JONNI VIRTEMA

Approaches to Finite Variable Dependence

Expressiveness and Computational Complexity

ACADEMIC DISSERTATION
To be presented, with the permission of
the Board of the School of Information Sciences of the
University of Tampere,
for public discussion in the Auditorium Pinni B 1096,
Kanslerinrinne 1, Tampere, on June 5th, 2014, at 12 o’clock.

UNIVERSITY OF TAMPERE



JONNI VIRTEMA

Approaches to Finite Variable Dependence

Expressiveness and Computational Complexity

Acta Universitatis Tamperensis 1943

Tampere University Press
Tampere 2014



il UNIVERSITY
il OF TAMPERE

ACADEMIC DISSERTATION
University of Tampere

School of Information Sciences
Finland

The originality of this thesis has been checked using the Turnitin OriginalityCheck service
in accordance with the quality management system of the University of Tampere.

Copyright ©2014 Tampere University Press and the author

Cover design by
Mikko Reinikka

Distributor:
kirjamyynti@juvenes.fi
http://granum.uta.fi

Acta Universitatis Tamperensis 1943 Acta Electronica Universitatis Tamperensis 1427
ISBN 978-951-44-9471-0 (print) ISBN 978-951-44-9472-7 (pdf)

ISSN-L 1455-1616 ISSN 1456-954X

ISSN 1455-1616 http://tampub.uta.fi

Suomen Yliopistopaino Oy — Juvenes Print {/{I/;/
Tampere 2014 e

xxxxxxxxx



Abstract

In this thesis we study computational aspects, expressive power and model-
theoretic properties of fragments of various logics that are suitable for modeling
diverse forms of variable dependence. In particular, we consider fragments of
independence-friendly logic of Hintikka and Sandu, dependence logic of Va&né-
nen, and first-order logic enriched with variants of partially-ordered connectives
of Sandu and V&aidndnen closely related to the narrow Henkin quantifiers of
Blass and Gurevich. Furthermore, we consider a novel variant of dependence
logic called Boolean dependence logic.

The thesis consists of two principal chapters: Chapters 3 and 4. In Chapter
3 the focus is on the computational complexity and expressive power of finite
variable fragments of independence-friendly logic and dependence logic. The
main result of the chapter is the undecidability of the satisfiability problem for
two-variable independence-friendly logic. In addition to studying the complex-
ity of the satisfiability problem, we investigate the complexity of the related
model checking problem. Moreover, we study certain model-theoretic proper-
ties of these logics: we consider the finite model property and the zero-one law.
Chapter 4 is devoted on the study of the relationship between fragments of
Boolean dependence logic and first-order logic enriched with partially-ordered
connectives. We show that with respect to expressive power certain syntactic
fragments of Boolean dependence logic correspond to natural logics enriched
with partially-ordered connectives. Furthermore, we show that these fragments
of Boolean dependence logic form a strict hierarchy with respect to expressive
power. In addition, we establish that the expressive power of Boolean depen-
dence logic and dependence logic coincide.
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Chapter 1

Introduction

Dependence is an important concept in various scientific disciplines. A multi-
tude of formalisms have been designed to model dependences, for example, in
database theory, social choice theory, and quantum mechanics. However, for a
long time the research has been scattered and the same ideas have been dis-
covered many times over in different fields of science. One important reason,
albeit surely not the only one, for this scatteredness was the lack of unified
logical background theory for the concept of dependence. Over the last decade
the emergence of dependence logic and the extensive and rigorous research con-
ducted on dependence logic and related formalisms have mended this shortcom-
ing. A milestone was reached in 2013 when a Dagstuhl seminar, “Dependence
Logic: Theory and Applications”, was held in order to bring together people
working on dependence logic and different application fields. The following
quotation is from the introduction of the Dagstuhl seminar report [AKVV13].

“The notions of logical dependence and independence are pervasive,
and occur in many areas of science. The development of logical and
semantical structures for these notions provides an opportunity for
a systematic approach, which can expose surprising connections be-
tween different areas (e.g., quantum mechanics, social choice theory,
and many more), and may lead to useful general results.”

This thesis wishes to contribute to the basic research of logical background
theory for the concept of dependence. Simultaneously, we also contribute to
the research of fragments of second-order logic and extensions of finite variable
first-order logics.



INTRODUCTION

The most direct way to model dependences in first-order like logical sys-
tems is via dependences between variables in formulae. When using the game
theoretic semantics' to evaluate the first-order formula

VrgdxiVeedzse,

the value chosen by the Verifier for the variable x1 can depend on the value
chosen by the Falsifier for the variable xy. Moreover, the value chosen by the
Verifier for the variable x3 can depend on the values chosen for each of the
variables zg, 1 and zo. In fact, the dependence relation for first-order formu-
lae can be obtained canonically from the dominance relation of the syntactic
tree of the formula. Consequently dependence relations for first-order formulae
are quite simple. Furthermore, since each first-order formula has an equiva-
lent formula in prenex normal form, each sentence of first-order logic has an
equivalent formula for which the dependence relation is in fact a linear order.
Therefore first-order logic is not suitable for modeling complex dependences.

In this thesis we consider extensions of first-order logic that are suitable for
modeling richer forms of dependence. In particular, we consider independence-
friendly logic of Hintikka and Sandu [Hin96, HS89], dependence logic of Vaané-
nen [V&&07], and first-order logic enriched with variants of partially-ordered
connectives of Sandu and Vaananen [SV92] closely related to the narrow Henkin
quantifiers of Blass and Gurevich [BG86]. Furthermore, we introduce a new
variant of dependence logic called Boolean dependence logic. Boolean depen-
dence logic arises naturally from partially-ordered connectives in a similar man-
ner as dependence logic can be seen arising from partially-ordered quantifiers
of Henkin [Hen61]. Each of these logics have a unique way of generating a rich
structure of variable dependence. Some of the methods are more straightfor-
ward and transparent than others. The most direct method is incorporated
in dependence logic. In dependence logic the dependence relations between
variables are written in terms of novel atomic formulae

:(xla o 7xn7y)
called dependence atoms. The intended meaning of =(x1,...,z,,y) is that the
value of the variable y depends solely on the values of the variables 1, ..., x,.

!Semantics for first-order logic can be defined by the so-called semantic game. The game
is played between two players, i.e., the Verifier and the Falsifier. The goal of the Verifier is
to show that a given formula is true in a given model and assignment, while the goal of the
Falsifier is to show that the formula is false in the given model and assignment. For a detailed
exposition to game-theoretic semantics see, e.g. [MSS11].
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The method used in independence-friendly logic is a bit more subtle. Indepen-
dence-friendly logic extends first-order logic in terms of so-called slashed quan-
tifiers. For example, in

VaodxVaodxs/{xo}ep,

the intended meaning of the quantifier Jz3/{xo} is that z3 is “independent”
of x¢ in the sense that the choice for the value of z3 should not depend on
what the value of xg is. The fundamental idea behind independence-friendly
logic and dependence logic is quite similar. However, the idea behind partially-
ordered connectives differs slightly. Partially-ordered connective defined with
Boolean variables is an expression of the form

Vﬂ:‘ll e V.Z'ln 30&1
. . )
Vi ... YVZmn Joam
where aq,...,q,, are Boolean variables, i.e., variables that are evaluated on

the set {_L, T}. The idea here is that the value of the Boolean variables «; can
only depend on the values of the first-order variables z;;, j < n, and on the
values of variables quantified before the connective. Hence, in partially-ordered
connectives the attention is shifted from dependence between first-order vari-
ables to dependence between first-order variables and truth values. Boolean
dependence logic incorporates this notion of dependence in a transparent and
direct way. Boolean dependence logic extends first-order logic by special kind
of restricted dependence atoms called Boolean dependence atoms. In Boolean
dependence atoms

=(z1,...,&n, Q)

the antecedents x1, ..., x, are first-order variables, while the consequent « is a
Boolean variable. The shift from dependence logic to Boolean dependence logic
can also be seen as a shift from functional dependence to relational dependence.

It is a well known fact that the expressive powers of independence-friendly
logic and dependence logic coincide with that of existential second-order logic
[End70, Wal70, Hod97a, V&407]. Since the corresponding translations are ef-
fective, and even polynomial, it follows that independence-friendly logic and
dependence logic are not computationally feasible logics. Thus our interests
lie on fragments of dependence logic, Boolean dependence logic, independence-
friendly logic and first-order logic enriched with partially-ordered connectives.
Our investigations focus on the expressive power and the computational com-
plexity of these fragments. In particular, we are interested in the connections

11



INTRODUCTION

between and the hierarchies within these different approaches to variable de-
pendence.

Over the last decade the research related to independence-friendly logic and
dependence logic has bloomed. A variety of closely related logics have been
defined and various applications suggested, see e.g. journal articles [Abr07,
AV09, Sev09, VH10, DK12, EK13, GV13, KV13, LV13] and conference reports
[BK05, KKLV11, Bral3, EHLV13, EHM*13, EKV13]. Furthermore, within
the last five years six PhD-thesis have been published on closely related topics,
see [Nur09, Konl0, Gall2, Loh12, Ebbl4, Yanl4]. See also the monographs
[V&&07, MSS11]. Research related to partially-ordered connectives has been
less active. For recent work, see e.g. [ST06, HST08, EHLV13].

Structure of this thesis

In Chapter 2 we recall some basic concepts and results relevant to this thesis.
We start the chapter with a short survey on notation and conventions. We then
give a short exposition on the development of logics of imperfect information,
i.e., from partially-ordered quantifiers and connectives to independence-friendly
logic and dependence logic. We conclude the chapter with an overview on
expressivity and computational complexity.

