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The ever-increasing requirements in drive dynamics, comfort and e�ciency are chal-

lenges that the automotive industry faces when designing new vehicles. Development

of advanced suspension systems and drive dynamics control systems are opportu-

nities to meet these challenges. This thesis examines the optimal control problem

of a new active suspension system that is being developed at Daimler AG. Several

di�erent control structures are tested with the goal of �nding the one that has the

best comfort and energy-e�ciency qualities.

The thesis is divided into two main topics. The �rst one discusses suspension

systems and introduces a new active suspension actuator that is being developed

at Daimler. The actuator is modeled, linearized and combined with a quarter-car

model to create a complete system model. In the second main section optimal and

robust control is discussed with a focus on the H∞-method. This method aims

to �nd the controller that stabilizes the system and minimizes the worst-case gain

from disturbance inputs to system outputs. Six di�erent controllers are designed,

discretized and tested by applying them to a detailed nonlinear model of the system.

Three of the con�gurations control the system in a cascaded manner and the rest

control the system directly based on the vehicle body acceleration and road level

signals. An advanced nonlinear two-degree-of-freedom (2DOF) controller serves as

a benchmark system that helps to assess the performance of the new controllers.

The study indicates that all six controllers are able to stabilize the system and

increase comfort. Comfort performance was assessed with power spectral density

(PSD) graphs of vehicle body acceleration data that was measured during test track

simulations. The best cascaded control structure has a near identical performance

with the 2DOF controller while the best direct suspension controller is able to im-

prove comfort on low frequencies even more than the other systems without in-

creasing the power consumption. Additionally, utilizing preview measurements of

the road level further increases the bandwidth of the controller. Implementing the

controllers on a testbed would be the next step of the project but it is outside the

scope of this work. Future work also includes studying and improving the robustness

properties of the controller by using parameter variation during control design.
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Alati kasvavat vaatimukset ajodynamiikassa, -mukavuudessa ja energiatehokkuu-

dessa ovat haasteita, joita autoteollisuus kohtaa suunnitellessaan uusia tuotteita.

Kehittyneet jousitussysteemit ja ajodynamiikan ohjausjärjestelmät ovat varteenotet-

tavia vaihtoehtoja, joilla näihin haasteisiin voidaan vastata. Tässä työssä keski-

tytään tutkimaan optimisäätöratkaisuja Daimler AG:n kehittämään aktiivijousi-

tusjärjestelmään. Vertailtavana on useita eri säätörakenteita, joista tavoitteena on

löytää mukavuuden ja energiatehokkuuden kannalta paras vaihtoehto.

Työ jakaantuu kahteen pääosioon. Ensimmäinen tarkastelee jousitusjärjestelmiä

ja esittelee uuden toimilaitteen, jota kehitetään parhaillaan Daimlerilla. Toimilaite

mallinnetaan, linearisoidaan ja yhdistetään niin sanottuun neljännesautomalliin.

Toinen pääosio tarkastelee optimaalista ja robustia säätöä keskittyen H∞-menetel-

mään. Menetelmää soveltaen on mahdollista löytää systeemin vakauttava säädin,

joka minimoi pahimman mahdollisen häiriötilanteen vaikutuksen systeemin ulostu-

loihin. Menetelmän avulla luodaan kuusi erilaista säädintä, jotka diskretoidaan ja

testataan yksityiskohtaisen epälineaarisen jousitusmallin avulla. Säätörakenteista

kolme perustuu kaskadisäätöön ja lopuissa säätö tapahtuu suoraan ajoneuvon run-

gon kiihtyvyysmittauksiin ja tien pinnan muutoksiin perustuen. Uusien säädinten

suorituskyky arvioidaan vertaamalla tuloksia aiemmin Daimlerilla kehitettyn epä-

lineaarisen kahden vapausasteen säätimen (2DOF) tuloksiin.

Tutkimus osoittaa, että kaikki kuusi säädintä vakauttavat systeemin ja lisäävät

ajomukavuutta. Mukavuus arvioitiin testiradalla simuloidun ajoneuvon rungon kiih-

tyvyyssignalin tehotiheysspektrin (PSD) perusteella. Parhaan kaskadisäätöraken-

teen suorituskyky sekä tehonkulutus ovat miltei identtisiä mittapuuna käytetyn

2DOF-säätimen kanssa, kun taas paras suora säätörakenne parantaa mukavuutta

alhaisilla taajuuksilla muita säätörakenteita enemmän lisäämättä tehonkulutusta.

Suoran säätörakenteen kaistanleveyttä on edelleen mahdollista parantaa hyödyn-

tämällä mittausdataa tien pinnan tason muutoksista. Säädinten soveltaminen testi-

laitteistoon on projektin seuraava vaihe, mutta se ei enää kuulu tämän työn piiriin.

Lisäksi tulevaisuudessa säätimen robustisuutta voidaan tutkia ja parantaa käyt-

tämällä suunnitteluvaiheessa parametrien variointimenetelmää.



IV

PREFACE

This thesis project was done for Daimler AG in their research center in Böblingen,

Germany between January and July 2012. There are two di�erent versions of this

document: one, including all the details and exact parameter values, which is handed

only to the company and another edited version that will be available to the public

through Tampere University of Technology. This is the university version.

I would like to thank all the co-workers at Daimler who helped me gather infor-

mation for the project and who provided a nice work atmosphere in the o�ce. The

biggest thanks go to my supervisor Dipl.-Ing. Oussama Ajala who would always

answer my questions no matter what the topic was. From the sta� of Tampere

University of Technology I would like to thank especially my supervisors Professor

Matti Vilkko and Dr. Tech. Tomi Roinila who were kind enough to advise me from

Finland while I was working in Germany. Both of them also deserve a big thanks

for all the academic and professional help they have given me during my studies in

Tampere. Also, I would like to thank Dr. Tech. Terho Jussila for suggesting helpful

theory books to get familiar with the topic before my arrival in Germany.

Finally, I would also like to thank my family and girlfriend for their support

during the project and for being patient with my traveling plans once again.

Tampere, 17th July 2012

Sami Rajala



V

CONTENTS

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Goals of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Structure of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2. Suspension Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1 Basics of Suspension Systems . . . . . . . . . . . . . . . . . . . . . . . 3

2.2 Passive Suspension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.3 Semi-Active Suspension . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.4 Active Suspension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3. System Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3.1 Operating Principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3.2 Modeling the Actuator . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3.3 Linearization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.4 Simpli�ed Linear Model . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.5 Augmented Linear Model . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.6 Linear Actuator Model Validation . . . . . . . . . . . . . . . . . . . . 23

3.7 Suspension with Quarter-Car Model . . . . . . . . . . . . . . . . . . . 25

3.8 Chapter Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4. Control Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.1 Optimal and Robust Control . . . . . . . . . . . . . . . . . . . . . . . 32

4.2 Control of the Suspension System . . . . . . . . . . . . . . . . . . . . . 41

4.3 Chapter Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5. Comparison of Control Approaches . . . . . . . . . . . . . . . . . . . . . . . 56

5.1 Comparing the Cascaded Controllers . . . . . . . . . . . . . . . . . . . 57

5.2 Comparing the Direct H∞ Controllers without Preview . . . . . . . . . 58

5.3 Comparing the Direct H∞ Controllers with Preview . . . . . . . . . . 63

5.4 Comparing the Best Controllers . . . . . . . . . . . . . . . . . . . . . . 64

5.5 Further Analysis of the Results . . . . . . . . . . . . . . . . . . . . . . 70

5.6 Chapter Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

6. Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

6.1 Goals of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

6.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

A.Matlab Scripts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

A.1 Parameter Values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

A.2 State-Space Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

A.3 Controllers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82



VI

LIST OF FIGURES

2.1 Structure of a basic passive suspension system . . . . . . . . . . . . . 4

2.2 Con�ict between ride comfort and safety . . . . . . . . . . . . . . . . 4

2.3 Physical model of a semi-active suspension . . . . . . . . . . . . . . . 6

2.4 Sketch of the Active Body Control system principles . . . . . . . . . . 8

3.1 Sketch of the new actuator . . . . . . . . . . . . . . . . . . . . . . . . 10

3.2 Sketch of the new actuator with positive �ow directions . . . . . . . . 11

3.3 Damping factors of the throttle valves . . . . . . . . . . . . . . . . . . 15

3.4 Throttle valve damping factors in comfort mode . . . . . . . . . . . . 15

3.5 Determining the best constant values for throttle valve damping factors 16

3.6 Determining the viscous friction component of the hydraulic pump . . 17

3.7 Velocity control loop . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.8 General block diagram of the linear block test setup in Matlab/Simulink 24

3.9 Comparing the performance of the linear systems with the original . . 25

3.10 Quarter-car active automotive suspension. a) Standard implementa-

tion. b) Implementation in thesis. . . . . . . . . . . . . . . . . . . . . 26

3.11 Combining the LM2 model with quarter-car model in Matlab/Simulink 27

4.1 LQR block diagram . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.2 LQR integral control . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.3 A feedback con�guration for Small-Gain Theorem . . . . . . . . . . . 36

4.4 Additive perturbation . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.5 Basic system structure for mixed sensitivity H∞ design . . . . . . . . 38

4.6 The standard H∞ problem con�guration . . . . . . . . . . . . . . . . 38

4.7 Mixed sensitivity structure with output weighting functions Wi . . . . 39

4.8 Collection of various control structures to be tested . . . . . . . . . . 42

4.9 Skyhook principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.10 LM1 system modi�ed for H∞ design . . . . . . . . . . . . . . . . . . 44

4.11 Output weights W1i for controller K1 . . . . . . . . . . . . . . . . . . 45

4.12 Closed-loop transfer function progress during K1 design process . . . 47

4.13 Output weights W1i for controller K2 . . . . . . . . . . . . . . . . . . 48

4.14 Closed-loop transfer function progress during K2 design process . . . 48

4.15 Output weights W1i for controller K3 . . . . . . . . . . . . . . . . . . 49

4.16 Closed-loop transfer function progress during K3 design process . . . 49

4.17 LM5 system modi�ed for H∞ design . . . . . . . . . . . . . . . . . . 51

4.18 Output weights for controller K5 . . . . . . . . . . . . . . . . . . . . 51

4.19 Closed-loop transfer function progress during K5 design process . . . 52



VII

4.20 Output weights for controller K6 . . . . . . . . . . . . . . . . . . . . 53

4.21 Closed-loop transfer function progress during K6 design process . . . 53

4.22 Output weights for controller K7 . . . . . . . . . . . . . . . . . . . . 54

4.23 Closed-loop transfer function progress during K7 design process . . . 54

4.24 Two-degree-of-freedom control system for comparison . . . . . . . . . 55

5.1 Test track pro�le and �ltered preview signal . . . . . . . . . . . . . . 57

5.2 Simulink implementation of the complete cascade controlled systems . 59

5.3 Torque signals for cascaded control structures . . . . . . . . . . . . . 60

5.4 PSD grapah for the passive and cascade controlled systems . . . . . . 60

5.5 Simulink implementation of the K5 controller . . . . . . . . . . . . . 61

5.6 Torque signals for the direct control structures without preview . . . 62

5.7 PSD graph for directly controlled suspension systems systems without

preview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.8 Torque signals for the direct control structures with preview . . . . . 64

5.9 PSD graph for directly controlled suspension systems with and with-

out preview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.10 Time domain results with the best controllers . . . . . . . . . . . . . 66

5.11 Simulations over a bump with doubled vehicle mass . . . . . . . . . . 69

5.12 Simulations over a bump with vehicle mass reduced by 50% . . . . . 71



VIII

TERMS AND SYMBOLS

Symbols

A0 Piston area
Ak, Ar Piston side and piston-rod side cylinder area
bs Suspension damping
cleak Leakage factor of the pump
ck, cr Damping factor of the piston side and piston-rod side throttle valves
Fa, Fakt Actuator force acting on the car body and the real actuator force
Fc, Fs, Fv Coulomb, static and viscous friction forces
fv Viscous friction coe�cient
iA Axle ratio
Jm Inertia of the hydraulic pump and rotor
K1 −K3 H∞ force loop controllers
K5 −K7 H∞ direct suspension controllers
ks, kt Suspension spring sti�ness and wheel sti�ness
ksky Skyhook damping parameter
ms,mu Sprung mass and unsprung mass
pk, pr Pressure in the cylinder in the piston side and piston rod side
pks, prs Pressure at piston side and piston-rod side accumulators
ps0 Pressure in the cylinder at equilibrium point
qm E�ective �ow from the pump
qks, qrs Flow to piston side and piston-rod side accumulators
qv Leakage �ow in the pump
Tm Input torque to motor
Tp Torque required to move the pump due to pressure di�erences
Tv Torque loss due to friction
Vsch Hydraulic pump displacement
Vks, Vrs Gas volume in the piston side and piston-rod side accumulators
Vks0, Vrs0 Gas volumes in the accumulators at equilibrium point
Wi Optimal control design weighting function
ze Suspension compression
zr, zs, zu Road level, sprung mass level and unsprung mass level
ϕ Rotation angle of the hydraulic pump
κ Polytropic index
ω Rotating velocity of the hydraulic pump



IX

Terms

2DOF Two-degree-of-freedom
ABC Active Body Control
ARE Algebraic Riccati Equation
LM1 Simpli�ed linear model with ω-input
LM2 Linear model with Tm-input
LM3 Augmented linear model with ωref -input
LM5 LM1 combined with quarter-car model
LM6 LM2 combined with quarter-car model
LM7 LM3 combined with quarter-car model
LQG Linear Quadratic Gaussian
LQR Linear Quadratic Regulator
LQRI Linear Quadratic Regulator with Integral control
MPU Motor-Pump Unit
PSD Power Spectral Density



1

1. INTRODUCTION

The ever-increasing requirements in drive dynamics, driving safety and ride comfort

are challenges that the automotive industry has to face when designing new products.

Additionally, environment friendliness and energy e�ciency have become important

factors that customers consider when they are buying a new car. To satisfy these

demands, development of more e�cient energy-saving driver assistance and drive

dynamics control systems is needed. In 1999 Daimler AG introduced the world's

�rst actively controlled suspension system called Active Body Control (ABC) which

has been successfully used in several Mercedes-Benz CL-, SL- and S-Class models

but now a new, improved system is under development. In this thesis, the new

actuator of the suspension system is modeled, and various optimal controllers are

tested.

1.1 Motivation

Suspension systems can be categorized into passive, semi-active, and active systems.

Passive suspension systems consist of various types of springs and dampers or shock

absorbers and they can reasonably well isolate the vehicle from road noise, bumps

and vibrations. However, when optimizing a passive suspension system, the phys-

ically possible limits will be reached and thus passive suspension will always be a

compromise between comfort, handling and ride stability [1]. In active suspension

systems electronically controlled actuators are used to provide signi�cantly more ef-

�cient performance. Depending on how the system is built and controlled the active

system may, however, use a signi�cant amount of energy.

The advantage of sophisticated control methods, such as optimal control, is that

the energy usage can be taken into account in the control design and penalized. The

basic principle of optimal control is to operate a dynamic system at minimum cost.

The cost function is often de�ned as a weighted sum of the deviations of key mea-

surements from their desired values with the additional possibility to concentrate on

interesting frequencies. This thesis will concentrate on the so called H-in�nity (H∞)

method which can be used to analyze the worst-case performance of the system.
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1.2 Goals of the Thesis

The main goal of the thesis is to �nd a suitable optimal controller structure for the

new suspension system that is being developed at Daimler. The control should be

done in an energy-e�cient way without losing the ride comfort. To reach this �nal

goal, several subgoals can be de�ned:

• De�ning the nonlinear system equations that describe the behavior of the

system.

• Creating a linearized model of the suspension system and comparing its per-

formance with the nonlinear model.

• Combining the suspension system model to a so called quarter-car model to

create a complete system model.

• Applying optimal H-in�nity (H∞) methods in di�erent control loops and com-

paring their performances.

Creating the linearized model of the system is a major part of the project. The

original nonlinear equations contain several parameters that are too complex to be

used with the linearized model and thus simpler approximations must be evaluated.

That is why discussing the di�erences between the original and the linearized models

of the system is an important part of the thesis.

1.3 Structure of the Thesis

Chapter 2 introduces the state of the art of suspension systems. Passive and semi-

active systems are introduced too but the focus will be on active suspension systems.

Chapter 3 considers the modeling and linearization of the new actuator. The

suspension system model is also combined with a quarter-car model to create a

complete system model.

Chapter 4 introduces the theoretical background of optimal and robust controllers

after which the theory is applied to the studied system in various ways.

Chapter 5 shows the simulation and measurement results when the created op-

timal controllers are applied to the original nonlinear system. The results are com-

pared with an advanced control system developed previously at Daimler to get a

good understanding of the performance capabilities of each new controller structure.

Finally, the best controllers are chosen and discussed further.

Chapter 6 draws conclusion.



3

2. SUSPENSION SYSTEMS

This chapter will introduce the state of the art of suspension systems. First, some

general theory about suspension systems is given. Then, di�erent types of suspension

systems (passive, semi-active and active) and their properties and limitations are

discussed. The active suspension part will focus on the Active Body Control system.

2.1 Basics of Suspension Systems

Suspension is a general term that includes all springs, shock-absorbers (also called

dampers) and other linkages that connect the wheels to the body of the car. Ac-

cording to [2], the desirable characteristics for a suspension system include:

• Regulation of body movement. Ideally the suspension should isolate the body

from road disturbances and inertial disturbances associated with cornering

(body roll) and braking/acceleration (body pitch).

• Regulation of suspension movement. Excessive vertical wheel travel will result

in non-optimum attitude of the tire relative to the road. The result will be

poor handling and adhesion of vehicle and fatigue of driver.

• Force distribution. To maintain good handling characteristics, the optimum

tire/road contact must be maintained on all four wheels.

The basic structure of a suspension system is shown in Figure 2.1. Suspension is

located between the sprung mass (vehicle body, ms in the �gure) and the unsprung

mass (tires, wheels, brakes, mu in the �gure). The adjustable parameters of the

suspension are the sti�ness of the spring ks and the damping value bs and additionally

the unsprung mass has its own sti�ness value kt. zs, zu and zr are the levels of the

sprung mass, unsprung mass and the road, respectively.

Both the sprung and unsprung masses have their own resonant frequencies which

a�ect the performance of the whole suspension system. The unsprung mass resonant

frequency occurs around 10-13 Hz frequency area and is known as 'wheel-tire-hop'

frequency. The sprung mass has its resonant frequency around 1-3 Hz which is known

as the 'rattle-space' frequency [3]. Both of these phenomena will be discussed more

in chapter 3.7.

In addition to the basic springs and dampers, suspension systems may also in-

clude separate actuators to enhance the performance of the suspension. This is why
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several di�erent types of suspension systems can be de�ned. In this thesis three

di�erent categories are used: passive, semi-active and active suspension systems.

The di�erences between the categories are introduced next.

2.2 Passive Suspension

The term "passive" refers to the physics concept that no external power source

is a�ecting the system. These kinds of suspension systems can be found in most

conventional vehicles.

The ideal suspension system should be soft for ride comfort, as well as sti� to be

insensitive to the applied loads. Good handling requires a suspension setting from

somewhere between these two [2]. Due to these con�icting demands, automotive ve-

hicle suspension design when using only passive suspension has been a compromise

between the desired properties. The type of use of the vehicle has thus commonly

de�ned which values the spring sti�ness and damping factor should have [1]. An

example of this is given in Figure 2.2 which shows that di�erent parameter com-

binations may be preferred depending on which type of a vehicle they are used

in.

There are some constructional methods with which the performance of traditional

passive suspension systems can be improved. One of these methods premiered in

Mercedes-Benz A-Class in 2004 and is called selective damping. In the selective
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damping system a part of the oil �ow is directed through an additional valve hous-

ing above the actual damper piston. Inside the housing there is a control plunger

which divides it into two areas. When the shock absorber is subjected to only small

movements the control plunger is in a central position and holds open a bypass duct

which allows part of the oil �ow to pass through the piston journal. This oil �ows

past the damper valve, reducing the overall resistance of the shock-absorber. This

produces "softer" shock absorber characteristics which increases the comfort espe-

cially when driving normally but on poor roads. If the shock absorber is subjected

to more abrupt movements - for example when taking bends at speed or during

evasive maneuvers - the oil pushes the control plunger in the valve housing upwards

or downwards, automatically closing the bypass duct. As a result the full damping

e�ect becomes available and the vehicle is stabilized to the maximum [4].

Since implementing the selective damping system requires only constructive mea-

sures, the system is dependable, simple and economic. However, to get even better

results, semi-active and active systems are required. They are discussed next.

2.3 Semi-Active Suspension

Semi-active suspension systems consist of springs and shock-absorbers, the prop-

erties of which can be altered by an external mechatronic control. An example of

such system is in Figure 2.3. In this construction the spring is a normal suspension

spring but the damper is an actuator that can be controlled in a closed-loop manner.

Several sensors measure the vehicles state, such as velocity and the spring de�ec-

tion, and according to these values the damping force of the actuator is adjusted.

