positive sequence 

of the grid and other for the control system. The Δθ represents the phase difference be-

tween the two systems. The controller acts on phase difference Δθ, and in steady state, 

both of the coordinate systems are synchronized.  From the space vector diagram, the 

relation between the control system and the grid is given as in (6.2). 

  𝑣+𝑔 = 𝑣𝑑
+𝑔
+ 𝑗 𝑣𝑞 

+𝑔
 ;     𝑣𝑐 = 𝑣𝑑

𝑐 + 𝑗 𝑣𝑞 
𝑐   ,     (6.1) 

  𝑣𝑐 = 𝑣+𝑔 . 𝑒−∆𝜃 ,        (6.2) 

Euler’s formula is used for the expansion of the exponential term and substituting (6.1) 

in (6.2) will yield (6.3) & (6.4).  

  𝑣𝑑
𝑐 = 𝑣𝑑

+𝑔
cos ∆𝜃 + 𝑣𝑞

+𝑔
sin ∆𝜃 ,      (6.3) 

  𝑣𝑞
𝑐 = 𝑣𝑞

+𝑔
cos ∆𝜃 − 𝑣𝑑

+𝑔
sin ∆𝜃 ,      (6.4) 

At steady state, the value of Δθ is very small, therefore, cosine terms are neglected and 

the sine terms are expressed as θc, thus (6.3) and (6.4) is simplified to (6.5) & (6.6). 

   𝑣𝑑
𝑐 = 𝑣𝑑

+𝑔
+ 𝑣𝑞

+𝑔
𝜃𝑐,       (6.5) 

v+

θ
Δθ 

dg

dc

qc qg
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  𝑣𝑞
𝑐 = 𝑣𝑞

+𝑔
− 𝑣𝑑

+𝑔
𝜃𝑐 ,       (6.6) 

 

6.1 Linearization of αβDSC-PLL 

Linearization is achieved by taking first-order partial differentiation to the equations (6.5) 

& (6.6). The resultant linearized equations are shown as in (6.7)&(6.8). The ‘ ̂ ’ represents 

the partial differentiation of variables. 

   𝑣𝑑
𝑐 = 𝑣𝑑

+𝑔
+ Ѳ𝑐𝑣𝑞

+𝑔
+ 𝑉𝑞

+𝑔
 �̂�𝑐,      (6.7) 

  𝑣𝑞
𝑐 = 𝑣𝑞

+𝑔
− Ѳ𝑐𝑣𝑑

+𝑔
− 𝑉𝑑

+𝑔
 �̂�𝑐 ,      (6.8) 

where, the upper case denotes the steady-state values of the variables. And at steady state, 

Ѳ𝑐 = 0.  

Using (6.8) the control block diagram is modified to obtain the frequency domain linear-

ized control block diagram of the αβDSC-PLL as in Fig.35. The DSC operator is outside 

the control loop of PLL. The ‘-1’ in control loop denotes that the controller output pro-

duces an inverted control signal. 

 

Figure 35. Linearized control block of αβDSC-PLL 

The control loop of αβ-DSC-PLL resembles the control loop of SRF PLL. The DSC op-

eration is outside the control loop of αβ-DSC-PLL. From the linearized control block, the 

loop gain 𝐿𝑃𝐿𝐿 of the control block is defined as in (6.9). 

  𝐿𝑃𝐿𝐿 = −𝐺𝑃𝐼 .
1

𝑠
 . 𝑉𝑑 ,       (6.9) 

where 𝐺𝑃𝐼 denotes the transfer function of PI controller. 

The small signal of the phase angle �̂�𝑐 in respect to the input voltage 𝑣𝑞
+𝑔

 is derived using 

reduction techniques and shown as in (6.10). 

   �̂�𝑐 = 
1

 𝑉𝑑
 .
𝐿𝑃𝐿𝐿

1+𝐿𝑃𝐿𝐿
 . 𝑣𝑞

𝑔
 ,       (6.10) 
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6.2 Control parameter design 

Since the control loop of αβ-DSC-PLL is similar to the control loop of SRF-PLL, Loop-

shaping method is adapted for tuning the control parameters of PI controller. The delay 

function is outside the control loop of αβ-DSC-PLL, therefore symmetrical optimum 

method is not preferred. The loop-shaping technique for control parameter design is dis-

cussed in chapter 2. The guidelines set for the control parameter design are, 

• Crossover frequency around 60Hz. 

• Phase margin of at least 60 degrees in crossover frequency 

• Low Bandwidth 

The PLL control loop expresses as a negative resistor in the q-channel output impedance 

of PV inverter control dynamics. A high bandwidth PLL control loop will have more 

probability of making the PV inverter unstable or create harmonic resonances in the sys-

tem; hence, a high bandwidth control loop is not preferred. 