Chapter 3 is the foremost chapter of this thesis. In it we present a compre-
hensive study on the finite variable fragments of independence-friendly logic
and dependence logic. We compare the expressive powers of these logics to
each other and to fragments of first-order logic and existential second-order
logic. We then study the related satisfiability problem and the model checking
problem. The main result of the chapter is the undecidability of the satisfi-
ability problem for two-variable independence-friendly logic. We obtain the
result already for the vocabulary consisting one binary relation symbol and
nothing else. We also show that the corresponding problem for two-variable
dependence logic is decidable. Since both dependence logic and independence-
friendly logic are conservative extensions of first-order logic, we contribute to
the study of the satisfiability problem for extensions of two-variable first-order
logic. The chapter is based on the article [KKLV11]. However, the article has
endured major revising and extending. For example, the above undecidabil-
ity result for two-variable independence-friendly logic was generalized. In the
article, we obtained the result for vocabularies consisting at least two binary
relation symbols and infinitely many unary relation symbols. Furthermore, we
give a solution for the problem

“Is it possible to define NP-complete problems in D? or in ZF?”

12



asked in [KKLV11]. A more detailed analysis concerning the relationship be-
tween Chapter 3 and article [KKLV11], among a more detailed description of
the chapter, is described in the introduction of Chapter 3.

In Chapter 4 we study fragments of Boolean dependence logic and partially-
ordered connectives. We show that, with respect to expressive power, certain
syntactic fragments of Boolean dependence logic correspond to natural logics
enriched with partially-ordered connectives. Furthermore, we show that these
fragments of Boolean dependence logic form a strict hierarchy with respect to
expressive power. In addition, we show that the expressive power of Boolean
dependence logic and dependence logic coincide. Since the expressive power of
dependence logic and existential second order logic is known to coincide, the
results in this chapter can be seen as a contribution to the analysis of fragments
of existential second-order logic. In particular, we are able to separate natural
fragments of existential second-order logic. Chapter 4 is based on the confer-
ence article [EHLV13]. The article has endured major revising, the proofs and
definitions have been made more clear and elaborate. More detailed account
concerning the relationship of Chapter 4 and article [EHLV13], among a more
detailed description of the chapter, is described in the introduction of Chapter
4.

13






Chapter 2

Preliminaries

In this chapter we recall some basic concepts and results relevant to this thesis.
Although the thesis is quite self-contained, the reader is expected to be famil-
iar with first-order logic and some basic concepts in complexity theory, i.e.,
to have an understanding regarding to the most common complexity classes
and the concepts of decidability and undecidability. A short overview with a
comprehensive list of further literature on first-order logic and computational
complexity can be found, e.g in the book Elements of Finite Model Theory by
Libkin [Lib04]. A good source on first-order logic is also the book Mathemati-
cal logic by Ebbinghaus, Flum, and Thomas [EFT94]. For complexity theory
the reader can refer to the monograph Computational complexity by Papadim-
itriou [Pap94] and for computability to the book Introduction to automata
theory, languages and computation by Hopcroft and Ullman [HUO00]. While
a short introduction on dependence logic and independence-friendly logic is
included in this thesis, a reader unfamiliar to logics with team semantics may
find some parts of the thesis arduous to read and to understand. For readers
not accustomed to dependence logic or to independence-friendly logic, we rec-
ommend the monograph Dependence logic - a new approach to independence
friendly logic by Véénéanen [VA407] and the monograph Independence-friendly
logic - a game-theoretic approach by Mann, Sandu, and Sevenster [MSS11].

15



PRELIMINARIES

2.1 Notation

We start with a short survey on the notation and conventions used in this
thesis. A vocabulary, denoted by symbols 7 and o, is a collection of constant
symbols, and function and relation symbols with prescribed arities. A vocabu-
lary is relational if it does not contain any function symbols, i.e., a vocabulary
is relational if it contains only constant symbols and relation symbols with
prescribed arities. In this thesis vocabularies are always considered relational.
We denote constant symbols by {c;}ien and relation symbols by {R;}ien. A
T-structure is a tuple

2 = (A7 {c?[}ciETa {R?}Ri€7)7
where A, called the domain of the structure, is a nonempty set and where

e the interpretation ¢ of each constant symbol ¢; € 7 is an element from
the set A and

e the interpretation R?‘ of each relation symbol R; € 7 with arity k is a
k-ary relation on the set A4, i.e., a subset of AF.

We denote structures by uppercase letters of the typeface Fraktur, e.g 2
and B, and the corresponding domains by the corresponding uppercase letters
of the typeface Latin, e.g. A and B. Classes of structures are usually denoted
by uppercase letters of a calligraphic font, e.g. C and D. A structure 2 is
finite if A is a finite set. When 7 is a vocabulary and £ some logic, we denote
by L£(7) the set of all £ formulae with vocabulary 7. When the vocabulary is
clear from the context, we often write £ instead of £(7). The lowercase letters
x, y, z, and {z;};en are reserved for first-order variables, while the uppercase
letter X, Y, Z, and {X};en are used for second-order variables, i.e., relation
variables. We sometimes use 2 and X to denote a tuple of variables of the
corresponding type and of finite length.

2.2 First-order and second-order logic

In this section we recall the definitions of first-order logic and second-order
logic. The syntax for first-order logic on a vocabulary 7, FO(7), is defined by
the following grammar.

¢ = z=y|R@1,....,zn) | @ [ (e A@) [ (pV )| Tzp | Vo,

16



2.2. FIRST-ORDER AND SECOND-ORDER LOGIC

where R € 7 is an n-ary relation symbol. The formulae ¢ — ¥ and ¢ <+ 1 are
shorthand notations for (—¢ V ¢) and (¢ — ) A (b — ¢), respectively. The
syntax for second-order logic, SO(7), extends the syntax for first-order logic
by quantification of second-order variables, i.e., relation variables. In addition
to the above rules for first-order logic, we have the following three rules, for
each n € N:

o = X(z,...,zn) | IXe | VX,

where X is an n-ary relation variable. The syntax for monadic second-order
logic, MSQO, extends the syntax for first-order logic by quantification of set
variables, i.e., relation variables of arity 1. Existential second-order logic, £SO,
is the syntactic fragment of second-order logic in which the formulae are of the
form

X, ... 3X,0,

where ¢ does not contain quantification of second-order variables. Existential
monadic second-order logic, EMSQO, is the syntactic fragment of existential
second-order logic in which the relation variables are all of arity 1. The set
of free variables of an SO (or FO) formula ¢, fr(p), is defined inductively as
follows.

fre =y) = {9},
fr(R(z1,....,2n)) = {@1,...,20},
fr(X(z1,...,2)) = {X,21,...,2,},

fr(—¢) = fr(p),
fr((ony)) = fir(p) Ufr(¥),
fr((p V) = fr(p)Ufr(y),
fr(3zp) = fr(p)\{z},
fr(Vap) = fr(p) \{z},
fr(3Xe) = fr(p) \ {X},
fr(vXyp) = fr(p) \ {X}.

Semantics for these logics is defined via models and assignments. An as-
signment over a model 2 is a finite function that maps first-order variables
to elements of A and a k-ary second-order variables to subsets of A*. In the
following, we denote by x a variable that is either a first-order variable or a
relation variable. If s is an assignment, x a first-order variable and a € A then

17



PRELIMINARIES

s(a/z) denotes the assignment with domain dom(s) U {z} such that

a if x ==,

s(a/z)(x) = {

s(x) otherwise.

Analogously, if s is an assignment, X an k-ary second-order variable and B C
AF then s(B/X) denotes the assignment with domain dom(s)U{X} such that

B if xy=2X,

s(x) otherwise.

s(B/X)(x) = {

For the modified assignment s(aj/x1)(a2/x32) ... (ay/x,) we use the shorthand
notations s(ai/r1,...,an/x,) and s(@ /%), where 7 = (x1,...,x,) and @ =
(a1,...,ay). If s is an assignment and V' a set of variables, we denote by s [ V
the assignment with domain dom(s) NV that agrees with s.

The semantics for first-order logic and second-order logic is defined by the
following clauses. Note that when stating A, s = ¢, we always assume that
fr(¢) C dom(s).

WsErx=y iff s(z)=s(y).
A, s = R(x1,...,Ry) it (s(z1),...,5(x,)) € R™.
AskE=-p iff A s
W,skE(pAy) iff A skEpand A s = .
WAskE(pVy) iff A skEeporAskE=ip.
A, s =3Jxe i A s(a/z) = ¢ for some a € A.
A, s EVee iff A s(a/x) = ¢ forall a € A.

For second-order logic we also have the following additional cases.

As = X(z1,...,2) M (s(z1),...,8(zn)) € s(X).
A,s =3IXe iff A s(B/X) = ¢ for some B C A*,
where k is the arity of the relation variable X.
As =YX iff A s(B/X) = o forall BC A

where k is the arity of the relation variable X.
We sometimes use =rp to denote the satisfaction relation of first-order logic.