However, this is only the general idea of how a semi-active suspension works. In

a more detailed level there exists several di�erent categories into which semi-active

suspension systems can be divided depending on the type of implementation. For

instance, in [3] the following classi�cation is used:

• Slow-active - Suspension damping and/or spring rate can be switched between

some discrete levels in response to alterations in driving or braking circum-

stances. Suspension motions, steering angle or brake pressure are normally

used to activate control alterations to higher levels of damping or sti�ness.

The change back to softer settings results after a time delay. As a consequence

the mechatronic control system does not regulate continuously during individ-

ual cycles of vehicle oscillation. Slow active mechatronic control systems may

also be termed 'adaptive' semi-active suspensions.

• Low-bandwidth - Spring rate and/or damping are adjusted continuously in

response to the low frequency sprung mass motions (1-3 Hz). Also known as

slow-active or band-limited mechatronic control systems. A low bandwidth



2. Suspension Systems 6

s
m

u
m

s
k

t
k

s
z

u
z

r
z

Cµ

Sensor

data

Sensor

data

Actuator

Figure 2.3: Physical model of a semi-active suspension

mechatronic control system aims to control the suspension over the lower fre-

quency range, and speci�cally around wheel-tire-hop frequency. At higher

frequencies the passive components take care of the suspension.

• High-bandwidth - Spring rate and/or damping are adjusted continuously in

response to both the low frequency sprung mass motions (1-3 Hz) and the high-

frequency axle motions (10-15 Hz) In particular this means that one aims to

improve the suspension response around both the 'wheel-tire hop' and 'rattle-

space' frequencies. These type of systems may consume signi�cant amounts

of power and may require actuators with a relatively wide bandwidth.

• Preview - These aim to increase the bandwidth of a band-limited mechatronic

control system by using feed-forward signals or other knowledge of future

on/o� road surface inputs. One option is to use some optic systems to measure

the road surface disturbances ahead of the vehicle and adjust the suspension

accordingly. Another way is to use the data available from the front suspension

de�ection to improve the performance of the rear suspension.

The main advantage of the semi-active suspension systems over the passive sus-

pensions is that by altering the damping or sti�ness a better compromise between

handling and ride comfort can be achieved. Additionally, the semi-active suspen-

sion components have been designed so that they are not a�ected by external power

supply failures and the implementation of mechatronic control using semi-active

actuators is very robust. These properties have made the concept attractive in

applications where especially high reliability is required [3]. However, to get even

better results active suspension is needed.

2.4 Active Suspension

Active suspensions use separate actuators that can exert an independent force on

the suspension in order to improve the riding characteristics. The same classi�cation

to low-bandwidth and high-bandwidth applications can be used as with semi-active
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systems but the di�erence is that active suspension systems are dependent on ex-

ternal power supply. With the help of active components the compromise in con-

ventional passive suspension systems can be eased but not completely eliminated.

Additionally, implementing an active suspension system is not simple. Usually ac-

tive suspension systems involve continuous power requirement, fast-acting devices

and complex mechatronic control algorithms. Hence, the costs of these types of sys-

tems get high and the systems are used mainly in high-end vehicle models [3]. One

such model is the Mercedes-Benz S-Class which in 1999 was Daimler's �rst model

to use the Active Body Control suspension system. Since then ABC has been used

successfully in several other high-end products of the company. The new suspension

system discussed in this thesis is supposed to challenge the ABC-system and that

is why this chapter will concentrate on introducing the properties of the ABC.

The basic principle of the ABC system is presented in Figure 2.4. Like in conven-

tional passive suspension systems there is a damper and a spring that are connected

in parallel between the sprung and unsprung masses. However, in addition to these

passive components there is also a high-pressure hydraulic servomechanism that is

connected in series with the spring. The required hydraulic pressure is supplied by

a high pressure radial piston pump and with the help of four proportional valves the

pressure is adjusted suitable for the servos at each wheel. Several sensors (one ride

level sensor at each wheel, one pressure sensor at each cylinder, 3 sensors for vertical

body acceleration and one for longitudinal and one for transverse body acceleration)

continuously monitor body movement and vehicle level, and supply information to

the ABC controller which then operates the servos to generate counter forces to body

lean, dive, and squat during various driving maneuvers. A more detailed description

of the ABC system can be found in [5].

Even though the ABC system has been implemented successfully in several vehicle

models and has been available on the market for over 10 years now, the system

has some considerable drawbacks. Probably the most important one is the high

energy consumption which results from the fact that the active system supports

the vehicle at all times. The energy to drive the hydraulic pump comes from the

combustion engine which has an e�ect on the overall fuel consumption of the vehicle.

Additionally, the active system does not work if the combustion engine is not running

which makes the system inapplicable to fully electric or hybrid vehicles. Another

main disadvantage of the system is that the bandwidth of the control system reaches

only to about 5Hz [6]. This means that the system is capable of taking care of

the vibrations in the important rattle-space area (1-3Hz) but the wheel-tire-hop

frequency area (10-15Hz) is handled only passively.

Now the main properties of di�erent types of suspension systems have been dis-

cussed. More information can be found for instance in [7] where Cao et. al provide
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Figure 2.4: Sketch of the Active Body Control system principles

an overview of the latest advances in road vehicle suspension design, dynamics, and

control, together with the authors' perspectives, in the context of vehicle ride, han-

dling, and stability. The paper refers to more than 160 other papers, books and

journals that are related to the topic so it can give the reader good hints about

where to �nd good material for most topics related to suspension. Next chapter

introduces the new active suspension system and the mathematical equations that

describe its behavior.
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3. SYSTEM MODELING

To avoid the high energy consumption and limited bandwidth of the ABC system,

a new active suspension system is being developed at Daimler. The �rst prototypes

and testbeds already exist and they have been discussed in [6] and [8]. Additionally,

detailed nonlinear simulation models that match the performance of the prototypes

have already been created. In this chapter the basic concept of the new design is

introduced after which a simple nonlinear model of the system is created. In order to

be able to use the model with the optimal control methods, several linearized versions

of the nonlinear model with di�erent inputs are created and their performance is

compared with the already-existing and tested model.

3.1 Operating Principle

The major di�erence between the old ABC system and the new design is that in

the new design the passive spring and the actuator are connected in parallel and no

separate passive damper exists. In addition, the idea of a commonly used hydraulic

pump has been rejected and all four wheels have now actuators that have their own

pump. These measures have aimed especially to reduce the energy consumption.

A sketch of new actuator system is shown in Figure 3.1 where the important

parts have been numbered. At the core of the system is a di�erential cylinder with

a tightly sealing piston (1). The piston has also a non-return valve that protects the

system from the pressure di�erence getting too high. The piston side of the cylinder

is coupled with a hydro-pneumatic accumulator (5) via a continuously adjustable,

electrically controlled throttle valve (3). The piston rod side has corresponding com-

ponents (4 and 2). The pressure in the accumulators can be compensated through

the release valve (6). If the valve is open, the system works approximately as a

conventional monotube damper. If the valve is closed, the spring action of the

hydro-pneumatic accumulator is coupled as an additional nonlinear spring to the

damping e�ect of the throttle valve.

The interface to the vehicle body is a rubber-head bearing (7). Under the head

bearing there is a bu�er which serves as compression stop. The system is activated

by a double acting motor-pump unit, MPU, (8). The internal gear pump is driven

by an electric motor and it can deliver a �ow directly from one cylinder chamber

to the other thus creating the desired pulling or compressive force. If the pump is
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Figure 3.1: Sketch of the new actuator

driven by an existing �ow, for example, compression and rebound of the actuator,

the motor acts as a generator and recuperates electrical energy.

3.2 Modeling the Actuator

The MPU that creates the active forces of the suspension system is controlled with

the help of several measurements from the vehicle body and this thesis will later on

focus on the control aspects. But �rst, a mathematical model of the system needs

to be created. For creating the mathematical model, a system like in Figure 3.2 is

considered. The advantage of this �gure is that it shows the directions of di�erent

�ows which helps to create the equations. The di�erence to Figure 3.1 is that the

release valve is not included. This assumption is acceptable if the valve is assumed

to be closed in the operation range which is now tested. Also, since the goal of the

modeling process is to create a linearized model, the hydraulic oil is assumed to be

incompressible to simplify the equations.

3.2.1 Nonlinear Model

With the help of Figure 3.2 it is possible to create the �owrate equations of the

system. If it is assumed that leakages in the cylinder are negligible (due to the

tightly sealing piston), the compression of the cylinder ze causes a �ow out of the

piston side cylinder chamber. The �owrate depends on the piston area Ak and the

rate of compression że. The same e�ect happens in the piston rod side but the �ow

direction is of course the opposite and it depends on the area of the piston on the

piston rod side Ar. Variable qm describes the e�ective �ow through the pump and

by combining this �ow with the cylinder �ows it is possible to calculate the �owrates

qks and qrs that describe the �ow to the accumulators as

qks = −qm + żeAk, (3.1)
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Figure 3.2: Sketch of the new actuator with positive �ow directions

qrs = qm − żeAr. (3.2)

When the �ow qks goes through the throttle valve towards the accumulator, the

damping properties of the valve cause a di�erence between the cylinder chamber

pressure pk and the accumulator pressure pks. The same e�ect happens on the

piston rod side too. In reality the amount of pressure loss in the valve is a highly

nonlinear phenomena that depends on the amount of �ow and a discrete valve setting

that can be chosen depending on how soft or hard the suspension is desired to be.

Additionally, the pressure loss is di�erent depending on which way the �ow is going

since the �ow back from the accumulator is damped only very little (due to the

check valves that are installed in parallel with the throttle valves). In chapter 3.2.2

constant values for the damping factors in both valves are estimated so the pressure

equations can be written as

pk = pks + qksck, (3.3)

pr = prs + qrscr (3.4)

where ck and cr are the damping factors of the piston side and piston rod side

throttle valves, respectively. Since the �ows of the system are presented in m3/s the

resulting unit for the damping will be Ns/m5. Equations 3.3 and 3.4 can be used

now to calculate an equation for the pressure di�erence between pk and pr. This

di�erence occurs in many other formulas so it is useful to have it calculated now:

pk − pr = pks + qksck − prs − qrscr
= pks − prs + (−qm + żeAk)ck − (qm − żeAr)cr
= pks − prs − qm(ck + cr) + (Akck + Arcr)że. (3.5)

Due to the pressure di�erence between the piston and piston rod side of the
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cylinder there will be a leakage �ow qv in the pump that has an e�ect on the output

�ow coming from the pump. This leakage can be formulated as

qv = cleak(pr − pk) = −cleak(pk − pr) (3.6)

where the parameter cleak is the leakage factor. Usually this leakage value is rather

small (around 1 liter/min/100bar) but it is still included in the model. The net

volume �ow of the pump depends on the displacement per revolution of the pump,

Vsch, the rotating velocity ω and the leakage. The formula written out equals

qm =
Vsch
2π

ω − qv =
Vsch
2π

ω + cleak(pk − pr)

=
Vsch
2π

ω + cleak(pks − prs − qm(ck + cr) + (Akck + Arcr)że)

=
1

1 + cleak(ck + cr)

(
Vsch
2π

ω + cleak(pks − prs + (Akck + Arcr)że)

)
. (3.7)

The next thing to do is to study the accumulators. The accumulators can be

thought of as tanks that have the hydraulic liquid at the bottom and gas at the top.

The volume of the gas in the piston side accumulator, Vks, depends on the initial

gas volume and the amount of incoming hydraulic liquid:

Vks = V0 −
∫
qksdt. (3.8)

A similar rule applies for the piston rod side accumulator. If the gas inside the

accumulator has an initial pressure of p0 and an initial volume of V0 and the system

is assumed to be polytropic, then the following equation applies:

p0V
κ
0 = constant. (3.9)

The exponent κ is called the polytropic index which has di�erent values de-

pending on the type of process. For our project it is assumed that the process is

quasi-adiabatic (between an isothermal process where the temperature of the gas

is constant and an adiabatic process where the process occurs very rapidly without

any �ow of energy in or out of the system) and for such systems the κ value will be

in the range of 1 < κ < 1.4. In this system the parameter has in previous thesis

studies identi�ed to have the value κ = 1.3. By combining the equations 3.8 and

3.9 the pressure inside the accumulator can be calculated as

pks = p0V
κ
0 V

−κ
ks = p0V

κ
0 (V0 −

∫
qksdt)

−κ. (3.10)

The derivative of pks can be calculated easily by derivating equation 3.10 and
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then applying formulas 3.1 and 3.7

ṗks = p0V
κ
0 (−κ)(V0 −

∫
qksdt)

−κ−1(−qks) = κ(−qm + żeAk)
pks
Vks

= −κ

(
Vsch
2π
ω + cleak(pks − prs + (Akck + Arcr)że)

1 + cleak(ck + cr)
− żeAk

)
pks
Vks

=
−κ

1 + cleak(ck + cr)

pks
Vks

Vsch
2π

ω − κcleak
1 + cleak(ck + cr)

p2ks
Vks

+
κcleak

1 + cleak(ck + cr)

prspks
Vks

+
κ(Ak + cleakcr(Ak − Ar))

1 + cleak(ck + cr)

pks
Vks

że. (3.11)

The same principles once again apply for the piston rod side of the system too

and the derivative of prs can be calculated similarly as in the previous equation:

ṗrs = κ(qm − żeAr)
prs
Vrs

= κ

(
Vsch
2π
ω + cleak(pks − prs + (Akck + Arcr)że)

1 + cleak(ck + cr)
− żeAr

)
prs
Vrs

=
κ

1 + cleak(ck + cr)

prs
Vrs

Vsch
2π

ω − κcleak
1 + cleak(ck + cr)

p2rs
Vrs

+
κcleak

1 + cleak(ck + cr)

prspks
Vrs

− κ(Ar + cleakck(Ar − Ak))
1 + cleak(ck + cr)

prs
Vrs

że (3.12)

Now that the accumulator dynamics have been discussed, a closer look into the

pump is needed. The angular acceleration ω̇ depends on the total inertia Jm of the

MPU and the sum of all torques that a�ect the system. In equation form this can

be written as

Jmω̇ = Tm − Tp − Tv (3.13)

where Tm is the input torque to the motor, Tp is the torque resulting from the

pressure di�erence between the two sides of the pump and Tv is the torque caused

by friction in the pump. Since the positive pumping direction has been decided to

be from the piston side to the piston-rod side, the equation for Tp can be written as

Tp =
Vsch
2π

(pr − pk) = −Vsch
2π

(pks − prs − qm(ck + cr) + (Akck + Arcr)że). (3.14)
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By using equations 3.13 and 3.14 the equation to calculate ω̇ can be solved as

ω̇ =
1

Jm

(
Tm +

Vsch
2π

(pks − prs − qm(ck + cr) + (Akck + Arcr)że)− Tv
)

=
Vsch

2πJm

pks − prs
1 + cleak(ck + cr)

−
(
Vsch
2π

)2
ck + cr

1 + cleak(ck + cr)

ω

Jm

+
Vsch

2πJm

Akck + Arcr
1 + cleak(ck + cr)

że +
Tm
Jm
− Tv
Jm

. (3.15)

Now all that remains is to calculate the actuator force Fakt that results from the

pressure and area di�erences inside the cylinder. According to the basic pressure vs

force relationship the force pushing the piston up can be calculated as

Fk = pkAk. (3.16)

The piston rod side force pushing the actuator down can be calculated in a similar

manner but using the pressure and area values from that side. The resulting actuator

force can be calculated as their di�erence

Fakt = Fk − Fr = pkAk − prAr
= pksAk − prsAr + qksckAk − qrscrAr
= pksAk − prsAr + (−qm + żeAk)ckAk − (qm − żeAr)crAr
= pksAk − prsAr + (ckA

2
k + crA

2
r)że − qm(ckAk + crAr)

= pksAk − prsAr + (ckA
2
k + crA

2
r)że

− ckAk + crAr
1 + cleak(ck + cr)

(
Vsch
2π

ω + cleak(pks − prs + (ckAk + crAr)że)

)
=

Ak + cleakcr(Ak − Ar)
1 + cleak(ck + cr)

pks −
Ar + cleakck(Ar − Ak)

1 + cleak(ck + cr)
prs

− ckAk + crAr
1 + cleak(ck + cr)

Vsch
2π

ω

+

(
ckA

2
k + crA

2
r −

cleak(ckAk + crAr)
2

1 + cleak(ck + cr)

)
że. (3.17)

3.2.2 Parameter Estimation

Now all the important equations that describe the dynamics of the system have been

introduced. But in order to make a linearized model of the system, it is important

to estimate some of the most nonlinear parameters with simpler versions. These

parameters include the throttle valve damping values ck and cr and the friction

torque Tv of the pump.

The damping values of the throttle valves are highly nonlinear since they depend
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Figure 3.3: Damping factors of the throttle valves

on both the amount of �ow going through the valve and the user de�ned suspen-

sion setting (hard, soft, sporty, comfort suspension etc. which can be adjusted by

changing the amount of current going to the valve). Additionally, due to the check

valve that is parallel to the throttle valve, the damping value is di�erent depending

on which direction the �ow is going. In the original nonlinear model that describes

the system behavior accurately but is too complicated for linearization, the damping

values for positive �ow directions (as de�ned in Figure 3.2) are de�ned with the help

of look-up tables. The original data for both valves is presented in Figure 3.3.

In this thesis the focus is to study the comfort of the passengers and thus the

throttle valves are set to comfort mode. This means that the valve setting 1.5A

is used for both throttle valves and the three-dimensional look-up tables can be

simpli�ed to two-dimensional curves as shown in Figure 3.4.
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Figure 3.5: Determining the best constant values for throttle valve damping factors

By analyzing the data in Figure 3.4 it can be seen that the damping factors start

to behave almost as constants at higher �ow rates (higher than 0.3m3/s). Thus, it

might seem like a good idea to estimate ck and cr to be near these larger �ow rate

values. However, since the damping factors presented in Figure 3.4 are valid for only

positive �ow rates and the damping factors are much smaller for negative directions,

appropriate values for the constants ck and cr were estimated through a series of

simulations. In the simulations the actuator force of the original nonlinear system

was compared with the forces from a system where the look-up tables for damping

factors were replaced by constants. Since the damping factor values to the negative

direction are much smaller than the values for positive direction, only values that

were smaller or equal to the mean values of the positive direction parameters were

tested. An example of the testing simulations is presented in Figure 3.5 where the

constant values ck and cr vary between 0.1 and 1.0 times their mean values from

Figure 3.4.

The simulation experiments revealed that the best values for the constant damp-

ing factors are 0.4 times the mean values of ck and cr. The exact numerical values

are given in Appendix A.1 with all the other parameter values.

The second phenomenon that needs to be simpli�ed for the linear model is the

friction torque of the hydraulic pump. Friction is a highly complex and nonlinear

phenomenon that is studied in the �eld of tribology. Even the simplest friction

models consist of several di�erent parameters:

• Static friction Fs: High friction peak near zero velocity.

• Coulomb friction Fc: Constant friction component the sign of which depends

on the sign of the velocity.
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Figure 3.6: Determining the viscous friction component of the hydraulic pump

• Viscous friction Fv: Friction component that is directly proportional to the

velocity.

All these various friction components can be seen in the friction measurement data

from the hydraulic pump which is presented in Figure 3.6 (a). There are several

di�erent friction curves in the graph because the friction characteristics also depend

on the pressure di�erence between the di�erent sides of the pump (pk − pr). It is

important to notice that each friction curve has almost the same slope at velocities

greater than 50rad/s. This is important because the viscous friction component is

the only one that can be used in the linearized models and since the slopes are

similar, the estimated coe�cient will have a suitable value. To calculate an estimate

of the viscous friction coe�cient, the data in Figure 3.6 (a) was �tted to a model

Ffriction = Fc + Fv = Fc + fvω (3.18)

where fv is the viscous friction coe�cient and Fc is the Coulomb friction. The �t

was calculated using the least-squares method and gave the result fv = 0.0014Nms.

The result of the �t is presented in Figure 3.6 (b) and it shows that the estimate

follows the slopes of the friction curves really well on higher frequencies.

