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ABSTRACT 

 

Utilizing biomimetic mechanical forces for differentiation of stem cells toward osteo-

genic, cardiomyocytes and other cell types is a technique that has been applied increas-

ingly in recent years. Different types of apparatuses and devices are being designed and 

fabricated in order to accurately direct these mechanical forces onto stem cells in both 

2D and 3D configurations.  

In this thesis, a novel and easy-to-fabricate structure is designed to provide mechanical 

stimulation of cells in a cell culture environment. This is facilitated by means of pneu-

matic actuation. The pneumatic actuation of the hyperelastic PolyDiMethylSiloxane 

(PDMS) material directs a tensile strain on cell population in the environment. The 

structure has been previously designed at Micro- and Nanosystems research group to 

provide equiaxial strain. In this study, steps are taken to modify the structure to provide 

not only the equiaxial strain, but also uniaxial strain for stimulation of stem cells in 

vitro. As the primary objective of this study, the modified structure makes two afore-

mentioned types of mechanical strain achievable. 

In this study, computational model of the device is developed based on Neo-Hookean 

hyperelastic material model using COMSOL Multiphysics 5.1 software. Finite element 

based model of the structure is implemented and numerical simulations are performed to 

analyze stress and strain under applied vacuum. The structure is then optimized based 

on various geometric parameters to improve the performance of the device according to 

defined requirements and objective functions. The optimized structure is then further 

analyzed to completely identify the performance characteristics of the device.  

Two different geometries are proposed for the device structure. The designed structures 

are demonstrated to provide relatively good performance based on requirements. The 

structures provide rather high strain magnitude in case of equiaxial strain. In case of 

uniaxial strain, they provide a relatively high average value for the first principal strain 

and a low average value for the second principal strain. The structures also exhibit an 

almost uniform uniaxial strain field. The results indicate an acceptable performance of 

the devices in both cases.  
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1. INTRODUCTION 

This chapter provides an introduction to the role of mechanical stimulation on stem cell 

growth and differentiation. The effects of two different common types of mechanical 

stimulation, i.e. uniaxial stretching and equiaxial stretching, on cells are explained. State 

of the art in existing equiaxial cell stretching device designed by Micro- and Nanosys-

tems research group is depicted and the motivation to implement this study is also de-

scribed.    

1.1. Role of Mechanical Stimulation on Stem Cell Growth and 
Differentiation 

Applying biomimetic mechanical forces for differentiation of stem cells toward osteo-

genic, cardiomyocytes and other cell types is a technique that has been practiced in-

creasingly in recent years. Different types of apparatuses and devices are being designed 

and fabricated in order to accurately direct these mechanical forces onto stem cells in 

both 2D and 3D configurations. Currently, tensile strains are the most studied and wide-

ly used types of mechanical forces among all types of mechanical forces. Researches are 

also dedicated to making use of more complex systems, providing such forces as tor-

sion, shearing, and hemodynamic forces. The effects of compressive forces and tensile 

strain on mesenchymal stem cells, adipose derived stem cells, and embryonic stem cells 

are in the interest of researchers in tissue engineering [1][2]. 

One of the key concepts in functional tissue engineering is determination of force pat-

tern exposure of tissues in vivo [2]. The type of these force patterns and magnitude of 

these forces have been extensively modeled. These models are used in the design of 

bioreactors, which are intended to promote the in vitro recreation of the physiological 

environment that a specific tissue experiences in vivo [3]. 

It has been proven that utilizing different types of mechanical loads regulates the self-

renewal of stem cells and directs their differentiation. However, the actual intracellular 

mechanisms through which this stem cell differentiation occurs, still remains largely 

unknown [5].  

As mentioned earlier, it has been demonstrated that microenvironment of the stem cells 

influences their differentiation and phenotypic expression [6]. It is an engineering issue 

to make sure that applied forces in vitro are transmitted to the cells just as they would be 

experienced in vivo. Thus, understanding of biological systems in conjunction with the 

engineering ability to accurately recreate proper physical signals is required. 

 



2 

 

1.2. Tensile Forces 

Tensile forces are one of the two main types of forces (the other one is compressive 

forces) applied to assist and direct the differentiation of stem cells toward a specific cell 

type. The two common forms of tensile strain deployed to achieve this goal are equi-

axial and uniaxial strains. 

1.2.1. Equiaxial Strain 

Equiaxial strain is defined as a circumferential deformation that is equal in magnitude 

along all axes. The most common method to achieve equiaxial strain is to induce the 

deformation in the central region of a circular circumferentially bound elastic structure. 

In this case, cells which are present in the deformed central region would be experienc-

ing a radial tensile stress in all possible directions. 

Most researches investigating impacts of mechanical stresses on stem cell populations 

to direct the differentiation phenomena rely on accurate implementation of the patterns 

and magnitude of mechanical forces that the differentiated tissue will eventually be ex-

posed to, in vivo. Under specific circumstances, mechanical stimulation of cells, enables 

guiding cell orientation and structured matrix deposition. This is an imperative in highly 

structured tissues such as muscle, cartilage and bone and will also result in improvement 

of mechanical properties of final tissues, theoretically [1]. 

Equiaxial tensile strains are the most common form of forces applied in order to achieve 

myogenic lineage for cardiovascular system which is composed of smooth and cardiac 

muscle [7].  

1.2.2. Uniaxial Strain 

Uniaxial stretching implies that the stretch applied to the cells is directed only in one 

axis. Uniaxial stretching is also referred to as longitudinal stretching. A uniaxial or lon-

gitudinal strain is accomplished when deformation is directed along a single axis in the 

structure. To obtain uniaxial stretching more complex structure is required. It has been 

proven that the cells’ alignment direction versus the axis in which stretching occurs in-

fluences the differentiation of the cells. 

In extent of osteogenic differentiation, uniaxial stretching has been applied to both hu-

man adipose stem cells (hASCs) and human mesenchymal stem cells (hMSCs) and the 

results indicated evidence of upregulated differentiation in both cell types [8].  

1.3. Equiaxial Cell-Stretching Device 

Mechanical stimulation of cells usually involves cell culture systems with controlled 

delivery of mechanical input such as hydrostatic pressure, fluid shear stress, or substrate 

strain [9]. PolyDiMethylSiloxane (PDMS) providing beneficial properties, such as: hy-

perelascticity, high transparency, gas permeability and non-toxicity, so that most me-

chanical cell stimulation devices are fabricated with PDMS. Furthermore, cell stimula-

tion structures which utilize membrane deflection under pressure are commonly used in 

cell culturing due to ultra large deflections of PDMS and simplicity of the fabrication. 
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Micro- and Nanosystems research group has designed a novel system for studying cellu-

lar mechanobiology. The device is used to apply an equiaxial strain field to cells cul-

tured on a PDMS base membrane. Cells under cultivation are stretched due to an exist-

ing equiaxial strain on the membrane of the device. This equiaxial strain field occurs as 

a result of deformation of the cylindrical shell under applied vacuum pressure.  

This device has been designed and optimized in geometry to provide equiaxial in plane 

strain as high as possible along with out of plane displacement as low as possible. Fig-

ure 1.1 indicates the device assembly. 

 

Figure 1. 1. Assembly of the novel cell stimulation device developed by Micro-

Nanosystems research group at TUT [10] 

The device consists of a PDMS cultivation membrane, an inner cylindrical shell, an 

outer cylindrical shell and a rigid glass layer. Inner and outer cylindrical shells are also 

made of PDMS. Vacuum pressure is applied to the device through a connection on top 

of the glass layer in the area between the inner and outer cylindrical shells. 

Mechanical stimulation of the cells by equibiaxially expanding the membrane under 

vacuum pressure has been investigated previously in Micro-Nanosystems research 

group. In previous works [10][11][17], the structure has been studied to direct equiaxial 

strain for cell stimulation purposes and the structural geometry of the membrane has 

been optimized.  Figure 1.2 presents the schematic view of the structure while deformed 

under applied vacuum pressure. 

 

Figure 1. 2. Side view of the schematic diagram of the structure providing equiaxial 

strain after deflection [10] 

1.4. Objectives and Motivations of the Study 

The aforementioned structure is designed to direct an equiaxial strain to cells. In order 

to achieve a unidirectional strain by applying vacuum pressure, the structure is needed 

to be modified. Modifying and redesigning the structure in a manner to attain both equi-
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axial and uniaxial strains with a single device is the primary objective of this thesis. The 

idea behind this study is to design a new housing and optimize this newly designed 

pneumatically actuated cell stretching device in order to obtain uniaxial strain in addi-

tion to equiaxial strain. 

The research question that has been tried to reply in this thesis is: how is possible to 

achieve both types of equiaxial and uniaxial mechanical stimulation with only one sin-

gle device which is also transparent, easy to fabricate and allows imaging of cells while 

experiencing mechanical stretching to study the effects of stimulation on cells at time of 

stimulation. 

The incentive of this study is to use the same base structure which includes two inner 

and outer PDMS rings and a base membrane for both modes of operation, i.e. equiaxial 

and uniaxial. For this purpose, the main task is to discover an optimized cover plate 

with specific rigid features to restrict the displacement in one direction and maintain the 

perpendicular strain. Then by changing the cover plate and using a blank plate without 

rigid features (Figure 1.3), the same base structure could provide equiaxial strain. 

To meet the requirements and make the device operational in two different modes of 

operation, different concepts and features for the cover plate needs to be designed based 

on the theory of strain-displacement relationship. However, optimized geometrical fea-

tures of the cover plate structure are demanded.  

In order to optimize the structure, studying the function of the designed cover plates and 

their effects on the produced strain field is essential. To achieve this objective, numeri-

cal simulation tools are employed to optimize the cover plate so that the strain field on 

the membrane is as unidirectional and uniform as possible.  

The design concepts follow the presumption that is mentioned in the following sections. 

External features of cover plate are designed to restrict the deformation of the base 

structure in one dimension, and liberate the displacement in the in plane perpendicular 

dimension. This results in a uniaxial strain on the membrane which is directed to cells 

under cultivation. Figure 1.3 illustrates one of the design concepts for uniaxial stretch-

ing and it also demonstrates that the same PDMS structure is capable of providing equi-

axial strain by changing the cover plate. 

 

Figure 1. 3. (a) Design concept to allow obtaining uniaxial strain, (b) Different cover 

plate, results in eqiuaxial stretching with the same structure 
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1.5. Thesis Outline 

This thesis is structured as follows. Chapter 2 gives a general introduction of mechanics 

of deformable bodies, theory of hyperelasticity and properties of PDMS. In Chapter 3, 

research methods used in this study are provided. The conceptual design of the structure 

and the implementation of the finite element based model of the structure in COMSOL 

Multiphysics 5.1 software are discussed. This chapter also includes definitions of objec-

tive functions required for an optimal case. In the following chapter, Chapter 4, the re-

sults of the numerical simulations are provided and discussed. Chapter 5 is meant to 

serve as a conclusion of this study, giving brief performance characteristics of the de-

signed structures.  Additionally, Chapter 5 contains a plan for future work. 
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2. THEORETICAL BACKGROUND 

This chapter is devoted to express the theoretical framework of this study. Theories in 

the mechanics of deformable bodies and the theory of hyperelasticity are discussed and 

mathematical expressions of the common terms in the mechanics of deformable bodies 

are explained. Furthermore, material properties of PolyDiMethylSiloxan (PDMS) are 

described.   

 

2.1. Mechanics of Deformable Bodies 

Mechanics of deformable bodies deal with distribution of forces inside bodies, and the 

deformations caused by these internal force distributions.  These internal forces cause 

stresses in the body. Principles of mechanics of deformable bodies are developed to 

analyze these internal stresses, and resulting deformations. 

2.1.1. Stress and Strain at a Point 

Stress is described as intensity of force. In a general state of loading, the stress vector S 

acting on section D at point Q is defined as: 

 

Figure 2. 1. Normal and shear stress [12] 

 
𝑆 = lim

∆𝐴→0

∆𝑃

∆𝐴
 (1) 
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Where ∆𝑃 is the force acting on the area ∆𝐴. The stress vector S, denoted in Figure 2.1 

can be divided into a normal and a tangential component to the section D. The normal 

component is referred to as normal stress and is denoted by 𝝈. The tangential compo-

nent is called shear stress and is denoted by 𝝉. The shearing stress 𝝉 can be further di-

vided into two orthogonal components, thus yielding an orthogonal triad of stress com-

ponents. 

Considering different sections through the same point in a body under load, different 

stress vectors will be obtained. To be able to specify the state of stress at a point, stress-

es acting on three mutually orthogonal sections at that point are taken into account. 

Consider an infinitesimally small cube at the point of interest (see Fig. 2.2); 𝝈𝒊𝒋 denotes 

the stress acting on the 𝒊 face in the 𝒋 direction, where 𝒊 and 𝒋 can be any of 𝒙, 𝒚 or 𝒛. 

Therefore, the state of stress at a point is represented in matrix form as: 

 

 
[𝜎𝑖𝑗] = [

𝜎𝑥𝑥 𝜎𝑥𝑦 𝜎𝑥𝑧
𝜎𝑦𝑥 𝜎𝑦𝑦 𝜎𝑦𝑧
𝜎𝑧𝑥 𝜎𝑧𝑦 𝜎𝑧𝑧

] (2) 

 

 

Figure 2. 2. General state of stress [12] 

Matrix diagonal terms; 𝝈𝒙𝒙, 𝝈𝒚𝒚and 𝝈𝒛𝒛, represent the normal stress components in the 

coordinate system directions; 𝒙, 𝒚and 𝒛, respectively. The off-diagonal terms of the 

matrix represent the shear stress components acting on the body. If the outward normal 

of the 𝒊 face acts in the same direction as the positive 𝒊 axis of the coordinate, the 𝒊 face 

is considered positive and vice versa. The stress 𝝈𝒊𝒋, acting on the positive 𝒊 face in the 

positive 𝒋 direction or acting on the negative 𝒊 face in the negative 𝒋 direction, is consid-

ered to be positive, otherwise it is considered as negative. A positive normal stress is a 

tensile stress while a negative normal stress is called a compressive stress. In case of 

static equilibrium, it can be demonstrated that the cross-shearing stresses are equal, i.e. 

𝜎𝑥𝑦 = 𝜎𝑦𝑥, 𝜎𝑥𝑧 = 𝜎𝑧𝑥 and 𝜎𝑦𝑧 = 𝜎𝑧𝑦. Thus, the total number of stress components re-

quired to define the state of stress at a point in static equilibrium is reduced to six. 
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Movement of the points in a body relative to each other is defined as deformation and 

strain is describing the intensity of deformation. The normal strain at a point Q in the 𝑥 

direction, 𝜀𝑥𝑥, is defined as: 

 
𝜀𝑥𝑥 = lim

𝐿→0

∆𝐿

𝐿
 (3) 

Where, L is the original length of a line segment centered at Q in the 𝑥 direction, and  

∆𝐿 is the change in the length due to the deformation. A positive normal strain causes 

an increase in the length of the line segment and a decrease in length of the line segment 

is introduced by a negative normal strain. The shear strain associated with the orthogo-

nal x and y directions, 𝛾𝑥𝑦, describes the change in the angle between infinitesimal line 

segments originally in the 𝑥 and 𝑦directions before deformation. Shear strains which 

cause a reduction in the angle, are considered positive while negative shear strains result 

in an increase in angle. According to this definition, 𝛾𝑥𝑦 = 𝛾𝑦𝑥, and no discontinuities 

occur at the point of interest. Figure 2.3 describes how shear strain is defined. 

 

Figure 2. 3. Shear strain definition [12] 

Tensorial shear strains 𝜀𝑖𝑗, defined to be half of the ordinary shear strains 𝛾𝑖𝑗. i.e. 

𝜀𝑖𝑗 = 𝛾𝑖𝑗/2  for 𝑖 ≠ 𝑗. Utilizing the tensorial shear strains, the state of strain at a point 

is represented in matrix form as: 

 
[𝜀𝑖𝑗] = [

𝜀𝑥𝑥 𝜀𝑥𝑦 𝜀𝑥𝑧
𝜀𝑦𝑥 𝜀𝑦𝑦 𝜀𝑦𝑧
𝜀𝑧𝑥 𝜀𝑧𝑦 𝜀𝑧𝑧

] (4) 

The diagonal terms are the normal strain components and the off-diagonal terms are the 

tensorial shear strain components. The strain is a dimensionless quantity. 

2.1.2. Strain-Displacement Relations 

Strains are related to derivatives of displacements mathematically. Considering a point 

Q in a body displaces to point Q´, when it undergoes a deformation by application of 

load. Assuming 𝑢, 𝑣 and 𝑤 to be displacement components of the primary point in the 
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𝑥, 𝑦 and 𝑧 directions, respectively, the strain components are obtained as below accord-

ing to previously given definition of normal and shear strains. 

 

𝜀𝑥𝑥 = √1 + 2
𝜕𝑢

𝜕𝑥
+ (

𝜕𝑢

𝜕𝑥
)2 + (

𝜕𝑣

𝜕𝑥
)2 + (

𝜕𝑤

𝜕𝑥
)2 − 1 

𝜀𝑦𝑦 = √1 + 2
𝜕𝑣

𝜕𝑦
+ (

𝜕𝑢

𝜕𝑦
)2 + (

𝜕𝑣

𝜕𝑦
)2 + (

𝜕𝑤

𝜕𝑦
)2 − 1 

𝜀𝑧𝑧 = √1 + 2
𝜕𝑤

𝜕𝑧
+ (

𝜕𝑢

𝜕𝑧
)2 + (

𝜕𝑣

𝜕𝑧
)2 + (

𝜕𝑤

𝜕𝑧
)2 − 1 

𝛾𝑥𝑦 = 𝛾𝑦𝑥 = sin−1 [

𝜕𝑢
𝜕𝑦

+
𝜕𝑣
𝜕𝑥

+
𝜕𝑢
𝜕𝑥

𝜕𝑢
𝜕𝑦

+
𝜕𝑣
𝜕𝑥

𝜕𝑣
𝜕𝑦

+
𝜕𝑤
𝜕𝑥

𝜕𝑤
𝜕𝑦

(1 + 𝜀𝑥𝑥)(1 + 𝜀𝑦𝑦)
] 

𝛾𝑥𝑧 = 𝛾𝑧𝑥 = sin−1 [

𝜕𝑤
𝜕𝑥

+
𝜕𝑢
𝜕𝑧

+
𝜕𝑤
𝜕𝑧

𝜕𝑤
𝜕𝑥

+
𝜕𝑢
𝜕𝑧

𝜕𝑢
𝜕𝑥

+
𝜕𝑣
𝜕𝑧

𝜕𝑣
𝜕𝑥

(1 + 𝜀𝑥𝑥)(1 + 𝜀𝑧𝑧)
] 

𝛾𝑦𝑧 = 𝛾𝑧𝑦 = sin−1 [

𝜕𝑣
𝜕𝑧

+
𝜕𝑤
𝜕𝑦

+
𝜕𝑣
𝜕𝑦

𝜕𝑣
𝜕𝑧

+
𝜕𝑤
𝜕𝑦

𝜕𝑤
𝜕𝑧

+
𝜕𝑢
𝜕𝑦

𝜕𝑢
𝜕𝑧

(1 + 𝜀𝑦𝑦)(1 + 𝜀𝑧𝑧)
] 

 

(5) 

The higher order terms in the equations above, can be neglected in case the displace-

ments and strains are sufficiently small, and the equations reduce to: 
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𝜀𝑥𝑥 =

𝜕𝑢

𝜕𝑥
 

𝜀𝑦𝑦 =
𝜕𝑣

𝜕𝑦
 

𝜀𝑧𝑧 =
𝜕𝑤

𝜕𝑧
 

𝛾𝑥𝑦 = 𝛾𝑦𝑥 =
𝜕𝑣

𝜕𝑥
+

𝜕𝑢

𝜕𝑦
 

𝛾𝑥𝑧 = 𝛾𝑧𝑥 =
𝜕𝑤

𝜕𝑥
+

𝜕𝑢

𝜕𝑧
 

𝛾𝑦𝑧 = 𝛾𝑧𝑦 =
𝜕𝑤

𝜕𝑦
+

𝜕𝑣

𝜕𝑧
 

(6) 

2.1.3. Linear Elastic Stress-Strain Relationships 

Stresses and strains are generally not independent, but rather related to each other. The 

exact form of stress-strain relationships depends on the mechanical properties of the 

material; whether behaving as elastic, viscoelastic, hyperelastic or some other fashion. 

Elastic response of a body determines that the body returns to its original shape upon 

removal of loads. If, in addition, the stress - strain relationship is linear, the member is 

said to be experiencing linear elastic response. 

Axial Loading 

In case of uniaxial loading, the stress-strain relationship is: 

 
𝜎𝑎 =

𝑃

𝐴
= 𝐸𝜀𝑎 (7) 

Where 𝑃 is the applied axial force, 𝐴 is the cross-sectional area, 𝜀𝑎 is the axial strain, 

and 𝐸 is a material constant named modulus of elasticity or Young’s modulus. This 

equation is known as Hooke’s law. The transverse strain, 𝜀𝑡, is derived from: 

 𝜀𝑡 = −𝑣𝜀𝑎 = −
𝜈𝜎𝑎
𝐸

 (8) 
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Where 𝜈 is a material constant known as Poisson’s ratio. Its value is always between 0 

and 
1

2
 for linear elastic, isotropic

1
 response. 

Multiaxial State of Stress 

In the general case of three-dimensional state of stress, the stress-strain relationships are 

given by Equations 9. 

 
𝜀𝑥𝑥 =

1

𝐸
[𝜎𝑥𝑥 − 𝜈(𝜎𝑦𝑦 + 𝜎𝑧𝑧)]𝛾𝑥𝑦 =

𝜎𝑥𝑦

𝐺
 

𝜀𝑦𝑦 =
1

𝐸
[𝜎𝑦𝑦 − 𝜈(𝜎𝑥𝑥 + 𝜎𝑧𝑧)]𝛾𝑦𝑧 =

𝜎𝑦𝑧

𝐺
 

𝜀𝑧𝑧 =
1

𝐸
[𝜎𝑧𝑧 − 𝜈(𝜎𝑥𝑥 + 𝜎𝑦𝑦)]𝛾𝑧𝑥 =

𝜎𝑧𝑥
𝐺

 

 

(9) 

G is a material constant named shear modulus, or modulus of rigidity. These equations 

are referred to as the generalized Hooke’s law. 

Inverting the above equations yields the stresses in terms of the strains, visible in Equa-

tions 10.   

 
𝜎𝑥𝑥 =

𝐸

(1 + 𝜈)(1 − 2𝜈)
[(1 − 𝜈)𝜀𝑥𝑥 + 𝜈(𝜀𝑦𝑦 + 𝜀𝑧𝑧)]𝜎𝑥𝑦 = 𝐺𝛾𝑥𝑦 

𝜎𝑦𝑦 =
𝐸

(1 + 𝜈)(1 − 2𝜈)
[(1 − 𝜈)𝜀𝑦𝑦 + 𝜈(𝜀𝑥𝑥 + 𝜀𝑧𝑧)]𝜎𝑦𝑧 = 𝐺𝛾𝑦𝑧 

𝜎𝑧𝑧 =
𝐸

(1 + 𝜈)(1 − 2𝜈)
[(1 − 𝜈)𝜀𝑧𝑧 + 𝜈(𝜀𝑥𝑥 + 𝜀𝑦𝑦)]𝜎𝑧𝑥 = 𝐺𝛾𝑧𝑥 

 

(10) 

In the theory of elasticity, the material constants 𝐺, 𝐸,and 𝜈are not independent of each 

other, but they are related to each other by the Eq. 11. 

 𝐺 = 𝐸/2(1 + 𝜈) (11) 

In the theory of elasticity, change in volume per unit volume is presented by the dilata-

tion𝑒. In case of small strains, it is obtained by 𝑒 =  𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧. In case of pure 

hydrostatic stress; 𝜎𝑥𝑥 = 𝜎𝑦𝑦 = 𝜎𝑧𝑧 = −𝑝 and 𝜎𝑥𝑦 = 𝜎𝑦𝑧 = 𝜎𝑧𝑥 = 0, where p is 

the uniform pressure acting on the body, the dilatation is linearly related to the pressure 

                                                 
1
 An isotropic material displays the same properties in all directions. 
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by 𝑒 = −𝑝/𝑘, where 𝑘 is a material constant named bulk modulus. The bulk modulus is 

related to 𝐸 and 𝜈 by the Eq. 12.  

 𝑘 = 𝐸/3(1 − 2𝜈) (12) 

Another elastic constant that arises in the theory of elasticity is, Lame´ constant, 𝜆, 

which has no physical significance unlike the other constants; 𝐸, 𝜈, 𝐺, and 𝑘. In other 

words, there is no mechanical test to measure Lame´ constant directly. In order to com-

pletely describe a linear elastic isotropic behavior, only two material constants are re-

quired. Thus, the constants 𝐸, 𝜈, 𝐺, 𝑘, and 𝜆 can be interrelated. 

2.1.4. Plane Stress and Strain 

In case an orientation can be found such that the stress at a point in one of the three co-

ordinates is zero; that is a two dimensional state of stress or plane stress. If the zero di-

rection of the stress assumed to be the z direction, then: 

 𝜎𝑧𝑧 = 𝜎𝑥𝑧 =𝜎𝑦𝑧 = 0 (13) 

And Equations 9 are reduced to: 

 
𝜀𝑥𝑥 =

1

𝐸
(𝜎𝑥𝑥 − 𝜈𝜎𝑦𝑦) 

𝜀𝑦𝑦 =
1

𝐸
(𝜎𝑦𝑦 − 𝜈𝜎𝑥𝑥) 

𝜀𝑧𝑧 =
−𝜈

𝐸
(𝜎𝑥𝑥 + 𝜈𝜎𝑦𝑦) 

𝛾𝑥𝑦 =
𝜎𝑥𝑦

𝐺
 

𝛾𝑥𝑧 = 0 

𝛾𝑦𝑧 = 0 

(14) 

𝜀𝑧𝑧, can also be written as: 

 𝜀𝑧𝑧 =
−𝜈

1 − 𝜈
(𝜀𝑥𝑥 + 𝜀𝑦𝑦) (15) 

Similarly, Equations 10 reduce to: 
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𝜎𝑥𝑥 =

𝐸

1 − 𝜈2
(𝜀𝑥𝑥 + 𝜈𝜀𝑦𝑦) 

𝜎𝑦𝑦 =
𝐸

1 − 𝜈2
(𝜀𝑦𝑦 + 𝜈𝜀𝑥𝑥) 

𝜎𝑧𝑧 = 0 

𝜎𝑥𝑦 = 𝐺𝛾𝑥𝑦 

𝜎𝑥𝑧 = 0 

𝜎𝑦𝑧 = 0 

(16) 

In case an orientation can be found such that the strain at a point in one of the three co-

ordinates is zero; that is plane strain. If the zero direction of the strain assumed to be the 

z direction, then: 

 𝜀𝑧𝑧 = 𝛾𝑥𝑧 =𝛾𝑦𝑧 = 0 (17) 

And Equations 9 are reduced to: 

 
𝜀𝑥𝑥 =

1 + 𝜈

𝐸
[(1 − 𝜈)𝜎𝑥𝑥 − 𝜈𝜎𝑦𝑦] 

𝜀𝑦𝑦 =
1 + 𝜈

𝐸
[(1 − 𝜈)𝜎𝑦𝑦 − 𝜈𝜎𝑥𝑥] 

𝜀𝑧𝑧 = 0 

𝛾𝑥𝑦 =
𝜎𝑥𝑦

𝐺
 

𝛾𝑥𝑧 = 0 

𝛾𝑦𝑧 = 0 

(18) 

In addition, Equations 10 reduce to: 
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𝜎𝑥𝑥 =

𝐸

(1 + 𝜈)(1 − 2𝜈)
[(1 − 𝜈)𝜀𝑥𝑥 + 𝜈𝜀𝑦𝑦] 

𝜎𝑥𝑦 = 𝐺𝛾𝑥𝑦 

𝜎𝑦𝑦 =
𝐸

(1 + 𝜈)(1 − 2𝜈)
[(1 − 𝜈)𝜀𝑦𝑦 + 𝜈𝜀𝑥𝑥] 

𝜎𝑥𝑧 = 0 

𝜎𝑧𝑧 =
𝜈𝐸

(1 + 𝜈)(1 − 2𝜈)
[𝜀𝑥𝑥 + 𝜀𝑦𝑦] 

𝜎𝑦𝑧 = 0 

(19) 

𝜎𝑧𝑧, can also be written as: 

 𝜎𝑧𝑧 = 𝜈(𝜎𝑥𝑥 + 𝜎𝑦𝑦) (20) 

2.1.5. Transformation of Stress and Strain 

General Transformation 

It is often necessary to obtain the state of stress or strain in a desired orientation while it 

has been primarily obtained in another orientation. 

The matrix equation for transformation of stress from current Oxyz coordinate system to 

new Ox
´
y

´
z

´
 coordinate system is given by: 

 [𝜎´] = [𝛼]𝑇[𝜎][𝛼] (21) 

[𝜎]is the stress matrix for the original coordinate system and [𝜎´]is the stress matrix for 

the new coordinate system. 

[𝛼]is the matrix of direction cosines and is given by
2
: 

 

[𝛼] = [

cos(𝑥´, 𝑥) cos(𝑦´, 𝑥) cos(𝑧´, 𝑥)

cos(𝑥´, 𝑦) cos(𝑦´, 𝑦) cos(𝑧´, 𝑦)

cos(𝑥´, 𝑧) cos(𝑦´, 𝑧) cos(𝑧´, 𝑧)

] (22) 

[𝛼]𝑇is the matrix transpose of [𝛼]. 

                                                 
2
 cos(𝑖´, 𝑗) represents the direction cosine between the original j coordinate axis and new i

´
 coordinate axis 
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Similarly, for strain transformation: 

 [𝜀´] = [𝛼]𝑇[𝜀][𝛼] (23) 

Transformation about a Fixed Axis 

In case of in plane orientation about the z axis by an angle 𝜽 (i.e. 𝑧´ = 𝑧), the equations 

are simplified to: 

 cos(𝑥´, 𝑥) = cos(𝑦´, 𝑦) = cos 𝜃 

cos(𝑦´, 𝑥) = cos(90° + 𝜃) 

cos(𝑥´, 𝑦) = cos(90° − 𝜃) 

cos(𝑧´, 𝑥) = cos(𝑥´, 𝑧) = cos(𝑧´, 𝑦) = cos(𝑦´, 𝑧) = 0 

cos(𝑧´, 𝑧) = 1 

(24) 

and: 

 𝜎𝑥𝑥
´ =

1

2
(𝜎𝑥𝑥 + 𝜎𝑦𝑦) +

1

2
(𝜎𝑥𝑥 − 𝜎𝑦𝑦) cos 2𝜃 + 𝜎𝑥𝑦 sin 2𝜃 

𝜎𝑦𝑦
´ =

1

2
(𝜎𝑥𝑥 + 𝜎𝑦𝑦) − 

1

2
(𝜎𝑥𝑥 − 𝜎𝑦𝑦) cos 2𝜃 − 𝜎𝑥𝑦 sin 2𝜃 

𝜎𝑥𝑦
´ = −

1

2
(𝜎𝑥𝑥 − 𝜎𝑦𝑦) sin 2𝜃 − 𝜎𝑥𝑦 cos 2𝜃 

𝜎𝑧𝑧
´ = 𝜎𝑧𝑧 

𝜎𝑥𝑧
´ = 𝜎𝑥𝑧 

𝜎𝑦𝑧
´ = 𝜎𝑦𝑧 

(25) 
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and similarly: 

 𝜀𝑥𝑥
´ =

1

2
(𝜀𝑥𝑥 + 𝜀𝑦𝑦) +

1

2
(𝜀𝑥𝑥 − 𝜀𝑦𝑦) cos 2𝜃 + 𝜀𝑥𝑦 sin 2𝜃 

𝜀𝑦𝑦
´ =

1

2
(𝜀𝑥𝑥 + 𝜀𝑦𝑦) − 

1

2
(𝜀𝑥𝑥 − 𝜀𝑦𝑦) cos 2𝜃 − 𝜀𝑥𝑦 sin 2𝜃 

𝜀𝑥𝑦
´ = −

1

2
(𝜀𝑥𝑥 − 𝜀𝑦𝑦) sin 2𝜃 − 𝜀𝑥𝑦 cos 2𝜃 

𝜀𝑧𝑧
´ = 𝜀𝑧𝑧 

𝜀𝑥𝑧
´ = 𝜀𝑥𝑧 

𝜀𝑦𝑧
´ = 𝜀𝑦𝑧 

(26) 

2.1.6. Principal Stresses and Strains 

For any state of stress at a point, a particular orientation can be defined such that the 

shear stresses vanish. In this particular orientation the stress matrix is given by: 

 
[𝜎] = [

𝜎1 0 0
0 𝜎2 0
0 0 𝜎3

] (27) 

𝜎1, 𝜎2, and 𝜎3 are called principal stresses. It is commonly assumed that the orientation 

has been chosen such that 𝜎1 is the largest algebraic stress and 𝜎3 is the smallest one.    

The principal stresses are eigenvalues of the general symmetric stress tensor and repre-

sent the solutions to the cubic equation. 

 𝜎𝑛
3 − 𝐼1𝜎𝑛

2 + 𝐼2𝜎𝑛 − 𝐼3 = 0 

 
(28) 

Where 

 𝐼1 = 𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧 

𝐼2 = 𝜎𝑥𝑥𝜎𝑦𝑦 + 𝜎𝑥𝑥𝜎𝑧𝑧 + 𝜎𝑦𝑦𝜎𝑧𝑧 − 𝜎𝑥𝑦
2 − 𝜎𝑦𝑧

2 − 𝜎𝑧𝑥
2  

𝐼3 = 𝜎𝑥𝑥𝜎𝑦𝑦𝜎𝑧𝑧 − 𝜎𝑥𝑥𝜎𝑦𝑧
2 − 𝜎𝑦𝑦𝜎𝑧𝑥

2 − 𝜎𝑧𝑧𝜎𝑥𝑦
2 + 2𝜎𝑥𝑦𝜎𝑥𝑧𝜎𝑦𝑧 

 

(29) 
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𝐼1, 𝐼2, and 𝐼3 are independent of the considered orientation and are known as the first, 

second, and third invariants of stress, respectively. 

Similar to stresses, an orientation can be found such that the shear strains vanish, i.e. 

there exists an orthogonal set of axes 1, 2, and 3, with respect to which the tensor ele-

ments are all zero except for those in the diagonal. The principal strains; 𝜀1, 𝜀2, and 𝜀3, 

represent the solutions to the cubic equation 

 𝜀𝑛
3 − 𝐽1𝜀𝑛

2 + 𝐽2𝜀𝑛 − 𝐽3 = 0 

 
(30) 

Where 

 𝐽1 = 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧 

𝐽2 = 𝜀𝑥𝑥𝜀𝑦𝑦 + 𝜀𝑥𝑥𝜀𝑧𝑧 + 𝜀𝑦𝑦𝜀𝑧𝑧 − 𝜀𝑥𝑦
2 − 𝜀𝑦𝑧

2 − 𝜀𝑧𝑥
2  

𝐽3 = 𝜀𝑥𝑥𝜀𝑦𝑦𝜀𝑧𝑧 − 𝜀𝑥𝑥𝜀𝑦𝑧
2 − 𝜀𝑦𝑦𝜀𝑧𝑥

2 − 𝜀𝑧𝑧𝜀𝑥𝑦
2 + 2𝜀𝑥𝑦𝜀𝑥𝑧𝜀𝑦𝑧 

 

(31) 

𝐽1, 𝐽2, and 𝐽3 remain the same regardless of the orientation and respectively called the 

first, second, and third invariants of strain. 

2.2. Theory of Hyperelasticity 

In this section, the theory of hyperelasticity and laws for modelling hyperelastic materi-

als are described. The Hyperelastic material model is a type of constitutive models for 

ideally elastic material. The stress-strain relationship of a hyperelastic material is de-

rived from the strain energy density function. 

2.2.1. Hyperelastic Materials 

A hyperelastic material is still an elastic material which simply means that it returns to 

its original shape upon removal of forces. In addition to that, a hyperelastic material is 

obeying Cauchy-elastic materials definitions; meaning that the stress is determined by 

the current state of deformation, independent of the path or history of deformation. 

What makes hyperelastic materials different from linear elastic materials is that the 

stress-strain relationship is not a constant factor and it derives from the strain energy 

density function. 

Elastomers are often modeled as hyperelastic. Elastomers typically provide large strains 

at small loads, i.e. very low modulus of elasticity and the material is nearly incompress-

ible, i.e. the Poisson’s ratio is very close to 0.5. 
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In hyperelastic materials, stress-strain curves during loading and unloading are not the 

same. Figure 2.4 compares the stress-strain curve in hyperelastic and linear elastic mate-

rials. As indicated, in hyperelastic materials the relation between stress and strain is 

nonlinear (Figure 2.4.a). However, in linear elastic materials the stress-strain relation 

(Figure 2.4.b) is linear. Hyperelastic materials provide larger strains compared to linear 

elastic materials under loading. 

 

Figure 2. 4. Stress-Strain curve during loading and unloading; a. Hyperelastic material, 

b. Linear Elastic material [21] 

2.2.2. Material Laws for Hyperelastic Materials 

The nominal or engineering strain is defined as the change in length divided by the orig-

inal length: 

 
𝜀 =

∆𝐿

𝐿
 (32) 

Another fundamental quantity used to describe material deformation is the stretch ratio, 

Λ. It is defined as the current length divided by the original length. 

 
Λ =

𝑙

𝑙0
=
𝑙 − 𝑙0 + 𝑙0

𝑙0
= 𝜀 + 1 (33) 

Along to the three principal strains, we obtain three principal stretch ratios 𝜆1, 𝜆2, 𝜆3. 

The three stretch invariants which are: 

 𝐼1 = Λ1
2 +Λ2

2 + Λ3
2  

𝐼2 = Λ1
2Λ2

2 + Λ2
2Λ3

2 + Λ1
2Λ3

2  

𝐼3 = Λ1
2Λ2

2Λ3
2 = 1 + (

Δ𝑉

𝑉
)2 = 𝐽2 

(34) 

Where J is the total volumetric ratio and its value is 1 for incompressible materials. 
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Compared to linear elastic materials where the stress is a linear function of strain, the 

description of the strain energy density, W is more complicated in hyperelastic materi-

als. 

As indicated in Figure 2.4.b, a straight line is obtained as the stress-strain characteristic 

curve when loading and unloading a linear elastic material. In this case the strain energy 

density, W is equal to half of the value of the double dot product of the stress tensor, S 

and the strain tensor, E: 

 
𝑊 =

1

2
𝑆 ∙∙ 𝐸 (35) 

In hyperelastic materials, generally the strain energy density is function of stretch invar-

iants, 𝑊 = 𝑓(𝐼1, 𝐼2, 𝐼3), or principal stretch ratios, 𝑊 = 𝑓(𝜆1, 𝜆2, 𝜆3). 

Due to material incompressibility, the strain energy density function is split into distinct 

deviatoric 𝑊𝑑 and volumetric 𝑊𝑉 terms. Consequently, the volumetric term is only the 

function of the volume ratio J. 

 𝑊 = 𝑊𝑑(𝐼1̅, 𝐼2̅) +𝑊𝑉(𝐽) (36) 

Or 

 𝑊 = 𝑊𝑑(�̅�1, �̅�2, �̅�3) +𝑊𝑉(𝐽) (37) 

In the equation, 𝑊𝑑 is the strain energy changing the shape, and 𝑊𝑉 is the strain energy 

to change the volume. 

Phenomenological models of the strain energy function obtained for hyperelastic mate-

rials, is in the form of: 

 

𝑊 = ∑ 𝐶𝑖𝑗(𝐼1 − 3)𝑖(𝐼2 − 3)𝑗 +∑
1

𝐷𝑘
(𝐽 − 1)2𝑘

𝑁

𝑘=1

𝑁

𝑖+𝑗=1

 (38) 

𝐶𝑖𝑗 and 𝐷𝑘 are the material constants which are determined through experiment. This 

means, the strain energy function is a polynomial function and its order depends on N. 

Variety of hyperelastic material laws have been developed to be used in modeling hy-

perelasticity. Some of those are; Neo-Hookean, Mooney-Rivlin, Ogden and Arruda-

Boyce model. 
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Neo-Hookean Model 

The Neo-Hookean model is the simplest approach to model hyperelastic materials. 

Equation 39 describes the Neo-Hookean hyperelastic material law.  

 
𝑊 = 𝐶10(𝐼1̅ − 3) +

1

𝐷1
(𝐽𝑒 − 1)2 (39) 

Equation 40 presents the Money-Rivlin hyperelastic material model. 

Mooney-Rivlin model: 

 
𝑊 = 𝐶10(𝐼1̅ − 3) + 𝐶01(𝐼2̅ − 3) +

1

𝐷1
(𝐽𝑒 − 1)2 (40) 

Figure 2.5 describes how linear elastic, NeoHookean, and Mooney-Rivlin material laws 

express the stress-strain relationship for an incompressible material.  

 

Figure 2. 5. Stress-Strain curve for Linear Elastic, Neo-Hookean, and Mooney-Rivlin 

material laws [22] 

It can be realized that for small strains (less than 0.1) the three material models yield a 

similar result. However, as the strain increases, there are difference in yielded results. 

2.3. PolyDiMethylSiloxane (PDMS) 

PolyDiMethylSiloxane (PDMS) or Dimethicone is a polymer widely used for manufac-

turing microfluidic devices. 

http://www.elveflow.com/wp/microfluidic-reviews-and-tutorials/microfluidics-and-microfluidic-devices-a-review
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PDMS is a mineral-organic polymer (a structure containing carbon and silicon) belong-

ing to siloxane (silicon, oxygen and alkane) family. To manufacture microfluidic devic-

es, elastomer (in liquid state) mixed with a cross-linking agent is poured into a micro-

structured mold and heated to obtain a replica of the mold. 

The empirical formula of PDMS is (C2H6OSi)n and fragmented formula is 

CH3[Si(CH3)2O]nSi(CH3)3, where n is the number of repetitions of the monomer. Figure 

2.6 indicates the empirical formula of PDMS. 

 

Figure 2. 6. Empirical formula of PDMS 

2.3.1. General Properties of PDMS 

Depending on the size of the string of monomer, the non-cross-linked PDMS may be 

almost liquid (low n) or semi-solid (high n). The siloxane bonds allow a flexible poly-

mer chain with a high level of viscoelasticity to be obtained. 

The ease of fabrication, biocompatibility, elastomeric property, transparency and low 

cost are the main attractions of PDMS to be utilized in rapid prototyping while PDMS is 

disfavored because of its hydrophobicity.  

After cross-linking, PDMS becomes a hydrophobic elastomer, i.e. polar solvents such as 

water do not spread on the PDMS surface. The surface treatment is needed to control 

the wettability. The surface properties of PDMS are modified using different methods 

such as chemical coating [20, 23], thermal aging [24] and plasma oxidation [23]. 

Oxygen plasma treatment of PDMS introduces polar functional groups; mainly the si-

lanol group (SiOH) to the surface which changes the surface properties of PDMS from 

being hydrophobic to hydrophilic. Hydrophilic surfaces improve wettability. However, 

the plasma treated hydrophilic surface of PDMS is unstable and low molecular weight 

(LMW) chains diffuse from the bulk of the PDMS and cover up the thermodynamically 

unstable surface [23]. Thus the characteristics of modified PDMS surfaces using plasma 

treatment are unstable and gradually changes during aging. LMW species are either 

uncross-linked linear PDMS chains or residual crosslinking agent. These LMW species 

can be volatilized and removed from the bulk through thermal aging [24]. A PDMS 

network without LMW species will retain its hydrophilicity for a much greater time.  

The mechanical properties of PDMS enable the realization of pneumatic, electromag-

netic, and thermal actuators. Table 2.1 represents the material properties of PDMS. 
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Table 2. 1. Material properties of PDMS, Sylgard 184 [14] 

Property Characteristic Consequence 

Optical 
Transparent; UV cutoff. 240 

nm 

Optical detection from 240 to 1100 

nm 

Electrical 
Insulating; breakdown voltage, 

2 × 107𝑉/𝑚 

Allows embedded circuits; intentional 

breakdown to open connections 

Mechanical 

Elastomeric; tunable young 

modulus                                

𝐸 = [0.8 − 4]𝑀𝑃𝑎 

Conforms to surface; allows actuation 

by reversible deformation; facilitates 

release from molds 

Thermal 

Insulating; thermal conductivi-

ty, 0.2𝑊(𝑚 ∙ 𝐾); coefficient of 

thermal expansion, 310𝜇𝑚/
(𝑚 ∙ ℃) 

Can be used to insulate heated solu-

tions; does not allow dissipation of 

resistive heating from electrophoretic 

separation 

Interfacial 
Low surface free energy      

~20𝑒𝑟𝑔/𝑐𝑚2 

Replicas release easily from the 

mold; can be reversibly sealed with 

materials 

Permeability 

Impermeable to liquid water; 

permeable to gases and nonpo-

lar organic solvents 

Contains aqueous solutions in chan-

nels; allows gas transport through the 

bulk material; incompatible with 

many organic solvents 

Reactivity 

Inert; can be oxidized by expo-

sure to a plasma; 

𝐵𝑢4𝑁
+𝐹−((𝑇𝐵𝐴)𝐹) 

Unreactive toward most reagents; 

surface can be etched; can be modi-

fied to be hydrophilic and also reac-

tive toward Silanes; etching with 

(TBA)F can alter the topography of 

surfaces 

 

2.3.2. Mechanical Properties 

Cross-linked PDMS behaves as a rubbery solid, i.e. the polymer does not permanently 

deform under loading. Rather, the polymer is elastic and returns to its original shape 

when unloaded. The elastic property of PDMS is highly dependent on the amount of 

cross-linking agent integrated into the polymer. With little or without cross-linking 
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agent, the polymer remains as a viscous liquid, and as the concentration of cross-linking 

agent increases, the polymer becomes more solid. PDMS formulations span a wide 

range of mechanical properties from soft gels to stiff elastomers. Figure 2.7 illustrates 

the stress-strain curves
3
 of four different mass ratios of the Sylgard 184:527; 5:1, 1:1, 

1:5, and 1:10. According to [15], the samples were made by first preparing pure Sylgard 

527 and 184, and then combining by the indicated mass ratio. 

 

Figure 2. 7. Stress-Strain curves for the six different PDMS formulations show that the 

curves for each type (n = 6) are clustered and separated from the curves of the other 

formulations, PDMS was cured at 65℃ overnight (12–24 hours) [15] 

As mentioned earlier, the mechanical properties of PDMS depend on its mixing ratio. 

Other than that the curing temperature and curing time of PDMS also affect its mechan-

ical properties [16]. Figure 2.8 indicates how curing temperature affects the stress-strain 

curve of the PDMS. 

 

Figure 2. 8. Stress-Strain curve for five PDMS samples cured at different temperatures 

[16] 

                                                 
3
 Slope of the stress-strain curve indicates the modulus of elasticity of the material. 



24 

 

The PDMS as a polymer can be classified in the category of hyperelastic materials, in 

which the strains may be large. To describe this hyperelastic behavior, the strain energy 

density function is developed in the aforementioned form. Several different strain ener-

gy density functions have been proposed and most of them are in the same described 

format such as Neo-Hookean, Mooney-Rivlin and Ogden models. 
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3. RESEARCH METHODS AND MATERIALS 

This chapter contains the research methods applied to obtain the results.  To achieve the 

desired results, three different design concepts for the structures are developed. The 

three designed structures are studied separately using a finite element computational 

model and the results are provided in the following chapter. Methods to implement the 

computational model of the problem in COMSOL Multiphysics 5.1 software are dis-

cussed. Methodological approach to define objective functions required for optimization 

is also described in this chapter. 

3.1. Conceptual Design 

In order to take steps beyond state of the art, the previously designed structure has been 

modified to switch the device operation from equiaxial stretching into unidirectional 

stretching. The common base structure has been introduced in State of the Art Section 

of the introduction chapter. 

The new geometry involves rigid parts which are designed to restrict the displacement 

of PDMS in a manner that provides a unidirectional strain field within the area under 

study. The basic idea is to design the cover plate so that it confines the displacement of 

the PDMS part in a certain axis. Restriction of displacement along an axis and allowing 

displacement in a perpendicular axis will result in a unidirectional strain field on the 

surface.  

To achieve the goal i.e. unidirectional stretching of cells, three different geometries for 

the rigid parts of the cover plates are proposed and each is studied separately by means 

of numerical simulation using COMSOL Multiphysics 5.1 as simulation software. 

The first proposed geometry contains a cover plate with circular rigid parts. The second 

geometry involves rigid parts which are designed according to geometry definition of an 

ellipsoid. The third geometry includes rectangular rigid parts.  

3.1.1. Circular Design 

The first designed geometry of the rigid parts is a circular geometry. In this case, the 

important parameters to study are the length of the arc and the height of the rigid parts. 

The other parameters studied were related to PDMS common base structure and in-

cludes the gap size between the PDMS rings and the thickness of inner cylindrical shell. 

These are selected based on test simulations carried out to identify the parameters with 

major effect on stress-strain results. Figure 3.1 illustrates the circular design. 
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Figure 3. 1. Circular design concept for the rigid parts 

Figure 3.2 indicates a quarter cut model of the structure and the geometric parameters: 

the arc length of the rigid parts (b), the height of the rigid parts (h), the gap size between 

the PDMS rings (g), and the thickness of the inner cylindrical shell (t). The initial geo-

metric parameters of the structure to be studied were chosen to be t=2 mm, g=3 mm, 

h=5. 9 mm and b=6 mm. The gap between the inner cylindrical shell and the rigid parts 

was chosen to be fixed at 0.1 mm. 

 

Figure 3. 2. Geometric parameters of the structure; t, b, g, and h 

3.1.2. Rectangular Design 

The second geometry possesses rectangular rigid parts as the displacement restrictor. In 

this case the length of rectangular rigid parts does not have any major effects on final 

results as long as the distance of the PDMS ring and rigid parts increases when receding 

from center line. Thus, when PDMS is deformed under applied vacuum pressure, it does 

not make contact with rigid parts in areas distanced from the middle of the rectangular 

cube. Therefore, in this case, the studied parameters are the height of the rigid parts (h), 
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the gap size between the PDMS rings (g), and the thickness of the inner cylindrical shell 

(t). Figure 3.3 illustrates the rectangular design concept for rigid parts. 

 

Figure 3. 3. Rectangular design concept for the rigid parts 

3.1.3. Ellipsoidal Design 

In the third geometry, the rigid parts are defined by an oval geometry. In an ellipsoidal 

structure, important parameters to investigate are the semi-major and the semi-minor 

axes of the ellipse. Figure 3.4 illustrates the ellipsoidal design concept for rigid parts. 

 

Figure 3. 4. Ellipsoidal design concept for the rigid parts 

The definition of geometry for oval rigid parts differs from that of circular rigid parts 

and the geometrical presentation are explained in the following. 
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In this concept the gap between the inner cylindrical shell and the rigid parts increases 

from a fixed value at minimum to another value at maximum obeying ellipsoid equa-

tion. 

In this case the semi-minor value of ellipsoid was fixed to be equal to the sum of the 

inner ring gap size, and thickness of the inner cylindrical shell. Thus the middle of the 

rigid parts is in contact with PDMS structure, i.e. distance between them is zero in the 

middle. The semi-major value was defined to be equal to sum of semi minor value and 

one changing variable (s). The arc length of the rigid parts, then is determined by a 

changing variable which defines the polar angle of the angular coordinate (Θ). Figure 

3.6 illustrates the geometry definition and geometric parameters. 

 

Figure 3. 5. Definition of geometrical parameters; s and 𝚯, top view of the design 

3.2. Computational Modelling using Finite Element Method 

This section describes the methods used to construct the computational model of the 

device and implementation of the model in COMSOL Multiphysics software. 

COMSOL Multiphysics is a finite element analysis, solver and Simulation software / 

FEA Software package for various physics and engineering applications. In our study, 

the Structural Mechanics Module was used for analysis of structures which were sub-

jected to static pressure loads. The Optimization Module was used in conjunction with 

Structural Mechanics Module for optimization purpose, taking into account the defined 

objective functions, design variables, and the constraints. 

3.2.1. Definition of Material Properties for FE Modeling 

According to Fuard et al. [18], the elastic modulus of PDMS could vary from 0.8 MPa 

to 4 MPa depending on fabrication condition. The Young’s modulus of PDMS sample 

prepared by mixing base and cross-linker with 10:1 weight ratio and cured at 65 ℃ for 

two hours, is measured to be 2 MPa [11]. PDMS is an incompressible material and the 

Poisson’s ratio for an incompressible material is 0.5. However, in this study the Pois-

son’s ratio is determined as 0.49 for preventing a numerical error in computation. Hav-

ing Young’s modulus and Poisson’s ratio determined, other dependent parameters can 

be calculated.  

https://en.wikipedia.org/wiki/Finite_element
https://en.wikipedia.org/wiki/Simulation_software
https://en.wikipedia.org/wiki/List_of_finite_element_software_packages
https://en.wikipedia.org/wiki/Physics
https://en.wikipedia.org/wiki/Engineering
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In this study, Neo-Hookean constitutive material law is designated for the finite element 

modeling of the hyperelasticity. Neo-Hookean is the simplest approach to model hyper-

elastic materials, but it is still accurate enough to model applications with small strains 

(in order of 0.1). As previously mentioned in Section 2.2, for small strains (less than 

0.1), the three material models of Linear elastic, NeoHookean, and Mooney-Rivlin, 

yield the same results (See Figure 2.5). Consequently, the more complex hyperelastic 

material models with higher order terms which are also more time consuming are not 

needed. Choosing Neo-Hookean hyperelastic material model, initial bulk modulus(𝜅), 
Lame´ parameter (𝜇) and density of the material should be determined. 

According to equations presented in Section 2.1, the initial bulk modulus is calculated 

to be equal to 3.333 × 107Pa and second Lame´ parameter is calculated to be equal 

to6.67 × 105𝑁/𝑚2. The density of PDMS is 971𝑘𝑔/𝑚3. 

The material for rigid parts is designated to be ABS-M30i (Biocompatible Acryloni-

trile/Butadiene/Styrene) suitable for 3D printing, with Young’s modulus of 2.4𝐺𝑃𝑎 and 

Poisson’s ration of 0.35 and density of 1050𝑘𝑔/𝑚3 [19]. 

3.2.2. Implementation in COMSOL Multiphysics 5.1 

According to symmetric geometry of the structure and in order to minimize the compu-

tation time, a quarter model of the structure is simulated. Figure 3.7 indicates the sym-

metry surfaces in blue. 

 

Figure 3. 6. Symmetric surfaces of the structure (shown in Blue) 

To implement the FEM simulations for this special case in which the two structures, i.e. 

PDMS and rigid parts, come into contact, contact modeling is required. The contact 

modeling in COMSOL Multiphysics 5.1 is based on defining a contact pair and deter-

mining the source boundaries and destination boundaries. Figure 3.8 illustrates the 

source boundaries colored in pink and destination boundaries in yellow. Destination 

boundary is the surface boundary which, despite having contact with the source bounda-

ry is fixed and source boundary is a movable boundary.  
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Figure 3. 7. Contact pair definition; source boundaries (Pink) and destination bounda-

ries (Yellow) 

3.3. Defining Objective Function for Optimization 

As one of the main purposes of this work is to optimize the structural geometry of the 

device, optimization module of the software is used in conjunction with the structural 

mechanics module. The optimization module runs the numerical simulation based on 

geometric parameters and calculates a predefined objective function in order to compare 

different geometries. 

 

In order to solve an optimization problem, objective functions are required to be de-

fined. Optimization method and a creative method to define objective functions used in 

this study are described in the following sections.  

3.3.1. Optimization Method 

The optimization method developed for measuring the unidirectionality is based on the 

calculation of the fraction of the total area under study, i.e. the surface area where cells 

are deposited, that satisfies a given condition. For this purpose an integral objective is 

defined in software environment which calculates the mesh area, taking into account the 

defined conditions. Monte Carlo optimization solver of COMSOL Multiphysics 5.1 

version has been used, which automatically chooses values based on the fact that the 

objective function varies very randomly when geometry parameters have been changed. 

Three different approaches for the objective functions are used in this study. The first 

approach focuses only on first principal strain. This is only used for test simulations to 

understand the effects of each geometry parameter on the magnitude and the orientation 

of the first principal strain. This also allows determining in which range, the geometry 

parameters are needed to be studied. The second approach provides a more accurate 

definition of unidirectionality by taking the magnitude of the second principal strain into 

consideration. The third approach takes into account the uniformity of the provided 

strain field, as well.       
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3.3.2. Mathematical Expressions for Objective Functions 

An objective function is an equation that is required to be optimized, i.e. minimized or 

maximized. Objective functions include variables and constraints. In this study, the ob-

jective function is defined as a surface integral over the area under study, i.e. base 

membrane surface, with specific predefined conditions. This means that only the re-

gions of the surface area when certain conditions are satisfied are calculated as an ex-

pression for objective function.  

As mentioned, one of the objectives of this study is achieving unidirectional strain field. 

The method used to specify unidirectionality is setting a constraint on the angle between 

the orientation of the first principal strain and the desired direction at each element 

node. Another goal is to maintain the first principal strain as high as possible. Thus a 

constraint is also set on the magnitude of the first principal strain at each node. These 

constraints enable achieving a high strain in a desirable orientation. 

The equation expressing the objective function is given below: 

 

(𝑝 ∧ 𝑞) →∯𝑑𝐴 (41) 

Where 𝑝 and 𝑞 are conditional statements and the contour integral operator defined on 

the surface is calculating only the area of the elements where the conditional statements 

are both true. Therefore, if 𝑝 and 𝑞 conditions are valid then the surface area is calculat-

ed. 

As mentioned earlier, in this study, the conditional statements 𝑝 and 𝑞 are defined based 

on two properties of first principal strain, i.e. magnitude and orientation. This can be 

implemented in COMSOL Multiphysics 5.1 by defining a surface integral objective 

over the base membrane surface and choosing values for the limits of the conditional 

statements. 

Three different objective functions based on three different approaches mentioned in the 

previous section are defined. The first objective function is only used for test simula-

tions. The main difference between the second objective function and the third objective 

function is that the latter one includes a mathematical term to describe the uniformity of 

the strain field. The second objective function is defined with a higher value as the con-

straint for the magnitude of the first principal strain, compared to third objective func-

tion. However, the third objective function is defined to optimize the uniformity of the 

strain field, as well. Defining two objective functions that each emphasizes on a specific 

aspect of the device performance allows maintaining both high strain value and uni-

formity. The objective functions are described in the following. 

First Objective Function 

For the first objective function, the limits are chosen as 10% for the first principal strain 

value and 4. 43° for the angle between orientation of the first principal strain and the 

desired direction. Thus, only the area containing the nodes which have the first principal 

strain of higher than 10% in the magnitude and the deviation less than 4. 43° compared 

http://www.businessdictionary.com/definition/equation.html
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to the determined direction of the strain is calculated.
4
 These limit values are chosen 

based on test simulations carried out to study the performance of the device. The effects 

of different limit values on are presented in Figure A2.1 in Appendix 2. 

The mathematical equation of Objective Function 1 is: 

 

𝑂𝐹1 =∯((𝜀1 > 0.1) ∗ (𝐶𝑜𝑠(𝑛, 𝑉) > 0.997)) 𝑑𝐴 (42) 

The expressions in the parenthesis indicate the conditions of the integral operator. If this 

equation is divided by the total area of the surface, then it indicates the percentage of the 

total area that satisfies those conditions. This objective function has been used to study 

the effects of each individual parameter on first principal strain. 

Second Objective Function 

The second objective function includes a constraint on the magnitude of the second 

principal strain in addition to previous constraints. Another conditional statement is 

added to take into account also the second principal strain value at nodes. The second 

principal strain is desired to be minimized in order to achieve a more unidirectional 

strain field. This objective function provides more accurate interpretation of our target 

which is attaining unidirectional strain field. This limit is chosen to be 2%. This means 

the area of elements which have the first principal strain of higher than 10% in magni-

tude and deviation of less than 4. 43° from determined direction of the strain, and also 

the second principal strain of lower than 2% in magnitude, is calculated as objective 

function. This indicates a first principal strain of at least five times higher than the sec-

ond principal strain in the measured area. The mathematical equation of Objective 

Function 2 is given in equation 46. 

 

𝑂𝐹2 =∯((𝜀1 > 0.1) ∗ (𝐶𝑜𝑠(𝑛, 𝑉) > 0.997) ∗ (𝜀2 < 0.02)) 𝑑𝐴 (43) 

The expressions in the parenthesis indicate the conditions of the integral operator. This 

equation is then divided by the total area of the surface which then indicates the fraction 

of total area that satisfies those conditions which is a more sensible parameter. 

Third Objective Function 

Another important property of this cell-stretching device should be the ability to provide 

a uniform strain field in addition to all previously mentioned properties. To take into 

account the uniformity of the strain field, standard deviation
5
 of magnitude of first prin-

                                                 
4
 COMSOL Multiphysics 5.1 directly calculates the cosine value of the angle between the orientation of 

first principal strain and defined unidirectionality direction. The cosine value was chosen to be 0.997 

which is equal to 4. 43°.    
5
 Standard deviation (𝜎) denotes the amount of variation or dispersion in a set of data values. A lower 

standard deviation, i.e. closer to 0, demonstrates that the data points are closer to the mean value of the 

set, and a higher standard deviation proves that data points are spread over a wider range of values. 

Standard deviation is obtained by the equation below: 

https://en.wikipedia.org/wiki/Statistical_dispersion
https://en.wikipedia.org/wiki/Mean
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cipal strains of nodal elements is considered to be a good tool. The lower standard devi-

ation is identical to a more uniform distribution of strain. Therefore, the standard devia-

tion is a secondary objective function which the aim of this study is to minimize it to 

reach a more uniform strain field. 

As discussed, the two objective functions of the problem are the previously described 

surface integral with certain conditions and the standard deviation which is an interpre-

tation for uniformity. The aim of this study is to maximize the area that fulfills the pre-

defined conditions and minimize the standard deviation. In order to solve this multiple 

objective function problem, one solution would be to combine the objective function in 

integral format and the standard deviation to represent both objectives in one equation.  

The objective function should be in the following form since an increase in the numera-

tor and also a decrease in the denominator results in increasing the objective function. 

Thus the new objective function is designed not only to provide maximized unidirec-

tional strain, but also to serve a uniform distribution of the strain by means of minimiz-

ing standard deviation. 

 

𝑂𝐹𝑛𝑒𝑤 =
𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛𝑂𝐹

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛𝑂𝐹
 (44) 

This objective function is just a mathematical expression and does not have any physi-

cal significance unlike the previous ones which represented the area. This takes into 

account first principal strain magnitude and orientation, second principal strain magni-

tude and strain field uniformity. 

 

𝑂𝐹3 =
∯((𝜀1 > 0.08) ∗ (𝐶𝑜𝑠(𝑛, 𝑉) > 0.997) ∗ (𝜀2 < 0.02)) 𝑑𝐴

√1
𝑁
∑ (𝜀1𝑖 − 𝜀1̅)

2𝑁
𝑖=1

 
(45) 

𝑁 is the number of elements. 

 

3.4. Methods to Analyze Base Membrane 

In order to have a more realistic and more accurate presentation of the results, instead of 

the total area of the surface of the membrane, the area with 1mm distance from the edg-

es of the membrane has been considered due to possible computational error at edges. 

Figure 3.9 illustrates the selection of the area under study; a circle with a radius of 5 mm 

centered at the center of the membrane. 

                                                                                                                                               

𝜎 = √
1

𝑁
∑(𝑥𝑖 − �̅�)2
𝑁

𝑖=1

 , �̅� =
1

𝑁
∑𝑥𝑖

𝑁

𝑖=1
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Figure 3. 8. Area under study (shown in orange) 

The membrane is studied while it experiences deformation under applied vacuum pres-

sure of 36 kPa for uniaxial stretching and 40 kPa for equiaxial stretching. The results are 

provided in Chapter 4. 
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4. RESULTS AND DISCUSSION 

In this chapter, the results of the computational model of the device are provided and 

discussed. Due to the large number of performed simulations, the data acquired from 

simulations are given in Tables A1.1-A1.4 in Appendix 1. 

4.1. Circular Rigid Parts Structure and Effects of Geometric 
Parameters on First Principal Strain (1st Objective Func-
tion)  

The first case which was studied was the circular design. In order to reach a better un-

derstanding of the influence of the geometric parameters on objective function, the ef-

fects of each parameter on the objective function is studied individually. The simulation 

data is exported and then plotted in MATLAB. The best polynomial curve is fitted to 

the data using Curve Fitting Toolbox of MATLAB.  

Figures 4.1-4.3 and Figure 4.5 present the calculated first objective function when an 

individual geometric parameter varies while the others are kept constant. Figures are 

illustrated for the length of the rigid parts (b), the thickness of inner cylindrical shell (t), 

the gap size between the PDMS rings (g) and the height of the rigid parts (h). The initial 

geometric values for each case are fixed to be b=6 mm, t=2 mm, g=3 mm and h=5.9 

mm. Another geometry parameter that was studied was the thickness of the base mem-

brane. The range in which the thickness of the base membrane was effective on the re-

sults had a very limited span (See Figure 4.6). Thus the thickness of the base membrane 

was not studied in further simulations.   

 
Figure 4. 1. First O.F (%) Vs. Length of the rigid parts (mm) 
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Figure 4. 2. First O.F (%) Vs. Thickness of inner cylindrical shell (mm) 

These graphs provide us information on the range in which these parameters should be 

studied. Before executing final simulations while several geometric parameters are 

varying simultaneously, the varying range of these parameters needs to be specified. 

Obtaining the maximum of the fitted curve in this specific range describes that the study 

range is well defined. It can be seen through Figures 4.2-4.4, that the maximum of the 

fitted curves sits within the studied ranges. This ensures that the study range of these 

geometric parameters is correctly determined.  

 
Figure 4. 3. First O.F (%) Vs. Gap size between the PDMS rings (Outer Ring Gap Size) 

(mm) 

Figure 4.4 indicates the impact of three aforementioned parameters on the first objective 

function while the parameters are varied simultaneously in a 3D graph. The color bar 

represents the first objective function. The graph is sketched to provide a visual repre-

sentation of the acquired data from numerical simulations. This 3D graph visualizes the 

effect of geometrical parameters on the first objective function. 
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Figure 4. 4. First O.F (%) Vs. Length of the rigid parts (mm), Thickness of inner cylin-

drical shell (mm), and Gap size between the PDMS rings (Outer Ring Gap Size) (mm).  

(Height of the rigid part = 5.9 mm and Thickness of the base membrane = 0.12 mm) 

The two other parameters that are studied are the height of the rigid parts and the thick-

ness of base membrane. Figures 4.5 and 4.6 illustrate how the change in each individual 

parameter affects the objective function while other parameters are constant. As men-

tioned earlier, the initial geometric values for each case were fixed to be t=2 mm, g=3 

mm and b=6 mm. 

 

Figure 4. 5. First O.F (%) Vs. Height of the rigid parts  

Height of the rigid parts as shown in Figure 4.5 have a considerable effect on the objec-

tive function and thus was studied as one variable in further simulations. 
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As indicated in Figure 4.6, the thickness of the membrane is a very sensitive parameter 

with a very limited length span which is allowed to be varied in. It is clear that increas-

ing the thickness of the base membrane will result in less deformation. Thus the magni-

tude of strain field on the membrane is confined: for thickness values of higher than 

0.15 mm the objective function decreases dramatically until reaches zero level. This 

parameter is then set out of the parameters to be studied and kept constant at 120 mi-

crons. 

 

Figure 4. 6. First O.F (%) Vs. Thickness of the base membrane 

Next, the impacts of all four previously described parameters were studied. The results 

for first objective function are given in Table 1 of Appendix 1. Results are obtained 

from simulations with four geometric parameters as input variable. The input values of 

variables are chosen automatically by COMSOL Multiphysics 5.1 Monte Carlo optimi-

zation solver. In this case the maximum value obtained for first objective function was 

79.71% for t=1.71 mm, b=8.63 mm, g=4.06 mm and h=3.85 mm. 

4.2. Different Designs of Rigid Parts and Computational Mod-
elling Results 

As discussed earlier, three different designs for structure of rigid parts are studied and 

the results are provided in Tables A1.1-A1.4 in Appendix 1. 

The first design structure is circular rigid parts. The results of the simulations calculat-

ing the second objective function, with four changing input variables, i.e. the length of 

the rigid parts (b), the thickness of inner cylindrical shell (t), the gap size between the 

PDMS rings (g) and the height of the rigid parts (h), are presented in Table 2 of Appen-

dix 1. The input values are chosen automatically by the optimization solver of the soft-

ware. The maximum value obtained for second objective function was 57% for t=1.8 

mm, b=8.45 mm, g=3.65 mm and h=5.90 mm.  

Another proposed structure was a design containing rectangular rigid parts. The results 

of simulations for this particular design, using the second objective function are pre-
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sented in Table 3 of Appendix 1. As it is demonstrated the rectangular design exhibits a 

very poor performance and thus eliminated as nominee of the final structures. 

The third assembly is designing the rigid parts using an ellipsoidal geometry instead of a 

circle. The results of this set of simulations using the third objective function are given 

in Table 4 in the Appendix 1. The maximum value obtained for second objective func-

tion was 54.50% for t=1.78 mm, b=8.49 mm, g=3.63 mm and h=5.90 mm. 

4.3. Analysis of the accepted structures 

In this section, two of the structures which provided the most satisfying results accord-

ing to requirements are introduced. One structure with circular rigid parts and the other 

with oval rigid parts that best satisfy the requirements are studied in detail. 

4.3.1. Circular Structure 

The geometric parameters of the structure that provides the most satisfying performance 

according to requirements are given in Table 4.1. 

Table 4. 1. Dimensions of the selected structure with circular rigid parts 

Geometric parameter t (mm) g (mm) h (mm) b (mm) 

Value 1.8 3.65 5.9 8.5 

 

Uniaxial Stretching with Circular Rigid Parts 

The results of the computational model of the device with these geometric parameters 

are illustrated in Figures 4.7-4.12.  

Figure 4.7 presents the displacement of the structure and deformation of the device un-

der applied vacuum pressure of 36 kPa. It indicates how the device is deformed in case 

of uniaxial stretching. The maximum displacement is 1.47 mm.  
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Figure 4. 5. Displacement of the structure (mm); uniaxial stretching (Pressure: 36 kPa), 

circular structure 

Figure 4.8 illustrates the first principal strain on membrane surface, i.e. the area where 

cells are located while Figure 4.9 is illustrated to indicate the second principal strain. 

The first principal strain is obtained in the range of 7.44%-13.5%. The maximum of the 

first principal strain occurs in the center of the membrane. 

 

Figure 4. 6. First principal Strain (%) on the membrane’s surface, uniaxial stretching, 

circular structure 
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Figure 4. 7. Second principal strain (%) on the membrane’s surface, uniaxial stretching, 

circular structure 

Figure 4.9 indicates the obtained value for the second principal strain on the surface of 

the membrane. In the central areas of the membrane, the value is below 2%. 

Figure 4.10 presents the degree value of the angle between the first principal strain and 

the desired direction which in this case is the Y direction of the defined coordinate sys-

tem. Only on the edges the obtained value of this angle is larger than 4.43°. 

 

Figure 4. 8. Degree value of the angle between the first principal strain and Y direction 

of the coordinate system, uniaxial stretching, circular structure 
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Figure 4.11 illustrates the area where predefined conditions for the second objective 

function are satisfied. Thus, it presents the area that the first principal strain is larger 

than 10%, the second principal strain is smaller than 2% and the angle between the di-

rection of the first principal strain and the desired direction is less than 4.43°. The 0 

value states that the condition is false and 1 value describes that the condition is true. 

 

Figure 4. 9. Location of the nodes within the area that the first principal strain is larger 

than 10%, second principal strain is smaller than 2%, and the angle between the direc-

tion of first principal strain and desired direction is less than 4.43°, uniaxial stretching, 

circular structure 

Figure 4.12 demonstrates the magnitudes and directions of the principal strains and pro-

vides a vector representation of the principal strains on membrane’s surface. The red 

arrows indicate the first principal strain and the green arrows indicate the second princi-

pal strain. The lengths of the arrows are proportional to the magnitude of strain. 

 

Figure 4. 10. Vector representation of the principal strains, uniaxial stretching, circular 

structure 
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The surface area that satisfies the defined conditions of having first principal strain over 

10% in magnitude, having magnitude second principal strain less than 2% and having 

the angle between the direction of first principal strain and desired direction less than 

4.43°, is 57% of the total area under study, i.e. circle with a radius of 5 mm. The aver-

age of first principal strain on whole surface is 11.8%±1.2% and the surface average for 

the absolute value of second principal strain is 0.9%±1.1%.  

Equiaxial Stretching  

As the idea behind this study is to provide both equiaxial strain and uniaxial strain with 

one single device, the performance of this structure without applying the cover plate is 

also simulated. The results of the computational model, is illustrated in Figures 4.13-

4.14. Figure 4.13 expresses displacement and deflection of the structure while experi-

ences a vacuum pressure of 40 kPa. 

 

Figure 4. 11. Displacement of the structure (mm), eqiiaxial stretching, (Pressure: 40 

kPa) 

Figure 4.14 indicates first principal strain or second principal strain. The fact that in 

case of equiaxial stretching the strain should be equal in every direction implies that 

first principal strain and second principal strain possess a same magnitude. Thus the 

results are the same for both first and second principal strains in case of equiaxial 

stretching. The magnitude of the first and second principal strains in case of equiaxial 

stretching is 12%. 
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Figure 4. 12. First or second principal Strain (%) on the membrane’s surface, equiaxial 

stretching 

 

4.3.2. Oval Rigid Part Structure 

The geometric parameters of the structure that provides the best performance, according 

to requirements are given in Table 4.2. 

Table 4. 2. Dimensions of the selected structure with oval rigid parts  

Geometric parameter t (mm) g (mm) s (mm) h (mm) 𝛉 (degree) 

Value 2 2.6 0.6 5.25 52 

Uniaxial Stretching with Oval Rigid Parts 

The same figures as for the circular structure are provided for the structure with oval 

rigid parts. Figure 4.15 presents the displacement of the structure under applied pressure 

of 36 kPa. The first principal strain on the surface of the membrane is provided in Fig-

ure 4.16 and Figure 4.17 illustrates the second principal strain on the membrane. Figure 

4.18 indicates the degree value of the angle between the first principal strain and Y di-

rection of the coordinate system. The area where predefined conditions for the second 

objective function are satisfied is presented in Figure 4.19 and the vector representation 

of the principal strains is illustrated in Figure 4.20. 
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Figure 4. 13. Displacement of the structure (mm), uniaxial stretching, oval structure, 

(Pressure: 36 kPa) 

 

Figure 4. 14. First principal Strain (%) on the membrane’s surface, uniaxial stretching, 

oval structure 
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Figure 4. 15. Second principal Strain (%) on the membrane’s surface, uniaxial stretch-

ing, oval structure 

The first principal strain is obtained in the range of 7.77%-10.7% and as it can be seen 

the maximum of the first principal strain occurs in the center of the membrane. The ob-

tained values for the second principal strain on the surface of the membrane are in the 

range of 0.13%-3.48%. In the central areas of the membrane, the value is below 2%. 

 

 

Figure 4. 16. Degree value of the angle between the first principal strain and Y direc-

tion of the coordinate system, uniaxial stretching, oval structure 
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Figure 4. 17. Location of the nodes where the area that the first principal strain is larger 

than 8%, second principal strain is smaller than 2%, and the angle between the direc-

tion of first principal strain and desired direction is less than 4.43°, uniaxial stretching, 

oval structure 

 

Figure 4. 18. Vector representation of the principal strains, uniaxial stretching, oval 

structure 

In this geometry, the surface area that fulfills the predefined conditions of yielding over 

8% for magnitude of first principal strain, less than 2% for magnitude of second princi-

pal strain, and having the angle between the direction of first principal strain and desired 

direction less than 4.43°, is 61% of the total area. The average of first principal strain on 

whole surface is 9.5% and the surface average for the second principal strain is 1.1%. 
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The standard deviation of first principal strain for total number of nodal elements on the 

surface is 0.7% for this structure. 

Equiaxial Stretching 

The performance of the oval structure for equiaxial stretching purposes has also been 

studied and the results for vacuum pressure of 40 kPa are provided. Figure 4.21 repre-

sents the displacement and deformation of the structure and Figures 4.22-4.23 which 

indicate first principal strain and second principal strain respectively, demonstrate that 

the first and the second principal strain are equal in magnitude. The magnitude of the 

first and second principal strains in case of equiaxial stretching is 9.7% for this geome-

try. 

 

 

Figure 4. 19. Displacement of the structure (mm) (Pressure: 40 kPa), equiaxial stretch-

ing 
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Figure 4. 20. First principal strain (%) on the membrane’s surface, equiaxial stretching 

 

Figure 4. 21. Second principal strain (%) on the membrane’s surface, equiaxial stretch-

ing 

4.4. Discussion on Results 

In this study, to analyze the stress and strain on the membrane, a 1mm distance from the 

edge of the membrane and the inner cylindrical shell is considered. This was described 

in Section 3.4 (see Figure 3.9). This was carried out due to possible computational er-

rors in these regions and Figure 4.24 is illustrated to demonstrate that the computational 

results at the edges are not reliable. As an example, Figure 4.24 indicates that the uni-

form distribution of the first principal strain in equiaxial stretching mode in the circular 

structure is varying close to the edges which is not accurate. 
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Figure 4. 22. First principal strain on the membrane of circular structure in equiaxial 

stretching mode (radius: 6mm) 

The obtained results of numerical simulations imply to be realistic. In case of equiaxial 

stretching mode of the device, the results are comparable to [11]. Those results have 

been validated experimentally. The same modelling method has been used to model the 

device in uniaxial stretching mode and the results accord with logic. Figures 4.9 and 

4.18 indicate deformation of the two structures with cover plates comprising of rigid 

parts under vacuum pressure. It is clear that the rigid parts made of material with rela-

tively high rigidity (E=2.4 GPa) compared to PDMS (E=2 MPa) will not experience a 

sensible deformation under vacuum pressure of 36kPa and this is obvious in Figures 4.9 

and 4.18 in which the deformation of ABS-M30i material is displayed to be negligible. 

The base membrane which is a thin (120𝜇𝑚) PDMS layer should experience a large 

deformation in regions where it is free to deform and this argument perfectly matches 

the results. As mentioned before, the strain is computed through calculating the dis-

placement field in a deformable body. This whole argumentation implies that the results 

accommodate with factual performance of the device. 

In order to be able to design a single device to provide both uniaxial stretching and 

equiaxial stretching, a tradeoff between the performances of the device in two different 

modes of operation is essential. In uniaxial stretching mode, the goal is to obtain the 

first principal strain as high as possible and the second principal strain as low as possi-

ble. In addition to that, the first principal strain field should be as uniform as possible. In 

equiaxial stretching mode, the goal is to obtain the first principal strain and the second 

principal strain as high as possible. In this case, the first principal strain and the second 

principal strain are equal. Other geometrical structures, e.g. ellipsoidal design shape of 

PDMS rings, might be able to provide a superior performance, according to require-

ments in case of uniaxial stretching; however this ellipsoidal geometry is unable to pro-

duce equiaxial strain. Thus, based on the main idea behind this study, which is to pro-
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duce both types of strain fields with one single device using two different cover plates, 

there must be a compromise in defining the requirements. 

This is comprehensible that the circular structure is capable of producing a higher first 

principal strain and a lower second principal strain. This is justifiable due to the fact that 

in the case of circular rigid parts, there is a fixed gap size between the rigid parts and 

inner cylindrical shell which is 100 microns. In contrast, for the case of oval rigid parts 

the gap is increasing with an ellipsoidal geometric equation from zero value in the mid-

dle of rigid parts. This intensifies the restriction of the displacement of the inner cylin-

drical shell and decreases the magnitude of the first principal strain.  

In case of uniaxial stretching, the average values of the first principal strains for circular 

structure and oval structure are 11.8% and 9.5%, respectively. The surface average of 

the absolute value of the second principal strain is 0.9% for the circular structure and 

this value has been obtained to be 1.1% for the oval structure. Thus, in the context of the 

magnitude of the principal strains, circular structure performs better than the oval struc-

ture. As discussed, having the first principal strain as high as possible and the second 

principal strain as low as possible is desired in case of uniaxial stretching. However the 

oval structure is capable of producing a more uniform strain field with a standard devia-

tion of 0.7%. The standard deviation of the strain field provided by circular structure is 

1.2%. Therefore, in context of uniformity of the distribution of strain field, the oval 

structure exhibits a preferable performance. 

In case of equiaxial stretching, the magnitudes of the first and the second principal 

strain are 12% for the circular structure and 9.7% for the oval structure. This is notewor-

thy that in this case the first and the second principal strains are equal and they yield a 

same value in whole surface. 

  

Afterwards, the decision on which structure to use, has to be made by end user based on 

whether the uniformity or the magnitude of strain play a more important role in the case. 
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5. CONCLUSION 

In this study, a novel design concept for a device capable of providing both uniaxial 

stretching and equiaxial stretching for cell culturing and stimulation of cells has been 

proposed. The designed structure provides a relatively good performance, according to 

defined requirements. Furthermore this pneumatically actuated cell stretching device is 

simple and easy to fabricate. 

To study the performance characteristics of the device, the computational model of the 

device is implemented in COMSOL Multiphysics 5.1 software. Furthermore, the geom-

etry of the device is optimized to achieve the desired performance. The obtained results 

for the optimized structure relatively satisfy the objectives of this study. 

Although this has been proven that utilizing different types of mechanical stimulation 

regulates the self-renewal of stem cells and directs their differentiation, but the actual 

intracellular mechanisms through which the differentiation of stem cells takes place still 

remains largely unknown. Once these mechanisms are better understood, engineers will 

be able to design and fabricate more appropriate bioreactors. This includes specially 

designed cell culture apparatuses aimed to impart an appropriate mechanical force on 

cells in question while further maintains the appropriate conditions for cell survival. The 

results of this study are a contribution to this demand. The results of this thesis make it 

easier to achieve two common forms of cell stretching, i.e. equiaxial stretching and uni-

axial stretching with one device. This also reduces the production costs for such appa-

ratuses.     

It is concluded that in order to design a single device for equiaxial and uniaxial stretch-

ing, a compromise in defining requirements for both cases is necessary. Although, other 

devices might be able to exhibit a more desirable performance for each individual case, 

but for this designed device, bifunctionality is a major advantage. Therefore, enabling to 

achieve the dual purpose of uniaxial and equiaxial cell stretching using one single de-

vice, distinguishes this device among other existing devices. In addition to that, the pro-

posed design is easy to fabricate and also transparent. Transparency enables monitoring 

cells under cultivation on the membrane. This novel design brings advantages that make 

it unique among other present devices.      

The summary of performance characteristics of two different structures for both types of 

stretching is expressed in the following. 

5.1. Performance Characteristics of the Devices 

This section summarizes the performance characteristics of the two structures in both 

uniaxial stretching mode and equiaxial stretching mode, respectively. This implies that 

these two structures provide different performance characteristics. The circular structure 

provides higher magnitude of strain. The oval structure provides a more uniform strain 

field, even though the magnitude of strain is smaller.           
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5.1.1. Uniaxial Stretching Mode 

For the circular structure, the surface area that satisfies the defined conditions of having 

first principal strain over 10% in magnitude, having magnitude second principal strain 

less than 2% and having the angle between the direction of first principal strain and de-

sired direction less than 4.43°, is 57% of the total area under study. In oval structure, the 

same conditions except for the magnitude of first principal strain which is set to be 8% 

instead of 10% have been applied and the area that fulfills these conditions is calculated 

to be 61% of the total are.  

The average value of first principal strain on the membrane surface is 11.8% for the 

circular structure, while for the oval structure this is equal to a smaller value of 9.5%. 

The surface average for the absolute value of the second principal strain is 0.9% for the 

circular structure and this value has been obtained to be 1.1% for the oval structure.  

The standard deviation of first principal strain for total number of nodal elements on the 

membrane surface is 1.2% for circular structure. The standard deviation for the elliptic / 

or oval structure is equal to 0.7%. 

5.1.2.  Equiaxial Stretching Mode 

The magnitude of the first and second principal strains in case of equiaxial stretching is 

12% for the circular geometry and this value is computed to be 9.7% for the oval geom-

etry. This is noteworthy that in this case the first and the second principal strains are 

equal and they yield a same value in whole surface. 

5.2. Specifications of the Two Structures 

This is comprehensible that the circular structure is capable to produce a higher first 

principal strain and lower second principal strain in case of uniaxial stretching. In addi-

tion to that, it also provides a higher strain in case of equiaxial stretching. Thus, in con-

text of the magnitude of the strain, this structure performs better than the oval structure. 

However the oval structure is capable of producing a more uniform strain field with a 

standard deviation of 0.7%. Therefore, in context of uniformity of the distribution of 

strain field, the oval structure exhibits a preferable performance. 

Afterwards, the decision on which structure to use, has to be made by end user based on 

whether the uniformity or the magnitude of the strain play a more important role in the 

case. 

5.3. Future Work 

In future, fabrication and experimental validation of the results for optimized structures 

need to be done. One other possible direction would be to control the performance char-

acteristics of the device by controlling vacuum pressure. It has been noticed that the 

amount of vacuum pressure applied, highly influences the plane strain and thus the ob-

jective function value. This is due to non-linear mechanical behavior of the PDMS. 

Thus, refining the objective functions and study of the objective functions according to 

applied vacuum pressure can be investigated. Further optimization of the device by tak-
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ing more parameters into account such as the vertical displacement of the membrane 

can also be done. 
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APPENDICES 

Appendix 1 

Table A1. 1. 1st O.F values for input variables; t, b, g, and h, circular rigid part 

t (mm) b (mm) g (mm) h (mm)  1
st
 O.F 

1,6 7,8 3,7 4,5 65.6327 

1,9391 8,9123 4,0029 5,1384 66.2977 

1,9183 7,3134 3,1669 3,5083 4.1572 

1,9024 8,376 3,006 5,3165 47.4075 

1,7905 7,3763 3,6829 3,6457 62.6972 

1,5739 7,9791 3,0777 5,7914 58.7076 

1,9589 8,6347 3,8128 3,4702 59.9066 

1,5886 6,3038 3,1267 5,8833 50.0035 

1,7538 8,6008 3,7191 4,8608 61.6574 

1,7342 7,9517 3,9384 3,7681 78.2238 

1,6595 7,8589 3,2342 5,4995 59.1957 

1,5319 6,8678 3,2463 4,2384 63.0261 

1,8007 6,3273 3,0514 3,913 35.7537 

1,6287 7,5402 3,0414 3,6244 58.1807 

1,7416 7,3949 3,8523 4,8756 74.5844 

1,5022 6,0741 3,8184 4,0797 71.0441 

1,5968 8,9329 3,3718 4,8754 63.5177 

1,9787 6,1407 3,3597 5,0279 39.7538 

1,9554 8,1813 3,5014 4,0429 53.6323 

1,563 6,802 3,3569 3,6728 74.7436 

1,6172 8,511 3,2288 3,9421 70.0396 

1,581 7,2095 4,0697 4,5707 69.6010 

1,6416 7,0603 3,8163 5,7236 65.1234 

1,6347 7,1789 3,5228 3,4645 56.9675 

1,7089 8,247 3,1153 5,7411 53.6323 

1,8699 6,6386 3,4391 3,3817 35.5521 

1,7944 6,1541 3,2199 3,1296 0 

1,7 8,65 4,05 3,85 0 

1,5522 8,4431 3,3414 5,4143 40.9422 

1,7232 9,6995 3,3464 4,2313 0 

1,7542 7,0976 3,3178 4,4485 0 

1,5219 9,3985 3,0126 3,3091 0 

1,9832 8,7639 3,8637 5,0358 21.1965 

1,7145 7,964 3,9136 3,2594 0 

1,7708 6,1871 3,8282 3,4199 0 

1,5702 7,5744 3,9493 5,8405 46.6082 

1,7553 6,6074 3,6952 5,0298 0 

1,7355 6,4724 3,069 4,2154 0 

1,8631 8,525 3,2842 4,9601 5.9804 
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1,9466 8,982 4,0661 5,6656 41.4268 

1,75 7,95 3,95 3,75 75.6561 

1,8033 7,2032 3,4854 5,3227 59.8324 

1,5281 6,8886 3,6034 4,3715 66.8742 

1,6168 9,4247 4,0227 4,9908 60.1542 

1,9524 7,1203 3,0068 4,9797 30.5815 

1,7134 8,6318 4,0617 3,8533 79.7057 

1,9136 6,8135 3,7111 3,5267 60.4265 

1,8605 8,7347 4,0076 4,2923 75.6030 

1,5486 8,9847 3,476 5,2441 53.6924 

1,7526 9,3919 3,2343 5,2498 51.9170 

1,8366 6,2819 3,9911 4,9275 56.2177 

1,5445 8,4008 3,1652 5,7269 57.4061 

1,788 6,6251 3,0249 3,6688 38.3356 

1,6968 6,5889 3,8923 5,748 58.9163 

1,947 9,347 3,2125 5,6498 47.6409 

1,6344 7,2041 3,1312 4,7855 62.8422 

1,7058 7,8329 3,3799 3,6989 68.3136 

1,717 9,8053 3,0148 3,4475 39.9165 

1,9312 6,6629 3,206 5,8107 45.7735 

1,5226 6,6527 3,8245 5,529 57.7810 

1,9046 9,2508 3,6227 4,027 37.5256 

1,9428 9,5996 3,3578 3,0236 0 

1,5737 7,9858 4,0514 4,5816 72.2466 
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Table A1. 2. 2nd O.F values for input variables; t, b, g, and h, circular rigid part 

t (mm) g (mm) h (mm) b (mm) 2
nd

 O.F 

1.9466 4.0661 5.6656 8.9820 41.4300 

1.7000 4.0500 3.8500 8.6500 0 

1.5522 3.3414 5.4143 8.4431 40.9400 

1.7232 3.3464 4.2313 9.6995 0 

1.7542 3.3178 4.4485 7.0976 0 

1.5219 3.0126 3.3091 9.3985 0 

1.9832 3.8637 5.0358 8.7639 21.2000 

1.7145 3.9136 3.2594 7.9640 0 

1.7708 3.8282 3.4199 6.1871 0 

1.5702 3.9493 5.8405 7.5744 46.6100 

1.7553 3.6952 5.0298 6.6074 0 

1.7355 3.0690 4.2154 6.4724 0 

1.8631 3.2842 4.9601 8.5250 5.9800 

1.3624 2.3368 9.9938 4.8340 0 

1.5500 3.9500 7.5500 5.8500 46.4200 

1.2961 2.9188 9.4066 5.2604 32.1100 

1.6419 2.4042 8.1968 5.0495 0 

1.4773 2.6939 6.9190 5.1933 21.9900 

1.6422 3.9612 9.2798 4.1662 0 

1.3696 3.8145 9.4232 4.8812 9.9200 

1.7678 4.0111 8.0684 5.2307 35.8600 

1.7396 2.9991 9.6230 4.3378 0 

1.5486 4.0182 6.3987 4.3867 0 

1.8712 2.3336 6.0531 4.0555 0 

1.5410 2.3360 8.3830 5.2230 0 

1.3263 2.8806 7.5943 4.2713 0 

1.9479 3.6982 6.1743 4.8564 0 

1.7500 4.0000 8.0500 5.2500 40.1200 

1.3894 3.9664 7.3392 4.9206 0 

1.7129 2.2596 7.7668 5.5658 0 

1.7147 2.0981 9.5939 5.3739 0 

1.4548 3.1776 7.4281 4.1403 0 

1.8919 2.9743 6.0909 5.8241 27.3400 

1.6384 3.2682 9.8448 5.6363 34.7100 

1.4687 4.0360 7.7836 5.3958 39.6900 

1.6041 3.4207 8.5139 4.2467 0 

1.9229 2.5269 7.2481 5.8875 9.8700 

1.3695 2.2481 6.4386 4.6053 0 

1.4611 3.4764 9.0750 4.5651 0 

1.9138 2.1004 9.7698 4.2489 0 

1.5386 2.7425 6.7597 4.2926 0 

1.4302 2.7395 7.9450 4.8171 0 

1.8456 3.9193 6.0929 4.9005 0 

1.5802 3.3196 9.7205 5.1931 35.4700 

1.7500 4.0000 8.0000 5.2500 39.4000 

1.5185 3.4798 7.8295 4.1864 0 

1.9967 4.0608 7.0098 3.4864 0 
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1.7181 3.0320 6.9323 4.8586 0 

1.9768 3.1335 8.6283 4.0498 0 

1.7619 3.0786 6.9648 3.1690 0 

1.9165 3.7886 7.1278 5.6478 41.0200 

1.8065 3.5697 9.7377 4.0272 0 

1.7004 3.9913 7.2220 4.1576 0 

1.8145 3.6749 8.0733 3.2535 0 

1.7266 3.9535 7.6122 3.0939 0 

1.6104 3.6099 9.8850 4.8094 0 

1.9949 3.3543 7.3177 5.6446 37.6500 

1.5006 3.8500 6.7542 5.0397 5.6900 

1.7573 3.6468 8.5018 5.6192 43.1500 

1.9500 3.6500 8.5000 5.6000 43.5800 

1.7500 3.6500 8.5000 5.6000 43.1600 

1.7500 3.8500 8.5000 5.6000 44.6200 

1.7500 3.6500 8.7000 5.6000 43.5700 

1.7500 3.6500 8.5000 5.8000 46.7100 

1.5500 3.6500 8.5000 5.6000 37.4500 

1.7500 3.4500 8.5000 5.6000 44.3500 

1.7500 3.6500 8.3000 5.6000 42.1900 

1.7500 3.6500 8.5000 5.4000 40.8600 

1.8264 3.8000 8.5409 5.9000 45.8700 

1.7684 3.5837 8.4984 5.8725 47.3300 

1.7668 3.4876 8.4947 5.9000 45.7500 

1.7775 3.6159 8.4871 5.9000 48.1100 

1.7871 3.6643 8.4125 5.9000 46.2500 

1.7793 3.6234 8.5312 5.9000 43.8300 

1.7659 3.6109 8.4687 5.9000 47.9200 

1.7825 3.6168 8.4875 5.8914 47.2300 

1.7822 3.6219 8.4806 5.9000 46.8500 

1.7767 3.6110 8.4875 5.8913 48.0800 

1.7678 3.6159 8.4893 5.9000 47.7200 

1.7800 3.6252 8.4898 5.9000 48.3000 

1.7828 3.6325 8.4960 5.9000 49.2000 

1.7850 3.6399 8.5024 5.9000 44.8400 

1.7798 3.6342 8.4963 5.8906 48.5300 

1.7867 3.6260 8.5025 5.9000 48.6900 

1.8000 3.6500 8.5000 5.9000 46.0500 
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Table A1. 3. 2nd O.F values for input variables; t, g, and h, rectangular rigid part 

t (mm) g (mm) h (mm) 2
nd

 O.F 

1.6000 3.5000 5.0000 0.7497 

1.9000 3.5000 5.0000 0 

1.6000 3.8000 5.0000 0.3775 

1.6000 3.5000 4.7000 0 

1.8000 3.7000 5.3000 0 

1.6500 3.5500 4.8500 0 

1.6000 3.6500 5.0000 0 

1.7500 3.5000 5.0000 0 

1.6000 3.5000 4.8500 0.3494 

1.5000 3.7000 5.7000 3.1800 

1.6511 3.1706 4.1532 0 

1.7000 3.0000 5.7000 0 

1.5804 3.4750 3.0874 0 

1.6500 3.2000 4.5000 0 

1.8874 3.5372 3.5639 0 

1.5619 3.9312 3.9503 0 

1.5000 3.4000 4.0000 0 

1.7140 3.2906 3.8786 0 

1.5859 3.2282 4.2461 0 

1.5679 3.3150 5.0152 0.7225 

1.5000 3.8000 4.4000 0 

1.8246 3.0364 5.3317 0 

1.5255 3.1489 4.0892 0 

1.7619 3.9240 5.0309 0 

1.7035 3.7813 5.5293 0.3504 

1.6838 3.8489 3.5495 0 
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Table A1. 4. 3rd O.F values for input variables; t, s, g, d, and h, oval rigid part 

t (mm) g (mm) s (mm) h (mm) 𝚯 (degree) 3
rd

 O.F 

2.0000 2.6000 0.60000 5.2500 52.000 54.423 

2.0065 3.4270 0.84586 5.5745 39.955 44.316 

1.9000 2.8000 0.40000 5.5000 49.000 30.363 

1.4226 3.1455 0.87006 5.7969 37.325 39.495 

1.9401 2.9162 0.50678 5.1759 52.804 48.069 

1.6426 2.8846 0.56251 4.9146 55.072 43.895 

1.8479 2.6127 0.60981 4.7527 55.590 45.661 

1.7000 3.0000 0.80000 5.2000 40.000 42.754 

1.8651 3.3062 0.64181 5.1355 43.451 45.424 

1.6786 3.4863 0.94482 4.8659 40.518 19.340 

2.2167 3.3911 0.49763 5.5344 50.464 41.091 

1.7000 3.1000 0.50000 5.0000 36.000 45.907 

2.0757 3.8648 0.26623 5.8808 56.118 10.280 

1.7832 2.5454 0.65529 5.2351 47.949 54.505 

1.4875 3.6296 0.29801 4.9744 59.322 14.211 

2.4052 3.3047 0.91837 5.8419 34.129 44.444 

2.0944 3.2850 0.84627 4.7272 39.627 25.757 

1.5563 3.9615 0.57613 5.0520 49.834 33.096 

1.8630 3.2751 0.49156 5.2951 44.686 40.401 

1.7438 3.9028 0.75464 4.5911 39.745 0.31591 

2.4784 3.1737 0.11585 4.5635 38.679 47.033 

1.9449 3.7078 0.42952 5.7429 35.521 32.855 

2.2684 3.6365 0.27856 4.8409 38.846 44.965 

1.6366 3.7423 0.61868 5.8225 41.338 32.079 

2.3172 3.3803 0.37134 5.5216 52.427 26.289 

1.6526 3.0221 0.35580 4.7010 43.046 35.715 

2.3188 3.4965 0.12425 4.5938 30.943 55.480 

2.4775 3.7385 0.16567 5.7645 42.253 23.987 

1.6947 3.9635 0.33325 5.7500 57.752 10.881 

1.8067 3.8316 0.86451 5.4832 47.280 42.673 

1.6423 2.9573 0.15120 4.6526 46.529 23.556 

1.7975 2.8415 0.20509 4.9825 41.960 34.269 

1.6792 3.1699 0.69710 5.7852 32.023 32.593 

1.9436 2.8665 0.49209 5.1142 44.781 47.691 

1.6836 2.9965 0.15043 5.0553 38.402 33.569 

1.4618 3.2837 0.11684 5.2117 48.401 12.821 

2.0038 3.3611 0.77749 5.4877 33.791 40.057 

1.7183 2.8511 0.52095 5.8408 36.978 37.958 

2.1916 2.7766 0.93718 4.5275 30.847 24.018 
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Appendix 2 

Figure A2.1 presents a MATLAB Surf Plot. The plot describes the effects of different 

limit values on the percentage of the nodal elements of the surface that satisfy the condi-

tions based on these values. The limits are considered for the magnitude of the first 

principal strain and the allowable deviation in degree from the desired orientation of the 

first principal strain. Based on the behavior of the device, a choice in order of 10% for 

the magnitude of the strain and 5° for the angle is reasonable since 86% of the nodes 

satisfy these conditions. Higher magnitudes for the first principal strain and lower de-

gree values for the angle decreases the percentage of nodal elements that satisfy the 

conditions to a low value of 20%. 

 

Figure A2. 1. Percentage of the nodes satisfying the conditions for different conditional 

limit values of the magnitude of the strain (%) and the allowable angular deviation from 

the determined orientation of the strain (degree)   
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Appendix 3 

This appendix presents an example definition of boundary conditions and mesh ele-

ments in the computational model. Figure A2.1 indicates regions that are considered to 

be fixed (left) and those that pressure load are applied (right). Figure A2.2 represents the 

tetrahedral mesh elements. 

 

Figure A3. 1. Fixed constraint boundary condition regions (left) and load boundary 

condition regions (right) 

 

Figure A3. 2. Tetrahedral Mesh elements,  complete mesh consist of 5951 domain ele-

ments, 3386 boundary elements, and 310 edge elements. 

 