18



2.3. FROM PERFECT TO IMPERFECT INFORMATION

2.3 From perfect to imperfect information

Semantics for first-order and second-order logic can also be defined by the so-
called semantic game. For a detailed exposition to game-theoretic semantics
see, e.g. [MSS11]. The semantic game is played between two players, the
Verifier and the Falsifier, on a model, an assignment and a formula. The goal
of the Verifier is to show that a given formula is true in a given model and
an assignment, while the goal of the Falsifier is to show that the formula is
false in the given model and assignment. In a play of the game Verifier assigns
values for the existentially quantified variables, while the Falsifier assigns values
for the universally quantified variables. On conjunctions the Falsifier selects
the conjunct on which the play continues, whereas on disjunctions the Verifier
makes the choice. The play ends when an atomic formula is reached. The
Verifier wins the play of the game if the model with the assignment built
during the play satisfies the atomic formula that was reached. Otherwise the
Falsifier wins the play. The formula is said to be true in a given model and an
assignment if the Verifier can, regardless of the actions of the Falsifier, always
win the play of the game.

In first-order logic (and second-order logic) the order in which quantifiers
are written determines dependence relations between variables. For example,
when using game-theoretic semantics to evaluate the first-order formula

VeodzVeedzs @,

the value the Verifier selects for 7 can depend on the value chosen earlier
by the Falsifier for zg, and the value chosen for x3 can depend on the values
chosen for both universally quantified variables zg and z3. On each round in
the semantic game when the Verifier picks a value for a given variable he always
knows the values of every variable that has been picked on earlier rounds in
the game. In that sense first-order logic (and second-order logic) can be seen
as a logic of perfect information.

In logics of perfect information the dependence relation between variables
is a linear order. The first to consider more complex dependences between vari-
ables was Henkin [Hen61] with his partially-ordered quantifiers. A partially-
ordered quantifier is an expression of the form

\V/:L‘H . V:L’ln Ely1
Q — . .

VZmi - VZmn JYm

19



PRELIMINARIES

When using game-theoretic semantics to evaluate the quantifier @), the value
chosen for the variable y; can only depend on the values chosen for the variables
xij, 7 < n, and on the values chosen for the variables evaluated before the
quantifier (). In particular, the value chosen for y; is not allowed to depend on
the values chosen for the variables xj; nor the variable y, if k # i. Enderton
[End70] and Walkoe [Wal70] observed that exactly the properties definable in
existential second-order logic (£ESO) can be expressed with POQ[F O], first-
order logic with a partially-ordered quantifier prefix. Building on the ideas of
Henkin, Blass and Gurevich [BG86] introduced the narrow Henkin quantifier.
The narrow Henkin quantifier is an expression of the form

Ve ... len Joy
N = :

VTmi .. VZmn dom

where the variables «; are Boolean variables, i.e., variables that are evaluated
on the set {1, T}, and the variables z;; are Boolean or first-order variables.
The idea here is that the value of the Boolean variables «; can only depend on
the values of the first-order and Boolean variables x;;, j < n, and on the values
of the variables quantified before the narrow Henkin quantifier N. The idea of
Blass and Gurevich was further developed by Sandu and Vaadndnen [SV92] by
the introduction of partially-ordered connectives. According to the definition
of Sandu and Vaananen, a partially-ordered connective is an expression of the
form

Vr1r ... Yo, Vb1€{071}

D = : E :

VZmi - YZmn \/me{O,l}
that binds a tuple v = (903)36{0,1}7'1 of formulae. Here the idea is that the
values of the universally quantified variables x;1, ..., z;, determines the value
of b; € {0,1}. The value of the tuple by, ..., by, then corresponds to a formula
in the tuple (@3)36{0,1}’”'

The first to linearize the idea behind the syntax of partially-ordered quan-
tifiers were Hintikka and Sandu [Hin96, HS89], who introduced independence-
friendly logic (ZF). Independence-friendly logic extends first-order logic in
terms of so-called slashed quantifiers. For example, in

VxoIzVeedxs /{xzo e, (2.1)

the intended meaning of the quantifier 3xs/{xo} is that z3 is “independent”
of xy in the sense that the choice for the value of x3 should not depend on

20



2.4. DEPENDENCE AND INDEPENDENCE-FRIENDLY LOGIC

what the value of z( is. Dependence logic, introduced by Vaananen [VA&07],
was inspired by ZJF-logic, but the approach of Védéndnen provided a fresh
perspective on quantifier dependence. In dependence logic the dependence
relations between variables are written in terms of novel atomic dependence

formulae

=(z1,...,%n,Y).
The intended meaning of the atomic formula =(z1, ..., x,,y) is that the value
of the variable y depends solely on the values of the variables z1,...,x,. For

example, the ZF-sentence (2.1) can be expressed in dependence logic by the
sentence

VaodxVaeodrs(=(z2, z3) A @),
where the formula =(z2,x3) indicates that x3 depends on xy only.

Despite the first-order like syntax of dependence logic and independence-
friendly logic, on the level of sentences, the expressive power of both of these
logics coincide with that of existential second-order logic. The high expressive
power and first-order like syntax however yield that the meaning of sentences
of these logics is often difficult to parse.

2.4 Dependence and independence-friendly logic

In this section we define dependence logic and independence-friendly logic.
We then present some fundamental properties of these logics. For dependence
logic we follow the monograph [V&407], while for independence-friendly logic
we follow the exposition of [MSS11].

Definition 2.4.1. Let 7 be a relational vocabulary. The syntax for independen-
ce-friendly logic ZF(7) is generated from T according to the following grammar:

¢ = x=y|xz=y|R(x,...,xn) | "R(x1,...,2,) |
(eA) | (eVe)|Vop | 3u/We,

where W is a set of first-order variables. We identify existential first-order
quantifiers with existential quantifiers with empty slash sets, and therefore if
W =0 we simply write Ixp(zx) instead of Jz/Wp(x).

Definition 2.4.2. Let 7 be a relational vocabulary. The syntaz for dependence
logic D(7) is defined by the following grammar:

o = xy=x2| w1 =x2 | R(x1,...,2,) | "R(x1,...,2p) |

=@1,..,2n) [ (V@) | (P A @) | Vo | Tze.
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The set of free variables fr(¢) of an ZF- or D-formula ¢ is defined in-
ductively as follows. The cases for atomic formulae, Boolean connectives and
first-order quantifiers are defined as in first-order logic. For dependence logic
we have the additional clause

fr(=(z1,...,20)) == {x1,..., 2},

whereas for independence-friendly logic we have the additional clause

3/ W) = (fe(w) \ {2}) UW.

Note that if z is in W, then z is a free variable in Jz/W1). As usual, we say
that a formula ¢ is a sentence if fr(p) = (.

The semantics for independence-friendly logic and dependence logic is de-
fined via models and teams, i.e., sets of assignments. Let A be a set and
{z1,...,2,} a finite (possibly empty) set of variables. A team X of A with the
domain

dom(X) = {z1,...,zn}
is any set of assignments from dom(X) into A. However, for the empty team
(), we define that dom(f) = 0. If X is a team of A and F: X — A a function,
we use
e X (F/x) to denote the team {s(F(s)/x)|s € X}, and

o X(A/z) to denote the team {s(a/x) | s € X and a € A}.

For a set W C dom(X), we call the function F' W-determined if for every
s, s’ € X the implication

Ve e W:s(x)=5(z) = F(s)=F(s)
holds. We call the function W -independent if for every s, s’ € X the implication
Vo € dom(X)\ W :s(z)=5(z) = F(s)=F(s)
holds.
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In the following definitions we always assume that the domain of X contains
fr(p).
Definition 2.4.3. Let 2 be a model and X a team of A. The satisfaction
relation A =x ¢ for independence-friendly logic is defined as follows:
A Ex R(wy,...,x,) iff Vs€ X :(s(x1),...,s(x,)) € RY.
A=y —R(x1,...,xn) iff Vo€ X:(s(x1),...,s(zn)) ¢ R*.
AExvANe iff AExY andAEx ¢.
AExYVe dff Ay andAEz o,
for some Y and Z such thatY U Z = X.
AEx Jx/Wy iff Al=x(p/m) ¥, for some W-independent
function F: X — A.
Ax VoY iff AExum ¥
Definition 2.4.4. Let A be a model and X a team of A. The satisfaction
relation A =x ¢ for dependence logic is defined as follows:
AE=x R(xy,...,x) iff Vs€ X :(s(x1),...,s(x,)) € R
AE=x Rz, ..., xn) iff Vs€X:(s(x1),...,s(x,)) € R
AEx =(x1,...,2n) iff Vs,t€ X :s(x1)=1t(z1),...,5(xn-1) =t(xn_1)
implies that s(xy) = t(xy,).
AEx PN dff AEx Y andAREx ¢.
AE=x Ve iff AEy v and A=z @,
for some Y and Z such thatY U Z = X.
A E=x vy iff AExE/e) ¥ for some function F: X — A.
AExVey  iff AExa/m ¥
We say that a sentence ¢ of independence-friendly logic or dependence logic
is true in a model 2, and write 2 [= ¢, if 2 =gy ¢ holds.
The following proposition reveals that independence-friendly logic and de-
pendence logic are conservative extensions of first-order logic, i.e., the seman-

tics of independence-friendly logic and dependence logic coincide with that of
first-order logic with regards to formulae that are syntactically first-order.

Proposition 2.4.5 ([V&&07, Hod97a]). Let ¢ be a formula of dependence logic
or independence-friendly logic without dependence atoms and without slashed
quantifiers, i.e., @ is syntactically a first-order formula. Then for every model
A, team X of A and assignment s of A:
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LAy © UskEroe
2. AEx e & WUtkEro e, for everyt e X.

Let X be a team with domain {z1,...,2x} and V C {xy,...,zx}. We
denote by X [V the team
{sV]|se X}

with domain V. The following proposition shows that truth of a dependence
logic formula depends only on the interpretations of the variables occurring
free in the formula.

Proposition 2.4.6 ([V&407]). Let ¢ be any formula of dependence logic and
V D fr(p). Now
AEx e < AExy e

The analogue of Proposition 2.4.6 does not hold for open formulae of
independence-friendly logic. In other words, the truth of an ZF-formula may
depend on the interpretations of variables that do not occur in the formula.
For example, the truth of the formula

p:=3x/{ylr=y

in a team X with domain {z,y, 2z} depends on the values of z in X, although
z does not occur in . However, the analogue of Proposition 2.4.6 does hold
for sentences of independence-friendly logic.

Proposition 2.4.7. Let ¢ be a sentence of independence-friendly logic, 2 a
model and X a nonempty team of A. Then

AEx e o AlEg ¢
Proof. For a proof see, e.g. [MSS11]. O

The following fact is a fundamental property of all formulae of dependence
logic and independence-friendly logic.

Proposition 2.4.8 (Downward closure). Let ¢ be a formula of dependence
logic or independence-friendly logic, A a model, and Y C X teams of A. Then

QL'ZXw = Q[):ygo.

Proof. For the proofs see, e.g. [VA407, MSS11]. O
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2.5 Expressive power and computational complex-
ity

Two of the most fundamental aspects of any logic are its expressive power and
computational complexity, i.e., what properties can be expressed with a given
logic and how much resources, i.e., time and space, is needed to verify whether
a described property holds or not. An ideal logic would of course be at the same
time highly expressive and still computationally feasible. Unfortunately these
concepts seem to be the opposite sides of the same coin. In most cases a more
expressive logic also means a computationally more complex logic. And indeed,
if the expressive power of a logic is great enough, many questions concerning
the logic become even undecidable.

2.5.1 Expressive power and definability

The most common way to study the expressive power of a given logic is to com-
pare it to the expressive power of other known logics. Due the overwhelming
expressive power of second-order logic, most logics, including all of the logics
considered in this thesis, can be seen as fragments of second-order logic. Hence
second-order logic and its fragments are natural benchmark logics, a common
ground, for studying the expressive power of almost any given logic.

Definition 2.5.1. We say that a logic L' is at least as expressive as £ and
write L < L' if for every sentence ¢ € L there exists a sentence @' € L' such
that for every structure A it holds that

A = ARy,
We say L and L' are equivalent and write L= L' if L < L and L' < L.

Definition 2.5.2. Let L be a logic such that the semantics for L is defined via
models and assignments. Let ¢, " € L such that fr(p) = fr(¢’). We say that
o and ¢’ are equivalent if for every model 2 and every assignment s such that
fr(p) C dom(s)

WskEe < UskE.
Let C be a class of structures. We say that @ and ¢’ are equivalent in the class
Cif

WskEe & AskEy.
holds for every 20 € C and assignment s such that fr(yp) C dom(s).
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Definition 2.5.3. Let L be a logic such that the semantics for L is defined
via models and teams. Let p,¢' € L such that fr(p) = fr(¢'). We say that ¢

and ¢’ are equivalent if for every model 2 and every team X of 2 such that
fr(¢) C dom(X)

Q[)Zx(p = 2['1)(90/.

Let C be a class of structures. We say that @ and ¢’ are equivalent in the class
Cif
AEx e & AbEx¢.

holds for every 20 € C and team X of 2 such that fr(¢) C dom(X).

On the level of sentences the expressive power of dependence logic and
independence-friendly coincide with that of existential second-order logic.

Theorem 2.5.4. D=7TF = E£SO.

Proof. The fact ESO < D (and £SO < IF) is based on the analogous result
of [End70, Wal70] for partially-ordered quantifiers. For the converse inclusions,
see [V&a07], [Hod97b] and [MSS11]. O

In addition to relative expressive power of logics we are of course interested
in the concrete expressive power of a given logic, i.e., we are interested in the
question “Which properties can be defined in a given logic?”. Here we consider
only Boolean queries, i.e., questions of the type “Does 2l € C hold?”, where C
is some class of structures closed under isomorphisms. Examples of Boolean
queries are: “Is the model finite?”, “Is the graph connected?” and “Is the
cardinality of the unary predicate P smaller than the cardinality of the unary
predicate @) in the model?”.

Definition 2.5.5. Let 7 be a vocabulary, L(7) a logic and C a class of T-
structures closed under isomorphisms. We say that the class C is definable in
L(7) if there exists a sentence ¢ € L(T) such that

A= « Ael

holds for every T-structure A. We say that the class of structures is not defin-
able in L(7) if no such sentence exists.
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2.5.2 Decidability and complexity

Undoubtedly the proliferation of computers and the rise of computer science
in general in the end of the 20th century has had a seminal effect for the
importance of the study of decidability and computational complexity, also
in the field of logic. In modern computer science logic is used, among other
things, to model and to verify existing real life systems, in automatic reasoning
and, for example, in handling queries in huge medical databases. Hence the
need for computationally feasible logics is now greater than ever.

We consider the decidability and complexity of two essential problems con-
cerning any logic. The satisfiability problem and the model checking problem.
The former concentrates on the questions like: “Given a specification of a sys-
tem is it possible to realize that specification?”. In logical terms this translates
to: “Given a sentence of some logic does there exist a model that satisfies
it?”. We consider two variants of the satisfiability problem, i.e., the general
satisfiability problem and the finite satisfiability problem.

Definition 2.5.6. Let K be a complezity class, L a logic and
enc: L — {0,1}"

some efficient encoding that maps L-formulae to binary strings. We say that
the satisfiability problem of £ is in K (is K-hard) if the language

{enc(y) | there exists a model A such that A = ¢}

belongs in K (is K-hard). Analogously, we say that the finite satisfiability
problem of L is in K (is K-hard) if the language

{enc(p) | there exists a finite model A such that A = p}
belongs in K (is K-hard).

Remember that a problem is K-complete if it is both in K and K-hard. For
a logic L, we denote by SAT(L) and FINSAT(L) the satisfiability problem and
the finite satisfiability problem of L, respectively. We first state the folklore re-
sults concerning first-order and second-order logic, and then the corresponding
results for dependence logic and independence-friendly logic.

27



PRELIMINARIES

Theorem 2.5.7.
1. The satisfiability problem for FO and £SO is T1Y-complete.

2. The finite satisfiability problem for FO and £SO is X\-complete.
Proof. The results follow already from the work of Church and Turing [Chu36,
Tur36. O

The results for dependence logic and independence-friendly logic follow
from Theorem 2.5.7 by the computable translations between ZF, D and £50,
see [End70, Wal70, V&407, MSS11].

Theorem 2.5.8.
1. The satisfiability problem for TF and D is I1\-complete.

2. The finite satisfiability problem for ZF and D is ¥9-complete.

The model checking problem deals with problems of the sort: “Given a
system and a specification, does the system satisfy the specification?”. In
logical terms this translates to: “Given a sentence of some logic and a model,
does the model satisfy the sentence?”. The model checking problem has two
inputs, a finite model and a formula. Hence we can identify three different
complexity measures for this problem. We can fix the model, the formula or
neither. In the definition below 2 is always a finite model.

Definition 2.5.9. Let K be a complexity class, L a logic and and enc some
efficient encoding that maps L-formulae and finite models to binary strings.

o The data complexity of L is in K if for every sentence ¢ of L the language
{enc(A) | A = ¢}
belongs to K, and it is K-hard if there exists a sentence @ such that
{enc(A) | 2 = ¢}
is a K-hard problem.

e The expression complexity of L is in K if for every finite structure 2 the
language
{enc() | A= ¢}

belongs to K, and it is K-hard if there exists a finite model A such that

{enc(e) |2 = ¢}

is a K-hard problem.
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e The combined complexity of L is in K (is K-hard) if the language

{(enc(A), enc(p)) | A = o}
belongs to K (is K-hard).

We conclude with some related complexity results. We first state the folk-
lore results concerning first-order and existential second-order logic and then
finish off with known results concerning dependence logic and independence-
friendly logic.

Theorem 2.5.10.

1. The data complexity for FO is in ACC.

2. The expression complexity of FO is PSPACE-complete.

3. The combined complexity of FO is PSPACE-complete.
Proof. For proofs see, e.g. [Lib04]. O
Theorem 2.5.11 ([Var82]).

1. The data complezity of ESO is NP-complete.

2. The expression complexity of ESO is NEXPTIME-complete.

3. The combined complexity of ESO is NEXPTIME-complete.
Theorem 2.5.12.

1. The data complexity for D is NP-complete.

2. The expression complexity for D is NEXPTIME-complete.

3. The combined complexity of D is NEXPTIME-complete.

Proof. The first claim follows directly from Theorems 2.5.4 and 2.5.11. The
second and the third claim was shown by Gradel [Gréal3]. O

By Theorems 2.5.4 and 2.5.11, it also follows that the data complexity for
ZF is NP-complete.
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Chapter 3

Finite Variable Dependence Logic and
Independence-Friendly Logic

In this chapter we present a comprehensive study on the finite variable frag-
ments of independence-friendly logic and dependence logic. We compare the
expressive powers of these logics to each other and to fragments of first-order
logic and existential second-order logic. We then study the related satisfia-
bility problem and the model checking problem. Since both independence-
friendly logic and dependence logic are conservative extensions of first-order
logic, i.e., they agree with first-order logic on sentences which are syntactically
first-order, our results contribute to the understanding of extensions of finite
variable first-order logics. Since the expressive powers of existential second-
order logic, independence-friendly logic and dependence logic coincide, our re-
sults also contribute to the study of fragments of existential second-order logic.
Furthermore, we contribute to the study of the logical background theory for
the concept of dependence. The main result of this chapter is the discovery
of an undecidability barrier between the satisfiability problems of two-variable
dependence logic and two-variable independence-friendly logic. Hence we par-
ticularly contribute to the study of the satisfiability problem for extensions of
two-variable first-order logic. We also answer “yes, to both accounts” to the
following question asked in [KKLV11]: “Is it possible to define NP-complete
problems in D? or in ZF?2”.