3.3 Linearization

Now that the basic formulas exist, it is possible to start building a linearized model

of the system. The goal for the linearization is to achieve the standard state-space
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form

ẋ = Ax+Bu

y = Cx+Du

where x describes the state vector of the system and y is the output. Based on

equations 3.11, 3.12 and 3.15, good candidates for the states are pks, prs and ω and

the actuator force Fakt presented in 3.17 should be the output. However, to make

the state-space formulation simpler, it needs to be assumed that Ak = Ar = A0. The

model validation simulations in chapter 3.6 show this assumption to be acceptable

when A0 is chosen to be the average of Ak and Ar. Now the system equations can

be written as

ṗks =
−κ

1 + cleak(ck + cr)

pks
Vks

Vsch
2π

ω − κcleak
1 + cleak(ck + cr)

p2ks
Vks

+
κcleak

1 + cleak(ck + cr)

prspks
Vks

+
κA0

1 + cleak(ck + cr)

pks
Vks

że, (3.19)

ṗrs =
κ

1 + cleak(ck + cr)

prs
Vrs

Vsch
2π

ω − κcleak
1 + cleak(ck + cr)

p2rs
Vrs

+
κcleak

1 + cleak(ck + cr)

prspks
Vrs

− κA0

1 + cleak(ck + cr)

prs
Vrs

że, (3.20)

ω̇ =
Vsch

2πJm

pks − prs
1 + cleak(ck + cr)

−
(
Vsch
2π

)2
ck + cr

1 + cleak(ck + cr)

ω

Jm

+
Vsch

2πJm

A0(ck + cr)

1 + cleak(ck + cr)
że +

Tm
Jm
− Tv
Jm

, (3.21)

Fakt =
A0

1 + cleak(ck + cr)
pks −

A0

1 + cleak(ck + cr)
prs

− (ck + cr)A0

1 + cleak(ck + cr)

Vsch
2π

ω +
(ck + cr)A

2
0

1 + cleak(ck + cr)
że. (3.22)

Linearization of nonlinear systems around a certain equilibrium point is a common

operation in control system theory. The basic idea behind the method is to de�ne

a certain equilibrium point and then assume that the system behaves linearly in its

vicinity. The standard way of writing this in equation form is

f(x1, ..., xn) ≈ fEQ + ∆f(x1, ..., xn) (3.23)
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where f(x1, ..., xn) is the equation to be linearized, fEQ is the value of the function

in the linearization point and ∆f(x1, ..., xn) is the distance from the equilibrium

point which is calculated with the help of partial di�erential equations according to

equation:

∆f(x1, ..., xn) =
∂f(x1, ..., xn)

∂x1

∣∣∣∣
xEQ

∆x1 + ...+
∂f(x1, ..., xn)

∂xn

∣∣∣∣
xEQ

∆xn. (3.24)

Here xEQ is the system parameter values at the equilibrium point and ∆xn de-

scribes the distance between variable xn from its equilibrium point. The equations

3.19 - 3.22 will be linearized at point

xEQ =
(
pks prs ω że Tm Vks Vrs

)
=
(
ps0 ps0 0 0 0 Vks0 Vrs0

)
.

(3.25)

This point is an equilibrium point since both sides of the cylinder will have an

equal pressure and all �ows are at zero. The accumulator gas volumes Vks0 and

Vrs0 correspond with the equilibrium pressure ps0. Also, when linearizing equation

3.21, the pump friction torque Tv is replaced with the viscous friction estimate (fvω)

which was calculated earlier. The resulting equations are

∆ṗks =
−ps0κcleak

(1 + cleak(ck + cr))Vks0
∆pks +

ps0κcleak
(1 + cleak(ck + cr))Vks0

∆prs

− ps0κ

(1 + cleak(ck + cr))Vks0

Vsch
2π

∆ω +
ps0κA0

(1 + cleak(ck + cr))Vks0
∆że, (3.26)

∆ṗrs =
ps0κcleak

(1 + cleak(ck + cr))Vrs0
∆pks −

ps0κcleak
(1 + cleak(ck + cr))Vrs0

∆prs

+
ps0κ

(1 + cleak(ck + cr))Vrs0

Vsch
2π

∆ω − ps0κA0

(1 + cleak(ck + cr))Vrs0
∆że, (3.27)

∆ω̇ =
Vsch

2πJm(1 + cleak(ck + cr))
∆pks −

Vsch
2πJm(1 + cleak(ck + cr))

∆prs

−(
Vsch
2π

)2
ck + cr

Jm(1 + cleak(ck + cr))
∆ω +

VschA0(ck + cr)

2πJm(1 + cleak(ck + cr))
∆że

+
∆Tm
Jm

− fv
Jm

∆ω, (3.28)

∆Fakt =
A0

1 + cleak(ck + cr)
∆pks −

A0

1 + cleak(ck + cr)
∆prs

− (ck + cr)A0

1 + cleak(ck + cr)

Vsch
2π

∆ω +
(ck + cr)A

2
0

1 + cleak(ck + cr)
∆że. (3.29)
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Since the linearized model indicates the deviation from the equilibrium point, it

is important to calculate the equilibrium value for the actuator force. It can be

calculated from equation 3.17 by inserting the equilibrium point values

FEQ =
Ak + cleakcr(Ak − Ar)

1 + cleak(ck + cr)
ps0 −

Ar + cleakck(Ar − Ak)
1 + cleak(ck + cr)

ps0

= (Ak − Ar)ps0. (3.30)

The system described in equations 3.26 - 3.29 would now be ready to be used

in the standard state-space form. However, equations 3.26 and 3.27 would cause

linearly dependent rows in the state-space matrix A which means that the system

would not have a full rank and would thus be at least marginally stable. That is

why a new arti�cial state ∆p = ∆pks − ∆prs is formed. This simpli�cation works

because in the previous step the areas on each side of the piston (Ak and Ar) were

were replaced with the common value A0. The equilibrium value of this new state is

0 because at the equilibrium point both pks and prs have the same value, ps0. Here

are the new state and the resulting new system equations

∆ṗ =
−κcleakP

C
∆p− VschκP

2πC
∆ω +

κA0P

C
∆że, (3.31)

∆ω̇ =
Vsch

2πJmC
∆p−

(
(
Vsch
2π

)2
ck + cr
JmC

+
fv
Jm

)
∆ω

+
VschA0(ck + cr)

2πJmC
∆że +

∆Tm
Jm

, (3.32)

∆Fakt =
A0

C
∆p− (ck + cr)A0

C

Vsch
2π

∆ω +
(ck + cr)A

2
0

C
∆że (3.33)

where C = 1 + cleak(ck + cr) and P = ps0
Vks0

+ ps0
Vrs0

are arti�cial symbols the purpose

of which is to make the formulas more readable. The state ∆ω and inputs ∆ze and

∆Tm can be marked simpler as ω , ze and Tm since they were linearized at 0 and

thus the change equals the values of the variables directly. Equations 3.31 - 3.33 can

now be presented in the standard state-space form:

[
∆ṗ

ω̇

]
=

[
−κcleakP

C
−VschκP

2πC
Vsch

2πJmC
−(Vsch

2π
)2 ck+cr

JmC
− fv

Jm

][
∆p

ω

]
+

[
0 κA0P

C
1
Jm

VschA0(ck+cr)
2πJmC

][
Tm

że

]



3. System Modeling 21

[
∆Fakt

]
=
[
A0

C
−VschA0(ck+cr)

2πC

] [ ∆p

ω

]
+
[
0

(ck+cr)A
2
0

C

] [ Tm

że

]
. (3.34)

3.4 Simpli�ed Linear Model

Instead of using the state-space model introduced in equation 3.34, it is also possible

to create a simpli�ed state-space model of the system. In a simpli�ed system the

internal dynamics of the MPU unit is neglected and the angular velocity ω of the

pump is directly the input of the system replacing the previous input Tm. When

this is done, the order of the state-space model reduces to a �rst order system with

two inputs, ω and że. The standard state-space equation can be written as

[
∆ṗ

]
=
[
−κcleakP

C

] [
∆p

]
+
[
−VschκP

2πC
κA0P
C

] [ ω

że

]

[
∆Fakt

]
=
[
A0

C

] [
∆p

]
+
[
−VschA0(ck+cr)

2πC

(ck+cr)A
2
0

C

] [ ω

że

]
. (3.35)

Since this is a �rst order system, the term −κcleakP
C

is directly the only eigenvalue

of the system. Additionally, since the parameters get only positive values and there

is a negative multiplier in the term, the system is stable. The advantage of using

this simpli�ed model becomes clear later, when it is illustrated that the order of

the controllers created with the H∞ is lower when the order of the plant is lower.

Also, since the angular velocity acts directly as the input of the system, the e�ect of

friction is not visible in the model. The reason the simpli�ed model can be assumed

to have a velocity input instead of the torque input is that in the real system the

angular velocity of the pump can be controlled with a PI-controller. The controller

has a high bandwidth and thus it can be assumed that the desired velocities are

achieved almost instantly. However, since the PI-controller adds more complexity

to the model, which might change the behavior of the system, a third linear model is

introduced in the next section. It includes the dynamics of a standard PI-controller.

3.5 Augmented Linear Model

As mentioned in the previous section, it is possible to augment the Tm-input linear

model with a velocity control loop. This principle is illustrated in Figure 3.7 where

the input torque Tm that goes to the MPU is the output of the PI-controller which

controls the pump velocity ω. The advantage of using this approach is to improve the

performance of the whole system by implementing a cascade type control structure.
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Figure 3.7: Velocity control loop

Cascade control structure means a system where controllers are connected in series

and the output of the outer loop primary controller acts as reference input to the

inner loop secondary controller. In this system the velocity controller will be the

secondary controller and the optimal controllers that are created later will act as

the higher lever primary controllers. This structure enables using a faster controller

in the secondary loop to control some fast phenomenon (for instance to take care

of disturbances in the pump velocities) while the slower main controller will take

care of controlling the main variable of interest (for instance to maintain the desired

actuator force).

The controller used in the system is a linear PI-controller and it is assumed that

the output torque from the actuator follows immediately after controller output has

been calculated. A PI-controller was chosen to be used because it already exists

in the hardware and implementing it is easy. In the real hardware implementation

the PI-controller is not entirely linear since the output torque has saturation limits

and anti-windup structures which prevent the integrator wind-up phenomenon in

case the actuator reaches the saturation limits. However, if it is assumed that the

saturation limits are not reached, a linear PI-controller will behave in the same way

as the more advanced real implementation and can thus be used in the modeling.

In the linear case the output Tm of the velocity PI-controller from Figure 3.7 can be

calculated as

Tm = (Kp+
Ki

s
)e = Kp(ωref−ω)+

Ki

s
(ωref−ω) = Kp(ωref−ω)+Ki(ϕref−ϕ) (3.36)

whereKp andKi are the proportional and integral gains of the controller, ωref and ω

are the reference and actual angular velocities and ϕref and ϕ are the corresponding

angles. Since this equation is linear, it can be inserted to the state-space model

presented in equation 3.34. However, a new state needs to be added in the model

and an appropriate choice is to use ∆ϕ = ϕref − ϕ. The augmented state-space

model looks like
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 ∆ṗ

ω̇

∆ϕ̇

 =


−κcleakP

C
−VschκP

2πC 0
Vsch

2πJmC
−(Vsch

2π )2 ck+crJmC
− fv−Kp

Jm
Ki

Jm

0 −1 0


 ∆p

ω

∆ϕ

+

 0 κA0P
C

Kp

Jm

VschA0(ck+cr)
2πJmC

1 0

[ ωref

że

]

[
∆Fakt

]
=
[
A0

C
−VschA0(ck+cr)

2πC 0
] ∆p

ω

∆ϕ

+
[
0

(ck+cr)A
2
0

C

] [ ωref

że

]
(3.37)

.

This augmented linear model has the advantage over the simpli�ed model which

was presented in equation 3.35 that the internal dynamics of the pump and the

controller which were omitted from the simpler model are now included. This might

lead to better system performance. However, the disadvantage is that the increase

in the system order will lead to a higher controller order. That is why all three

linear system models are tested in the later parts of the thesis.

3.6 Linear Actuator Model Validation

Matlab/Simulink tests were performed to compare the state-space models intro-

duced in equations 3.34, 3.35 and 3.37 with the original nonlinear system. To be

able to refer to the di�erent models more easily, the following abbreviations will be

used (the numbering corresponds to the amount of states in the state-space equa-

tions):

• Linear model 1 = LM1 = Simpli�ed linear model with ω and że -inputs.

• Linear model 2 = LM2 = Linear model with Tm and że -inputs.

• Linear model 3 = LM3 = Augmented linear model with ωref and że -inputs.

All the parameter values that were used in the simulations were based on identi�-

cation results that have been documented in previously published theses [6] and [8].

Exceptions to those results are in the values of the damping factors ck and cr, vis-

cous friction parameter fv and the cylinder area A0. ck, cr and fv were estimated

in section 3.2.2. The parameter A0 describes the situation where the piston side

and piston rod side cylinder areas, Ak and Ar, are equal and a natural approach is

to use their average value as the estimate. All the numerical parameter values are

collected in Appendix A.1.

The Matlab/Simulink simulation model that was used in the validation simula-

tions is illustrated in Figure 3.8. Simulating the original nonlinear system requires

the same inputs (ωref and że) as the LM3-model since the velocity control loop is

included in both of them. However, all the di�erent linear models can get their

required input signals from this system since the torque signal Tm is available and
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Figure 3.8: General block diagram of the linear block test setup in Matlab/Simulink

the reference velocity ωref can be used as the ω-signal for LM1 (due to the fact that

the velocity control loop is a very high bandwidth system).

Figures 3.9 (a) and (b) present the simulation results from the system that was

introduced in Figure 3.8. The system was excited with two inputs: reference velocity

signal (vibrating with the amplitude of 200rad/s at 1Hz frequency) and disturbance

signal że (vibrating at 0.08m/s amplitude at 0.5 Hz frequency). It needs to be

noticed that the disturbance signal że is de�ned in di�erent direction in the original

model and the linearized model so the sign of the signal must be inverted before

feeding it to the linear models.

In the simulations presented in Figure 3.9 (a) the pump friction is assumed to

be zero in both the original system and the linearized systems. The performance of

all the di�erent linearized models is similar to the original system. The best perfor-

mance is achieved with the LM2-model that gets its input torque signal directly from

the original model. LM1 and LM3 models perform almost identically which proves

that the velocity control loop really works so fast that the actual velocity signal

follows the reference signal almost instantly. The output force of these two systems

is not following the original system as well as the LM2-model but the performance

is still acceptable.

However, these results are not the most interesting ones since the pump friction

was switched o�. Thus, new simulations with friction were performed and those

results are presented in Figure 3.9 (b). The same input signals were used as before.

The most signi�cant di�erence to the earlier results occurs in the LM2 system. It

performed the best without the friction but now it achieves much larger force values

than the original system. This happens naturally because of the friction. In the

original nonlinear model friction is much more complicated than just the viscous
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Figure 3.9: Comparing the performance of the linear systems with the original

component that was used with the linear model. Especially the friction forces at

low velocities are considerably larger due to stiction phenomenon. This increases

the required torque that is needed to follow the reference signal. Since the linear

model does not include this loss and it gets the same amount of input torque as the

nonlinear system with the complete friction model, the resulting net torque e�ecting

the system is much larger than in the nonlinear model. That is why the peak values

with the LM2 model are so much higher in Figure 3.9 (b) than in the original model.

The other linear models LM1 and LM3 perform once again similarly as in the

earlier simulations. Since the LM1 model does not include the friction model at all

and the inputs are the same as in the previous experiments, the result is actually

exactly the same as before. Also, the resulting force from the LM3 model does not

change much when friction forces are included. So to conclude, it can be said the the

LM1 and LM3 models have the best overall performance, but in the case of absent

friction the LM2 model behaves slightly better.

3.7 Suspension with Quarter-Car Model

To be able to apply the new actuator models in a real environment, they must be

connected to a vehicle model. A common and well-studied model in the automotive

industry is a so called quarter-car model. As the name implies, a quarter-car model

describes the behavior of one quarter of a vehicle so that the properties of a single

suspension unit can be studied. Compared to a full vehicle model the quarter-car

model has the advantage that the simulations are simpler because the dynamics of

the vehicle body can be neglected. Thus the model is good for the �rst tests of

new system concepts. For instance in [9] the model is used extensively with several

di�erent vehicle dynamics control designs. A sketch of a quarter-car model with
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Figure 3.10: Quarter-car active automotive suspension. a) Standard implementation. b)
Implementation in thesis.

active suspension is presented in Figure 3.10.

The systems presented in Figure 3.10 are similar to each other with the distinction

that in the system used in the thesis there is no separate damper between the sprung

and unsprung masses. However, when creating a state-space model of the system,

the construction with the separate damper is used so that the equation becomes more

general. The model can be applied to the new system simply by setting bs = 0. The

di�erential equations describing the system can be written as

msz̈s + bs(żs − żu) + ks(zs − zu) = Fa, (3.38)

msz̈u + kt(zu − zr)− bs(żs − żu)− ks(zs − zu) = −Fa (3.39)

where ms is the sprung mass (vehicle), mu is the unsprung mass (wheel, tire, brakes

etc.), and kt, ks and bs are the wheel sti�ness, suspension sti�ness and suspension

damping, respectively. From these equations a new new state space presentation

describing the quarter-car model in absolute coordinates can be expressed as
żs

z̈s

żu

z̈u

 =


0 1 0 0
−ks
ms

−bs
ms

ks
ms

bs
ms

0 0 0 1
ks
mu

bs
mu

−kt−ks
mu

−bs
mu



zs

żs

zu

żu

+


0 0
1
ms

0

0 0
−1
mu

kt
mu


[
Fa

zr

]
. (3.40)

In the earlier state space model 3.34 that described the suspension system with the

torque input, the other system input ze was de�ned as the suspension compression.

The value of ze can be expressed with the help of the new state variables zs and zu

through the following connection

ze =
−(zs − zu)

iA
=
−zs + zu

iA
. (3.41)

The variable iA is called the axle ratio and it describes the ratio between the

suspension movements and the actual car body movements. The same ratio also
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Figure 3.11: Combining the LM2 model with quarter-car model in Matlab/Simulink

a�ects between the forces

Fa =
Fakt
iA

(3.42)

where Fakt is the force coming from the actuator and Fa is the actual force a�ecting

the system. Combining the two di�erent models 3.34 and 3.40 (the LM2 model

combined with the quarter-car model) into one model is illustrated in Matlab in

Figure 3.11. The desired output signals from the quarter-car system have been de-

�ned as the acceleration of the vehicle body (z̈s) and the suspension compression

(zs − zu). These are standard signals that can be measured in real vehicle systems.

This combined system can be expressed with a state-space model that has the states

x =
[
∆p ω zs żs zu żu

]T
and inputs u =

[
Tm zr

]T
. Since the resulting sys-

tem has six states, this linear model is named the LM6 model. The state-space

matrices the system equal:

A6 =



−κcleakP
C

−VschκP
2πC 0 −κA0P

CiA
0 κA0P

CiA
Vsch

2πJmC
−(Vsch2π )2 ck+crJmC

− fv
Jm

0 −VschA0(ck+cr)
2πJmCiA

0 VschA0(ck+cr)
2πJmCiA

0 0 0 1 0 0
A0

msCiA

−VschA0(ck+cr)
2πmsCiA

−ks
ms

−bs
ms
− (ck+cr)A

2
0

msCi2A

ks
ms

bs
ms

+
(ck+cr)A

2
0

msCi2A

0 0 0 0 0 1
−A0
muCiA

VschA0(ck+cr)
2πmuCiA

ks
mu

bs
mu

+
(ck+cr)A

2
0

muCi2A

−kt−ks
mu

−bs
mu
− (ck+cr)A

2
0

muCi2A


,

B6 =

[
0 1

Jm
0 0 0 0

0 0 0 0 0 kt
mu

]T
,

C6 =

[
A0

msCiA

−VschA0(ck+cr)
2πmsCiA

−ks
ms

−bs
ms
− (ck+cr)A

2
0

msCi2A

ks
ms

bs
ms

+
(ck+cr)A

2
0

msCi2A

0 0 1 0 −1 0

]
(3.43)

where C = 1 + cleak(ck + cr) and P = ps0
Vks0

+ ps0
Vrs0

. No direct connection from the

inputs to the output exists so D6=0.

By using the same principle, it is possible to create state-space presentations for

the whole quarter-car systems when they use the LM1 and LM3 actuator models
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instead of the LM2. These models will have 5 and 7 states, correspondingly, so the

resulting models will be named LM5 and LM7 models. The �ve states of the LM5

models are x =
[
∆p zs żs zu żu

]T
and the input vector is u =

[
ω zr

]T
. The

state-space matrices now equal:

A5 =



−κcleakP
C 0 −κA0P

CiA
0 κA0P

CiA

0 0 1 0 0
A0

msCiA
−ks
ms

−bs
ms
− (ck+cr)A

2
0

msCi2A

ks
ms

bs
ms

+
(ck+cr)A

2
0

msCi2A

0 0 0 0 1
−A0
muCiA

ks
mu

bs
mu

+
(ck+cr)A

2
0

muCi2A

−kt−ks
mu

−bs
mu
− (ck+cr)A

2
0

muCi2A


,

B5 =

[
−VschκP

2πC 0 −VschA0(ck+cr)
2πmsCiA

0 VschA0(ck+cr)
2πmsCiA

0 0 0 0 kt
mu

]T
,

C5 =

[
A0

msCiA
−ks
ms

−bs
ms
− (ck+cr)A

2
0

msCi2A

ks
ms

bs
ms

+
(ck+cr)A

2
0

msCi2A

0 1 0 −1 0

]
,

D5 =

[
−VschA0(ck+cr)

2πmsCiA
0

0 0

]
. (3.44)

LM7 is the �nal linear system model and it combines the state-space models
3.37 and 3.40 in a similar way as done previously for the LM5 and LM6 models.