 

Figure 36. Loop gain of αβDSC-PLL with and without controller 

 

Applying the loop shaping technique, a zero is placed around 30 Hz, to ensure required 

phase margin at the crossover frequency. The gain K is adjusted to obtain the required 

crossover frequency. The values for 𝑘𝑝and 𝑘𝑖 values are determined as 1.06 and 200 re-

spectively. The Loop gain of αβ-DSC-PLL without the controller and with the PI control-

ler, tuned using loop shaping technique is shown in Fig.36. 
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6.3 Comparison of αβ-and dq-DSC-PLLs simulation results 

Condition 1: The Unbalanced grid voltage condition of 0.8 p.u positive sequence and 0.2 

p.u negative sequence is simulated at 0.02sec. The time delay T/4 used in the simulations 

is 5ms corresponding to the nominal grid frequency of 50 Hz. Fig. 37 and 38 shows 

comparison of performances of αβDSC-PLL and dqDSC-PLL for condition 1. It is evi-

dent that the both the PLLs have the ability to eliminate the influence of negative sequence 

component inside the phase locked loops. The estimation of frequency of the grid and the 

ability to track accurate phase angle information of the grid is visible. However, the time 

required for the PLLs to reach steady state are different.  

 

Figure 37. Controller error of αβ- and dq-DSC-PLL in condition 1(50Hz) 

 

Figure 38. Freq. estimate of αβ and dq-DSC-PLL in condition 1(50Hz) 
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From the Fig.37, the time taken by αβDSC-PLL  and dqDSC-PLL to reach steady state 

error are around 40ms and 60ms.  From the Fig.38, the time taken by αβDSC-PLL  and 

dqDSC-PLL to estimate steady state frequency are around 45ms and 60 ms. The reason 

for differences in the time required to reach steady state between the αβDSC-PLL and 

dqDSC-PLL  is because of the position of the delay element in the control block. For the 

dqDSC-PLL, the delay element is inside the control loop. The delay element has 

considerable effect on the performance of the control loop. On the contrary, for the 

αβDSC-PLL the delay element is placed outside the control loop. The delay element is 

placed in the transformation block, thus αβDSC-PLL has the capability to reach the steady 

state much quicker than the dqDSC-PLL. Even though the delay element is outside the 

control loop of αβDSC-PLL, the overall delay effect cannot be avoided from the control 

system.  

The frequency information is very critical for the inverter, because, the frequency infor-

mation defines the state of the grid. During weak grid conditions, the accurate estimation 

of the frequency of the grid ensures the safety of the converter, for timely disconnection 

of the PV inverter from the grid. 

Condition 2: The Unbalanced grid voltage condition of 0.8 p.u positive sequence and 0.2 

p.u negative sequence, in addition, a frequency step change from 50Hz to 49Hz is simu-

lated at 0.02sec,. The time delay T/4 used in the simulations is 5ms corresponding to the 

nominal grid frequency of 50 Hz. Fig. 39 and 40 shows the comparison of performances 

of αβDSC-PLL and dqDSC-PLL for condition 2. 

 

Figure 39. Controller error of αβ- and dq-DSC-PLL in condition 2(50-49Hz) 
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Figure 40. Freq. estimate of αβ- and dq-DSC-PLL in condition 2(50-49Hz) 

From the Fig 39 and 40, the presence of FFNS component as second harmonic is notice-

able. The DSC in condition 1, have eliminated the FFNS component, but in the condition 

2, the FFNS component is not completely eliminated, this is because, the difference in 

the time delay required. The grid frequency has changed to 49 Hz, therefore the time 

delay T/4 required to eliminate the FFNS component would be 5.1ms. The difference in 

time delay has allowed the corresponding FFNS component into the PLL. From Fig.39, 

The controller error oscillates approximately between -2 to 2 for dqDSC-PLL and be-

tween -1 and 1 for αβDSC-PLL. The αβDSC-PLL performs comparably better in the 

PLLs in estimating the phase angle of the grid with less oscillating error. From Fig.40, 

the frequency error oscillates between 48.8 and 49.2 for both the PLLs.  

Condition 3: The Unbalanced grid voltage condition of 0.8 p.u positive sequence and 0.2 

p.u negative sequence, in addition, a frequency step change from 50Hz to 45Hz is simu-

lated at 0.02sec,. The time delay used in the simulations is 5ms corresponding to the nom-

inal grid frequency of 50 Hz. Fig. 41 and 42 shows the comparison of performances of 

αβDSC-PLL and dqDSC-PLL for condition 3. When a steep change of frequency of 50Hz 

to 45 Hz is simulated, the influence of FFNS component as second harmonic component 

is higher. The reason is similar to condition 2, difference in required time delay to elimi-

nate the FFNS component. The required time delay to eliminate the FFNS is 5.5ms 

against the available time delay of 5ms. The difference between the time-delay is larger, 

therefore the magnitude of FFNS component in controller error and frequency estimations 

are higher. This can be seen from the Fig 41 and 42.  
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Figure 41. Controller error of αβ- and dq-DSC-PLL in condition 2(50-45Hz) 