The satisfiability problem of first-order logic was shown to be undecid-
able by Church and Turing [Chu36, Tur36], and ever since logicians have been
searching for decidable fragments of first-order logic. The fragments FOF, for
k > 3, were easily seen to be undecidable but the case for £ = 2 remained
open. Scott [Sco62] showed that FO? without equality is decidable. Mortimer
[Mor75] extended the result to FO? with equality and showed that every satis-
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fiable FO? formula has a model whose size is doubly exponential in the length
of the formula. His result established that the satisfiability and the finite satis-
fiability problems of FO? are contained in 2NEXPTIME. Finally, Gridel, Ko-
laitis, and Vardi [GKV97] improved the result of Mortimer by establishing that
every satisfiable FO?-formula has a model of exponential size. Furthermore,
they showed that the satisfiability problem for FO? is NEXPTIME-complete.

The decidability of the satisfiability problem of various extensions of FO?
has been studied extensively (e.g. [GOR97b, GO99, EVW02, KOO05]). One
such interesting extension FOC? is acquired by extending FO? with counting
quantifiers 32?. The meaning of a formula of the form

Flap()

is that p(z) is satisfied by at least ¢ distinct elements. The satisfiability prob-
lem for the logic FOC? was shown to be decidable by Gridel, Otto, and Rosen
[GOR97a], and shown to be in 2NEXPTIME by Pacholski, Szwast, and Ten-
dera [PST97]. Finally, Pratt-Hartmann [PHO5] established that the problem
is NEXPTIME-complete. We will later use the result of Pratt-Hartmann to
determine the complexity of the satisfiability problem of the two-variable frag-
ment of dependence logic.

With two-variable dependence logic, we identify an expressive but still de-
cidable extension of FO? that neither has the finite model property nor the
zero-one law. The former already with the empty vocabulary and latter in
the presence of one unary predicate symbol. Illustrating how close to the
undecidability barrier D? really is, we succeed on showing that two-variable
independence-friendly logic is already undecidable.

The structure of this chapter is as follows. In Section 3.1 we define the
logics relevant to this chapter, i.e., k-variable fragments of first-order logic,
first-order logic with counting, existential second-order logic, dependence logic,
and independence-friendly logic. In Section 3.2 we describe a general method
of interpreting structures inside other structures called uniform interpreta-
tion. Section 3.3 begins with a comparison of the expressive powers of finite
variable dependence logics and independence-friendly logics to fragments of
first-order logic. We then continue by comparing the expressive powers of fi-
nite variable dependence logics to finite variable independence-friendly logics.
We conclude the section by comparing finite variable dependence logics and
independence-friendly logics to fragments of existential second-order logic. In
Section 3.4 we discuss on the criterion when finite variable dependence logics
and independence-friendly logics have the finite model property and the zero-
one law. In Section 3.5 we study the satisfiability and the finite satisfiability
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problems for finite variable dependence logics. In Section 3.6 we introduce a
general method of proving undecidability called the tiling method. Sections 3.7
and 3.8 are devoted on the study of the satisfiability and the finite satisfiability
problems for finite variable independence-friendly logics. Section 3.7 is devoted
for preparatory matters and lemmata needed in the main theorems of Section
3.8. Finally, in Section 3.9 we study the model checking problem, i.e., data
complexity, expression complexity and combined complexity, of finite variable
dependence logics and independence-friendly logics. Section 3.10 summarizes
the results of the current chapter.

This chapter is based on the article [KKLV11]. However, the article has
endured major revising and extending. In [KKLV11] only two-variable depen-
dence logic and independence-logic is considered. In the article we show the
following;:

1. We show that the satisfiability problem and the finite satisfiability prob-
lem for ZF? is undecidable.

2. We establish that the satisfiability problem and the finite satisfiability
problem for D? is NEXPTIME-complete.

3. We show that D? < ZF? < D3 with respect to expressive power.

Most of the results in this thesis concerning k-variable logics where k # 2 are
new. Furthermore, most of the results concerning expressive power and all
of the results concerning model checking are new. All proofs concerning the
above results (1) — (3) have been thoroughly rewritten. The results concerning
the satisfiability problem and the finite satisfiability problem of ZF? have been
generalized. In [KKLV11] we show that these problems are undecidable if the
vocabulary includes at least two binary relation symbols and infinitely many
unary relation symbols. In this chapter we show that it suffices to have only one
binary relation symbol, in particular, no unary relation symbols are needed.

33



FINITE VARIABLE DEPENDENCE LOGIC AND ZF-LOGIC

3.1 Finite variable logics

In this section we define the logics relevant to this chapter, i.e., k-variable
fragments of first-order logic, first-order logic with counting, existential second-
order logic, dependence logic, and independence-friendly logic. We start by
defining an expansion of first-order logic called first-order logic with counting.
A counting quantifier is an expression of the form

32,
where x is a first-order variable and i € N. First-order logic with counting,
denoted by FOC, is the extension of first-order logic with all counting quanti-
fiers. In other words, the syntax of FOC extends the syntax of first-order logic
by the clause

p =3Iz,

where x is a first-order variable and ¢ € N. The semantics for FOC is defined
in the same manner as for first-order logic with the following additional clause
for counting quantifiers:

A,s = iff [{ac A|A s(a/z) = @} >

Note that a counting quantifier
ISiy

is regarded as a shorthand notation for the expression

—J2itlg,

The k-variable first-order logic, denoted by FO¥, is the syntactic fragment of
first-order logic in which only variables form the set {z1,...,z;} can appear
in formulae. In the case k = 2 we denote these variables by = and y. The
k-variable fragment FOC* of FOC is defined analogously. The k-variable ex-
istential second-order logic, ESOF, is the syntactic fragment of £SO in which
only first-order variables from the set {xi,...,zx} can appear in formulae.
Note that there is no restrictions concerning the usage of second-order vari-
ables. Also the alternative notation X} (FO¥) is used for ESO*. By ©1(FOCF)
we denote the extension of ESO with counting quantifiers for z1, . .., z.
The syntax for k-variable dependence logic and independence-friendly logic
is given below. For the semantics see Definitions 2.4.3 and 2.4.4 in Chapter 2.
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Definition 3.1.1. Let 7 be a relational vocabulary. The set of formulae for
k-variable independence-friendly logic ZF k(T) s generated from T according to
the following grammar:

o = zi=5 | wi =5 | R(xiy,...,zi,) | "R(xiy, ..., xi,) |
(e A@) [ (Vo) | Vaip | i/ We,

where R € T is an n-ary relation symbol, W C {x1,...,xr} is a set of first-
order variables and z;, xj, xi,,...,z;, € {x1,...,2}. We identify existential
first-order quantifiers with existential quantifiers with empty slash sets, and
therefore if W = () we simply write Ixp(x) instead of Jx/Wp(z).

Definition 3.1.2. Let 7 be a relational vocabulary. The set of formulae for
k-variable dependence logic D¥(7) is defined by the following grammar:

o u= wp=x | xp =5 | Ry, ..., 2,) | DR(@i, ..., @) |

=(Tiys - Tin) [ (V) | (p A @) | Vap | Tz,

where R € T is an n-ary relation symbol and x;, xj,z;, ..., z;, € {x1,..., 21}

3.2 Uniform interpretation

In this section we describe a general method of interpreting structures inside
other structures with first-order formulae. We give a restricted definition of
this method suitable for our needs. However, it is easy to see that this method
can be straightforwardly generalized.

Definition 3.2.1. Let o and T be relational vocabularies with relations of maz-
imum arity 2. Let A be a nonempty class of o-structures and C a nonempty
class of T-structures. Assume that there exists a surjective map

F:C— A

and an FO?(1)-formula @pom(x) in one free variable, x, such that for each
structure B € C, there is a bijection f from the domain of F(B) to the set

{ be DOm(SB) | ‘B ): ‘;DDom(b) }

Assume furthermore that for each binary relation symbol R € o and for each
unary relation symbol P € o, there exists an FO?(1)-formula ¢r(zx1,2) and
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pp(x), respectively, such that

R'®)(ay,a2) & B ¢r(f(ar), faz)) and
PF®(a) & B or(f(a))

2
for every tuple (ay,as) € (Dom(F(iB))) and every element a € Dom(F(B)).

We then say that the class A is uniformly FOZ%-interpretable in C. If A is a
singleton class {2}, we say that A is uniformly FO?-interpretable in C.

Definition 3.2.2. Let o and 7 be relational vocabularies with relations of max-
imum arity 2. Let A be a nonempty class of o-structures and C a nonempty
class of T-structures such that A is uniformly FO?-interpretable in C. Define
a map I from the set of FO*(o)-formulae to the set of FO?()-formulae as
follows.

1. If P € 0 is a unary relation symbol then

[(P(x)) = ¢p(x),

where pp(z) is the FO?-formula for P witnessing the fact that A is
uniformly FO?*-interpretable in C.

2. If R € 0 is a binary relation symbol then
I(R(z1,22)) = @r(z1,22),

where pr(x1,x9) is the FO? formula for R witnessing the fact that A is
uniformly FO?*-interpretable in C.

5. 1((e A)) = (I(9) N L()).
6. I(3z(x)) = Elzx(cppom(:r:) A I(¢(x)))

We call the map I a uniform FO*-interpretation of A in C. When A and C
are known from the context, we may call I simply an interpretation.
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Lemma 3.2.3. Let 0 and 7 be relational vocabularies of arity at most 2. Let
A be a nonempty class of o-structures and C a nonempty class of T-structures.
Assume that A is uniformly FO?-interpretable in C and let I denote a related
interpretation. Let ¢ be an .FOQ(J)—sentence. The following conditions are
equivalent.

1. There exists a structure A € A such that A = .
2. There exists a structure B € C such that B = I(yp).

Proof. Straightforward. O

3.3 Expressivity

It is well known that the expressive power of both D and ZF coincide with
the expressive power of existential second-order logic (e.g. [VA407, MSS11]).
However, not much is known about the expressive powers of finite variable
fragments of dependence logic and independence-friendly logic. In this section
we study the expressive powers of these logics. We start by comparing these
logics to fragments of first-order logic. We show that while one-variable frag-
ments of D and ZF are contained in first-order logic, two-variable fragments
are not. We then establish a hierarchy with regard to the expressive powers of
the finite variable logics D*¥ and ZF"*. We show that for k > 2

DF < TFF < DFHL

Finally, we study the relationships between fragments of existential second-
order logic and finite variable fragments of dependence logic and independence-
friendly logic.

3.3.1 Fragments of first-order logic

In this section we compare the expressive powers of finite variable dependence
logics and independence-friendly logics to fragments of first-order logic. We
show that while the expressive power of one-variable ZF-logic coincides with
that of one-variable first-order logic, the picture for one-variable dependence
logic looks quite different. We show that while D! is contained in FO, for
each k € N, there are properties definable in D! that cannot be defined in
FOF. In addition, we show that the two-variable fragments of ZF and D
are not contained even in monadic second-order logic. We also describe some
interesting properties already definable in D?.
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The following self-evident proposition follows directly from Proposition
2.4.5.

Proposition 3.3.1. For every k € N, FO* < D¥ and FO* < TF*.
Proposition 3.3.2. ZF' = FO!.

Proof. The direction FO! < ZF? follows from Proposition 3.3.1. For the other
direction, we will first show that the equivalence

Ay J/{zpelr) < AlExIre(r)

holds for every model 2, every FO!-formula ¢(z) and every nonempty team
X of 2 such that dom(X) C {z}. Let ¢(z) and X be as above. Now, the
following equivalences hold.

A e 3n/{z} o(a)
& A Ex(r/2) (), for some {z}-independent function F': X — A
& A =) ¢(x), for some assignment s : {z} — A
< A s Ero p(z), for some assignment s : {x} — A
< A s Ero 3z p(x), for the empty assignment s : ) — A
U s kEro rp(z), foral s € X
< AEx Jrp(x).

The first equivalence is due to the semantics for slashed quantifiers. The second
equivalence is due to the observation that, since X is nonempty, dom(X) C {x}
and F' is {z}-independent, then in fact X (F/x) = {s} for some assignment
s : {z} — A. The third and the last equivalence follow from Proposition 2.4.5,
since both ¢(x) and 3z p(z) are syntactically FO-formulae. The fourth and
the fifth equivalence follow from properties of first-order logic and from the
facts that 3z p(z) is a sentence and X nonempty.

It now follows, by an easy inductive argument, that the following translation
@+ ©* translates every ZF! sentence to an equivalent FO! sentence. Hence
we obtain that ZF' < FO!. The translation is defined as follows. For first-
order literals the translation is the identity. The remaining cases are defined
as follows:

(pA) = (p"AYT),

(pVY) = (VYY)

dx/We +— Jxp®,
Vrp — V'
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O]

While, on the level of sentences, the expressive power of ZF' and FO!
coincide, the following proposition demonstrates that the situation regarding
D' is completely different.

Proposition 3.3.3. For each k € N, there is a sentence oy, in D' such that

Al=or iff A<k

Proof. For each k € N, let o denote the formula

1<i<k

The following equivalences hold.

A= o
e AFpum V =@

1<i<k
& there exist teams X1,..., X} such that X U--- U X = {0}(A/x) and
such that, for every i <k, A =x, =(z)
< there exist teams Xq, ..., Xy such that X; U---U X = {0}(A/z) and
such that, for every ¢ <k, | X;| <1
& |Al <k

Hence the claim follows. ]

As an immediate corollary of Proposition 3.3.3, we obtain the following
result.

Corollary 3.3.4. For each k € N it holds that D* £ FOF.

Proof. The expressive power of FOF can be characterized by the k-pebble
game. See, e.g. [Lib04]. By using the k-pebble game, it is easy to show that
on the empty vocabulary FO* cannot differentiate a model of size k from a
model of size k + 1. Hence, the claim follows from Proposition 3.3.3. 0

We will use the following folklore result to show that D' < FO.
Proposition 3.3.5. Let 7 be a finite unary vocabulary. Then the equivalence

MSO(1) = FO(T) holds.
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Proof. The following claim is proved in the proof of [Lib04, Proposition 7.12].

If A and B are models of the empty vocabulary and |A|,|B| > 2F, then for
every MSQO-sentence ¢ of quantifier depth at most k

AEe iff BEe

The proof of [Lib04, Proposition 7.12] can be straightforwardly generalized for
a proof of the following claim.
Let 7 be a finite unary vocabulary. For every subset o of 7, we define that

Yo (x) = /\ P(x) A /\ —P(x).

Peo Per\o
If A and B are 7-models, and k € N such that for every o C 7 and n < 2¥
HocAlAEgo(a)}=n iff [{beB|BkE e, (0)} =n,
then for every MSO-sentence @ of quantifier depth at most &
AE=e iff B
From this claim MSO(r) = FO(7) clearly follows. O

In the proof of the following theorem, we use the result of Theorem 3.3.15
from Section 3.3.3 that states that

D' < »{(FOCh).

By the proof of Lemma 3.3.14 from Section 3.3.3, the above result can be
strengthened to the statement that

D! < EMSO(FOCY).
Proposition 3.3.6. D! < FO.

Proof. By proof of Lemma 3.3.14 and by Theorem 3.3.15 from Section 3.3.3,
we have that

D' < EMSO(FOCH).

Hence, it suffices to show that

EMSO(FOCY) < FO.
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Without loss of generality, we can restrict our attention to structures of unary
vocabulary. By Proposition 3.3.5, we have that EMSO < FO on unary vo-
cabularies. Furthermore, it is well known that FO = FOC. Hence

EMSO(FOCh) < FO

follows. Now, since clearly nonemptiness of a binary relation is expressible in
FO, but is not expressible in EMSO(FOCY), it follows that

EMSO(FOCY) < FO.
Therefore D! < FO. O

We have shown that the expressive power of one-variable dependence logic
and independence-friendly logic is strictly below the expressive power of first-
order logic. This however does not hold for the two-variable fragments. Next
we will describe non-first-order properties that can be expressed in D?. In
Section 3.3.2 we will show that D? < ZF2. Thus, the properties described here
in D? can also be expressed in ZF?. Case 2 of the proposition below is an
improved version of a result of [KKLV11]|. In the earlier result one constant
symbol was needed in the vocabulary.

Proposition 3.3.7. The following properties can be expressed in D?.

1. For unary relation symbols P and Q, we can express that |P| < |Q| and
hence that |P| = |Q)|.

2. We can express that the model is infinite.

Proof. For claim 1, we will show that a model 2 satisfies the D? formula
o =YaTy(=(y,2) A (-P() V Qv)))

if and only if |[P*| < |Q¥|. Notice first that, by the semantics of universal and
existential quantifiers,

A=y
if and only if there exists a function F : {#}(A/x) — A such that
A o)z (=2) A (SP@)V Q®))).

This holds if and only if there exists an injective function F : {(}(A/z) — A
such that

A =0y /erry) (FP(@)V Q1))
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Moreover, this holds if and only if there exists an injective function F': A — A
such that F[P¥] C Q*. This, of course, is equivalent with the claim that
P < QY.

For part 2, we use a similar idea as above. We will show that a model 2
satisfies

P = Vaﬂy(:(y,a;) A Fz(=(z) A -z = y))

if and only is A is infinite. Again, notice that

A

if and only if there exists a function F': {(}}(A/x) — A such that

A /ey (=0:2) Ado(=(2) A-w =1y)).

This holds if and only if there exists an injective function F : {§}(A/z) — A
such that

A =y (a/e,ryy) 32(=(2) A2 =1Y).

Furthermore, this is equivalent to the claim that there exists an injective func-
tion F': A — A and a € A such that a ¢ F[A]. Clearly this is equivalent with
the claim that A is infinite. O

As an immediate consequence of Proposition 3.3.7 we obtain the following
corollary. The result for ZF? follows from the fact that D? < ZF? proven later
on in Theorem 3.3.11 of Section 3.3.2

Corollary 3.3.8. D? £ MSO and IF* £ MSO (and hence D> £ FO and
IF* £ FO).