This system has the following states x =
[
∆p ω ∆ϕ zs żs zu żu

]T
and inputs

u =
[
ωref zr

]T
. The state-space matrices for this case equal:

A7 =



−κcleakP
C

−VschκP
2πC 0 0 −κA0P

CiA
0 κA0P

CiA
Vsch

2πJmC
−(Vsch

2π )2 ck+crJmC
− fv−Kp

Jm
Ki

Jm
0 −VschA0(ck+cr)

2πJmCiA
0 VschA0(ck+cr)

2πJmCiA

0 −1 0 0 0 0 0

0 0 0 0 1 0 0
A0

msCiA

−VschA0(ck+cr)
2πmsCiA

0 −ks
ms

−bs
ms
− (ck+cr)A

2
0

msCi2A

ks
ms

bs
ms

+
(ck+cr)A

2
0

msCi2A

0 0 0 0 0 0 1
−A0

muCiA

VschA0(ck+cr)
2πmuCiA

0 ks
mu

bs
mu

+
(ck+cr)A

2
0

muCi2A

−kt−ks
mu

−bs
mu
− (ck+cr)A

2
0

muCi2A


,

B7 =

[
0

Kp

Jm
1 0 0 0 0

0 0 0 0 0 0 kt
mu

]T
,

C7 =

[
A0

msCiA

−VschA0(ck+cr)
2πmsCiA

0 −ks
ms

−bs
ms
− (ck+cr)A

2
0

msCi2A

ks
ms

bs
ms

+
(ck+cr)A

2
0

msCi2A

0 0 0 1 0 −1 0

]
.(3.45)

No direct connection from the inputs to the output exists so D7=0.
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3.8 Chapter Summary

In this chapter six di�erent linear models were created. Three of them (LM1, LM2,

and LM3) described the new actuator and the di�erences between the models re-

sulted from the selection of the input signal. All these actuator models were then

connected with the quarter-car model to create three full suspension system models

(LM5, LM6 and LM7). The numbers in the system names correspond to the amount

of states in the state-space equations of each system.

The performance of the actuator models were compared with a complex nonlinear

model that has been tested to model the real system well during previous theses

works at the company. Parameter values that were used for the simulations are

listed in Appendix A.1. In frictionless environment the torque input model LM2

had the best performance. However, in more realistic tests where friction forces

were present, its performance was the weakest. LM1 and LM3 had the best overall

performance and the results were almost identical.

In the next chapter the theory for optimal and robust control is introduced after

which it will be applied to all the six di�erent linear systems. The performance of the

controllers will be evaluated �nally by implementing them in the original nonlinear

system and analyzing the system behavior.
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4. CONTROL THEORY

Classical control system design was mostly developed during the �rst sixty years

of the twentieth century and is characterized by the use of root locus, Bode plots,

Nichols charts and Nyquist plots for design and analysis [10]. When designing clas-

sical controllers, the design methodology is highly iterative: The designer starts

with a reasonable design and reasonable inputs and then analyzes performance, dis-

turbance rejection, robustness and also determines the resulting control magnitude.

The design is then modi�ed by adjusting parameters or adding compensation un-

til acceptable performance, robustness and so forth are obtained. The strength of

the method is the intuitive insight obtained from this process but the disadvantage

is that this intuitive insight often fails for high-order systems and for multi-input,

multi-output systems. In addition, many design engineers have asked the question:

Is there a way to directly �nd the single best, or optimal, control system? [11, p. 3]

From these backgrounds Optimal Control was born. Optimal Control can be

de�ned as a �eld of Control Engineering in which the operating conditions of the

controlled object are established and maintained such that the extremum value

(minimum or maximum) of a certain cost function is achieved. The cost function is

a function of control variables, states and the outputs of the system and all of them

can be weighted di�erently. Thus, di�erent control design results may be achieved

depending on what is de�ned to be the optimal performance of the system.

The beginning of the �eld dates back to the late 1950s when two important

advances to help the systematic study of optimal control problems were made. One

was the Maximum Principle, a set of necessary conditions for a control function to

be optimal [12]. The other was Dynamic Programming, a procedure that reduces

the search for optimal control function to �nding the solution to a partial di�erential

equation (the Hamilton-Jacobi Equation) [12].

In the 1960s and the 1970s the emphasis of optimal control design was placed on

achieving good performance, and not so much on robustness. Di�erent variations of

Linear Quadratic (LQ) optimal control, such as Linear Quadratic Gaussian (LQG)

which is based on linear quadratic performance criteria and Gaussian disturbances,

were common and they proved to be successful in some domains such as aerospace

applications [13�15]. However, since much of the intuitive insight about the e�ects of

controller parameter modi�cation gets lost in LQ designs and the methods include
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no robustness speci�cations, it became apparent that the optimal control theory

needed to be developed further.

After a substantial research e�ort to develop a theory that could explicitly address

the robustness issue in feedback design H∞ control and µ-synthesis were developed

in the 1980s. The cost functions used in these methods are very general and can

directly include performance speci�cations, disturbance rejection speci�cations, con-

trol input magnitude limitations and robustness requirements. However, the method

has some disadvantages too (e.g. the cost function can be optimized more e�ciently

with LQG and usually controller order reduction is needed) and thus selecting the

'best' control method is not always simple.

In addition to optimal and robust control research, extensive studies on active

control systems has been conducted during the previous decades. According to

[16], there are already over two thousand publications on active suspension systems.

Also research combining active suspension systems with optimal and robust control

methods has already been conducted and their performance has been compared to

classical control methods. For instance, in [17] three di�erent control designs (PI,

LQG, and H∞) were compared for stability, performance and robustness. It was

shown that the H∞ control design yields a superior controller that has signi�cantly

better stability and performance robustness as compared to classical designs and that

they can be preferred to the LQ-methods too. Di�erent advanced controllers have

also been compared in several studies (for instance in [18] where LQR, Fuzzy and

H∞ controllers were tested) and most often the H∞ based methods have achieved

the best results.

What was also learned while doing literature search on applying optimal and

robust control methods on active suspension systems was that in most of the research

papers the internal dynamics of the actuator is not included in the models but the

force source is assumed ideal. This is the case for instance in [16], [18] and [19].

However, since in reality the actuators exhibit nonlinear behavior, have a limited

bandwidth, and are exposed to external disturbances, the actuator dynamics are

included in the models in this thesis. Thus, it will be interesting to see how the

methods �t together with the more complicated system model. Encouraging results

were at least achieved already in [20] where the actuator dynamics were included.

However, since the actuator had a di�erent structure than in this thesis, the results

can not be directly implemented on this system.

In this chapter the mathematics behind Linear Quadratic Regulator (LQR) and

H∞ methods are �rst introduced. The LQR methods are discussed to give a better

understanding of the optimal and robust control principles but the actual control

designs that are tested in this thesis are based on the more advanced H∞ methods.

After the theory is introduced, the H∞ method is applied to the various versions
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of the linear system which were modeled in the previous chapter. Several di�erent

con�gurations are tested in order to �nd the most suitable control structure for the

new active suspension system.

4.1 Optimal and Robust Control

This section discusses the theoretical backgrounds of optimal and robust control

methods. First, the theory of basic optimal control methods and their shortcomings

are presented after which the focus will be in more advanced methods.

In this thesis only problems where initial time t0 and the initial state x(t0) = x0

are speci�ed. Hence, according to [12] the most general optimal control problem can

be formulated as follows:

Find an admissible optimal control u : [t0, tf ] → Ω ∈ Rm such that the dynamic

system described by the di�erential equation

ẋ(t) = f(x(t), u(t), t) (4.1)

is transferred from the initial state x0 into an admissible �nal state x(tf ) ∈ Rn in a

way that the corresponding state trajectory satis�es the state constraint

x(t) ∈ Ωx(t) ⊆ Rn (4.2)

at all times t ∈ [t0, tf ] while minimizing the cost function

J(u) = K(x(tb), tb) +

∫ tf

t0

L(x(t), u(t), t)dt. (4.3)

Depending upon the type of the optimal control problem, the �nal time tf is

either �xed or free and the control constraint Ω and state constraint Ωx may vary

or be completely left out. The functions f , K, and L are assumed to be at least

once continuously di�erentiable with respect to all of their arguments but they may

be de�ned in di�erent ways. This all means that the optimality of a control law

depends on the selection of the cost function and on the test conditions [11, p.

179]. Selection of the cost function and test condition is based on two criteria, (1)

they should accurately re�ect the designer's concept of good performance and (2) the

computation should be tractable (an optimal control can be found with a reasonable

amount of e�ort). The second criterion is satis�ed by quadratic cost functions and

in�nity-norm cost functions. Finding the optimal control laws for both types of

systems is discussed in next.
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Figure 4.1: LQR block diagram

4.1.1 The Linear Quadratic Regulator

The linear quadratic regulator (LQR) is an optimal control problem where the sate

equation of the plant is linear, the cost function is quadratic and the test conditions

consist of initial conditions on the state and no disturbance inputs

ẋ(t) = Ax(t) +Buu(t),

y(t) = Cyx(t). (4.4)

The cost is evaluated subject to the initial condition x(0) = x0 and no distucbance

input and can be written in terms of the state and the control

J(x(t), u(t)) =
1

2
xT (tf )Hx(tf ) +

1

2

∫ tf

0

(xT (t)Qx(t) + uT (t)Rx(t))dt. (4.5)

When the control system is assumed to be operating for a long time and thus the

terminal time can be assumed to be taken in the limit tf →∞(this last assumption

is what is known as in�nite horizon). Then the LQR problem can then be simpli�ed

as minimizing the in�nite horizon quadratic continuous-time cost functional

J(x(t), u(t)) =
1

2

∫ ∞
0

(xT (t)Qx(t) + uT (t)Rx(t))dt (4.6)

where Q is a positive semide�nite and R is a positive de�nite constant matrix.

These restrictions ensure that the cost functional remains positive. Furthermore,

in order to ensure that the cost function is bounded, the pair (A,Bu) has to be

controllable. Additionally, since the control signal in LQR method is based on

the state measurements (like illustrated in Figure 4.1), all the states need to be

measured.

The control principle in LQR method is to assume that the operator wants to

drive the system to zero-state and then keep it there. This requirement of course

means that the system model needs to be implemented in a way that makes the

method suitable for controlling it. The control signal u(t) is a state feedback signal
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that can be written as

u(t) = −Kx(t)x(t) (4.7)

where Kx(t) is the optimal feedback gain matrix given by

Kx(t) = R−1BT
u P (t) (4.8)

and P (t) is the solution of the di�erential Riccati equation

PA+ ATP − PBuR
−1BT

u P +Q = −Ṗ (t). (4.9)

Di�erential Riccati equation is a term for any ordinal di�erential equation that is

quadratic in the unknown function and it is named after the Italian mathematician

Jacobo Riccati (1676-1754) [21]. The solutions to these types of equations have

been widely researched and can be computed very e�ciently. Over time the time-

varying feedback gains approach steady-state values and thus, in applications where

the control system is designed to operate for time periods that are long compared

to the transient time of the optimal gains, it is reasonable to ignore the transient

and use the steady-state gains Kx exclusively. The use of the steady-state gains

simpli�es the controller design and also makes the calculations somewhat simpler.

The steady-state feedback gain matrix Kx can be calculated similarly as in equation

4.8

Kx = R−1BT
u P (4.10)

where P is a constant matrix that solves the steady-state version (Ṗ (t) = 0) of the

Riccati equation 4.9, known as algebraic Riccati equation (ARE)

PA+ ATP − PBuR
−1BT

u P +Q = 0. (4.11)

Solving AREs with Matlab or other numerical computing softwares is a simple

task if the system model exists in the correct form and the weighting matrices in

the cost function have been selected. The weighting matrices can be selected on the

basis of several sets of criteria. For instance, the weighting matrix R can be chosen

so that the term
∫ tf
0
uT (t)Rx(t))dt corresponds to the total energy consumed by the

controller. By minimizing this term, the LQR is minimizing the energy required

to perform the control. Trial-and-error can also be used in de�ning the weight-

ing parameter values. In this case multiple simulations are needed until desired

performance criteria are met. According to [11], a good starting point for trial-and-

error selection of the state weighting matrix is to set the various state contributions

roughly equal for the states that are interesting and to zero for the other ones. For

instance, if in the system velocity and position are the interesting states and the
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Figure 4.2: LQR integral control

velocity magnitude values are in the order of 0.1 times the position magnitude, it

would be reasonable to weight the velocity 102 times more than the position.

With the above mentioned formulas it is now possible to implement basic LQR

controllers. However, the basic construction presented in Figure 4.1 is a very simple

since for instance no reference signal is given to the system. By augmenting the

model to a LQR controller with integral action (LQRI) it is possible to improve the

performance of the control system [11]. Basically the idea is the same as before,

but now a reference signal is included in the system. Integral control can be applied

to mitigate the e�ects of constant disturbance inputs and it also allows tracking of

constant reference inputs. A block diagram of an example LQRI system is given in

Figure 4.2.

The general idea of LQRI is to augment the state to include the integrated error

signal value eI . Thus, if the plant is described as in equation 4.4 the augmented

state-space presentation will now look like[
ẋ(t)

ėI(t)

]
=

[
A 0

−Cy 0

][
x(t)

eI(t)

]
+

[
Bu

0

]
u(t) +

[
0

I

]
r(t) (4.12)

and the optimal control signal value becomes

u(t) = K

[
x(t)

eI(t)

]
=
[
Kx KI

] [x(t)

eI(t)

]
(4.13)

where Kx is the optimal steady-state gain of the states and KI is the optimal steady-

state gain for the integral.

It has now been illustrated how the LQR cost functions can be applied to dif-

ferent systems. The LQ methods have been developed even further and to some of

them, like Linear Quadratic Gaussian (LQG), it is possible to apply some robustness

properties [11]. But to be able to a�ect the behavior of the system in worst-case

scenarios and to modify the cost functions also in frequency domain a di�erent ap-

proach is needed. That is why robust control and especially the H∞ method needs
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to be discussed.

4.1.2 H∞ Control

A control system is robust if it remains stable and achieves certain performance

criteria in the presence of possible uncertainties [22]. TheH∞ optimization approach

and its related approaches have been shown to be e�ective and e�cient robust

design methods for linear, time-invariant control systems. The objective of H∞

optimal control is to obtain a design that minimizes a given performance index

under worst possible disturbances of parameter variations (which maximize the same

performance index). Thus, these methods will also be the main control systems used

in this thesis. Next the main properties of the method are illustrated with enough

theory to understand the principles involved in the design. The main references that

have been used in this thesis are [22] and [23] which have been written especially

for people that plan to use MATLAB software for the control system design. Useful

advice for using MATLAB for H∞ control design with suspension systems can also

be found in [24]. Detailed information about the mathematical properties can be

found in [25], [26] and [27].

To be able to understand the principles involved in the H∞ design, some related

theory topics need to be introduced �rst. The �rst one of them is the so called Small-

Gain Theorem, which is of central importance in the derivation of many stability

tests and it plays also an important role in the H∞ optimization methods. The

Small-Gain Theorem discusses a system like in Figure 4.3, where G1(s) and G2(s)

are the transfer function matrices of corresponding linear, time-invariant systems.

According to the theorem as presented in [22, p. 26] if G1(s) and G2(s) are stable,

then the closed loop is stable if and only if

‖G1G2‖∞ < 1 and ‖G2G1‖∞ < 1. (4.14)

This theory can be applied when the system presented in Figure 4.4 is discussed.

Here a closed-loop system of the plant G and controller K is robustly stable if it

remains stable for all de�ned possible perturbations ∆(s) on the plant. The transfer

function from the signal v to u can easily be calculated to be Tuv = −K(I+GK)−1.

As mentioned earlier, the controller K should stabilize the nominal plant G. Hence,



4. Control Theory 37

+++

−

r e yu
GK

v
∆

Figure 4.4: Additive perturbation

based on the Small-Gain Theorem it can be stated that For stable ∆(s), the closed-

loop system is robustly stable if K(s) stabilizes the nominal plant and the following

holds ∥∥∆K(I +GK)−1
∥∥
∞ < 1 and

∥∥K(I +GK)−1∆
∥∥
∞ < 1. (4.15)

If required to �nd a controller to robustly stabilize the largest possible set of

perturbations, in the sense of ∞-norm, it is then clear that we need to solve the

following minimization problem

min
Kstabilizing

∥∥K(I +GK)−1
∥∥
∞ . (4.16)

In [22, p. 29] a similar system as in Figure 4.4 is analyzed. There the authors

show that depending on the measured performance criteria, minimizing the value

of slightly di�erent cost functions is needed. According to the authors, the design

problem is that over the set of all stabilizing controller Ks, �nd the optimal one that

minimizes

• ‖(I +GK)−1‖∞ for good tracking

• ‖(I +GK)−1‖∞ for good disturbance attenuation

• ‖−(I +GK)−1GK‖∞ for good noise rejection

• ‖K(I +GK)−1‖∞ for less control energy

Based on these formulas, the following variables are introduced:

S0 = (I +GK)−1, (4.17)

R0 = K(I +GK)−1, (4.18)

T0 = GK(I +GK)−1 (4.19)

where S0 is the sensitivity function, T0 is the complementary sensitivity function

(S0+T0 = 1) and R0 is the closed-loop transfer function from input r to control signal

u. Depending on which performance properties the studied system is supposed to

have, a combination of these cost functions can then be used in the control design. A
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Figure 4.6: The standard H∞ problem con�guration

reasonable design will take advantage of several di�erent cost function criteria since

optimizing a system based on only one performance measuring index may easily

result in poor overall performance of the system. Mixed sensitivity H∞ optimization

approach is one design method that follows this principle. For instance, if a system

such as presented in Figure 4.5 is considered and all of the cost functions presented

in the previous subsection are combined (good tracking, good noise rejection and

limited control signal energy), the mixed sensitivity problem could be formulated as

�nding the K that stabilizes the system and minimizes S0, R0 and T0. This can be

written as

min
Kstabilizing

∥∥∥∥∥∥∥
(I +GK)−1

K(I +GK)−1

GK(I +GK)−1

∥∥∥∥∥∥∥
∞

. (4.20)

The system from Figure 4.5 can be presented in standard con�guration. This

is done in Figure 4.6 where all the external inputs are denoted by w, z denotes

the output signals to be minimised/penalised that includes both performance and

robustness measures, e is the vector of measurements available to the controller

K and u the vector of control signals. P(s) is called the generalized plant. The

objective is to �nd a stabilizing controller K to minimize the output z in the worst-

case scenario of w. Thus, the problem is equivalent to minimizing the H∞-norm of

the transfer function Tzw from w to z.

Since the generalized plant has two sets of inputs and two sets of outputs, it can
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Figure 4.7: Mixed sensitivity structure with output weighting functions Wi

be partitioned as

P (s) =

(
P11(s) P12(s)

P21(s) P22(s)

)
(4.21)

from which the transfer function for Tzw can be calculated as

Tzw = P12K(I − P22K)−1P21 + P11. (4.22)

The design objective can now simply be expressed as

min
Kstabilizing

‖Tzw‖∞ . (4.23)

Finding the optimal solution to equation 4.23 is usually di�cult if not impossible.

That is why in practical design it is usually su�cient to �nd a stabilizing controller

K such that the H∞-norm of the closed-loop transfer function is less than a given

positive number

‖Tzw‖∞ < γ (4.24)

where γ > γ0 and γ0 is the optimal solution to 4.23. This is called theH∞ suboptimal

problem. They can be solved relatively easily with the help of mathematical software

such as MATLAB.

In practical designs, it is often necessary to include speci�c weights with the cost

functions. With the help of the weighting functions it is possible then to balance

out the di�erences between the signals that are due to di�erent units of the signals.

Weights can be applied to both input and output signals of the system. Additionally,

the weighting functions enable concentrating on interesting frequency areas of the

system. As an example, the system illustrated in Figure 4.7 is the same as in Figure

4.5 but weighting functionsW1,W2 andW3 have been included in the output signals

z1, z2 and z3, respectively.

The usual way of solving the H∞ control problem is the use of Riccati equations

(as was the case with the LQR controllers in section 4.1.1). This leads to the design
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of the control law K that solves the suboptimal problem from equation 4.24. The

solution used here have been introduced and proven in [25] and discussed also in [28].

The nominal plant P (that includes the plant model G and the input and output

weighting functions) can in general state-space form be written as

ẋ = Ax+B1w +B2u

z = C1x+D11w +D12u

e = C2x+D21w +D22u (4.25)

In [25] Doyle and Glover discuss the state-space solutions to standard H2 and

H∞ control problems including the system as now described in state-space equation

4.25. The authors derived necessary and su�cient conditions for the existence of an

H∞ suboptimal solution and further parameterized all such controllers. The results

are obtained under the following assumptions:

• for output feedback stabilizability, the pairs (A,B2) and (C2,A) must be re-

spectively stabilizable and detectable;

• rank(D12) = nu and rank(D21) = ny

• ∀ω ∈ R, rank

(
A− jωI B2

C1 D12

)
= n+ nu

• ∀ω ∈ R, rank

(
A− jωI B1

C2 D21

)
= n+ ny

Under these assumptions and further conditions

D11 = 0 DT
12(C1D12) = (0, Inu)

D22 = 0

(
B1

D21

)
DT

21 =

(
0

Iny

)
(4.26)

the H∞ control problem has a solution if and only if:

1. there exists a matrix X∞ > 0 solution of:

X∞A+ ATX∞ +X∞(γ−2B1B
T
1 −B2B

T
2 )X∞ + C1C

T
1 = 0 (4.27)

2. there exists a matrix Y∞ > 0 solution of:

AY∞ + Y∞A
T + Y∞(γ−2CT

1 C1 − CT
2 C2)Y∞ +B1B

T
1 = 0 (4.28)

3. ρ(X∞Y∞) < γ2

where ρ(X) denotes the module of the maximal eigenvalue of X.
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The purpose of these three steps is to test the solvability of the H∞ problem and

to get a minimal value of the attenuation level γ. In mathematical software packages

this is done by the bisection algorithm [28].

When all these assumptions and conditions are met, the next step is to calculate

the central controller by using the previously obtained γ value. A controller K(s)

(called central controller) internally stabilizing the system from equation 4.25 and

satisfying ‖Tzw‖∞ < γ, can be calculated as:(
ẋc(t)

u(t)

)
=

(
Â∞ Z∞Y∞C

T
y

−BT
u 0

)(
xc(t)

e(t)

)
(4.29)

where

Â∞ = A+ γ−2B1B
T
1 X∞ −B2B

T
2 X∞ − Z∞Y∞CT

2 C2, (4.30)

Z∞ = (In − γ−2Y∞X∞)−1. (4.31)

In MATLAB these calculations can be done easily with the help of Robust Control

Toolbox and the speci�c commands mixsyn and hinfsyn. The mixsyn-command

expects the system to has a similar setup as in Figure 4.7 but hinfsyn allows more

�exibility with the system structure. The commands are introduced in more detail

in section 4.2.1 because before they can be used the suspension system models need

to be combined with the weighting functions Wi to create the normalized plants.

This is done next.

4.2 Control of the Suspension System

In this thesis several di�erent control structures will be tested. The structures can

be divided into two main groups:

• Cascaded control structure with an H∞-controller in the force loop (secondary

controller) and a Skyhook controller in the vehicle body loop (primary con-

troller). The Skyhook controller gets the vehicle body velocity żs as input

signal and calculates as output the reference force signal Fref which is the

input to the H∞-controllers. Depending on the linear system which is used

in the design phase (LM1, LM2 or LM3) the output of the H∞-controller is

either the pump velocity ω, input torque Tm or pump reference velocity wref .

These control structures are demonstrated in Figures 4.8(a), 4.8(c) and 4.8(e).

• Direct H∞-control based on measured signals z̈s and zs − zu from the vehicle

body. Depending on the linear system which is used in the design phase (LM5,

LM6 or LM7) the output of the H∞-controller is either the pump velocity ω,
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input torque Tm or pump reference velocity wref . These control structures are

demonstrated in Figures 4.8(b), 4.8(d) and 4.8(f).
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ez& rz

uss zzz −,&&skyK

(a) Cascaded Skyhook + H∞ -control with ω-input
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(b) Direct H∞-control with ω-input
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input
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(f) Direct H∞-control with ωref -input

Figure 4.8: Collection of various control structures to be tested

Skyhook controller is a standard control structure in vehicle dynamics control.

The principle of this approach is to design the active suspension control so that the

chassis is linked to the sky in order to reduce the vertical oscillations of the chassis.

The general Skyhook structure when applied with the suspension system studied in

this thesis is illustrated in Figure 4.9.

In the most simple Skyhook structure the reference force Fref is calculated simply

as

Fref = kskyżs (4.32)

where ksky is the Skyhook damping value and żs is the velocity of the vehicle body.

żs is not measured directly but its value can be calculated by integrating the vehicle

body acceleration signal z̈s. The control structure could also be more complicated

if it were expanded to depend also on the unsprung mass velocity żu. However,

in this case there should also be a damper between the sprung mass ms and the

unsprung mass mu to implement the additional damping force. And since in the

studied new suspension system no separate damper exists, the simpler structure as
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Figure 4.9: Skyhook principle

de�ned in equation 4.32 will be used. More information about Skyhook principles

can be found in [28].

In this thesis work the Skyhook damping value ksky = −1000Ns/m will be used.

It is a feasible value for normal vehicles and does not require too much from the

physical system.

4.2.1 H∞ Suspension Control Design for the Force Loop

In this section the design of the force loop controllers required by systems LM1,

LM2 and LM3 is discussed. The design process will be introduced step by step after

which the performance of the controller on the linear system will be illustrated. In

chapter 5.1 the controllers will be applied to the complete nonlinear system with

the Skyhook controller and those simulations will be used choose the best controller

structure out of these three options.

The goal of the control design is to track the reference force signal Fref as well

as possible for low frequencies and reject disturbances at the same time. At higher

frequencies (greater than 10Hz) it is desirable to let the system behave similarly as

the passive system.

The force control loop related to the LM1 system from Figure 4.8(a) is illustrated

in Figure 4.10(a). This system will be used as the example system to demonstrate

the control design principles from section 4.1.2 and the use of MATLAB procedures.

For the H∞ design the �rst step is to create the nominal plant P . In Figure

4.10(a) the nominal plant PLM1 is highlighted with the dotted line. The plant has

one controlled input ω (signal name u in the standard con�guration which was

represented in Figure 4.6), two disturbance inputs że and Fref (signal name w), two

outputs z1 and z2 (weighted force error and control e�ort, respectively) which are

the signals to be minimized and three measurable signals available to the controller
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Figure 4.10: LM1 system modi�ed for H∞ design

K1 (the scaled input signals FrefWF and żeWze and the error signal e = Fref −Fa).
It needs to be remembered that the output Fa of the linearized model is actually not

directly the output force of the actuator but the force di�erence from the equilibrium

point. This does not really make a di�erence in the control design but needs to be

taken into account in the control implementation.

The input scaling terms WF and Wze are used to scale the e�ects of the two

di�erent inputs to the same region. As a standard the MATLAB tool hinfsyn gives

to all disturbance inputs an amplitude value of 1. It was assumed that this is a good

value for the reference force signal and thus the scaling term WF was chosen to be

one. Wze was then chosen so that the scaled ż input would also have approximately

1N as output force. The parameter values were chosen to be:

WF = 1,Wze = −1/500000. (4.33)

The input scaling factors were simple to de�ne since they only scaled the inputs

to their correct magnitudes. De�ning the output scaling factors W1 and W2 was

not as straightforward. First of all, since there is only one control signal and three

input signals to the controller, it was decided that the controllers K1fb, K1ze and

K1ff are not all created at the same time but separately one controller at a time.

This sort of approach has been previously used with H∞ design with feedforward

signals in [29] and [30]. The reason for this is that when all the three controllers are

created at the same time and only their combined output is weighted (with W2)

some controllers may dominate the design. In the case of this thesis it turned out

to be that with the combined design the feedback controller K1fb had such a big

e�ect on the control output that the information of the feedforward signals Fref and

że could not be properly taken advantage of. Thus, the following order of designing

the controllers was used:

1. Design K1fb to create weak tracking of the reference signal and to reject
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Figure 4.11: Output weights W1i for controller K1

disturbances on low frequencies. Weighting functions W11 and W21.

2. Design K1ze to improve disturbance rejection. Weighting functions W12 and

W22.

3. Design K1ff to improve reference signal tracking bandwidth. Weighting func-

tions W13 and W23.

The advantage of this design method was that it was also possible to keep the

motor input torque Tm within realistic values. The maximum torque value could

be limited by increasing the control input weights W2i. The input control weights

were kept constant for all frequencies and with an iterative search process (testing

di�erent weight combinations and seeing the e�ects on the simulation results), the

following weight values were chosen as the best ones

W21 = 10,W22 = 10,W23 = 1. (4.34)

For the error signal weights W1i using frequency dependent functions was nec-

essary. The weights were chosen so that on low frequencies the weights had high

values to force the error close to zero. The frequency where the weighting function

starts to get lower values was adjusted according to the needs of the bandwidth of

the controller. Since the feedback controller K1fb was required to track the refer-

ence signal and the other controllers were added to improve the performance, the

other controllers needed to have higher bandwidths than the feedback controller.

The bode-plots of the weights are given in Figure 4.11.

When the weighting functions and other variables have been de�ned, the actual

controller design may be performed. As mentioned before, MATLAB command

hinfsyn from the Robust Control Toolbox was used to calculate the controller values

instead of manually implementing the equations introduced in chapter 4.1.2. To
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create the nominal plant and to calculate the �rst controller the following commands

were used:

1. systemnames = 'LM1 W1_1 W2_1 Wze Wfref'; %previously defined tf:s

2. inputvar = '[ Fref; zedot; w1]'; %controlled input omega as last

3. outputvar = '[ W1_1; W2_1; Wfref-LM1]'; %error signal as last

4. input_to_LM1 = '[ w1 ; Wze ]';

5. input_to_W1_1 = '[ Wfref-LM1 ]';

6. input_to_W2_1 = '[ w1 ]';

7. input_to_Wfref = '[ Fref ]';

8. input_to_Wze = '[ zedot ]';

9. PLM1_1 = sysic; %nominal plant

10. [K1_fb,Scl1_1,gam1_1] = hinfsyn(PLM1_1,1,1); %control design

where during the �rst eight lines all the parts of the plant are de�ned which are then

combined to be the nominal plant PLM11 on the ninth line. The inputs and outputs need

to be de�ned so that the measured outputs that go to the controller and the controlled

inputs are the last ones. Then by telling the amount of controlled inputs and measurements

on the tenth line for the hinfsyn command (one of each in this case) it is possible to create

an optimal controller K1fb which has the correct structure. Variables Scl11 and gam11

are the closed-loop transfer function and the H∞-norm of the closed-loop transfer function,

respectively.

The other two controllers may be designed using these same principles but always the

previously designed controllers are just added to the nominal plant. The complete list of

required commands is included in Appendix A.3. When all the three controllers have been

designed the controller K1 is complete. The transfer functions of the controllers equal:

K1fb =
−1.4461e− 006(s+ 6.908e007)(s+ 0.1597)

(s+ 755.7)(s+ 0.06283)
,

K1ze =
0.28754(s+ 7.222e004)(s+ 896.8)(s+ 7.352)(s+ 0.06161)

(s+ 895.4)(s+ 0.06286)(s2 + 15.41s+ 112.8)
,

K1ff =
−0.00014457(s+ 4.265e006)(s+ 895.4)(s+ 894.8)(s+ 0.1207)

(s+ 1365)(s+ 895.4)(s+ 894.3)(s+ 21.02)

·(s+ 0.06286)(s+ 0.02569)(s2 + 15.41s+ 112.8)

(s+ 0.06286)(s+ 0.06283)(s2 + 15.4s+ 112.8)
. (4.35)

Controllers K1ze and K1ff have several pole zero -pairs that have almost the same

values thus cancelling out each other's in�uence. And since all poles and zeros are on the

left hand side of the s-plane, taking out these poles and zeros will not a�ect the stability of

the controller. This kind of order reduction is useful since it does not a�ect the outcome

of the control design much but it will ease the implementation of the controllers in the real
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Figure 4.12: Closed-loop transfer function progress during K1 design process

system. The transfer functions of the controllers after the order reduction equal:

K1fb =
−1.4461e− 006(s+ 6.908e007)(s+ 0.1597)

(s+ 755.7)(s+ 0.06283)
,

K1ze =
0.28754(s+ 7.222e004)(s+ 7.352)

(s2 + 15.41s+ 112.8)
,

K1ff =
−0.00014457(s+ 4.265e006)(s+ 0.1207)(s+ 0.02569)

(s+ 1365)(s+ 21.02)(s+ 0.06283)
. (4.36)

The frequency domain results of the behavior of the closed-loop system (LM1 with

the controller K1) during the various steps of the control design are illustrated in Figure

4.12. It can be seen that the feedback controller K1fb helps to reject the e�ects of the

disturbances (że) on low frequencies and enables tracking of the reference force signal Fref

but with a very low bandwidth. Adding the K1ze controller improves the disturbance

rejection capabilities of the control but has no e�ect on tracking. Finally, adding the

force feedforward controller K1ff improves the bandwidth for reference tracking without

a�ecting the disturbance rejection capabilities.

The same design principle can now be applied to design the K2 and K3 controllers for

LM2 and LM3 systems, respectively. For designing K2 the following constant input weights

and control signal weights were used

WF = 1,Wze = −1/2600, (4.37)

W21 = 20,W22 = 5,W23 = 3. (4.38)

The output weights W1i were designed similarly as for the K1 controller and are illus-

trated in Figure 4.13. These weights were then used in a similar 3-step process as before to

create the controller K2. The progress of the closed-loop behavior during after each step

is illustrated in Figure 4.14. The three di�erent transfer functions after the simple order
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Figure 4.13: Output weights W1i for controller K2
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Figure 4.14: Closed-loop transfer function progress during K2 design process

reduction process equal

K2fb =
−6.2667(s2 + 15.03s+ 92.26)

(s+ 1202)(s+ 27.3)(s+ 0.03142)
,

K2ze =
17774(s+ 675.3)(s+ 21.38)(s+ 0.03142)(s2 + 18.91s+ 194.1)

(s+ 26.3)(s+ 0.03142)(s2 + 61.32s+ 949.5)(s2 + 2143s+ 1.167e006)
,

K2ff =
−2.0172(s+ 0.002413)(s2 + 55.46s+ 770.3)

(s+ 246.3)(s+ 65.32)(s+ 29.3)(s+ 27.37)

· (s2 + 52.91s+ 733)(s2 + 14.06s+ 123.6)

(s+ 26.25)(s+ 0.03142)(s2 + 61.28s+ 949.6)
. (4.39)

Similarly for K3:

WF = 1,Wze = −1/500000, (4.40)

W21 = 10,W22 = 10,W23 = 3. (4.41)
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Figure 4.15: Output weights W1i for controller K3
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Figure 4.16: Closed-loop transfer function progress during K3 design process

The output weights W1i were designed similarly as for the K1 and K2 controllers and

are illustrated in Figure 4.15. After designing the controller and accomplishing the simple

order reduction process, the three di�erent transfer functions of K3 equal

K3fb =
−1400.5105(s+ 0.1577)(s2 + 78.56s+ 5624)

(s+ 6210)(s+ 0.3142)(s2 + 65.99s+ 3879)
,

K3ze =
4565.92(s+ 11.01)

(s+ 8.813)(s+ 4.111)
, (4.42)

K3ff =
−271.9153(s+ 0.08116)

(s+ 1027)(s+ 17.37)

The progress of the closed-loop behavior during after each step is illustrated in Figure

4.14. The �gure shows how the tracking and disturbance rejection properties of the con-

troller increase again when the feedforward controllers are added to the feedback controller

and that on high frequencies the system behaves like the passive system.
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Now the controllers for the cascaded structures have been designed. They can be con-

nected with the Skyhook controller and simulated which will be done in chapter 5.1. How-

ever, before the simulations can be started, the H∞ design process will be applied to design

the controllers for linear systems LM5, LM6 and LM7. This is done next.

4.2.2 Direct H∞ Suspension Control Design

In this section the design of controllers K5, K6 and K7 is explained. Similarly as in the

previous subsection, the procedure is �rst explained in detail to create controller K5 for

system LM5 and then it is applied to create the other controllers.

The basic idea of the control for the LM5 system was already illustrated earlier in Figure

4.8(b). The pump velocity ω is controlled by K5 which has two input signals: the vehicle

body acceleration z̈s and the road level zr. The road level signal is provided by a preview

system that scans the road ahead of the vehicle. Since this signal is not available on all

vehicles, the controller will be designed so that it also works without the preview system.

The suspension de�ection signal zs − zu could have been used as a third controller input.

However, during controller design tests it was noticed that the increase in the overall system

performance when the third input signal was used was so small that it was not worth the

additional complexity in the controller structure.

The road level signal is also the disturbance signal that is a�ecting the system and

during the H∞ design it will be scaled with the input scaling factor Wzr. For all di�erent

controllers K5, K6 and K7 the same input weight

Wzr = 1/10000 (4.43)

was used. Outputs of the system which are to be minimized are the vehicle body acceler-

ation z̈s and the suspension de�ection zs− zu. Both of these signals are measurable in the

real vehicle system and in the H∞ design they will be scaled with an input matrix W1. It is

a 2x2 diagonal matrix where the �rst elementW1zs is weighting the body acceleration and

the second element W1zszu weights the de�ection. The complete modi�ed system which

is suitable for H∞ design is shown in Figure 4.17.

To design the di�erent parts of the controllers, the following design procedure was used:

1. Design the controller K5zs to reject disturbances resulting from the road level

changes and to decrease the acceleration of the vehicle body on low frequencies

(under 5 Hz). Weighting function W21 and weighting matrix W11.

2. Design the preview controller K5zr to improve bandwidth of the controlled system.

Weighting function W22 and weighting matrix W12.

This two-step design process was used so that a controller can be designed whether

the preview signal of the road level is available or not. In case the signal is not available,

the �rst controller K5zs will be able to control the system alone but by adding K5zr the

overall performance can be improved.
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Figure 4.17: LM5 system modi�ed for H∞ design
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Figure 4.18: Output weights for controller K5

In order to be able to do realistic comparisons between these directly controlled systems

and the cascade control systems, the weighting functions for each controller were chosen

so that without the preview control the systems will use approximately the same amount

of energy as the benchmark system which is presented in section 4.2.3. As in the previous

section for the force loop controllers, also for the direct suspension controllers the best

design results were obtained when the output weights were frequency dependent. The

transfer functions of the weights that were used are illustrated in Figure 4.18.

The hinfsyn tool of Matlab's Robust Control Toolbox was used to calculate the con-

troller in a similar way as with the force loop controllers. The complete script of the Matlab

commands is available in Appendix A.3. The �nal transfer functions of the di�erent parts

of the K5 controller equal

K5zs =
148159(s+ 5.434)(s+ 0.377)(s+ 0.04467)(s2 + 61.07s+ 7115)

(s+ 405.9)(s+ 127.3)(s+ 26.34)(s+ 10.59)(s2 + 1.264s+ 0.7261)
,

K5zr =
1988827(s+ 73.25)(s+ 50.16)(s+ 0.5845)(s2 + 0.1177s+ 0.003521)

(s+ 506.7)(s+ 32.05)(s+ 23.32)(s+ 10.76)(s2 + 1.264s+ 0.726)

·(s
2 + 36.09s+ 355.1)(s2 + 428.6s+ 5.154e004)

(s2 + 142.8s+ 5187)(s2 + 11.24s+ 5589)
. (4.44)
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Figure 4.19: Closed-loop transfer function progress during K5 design process

The behavior of the closed-loop system during each step of the control design is illus-

trated in Figure 4.19. Sub�gure 4.19 (a) is the more important one of the two graphs since

it tells how the vehicle body acceleration behaves as a result of disturbances in the road

level. The two resonance peaks of the passive system are the 'wheel-tire-hop' and 'rattle-

space' frequencies which were discussed earlier in chapter 2. The goal of the control design

is to decrease the peaks and thus improve the comfort level. Especially the frequency range

5-8Hz is an important area since it has been tested to be a disturbance frequency area to

cause most discomfort to human passangers.

From �gure 4.19 it can be seen that the K5zs controller alone improves the comfort on

low frequencies up to 5 Hz but does not have a big e�ect on higher frequencies. Adding the

preview signal and controller K5zr improves the comfort up to 10Hz but also has an e�ect

on higher frequencies. This might cause a high energy consumption and is investigated

further in chapter 5.

The same procedures were again repeated to obtain the controllers for LM6 and LM7

systems. The weights that were used for creating the K6 controller are illustrated in Figure

4.20 and the resulting controller transfer functions equal:

K6zs =
7461(s+ 5.478)(s+ 0.09425)(s2 + 3.687s+ 44.5)(s2 + 56.72s+ 4051)

(s+ 719)(s+ 29.63)(s+ 11.13)(s2 + 1.196s+ 0.702)(s2 + 74.37s+ 7266)
,

K6zr =
59062(s+ 67.54)(s+ 26.84)(s+ 0.2561)(s+ 0.062)

(s+ 30.01)(s+ 29.28)(s+ 11.13)(s2 + 1.196s+ 0.702)

· (s2 + 6.275s+ 52.45)(s2 + 78.5s+ 1776)

(s2 + 174.4s+ 1.201e004)(s2 + 10.42s+ 5548)
. (4.45)

The behavior of the passive system and closed-loop system during each step of the

control design is illustrated in Figure 4.21. Here it is noticeable that the passive system

does not have such a large resonance peak around 1Hz as the LM5 model had. During

creation of the models it was noticed that the main reason for this is the viscous friction

parameter fv which does not appear in the LM5 system. As with the previous system,
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Figure 4.20: Output weights for controller K6
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Figure 4.21: Closed-loop transfer function progress during K6 design process

the closed-loop system behavior is improved by just using the K6zs controller but by

introducing the preview controller K6zr it is possible to increase the comfort further.

For designing the K7 controller the output weights are introduced in Figure 4.22 and

the transfer functions equal

K7zs =
302243(s+ 4.715)(s+ 0.3142)(s+ 0.04426)

(s+ 696.5)(s+ 68.01)(s+ 27.38)(s+ 8.999)

· (s2 + 81.79s+ 5488)(s2 + 43.71s+ 4695)

(s2 + 1.021s+ 0.5161)(s2 + 59.55s+ 7680)
,

K7zr =
2611249(s+ 50.04)(s+ 0.1699)(s+ 0.0594)(s+ 0.04322)

(s+ 31.77)(s+ 24.58)(s+ 9.086)(s2 + 1.408s+ 0.9798)

· (s2 + 37.72s+ 407)(s2 + 111.7s+ 5851)

(s2 + 115.8s+ 3516)(s2 + 125.4s+ 1.136e004)
. (4.46)

The behavior of the passive system LM7 and closed-loop system with K7 is illustrated

in Figure 4.23. The behavior is very similar to system LM5 in Figure 4.19. To actually see
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Figure 4.23: Closed-loop transfer function progress during K7 design process

which one of the controllers is the best one, further tests for each control system is done

in chapter 5 where the controllers are implemented in the original nonlinear system.

4.2.3 Two-degree-of-freedom Control Approach

To compare the goodness of the various H∞ designs, a benchmark system is required. The

simplest benchmark is of course to compare the behavior of the active system with the

passive system. The most interesting areas will be to observe the behavior around the 1-

3Hz and 10-13Hz frequency ranges where the passive system has the resonance frequencies.

But to get a reference of how good the optimal controllers are, comparison with other active

controllers is required.

The most suitable controller for comparisons is a so called nonlinear two-degree-of-

freedom (2DOF) controller that has been created recently at Daimler. It is presented in

a detailed way in [31]. The 2DOF controller controls the force loop similarly as the K1,

K2 and K3 controllers for LM1, LM2 and LM3 systems and gets the reference force signal
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from a Skyhook controller. The reference actuator velocity ωref is enforced by an internal

PID feedback control loop which has been designed with high bandwidth and it can be

robust enough to eliminate the inertial e�ects and friction of the MPU. The reference

force Fref is weakly tracked by a PI-controller with transfer function Kfb. The whole two-

degree-of-freedom control architecture shown in Figure 4.24 allows to shape reference and

disturbance responses separately. The fast dynamics required for the reference tracking

(feedforward controller Kff ) is decoupled from the low-gain feedback control law Kfb

used to minimize the steady state error in the force. Further the disturbance rejection is

regulated separately with Kze by using the information about the disturbance signal że.

All three di�erent controllers have been designed separately based on physical modeling of

the system.

The advantage of the nonlinear 2DOF controller is that the parameter values change

depending on the operating point. Thus for instance the original measurement data of

the pump friction and throttle valve damping factors can be utilized. Additionally, the

reference controllerKff and disturbance controllerKze include adjustable �lters. The right

choice of the disturbance �lter properties, including the order and the cut-o� frequency, is

very important for the active suspension performance. These properties make the 2DOF

controller an excellent benchmark for the control systems designed in this thesis.

4.3 Chapter Summary

In this chapter the theory behind optimal and robust control was discussed after which the

theory was applied to create optimal H∞ controllers for the six linear models that were

introduced in Chapter 3. In the next chapter the performance of these controllers will be

evaluated by a series of simulation tests. The chapter concluded with the introduction

of a so called two-degree-of-freedom controller which will be used as a benchmark system

during the tests.
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5. COMPARISON OF CONTROL

APPROACHES

In this chapter the controllers which were created in the previous chapter will be tested.

First, the force loop controllers K1, K2 and K3 will be compared after which the direct

suspension controllers K5, K6 and K7 are tested. The best controller from each group

is chosen to the �nal comparison where the controllers are compared with the 2DOF

controller.

To evaluate the performance of the controllers, several performance indicators will be

used. The performance indicators include

• Vehicle body acceleration (minimum, maximum and RMS value).

• Power spectral density (PSD) analysis of the acceleration signal (up to 25 Hz).

• Suspension de�ection zs − zu (minimum, maximum and RMS value).

• Mechanical power (peak and RMS value).

• Mechanical energy consumption. Two values will be given: �rst one for full recuper-

ation of negative power signal and another one which assumes that only 70% of the

negative power can be recuperated.

• Time domain visualization of the torque signal.

Power Spectral Density (PSD) is a tool with which can be used to measure the frequency

content of a stochastic process and in its standard form it has dimensions of power per

Herz. With PSD it is possible to analyze the frequency content of measurement signals from

nonlinear systems in a similar way as Bode plots can be used to analyze linear systems. It

is required that the system is excited with a suitable signal and this requirement is ful�lled

by the test track pro�le illustrated in Figure 5.1(a). At Daimler a speci�c tool for plotting

PSD �gures has been developed and it will be used to plot the �gures used in this thesis.

More detailed information about PSD and its use can be found in [32].

During the performance evaluation simulations actual measurement data from one of

Daimler's standard test tracks ('Track 1') was used as the road signal. The pro�le of the

track is illustrated in Figure 5.1(a). The knowledge of the road ahead of the vehicle is

obtained by an optical preview system which measures the road disturbances ahead of

beforehand. The preview information of the disturbances can be preprocessed o�ine with

a zero-phase �lter which has been developed at Daimler. This technology is presented in

more detail in [33]. The zero-phase �lter removes the high-frequency disturbance content
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Figure 5.1: Test track pro�le and �ltered preview signal

out of the preview signal which is fed to the controller in synchronization with the actual

road level. An example of the actual road signal and the �ltered preview signal from the

test track is provided in Figure 5.1(b).

To be able to use the controllers K1-K7 in realistic digital systems, they need to be

transformed from the continuous s-plane to discrete z-plane. The so called bilinear trans-

formation (also known as the Tustin method) was used as the transformation method [34].

The 2DOF controller has previously been tested with a 5ms sample time so the same value

was used now for the new controllers. Matlab's System Identi�cation Toolbox includes the

command c2d which was used for discretization during this thesis work. The required

commands are listed in Appendix A.3. More information about the Tustin method and

discretization is available in [34] and [35].

5.1 Comparing the Cascaded Controllers

Figure 5.2 shows the Simulink structure which was used for testing the various cascaded

control structures. The main block diagram in Figure 5.2(a) shows the di�erent systems

which were compared and the outputs that were recorded. Sub�gures 5.2(b) and 5.2(c)

show in more details how the controller K1 was implemented and the same principle was

applied to implement the K2 and K3 controllers. The cascaded control structure with

the Skyhook controller is visible in Figure 5.2(b) which is almost identical to the control

principle illustrated in Figure 4.8(a). The di�erence is that in the Simulink model it

was necessary to add the in�uence of the operating point equilibrium force FEQ which

was calculated in earlier in equation 3.30. This had to be done since the controller was

based on the linearized system and in block diagram in Figure 5.2(c) the output of the

controller ∆Fakt had to be corrected to be the real Fakt. The discrete state-space model

of the controller K1 is placed in the subsystem 'K1 discrete' which is activated every 5

milliseconds. This way the simulations can have a smaller sample time than the actual

control.
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Another important thing to notice from Figure 5.2(c) is that the disturbance input

signal że had a di�erent sign in the controller design as in the nonlinear system which had

to be corrected with an additional gain block. Also, it is pointed out that the velocity PID-

controller shown in the �gure is not the same simple linear PI-controller which was used

in the control design. It is a high bandwidth PI-controller with an anti-windup structure

which improves the behavior of the controller in case the saturation limits of the actuator

are achieved. However, when the saturation limits are not reached, the controller behaves

exactly like the linear one used in the design.

The three di�erent linear controllers were simulated on the test road and the results

of the accelerations, mechanical powers and energies are presented in Table 5.1. All three

controllers were able to decrease the RMS value of the acceleration as well as the peak

values. K2 and K3 were able to cut the RMS value the most, by 50%. In addition, K3 was

also able to limit the suspension de�ection values which is impressive since usually limiting

the acceleration results in increased de�ection values. The biggest di�erences between the

systems were in the power and energy consumptions. This can also been seen from Figure

5.3 where the input torque signals of the pumps from each system are presented. Since the

mechanical power is calculated as the product of the torque Tm and the angular velocity

ω of the pump, it is natural that the system that has the largest torque values also uses

the most energy.

The pure numerical acceleration values and energy consumption are, however, not

enough to decide which controller is the best one. It is also important to look at the

behavior of the system at di�erent frequencies. This is why the PSD graph of the accelera-

tion is plotted in Figure 5.4. From the results it can be seen that the K1 controller is only

able to improve the acceleration behavior on low frequencies (approximately to 4Hz) after

which the behavior is not much di�erent from the passive system. The torque output con-

troller K2 is improving the acceleration behavior on the largest frequency range. Especially

the behavior around 6-7Hz area is better than with other controllers. On the other hand,

controller K3 manages to have the lowest peak around 1Hz area and also is improving the

acceleration behavior on the 5-8Hz range. The improvement is not as big as with K2 but

the energy consumption with K3 is 50% smaller than with K2. Additionally, since all of

the performance indices with the controller K3 are almost identical with the benchmark

2DOF controller, it is chosen to have the most suitable combination of properties and it

will be tested against the other best controllers in section 5.4.

5.2 Comparing the Direct H∞ Controllers without Preview

The di�erent direct suspension controllers K5, K6 and K7 were implemented in Simulink in

a similar manner as the cascaded control structures in Figure 5.2(a). Figure 5.5 illustrates

how the controller K5 was connected with the actuator and quarter-car model. The same

principles were used with controllers K6 and K7. Sub�gure 5.5(a) shows that also for the
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Figure 5.2: Simulink implementation of the complete cascade controlled systems
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Passive 2DOF K1 K2 K3
Acceleration, RMS [m/s2] 1.0725 0.5404 0.6064 0.5084 0.5058
Acceleration, max [m/s2] 3.9170 2.4154 2.3741 2.1639 2.3024
Acceleration, min [m/s2] -4.7251 -2.5885 -2.4368 -2.3701 -2.4370
De�ection, RMS [cm] 1.71 1.38 2.16 1.70 1.32
De�ection, max [cm] 6.30 4.52 6.94 5.53 4.34
De�ection, min [cm] -5.99 -4.52 -6.65 -5.04 -4.54
Mech Power, RMS [W] - 294.1 318.9 779.9 355.5
Mech Power,max [kW] - 2.0006 2.0005 2.0007 2.0007
Mech Energy,100% recup. [kJ] - 5.1933 6.0777 9.1780 4.7922
Mech Energy,70% recup. [kJ] - 5.6096 6.4812 11.6783 5.6179

Table 5.1: Performance indicators for the cascaded control structures
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Figure 5.5: Simulink implementation of the K5 controller

direct suspension control implementation the e�ect of linearization point equilibrium force

FEQ had to be compensated. However, the compensation procedures were simpler than for

the cascaded structures. Sub�gure 5.5(a) shows that the preview signal can be switched on

or o� with a separate gain block (0='o�', 1='on'). In these �rst simulations the preview

signal was not used.

The performance indicators from the experiments where the preview signal was not

used are shown in Table 5.2. The performance of the benchmark system with the 2DOF

controller is included to show that the weighting functions during the controller design were

chosen so that the the energy consumptions of the di�erent structures were approximately

the same (close to 5.7kJ). It was assumed that the results from 70% energy recuperation

calculations were more reliable than the 100% energy recuperation results. This 5.7kJ

average energy consumption is also in the same range as with the best controller from

the cascaded control structures which makes the performance comparisons in section 5.4

easier.

The results in Table 5.2 show that all the controllers were able to decrease the RMS

value of the acceleration signal by more than 50%. K5 and K7 had the lowest RMS values

but the peak values were slightly higher than with K6 controller. Also, all the de�ection

signal values were improved. The mechanical power signals reached the maximal capacity

of the system with all the controllers but the RMS value of the power was much smaller

with the system that was controlled by K5. The reason for this sort of behavior can be
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Passive 2DOF K5 K6 K7
Acceleration, RMS [m/s2] 1.0725 0.5404 0.4667 0.4821 0.4279
Acceleration, max [m/s2] 3.9170 2.4154 2.5896 2.4094 2.5668
Acceleration, min [m/s2] -4.7251 -2.5885 -2.5010 -2.3067 -2.3493
De�ection, RMS [cm] 1.71 1.38 1.06 1.15 1.07
De�ection, max [cm] 6.30 4.52 3.98 3.68 4.35
De�ection, min [cm] -5.99 -4.52 -3.72 -4.66 -3.84
Mech Power, RMS [W] - 294.1 255.9 474.1 364.5
Mech Power,max [kW] - 2.0006 2.0005 2.0007 2.0006
Mech Energy,100% recup. [kJ] - 5.1933 5.2451 4.5957 5.0245
Mech Energy,70% recup. [kJ] - 5.6096 5.4844 5.9690 5.8079

Table 5.2: Performance indicators for the direct control structures without preview
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Figure 5.6: Torque signals for the direct control structures without preview

deducted by using the torque measurements information from Figure 5.6. The systems

controlled with K6 and K7 have more higher value peaks in the torque signal and since

the mechanical power is calculated as the product of the torque and the angular velocity

of the pump, the RMS value of the power signal will get a high value with high torque

values. However, since a large portion of the negative powers can be recuperated, the

energy consumption values are not di�erent between the systems.

Also for the direct suspension controllers the PSD graph was calculated and it is pre-

sented in Figure 5.7. There it can be seen that the K5 and K7 systems increase the

acceleration performance at low frequencies (1-3Hz) more than the K6 and 2DOF con-

trollers. Between 5Hz and 10Hz K6 has the best performance whereas the K5 even exceeds

the passive suspension curve. Before the best controller of the direct suspension controllers

is chosen the performance with the preview signal is tested.
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Figure 5.7: PSD graph for directly controlled suspension systems systems without preview

5.3 Comparing the Direct H∞ Controllers with Preview

In this section the performances of the direct suspension controllers are tested in a setting

where the preview signal of the road is available. All other variables are the same as in the

previous section. Also the road input signal was the same as in the previous simulations.

The performance indicators from the simulations are collected in Table 5.3. When

these measurements are compared with the results where the preview signal was not used,

it can be seen that consistently with all the systems the RMS acceleration values have

decreased, the peak values have slightly increased and the mechanical power and energy

consumptions have also increased. The torque signals of the systems are shown in Figure

5.8 and by comparing it to the previous torque graphs from Figure 5.6 it can be seen that

the overall amount of torque has increased.

However, the increased power and energy consumption may be accepted if the increase

in comfort is substantial enough. This can be analyzed by studying the PSD graph in

Figue5.9. The �gure shows in dashed line the old results without the preview information

and in the same colors but with solid lines the results with preview signal and the preview

controllers. It can be seen that all the di�erent H∞ controllers have higher bandwidths

when the preview information is utilized. All three controllers improve the acceleration

performance up to at least 7Hz region thus improving the comfort that the passengers of

the vehicle would experience. Also, on the lower frequency range all systems improve their

performance when they are compared to the versions where the preview signals were not

used.

When choosing the best overall controller out of K5, K6 and K7 there are lots of things

to consider. All of the controllers were designed to use approximately the same amount of

energy which makes all of the controllers equal with each other. However, the mechanical

power values are lowest with the K5 controller. The K5 controller also improves the RMS

acceleration value more than the K6 controller and approximately as much as the K7
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Passive 2DOF K5+pre K6+pre K7+pre
Acceleration, RMS [m/s2] 1.0725 0.5404 0.4263 0.4347 0.4024
Acceleration, max [m/s2] 3.9170 2.4154 2.6459 2.4544 2.6416
Acceleration, min [m/s2] -4.7251 -2.5885 -2.3148 -2.2435 -2.2565
De�ection, RMS [cm] 1.71 1.38 0.98 1.06 1.00
De�ection, max [cm] 6.30 4.52 4.16 3.59 4.27
De�ection, min [cm] -5.99 -4.52 -4.04 -4.00 -4.06
Mech Power, RMS [W] - 294.1 322.4 511.3 402.7
Mech Power,max [kW] - 2.0006 2.0006 2.0007 2.0007
Mech Energy,100% recup. [kJ] - 5.1933 6.4744 5.2271 5.9319
Mech Energy,70% recup. [kJ] - 5.6096 6.8074 6.6987 6.7533

Table 5.3: Performance indicators for the direct control structures with preview
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Figure 5.8: Torque signals for the direct control structures with preview

controller. K6 controller achieves the best comfort increases in the 5-8Hz range but it also

reaches the maximum torque and power values very often which brings the most stress to

the mechanical system. Based on these results it was chosen that the K5 controller has the

best combination of properties and it was chosen for further comparison tests with the K3

controller from the previous section and the benchmark 2DOF system. These test results

are presented next.

5.4 Comparing the Best Controllers

In this section the best controllers of the di�erent control structures are compared. From

the cascaded control structures K3 was chosen as the best one and from the direct suspen-

sion controllers K5 was chosen. First, the performance of the controllers is tested under
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(b) Close-up

Figure 5.9: PSD graph for directly controlled suspension systems with and without preview

normal conditions, after which simple changes to the vehicle body mass are done to get an

idea of the robustness of the control system.

5.4.1 Normal Conditions

In sections 5.1, 5.2 and 5.3 all the systems were tested under the same conditions with the

same input signals and thus, the performance indicators in the di�erent tables and PSD

graphs are directly comparable. To get a better understanding of the performance of the

systems a di�erent road signal is used in this section. Instead of a long test track signal

like the 'Track 1' a simpler signal consisting of a �at road with a bump was used. The

road pro�le is shown in Figure 5.10(a). The advantage of the simple input signal is that

it is easy to analyze the time domain performance of several di�erent signals. Five of the

most important signals are collected in Figure 5.10.

In addition to the road pro�le zr Figure 5.10(a) also shows the vehicle body level os-

cillations from the systems with di�erent controllers. The �gure shows that the largest

oscillations occur with the passive system and that all the controllers are able to signif-

icantly decrease the amplitude of the oscillations and the settling time. The benchmark

system with the 2DOF controller and the cascaded controller structure including the K3

controller have a very similar performance which is understandable since the structures

of the control systems are the same. K5 controller with and without preview information

reduces the vehicle body oscillations even more than the other two controllers. They also

reduce the maximum vehicle body acceleration values which are presented in Figure 5.10(b)

the most. 2DOF and K3 controllers also reduce the oscillations but the settling time is

longer than with the direct controllers. Figures 5.10(c) and 5.10(d) show the mechanical

power and torque signals from the same comparison tests. The results show that the pre-

view system has the highest power peaks and it also inputs torque the longest time. The

other three systems, however, have almost identical behaviors. Torque signals oscillate be-

tween -1Nm and 1Nm which results from the friction forces that are present in the system.
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(b) Acceleration signals
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(c) Mechanical power signals
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(d) Torque signals
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(e) Suspension de�ection zs − zu

Figure 5.10: Time domain results with the best controllers
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Passive 2DOF K3 K5 K5 + pre.
Acceleration, RMS [m/s2] 0.4082 0.1271 0.1416 0.0931 0.0474
Acceleration, max [m/s2] 1.4292 0.8770 0.8305 0.7438 0.4198
Acceleration, min [m/s2] -1.8164 -0.7376 -0.7719 -0.6877 -0.4508
De�ection, RMS [cm] 0.6626 0.4827 0.5008 0.4381 0.4351
De�ection, max [cm] 2.6701 1.5659 1.7200 1.1157 0.4620
De�ection, min [cm] -2.1658 -2.6177 -2.5305 -2.6759 -2.9161
Mech Power, RMS [W] - 55.1 40.5 64.4 89.1
Mech Power,max [W] - 600.2 486.1 662.8 825.5
Mech Energy,100% recup. [J] - 76.7 70.6 83.6 101.8
Mech Energy,70% recup. [J] - 77.1 70.7 83.7 102.6

Table 5.4: Performance indicators for the �nal comparisons

Figure 5.10(e) shows the suspension de�ection signal zs − zu from the di�erent systems.

This is the only signal where the maximum peaks of the controlled systems are higher than

with the passive system. However, the di�erence is within acceptable limits and after the

�rst peak the de�ections of the controlled systems are better than in the passive system.

The performance index calculations shown in Table 5.4 con�rm the deductions which

were made based on the time domain �gures. 2DOF, K3 and K5 controllers without

preview have almost the same power and energy consumptions and similar improvements

in the acceleration values. K5 has a the best acceleration behavior which is natural since

the control is based on measuring and limiting the acceleration signal. Implementing

the preview signal decreases the acceleration RMS value by a further 50% which can be

considered as a signi�cant improvement but it comes with the cost of additional power and

energy consumption.

5.4.2 Increased Vehicle Mass

In realistic situations all the parameters of the system will not always remain the same.

Temperature changes, wear of the components and load variations are examples of factors

that will a�ect the parameter values. Within the time limits of the thesis project it was not

possible to do a full parameter varying analysis, but some simpler tests were made. In this

section the vehicle body mass ms is doubled for the simulations but the same controllers

as before are used. The vehicle body mass was selected as the parameter to be changed

since in realistic situations its value will always be di�erent depending on the weight and

amount of passengers and additional load that is transported with the vehicle.

The same bump signal as in the previous section was used as the road signal and the

same performance indices and �gures were recorded. Figure 5.11 shows the same �ve time

domain signals as before but the values have changed slightly. The increased mass results in

more inertia which decreases the oscillation amplitude of the system after it hits the bump

on the road. On the other hand, without control the passive system keeps oscillating for a
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Passive 2DOF K3 K5 K5 + pre.
Acceleration, RMS [m/s2] 0.2021 0.0655 0.0725 0.0703 0.0326
Acceleration, max [m/s2] 0.7657 0.4626 0.4364 0.5186 0.2885
Acceleration, min [m/s2] -0.6425 -0.3037 -0.2954 -0.4506 -0.2684
De�ection, RMS [cm] 0.6644 0.5010 0.5486 0.4501 0.4409
De�ection, max [cm] 1.9715 1.1932 1.2929 1.0280 0.4063
De�ection, min [cm] -2.3645 -2.7680 -2.6781 -2.7158 -2.9623
Mech Power, RMS [W] - 51.7 39.1 35.8 70.6
Mech Power,max [W] - 570.2 486.7 354.7 649.5
Mech Energy,100% recup. [J] - 72.3 80.8 60.3 88.6
Mech Energy,70% recup. [J] - 72.7 80.9 60.4 88.7

Table 5.5: Performance indicators when ms has been doubled after control design

longer time due to the increased mass. The lower oscillation amplitudes decrease the need

to actively control the system which results in lower peak values in the power and torque

consumption signals. However, since the passive system keeps oscillating for a longer time

than in the previous section, also the torque signal is applied for a longer period of time.

These results are con�rmed by the performance index calculations that are presented in

Table 5.5.

The main result is to see that all of the control systems are still able to keep the system

stable despite the load increase. For the K3 and 2DOF systems this is not surprising since

the cascaded control structure is more capable to deal with system disturbances and for

instance the force loop control does not depend on the vehicle parameters. For the K5

system the performance is more impressive, since the vehicle mass parameter ms was used

in the control design. The performance in the body level and acceleration curves have

similar shapes as in the previous simulations and especially without the preview signal,

the power consumption has decreased signi�cantly more than with the other systems.

5.4.3 Decreased Vehicle Mass

In the previous section it was shown that all of the controllers were able to control the

suspension system and improve the performance when compared to the passive system in a

situation where the vehicle body mass was doubled after the control design. In this section

it is studied if the same happens when the body mass is reduced by 50%. The same road

signal as in the two previous simulations is used.

The time domain results of the �ve most important signals from the simulations are

collected in Figure 5.12. There it can be seen that also in the scenario where the vehicle

mass is signi�cantly lower than in the suspension design phase, the controllers are able to

keep the system stable while improving the performance over the passive system. Figure

5.12(a) indicates that lowering the body mass increases the amplitude of the passive system

oscillations after the vehicle hits the bump on the road. This is a logical result since with
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(b) Acceleration signals
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(c) Mechanical power signals
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(d) Torque signals
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(e) Suspension de�ection zs − zu

Figure 5.11: Simulations over a bump with doubled vehicle mass
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Passive 2DOF K3 K5 K5 + pre.
Acceleration, RMS [m/s2] 0.7895 0.2350 0.2734 0.1088 0.0651
Acceleration, max [m/s2] 2.9232 1.5627 1.5154 0.9063 0.5030
Acceleration, min [m/s2] -4.3598 -1.7066 -1.8805 -0.9900 -0.7165
De�ection, RMS [cm] 0.6282 0.4333 0.4412 0.4293 0.4289
De�ection, max [cm] 3.2214 2.0489 2.2513 1.1928 0.4366
De�ection, min [cm] -2.3156 -2.3758 -2.3021 -2.5959 -2.8724
Mech Power, RMS [W] - 60.2 41.1 93.8 112.3
Mech Power,max [W] - 689.4 482.8 1143.6 1418.9
Mech Energy,100% recup. [J] - 78.8 62.1 103.4 109.1
Mech Energy,70% recup. [J] - 79.7 62.2 104.9 111.9

Table 5.6: Performance indicators when ms has been reduced by 50% after control design

lower amount of mass the system will have less inertia. Additionally, in the previous section

increasing the mass reduced the oscillations which supports these results. As a result of

the lower vehicle mass, the oscillations also end faster than in the heavier systems.

The larger oscillations and higher acceleration values in the passive system have a sig-

ni�cant e�ect on the power consumption of the active suspension systems. Both the K3

and K5 controllers are still able to improve the acceleration behavior but especially with

the K5 controller the power consumption increases signi�cantly. The increased power con-

sumption simply results from the fact that the K5 system gets directly the acceleration

values as a controller input and a higher acceleration value will result in a higher output

signal. However, the advantage of the additional power consumption is that the K5 con-

troller really increases the comfort level of the system. The acceleration peaks are much

smaller than with the other controllers and the de�ection peaks are not higher than in the

previous simulations where the passive system had larger de�ection peaks due to higher

vehicle mass. These results are again con�rmed by the performance index calculations that

are shown in Table 5.6.

5.5 Further Analysis of the Results

The simulation results of the previous chapter show that the best controllers are able to

handle situations where there are some changes in the system parameters after the control

design. The analysis was based on changes in the vehicle body massms which was assumed

to be the most common parameter to vary in realistic situations. In the case where the

vehicle mass was lower during the simulations than it had been during control design, the

power consumption of the active suspension system with the K5 controller increased more

than with the other controllers. On the other hand, the K5 system also was the system

that improved the acceleration performance of the system the most. However, since power

and energy consumption are a major concern during control design, it is recommendable
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(b) Acceleration signals
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(c) Mechanical power signals
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(d) Torque signals
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Figure 5.12: Simulations over a bump with vehicle mass reduced by 50%
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to use the lowest realistic ms value during control design when designing the K5 system.

This way, the power consumption will have an acceptable value in normal conditions and

in case of extra load, the consumption will have a lower value.

To be able to be sure of the performance of the controllers with di�erent parameter

variations, robust H∞ control design methods including parameter variation techniques

can be applied. These methods are studied and presented for instance in [11] and [22].

However, during this thesis work the actuator modeling and comparing of the di�erent

control structures were the main focus points and it was not possible to implement these

techniques within the time frame of the project.

Also, implementing and testing the optimal controllers on an actual testbed could not

be done during the project. During the simulations all of the controllers were, however,

tested by using the discretized versions so in theory implementing them on a real system

and achieving the same results should be possible. Additionally, the 2DOF controller has

already been tested on a real system and it uses the same input signals and structure as

the K3 controller. Therefore, especially testing the performance of the K3 controller is an

interesting step in the future. The cascaded control structure is also naturally more robust

towards disturbances because the force loop is controlled with the optimal controller is only

using the parameter values of the active suspension actuator and not the vehicle itself. The

reference force is coming from the simple Skyhook controller which is a standard structure

that has been used and tested before.

Another factor supporting the cascaded control structures is that the gain values of

the optimal controllers in the cascaded designs were lower than in the direct suspension

controllers. This makes the cascaded structure more stable and robust since the higher

gain values may a�ect the performance of the K5 controller in the testbed system due to

numerical reasons. Thus, to get a more reliable understanding on the performance of the

optimal controllers, actual tests on a testbed system are de�nitely recommended.

5.6 Chapter Summary

In this chapter all the six controllers which were created in the previous chapter were tested

by implementing them on a detailed nonlinear suspension system which was then simulated

with a realistic test road input signal. First, the cascaded control structures including the

K1, K2 and K3 controllers were tested. K3 had the best combination of properties and

was chosen as the best controller of the group. Its performance was also almost identical

with the benchmark 2DOF system. Then, the direct control structures were tested on the

same road signal �rst without and then with the preview signal which measures the road

level. K5, K6 and K7 had similar energy consumptions but K5 was found to have the best

performance especially on low frequencies.

In the �nal part of the chapter the best controllers K3 and K5 as well as the bench-

mark 2DOF system were compared against each other on another road signal. The signal

consisted of a simple bump which made it easy to observe the behavior of the suspension

systems in a more visual manner. First, the systems were simulated in the same conditions
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as before, but then the vehicle mass ms was changed to see how varying conditions a�ect

the performance of the control system. In all of the simulations the system controlled by

the K5 controller with preview signal had the lowest oscillations in the vehicle body level

and acceleration signals. K3 and 2DOF controllers were again performing in a similar

manner but the K3 controller oscillated slightly longer when the vehicle body mass was

varied. K5 controller used more energy than the other controllers if the vehicle body mass

was signi�cantly smaller during the simulations than what it had been during the control

design phase but performed well on higher masses. Thus it was recommended that the

controller is designed using the lowest realistic ms value for the given system.

At the end of the chapter the robustness of each controller structure was analyzed.

Actual tests on a real system would have been needed to get a more sophisticated opinion

about the robustness but it was not possible to conduct the tests within the time frame of

the project. The cascaded control structures were estimated to be more robust due to the

structure of the control and fact that the controller gain values were lower than with the

direct suspension controllers.
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6. CONCLUSIONS

In this chapter the whole thesis is summarized. Conclusions are drawn from all the di�erent

parts of the thesis. The goals of the thesis, which were introduced at the beginning of the

paper, are discussed and compared with the results that were achieved. Additionally, some

suggestions for future work are introduced to give an idea of what should be investigated

and veri�ed in the future.

6.1 Goals of the Thesis

The goals of this thesis were stated earlier in Chapter 1.2 with the main objective being

to �nd a suitable optimal controller to control the new active suspension system. Several

subgoals were de�ned to help reach this main goal. The �rst two subgoals discussed the

modeling and linearization of the new actuator in a way that the linear model is accurate

enough to be used in the control design phase. Altogether three di�erent actuator models

with di�erent input signals were created and they were named according to the number of

states in the state-space models as LM1, LM2 and LM3. In Chapter 3.6 their performance

was compared with a detailed nonlinear actuator model and especially the LM1 and LM3

models were found to behave like the original actuator model. LM2 model had some

overshoots when friction parameters were included but it was also evaluated to be suitable

to be used in control design. The next subgoal was to create a complete system model by

combining the actuator with a quarter-car model. This was done successfully by combining

the three actuator models with a quarter-car model which then resulted in three full system

models LM5, LM6 and LM7.

At this point there existed six di�erent linear models and for each of them an optimal

H∞ controller was designed. The goal of the control design was to create controllers that

increase the comfort on low frequencies (decrease the energy of the vehicle body acceleration

signal) and that let the passive suspension components take care of the suspension on higher

frequencies to avoid unnecessary energy consumption. For the actuator models LM1, LM2

and LM3 the optimal controller was controlling the force loop of the actuator and the

reference force was calculated by a standard Skyhook controller. Thus, these systems were

controlled by a cascaded control structure. The optimal controllers were named K1, K2

and K3 where the number corresponded with the number of the linear model that was used

in the design. In the LM5, LM6 and LM7 systems the actuator was controlled directly

with an optimal controller that was based on vehicle body acceleration measurements and

the preview information of the road signal. These controllers were named K5, K6 and K7

and the same naming principle as with the cascaded controllers was used.
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All the six controllers were discretized with a 5ms sample time and implemented to

control a detailed nonlinear simulation model of the suspension system. Actual measure-

ment results from a test track were used as the road input signal. All controllers were

able to control the system and increased the comfort level. From the cascaded control

structures K3 controller was chosen as the best one. The power and energy consumption

were the lowest with K3 but also the achieved improvement in the acceleration signal was

higher than with K1 or K2. Additionally, the suspension de�ection performance was the

best of the three controllers. The performance of the K3 controller was also close to the

benchmark two-degree-of-freedom (2DOF) controller that has been previously been tested

and implemented at Daimler.

The direct suspension controllers K5, K6 and K7 were �rst tested with only the vehicle

body acceleration as controller input and then with an additional road level preview signal.

All of the controllers were designed to have approximately the same energy consumption

without the preview signal as the K3 and 2DOF systems. This way other performance

indices could be compared more objectively. Controller K5 was found to have the most

suitable properties of direct controllers and especially the performance on low frequencies

was impressive. Even without the preview signal the controller was able to signi�cantly

decrease accelerations and vehicle body oscillations on low frequencies and utilizing the

preview information further improved the system performance.

As a �nal part of the thesis, the best optimal controllers K3 and K5 and the benchmark

controller were tested on another road signal which consisted of a simple bump. These

tests helped to visualize the performance of the di�erent control systems. The same road

signal was also used to see what happens if the vehicle body mass is di�erent from the

value used during control design. The simulation results indicated that the system with

K5 controller had in all the situations the best comfort and the least amount of vehicle

body oscillations. However, if the vehicle mass is much lower during simulations than

during the control design, the energy consumption increases more with the K5 controller

than with the other controllers. K3 and 2DOF controller performed more consistently in

all conditions and no major di�erences between the two controllers were found.

All in all, it can be said that the K3 and K5 controllers both satisfy the performance

requirements that were set for the controllers. The simulation results indicate that K5

would increase the comfort more, but tests on a real system would be needed to verify the

results.

6.2 Future Work

The most important part of future work would be to test the performance of the K3 and

K5 controllers in a real testbed. K3 controller has a similar structure, sample time and

performance as the 2DOF controller so implementing it on the testbed should not be very

complicated. K5 has also been designed to have the same sampling time as the real system

which helps with the implementation but the rather high numerical values of the controller

and a higher controller order are factors that might a�ect the end result.
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To improve the robustness of the optimal controllers, parameter variation methods could

be used during the design phase. Simple changes in the vehicle mass were already tested

during the simulation phase but many other parameters can also vary in realistic situations.

Additionally, gain scheduling methods for nonlinear systems could be used to improve

the performance of the suspension system in di�erent conditions and di�erent suspension

modes. For instance, in these simulations the damping valves of the actuator were assumed

to be set on the comfort mode (1.5A) and the control design was done for that setting

alone. But it would be possible to repeat the design procedures (including the estimation

of constant damping factors) for all other suspension modes and thus create controllers

where other properties than comfort, like handling, are stressed.
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A. MATLAB SCRIPTS

A.1 Parameter Values

% actuator parameters

Ak=0.001; % [m^2] cylinder area, piston side

Ar=0.0007; % [m^2] cylinder area, piston rod side

A0=0.5*(Ak+Ar); % [m^2] average cylinder area

cr=1.7e+009; % [Ns/m^5] damping factor

ck=8.0e+008; % [Ns/m^5] damping factor

c_leak=1/60000/100/100000; % [m^3/s/Pa] pump leakage

C=1+c_leak*(ck+cr); % [-] help variable

Fvisc=0.0014; % [Nm/s] viscous friction

Jm=3.1e-004; % [kgm^2] MPU inertia

kappa=1.3; % [-] polytropic index

Vks0=1.4e-004; % [m^3] accumulator gas volume, piston side

Vrs0=1.3e-004; % [m^3] accumulator gas volume, piston rod side

Vsch=4.7e-006; % [m^3] pump displacement

ps0=3700000; % [Pa] initial pressure

P=ps0/Vks0+ps0/Vrs0; % [Pa/m^3] help variable

% velocity PI controller

KM_P=0.025; % [-] proportional gain

Kp_vel=3.6e-4/5000*1e6*KM_P*60/2/pi; % [Nms] proportional gain, scaled

KM_I=4; % [-] integral gain

Ki_vel=3.6e-4/5000*5e5*KM_I*60/2/pi; % [Nm] integral gain, scaled

% quarter-car model

k_s = 16091; % [N/m] spring stiffness

b_s = 0; % [Ns/m] damper value

k_t = 250000; % [N/m] wheel stiffness

m_s = 659; % [kg] sprung mass

m_u = 46; % [kg] unsprung mass

i_a = 1.5740; % [-] axle ratio

% Skyhook

k_sky=-1000; % [Ns/m] Skyhook damping

A.2 State-Space Models

% linearized state-space models

A1=[-kappa*c_leak*P/C];

B1=[-Vsch*kappa*P/(2*pi*C) , kappa*A0*P/C];

C1=[A0/C];
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D1=[-Vsch*A0*(ck+cr)/(2*pi*C), (ck+cr)*A0^2/C];

LM1=ss(A1,B1,C1,D1);

A2=[-kappa*c_leak*P/C, -Vsch*kappa*P/(2*pi*C); ...

Vsch/(2*pi*C*Jm),-((Vsch/2/pi)^2)*(ck+cr)/(Jm*C)-Fvisc/Jm];

B2=[0 , kappa*A0*P/C; 1/Jm, Vsch*A0*(ck+cr)/(2*pi*Jm*C)];

C2=[A0/C , -Vsch*A0*(ck+cr)/(2*pi*C)];

D2=[0, (ck+cr)*A0^2/C];

LM2=ss(A2,B2,C2,D2);

A3=[-kappa*c_leak*P/C, -Vsch*kappa*P/(2*pi*C), 0; Vsch/(2*pi*C*Jm), ...

-((Vsch/2/pi)^2)*(ck+cr)/(Jm*C)-Kp_vel/Jm-Fvisc/Jm, Ki_vel/Jm; 0, -1, 0];

B3=[0 , kappa*A0*P/C; Kp_vel/Jm, Vsch*A0*(ck+cr)/(2*pi*Jm*C); 1, 0];

C3=[A0/C , -Vsch*A0*(ck+cr)/(2*pi*C),0];

D3=[0, (ck+cr)*A0^2/C];

LM3=ss(A3,B3,C3,D3);

A5=[-kappa*c_leak*P/C, 0, -kappa*A0*P/C/i_a, 0 kappa*A0*P/C/i_a ; 0 0 1 0 0;

A0/(C*m_s*i_a), -k_s/m_s, -b_s/m_s-(ck+cr)*A0^2/(C*m_s*(i_a)^2), ...

k_s/m_s, b_s/m_s+(ck+cr)*A0^2/(C*m_s*(i_a)^2); 0 0 0 0 1;

-A0/(C*m_u*i_a), k_s/m_u, b_s/m_u+(ck+cr)*A0^2/(C*m_u*(i_a)^2), ...

(-k_t-k_s)/m_u, -b_s/m_u-(ck+cr)*A0^2/(C*m_u*(i_a)^2)];

B5=[-Vsch*kappa*P/(2*pi*C) 0; 0 0; -Vsch*A0*(ck+cr)/(2*pi*C*m_s*i_a) 0; ...

0 0; Vsch*A0*(ck+cr)/(2*pi*C*m_u*i_a) k_t/m_u];

C5=[A0/(C*m_s*i_a) , -k_s/m_s, -b_s/m_s-(ck+cr)*A0^2/(C*m_s*(i_a)^2), ...

k_s/m_s, b_s/m_s+(ck+cr)*A0^2/(C*m_s*(i_a)^2); 0 1 0 -1 0];

D5=[-Vsch*A0*(ck+cr)/(2*pi*C*m_s*i_a), 0; 0, 0];

LM5=ss(A5,B5,C5,D5);

A6=[-kappa*c_leak*P/C, -Vsch*kappa*P/(2*pi*C), 0, -kappa*A0*P/C/i_a, ...

0 kappa*A0*P/C/i_a ; Vsch/(2*pi*C*Jm), ...

-((Vsch/2/pi)^2)*(ck+cr)/(Jm*C)-Fvisc/Jm, 0, ...

-Vsch*A0*(ck+cr)/(2*pi*Jm*C*i_a), 0, Vsch*A0*(ck+cr)/(2*pi*Jm*C*i_a);

0 0 0 1 0 0; A0/(C*m_s*i_a) , -Vsch*A0*(ck+cr)/(2*pi*C*m_s*i_a), ...

-k_s/m_s, -b_s/m_s-(ck+cr)*A0^2/(C*m_s*(i_a)^2), k_s/m_s, ...

b_s/m_s+(ck+cr)*A0^2/(C*m_s*(i_a)^2); 0 0 0 0 0 1; -A0/(C*m_u*i_a) , ...

Vsch*A0*(ck+cr)/(2*pi*C*m_u*i_a), ...

k_s/m_u, b_s/m_u+(ck+cr)*A0^2/(C*m_u*(i_a)^2), (-k_t-k_s)/m_u, ...

-b_s/m_u-(ck+cr)*A0^2/(C*m_u*(i_a)^2)];

B6=[0 0; 1/Jm 0; 0 0; 0 0; 0 0; 0 k_t/m_u];

C6=[A0/(C*m_s*i_a) , -Vsch*A0*(ck+cr)/(2*pi*C*m_s*i_a), -k_s/m_s, ...

-b_s/m_s-(ck+cr)*A0^2/(C*m_s*(i_a)^2), k_s/m_s, b_s/m_s+...

(ck+cr)*A0^2/(C*m_s*(i_a)^2); 0 0 1 0 -1 0];

LM6=ss(A6,B6,C6,0);

A7=[-kappa*c_leak*P/C, -Vsch*kappa*P/(2*pi*C), 0, 0, -kappa*A0*P/C/i_a, ...

0 kappa*A0*P/C/i_a ; Vsch/(2*pi*C*Jm), ...
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-((Vsch/2/pi)^2)*(ck+cr)/(Jm*C)-Kp_vel/Jm-Fvisc/Jm, Ki_vel/Jm, 0, ...

-Vsch*A0*(ck+cr)/(2*pi*Jm*C*i_a), 0, Vsch*A0*(ck+cr)/(2*pi*Jm*C*i_a);

0 -1 0 0 0 0 0; 0 0 0 0 1 0 0; A0/(C*m_s*i_a) , ...

-Vsch*A0*(ck+cr)/(2*pi*C*m_s*i_a), 0, -k_s/m_s, ...

-b_s/m_s-(ck+cr)*A0^2/(C*m_s*(i_a)^2), k_s/m_s, ...

b_s/m_s+(ck+cr)*A0^2/(C*m_s*(i_a)^2); 0 0 0 0 0 0 1; -A0/(C*m_u*i_a), ...

Vsch*A0*(ck+cr)/(2*pi*C*m_u*i_a), 0, k_s/m_u, ...

b_s/m_u+(ck+cr)*A0^2/(C*m_u*(i_a)^2), (-k_t-k_s)/m_u, ...

-b_s/m_u-(ck+cr)*A0^2/(C*m_u*(i_a)^2)];

B7=[0 0; Kp_vel/Jm 0; 1 0; 0 0; 0 0; 0 0; 0 k_t/m_u];

C7=[A0/(C*m_s*i_a) , -Vsch*A0*(ck+cr)/(2*pi*C*m_s*i_a), 0, -k_s/m_s, ...

-b_s/m_s-(ck+cr)*A0^2/(C*m_s*(i_a)^2), k_s/m_s, ...

b_s/m_s+(ck+cr)*A0^2/(C*m_s*(i_a)^2); 0 0 0 1 0 -1 0];

LM7=ss(A7,B7,C7,0);

A.3 Controllers

%% control design

%% designing K1, K1_fb first

s=tf('s'); % Laplace transform variable 's'

W1_1=(s/100+2*pi)/(s+2*pi*1/100); W2_1=ss(10);Wfref=tf(1);Wze=tf(1/500000);

systemnames = 'LM1 W1_1 W2_1 Wze Wfref';

inputvar = '[ Fref; zedot; w1]';

outputvar = '[ W1_1; W2_1; Wfref-LM1]';

input_to_LM1 = '[ w1 ; Wze ]';

input_to_W1_1 = '[ Wfref-LM1 ]';

input_to_W2_1 = '[ w1 ]';

input_to_Wfref = '[ Fref ]';

input_to_Wze = '[ zedot ]';

PLM1_1 = sysic;

[K1_fb,Scl1_1,gam1_1] = hinfsyn(PLM1_1,1,1);

% adding K1_ze controller

W1_2=(s/10+5*2*pi)/(s+5*2*pi*1/100); W2_2=ss(10);

systemnames = 'LM1 W1_2 W2_2 K1_fb Wze Wfref';

inputvar = '[ Fref; zedot; w2]';

outputvar = '[ W1_2; W2_2; Wze]';

input_to_LM1 = '[ K1_fb+w2 ; Wze ]';

input_to_W1_2 = '[ Wfref-LM1 ]';

input_to_W2_2 = '[ w2 ]';

input_to_Wfref = '[ Fref ]';

input_to_Wze = '[ zedot ]';

input_to_K1_fb = '[ Wfref-LM1 ]';

PLM1_2 = sysic;

[K1_ze,Scl2w,gam2w] = hinfsyn(PLM1_2,1,1);

% adding K1_ff controller

W1_3=(s/100+5*2*pi)/(s+5*2*pi*1/100); W2_3=ss(1);

systemnames = 'LM1 W1_3 W2_3 Wze Wfref K1_fb K1_ze';

inputvar = '[ Fref; zedot; w3]';
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outputvar = '[ W1_3; W2_3; Wfref]';

input_to_LM1 = '[ K1_ze+K1_fb+w3 ; Wze ]';

input_to_W1_3 = '[ Wfref-LM1 ]';

input_to_W2_3 = '[ w3 ]';

input_to_Wfref = '[ Fref ]';

input_to_Wze = '[ zedot ]';

input_to_K1_ze = '[ Wze ]';

input_to_K1_fb = '[ Wfref-LM1 ]';

PLM1_3 = sysic;

[K1_ff,Scl2w,gam2w] = hinfsyn(PLM1_3,1,1);

% lower order approximations

[aaa,bbb,ccc,ddd] = ssdata(-0.00014457*(s+4.265e006)*(s+0.1207)*(s+0.02569)...

/(s+1365)/(s+21.02)/(s+0.06283));

K1_ff=ss(aaa,bbb,ccc,ddd);

[aaa,bbb,ccc,ddd] = ssdata(0.28754*(s+7.222e004)*(s+7.352)...

/(s^2 + 15.41*s + 112.8));

K1_ze=ss(aaa,bbb,ccc,ddd);

% discretizing

K1_fb_discrete=minreal(c2d(K1_fb,0.005,'Tustin')); %5ms sample time

K1_ze_discrete=minreal(c2d(K1_ze,0.005,'Tustin'));

K1_ff_discrete=minreal(c2d(K1_ff,0.005,'Tustin'));

%% designing K2, K2_fb first

W1_1=(s/100+0.5*2*pi)/(s+0.5*2*pi*1/100);W2_1=ss(20);Wfref=tf(1);Wze=tf(-1/2600);

systemnames = 'LM2 W1_1 W2_1 Wze Wfref';

inputvar = '[ Fref; zedot; tm1]';

outputvar = '[ W1_1; W2_1; Wfref-LM2]';

input_to_LM2 = '[ tm1 ; Wze ]';

input_to_W1_1 = '[ Wfref-LM2 ]';

input_to_W2_1 = '[ tm1 ]';

input_to_Wfref = '[ Fref ]';

input_to_Wze = '[ zedot ]';

PLM2_1 = sysic;

[K2_fb,Scl1_1,gam1_1] = hinfsyn(PLM2_1,1,1);

% adding K2_ze

W1_2=(s/10+0.5*2*pi)/(s+0.5*2*pi*1/100); W2_2=ss(5);

systemnames = 'LM2 W1_2 W2_2 K2_fb Wze Wfref';

inputvar = '[ Fref; zedot; tm2]';

outputvar = '[ W1_2; W2_2; Wze]';

input_to_LM2 = '[ K2_fb+tm2 ; Wze ]';

input_to_W1_2 = '[ Wfref-LM2 ]';

input_to_W2_2 = '[ tm2 ]';

input_to_Wfref = '[ Fref ]';

input_to_Wze = '[ zedot ]';

input_to_K2_fb = '[ Wfref-LM2 ]';

PLM2_2 = sysic;

[K2_ze,Scl2w,gam2w] = hinfsyn(PLM2_2,1,1);
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% adding K2_ff

W1_3=(s/10+1*2*pi)/(s+1*2*pi*1/100); W2_3=ss(3);

systemnames = 'LM2 W1_3 W2_3 Wze Wfref K2_fb K2_ze';

inputvar = '[ Fref; zedot; tm3]';

outputvar = '[ W1_3; W2_3; Wfref]';

input_to_LM2 = '[ K2_ze+K2_fb+tm3 ; Wze ]';

input_to_W1_3 = '[ Wfref-LM2 ]';

input_to_W2_3 = '[ tm3 ]';

input_to_Wfref = '[ Fref ]';

input_to_Wze = '[ zedot ]';

input_to_K2_ze = '[ Wze ]';

input_to_K2_fb = '[ Wfref-LM2 ]';

PLM2_3 = sysic;

[K2_ff,Scl2w,gam2w] = hinfsyn(PLM2_3,1,1);

% lower order approximations

[aaa,bbb,ccc,ddd] = ssdata(-2.0172*(s+0.002413)*(s^2 + 55.46*s+ 770.3)...

*(s^2 + 52.91*s + 733)*(s^2 + 14.06*s + 123.6)/(s+246.3)/(s+65.32)...

/(s+29.3)/(s+27.37)/(s+26.25)/(s+0.03142)/(s^2 + 61.28*s + 949.6));

K2_ff=ss(aaa,bbb,ccc,ddd);

% discretizing

K2_fb_discrete=minreal(c2d(K2_fb,0.005,'Tustin')); %5ms sample time

K2_ze_discrete=minreal(c2d(K2_ze,0.005,'Tustin'));

K2_ff_discrete=minreal(c2d(K2_ff,0.005,'Tustin'));

%% designing K3, K3_fb first

W1_1=(s/10+5*2*pi)/(s+5*2*pi*1/100);W2_1=ss(10);Wfref=tf(1);Wze=tf(-1/500000);

systemnames = 'LM3 W1_1 W2_1 Wze Wfref';

inputvar = '[ Fref; zedot; wr1]';

outputvar = '[ W1_1; W2_1; Wfref-LM3]';

input_to_LM3 = '[ wr1 ; Wze ]';

input_to_W1_1 = '[ Wfref-LM3 ]';

input_to_W2_1 = '[ wr1 ]';

input_to_Wfref = '[ Fref ]';

input_to_Wze = '[ zedot ]';

PLM3_1 = sysic;

[K3_fb,Scl1_1,gam1_1] = hinfsyn(PLM3_1,1,1);

% adding K3_ze

W1_2=(s/100+2*2*pi)/(s+2*2*pi*1/100); W2_2=ss(10);

systemnames = 'LM3 W1_2 W2_2 K3_fb Wze Wfref';

inputvar = '[ Fref; zedot; wr2]';

outputvar = '[ W1_2; W2_2; Wze]';

input_to_LM3 = '[ K3_fb+wr2 ; Wze ]';

input_to_W1_2 = '[ Wfref-LM3 ]';

input_to_W2_2 = '[ wr2 ]';

input_to_Wfref = '[ Fref ]';

input_to_Wze = '[ zedot ]';

input_to_K3_fb = '[ Wfref-LM3 ]';
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PLM3_2 = sysic;

[K3_ze,Scl2w,gam2w] = hinfsyn(PLM3_2,1,1);

% adding K3_ff

W1_3=(s/100+5*2*pi)/(s+5*2*pi*1/100); W2_3=ss(3);

systemnames = 'LM3 W1_3 W2_3 Wze Wfref K3_fb K3_ze';

inputvar = '[ Fref; zedot; wr3]';

outputvar = '[ W1_3; W2_3; Wfref]';

input_to_LM3 = '[ K3_ze+K3_fb+wr3 ; Wze ]';

input_to_W1_3 = '[ Wfref-LM3 ]';

input_to_W2_3 = '[ wr3 ]';

input_to_Wfref = '[ Fref ]';

input_to_Wze = '[ zedot ]';

input_to_K3_ze = '[ Wze ]';

input_to_K3_fb = '[ Wfref-LM3 ]';

PLM3_3 = sysic;

[K3_ff,Scl2w,gam2w] = hinfsyn(PLM3_3,1,1);

% lower order approximations

[aaa,bbbbb,ccccc,ddddd] = ssdata(-271.9153*(s+0.08116)/(s+1027)/(s+17.37));

K3_ff=ss(aaa,bbbbb,ccccc,ddddd);

[aaa,bbbbb,ccccc,ddddd] = ssdata(4565.92*(s+11.01)/(s+8.813)/(s+4.111));

K3_ze=ss(aaa,bbbbb,ccccc,ddddd);

% discretizing

K3_fb_discrete=minreal(c2d(K3_fb,0.005,'Tustin')); %5ms sample time

K3_ze_discrete=minreal(c2d(K3_ze,0.005,'Tustin'));

K3_ff_discrete=minreal(c2d(K3_ff,0.005,'Tustin'));

%% Designing K5, K5_zs first

s=tf('s'); % Laplace transform variable 's'

W1_1zs=(s/100+6*2*pi)/(s+6*2*pi*1/100);

W1_1zszu=(s/100+6*2*pi)/(s+6*2*pi*1/100);

Wzr=1/10000; W2_1=0.0001;

systemnames = 'LM5 Wzr W1_1zs W1_1zszu W2_1';

inputvar = '[ zr; w1 ]';

outputvar = '[W2_1; W1_1zs; W1_1zszu; LM5(1) ]';

input_to_LM5 = '[ w1; Wzr ]';

input_to_Wzr = '[ zr ]';

input_to_W1_1zs = '[ LM5(1) ]';

input_to_W1_1zszu = '[ LM5(2) ]';

input_to_W2_1 = '[ w1 ]';

PLM5_1 = sysic;

[K5_zs,Scl2,gam2] = hinfsyn(PLM5_1,1,1);

% order reduction

[aaaa, bbbb, cccc, dddd]=ssdata(148159*(s+5.434)*(s+0.377)*(s+0.04467)...

*(s^2 + 61.07*s + 7115)/(s+405.9)/(s+127.3)/(s+26.34)/(s+10.59)...

/(s^2 + 1.264*s + 0.7261));

K5_zs=ss(aaaa, bbbb, cccc, dddd);

% adding K5_zr for preview
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W1_2zs=(s/10+1*2*pi)/(s+1*2*pi*1/100);

W1_2zszu=(s/10+1*2*pi)/(s+1*2*pi*1/10);

Wzr=1/10000; W2_2=0.0001*s/(1*s+1);

systemnames = 'LM5 Wzr W1_2zs W1_2zszu W2_2 K5_zs ';

inputvar = '[ zr; w2 ]';

outputvar = '[ W2_2; W1_2zs; W1_2zszu; Wzr ]';

input_to_LM5 = '[ K5_zs+w2; Wzr ]';

input_to_Wzr = '[ zr ]';

input_to_K5_zs = '[ LM5(1) ]';

input_to_W1_2zs = '[ LM5(1) ]';

input_to_W1_2zszu = '[ LM5(2) ]';

input_to_W2_2 = '[ w2 ]';

PLM5_3 = sysic;

[K5_zr,Scl2,gam2] = hinfsyn(PLM5_3,1,1);

% order reduction

[aaaa, bbbb, cccc, dddd]=ssdata(1988827*(s+73.25)*(s+50.16)*(s+0.5845)...

*(s^2 + 0.1177*s + 0.003521)*(s^2 + 36.09*s + 355.1)...

*(s^2 + 428.6*s + 5.154e004)/(s+506.7)/(s+32.05)/(s+23.32)/(s+10.76)...

/(s^2 + 1.264*s + 0.726)/(s^2 + 142.8*s + 5187)/(s^2 + 11.24*s + 5589));

K5_zr=ss(aaaa, bbbb, cccc, dddd);

%discretization

K5_zs_discrete=minreal(c2d(K5_zs,0.005,'Tustin'));

K5_zr_discrete=minreal(c2d(K5_zr,0.005,'Tustin'));

%% Designing K6, K6_zs first

W1_1zs=(s/100+1.5*2*pi)/(s+1.5*2*pi*1/100);

W1_1zszu=(s/100+1.5*2*pi)/(s+1.5*2*pi*1/100);

Wzr=1/10000; W2_1=0.0075;

systemnames = 'LM6 Wzr W1_1zs W1_1zszu W2_1';

inputvar = '[ zr; w1 ]';

outputvar = '[ W2_1; W1_1zs; W1_1zszu; LM6(1) ]';

input_to_LM6 = '[ w1; Wzr ]';

input_to_Wzr = '[ zr ]';

input_to_W1_1zs = '[ LM6(1) ]';

input_to_W1_1zszu = '[ LM6(2) ]';

input_to_W2_1 = '[ w1 ]';

PLM6_1 = sysic;

[K6_zs,Scl2,gam2] = hinfsyn(PLM6_1,1,1);

% order reduction

[aaaa, bbbb, cccc, dddd]=ssdata(7461*(s+5.478)*(s+0.09425)...

*(s^2 + 3.687*s + 44.5)*(s^2 + 56.72*s + 4051)/(s+719)/(s+29.63)...

/(s+11.13)/(s^2 + 1.196*s + 0.702)/(s^2 + 74.37*s + 7266));

K6_zs=ss(aaaa, bbbb, cccc, dddd);

% adding K6_zr for preview

W1_2zs=(s/100+1*2*pi)/(s+1*2*pi*1/100);

W1_2zszu=(s/100+1*2*pi)/(s+1*2*pi*1/100);

Wzr=1/10000; W2_2=0.004;
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systemnames = 'LM6 Wzr W1_2zs W1_2zszu W2_2 K6_zs ';

inputvar = '[ zr; w2 ]';

outputvar = '[ W2_2; W1_2zs; W1_2zszu; Wzr ]';

input_to_LM6 = '[ K6_zs+w2; Wzr ]';

input_to_Wzr = '[ zr ]';

input_to_K6_zs = '[ LM6(1) ]';

input_to_W1_2zs = '[ LM6(1) ]';

input_to_W1_2zszu = '[ LM6(2) ]';

input_to_W2_2 = '[ w2 ]';

PLM6_3 = sysic;

[K6_zr,Scl2,gam2] = hinfsyn(PLM6_3,1,1);

% order reduction

[aaaa, bbbb, cccc, dddd]=ssdata(59062*(s+67.54)*(s+26.84)*(s+0.2561)...

*(s+0.062)*(s^2 + 6.275*s + 52.45)*(s^2 + 78.5*s + 1776)/(s+30.01)...

/(s+29.28)/(s+11.13)/(s^2 + 1.196*s + 0.702)/(s^2 + 174.4*s + 1.201e004)...

/(s^2 + 10.42*s + 5548));

K6_zr=ss(aaaa, bbbb, cccc, dddd);

%discretization

K6_zs_discrete=minreal(c2d(K6_zs,0.005,'Tustin'));

K6_zr_discrete=minreal(c2d(K6_zr,0.005,'Tustin'));

%% Designing K7, K7_zs first

W1_1zs=(s/100+8*2*pi)/(s+8*2*pi*1/100);

W1_1zszu=(s/10+5*2*pi)/(s+5*2*pi*1/100);

Wzr=1/10000; W2_1=0.0003;

systemnames = 'LM7 Wzr W1_1zs W1_1zszu W2_1';

inputvar = '[ zr; w1 ]';

outputvar = '[ W2_1; W1_1zs; W1_1zszu; LM7(1) ]';

input_to_LM7 = '[ w1; Wzr ]';

input_to_Wzr = '[ zr ]';

input_to_W1_1zs = '[ LM7(1) ]';

input_to_W1_1zszu = '[ LM7(2) ]';

input_to_W2_1 = '[ w1 ]';

PLM7_1 = sysic;

[K7_zs,Scl2,gam2] = hinfsyn(PLM7_1,1,1);

% order reduction

[aaaa, bbbb, cccc, dddd]=ssdata(302243*(s+4.715)*(s+0.3142)*(s+0.04426)...

*(s^2 + 81.79*s + 5488)*(s^2 + 43.71*s + 4695)/(s+696.5)/(s+68.01)...

/(s+27.38)/(s+8.999)/(s^2 + 1.021*s + 0.5161)/(s^2 + 59.55*s + 7680));

K7_zs=ss(aaaa, bbbb, cccc, dddd);

% adding K7_zr for preview

W1_2zs=(s/100+1*2*pi)/(s+1*2*pi*1/100);

W1_2zszu=(s/100+1*2*pi)/(s+1*2*pi*1/100);

Wzr=1/10000; W2_2=0.0001*s/(1*s+1);

systemnames = 'LM7 Wzr W1_2zs W1_2zszu W2_2 K7_zs ';

inputvar = '[ zr; w2 ]';

outputvar = '[ W2_2; W1_2zs; W1_2zszu; Wzr ]';
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input_to_LM7 = '[ K7_zs+w2; Wzr ]';

input_to_Wzr = '[ zr ]';

input_to_K7_zs = '[ LM7(1) ]';

input_to_W1_2zs = '[ LM7(1) ]';

input_to_W1_2zszu = '[ LM7(2) ]';

input_to_W2_2 = '[ w2 ]';

PLM7_3 = sysic;

[K7_zr,Scl2,gam2] = hinfsyn(PLM7_3,1,1);

% order reduction

[aaaa, bbbb, cccc, dddd]=ssdata(2611249*(s+50.04)*(s+0.1699)*(s+0.0594)...

*(s+0.04322)*(s^2 + 37.72*s + 407)*(s^2 + 111.7*s + 5851)/(s+31.77)...

/(s+24.58)/(s+9.086)/(s^2 + 1.408*s + 0.9798)/(s^2 + 115.8*s + 3516)...

/(s^2 + 125.4*s + 1.136e004));

K7_zr=ss(aaaa, bbbb, cccc, dddd);

%discretization

K7_zs_discrete=minreal(c2d(K7_zs,0.005,'Tustin'));

K7_zr_discrete=minreal(c2d(K7_zr,0.005,'Tustin'));