 

 

Figure 42. Freq. estimate of αβ- and dq-DSC-PLL in condition 2(50-45Hz) 

From the Fig 41, the controller error oscillates approximately between -10 and 10 for 

dqDSC-PLL, whereas for αβDSC-PLL, the error oscillates between -5 and 5. From 

Fig.42, the steady state frequency estimate contains the second harmonic oscillations ap-

proximately between 44 and 46 Hz for both the PLLs. The requirement of dynamic time 

delay for the change in grid frequency is a disadvantage for the DSC-PLLs. 
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7. CONCLUSION 

Using fossil fuels for energy needs has inadvertently lead to climate change. The necessity 

to replace the conventional energy sources has inevitably led to environment-friendly re-

newable energy sources such as photovoltaic energy. The photovoltaic power being a DC 

power needs inverters to convert the DC power into the AC power for proper integration 

into the conventional electrical grid. The power electronic converters need the phase an-

gle and frequency information of the fundamental frequency positive sequence compo-

nent of the electrical grid voltages for proper synchronization. The transformation block 

in the control system of the inverter uses the phase angle information to produce grid 

synchronized control signals. The control signals govern the SPWM to produce switching 

pulses, thereby ensuring that PV inverter output currents are synchronized with the elec-

trical grid voltages. To achieve this, the PV inverters use SRF-PLL to extract the phase 

angle and frequency information of the FFPS component of the grid voltages. Even 

though the performance of PLL is satisfactory in balanced grid voltage conditions. The 

performance of the PLL deteriorates during unbalance conditions. The SRF-PLL con-

tained oscillations in the control loop. The cause of the oscillations in the control loop 

was found to be the FFNS component due to the unbalance in the grid voltages. These 

oscillations might cause an unwanted trip of the inverter from the grid. In addition, the 

oscillations might damage the control system of the PV inverter. 

The delayed signal cancellation method cancels an input signal by using time-delayed 

opposite phase of the input signal. The time delay is determined by the fundamental fre-

quency of the input signal. This DSC operation was utilized to eliminate the FFNS com-

ponent. The DSC operation can be performed in dq-domain and αβ-domain.  

The DSC operation was included in the SRF-PLL to form the dqDSC-PLL. The small 

signal model of the dqDSC-PLL model was derived. The control parameters were defined 

using the symmetrical optimum method because the control loop gain of the dqDSC-PLL 

contained the delay element inside the control loop. The PI controller parameters were 

determined. 

In αβ-DSC-PLL, the DSC operation was moved to the stationary reference frame of the 

transformation block in the control block of the PLL. The small signal model of the αβ-

DSC-PLL was derived. The DSC operation was outside the control loop of the αβ-DSC-

PLL, and thus the PLL resembled the control loop of the SRF-PLL. The Loop shaping 

technique, which was used to tune the SRF-PLL was used to determine the PI controller 

parameters.  

The dqDSC-PLL and the αβDSC-PLL were embedded to the PV inverter and the working 

of the both the PLLs was examined. On comparison of the results, it is concluded that 
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both the DSC-PLLs has good FFNS elimination capabilities when the frequency of the 

grid is around the nominal grid frequency of 50Hz. The difference in performance be-

tween the PLLs is the time taken to reach the steady-state values of phase angle and fre-

quency. The αβ-DSC-PLL performed better with less time to reach the steady-state values 

than the dqDSC-PLL. The reason for this slow steady state time in the dqDSC-PLL is 

because the delay element in the DSC operation is within the control loop of the PLL. 

Therefore, the performance of the PLL is affected by the delay element. The αβ-DSC-

PLL contains the DSC operator in the transformation block outside the control loop of 

the PLL, therefore shows better performance. However, the overall delay effect from the 

control loop cannot be eliminated. 

The drawback of the DSC-PLLs arises when the grid frequency is different from the nom-

inal grid frequency. The FFNS component gets inside the control loop of the PLL, when 

the grid frequency deviates from the nominal grid frequency. The reason is that of the 

difference in the specified time delay and the required time delay to eliminate the FFNS 

component. When the difference between the nominal grid frequency and the current grid 

frequency is higher, the influence of FFNS component is higher, because of the high dif-

ference between the required and available time delays.  

Overall, DSC-PLLs has proved sufficiently efficient synchronization method for PV in-

verters during balanced and unbalanced grid conditions, when the grid frequency is closer 

to the nominal grid frequency. Between, the PLLs, αβ-DSC-PLL will be much-preferred 

PLL method for fast changing grid conditions because of its fast steady state time. How-

ever, the performance of both the PLLs is poor when grid frequency deviation is farther 

from nominal grid frequency. The performance of DSC-PLLs can be improved by 

modeling dynamic time delay, which should adapt for the grid frequency. 
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