Proof. In the proof of [Lib04, Proposition 7.12.] it is shown that if 2 and B
are models of the empty vocabulary and |A|,|B| > 2¥ then for every MSO-
sentence ¢ of quantifier depth at most k

AE=e iff B
Hence, infinity is not an MSQ definable property. Therefore, the claim for D?

follows from Proposition 3.3.7. Moreover, since we will establish in Theorem
3.3.11 of Section 3.3.2 that D? < ZF?2, the claim holds also for ZF?2. ]
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3.3.2 Hierarchy of expressive power

In this section we study the relationship between finite variable dependence
logics and independence-friendly logics. We show that for every k > 2

DN < TFF < DL,
For k = 2, we show that also the first inclusion is strict.

Lemma 3.3.9. For every k > 2 and every formula o € DF there is a formula
ot € TF® such that for all structures A and teams X of A, where dom(X) =
{z1,..., 2}, it holds that

Akxp & ApRx e’

Proof. We will define a translation try, : D* — ZF* separately for each k > 2.
By VAR we denote the set {x1,...,2zr}. The translation try is defined as
follows. For first-order literals the translation is the identity. The remaining
cases are defined as follows:

(e AD) = (tre(p) Atre()),
(V) = (tre(e) Virk(¥)),
Jze — Jxtri(e),
Vep — Yairg(p).
The dependence atom =(yi,...,Yyn,y) is translated to a formula

3z;/(VARR \ {y1, .- -, ¥n}) 5 = v,

where j > 1 is the smallest natural number such that x; and y are distinct.
The claim can now be proved by using induction on ¢. The only nontrivial
case is the case for dependence atoms.

Let ¢ := =(y1,...,Yn,y) and let j > 1 be the smallest natural number such
that x; # y. Let us assume first that
A E=x o
Hence there exists a function F': A™ — A such that
forall s € X : s(y) :F((s(yl),...,s(yn))). (3.1)

Now define the function F’: X — A by setting that
F'(s) = F((s(y1), - 5(yn)) ). (3.2)
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Notice that, for every s, s’ € X, it holds that if

s(y1) = 5" (1), -, 5(yn) = 5" (yn),
then

F((sn)sr5(a)) = F((s' @)y, ()

and hence

F'(s) = F'(s).
Therefore F’ is a VAR \{v1, . . ., yn }-independent function. It remains to show
that

A >:X(F’/:Bj) Tj =Y. (3.3)
Let s € X(F'/xj). Then

s=8(F'(s')/x;), for some s’ € X. (3.4)

Now
(3.4) (3.2)

s(ej) = F() = ()-8 ) =8 ) = s(y):
Therefore, (3.3) holds, and hence
A x Frj/ (VAR \ {y1, - yn}) 75 = v
Suppose then that 2 £x ¢. Then there must exist s, s’ € X such that
s(yr) = s'(1), -, 5(yn) = '(yn) but s(y) # s'(y).
We claim now that
AFex 3/ (VAR \ {y1, -, yn}) 25 = v (3.5)

Let F': X — A be an arbitrary VAR, \{y1, - . ., yn }-independent function. Now,
from VAR, \{y1, ..., yn}-independence of F it follows that F'(s) = F(s'). Since
additionally s(y) # s'(y), we have that

F(s) # s(y) or F(s') # 5'(y)-

Since j was picked such that x; and y are different variables, we conclude that

s(F(s)/x;)(x;) # s(F(s)/z;)(y) or §'(F(s') /x;)(x;) # ' (F(s')/x;)(y)-
Now since clearly s(F(s)/z;), s'(F(s')/x;) € X(F/x;), this implies that
A FEx(Ffay) T =Y

Since F' was arbitrary, we may conclude that (3.5) holds. O
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Next we show a translation from ZF* to DFL.

Lemma 3.3.10. For every k > 1 and every formula ¢ € TF" there exists a
formula ©* € D**L such that for every structure 2 and team X of A, where
dom(X) = {x1,...,x}, it holds that

AEx ¢ & AREx "

Proof. Fix k > 1. The claim follows by the following translation ¢ — ¢*. For
atomic and negated atomic formulae the translation is the identity, and for
propositional connectives and first-order quantifiers the translation is defined
in the obvious inductive way, i.e.,

(eny) = (9" AP,
(V) = (p" VYT,
dre —  FxeT,
Vrp — V'
The only nontrivial case is the case for the slashed quantifiers. Remember
that the variables used in the syntax of ZF¥ and DFt! are z1,...,z; and
X1,...,%k, Tkt1, respectively. If W is a set of variables then by W{z/x] we

denote the set of variables in W with x replaced by z. Note that if neither
x nor z is in W, then z is not in W{z/x]. In the following, we also use the
shorthand notation W for the relative complement {z1,...,zx}\ W of W. By
W|z/x], we mean the set of variables that is obtained from W by first taking
the relative complement of W and then replacing the variable x by z.

The case for slashed quantifiers in the translation is the following:

/Wiy — Tz (:Ek_H =z A Jz(=(Wzgy1/7], ) A w*))

The claim is proved by using induction on ¢. The cases for atomic formulae,
Boolean connectives and first-order quantifiers are trivial. We will prove here
the case where ¢ is of the form Jz/W+), where x € {z1,...,25} and W C

{.1‘1, cee ,:Uk}.
Assume first that 2 =x ¢. Hence there exists a W-independent function
F: X — A such that

A Ex (/) ¥ (3.6)
By the definition of W-independence, for every s,s’ € X it holds that

if s(z) = s'(2) holds for every z € W

45



FINITE VARIABLE DEPENDENCE LOGIC AND ZF-LOGIC

then F(s) = F(s"). Our goal is to show that
A e Fapgn (zrs1 = 2 A Jo(=(Wzgir /2], 2) A 7)), (3.7)

Now, (3.7) holds if for G: X — A, defined by G(s) = s(x) for every s € X, it
holds that

A (@) 30 (= (Wl 2], 2) A ). (3.8)
Define the function F': X (G/xp1+1) — A by setting that
F'(s)=F(s [ {z1,...,an}).

We claim that

A EX(Glapn)(F o) (FWTpsr/z],x) A*), (3.9)

implying (3.8) and hence (3.7).
We will first show that

A X (G any ) (F f2) =(Wzki1/2], ). (3.10)

At this point it is helpful to note that every s € X(G/xp11)(F'/z) arises from
an s’ € X by first copying the value of x to xp;1 and then replacing the value
of z by F(s), i.e., that

S(@ps1) = 5 (GS) [opan)(@hi1) = G(s) = 8'(x) (3.11)

and s(z) = F(s'). Now, to show (3.10), let s1,s2 € X(G/xk+1)(F’/2) be such
that
for all y € Wzgy1/] it holds that s1(y) = s2(y). (3.12)

We will show that
s1(x) = sa(w), (3.13)

from which (3.10) follows. Let s},s, € X be as above, i.e., s1 (resp. s2)
arises from s} (resp. s3). Remember that W C{z1,...,x}. Clearly for every
y e W Wiz /z] (= WA\ {2, 2611})

s1(y) = s1(y) and sa(y) = s5(y).
Now from this, together with (3.12), it follows that
s1(y) = sh(y) for all y € W N Wzgy1/x].
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Note that, if W # Wz 1/x] then x € W, x).11 € W[xyy1 /2] and furthermore

W =W NWlzgi1/z]) U{x}.

Thus
(3.11 (3.12) (3.11)

(@) "2 s1(@rin) P2 so(mnen) 20 (@)

follows from the fact that x41 € Wlxgy1/2]. Therefore we conclude that
sh(y) = sh(y) for all y € W. (3.14)

. Furthermore,

Now since F is W-independent, we have that F(s]) = F(s5)
3.13) holds. There-

since s1(x) = F(s}) and s2(z) = F(sh), we conclude that (
fore (3.10) holds.
Let us then show that

A EX(Glap)(F fz) VT (3.15)

Note first that, by the definition of the mapping ¢ — ¢*, the variable x4
cannot appear free in ¥*. By Proposition 2.4.6, the satisfaction of any D-
formula ¥ only depends on those variables in a team that appear free in 9.
Therefore, (3.15) holds if and only if

A =X (G apa)(Ff2) {1y} O (3.16)

We have chosen G and F” in such a way that
X(G/xp1)(F' fx) [ {z1, ..., 2} = X(F/x),

hence (3.16) now follows from (3.6) and the induction hypothesis. From (3.10)
and (3.16) we conclude that (3.9) holds, from which (3.7) finally follows.

Assume then that A =x ¢*. Hence for G: X — A, defined by G(s) = s(z)
for all s € X, it holds that

A Ex(@/apr) I2(=Wtggr/z], x) AP*). (3.17)
Therefore, there exists a function F': X (G/xy41) — A such that
U =X (G (Ff2) (Wi /2], @) APT). (3.18)
Define the function F’: X — A such that
F'(s) = F(s(G(s)/2x11) ). (3.19)
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We will show that F’ is W-independent and that

A Ex(Fr/z) ¥- (3.20)

From this
A Ex Jx/Wep

follows. We will first show that F’ is W-independent. Let s1,s9 € X be such
that s1(y) = s2(y) for all y € W. We need to show that

F/(Sl) = F/(SQ).

By (3.19), this is equivalent to showing that

F(sl(G(sl) /xk+1)) = F(32 (G(s2) /xk+1)). (3.21)

Now let s7, s, € X(G/xps1)(F/x) be the assignments that arise from s; and
s9 by (re)evaluating x;.1 and z according to G and F, respectively. Note that
s and s}, are obtained from s; and sy by first copying the value for x to @i
and then reevaluating x according to F', respectively. Hence

s1(y) = s5(y) for all y € Wzpy1/2].

Therefore, from (3.18), it follows that s} (x) = sh(z). Now, since in fact

sy(z) = F(Sl(G(Sl)/ﬁ?kH)) and sy(z) = F(sz(G(82)/3«“k+1))

we conclude that (3.21) holds and hence F’ is W-independent.

To prove (3.20), notice first the following two facts: Firstly, by the definition
of the mapping ¢ — ¢*, the variable z;41 cannot appear free in ¢*. Hence,
by Proposition 2.4.6,

AEX @G ) Em ¥ A ExGm ) F) e o) Y

Secondly, notice that

X(GJxpi1)(F/z) [ {x1,. .., 21} = X(F'/x).

Hence

A =X (G ap) (/) " A x5 (3.22)
Now from (3.18), (3.22) and the induction hypothesis we conclude that (3.20)
holds. O
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For sentences Lemmas 3.3.9 and 3.3.10 imply the following.
Theorem 3.3.11. For every k > 2, D¥ < ITFF < Dk+1,

Proof. Fix k > 2. When ¢ is a DF-formula, we denote by ¢t the related ZF*-
formula of Lemma 3.3.9. Similarly, when ¢ is an ZF"-formula, we denote by
¢* the related D**!-formula of Lemma 3.3.10. Note first that, by Propositions
2.4.6 and 2.4.7, for every ZJF- and D-sentence ¢, every model 2 and every
nonempty team X of

AExy iff AEg e (3.23)

It is important to note that even if ¢ € D¥ is a sentence, it may happen
that the translation ¢ has free variables. This is due to the fact that the
variables in W are regarded as free in subformulae of ¢ of the form Jz/W1p.
Similarly if ¢ € ZF* is a sentence, it may happen that the D**'-formula ¢*
has free variables. However, we will show that this is not a problem.

We will first show that D¥ < ZF*. Let ¢ € D* be a sentence and Y be the

set of all assignments of 2 with the domain {z1,...,z;}. Now
(3,23)
Ay ¢ & Ay ¢
Lemrlg3.3.9 2A }:Y (,0+

= A ):{@} Vay...Vay g0+,

where the last equivalence holds by the semantics of universal quantifiers.
The proof for ZF* < DF*1 is completely analogous. Let ¢ € ZF* and Y

be the set of all assignments of 2 with the domain {z1,...,z}. Now
(3.23)
A ):{Q)} © = 2A ):Y @
Lemmé‘&&l[) A ):Y (,0*
= 2 ):{Q)} Vzi .. .ka(p*,

where the last equivalence holds by the semantics of universal quantifiers. Note
that, by the definition of the translation ¢ — ¢* of Lemma 3.3.10, the variable
Try1 cannot appear free in the formula ¢*. Hence Vzi...Vrie* is surely a
DFFlgentence. Now ZFF < DF1 since, e.g. non-emptiness of a (k + 1)-ary
relation is not expressible in ZF* and it is clearly expressible in DF*1, 0

The following proposition follows by deeper results of Sections 3.5 and 3.8
concerning a decidability barrier between two-variable dependence logic and
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independence-friendly logic. We will later show that while the satisfiability
problem and the finite satisfiability problem for D? are decidable, for ZJF?>
both of these problems are undecidable.

Proposition 3.3.12. D? < ZF2. This holds already in the finite.

Proof. By Theorem 3.3.11, we know that D? < ZF2. Hence, to proof the claim
it is enough to show that the following two conditions hold.

1. There exists an ZF?-sentence such that there does not exist any equiva-
lent D?-sentence.

2. There exists an ZJF2-sentence ¢ such that there does not exist any D?-
sentence 1 such that ¢ is equivalent to % in the class of all finite models.

The property of being grid-like (see Definition 3.7.6) can be expressed in ZJF?
but not in D?. It is easy to see, from the proof of Theorem 3.8.2, that if
there would be a D?-sentence equivalent to the ZF 2_sentence Pgridiike then the
satisfiability problem for D? would be undecidable. Since, by Theorem 3.5.4,
the satisfiability problem for D? is decidable there cannot be any D?-sentence
equivalent to @grigiike-

Analogously, in the finite there exists no D?-sentence equivalent to the
T F%-sentence Pingridlike (S€€ Section 3.7.2). It is easy to see, from the proof of
Theorem 3.8.4, that if there would be a D?-sentence equivalent to P fingridlikes
in the finite, then the finite satisfiability problem for D? would be undecidable.
Since, by Theorem 3.5.4, the finite satisfiability problem for D? is decidable
there cannot be any D?-sentence equivalent to the ZF 2_sentence ©fingridlike; 111
the finite. O

Interestingly, while for every k > 2, it holds that D¥ < ZF*, for k = 1, the
reverse holds.

Proposition 3.3.13. ZF' < D!

Proof. By Proposition 3.3.1 and Corollary 3.3.4, we have that FO! < D!.
Now since by Proposition 3.3.2 we have that ZF! = FO!, we conclude that
IF' <DL O
3.3.3 Fragments of existential second-order logic

In this section we study the relationship of finite variable dependence logics and
independence-friendly logics with fragments of existential second-order logic.
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Védnédnen established in [VA407] that every sentence of dependence logic can be
translated into an equivalent sentence of existential second-order logic. Using
the translation of Védninen, it can be shown that each sentence of D* can be
translated into an equivalent sentence of £1(FO?*). However, this translation
is not designed to minimize the number of distinct first-order variables used.
We show that by optimizing the use of variables, a translation can be made
into ©1(FO* ). In addition, we will show that by using first-order counting
quantifiers even this small increase of needed first-order variables is eliminated,
i.e., we show that for each DF-sentence there exists an equivalent sentence in
Y1(FOC*). This translation is optimal since clearly X}(FOCK1) does not
suffice, e.g nonemptiness of a k-ary relation can be expressed in D* but not in
YHFOC*1). Theorem 3.3.11 implies the related results also for finite variable
independence-friendly logics.

We will first show how to translate D*-sentences into equivalent sentences
of ©1(FOC*). We will then modify this translation to show how to translate
DF_sentences into equivalent sentences of X1 (FO*1). Notice that the counting
quantifier 35! (or in fact the expression =322 ) is the only counting quantifier
used in the translation below.

Lemma 3.3.14. Assume that k > 1. Let T be a relational vocabulary and let
R & 7 be a k-ary relation symbol. For every formula o € DF(T) there exists a
sentence

¢* € L{(FOCk)(r U{R})

such that for every model 2 and team X of A with dom(X) = {x1,...,z}

A=y o diff (A rel(X)) E " (3.24)
where (A, rel(X)) is the expansion A" of A into vocabulary 7 U {R} defined by
RY :=rel(X)'.

Proof. The proof is a modification of the proof of [V4&07, Theorem 6.2]. Fix
k > 1. We will define a translation

tre : D*(7) = SHFOCH) (r U{R})

inductively. Below we always assume that the quantified relations S and T are
fresh, i.e., they are assumed not to appear in try(¢)) or tri(). Notice that for
every D*-formula ¢

tri(¢) =351 ...35,¢,

!By rel(X), we mean the canonical representation of the team X as a relation, i.e.,
(a1,...,a,) €rel(X) if and only if s € X, where s(z;) = a;, for every 1 <14 <n.
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for some k-ary relation variables S7...S5,, n € N, and for some syntactically
FOC-formula ¢'. The translation try, is defined as follows.

1. If ¢ is a literal then trg(p) is defined as

Vo .. Vag(R(z, ..., xk) = @(z1,. .., 2k)).

2. Assume that ¢ is a dependence atom =(Z,x;), where & € {x1,..., 2}t
and t € N.

(a) If z; occurs in Z then try(y) is defined as
dzq(z1 = x1).
(b) If x; does not occur in & then try(p) is defined as
vz3Sle; 37 R(xy, . .., 1),

where 2 is exactly the sequence of variables in {z1,...,zx} \ {z;:}
(in alphabetical order) that do not occur in Z.

3. Assume that tri(¢) = 357...35,¢" and tri(¥) = 3Ty ... IT,0Y, where
¢ and ¥ are syntactically FOCF-formulae. Furthermore, assume that
S1,...8,,T1,...,T,, are all distinct.

(a) If ¢ is of the form (¢ V ¥9), then tri(y) is defined as
353735, ...3S,3T ... 3T (\m1 .. Vrp (R(:vl, o Tk)
> (St mk) V@1, 2x)) ) A (S/R) AY(T/R)).
(b) If ¢ is of the form (¢ A V), then tri(p) is defined as
Sy ... 38, 3Ty ... AT (¢ A ).

4. If ¢ is of the form Jz;¢ and tri(y) = 357 ...3S,9’, where ¢ is syntac-
tically an FOCK-formula, then try(p) is defined as

35381 ... 38, (Ve . Var(R(a, . 2k) = IiS(@1,. ., 2x)) AW (S/R)).

5. If ¢ is of the form Va4 and tri(v) = 357 ...3S,¢’, where ¢’ is syntac-
tically an FOCk-formula, then try () is defined as

3835, ...38, (\m1 L VaR(R(x1, .. an) = VaS(ar, ... xk) A z//(S/R)).
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A straightforward induction on ¢ shows that for every model 2 and every team
X of A such that dom(X) = {x1,..., 2}, we have that

Akx e iff (A rel(X)) k trilp).

We will proof here the cases 2b and 4. Assume that ¢ is =(&,2;), T €
{x1,...,7,}t and t € N. