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The ionosphere is one of the largest error sources in GNSS-based positioning, causing
a delay in the arrival of the navigation signal. There are some existing correction
methods, namely the Klobuchar model, the NeQuick G model and SBASs. None of
these methods is simultaneously accurate, computationally light and having a low

requirement of amount of data transfers.

In this work the available ionospheric correction methods are studied and a new
data-driven approach to obtain the corrections is developed. Two different sets of
basis functions, polynomial and trigonometric, are tested for parametrization of the
vertical ionospheric delay values transmitted by EGNOS. Universal kriging is applied
on vertical ionospheric delay values obtained from dual frequency measurements.
Furthermore, the parametrization of the vertical ionospheric delay values is predicted
using a standard Kalman filter. The Kalman filter is tested using both a standard
random walk state model, and a Klobuchar-based state model, which was developed

during this work.

The tests show that a compact presentation of the ionospheric delay with a small
degradation of the resulting estimate is possible. Universal kriging proved to be
challenging, but the obtained results still look promising in regards of the future
work. Most essentially, the tests show that the parametrization and prediction of the
vertical ionospheric delay outperform both the Klobuchar model and the NeQuick G
model, and reduce the amount of data transfers needed significantly in comparison
to the EGNOS transmissions.
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Ionosfaari on yksi merkittavimmisté virheldhteistéd satelliittipaikannuksessa sen ai-
heuttaman signaalin viivastymisen vuoksi. Paikannuksessa on kaytossa joitain kor-
jausmenetelmié ionosfadrin aiheuttamalle virheelle: Klobuchar -malli, NeQuick G
-malli seké satelliittipohjaisia avustejarjestelmia. Kuitenkaan mikdan naistd mene-
telmista ei ole samanaikasesti tarkka, laskennallisesti tehokas ja vaadi vahaista datan

siirtoa.

Tassa tyossa tutkitaan olemassaolevia ionosfadrivirheen korjausmenetelmié seké ke-
hitetddn uusi, datalahtéinen menetelmé ionosfdarivirheen korjaamiseksi. Testatta-
vana on kaksi erilaista kantafunktiojoukkoa, polynomi- seké trigonometriset kanta-
funktiot, joiden avulla parametrisoidaan EGNOSin ldhettaméat ionosfadrikorjauk-
set. TyOssa myos sovelletaan universaalia krigingia kaksitaajuusmittauksista saatu-
jen ionosfadriviiveiden kasittelyyn. Edelleen, tydssd ennustetaan parametrisoituja
ionosfaérikorjauksia kiyttden Kalmanin suodinta. Suodinta testataan kdyttéden seké
tavanomaista satunnaiskulkutilamallia, ettd téssd tyossd kehitettyd Klobuchar -

pohjaista tilamallia.

Testit osoittavat, ettd on mahdollista esittdd ionosfaédrin aiheuttama viive tehok-
kaasti aiheuttaen ainoastaan pienen heikentymisen viive-estimaatissa. Universaali
kriging osoittautui haastavaksi, mutta tulevaa tycta ajatellen tulokset vaikuttavat
silti lupaavilta. Tarkeimpéané, tyossd naytetdan, ettd ionosfadriviiveen parametri-
sointi ja ennustaminen antaa parempia tuloksia verrattuna Klobuchar tai NeQuick G

-malleihin, sekd vihentad merkittévasti datan siirron tarvetta verrattuna EGNOSiin.
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1. INTRODUCTION

The knowledge of one’s position is nowadays utilized in numerous ways. Positioning
technology has its uses from navigating in a foreign city to playing games on a
mobile phone and even publishing one’s whereabouts in social media. While very
vague position might be enough when geotagging one’s holiday photos to share
with friends, the same approximate position can not be used when operating an

autonomous vehicle.

Many applications require more and more precise knowledge of position. Global Nav-
igation Satellite Systems (GNSS), such as Global Positioning System (GPS), have
been available to the general public since the beginning of the 21st century. Us-
ing such systems a standard commercial GNSS receiver’s position can be estimated
within meters. Applications such as surveying or air traffic require professional
receivers, that can provide position at an accuracy level of centimeters, but such

equipment is costly for a regular user.

The GNSS error sources include but are not limited to estimation errors in satellites
positions, instrumental errors caused by the equipment, multipath errors in, for
example, urban environments and errors caused by the atmosphere. The position
estimate can be improved by estimating these errors. In this work the focus is on

atmospheric errors, more precisely on positioning errors caused by the tonosphere.

The ionosphere is a layer of electronically charged particles in the atmosphere, rang-
ing from the altitude of about 60 km to 1000 km. Since the signal transmitted
by GNSS satellites is electromagnetic radiation, the signal is affected by the iono-
sphere. To be more precise, the signal is delayed in the ionosphere. The position
of a receiver is computed based on the satellites’ known locations and measured
distances between the receiver and the satellites. Generally the ionospheric delay is
only nanoseconds, but it can alter the range measurement up to tens of meters. If
this delay is known, it can be subtracted from the distance measurement and thus

improve the position estimate.
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There are some existing methods used in GNSS to estimate the ionospheric delay.
First of them is the Klobuchar model, whose parameters are transmitted in GPS
satellites’ navigation messages. It can remove approximately 50% of the ionospheric
error in range measurements [24]. The European Galileo navigation system’s satel-
lites transmits parameters for NeQuick G model, which is based on the physical
properties of the ionosphere and is able to correct about 70% of the ionospheric er-
ror. There exists also a different approach where the ionospheric corrections are not
computed based on a model but provided regionally. Satellite Based Augmentation
Systems (SBAS), such as the European Geostationary Navigation Overlay Service
(EGNOS) are able to estimate the ionospheric delay quite well, but SBAS data
packages are large. Also, to be able to use corrections provided by SBASs the user

needs either a special receiver or an internet connection.

In this work the ionospheric delay is estimated based both on EGNOS transmissions
and dual frequency measurements. When measuring the distance from a receiver to
a satellite simultaneously with two different frequencies, the ionospheric delay can be
derived from the difference in the range measurements. The aim is to represent the
state of the ionosphere in a both accurate and effective way, as well as to estimate
the state of the ionosphere ahead in time. This is done by fitting a predefined
set of basis functions to the data using both weighted least squares estimation and
universal kriging. Kriging provides also error estimates for the estimated ionospheric
delay values. The coefficients of these basis functions are called the parametrization
of the ionosphere. The parameters are predicted using a standard Kalman filter. For
Kalman filter a new, Klobuchar-based state model is developed, which is tested in
addition to a standard random walk state model. The obtained results are compared
with the Klobuchar and the NeQuick G models.

The organization of this work is as follows. Chapter 2] briefly covers the funda-
mentals of GNSS and the role of the ionosphere and the ionospheric corrections in
it. Chapter |3| discusses the mathematical background of the methods implemented
in this work. Chapter |4] explains the application of the mathematical background
for the problem at hand. In Chapter [j] the tests and the obtained test results are

presented. Chapter [6] concludes this work and discusses future work.



2. IONOSPHERE AND SATELLITE
NAVIGATION

In this chapter the focus is on the role of the ionosphere in Global Navigation Satellite

Systems (GNSS). The fundamentals of satellite navigation are also briefly discussed.

2.1 Satellite navigation

The GNSS consists of satellites belonging to several systems. The Global Position-
ing System (GPS), originally developed in the United States for military purposes
in the 1970s, is the most renowned of the GNSSs [27]. There are also GALILEO
developed by the European Union, Globalnaya Navigatsionnaya Sputnikovaya Sis-
tema (GLONASS) developed in Russia, and BeiDou in China, among others. GPS
and GLONASS are both fully operational at the moment, whereas the others are

under development or partially operational [23].

In satellite navigation a receiver computes its position based on the information
transmitted by the GNSS satellites. The transmitted navigation data contains the
satellite’s health status, ephemeris, clock bias parameters and an almanac [27]. The
satellite’s position and velocity can be deduced from this navigation data. The
receiver also records the time that it takes for the signal to travel from the satellite to
the receiver and deduces its distance from the satellite by multiplying the measured
travelling time with the signal propagation velocity, which is the speed of light c.
The range determined this way is called pseudorange, since it is prone to errors from
various sources [23]. These error sources, of which the ionosphere is most significant,

will be described in more detail later in this section.

The position can be computed if at least four satellites with respective positions
and range measurements are available. An illustration of such a situation is given in
Figurd 2.1} In theory only three satellites would be enough to find the position of the

receiver. The satellites are equipped with atomic clocks and transmit parameters
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Satellite

Satellite

Receiver

{bRJ A’!-F.

Figure 2.1 Illustration of four GNSS satellites and a GNSS receiver. Symbols ¢r and
AR are the receiver latitude and longitude, respectively, and the p; are the (pseudo)ranges
measured from each of the satellites to the receiver.

that are used to take the relativistic effects into account, but the clocks in the
receivers are generally inexpensive and less accurate [23]. Therefore the fourth
satellite is used to compute the receiver clock’s offset from the system time [23]. The
position and clock offset computations can be done for example using an iterative

least squares method. See eg. [23] or [27] for more details.

As stated earlier in this section, pseudorange measurements (or more precisely, travel
time measurements) are prone to errors. Tabl lists possible error sources and

their corresponding 1o error values.

The broadcast clock error is due to both relativistic effects and satellite clock errors.
Even though the satellites carry atomic clocks, especially in older satellites the clocks
tend to drift and have bias. These errors are corrected by transmitting correction

parameters in the navigation message [23].

The L1 P(Y) - L1 C/A group delay is due to a slightly different timing in transmitted
P(Y) and C/A code signals [23]. It is categorized as instrumental bias.

The information in the ephemeris describes the satellite’s orbit, in other words its
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Table 2.1 Typical measurement error budget for a single-frequency C/A code receiver.
(Source: [23])

Segment source  Error Source lo Error (m)
Space/control  Broadcast clock 1.1
L1 P(Y)-L1 C/A group delay 0.3
Broadcast ephemeris 0.8
User Ionospheric delay 7.0
Tropospheric delay 0.2
Receiver noise and resolution 0.1
Multipath 0.2
System UERE  Total (RSS) 7.1

location and velocity. The orbit is estimated by a curve fit to the control segment’s
best prediction of each satellite’s position, and therefore a residual error in the

satellite’s position is possible [23].

Since the satellite’s signal does not travel in a vacuum, also the effect of the at-
mosphere on the delay has to be taken into account. The focus of this work is in
the ionospheric error, and the ionospheric error and error correction are described
in detail later in this chapter. It should be noted that the ionospheric error is the
largest of all measurement errors, which justifies the scope of this work [23]. The
troposphere, which is located in the lower atmosphere, causes an equal delay on all
frequencies under 15 GHz. The delay is a function of the tropospheric refractive
index, which depends on the local temperature, pressure and relative humidity. The

tropospheric delay can be modeled accurately. For more details see [23], for example.

The GNSS receiver itself causes part of the measurement error, instrumental bias.
The errors are induced by the receiver tracking loops, originating, for example, from

thermal noise jitter and interference, among other things [23].

In addition to the ionospheric error, the multipath effect is one of the largest mea-
surement error sources. It is highly dependable on the environment. For example,

in urban canyons the error due to multipath can be tens of meters [23], 27].

2.2 lonosphere

In this section a brief description of the physical properties and phenomena of the

ionosphere is given. For more details, see [I8] and especially [14].
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The ionosphere is a region in the upper atmosphere containing ionized particles. It
lies between altitude ranges of 60 - 1000 km. The protonosphere (1000 - 2000 km),
containing also ionized particles, is often combined with the ionosphere in the models
for a matter of convenience [I8]. For example, both ionosphere and protonosphere
contribute to the Total Electron Content (TEC), even though it is often referred as
the TEC of the ionosphere.

The lower atmosphere consists of molecules such as Ny and Oy in majority, but also
water vapor, COy, NO and other gases are present. In the upper sections of the at-
mosphere the molecular forms are dissociated into separate atomic components [18].
In other words, the lower atmosphere is mostly polyatomic, whereas the upper at-
mosphere is monatomic. The transition between the two regions happens gradually
between 100 and 200 km [I8].

The existence of monatomic ions in the atmosphere is due to the sun. The main
phenomena caused by solar radiation related to ionization are photodissociation and
photoionization [18]. In photodissociation the electromagnetic radiation from the
sun breaks chemical bonds between atoms, causing molecules to dissociate to atoms.
Photoionization occurs when the radiation interacts with atoms in such a way that

electrons are expelled from the parent atom, producing charged particles.

The ionosphere is divided into regions or layers, which each have slightly different
physical properties. Figurd 2.2]illustrates the different layers of the ionosphere. The
height profiles of the layers vary diurnally, seasonally and due to solar activity (such
as sunspot number and solar flares). The D and F1 layers vanish during nighttime
[18].

The plasma frequency, f,, is a natural resonant frequency of an electron gas. It is

proportional to the square root of the electron density N, of the gas, namely

=

f,=8.98NZ, (2.1)

where f, is the frequency in Hz and N, is the electron density in electrons per cubic
meter [I8§].

A radiowave propagating vertically upward will penetrate the ionosphere until it

reaches a point where its frequency is the same as the plasma frequency. All fre-
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Figure 3—A simplified view of the layers of the ionosphere
over the period of a day.

Figure 2.2 Illustration of the different layers of the ionosphere. (Source: [38]) The D
layer lies approximately between 70 and 90 km, the E layer from the top of the D layer to
approzimately 130 km, the F1 layer from the top of the E layer to approzimately 210 km,
and the F2 layer is located above the F1 layer. The protonosphere starts from the top of the

F2 layer at approximately 1000 km and continues approximately to the height of 2000 km
[18].
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quencies less than this frequency will be reflected back. Using, for example, ground
based wvertical incidence sounding it is possible to investigate the properties of the
different layers of the ionosphere. If N,,,, is the maximum electron density within
the layer, the critical frequency f. is the plasma frequency corresponding to N,,qz.
In practice usually two critical frequencies are measured, because of the presence
of the Earth’s magnetic field [4]. One of them is the so called ordinary ray critical

frequency f,, from which the maximum electron density can be computed using

Npnae = 1.24 x 10102 (2.2)

The critical frequencies of the layers can be estimated from the solar zenith angle

and the running 12 month sunspot number [18].

There are as many critical frequencies as there are layers in the ionosphere. Therefore
the current state of each of the layers can be characterized by means of the maximum
electron density N,,q.., the height at which the maximum electron density occurs,
hmaz, and the ordinary ray critical frequency f, [I8]. These properties are utilized,
for example, when computing TEC using the NeQuick G model, which will be
described in more detail later in this chapter [17].

The electron density in the ionosphere varies for several reasons. These include
aforementioned diurnal and seasonal variations and solar activity. In addition to
slow, long term changes in solar activity also sunspots, solar flares and solar wind
have their effect. Also the Earth’s magnetic field has its effect on the electron density.
Even lightning can have an effect on the ionosphere [18, [14]. Therefore estimation

and prediction of the behavior of the ionosphere is a challenging task.

2.3 lonospheric errors in satellite navigation

A signal from a GNSS satellite is delayed in the ionosphere, as the propagation
speed depends on the electron density along the ray path [35]. The delay makes the
measured distance from the receiver to the satellite appear longer than it actually
is. The electron density along the ray path is referred as Total Electron Content
(TEC) and is defined as the number of electrons along the ray path. The unit of
TEC is electrons/m?, although it is often expressed as TEC units (TECu), where 1
TECu is 10 electrons/m? [23].
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If the TEC along the ray path is known, the delay is computed as

40.3
As = —TFEC, (2.3)
Iz
where the unit of As is in meters. The frequency f is the frequency of the trans-

mitted signal in Hz. See [23] for derivation of the above equation.

In the following section some methods for estimating the TEC and the ionospheric

delay are presented. These methods are currently used in satellite navigation.

2.4 lonospheric corrections in satellite navigation

Delay caused solely by the ionosphere in the arrival of the navigation message de-
pends on the carrier signal frequency. Therefore, when using a dual frequency re-
ceiver, it is fairly simple to eliminate the ionospheric error. For more details, see
Section [2.5 and [27, 23], for example.

Dual frequency receivers are generally more expensive than single frequency re-
ceivers. Therefore, an effective ionospheric error correction method is still needed
in order to provide precise, yet affordable positioning services for consumers. This

work will focus on the ionospheric correction methods for single frequency users.

For single frequency receivers, there are several methods in use today to correct
ionospheric errors. Currently there are two computational ionosphere models in
use. One is the Klobuchar model, which is used in GPS and BeiDou satellites [3] 8],
and the other one is the NeQuick G model, which is used in Galileo satellites [17].
For GLONASS there are no ionospheric corrections available [10], although any of
the models could be used with it given the parameters. Also Satellite Based Aug-
mentation Systems (SBAS) transmit regional ionosphere information, in addition to
other data |21} [34]. The ionosphere models and regional data are used to calculate
pseudorange corrections. The ionosphere models and SBASs will be discussed in

more detail in further sections.

It is a common practice to approximate ionosphere as a thin shell at some specific,
appropriate height, since it is difficult to estimate electron densities reliably with
only ground based dual frequency GNSS observations. For example, the Klobuchar

model and vertical delay values provided in SBAS are based on the assumption that
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Slant delay
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Local tangent
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approximation of
the ionosphere

Figure 2.3 Illustration of a situation, where a satellite signal travels trough the iono-
sphere, and different variables related to that. (Adapted from: [23])

all of the TEC is concentrated on a thin shell at the height of 350 km [24, 9]. Also
the TEC maps provided by International GNSS service (IGS) are based on the same
idea, but the thin shell is assumed to be at the height of 450 km [19]. Illustration of
such a situation is presented in Figurd 2.3] In the figure there are also illustrations
of several concepts related to the ionospheric corrections, which will be clarified in

the following sections.

Whereas the Klobuchar model and the ionosphere modeled in SBASs are mathe-
matical models, the NeQuick model (from which the NeQuick G model is derived
to compute ionospheric corrections in positioning) is based on the physical prop-
erties of the ionosphere. The TEC value is obtained by integrating along the ray
path through the whole ionosphere, which is modeled as four layers with different

properties [17].

The NeQuick G model, as well as the Klobuchar model and SBASs will be described

in more detail in the following sections.
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2.4.1 Satellite Based Augmentation Systems

A Satellite Based Augmentation System (SBAS) offers Wide Area Differential (WAD)
corrections, such as the ionospheric error corrections, but also integrity information
of the navigation service. SBASs use geostationary satellites which can also be used
for ranging [23| 34]. The purpose of the SBASs is to provide additional information
to complement the navigation messages transmitted by the satellites and thus to

improve the positioning accuracy.

There are several existing SBASs today. This work focuses on the European Geosta-
tionary Navigation Overlay Service (EGNOS). There are also Wide Area Augmen-
tation System (WAAS) in Northern America and MTSAT Satellite Augmentation
System (MSAS) in Japan [23]. There are also SBASs under implementation in India,

Malaysia, Southern America, Africa and Russia [33].

All SBASs consist of four different segments, which are ground segment (monitoring
receivers, central processing facilities, satellite uplink facilities), space segment (one
or more geostationary satellites), support segment and user segment 23], [34]. One
such system, EGNOS, is represented in Figurd 2.4]

The purpose of the monitoring receivers is to collect data from the satellites which
are to be augmented, as well as to collect ionospheric information [34]. The central
processing facilities generate the augmentation information from the data collected
by the monitoring receivers. This process includes estimating satellite corrections,
such as satellite position and clock errors, and estimates of the lonospheric Vertical
Delay (IVD) values for multiple locations as well as variance terms for all evalu-
ated parameters [23, [34]. The satellite uplink facilities transmit this information to

geostationary satellites, which then transmit it to the end users [23].

SBASs were designed for aviation purposes, but the majority of current SBAS users
are not related to that as many low cost receivers nowadays have the capability of
receiving SBAS messages [23]|. For example, it might be beneficial to utilize EGNOS
also in road transport, precision farming, hydrographical survey, train protection and
control, inland waterways, oil exploration for the positioning of platforms out at sea,

among others [39, 0].
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Figure 2.4 Illlustration of different segments of EGNOS. (Source: [3]])
EGNOS

Figurd 2.4 illustrates the different segments of EGNOS. The Ground Segment of
EGNOS consists of the Mission Control Centers (MCC; which include the Central
Control Facilities |[CCF|, and the Central Processing Facilities [CPF|), the Rang-
ing and Integrity Monitoring Stations (RIMS), the Navigation Land Earth Stations
(NLES), and EGNOS Wide Area communication Network (EWAN) [39] [34]. There
are also two additional facilities that support the system operation and service provi-
sion, the Performance Assesment and Checkout Facility (PACF) and the Application
Specific Qualification Facility (ASQF) [15].

The RIMS are spread all over Europe and other parts of the world, see Figurd 2.5] for
specific locations. They monitor GPS and GLONASS satellites, as well as EGNOS
geostationary satellites (GEO) and measure pseudorange measurements using dual
frequency (L1/L2) receivers. They are located in sites that have good conditions
in terms of multipath and radio frequency interference, and are also equipped with
atomic clocks [34,[39]. The main function of the RIMS is to collect the measurements
from satellites and transmit this raw data to the CPF of each MCC via EWAN
I15, 39].
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Figure 2.5 Locations of EGNOS ranging and integrity monitoring stations, both currently
operating and ones under deployment. (Source: [15])

The CPF process the data from the RIMS. They compute differential corrections
such as clock corrections for each GPS satellite as well as ephemeris corrections.
They also model the ionospheric errors occurring in the EGNOS service area. In
addition, the CPF estimate the residual errors that can be expected by the users
after applying the broadcast corrections. User Differential Range Error (UDRE)
is an estimate of the residual range error after applying the clock and ephemeris
corrections, and Grid Ionospheric Vertical error (GIVE) estimates the residual range
error after applying the ionosheric corrections. These error estimates concern mostly
Safety of Life (SOL) users, but may be beneficial for other users as well [15].
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The MCC, which the CPF is a part of, transmit the message produced by CPF to
the NLES, which in turn broadcast the EGNOS message to users via GEO satellites
[39]. The NLES also do the encoding of the message into a GPS-like signal, including
the PRN encoding [34]. The CCF, which also are part of MCC, control the whole
EGNOS system at all times to ensure permanent service monitoring and control
[15].

The purpose of the PACF is to provide support in areas such as technical coordi-
nation, performance analysis, troubleshooting, operational procedures, system con-
figuration management and support to maintenance. The ASQF is also a support
facility, and provides a platform for the validation and certification of the EGNOS
applications, such as civil aviation and aeronautics [39, 31]. The PACF and ASQF,
as well as CCF can be considered as a part of the EGNOS Support Segment.

The Space Segment of EGNOS consists of three geostationary (GEO) satellites that
broadcast the differential and ionospheric corrections on the L1 frequency band [15].
There is also a possibility to use the EGNOS GEO satellites for ranging, but that
option is not implemented yet [9]. The coverage area and the different locations of
the GEO satellites are displayed in Figurd 2.6] It should be noted that even though
the EGNOS transmissions are available over a wide area covering Africa and parts
of Asia and America, the actual corrections are available only for the European area,
which is illustrated in Figurd 2.9} There is a high level of redundancy over the whole
service area. The EGNOS operations are handled in such a way that at any time at
least two of the three satellites broadcast an operational signal [I5]. Therefore an
EGNOS signal is available at all times.

The User Segment of EGNOS consists of a GPS and/or GLONASS receiver and an
EGNOS receiver [39]. A receiver capable of processing EGNOS signal is similar to
a GPS receiver, but needs specific software to handle the transmitted data and to

compute the corrections [31].

The different EGNOS message types are listed in Figurd 2.7], although the message
types presented here apply to other SBASs as well [23]. In this work the focus is
only on the ionospheric corrections provided by SBASs, these corrections will be
described in detail later. Information on other types of corrections and messages
transmitted by EGNOS can be found in [15] or [9], for example.
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FIGURE 6: EGNOS satellite coverage

Figure 2.6 The EGNOS coverage area and locations of the three GEO satellites. (Source:

9]

Other

Figurd 2.8 illustrates the coverage areas of some SBASs all over the world. The ones
currently operational are WAAS in Northern America, EGNOS in Europe and MSAS
in Japan [23, 33]. Three systems, GPS Aided Geo Augmented Navigation system
(GAGAN) in India, System for Differential Corrections and Monitoring (SDCM) in
Russia and Satellite Navigation Augmentation System (SNAS) in China are under
implementation [33]. There are also other systems under feasibility studies, such as
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EGNOS SIS transmitted MTs

0 Don't Use (SBAS test  Discard any ranging, corrections and integrity data from that PRN
maode) signal. Used also during system testing.
1 PRN Mask Indicates the slots for GPS and GEO satellites provided data
2-5 Fast corrections Range corrections and accuracy
[ Integrity information  Accuracy-bounding information for all satellites in one message
7 Fast correction Information about the degradation of the fast term corrections
degradation factor
L GEO ranging function EGNOS satellites orbit information (ephemeris)
parameters
10 Degradation Information about the cormection degradation upon message loss
parameters
12 SBAS network Parameters for synchronisation of SBAS Network time with UTC
Time/UTC offset
parameters
17 GEO satellite GEO Almanacs
almanacs
18 lonospheric grid point  Indicates for which geographical point ionospheric correction data is
masks provided
24 Mixed fast/long- Fast-term error corrections for up to six satellites and long-term
term satellite error satellite error correction for one satellite in one message
corrections
25 Long-term satellite Corrections for satellite ephemeris and clock errors for up to two
error corrections satellites
26 lonospheric delay Vertical delays/accuracy bounds at given geographical points
corrections
27 EGNOS service Defines the geographic region of the service
message
63 MNull message Filler message if no other message is available

4. MT9is broadecast with same infarmation about the orbital position of the broadcasting GEO satellite. At this stage, the EGNQS systemn does not
support the Ranging function which is described in /CAO SARPs as an option. This is indicated by a special bit coding of the Health and Status
parameter broadecast in MT 17.

Figure 2.7 The different EGNOS message types. (Source: [15])

Solucion de Aumentacion para Caribe, Centro y Sudamérica (SACCSA) in Southern
America, as well as SBASs in Malaysia, Africa and South Korea [33].

Ionospheric corrections in Satellite Based Augmentation Systems

As one can see from Figurd 2.7, SBAS messages of type 18 and 26 contain information

related to the ionosphere.
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Figure 2.8 Some SBAS systems, that are either operational, or under development or

study. (Source: [33])

The messages of type 18 contain information about the lonospheric Grid Point
(IGP) mask. The IGP mask defines the IGPs and their locations for which the
ionospheric corrections are available. The IGPs are located at a 5° x 5° grid for
most parts of the Earth, although in the polar regions the grid is not as dense (in
polar regions the meridians are spaced more densely than in regions closer to the
Equator). In the transmitted messages, the whole IGP grid is divided into 11 bands
numbered from 0 to 10, which cover the whole Earth. EGNOS transmits ionospheric

corrections only for a subset of these bands, namely bands 3, 4 and 5 [9].

The IGPs for which EGNOS transmits information are illustrated in Figurd2.9] Not
all of the IGPs are monitored regularly, only the ones marked in blue. Even with

such limitations the monitored area still covers all of Europe well.

When the transmitted IGPs are defined, the actual ionospheric corrections for those
IGPs are transmitted in messages of type 26. The messages of this type contain
Grid Tonospheric Vertical Delay (GIVD) values and corresponding Grid lonospheric
Vertical Error Indicators (GIVEI) for each IGP which were defined in the messages
of type 18 [9].

The GIVD gives the estimated vertical ionospheric delay in the given IGP in meters.
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FIGURE 18 : EGNOS IGP Masks

Figure 2.9 The IGPs covered in EGNOS transmissions. (Source: [9]) Only the IGP
marked in blue are monitored in a regular manner, whereas the black ones are monitored
occasionally.

The GIVD values range from 0 m to 63.875 m, although GIVD of 63.750 m is a flag
for IGP Not Monitored status and GIVD of 63.875 m is a flag for Do Not Use IGP
status [29]. If an IGP is not monitored, which happens quite often in the edges of
the area covered by EGNOS, it can be because the RIMS were not able to obtain
sufficient dual frequency measurements around that IGP to compute the GIVD. If
an IGP has a “Do Not Use” status, the estimated vertical delay is either larger than
63.875 m or an inconsistency has been found for that IGP [29]. This can be due
to high solar activity, or other reasons that result in unreliable measurements. The
GIVD values are available only for L1 frequency users, although the conversion of
the GIVD for other frequency is possible [23].

The GIVEI is an indicator of the Grid lonospheric Vertical Error (GIVE). The
GIVEI range from 0 to 15 and can be converted directly to GIVE, although GIVEI
15 stands for “IGP Not Monitored” status. GIVE ranges from 0 m? to 187.0826
m? and describes the estimated residual range error in the form of variance after

applying the ionospheric corrections [9].

To compute the ionospheric corrections for visible satellites using the information
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transmitted by any SBAS the approximate position of the receiver and the locations
of the satellites are needed. With this information the elevation E and the azimuth
A of one satellite can be computed. In the following £° and A° mean elevation and
azimuth angles in degrees and E” and A" mean elevation and azimuth in radians.
Correspondingly, sin and cos are the sine and cosine of the argument in radians, and

sind and cosd are the sine and cosine of the argument in degrees.

When the azimuth and the elevation of the satellite are known, it is possible compute
the location of the lonospheric Pierce Point, IPP. For that the Earth angle illustrated
in Figurd 2.3]is first needed. The center of the Earth, receiver and the IPP form a

triangle. Because the angles of a triangle sum up to 180°, it follows that

U° + E°490°+ LIPP = 180°
SPU° =90° - E° — ZIPP

From the law of sines, elevation angle E°, the radius of the Earth Ry and the height
of the thin shell approximation h it follows that

Rg . Rg+h _ Rg+h
sind(ZIPP)  sind(E° +90°)  cosd(E°)
& sind(ZIPP) = ]fi - cosd(E°)
&/IPP = sind™ [ - f_’i - cosd(Eo)]

and thus the Earth angle is

T° = 90° — E° — sind ™~ [ cosd(E°)] (2.4)

E
R+ h
Now, given the Earth angle, the location of the ionospheric pierce point can be
derived. In Figure there is a spherical triangle, where one vertex is the North

Pole, one is the approximate location of the receiver, and one is the location of the
IPP. By the spherical law of cosines the latitude of the IPP is derived from
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Figure 2.10 Illustration of the locations of the receiver and the IPP and the related angles
on a sphere. (Adapted from: [37, Fig. 2.4.1-3])

cosd(90° — ¢pp) = cosd(90° — pg) cosd(V°) + sind(90° — ¢gr) sind(V°) cosd(.A°)
& sind(ppp) = sind(pr) cosd(¥°) + cosd(pr) sind(¥°) cosd(.A°)

Sppp =sind ™ (sind(pg) cosd(¥°) + cosd(pg) sind(¥°) cosd(A°)).
(2.5)

Furthermore, from the spherical law of sines it follows that

sind(AX)  sind(A°)  sind(A°)
sind(W°)  sind(90° — ppp)  cosd(¢pp)
, _ sind(A°) sind(¥°)
&sind(AN) = cosd(prp)
SAN = sind-! sind(.A°) sind (W°)
cosd(¢pp) 7

and thus
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)\pp :)\R + AN &

Mg + sind ™ <w> , if the IPP is in the eastern hemisphere

cosd(ppp)
App =

cosd(ppp)

Mg + 180° — sind ~* (M) , otherwise

(2.6)

Next four or three suitable IGPs near the IPP are needed [9]. Suitable in this case
means that the IGPs do not have a “IGP Not Monitored” status, and are within
5 or 10 degrees in latitude and longitude from the IPP. If any of the surrounding
IGPs has a “do not use IGP” status, no ionospheric correction is available [I]. These
suitable IGPs and corresponding GIVD values will be used for finding the IVD at
the IPP using weighted interpolation, which will be described next [23].

The order of preference is to use the four IGPs that form a rectangle around the
IPP within 5 degrees. An illustration of such a situation can be seen in Figurd 2.11],
where ppp and App mark the location of the IPP. If there are no four suitable IGPs
within 5 degrees, a corresponding triangle with three surrounding suitable IGPs
should be used. If that is not possible, a similar rectangle or lastly a triangle within
10 degrees can be used to compute the IVD at the IPP. If none of these situations

is fulfilled, then no ionospheric correction is available [1].

If four suitable IGPs are available, the relative position of the IPP within the rect-
angle needs to be determined, namely the coordinates xpp and ypp, assuming that
the coordinates of the IGP at the left bottom corner of the rectangle in Figurd 2.11]
are (0,0). Now for IPPs between 85°N and 85°S the coordinates are [23]

_App— A
rpp = —(——, and
Ypp — ¥1 '
Yypp = ———— -
P2 — Y1

Here App is the longitude and ppp is the latitude of the IPP and (A1, 1), (A1, ¥2),
(A2, 1) and (Mg, ) are the latitudes and the longitudes of the IGPs chosen for
interpolation, as illustrated in Figurg 2.11|
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Figure 8.32 Finding the relative IPP position.

Figure 2.11 Illustration of finding the relative IPP position and computing the weights
to obtain the IVD at the IPP. (Source: [25])

The interpolation is weighted and the greater weights are given to the IGPs that
are closer to the IPP. The weights are [23]

Wi = xppypp,
Wo=(1-=x ,
> = ( PP)YPP (2.8)
W3 = (1 — I‘pp)(l - ypp) and
Wy =2zpp(l —ypp).

The vertical delay IVDpp at the IPP then is

4
IVDpp =Y _W;IVD;, (2.9)

=1
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where the IVD,; are the GIVD values at each of the IGPs used in the interpolation.

If there are only three suitable IGPs available, the weights will be [23]

Wi = ypp,
W2 =1- rpp — Ypp and (210)
W3 = xpp,

and the IVD at the IPP IVDpp is computed similarly as in (2.9)).

Now that the vertical ionospheric delay at the IPP is known, the slant ionospheric
delay can be computed. The slant delay will be then subtracted from the pseudo-
range. There is an illustration of the slant delay in Figurd 2.3] The slant delay at
the IPP is computed by multiplying the IVD value IV Dpp by the obliquity factor
F, which is computed as [23]

[

F = (2.11)

2
| Rp cosd(E°)
Rg+h

2.4.2 Klobuchar ionosphere model

The Klobuchar model was the first ionospheric correction method developed for
satellite positioning. It has been in use in GPS satellites since the 1980s [24]. The
Klobuchar model was designed to remove approximately 50% of the ionospheric
pseudorange error, while requiring a small number of coefficients and a low user
computational time. Its design was a compromise between user computational com-
plexity, the knowledge of the variations of the TEC, the number of coefficients avail-
able in the satellite message for ionospheric corrections and the likely geographic
area for the single-frequency users at that time [24]. The model is controlled by
eight coefficients av, ..., as and By, ..., f3, which are broadcast in the GPS satellite

navigation message and are updated at most once a day [32, 27].

The Klobuchar model is based on an empirical approach and is a simplified version of
the Bent ionospheric model [25]. It models the ionospheric time delay as a constant
during the night. During daytime the delay is modeled as a positive cosine curve,

which reaches its maximum at 2 PM local time. The parameters transmitted in the
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navigation message control the amplitude and the period of the cosine curve. Also
the geomagnetic latitude (latitude adapted to the Earth’s magnetic field), rather
than geodetic latitude, affects the curve [24].

More formally, the vertical ionospheric time delay based on the Klobuchar model is

computed as [32]

D, if[ZETR)] > T (night)

Ivgrr =
DC + Acos [@}, otherwise (day)

(2.12)

Here DC' (DC = 5 ns) is a constant term, t is the local time and Tp (Tp = 14 h =
50 400 s, depending on whether the local time is in hours or in seconds) is the phase

offset, i.e. the time of the daily maximum delay.

A is the amplitude of the cosine curve, and is calculated as

A=>"a,op, (2.13)

where ®,, is the geomagnetic latitude and «y, . . ., a3 are the parameters transmitted
in the navigation message. Similarly, P is a term controlling the period of the cosine

curve and is calculated as

3
n=0
where [y, ..., f3 are obtained from the navigation message.

To lighten the computational load, the cosine term in ([2.12)) is calculated as a Taylor

QW(t—Tp)
P

series expansion. Let x = , then the Taylor series expansion in question is

2?7t

] = cos(z) ~ 1—?#—%, (2.15)

27T(t — Tp)

COS |: P

where the first three terms of the expansion have been taken into account. Inci-
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dentally, using this approximation improved the accuracy of the estimation slightly
[24].

The Klobuchar model assumes the Earth’s magnetic field to be an Earth-centered

dipole [24]. With that assumption the geomagnetic latitude can be calculated from

sind(®,,,) = sind(¢p) sind(¢p,) + cosd(p) cosd(¢p,) cosd(A — A,), (2.16)

where ¢ and A\ are geodetic latitude and longitude, respectively, and ¢, = 78.3°N

and )\, = 291.0°F are constants. In practice ®,, is approximated as

®,, = o+ 11.6° cosd(A — 291°). (2.17)

Within the Contiguous United States (CONUS) region the error in this approxima-
tion is less than 1° [24].

The local time in (2.12) is between 0 and 24 hours. It can be calculated from

approximate universal time UT and approximate geodetic longitude as

A
= T. 2.1
t=+U (2.18)

Also GPS time can be used in the computations instead of universal time [24].

The vertical ionospheric time delay presented here is only applicable if the satellite
happens to be directly above the receiver. In practice this is usually not the case,
and the ray’s longer path through the ionosphere has to be taken into account.
Ilustration of such a situation is given in Figurd 2.3

The effect of the longer path is taken into account by using a thin shell approximation
in the following manner. In the Klobuchar model it is assumed that all the electrons
in the ionosphere are concentrated in a thin shell at the height of 350 km [24]. First
the location of the point at which the ray from a satellite to the receiver pierces
this shell, IPP, needs to be found. This situation is illustrated in Figurd 2.3] and is
similar to finding the location of the IPP in the SBASs. The difference is that in

the Klobuchar model the formulas are approximations.
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The earth angle U°, which is presented in ([2.4)), is approximated as

445°
Vom — g 2.1
E° +20° (2:19)

to lighten the computational load. Here E° is the elevation angle illustrated in

Figure[2.3

Again, to simplify the computations, the Earth is approximated to be locally flat in
the Klobuchar model, and the latitude in (2.5) and the longitude in (2.6)) become
241

orp ~ o+ T cosd(A°)
Ve sind(A°) (2.20)

App A
PP R cosd(ppp)

Now the ionospheric time delay Ivgrr, pp at the IPP is computed using (2.12)). After
that the slant factor I’ is needed. The slant factor is defined as the secant of the
zenith angle at the mean ionospheric height, which in this case is 350 km [24]. The

formula to compute the slant factor is

F = sec(sin™1(0.94792 cosd(E°))) (2.21)

For simplicity, F' is approximated as

96° — E°\3
Fal 2(---—) 2.22
255 (2:22)
Now the ionospheric time delay along the slant ray path is
Ispant = IverrppF. (2.23)

To obtain the ionospheric slant delay in meters, which is to be subtracted from the

pseudorange, multiply the time delay Is;ant with the speed of light, c.
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2.4.3 NeQuick G ionosphere model

The NeQuick G model is based on an empirical climatological representation of the
ionosphere. It is a three dimensional model, whereas the SBAS and the Klobuchar
model estimate the ionosphere as a two dimensional, thin shell. The NeQuick G
model follows the physical structure of the ionosphere described in Section [2.2]
although the D layer is left out of the computations. There are also versions of

NeQuick that are used outside of the context of satellite navigation [17].

The NeQuick G model is controlled by three coefficients a;9, a;; and a;» that are
transmitted with the Galileo satellite navigation message. The NeQuick G model is
designed to remove at least 70% of the ionospheric error at any conditions, except
periods when the ionosphere is greatly disturbed. This may happen for example dur-
ing geomagnetic storms [I7]. The NeQuick G model is computationally demanding

in comparison to, for example, the Klobuchar model, but it is also more accurate.

After obtaining the transmitted parameters, the user computes the effective ioni-
zation level Az. The effective ionization level represents the solar activity at the
current time and place. It depends on the transmitted parameters and Modified Dip
Latitude (MODIP), which is computed from the estimated user location. MODIP
adds the Earth’s magnetic field into computations and is obtained from an additional
data file [I7]. Note that the effective ionization level is the only input parameter in
the NeQuick G model.

In addition to the effective ionization level also other parameters describing solar
activity are computed based on the effective ionization level and time instant of in-
terest as well as estimated user position. These parameters include Effective Sunspot
Number, Solar Declination, Solar Zenith Angle and Effective Solar Zenith Angle [17].

The two major components of the NeQuick G model are the bottomside model and
the topside model. The bottomside electron density is computed based on the critical
frequencies and corresponding maximum electron densities and maximum density
heights (peak height) of each of the layers E, F1 and F2. The physical meaning of
these parameters was briefly discussed in Section 2.2 and they are obtained using
the solar activity parameters listed earlier. The topside model estimates the electron
density in the protonosphere (exosphere) in a simple manner. The bottomside model
is applied at heights below the F2 layer peak, whereas the topside model is applied
at heights above that [17].
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The TEC along the ray path is obtained by integrating the electron densities at
points on the path, either using the bottomside or the topside electron density
model depending on the height of the point in question. This is computationally the
most demanding part of the NeQuick G model. Two different integration methods
are suggested in [17], the Gauss algorithm and Kronrod G7— K15 adaptive quadrature
method. The latter is computationally lighter but can be more inaccurate, so the

final choice depends on the available computing power and the needed accuracy [17].

More information on the NeQuick G algorithm and a detailed description of the

implementation of the algorithm can be found in [17].

2.4.4 Other

Currently there are several different ionospheric models, which can be divided into
empirical and semi-empirical models, and theoretical and semi-theoretical models
[5]. All of the models presented in this chapter are empirical models. For more

details about the different ionospheric models, see for example [5].

2.5 Dual frequency pseudorange measurements

The ionospheric delay depends on the frequency of the transmitted signal, as can
be seen from . Therefore, when measuring the pseudorange from signals that
are simultaneously transmitted at two frequencies from the same satellite, the iono-
spheric delay and TEC can be deduced based on the measurements. In the following
derivation the GPS frequencies L1 (1575.42 MHz) and L2 (1227.60 MHz) are used,
but similar formulas can be derived also for other frequencies that differ from each
other.

Now, given one pseudorange measurement pr; at the frequency fr; and second
measurement, pro at the frequency fro, the so called geometry-free combination is
130]

Ap=pro—pr1 =8+ Ko + M+, (2.24)

where § = Asyo — Asyy is the difference in the ionospheric delays in meters, Koy

is the combined differential code bias between the two frequencies from both the
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satellite and the receiver, M is the multipath error and € denotes the remaining
measurement error. The geometry-free combination removes all the error sources
that are not dependent on the frequency of the signal and thus the ionospheric
correction on L1 frequency, Asy;, can be obtained. Based on [23, p. 313] it is
known that Asy = (f“) Aspy, and (neglecting both M and €) it follows that

Ap =8+ Koy = Aspo — Asp1 + Koy

(§i1> ASLl ASL1+K21
2

<fL1 sz)ASLl —|—K21,
fio

and finally

2
<~ ASLl = (%) (Ap — KQl). (225)
le - fLZ

Using and for finding the IPP of the signal on a thin shell approximation
and as the slant factor the obtained slant delay Asy; can be converted into
vertical delay Aspiere. This way the dual frequency measurements can be used to
estimate TEC not only locally but also globally, if a sufficient number of measure-
ments is available. For example, IGS has multi-frequency receivers located all over
the world, and they are used by IGS to regularly provide TEC maps [19].
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3. THEORETICAL BACKGROUND

In this chapter the mathematical concepts and methods used in this work are de-
scribed. Given a set of spatially distributed measurements of a phenomenon the aim
is to first represent the information contained in the measurements as efficiently as
possible. This is done by fitting a surface to the given measurements using a linear
combination of a predefined set of functions dependent on location. The fitting is
done by using the method of least squares, and the obtained coefficients of the linear
combination are called a parametrization of the measurements. In addition to the
parametrization, the aim is also to derive information of the phenomenon at loca-
tions not included in the measurements but in a relatively close proximity of the
given locations. This is done by utilizing both simple and universal kriging, which
allow to also estimate the confidence bounds for the derived information. Finally,
in addition to the parametrization and spatial prediction, the aim is to estimate the
behavior of the phenomenon ahead in time. This is done by predicting the time
evolution of the parametrization using a standard Kalman filter. Some parameters
of the Kalman filter have to be estimated, and this is done by using the expectation

maximization algorithm.

3.1 Parametrization

Let there be a set of known inputs X = {x1,...,xxy} C R™, and corresponding
outputs Y = {y1,...,yn} C R. Let a parametrization of relations x; — y; be a
linear combination of a predefined set of functions ¢ : R™ — R that maps the inputs
x; to the outputs y;. The task is to find a suitable subset of those functions as well
as the coefficients of those functions such that the parametrization represents the

inputs and outputs as well as possible.

In this section it will be described how to do this by linear regression using a
predefined set of functions ¢, and the method of least squares. The derivation follows
[20].



3.1. Parametrization 31

Suppose that the relations x; — y; satisfy

yi:ZZﬁ+€i,i:1,...,N, (31)

where z = [¢1(x;) ... dm(x:)], B=[Bo ... Bum]' are the basis function coefficients
i.e. the parametrization, and e; are independent and identically distributed random
variables (error components) with mean 0 and variance o? > 0. Now (3.1]) for all N

observations is written as

y =708 +e, (3.2)
wherey =[y; ... yn|T, Z =121 ... zy]T and e = [e; ... en] .
The aim is to find the coefficients 3y ... Bx that minimize the error sum of squares

(ESS) function, which is defined as

ESS(B) =) el =e'e=(y —2B)"(y — ZB). (3.3)

=1

By differentiating (3.3)) with respect to 8 and setting it to zero the unique ordinary
least-squares (OLS) estimator of 3, which minimizes the ESS function, is obtained.

If ZT7Z is nonsingular, it follows that

Bows = (Z"2)'2"y. (3.4)
If the measurement error variance o2 > 0 is known for each observationi = 1,..., N,
(3.2)) can be rewritten as [2]

Wy = WZ3 + We, (3.5)
where W = diag(i, ce #) is a diagonal matrix of weights. Then the weighted

least-squares (WLS) estimator can be derived in a similar manner as the ordinary

least-squares estimator earlier, being
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Bwis = (Z"WTWZ) 'Z"WTWy. (3.6)

The OLS estimator (or the WLS estimator) will now be called the parametrization
of relations x; — y; with respect to functions ¢y, ..., ¢x. Using these parametriza-

tions the output ¢ ¢ Y at input x ¢ X can also be estimated.
3.2 Kiriging

Kriging, which is also known as spatial prediction, is a method to predict an unknown
process outcome in a certain location given noisy observations at other locations.
The method is named in honor of South African mining engineer D. G. Krige [12].
In this section the fundamentals of kriging are described following the derivation in
[12].

The process of interest is a spatial random process with outcomes Y'(x;) at locations
x; € D,. The process must satisfy 0 < var(Y(x;)) < oo. The measurements are
of form K(x;) = Y(x;) + e;, where e; are independent and identically distributed
Gaussian noise with mean 0 and variance o > 0. The process outcomes Y and the
observations K are dependent on location, but the variance of the process noise is

assumed to not be location-dependent.
It is assumed, for now, that the mean and covariance functions are

py (xi) = E(Y (x;))

(3.7)
Cy (xi,%;) = cov(Y (x;), Y (x;)),

where x; and x; € D, are known, as well as the measurement error variance a2 > 0.

Now the posterior distribution is p(Y|K, uy, Cy, c?), where
K= [K(x), ..., K(x,)]".

It is required that the posterior distribution makes inference on Y'(-), which is ob-
tained with a data model p(K|Y(+),0?) and a process model p(Y(-)|uy, Cy).

€
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3.2.1 Simple kriging

In simple kriging the goal is to obtain an optimal spatial predictor of Y (xq) at
location xg € D, from the class of all heterogeneously linear predictors, {£7K +
k2 e R" k € R}. The simple kriging predictor is the heterogeneously linear
combination of the data that minimizes the Mean Squared Prediction Error (MSPE)
with respect to £ and k,

MSPE(L, k) :=E(Y (x¢) — £'K — k)*

(3.8)
=var(Y(x¢) — £'K — k) + {E(Y(x¢) — £'K — k)}?
The second term is {py (xo) — £7my — k}?, where my = [uy(x1), ..., py(x,)]7.
This is minimized if £ satisfies
k= py(xo) — £ my. (3.9)
Since k is not random, the first term of (3.§)) is
Cy (%0, %0) — 207 cov(Yy, K)T + £7Cgk, (3.10)
where Cg := Ck(x;,x;) is a covariance matrix defined as
C 19 ) + 37 =]
Cx = v x) o, = (3.11)
Cy (xi,%5), LF ]
Also,
cov(Y (x0), K) = [Cy (x0,X1), ..., Oy (X0, X,)] i= cy(x0)”. (3.12)

By differentiating (3.10]) with respect to £ and setting the result equal to 0 it follows
that
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— 2CY(X()) + QCKE =0 (313)

The optimal coefficients £* = C'cy (%) are obtained from (3.13)), when the constant

term will be k* = 1y (xo) — cy (x0)T Cx'my-.

Now the simple-kriging predictor is

Y*(xg) := py (Xo) + ¢y (x0) Cx' (K — my). (3.14)

By substituting (3.9) and (3.13]) into (3.8) the simple-kriging variance, or in the

other words the minimized mean squared prediction error, is obtained from

0y (x) = MSPE(£*, k*) = Cy (%0, %0) — ¢y (%0)" Cx ey (o). (3.15)

Given a linear model for py such as

py (%) = z1 3, (3.16)
where z; := [¢1(x;) ... ¢m(x;)]T are the basis functions, or spatial covariates, and
B = [ ... Bm)' are known regression parameters, the simple-kriging predictor
becomes

Y*(xo) i= 20 B+ cy(x0)  Ci (K — Z3). (3.17)

Here Z is defined as

<Z51(X1) <25m(X1)
Z=| : ] (3.18)

1(Xn) - Pm(Xn)

Note that the simple-kriging variance given in (3.15)) applies also in the case of a

linear model, since it does not involve the basis functions.
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Example of simple kriging in one dimension

2 —
e Y
¥ K
15L Kriging predictor
R 50% confidence bound

X

-0.5

_15 1 1 1 1 1 1 1 1 1 |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Location

Figure 3.1 Example of simple kriging in one dimension. The red dots represent the
process outcomes, the black stars represent the noisy observations, the solid black line is
the kriging predictor and the dashed black lines are the limits of the 50 % confidence bound.

Figurd 3.1] illustrates simple kriging in one dimension. The process location depen-
dence Y (z;) = #3 is unknown, and the observations are K (z;) = Y (x;) + ¢;. In this

example the observation noise 0 = 0.2 and the covariance function is given by

oy ={"" (3.19)

where h is the distance between two points, and a = 0.2, ¢ = 2 and v = 0.5.
This is an example of a covariance function derived from a powered-exponential
semivariogram, which will be described in detail later in this work. The expected
value is assumed to be location dependent being uy (z;) = E(Y(x;)) = 0.8z;. From
the figure it can be seen that the simple kriging estimator describes the process Y
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reasonably well despite the noisy measurements and unknown process. The model
uncertainty is smaller around the locations of the measurements and grows as the
distance from a measurement grows. Even so, the estimate of the uncertainty is

quite conservative.

3.2.2 Universal kriging

Usually the regression parameters 3 = [3; ... BT used in are unknown,
as opposed to the case where the parameters are known, presented in the pre-
vious section. In this case the simple-kriging predictor Y*(x¢) = €K + k* =
CK + puy(xo) — £Tmy obviously cannot be used. However, the regression param-
eters B appear only in the optimal constant term £*, so when changing from the
heterogeneously linear predictors {€'K + k : £ € R™, k € R} to homogeneously
linear predictors {ATK : A € R™"} an optimal spatial predictor can be derived also

in the case where the regression parameters are unknown.

It can be shown that the universal-kriging predictor is

}/}(XO) - Zgﬁgls + CY(X())TCI_(I (K - Z/Bgls>7 (320)

where B = (ZTC}IZ)_IZTC;K is the generalized least squares estimator of (3.

Similarly it can be shown that the universal-kriging variance is

gls

03 (x0) = Cy(x0,%0) — ¢y (x0)" C ey (x0)

(3.21)
-+ (ZO — ZTCI_(ICy(XQ»T(ZTCI_(lZ)_I(ZO — ZTC[}le(Xo)).

For more details of the derivation of the universal kriging equations, see [12] or [13].

3.2.3 Covariance function

In practical applications the covariance function Cy in (3.7), which measures the
spatial statistical dependence in a process, is generally unknown. Therefore it has

to be approximated from the data.

If the process of interest satisfies E(Y) = p for all x € D, and cov(Y (xx), Y (x;)) =
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Cy(h) for all x;, x; = x; + h € D,, then it is second-order stationary (or weakly
stationary). Note that the covariance function depends only on the displacement

vector h between two points, not the points themselves.

To ensure non-negative kriging variance values, function C'y has to be non-negative-
definite, that is

ko k
Z Z TiTjCy(Xi — Xj) > 0 (322)
i=1 j=1
for any positive integer k, any set of spatial locations {x; : i =1 ... k} and any set
of complex numbers {7; : 4 =1 ... k}. Here T is the complex conjugate of 7.

When Cy(h) can be written as a function of ||hl|, it is isotropic and otherwise
anisotropic. It can be shown that second-order stationary processes are intrinsically
stationary, and therefore they have a semivariogram of process Y () which is given

by

VY(h> = CY(O) - CY(h>’ (323)

where h € R% A wariogram is two times the semivariogram, i.e. 2yy(h). The
covariance function Cy can be derived from the variogram 2y by using ,
but 27y is generally unknown. Instead the variogram 2y, which results from the
process K (x;) = Y (x;) + e; described earlier, can be estimated from the data. It is

related to 2vy via

Q’Yy(h) + 20’31, h 7é 0
29k (h) = . (3.24)
27y (h), otherwise

Similarly,

Cx(h) = Cy(h), h#0 (3.25)
Cy(h) + 0?1, otherwise
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The empirical variogram, from which an empirical covariance function can be de-

rived, is computed from the data by

29k (h) = ave({(K(x;) — K(x;))*: ||xi = x5 € [ = AR+ A]; 4,5 =1, ..., n}),
(3.26)

where ave denotes average over elements and A € R is small. What “small” means
in practice depends on the application in question. From (3.24)) and (3.26)) it follows
that

2k (h) — 202, h#0

e’

2y (h) = (3.27)

29k (h), otherwise

For 27y in (3.27) to be an appropriate estimator of 2yy it must be assumed that
27y is isotropic, and that the process Y'(-) is second order stationary.

Finally, based on the above result and (3.23)) the empirical covariance function is

Ck(h) = Ck(0) =7k (h). (3.28)

As it happens, when h # 0 also Cy (k) = C(h), since

Cy (h) =Cy (0) — 3y (h)
BB B, (0) - 02 - G(h) — 0?)

e

=C(0) — Ak (h) = Ck (h).
3.3 Bayesian filtering

Bayesian filtering is a class of methods that can be used in the context of time-
varying systems to estimate the state of a system that is indirectly observed through
noisy measurements. In this section a Kalman filter is defined. Using this tool the
current state of the system can be estimated and the future states can be predicted.
This section follows the derivation from [41].
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First some basic notation and concepts are defined. Let p be a probability density
function, then p(y|x) is the conditional probability of y given x. Function N (m, P)
denotes the normal (or Gaussian) distribution with mean m and covariance ma-
trix P, and NV (x|m, P) is the probability density function of a normally distributed

random variable x with mean m and covariance matrix P.

A probabilistic state space model consists of a sequence of conditional probability

distributions

X ~ P(Xk’qu)

(3.29)
Vi ~ p(Ye|xk),

where x;, € R” is the state of the system at the time instant ¢, and y, € R™ is
the measurement at the time instant ¢;. Function p(xy|xx_1) is the dynamic model
that describes the stochastic dynamics of the system, and it can be a probability
density, a counting measure or combination of them depending on whether x; is
continuous, discrete or hybrid. Function p(yx|xx) is the measurement model, which

is the distribution of the measurements given the state.

The state space model is assumed to be Markovian, which means that it has two
properties. First is the Markov property of states, which means that the state at the
time instant t; is conditionally independent of anything that has happened before
time instant t,_1, as well as that the past is independent of the future. More formally
that is

P(Xk|X1:k—1, Y1:k—1) = P(Xx|Xx—1), and (3.30)

p(Xk—1|Xk:T, Yk:t> = p(Xk—1 |Xk),

where xy, ., are the states of the system from the time instant ¢, to the time instant

tk,, and yg, .k, are the measurements from the time instant ¢;, to the time instant

thy-

The second property is the conditional independence of measurements, which means
that the measurement given the current state at the time instant ¢ is conditionally

independent of the state and measurement histories. Again, more formally that is
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P(YrX1k, Yie—1) = P(Yk|XR)- (3.31)

The purpose of Bayesian filtering is to find the marginal posterior distribution of

the state x; given the measurements yj.;.

The Bayesian filtering equations are stated below. See Theorem 4.1 in |41} p. 54]

for more details and for the proof for these equations.

e Initialization: The recursion starts from the prior distribution p(xo)

e Prediction step: The prior distribution of the state x; can be computed by

the Chapman-Kolmogorov equation
p(Xkly1e—1) = /p(xk|xk—1)p(xk—1|Y1:k_1)dxk:—1 (3.32)

e Update step: The posterior distribution of the state x; given the measurement

yi is by Bayes’ rule

1
P(Xk:bﬁ:k) = Z—kP(Yk|Xk)P(Xk\Y1:k71), where

(3.33)
Zy = /p(Yklxk)p(Xk|Y1:k1>ka

A Kalman filter [22] is a special case of a Bayesian filter. It is a recursive, closed
form solution to the Bayesian filtering equations, assuming that the dynamic and

measurement models are linear Gaussian:

p(xk|xk—1) = N (Xp| Ap—1Xk—1, Qr_1),

(3.34)
p(yrlxr) = N (yeHrxe, Ry).

In more practical terms,

Xp = Ap_1Xp-1 + Qr—1, (3.35)
yi = Hpxy + 1y,

where x; € R" is the state, yx € R™ is the measurement, q;_; ~ N (0, Qy_1) and
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r; ~ N(0,Ry) are the process and the measurement noise, respectively. Aj_; is the

transition matrix of the dynamic model and H;, is the measurement model matrix.

By using the Kalman filter, it is possible to recursively compute the mean and the

covariance of the posterior distribution of the form

p(Xilyin) = N (xx|my, Py). (3.36)

The filter is usually expressed as the prediction and update steps (see (3.32)) and
(3.33])), that are written below. The recursion starts from the prior mean mgy and

covariance Py.

1. Prediction step:
m, = A,_m;_;

_ T (3.37)
P, =A;,_ 1P 1A + Qi
2. Update step:
Sy = H,P_H; + Ry
Ki = PiHLS, (3.38)

P, =P, — K, S;Kj.

In the prediction step a prior estimate of the state mean m, and the covariance
P, at the time instant ¢; is first calculated based on the state transition model. In
the update step these estimates are then updated based on the measurement y; to
obtain the mean m; and the covariance Py, at the time instant ¢;,. See Theorem 4.2

in [41] for more details and for the proof of these equations.

3.4 Bayesian smoothing

Bayesian smoothing is a somewhat similar concept as Bayesian filtering. While in
filtering the current state of the system is estimated given a set of measurements
from the past, Bayesian smoothing can be used to estimate states that happened
before the current time [41]. The key difference is that in smoothing also the values
of future measurements are used to estimate the state. Later in this section a Rauch-

Tung-Striebel smoother is defined for this purpose. Again, the derivation from [41]
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is followed.

In more formal terms, in Bayesian smoothing the purpose is to estimate the proba-
bility distribution

Xg ~ p(Xe|yir), (3.39)

where k < T.

The backward recursive Bayesian optimal smoothing equations for estimating the

state in (3.39) are

P(Xps1|y1n) = / P(Xp1 | X5)p(Xpe | Y18 ) dX

D\Xp+1 Xk )P X41[Y1:
p(xkly1r) Zp(Xk|Y1:k)/[ (K410 )P (X1 [y 17) AXpi1.
P(Xkt1|yix)

(3.40)

See Theorem 8.1 in [4I, p. 134-135] for more details and for the proof of these
equations. Note that p(xxy1|y1:x) is simply the predicted distribution of the state

at the time instant ¢;4.

The Rauch-Tung-Striebel (RTS) smoother [40], also called a Kalman smoother, can
be used for computing the closed form smoothing solution for the linear dynamic
and measurement model in (3.35). In more formal terms, that is

p(Xkly1:r) = N (xx|/my, py). (3.41)

The difference to the solution of the Kalman filter is that the smoothed solution is

conditional on all of the measurements yi.r.

The RTS smoother backward recursion equations are stated below. For more details

and for the proof of these equations, see Theorem 8.2 in [41].
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RTS smoother:
my ., = Apmy,
P, = AP AL + Qp,
G, =P AP (3.42)
mj, = my, + Gy[mj; —m; ],
p="Pi+ Gk[PzH - Pk+1]GT‘

Here m;, and Py are the mean and the covariance computed by the Kalman filter.
Practically, first these values are computed in a Kalman filter. Then a second,
backward, recursion is started for the RTS smoother from the time instant 7" to 0,

with m3, = myp and P73, = Prp.
3.5 Parameter estimation

In practical cases the model parameters, such as the state and the measurement
variances or the state transition and the measurement model matrices, are usually

unknown. Therefore, there is a need to be able to estimate them somehow.

Again, following the notation and derivation from [41], in Bayesian parameter esti-
mation the unknown parameters 8 are modeled as random variables. A state space

model with unknown parameters can be written as

);

6 ~ p(6

Xo ~ p(X0]0),
(
(

(3.43)

X ~p Xk\Xk 1) )

Ye ~ P Yk|X1c7 )

Here p(0) is the prior distribution of the parameters 8. The full posterior distribution
can be formed by the Bayes’ rule, the distribution then being

p(yir[Xor, 0)p(x0:7|0)p(0)
p(yir) '

p(xor, Olyrr) = (3.44)

If the interest is solely on the parameters 6, the states can be integrated out to
obtain the marginal distribution
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pOlyrr) = /p(XO:T,mh:T)dXo:T- (3.45)

The computation of this high-dimensional integral is hard and becomes harder the
more measurements are obtained. Therefore it is more practical to approximate the

marginal posterior distribution as

p(lyir) o< p(yir|0)p(6). (3.46)

Now it is not needed to form the joint posterior distribution explicitly, since the

distribution p(y;.7|@) can be computed recursively using the following factorization:

p(yrr|6) = p(y1]6) HP(Yk|Y1:k_1, 0). (3.47)

Each of the terms p(yx|y1.x—1,0) can again be computed recursively, see Theorem
12.1 in 41, p. 176] for more details. By using this factorization the approximate
marginal posterior distribution in (3.46) can be calculated.

Instead of working with the marginal posterior distribution p(y;.r|@) explicitly, in
parameter estimation it is often more convenient to define the unnormalized negative

log-posterior or energy function:

or(0) = —log p(y1.7|0) — logp(0). (3.48)

The definition of the energy function implies that

p(Olyr.r) o exp(—¢r(0)). (3.49)

The energy function can be evaluated recursively, see Theorem 12.2 in [41], p. 177]

for more details. The recursion of the energy function is

e Recursion start: ¢o(0) = —logp(0)
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e Foreach k=1, ..., T compute ¢x(0) = pr_1(0) — log p(yr|y1:6-1,0)

The EM algorithm is a method to iteratively find a ML estimate of the unknown
model parameters. It can also be used to find a MAP estimate, as is described

below. Again the derivation in [41] is followed.

The EM algorithm is based on the result that it is often possible to compute a lower
bound to the marginal likelihood, even if the direct evaluation is not possible. If

q(x0:7) is an arbitrary probability density over the states, it follows that

log p(y1:7160) = g(q(x0:7), 0), (3.50)
where ¢ is defined as
X017, Y1.17|0
olalxor).8) = [ alxar)log plxor.y1rl0) (3.51)
Q(XO:T)

The idea of the algorithm is to iteratively maximize the right side of (3.50)), so the
left side will be maximized as well. It can be done using the following iteration

e Start from initial guesses ¢, 6©)
e Forn=1,2, ...

— E-step: Find ¢ = arg max, g(q, 8™)
— M-step: Find " = arg maxg g(¢"*", 0)

The above maximizations have to be possible to do in practice. It can be shown [36]

that the result of the maximization at the E-step is

q(n+1)(XO:T> = p(xo.r|y1.T, O(n))- (3.52)

Combining (3.51)) and (3.52)) it follows that
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9(¢"th.0) = / p(xo:r|yir, 0) log p(xo.r, y1:7|0) dxor
(3.53)
- /p(XO:T|Y1:T; e(n)) IOgP(XO:T|Y1:T, e(n))dXO:T-

Since only the first term on the right side of (3.53)) depends on 8, it is equivalent to

maximize

Q(6,0™) = / p(xor|yrr, 8™) log p(xo.r, y1.7|0)dxor, (3.54)

which is same as the first term in Equation (3.53)). This is the expectation of the
logarithm of the complete data likelihood p(xg.1, y1.7|@) over the full joint posterior
of the states given the parameters 0™ . Now the ML estimate can be found using

the following iteration [41]

e Start from an initial guess 8®
e Forn=1,2, ...

— E-step: Compute Q(H,O("))
— M-step: Compute 8™V = arg maxg[Q(6,0™)]

Due to the Markovian structure of the state space model in (3.43)), the complete
data log-likelihood has the form

T

log p(xo.1, y1.7|0) =log p(x0[0) + Z log p(xk[xx-1,0)

k=1
., (3.55)

+ ) log p(ylxx, )

k=1

Now, by combining (3.54)) and (3.55)), @ becomes

Q(0,0™) =1,(0,0") + 1,(0,0™) + 15(8,0™), (3.56)
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where

1,(6,6™) :/p(XO|Y1:Ta0(n))logp(X0|0)dX0

T
1,(6,6™) :Z/p<xkaxkl|Y1:T70(n)) x log p(xk[xp-1, 0)dxpdx (3.57)
k=1

T
I5(0,0™) => / p(xklyrr, 07) log p(y|xx, 0)dxy,
k=1

The expectations above are over the smoothing distributions, so there is no need to
compute the expectations over the full posterior, but only over the smoothing distri-
butions p(xx|y1.7, 9(”)) and pairwise smoothing distributions p(xx, Xx_1|y1.7, 0(")).
This leads to the notion that in the case of the linear state space models it is possi-
ble to find a closed form expression to the above integrals using the RTS smoother
results. In practical applications this means that the EM algorithm can be im-
plemented for linear state space models in a quite straightforward manner using a
Kalman filter and a RTS smoother. This approach is described in detail in Chap-
ter [l

The MAP estimate can be computed using the EM algorithm by replacing the term

lng(XO;T, yl:T|0)

in (3.54) with log p(xo.7, y1.7,0). In practice this means that in the M-step of the
algorithm Q(0,0™) + log p(@) is maximized instead of Q(6,0™).
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4. PARAMETRIZATION AND PREDICTION OF
THE IONOSPHERIC VERTICAL DELAY VALUES

In this work the aim is to represent the GIVD values transmitted by EGNOS as
efficiently as possible. This is done by fitting a set of pre-defined basis functions to
the transmitted data using the weighted least squares method described in Chap-
ter 3 Similarly, the aim is to derive IVD estimates over the whole European area
given dual frequency measurements at varying [PPs over Europe. This is done by
applying universal kriging on the dual frequency measurements to obtain IVD values

at new locations also with estimates of uncertainty at the said location.

In addition to representing the IVD values with as low number of coefficients as
possible, the aim is also to predict these values in future based on the values in
the present and the past. This is done by using a standard Kalman filter, for
which the process noise is estimated with the EM algorithm. For Kalman filter a
Klobuchar-based state model is developed, and it is presented here in addition to a
standard random walk state model. Instead of predicting the IVD values directly,
the parameter values that are obtained by fitting the basis functions to the IVD

values are predicted.

4.1 Function fit on EGNOS transmissions

Two sets of functions are defined to use as basis functions in the EGNOS GIVD value
parametrization. The first one consists of polynomials and the second one consists
of trigonometric functions. For the polynomial basis functions all of the transmitted
EGNOS GIVD values are used, whereas for the trigonometric functions only the the
GIVD values within 30°N and 80°N, and 30°W and 50°E are used. This limitation is
chosen so that the availability of the GIVD values in EGNOS transmissions located

in that area is good at any time.
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4.1.1 Polynomial basis functions

The polynomial basis functions are a Cartesian product of two sets of functions,
one of them consists of polynomials up to the degree m, and another consists of

polynomials up to the degree m,. The first set is defined as

Xpoly = {17 )\87 )‘ga ceey )‘;nx}u (41)

and the second set is similarly defined as

ypoly - {17 Ps Spga ey Sogny} (42>

Here A\; and ¢, are the scaled longitude and latitude values of a point, respectively.
They are scaled such that A\; = % and g = “";—510, where A and ¢ are the longitude
and the latitude values of a point, respectively. The scaling factors are defined by

the limits of the EGNOS coverage area described in Chapter [2 Now

(bpoly = Apoly X ypoly == {fg : f c Xpolyu g c ypoly}; (4 3)
Gpory : R2 = R
is the set of polynomial basis functions used in the parametrization of the EGNOS
GIVD values. The number of basis functions is then m,m,, so m,m, coefficients

need to be found using the weighted least squares method.

4.1.2 Trigonometric basis functions

The trigonometric basis functions are a Cartesian product of two sets of functions,

similarly as the polynomial basis functions. The first set is defined as

Xirig = {1, sin(mzron), cos(mxron), sin(2rzron), (4.4)

cos(2rxron), sin(3mzLon), cos(3mrLon)}-

where rony = %, A being a longitude value of a point. The longitude values
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ranging from 30°W to 50°FE are scaled such that zrony € [0,1]. The longitude

values outside this area are excluded from the computations. Now X : R — R.

The second set is defined as

yt’/‘ig = {1; Sin<7TyLAT)a COS(W?JLAT), Sin(QﬂyLAT)a COS(QW?JLAT)}7 (4-5)

where yrar = 5%, v being a latitude value of a point. Similarly as for the longitude
values, the latitudes ranging from 30°N to 80°N are scaled such that ypar € [0, 1]
and YV : R — R.

Now

¢tm’g = Xtm’g X ytm'g = {fg : f € Xtm‘ga g € ytrig}a (4 6)

Gumig ' RZ 5 R '
is the set of trigonometric basis functions used in the parametrization of the EGNOS
GIVD values. There are 35 functions in total, which means that 35 parameters need

to be found using the weighted least squares method.

4.2 Kriging of dual frequency measurements

In kriging the results depend on the distance measure used. In this work the Earth
is approximated to be locally flat, and thus the distance between two separate IPPs

is the arc length at the height of 350 km between the points, converted to kilometers.

Before kriging can be applied to dual frequency measurements, the semivariogram
vk (h) needs to be estimated. To be able to represent the covariance function Ck
properly the semivariogram has to have a finite limit in infinity [6], so the covariance
function values will have a lower bound at zero. Here the semivariogram from [6]

will be used, and it is formulated as

vio(h) =c(1 — e &) +v. (4.7)

This semivariogram is a variation of a powered-exponential semivariogram, which is
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isotropic [12].

Since the covariance matrix Cy in the universal kriging equations and
turned out to be often nearly singular in the tests, its eigenvalue decomposition
Ck = QcAcQL will be used in the computations. Here the eigenvectors in Q¢ are
assumed to have a unit 2-norm. Now Cf(l = QcAngg and the universal kriging

equations become

Y (s0) = ¢(50)Byis + cr(s0)" QoA QE(K — 2B,,)
o3 (s0) = Cy(so,80) — ¢y (so)" QeAL ' Qécy (so)
+(p(so) — T Crley(so))” (4.8)
(®'QeAC'QL®) !
(@(s0) — " QcAL'Qley (so))-

By formulating the universal kriging equations this way most of the numerical issues

can be avoided when computing the kriging predictor and the kriging variance values.

4.3 Kalman filter

4.3.1 Measurement model

The measurement model in the Kalman filter depends on the chosen set of basis
functions. The two options implemented in this work were described earlier in this
chapter, and the basis functions are here referred to just as ¢;(\;x, ¢jx), where ¢;
is the 7th basis function. Variables ;i and ¢, are respectively the longitude and
the latitude of the location of the jth measurement at the time instant ¢;. The
measurement is here the GIVD values transmitted by EGNOS at the time instant
t.

Now the measurement model matrix Hj, is

D1 Ak, 01k) P2 Mg, 01k) o Pm( Mg, 1)
P1( Ao, P20) G2 Aok 02k) o Om( Aok, o)

i
|

D1 (Mg ks Prg ) P2(Anger Prk) = O (Mg ks Prg k)
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where m is the number of basis functions and n; is the number of the measurements
at the time instant ¢;. Based on (3.35)) the measurement at the time instant t is

now

yi = Hypxy + 1y, (4.10)

where the measurement y; is the EGNOS GIVD values transmitted at the time
instant ¢, and the state x; is the parametrization of the EGNOS GIVD values at

the time instant ;.

The EGNOS transmissions contain error estimates, GIVE for each of the GIVD
values. Therefore determining the measurement noise matrix Ry in the Kalman
filtering equations (3.37)-(3.38) is straightforward. For each measurement y, =

Y1k --- ynk,k]T containing GIVD values at n, IGPs there are n, variance values
O’ik O'?Lk’k. Now
oy, 0 0
2
. O2k " 0
R, = dzag(aik, - O'Zk’k) =1 . : . : , (4.11)
0 0 %kk

and the measurement error in (4.10) is ry ~ N (0, Ry).

4.3.2 State models

In this work two different state models are tested. The first of them is a standard
random walk state model and the second one is a Klobuchar-based state model that

was developed during this work.

The random walk state transition matrix A gy, at the time instant ¢, for estimation

of m parameters is structured as

Apwy = (4.12)
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where Ay = Ag[l ... 17 and A, = t}, — t4_ is the time difference. Now based on

m
(3.35) and the random walk state model the state at the time instant ¢y is

Xi = Apwi—1Xk—1 + Qi—1, (4.13)

where qx ~ N (0, Q). The state noise matrix Q is unknown and is estimated using
the EM algorithm described in the following section.

For the Klobuchar-based state model a quantity called the Klobuchar difference has
been derived. It defines the change in the vertical time delay at a certain location
when the time changes from ¢, to t;,+Ay. If the change in the time delay is multiplied
with the speed of light ¢, the result is the vertical delay in meters. The derivation
of this quantity is presented in detail in Appendix A. The Klobuchar difference is
used to fine-tune the parameters estimated in the Kalman filter into the direction
of the prediction given by the Klobuchar model. The model is quite similar to the
random walk state model, but instead of adjusting the parameters depending on
just the time step the Klobuchar model is used here. This state model requires the
knowledge of the Klobuchar parameters o« = [ag ... az] and B = [y ... (3], which
are included in the GPS satellites navigation message and therefore available when

doing positioning with GPS.

Now the Klobuchar-based state transition matrix Agxp is

Im><m K
Axpr — , 4.14
KBk [()...() 1] (4.14)
N——
where
K1k Iy prr (tk, Ak, Mk, P11)
kp=| | = (HHy) 'H : (4.15)
K,k clyverr(tk, Dk Angk> Py k)

is the Klobuchar difference at the time instant ¢, converted to the parameter space.

Here m is the number of the basis functions, Hy is the measurement model matrix
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at the time instant ¢, and \; and ;. (i =1, ..., ng, where ny is the number of
the measurements at the time instant ¢;) are the longitude and the latitude of the

location of the measurements. Constant ¢ denotes the speed of light.

Now based on the (3.35)) and the Klobuchar-based state model the state at the time

instant t; is

X; = Agpr—1Xk—1 + Qi—1, (4.16)

where q; ~ N(0,Qy). The state noise matrix Q is estimated using the EM algo-

rithm, similarly as for the random walk state model.
4.3.3 Parameter estimation for Kalman filter

In the Kalman filtering equations — the state noise covariance matrix
Qy, as well as the initial state vector my and the initial state covariance P, are
unknown. Some arbitrary initial values could be chosen for my and Py and let the
Kalman filter run for a while to obtain the estimates, but Q cannot be estimated
this way. Instead, the initial state of Q is estimated, as well as mg and Py, using
the EM algorithm described in Chapter [3] The state noise covariance matrix Q is
assumed to be constant for the rest of the prediction. The EM algorithm was chosen
for the initial state estimation, because in preliminary tests some other options such
as gradient-free optimization and Metropolis-Hastings algorithm failed to produce
reasonable results. The gradient-free optimization seemed to fail to converge and
when testing the Metropolis-Hastings algorithm an appropriate accept rate was very

difficult to achieve. For more details of these options see [4]], for example.

The EM algorithm is implemented as suggested in Algorithm 12.5 in [41) p. 191].
In this case 8 = {mg, Py, Q}, and thus the implemented algorithm is

e Start with initial quess 8@ = {m{", P, Q1
e Forn=0,1,2, ... do the following steps

— E-step: Run the RTS smoother using current parameter values 0" =

{m(()n)7 P((]n)7 Q™} to obtain the smoother outputs mg, ..., m$, P, ..., P%.
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25

and G§, ..., G7. Here T is the number of measurements used in the

RTS smoother.

Now

ZPk+mkmk ;

1 S S S
=7 Z P;_, +mj_ [mj ,]" and
k=1
T

1 S S S
=7 Z P;Gy_; +mj[m;_|".
k=1

— M-step: Compute new parameter values 8"+Y

Py = Pj + (mf — m”)(mg — my”)" and

Q) =3 — CAT — ACT + ADPAT.
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5. TESTS AND RESULTS

In this chapter the tests, that have been done to verify the parametrization and pre-
diction of the EGNOS ionospheric corrections using polynomial and trigonometric
basis functions, are presented. The test results are also compared to the ionospheric
corrections provided by both the Klobuchar and the NeQuick G models. In addition,

the test results from applying kriging on dual frequency data are presented.

The EGNOS transmissions used in this work are obtained from the EGNOS Message
Server (EMS) [16], which is operated by the Furopean Space Agency (ESA). Other
data, such as the Final TEC grids, Klobuchar and NeQuick parameters and dual
frequency data are obtained from the IGS [19]. Most of the tests are run on data from
1st to 14th of March 2015. This time period was chosen for a good availability of all
types of data needed during the tests. The specific time instants used are defined
with the associated tests. The Final lonosphere Map Exchange Format (IONEX)
product provided by IGS is used as a “ground truth” when doing comparisons, as
well as the EGNOS transmissions, when convenient. The IGS Final TEC grids are
available at a two hour interval, whereas the EGNOS transmissions are available at
an interval of a few seconds. The comparisons to obtain the error measures are done
within the central European area (within 30°N and 80°N, and 30°W and 50°E), even
though data from a larger area is used to do the computations in the case of the

polynomial basis functions.

Figurd 5.1 displays the IVD values for 10 AM, 8th of March 2015 yielded by using
the different existing ionospheric correction methods and the IGS Final TEC grid
that is converted to IVD. The area in this figure is limited to the European area
where the EGNOS transmissions are available. It can be seen that the NeQuick
G model is able to represent the ionosphere very similarly compared to the IGS
TEC values. It is also easy to see that the Klobuchar model is a simplification
of the actual phenomenon, but it still manages to approximate the behavior of the

ionosphere decently. The IVD values provided by EGNOS are perhaps closest to the
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IVD values for 08-Mar-2015 10:00

IGS (reference) NeQuick G

80
lon [deg] lat [deg] lon [deg] lat [deg]
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[m] 0 o 0
= =

lon [deg] lat [deg] lon [deg] lat [deg]

Figure 5.1 NeQuick G, Klobuchar and EGNOS IVD corrections in the European area
for 8th of March 2015 and IGS Final TEC grid converted to IVD at the same time instant.

IGS reference, judging visually, but they are available only on a limited area, since
the interpolation scheme described in Chapter [2] requires at least three surrounding
IGPs for the interpolation. These are not always available on the edges of the

EGNOS coverage area.

5.1 Parametrization

The two options for basis functions are presented in (4.3)) and (4.6). First, tests
were done to determine a sufficient number of basis functions for both polynomial

and trigonometric bases to use in further tests.

For polynomial basis functions the values m, = 7 and m, = 5 were chosen. For
longitudinal direction x a slightly larger number was chosen, so that the change in
the IVD values as the local time changes would be represented better. With these
choices 35 polynomial basis functions are obtained. Then the number of sufficient
basis functions was tested by increasing the degree of the polynomials as the number
of the basis functions was increased. One basis function means a constant of 1, and

35 basis functions means polynomials summed up to the term A7¢?. These basis
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Mean error quantiles for each humber of basis functions
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Figure 5.2 The mean of 95% and 68% error quantiles over a number of tests done using
polynomial and trigonometric fits and different numbers of basis functions. The fits were
done on EGNOS transmissions between 1st and 7th of March 2015.

functions were fitted to the EGNOS data using the weighted least squares method
described in Chapter [3] The weights used are the GIVD error bounds transmitted
by EGNOS in addition to the GIVD values. The trigonometric basis functions were
also tested in a similar manner. The EGNOS transmissions were from 1st to 7th of

March 2015, and the fits were done at a two hour interval.

Figurd 5.2] presents the mean of the 95% and 68% error quantile values of the IVD
obtained from the fit compared to the original GIVD values provided by EGNOS
computed separately for each of the fits and different basis lengths. The results
are shown for both the polynomial and the trigonometric basis functions. It can
be seen that the decrease in the error is significant up to 15 basis functions for the
polynomial basis functions and up to 30 basis functions for the trigonometric basis
functions, but the decrease does not stop there. Lowest error values are obtained

with 35 basis functions for both polynomial and trigonometric basis functions.
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68% error quantiles
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Figure 5.3 Error quantiles at 68% over a number of tests done for different polynomial
fits on EGNOS transmissions between 1st and 7th of March 2015.

Figurd 5.3 shows the 68% error quantile values used when computing the means in
Figurd 5.2 for 1, 5, 20 and 35 polynomial basis functions plotted against the time the
data is from. It can be seen that the constant basis function 1 fails to represent the
daily variations in the IVD being high during daytime and lower during nighttime.
Similar variations can be seen for other numbers of basis functions, but the diurnal
variations are not that clear. As can be seen from the Figurd 5.2] the error for 35
basis functions is most of the times slightly smaller than for 20 basis functions, but
from Figurd 5.3]it can be seen that at some time instants the difference between 20

and 35 basis functions is insignificant.

From Figurd 5.2]it can be deduced that when increasing the number of basis functions
a significant reduction in the error is not achieved with a larger number than 20 to
35 polynomial basis functions and 30 to 35 trigonometric basis functions. Since

the goal is to represent the state of the ionosphere as efficiently as possible, that is
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with a sufficiently small number of basis function coefficients, 35 polynomial basis
functions were chosen to use in the further tests. Similarly it was decided to use 35

trigonometric basis functions.

5.1.1 Weighted least squares fit

After determining a suitable number of basis functions the weighted least squares
fitting on EGNOS transmissions was tested further. Fits were made on EGNOS
data at a two hour interval starting from midnight and compared the results both
to the EGNOS transmissions and the IGS Final TEC grids converted to IVD values.
The two hour interval was chosen due to the IGS Final TEC grids being available

at this interval.

Figurd 5.4] shows the 95% and 68% error quantiles for weighted least squares fits
using both trigonometric and polynomial basis functions. The fits were compared
to EGNOS transmissions for data from 1st to 14th of March 2015. Figurd5.5displays
similar results when comparing the fitting results to IGS Final TEC grid converted
to IVD. It can be seen that there is no significant difference between the different
basis functions, sometimes one performs slightly better than the other but the roles
change often. The larger error compared to the IGS data is due to the fact that
the EGNOS transmissions themselves often differ from the IGS data. Since the fits
were done on the EGNOS transmissions, difference to another dataset is inevitable.
Figureq 5.6 and display similar results for the Klobuchar and the NeQuick G
ionosphere models. The NeQuick G parameters were not available for the whole test
period. These models generally differ from both the EGNOS transmissions and the
IGS data more than either of the fitted models. Based on the 68% error quantile
curve in Figurd 5.6, the Klobuchar model seems to be slightly closer to the EGNOS
transmissions than the NeQuick G model. When compared to the IGS data, the
NeQuick G model is closer to that than the Klobuchar model. Overall, the NeQuick
G model is performing better than the Klobuchar model.

These results are also confirmed in Table where the Root Mean Squared Error
is shown for the weighted least squares fits using both trigonometric and polyno-
mial basis functions and the Klobuchar and the NeQuick G models. Compared to
both the EGNOS transmissions and the IGS Final TEC grids converted to IVD,
the Klobuchar model performs the worst and the weighted least squares fit on the

EGNOS data using the trigonometric basis functions performs the best, although
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Fit compared to original EGNOS data
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Figure 5.4 Comparison of weighted least squares fit results for polynomial and trigonomet-
ric basis functions to EGNOS transmissions. The black color represents the trigonometric
functions and the red color represents the polynomial basis functions. The solid line is the
95% error quantile and the dashed line is the 68% error quantile. The tests were done on
data from 1st to 14th of March 2015.
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Figure 5.5 Comparison of weighted least squares fit results for polynomial and trigono-
metric basis functions to IGS Final TEC grid converted to IVD. The black color represents
the trigonometric functions and the red color represents the polynomial basis functions.
The solid line is the 95% error quantile and the dashed line is the 68% error quantile. The
tests were done on data from 1st to 14th of March 2015.



5.1. Parametrization 62

Klobuchar & NeQuick compared to EGNOS data
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Figure 5.6 Comparison of Klobuchar and NeQuick G ionosphere models to EGNOS
transmissions. The black color represents the Klobuchar model and the red color represents
the NeQuick G model. The solid line is the 95% error quantile and the dashed line is the
68% error quantile. The tests were done on data from 1st to 14th of March 2015. The
NeQuick parameters were not available for the whole test period.
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Figure 5.7 Comparison of the Klobuchar and the NeQuick G ionosphere models to IGS
Final TEC grid converted to IVD. The black color represents the Klobuchar model and the
red color represents the NeQuick G model. The solid line is the 95% error quantile and
the dashed line is the 68% error quantile. The tests were done on data from 1st to 14th of
March 2015. The NeQuick parameters were not available for the whole test period.
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Table 5.1 Comparison of the polynomial and the trigonometric basis function fits, the
Klobuchar model and the NeQuick G model to both EGNOS transmissions and IGS Final
TEC product. The comparisons are done on data from 1st to 14th of March 2015.

RMS error [m| | Polynomial | Trigonometric | Klobuchar | NeQuick G
EGNOS 0.3003 0.2854 1.8616 1.6197
IGS Final TEC 1.0987 0.9684 2.1250 1.4561

the difference between trigonometric and polynomial basis functions is small.

5.1.2 Universal kriging

To be able to do universal kriging properly, the measurement error variance of the
dual frequency measurements has to be estimated. This is done by comparing the
dual frequency measurements to the IGS Final TEC grids for data from 7th to 9th
of March 2015 at a two hour interval starting from midnight. The TEC grids are
converted to IVD using (2.3)), and a similar interpolation scheme as in SBASs (see
Chapter [2| for details) is used to obtain IVD values in between of the grid points.

Figurd 5.8 shows a histogram of dual frequency measurement error values. The
shape of the histogram resembles a Gaussian mixture with two peaks and different
means and variances. This may suggest two different error sources. The possible
error sources in this case are instrumental bias in addition to differential code bias,
multipath (which is assumed to be zero in the computations), the simplification
made in the thin shell approximation and the slant factor used. Even though the
distribution of the errors seems bimodal, for the sake of simplicity only the overall
error variance is estimated in this case, resulting in 02 = 8.3964. This value is used

in the following kriging tests.

The next part of the tests is the estimation of the semivariogram ~g. It was de-
cided to use the dual frequency measurements from 16 minutes before the moment
the data to use in kriging was from at a 2 minute interval, resulting in 9 experi-
mental semivariograms. This way the behavior of the variance at the current time
instant is captured better than when using data from a longer time period. First
the experimental variogram 2yx presented in Chapter |3| is computed and then the
obtained values are divided by 2 to get the experimental semivariograms. For the
experimental variogram computation values of h at a 300 km interval starting from
0 km are used, and A is set to 150 km.
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Histogram of dual frequency measurement error compared to IGS TEC grid
Data from 03/07/15 to 03/09/15
Mean: -0.50549 02:8.3927
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Figure 5.8 Histogram of error values when comparing IGS TEC data converted to IVD
and IVD obtained from dual frequency measurements.

The powered-exponential semivariogram function described in Chapter [ is then
fitted to the experimental semivariograms. For the fitted semivariogram to be an
approximate upper bound of the variograms, value of 2 is then added to the value
of v. This choice of the value to add is somewhat arbitrary. Figurd 5.9 displays an
example of the experimental semivariograms and the fitted semivariogram, and the
fit coefficients. It can be seen that the fitted semivariogram is an upper bound for

most of the experimental semivariograms.

In the tests the automatic semivariogram estimation turned out to be somewhat
problematic. When in some cases the estimated semivariogram overbound is seemly
appropriate, the kriging results obtained using it are not quite what one would
expect. Figurd 5.10] displays an example of the kriging results from 8th of March
2015 at 2PM, using the semivariogram estimated using the method described and the
trigonometric basis functions. This semivariogram is displayed in Figurd 5.9, The
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Semivariograms from 08-Mar-2015, N=9
a=9999.9982, c=3.6219, v=8.3578
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Figure 5.9 Example of experimental semivariograms computed at and before 8th of March
2015, 2AM. The experimental semivariograms are black and the fitted semivariogram is red.
The coefficients a, ¢ and v are displayed in the upper part of the figure.

estimated IVD values are presented as a grid, and the dual frequency measurements
are presented as red circles. Judging visually, the estimated IVD values are smaller
than the data might suggest. Figurd 5.11] displays the same situation, but with
a slightly different semivariogram estimate. Here v is larger than in Figurd 5.10]
and judging again visually the estimated IVD values match the dual frequency
measurements better. In some other cases the overbound estimation by adding 2 to

the value of v yielded good results, so that value is used in the further tests.

The universal kriging is tested using dual frequency measurements from 7th to 9th of
March 2015 at a one hour interval starting from midnight. For each time instant, one
of the dual frequency measurements is left out, then kriging is done using the other
measurements and the results are compared to the left out measurement. The same
is done for all of the measurements. Figurd5.12 displays the resulting error quantiles

of this leave-one-out cross-validation test for different time instants. It can be seen
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Kriging predictor values from 08-Mar-2015 02:00:00
Limiting to European area
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Figure 5.10 Exzample of kriging results from 8th of March 2015 obtained using the semi-
variogram parameters a = 9999.9982, ¢ = 3.6219 and v = 8.3578.

Kriging predictor values from 08-Mar-2015 02:00:00
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Figure 5.11 Example of kriging results from 8th of March 2015 obtained using the semi-
variogram parameters a = 9999.9982, ¢ = 3.6219 and v = 11.3578. Note that the value of
v is only slightly different from Figure otherwise the semivariogram parameters are
the same.
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that the 68 % error quantile is most of the time less than 4 m, but occasionally 95%
quantile errors around 16 m occur. Figurd 5.13| displays the relative error quantiles
for the same time instants. The relative error is the absolute error value divided by
the estimated standard deviation. It can be seen that most of the times the 68%
-quantile relative error is less than 1, which means that even though there is an error
in the estimate, the error bound is estimated such that the error is within that error
bound.

Similar tests were run on the same data using the polynomial basis functions. The
tests showed that the same set of polynomial basis functions used in the least squares
fitting and prediction is not suitable for kriging. The 68% error quantile for the
estimation error was around 4 m and 5 m for most of the time, but the 95% error
quantile was sometimes as high as 300 m or more. Similarly the 95% error quantile

of the relative error was sometimes even higher than 50.

5.2 Prediction

EGNOS transmits ionosphere-related data at a non-constant interval of a few sec-
onds. The aim was first to find a sufficient length of a time period from which the
data should be taken to use in the initial state estimation, as well as to determine a
sufficient number of iterations to run the EM algorithm. As described in Chapter [4]
this is done to estimate the state noise covariance matrix Qg, the initial state my

and the initial state covariance matrix P.

First the effect of the amount of data used in the initial state estimation is tested.
This is tested by doing a 10 minute prediction of the trigonometric fit basis function
coefficients without updating the Kalman filter. After the prediction the IVD values
computed based on the predicted coefficients are compared with the GIVD values
transmitted by EGNOS that are valid at the time the prediction was made for. In
the prediction tests no comparison is done against the IGS Final TEC grids, since
the grids are available at a too sparse interval. In Figurd5.14]the 68% error quantiles
are plotted against the duration of the prediction for both the random walk and the
Klobuchar-based state model and for 5 and 30 minutes of EGNOS transmissions
using the trigonometric basis functions. The data used in this test is from 1st of
March 2015. The predictions were started at either 5 or 30 minute interval such that

there was no overlap in the data used in the EM algorithm in different predictions.
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Error quantiles, kriging using trigonometric basis functions
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Figure 5.12 The cross-validation results of kriging presented as error quantiles, using
trigonometric basis functions. The solid line is the 95% error quantile and the dashed line
is the 68% error quantile.

Relative error quantiles, kriging using trigonometric basis functions
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Figure 5.13 The cross-validation results of kriging presented as relative error quantiles,
using trigonometric basis functions. The relative error is computed as the absolute error
divided by the standard deviation value obtained from the kriging variance estimate. The
solid line is the 95% error quantile and the dashed line is the 68% error quantile.
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68% error quantiles
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Figure 5.1/ Prediction error quantiles at 68% for random walk and Klobuchar-based state
models using either 5 or 30 minutes of EGNOS transmissions before prediction starting time
and 100 EM algorithm iterations.

From Figurd 5.14]it can be seen that for the random walk state model the prediction
error for 5 minutes of EGNOS transmissions used in the initial state estimation is
smaller throughout the prediction period compared to the 30 minutes of transmis-
sions. This is true also for the Klobuchar-based state model in the beginning of the
prediction, although after about six minutes into the prediction the error for the
smaller amount of data used in the initial state estimation grows larger. The results
seen here are due to the effect of the old data in the initial state estimation. The
state is generalized too much when using older data up to 30 minutes, and therefore

only more recent data should be used in the initial state estimation.

Next the effect of the EM algorithm iterations on the initial state estimation is
tested. This is done by using 30 minutes of EGNOS transmissions for the initial
state estimation, and either 100 or 500 iterations of the EM algorithm. As previously,
the data used in this test is from 1st of March 2015 and the predictions without
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68% error quantiles

0.5
- RW, 500 iter.
Klob., 500 iter.
- = RW, 100 iter.
0451 _ _ Kiob., 100 iter.
0.4+

abs(IVD gy 05 VD, eq) [M]

0.2

015 1 1 1 1 1 1 1 1 |
1 2 3 4 5 6 7 8 9 10

Prediction time [min]

Figure 5.15 Prediction error quantiles at 68% for random walk and Klobuchar-based
state models using 30 minutes of EGNOS transmissions before prediction starting time and
either 100 or 500 EM algorithm iterations.

updating the Kalman filter were started at a 30 minute interval such that there was

no overlap in the data used in the EM algorithm in different predictions.

Figurd 5.15 presents the 68% error quantiles for both state models, in a similar
manner as previously, and for either 100 or 500 iterations of the EM algorithm.
From Figurd 5.15] it can be seen that the increase in the iterations improves the
prediction result, but only slightly by a few centimeters. This result suggests that
after the 100 iterations the effect of the increased number of the EM algorithm

iterations is insignificant.

These tests were done to justify the choices made for the initial state estimation
used in the more conclusive predictions presented next. It was decided to use 5
minutes of EGNOS transmissions from the time just before the beginning of a pre-

diction. Instead of using a fixed number of iterations in the EM algorithm, it was
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decided to be implemented adaptively such that the EM algorithm stops when all of
the estimated parameters change less than 1% on average between two consecutive
iterations, or when reaching a maximum of 1000 iterations. Since the EM algorithm
is computationally demanding, taking a lot of time, this adaptiveness lightens the
computational load. The number of EM algorithm iterations in the adaptive version
seems to typically be somewhere between 100 and 300 iterations, which is sufficient

in regards of the previous tests.

After determining the suitable setting for the initial state estimation using the EM
algorithm the prediction of the parametrization was tested using both the trigono-
metric and polynomial basis functions, and the random walk and the Klobuchar-
based state models. The EGNOS transmissions from 1st to 7th of March 2015 were
used. Predictions were tested using 5, 10, 20 and 30 minute filter update interval.
The predictions were started at a 5 minute interval such that the EGNOS transmis-
sions used in the initial state estimation for each prediction test run do not overlap.
The IVD values were computed based on the predicted parameters and compared to
the EGNOS transmissions from the given time instant. The errors were computed
at a 1 minute interval for the predictions with a 5 minute update interval and at
a 2 minute interval for the other predictions. The predictions were continued for a

period of six hours each.

Figurd 5.16] displays the 68% error quantile for the prediction results using both
trigonometric and polynomial basis functions and both random walk and Klobuchar-
based state models using a 5 minute update interval in the filter. It can be seen that
after an initialization period of a few filter updates the prediction of the parametriza-
tion using the trigonometric basis functions is consistently performing better than
using the polynomial basis functions. This result is in line with the earlier weighted
least squares fitting results. After a few filter updates it is also clear that the
Klobuchar-based state model is yielding better prediction results than the standard
random walk state model. Similar results, that are displayed in Figurd 5.17] are ob-
tained also for predictions with a 10 minute update interval, although the difference
between different state models is not as clear. In addition, the overall filtering error

is larger with a longer update interval.

Figure | 5.18 which displays similar results as the ones presented previously for a
30 minute filter update interval, emphasizes further the degradation of the filtering

results when increasing the filter update interval. When using a 30 minute update
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68% error quantiles for different basis functions and state models
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Figure 5.16 The 68% error quantiles for both trigonometric and polynomial basis func-
tions plotted against the prediction time, using a 5 minute filter update interval. The total
prediction time is 6 hours. The red color represents the polynomial basis functions and
the black color represents the trigonometric basis functions. The dashed lines represent the

random walk state model and the solid line represents the Klobuchar-based state model.

68% error quantiles for different basis functions and state models
10 min. filter update interval

0.55 -
—Trig., KB
........ Trig_’ RW
L —Poly., KB
osEN D Poly., RW

1 1 1 1 1 1
50 100 150 200 250 300 350
Prediction time [min]

Figure 5.17 The 68% error quantiles for both trigonometric and polynomial basis func-
tions plotted against the prediction time, using a 10 minute filter update interval. The total
prediction time is 6 hours. The red color represents the polynomial basis functions and
the black color represents the trigonometric basis functions. The dashed lines represent the
random walk state model and the solid line represents the Klobuchar-based state model.
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68% error quantiles for different basis functions and state models
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Figure 5.18 The 68% error quantiles for both trigonometric and polynomial basis func-
tions plotted against the prediction time, using a 30 minute filter update interval. The total
prediction time is 6 hours. The red color represents the polynomial basis functions and
the black color represents the trigonometric basis functions. The dashed lines represent the
random walk state model and the solid line represents the Klobuchar-based state model.

interval the difference between the random walk and the Klobuchar-based state

models is also small.

For comparison, the 68% and 95% error quantiles for the Klobuchar model com-
pared to the EGNOS transmissions over the same time instants that were used in
prediction, were 0.8740 m and 4.0010 m, respectively. The 68% and 95% error
quantiles for the NeQuick G model compared to the EGNOS transmissions were
respectively 1.1719 m and 2.3042 m. This result proves that the prediction of the
IVD values, even when using as large update interval as 30 minutes, outperforms

the other ionospheric models when comparing to the EGNOS transmissions.

The use of the old parametrization was also tested in comparison to the predicted

results. A least squares fit was made and compared the IVD values obtained using

it to EGNOS transmissions every minute up to 30 minutes. Figured 5.19| and 5.20]

show the 68% error quantile of the filtering results after an initialization period

of a few filter updates compared to the 68% error quantile when using the old
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parameter values. In this comparison the results obtained using the Klobuchar-
based state model and 5, 10, 20 and 30 minute filter update intervals have been used.
Figurd 5.19 displays the result for the trigonometric basis functions and Figurd 5.20]
for the polynomial basis functions. It can be seen that when using the predicted
trigonometric basis function parameters the results are superior compared to using
the old parametrization in the case of 5 and 10 minute filter update intervals. With
longer prediction periods and when using polynomial basis functions the use of old

parameter values outperforms the prediction results.
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68% error quantiles for different prediction lengths and old fitted parameters
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Figure 5.19 The 68% error quantiles for 5, 10, 20 and 30 minute predictions lengths for
trigonometric basis function parameters are presented in black. The red solid line represents
the IVD error using old fitted parameters.
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Figure 5.20 The 68% error quantiles for 5, 10, 20 and 30 minute predictions lengths for
polynomaal basis function parameters are presented in black. The red solid line represents
the IVD error using old fitted parameters.
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6. CONCLUSIONS

In this work the ionospheric correction methods in GNSS have been studied. In
addition to studying the existing methods, the Klobuchar model, the NeQuick G
model and SBASs, a data-driven approach has been developed for estimating the
pseudorange error caused by the ionosphere. These methods have been tested using
data obtained from the IGS and the ESA.

In this work the aim was to represent the EGNOS transmissions as compactly as
possible. For this purpose two different sets of basis functions, polynomial and
trigonometric, were used to find a parametrization of the ionospheric data. In this
work it has been shown, by comparing with both the EGNOS transmissions and
the IGS Final TEC grids, that both of these parametrizations approximate the
ionospheric vertical delay better than the Klobuchar or the NeQuick G models.

Using the same basis functions, universal kriging was applied to dual frequency
measurements. The advantage of this method is the variance estimates obtained
corresponding to the estimated ionospheric delay values. This has been done earlier
in [6] and [7], for example. Universal kriging is a powerful tool to use on spatial data,
but its use requires careful consideration of the choices made in data processing and
the semivariogram estimation. When applying kriging using the trigonometric basis
functions a decent outcome was obtained, but the results were worse when using
the polynomial basis functions. The estimation of the semivariogram is crucial in
kriging, and doing that in an automated way turned out to be difficult. The dual
frequency measurement noise was estimated in comparison to the IGS Final TEC
grid, which may have not been an optimal method. One way to improve the kriging
results might be to exclude the planar trend in the ionosphere in a similar manner
as in [6] when estimating the semivariogram. Failing to exclude this trend may
have lead to too large semivariogram values for longer distances and thus degrading
the universal kriging outcome. In addition to the difficulties in kriging itself, many

approximations were made when converting the dual frequency measurements to
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IVD values. The ionosphere was assumed to be concentrated on a thin shell, and
the Earth approximated as a sphere. In kriging the Earth was approximated to be
flat. All these choices made cause a deviation of the estimate from the true state of

the ionosphere.

In addition to estimating the ionospheric error using a parametrization the aim was
also to predict the values of these parameters. This was done using a standard
Kalman filter and both the polynomial and trigonometric basis functions. In addi-
tion to a standard random walk state model, a new Klobuchar-based state model
was developed for predicting the ionospheric error. This state model adds a crude
estimate of the physical phenomenon behind the ionosphere into the prediction pro-
cess. In this work it has been shown that when predicting the parametrization, the
Klobuchar-based state model is better than the standard random walk state model.
It also has been shown that compared to the EGNOS transmissions, the IVD values
obtained by prediction of the trigonometric parametrization of the ionospheric delay
are superior to the Klobuchar model, the NeQuick G model and using an “outdated”
parametrization. This requires sufficiently frequent filter updates, but in this work
it has been shown that once the filter has settled, updating every 5 or 10 minutes is
enough. In fact, the prediction error with these choices is roughly the same as the

parametrization error.

By using the ionospheric corrections provided by EGNOS or other SBASSs, it is pos-
sible to significantly reduce the ionospheric error in the pseudorange measurements.
This comes with a cost of a high amount of data transfers needed. In this work
it has been shown that it is possible to significantly reduce that amount by using
a parametrization and prediction of the ionospheric delay, and still outperform the
other existing options. This is useful, for example, when providing ionospheric cor-
rections over the internet to a device with positioning capability but that is unable

to receive SBAS messages. This is the case with most of the current smart phones.

The parametrization and prediction method presented in this work can still be fur-
ther improved. The initial state estimation can be improved, so the filter might not
need as many updates before settling. A physics-based state model could be found
for the Kalman filter. One interesting option would be to implement an online EM
algorithm described in [28]. This way it might be possible to do longer predictions
when the long term variations, such as the change from day to night, could be better

taken into account. A change in the coordinate system to an Earth centered inertial
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coordinate system, where one of the axes faces the Sun, could be tested. This way
the daily variations would cease to exist and the prediction might become easier.
The dual frequency measurements could be used in the Kalman filter, as well as
the EGNOS transmissions. The Kalman filtering and kriging could be merged as
is suggested in [26] and [11]. Furthermore, the effect of the presented ionospheric
corrections to the positioning error could be tested. This was not done in this work.
All in all, this work is a starting point in studying a compact and yet accurate

data-driven ionospheric correction method.
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APPENDIX A. THE KLOBUCHAR DIFFERENCE

The Klobuchar time difference, which is used in the Klobuchar-based state model,
is derived as follows. Based on (2.12)) [24], given the location and the Klobuchar

model parameters for the time instant ¢;, the ionospheric time delay during daytime

18

2m(ty — T,
IVERT =DC + A cos {Ml .

P

If the Taylor series expansion described in (2.15)) is used, it follows that

J— DC+A(1—%<{M%—;TP>D2+5({MD4) 2)

272 ,  2mt 4

If parameters C = 213%2 and Cy = g%i are defined, further reduces to

Iygrr = DO + A(1 — Cy(ty — Tp)* + Co(ty — Tp)*)
= DC + A(Cyty — AC5Tpts + (—Cy + 6C, T3t (3)
+ (2C\Tp — 4Co TNty + (—C T2 + CyTp + 1))

Now, if the following parameters are defined

Dl = ACZa
Dy = — 4AC5Tp,
D3 = A(—Cy + 6C,T3), (4)

Dy = A(2C,Tp — 4C,T}) and
D5 = A(=C\T2 + CyTp + 1) + DC,

eventually based on it follows that



APPENDIX A. The Klobuchar difference 84

IVERT = Dlti + Dgti + Dgti + D4tk -+ D5 = IVERT<tk)- (5)

From it follows that

Iverr(te + Ar) =Dy (ts + Ap)* + Doty + Ar)? + D(tr + Ag)? + Du(ty + Ay) + Ds
=Dy (t} + 40kt + 647t + 4Nt + A7)
+ Do(t] + 3Axt; + 325t + AF)
+ Ds3(t7 + 204ty + A2)
+ Dy(ty + Ag) + Ds
= Dity + Datj, + Dsti + Daty, + Ds

Iy prr (t)
+ Dy (AARE + 6A%E + 4NN, + AF)
+ Do(3Axt;, + 3A%t: + A})
+ D3 (20t + AF)
+ DAy
=:Tyerr(ty) + Iverr (te, Ak),

where

Iverr (tr, Ag) =D1(AAktE + 6A282 + 4A3t, + A})
+ Da(3At;, + 3AFt, + AF)
+ D3 (2Akty, + AF)
+ DAy,

is called the Klobuchar time difference.
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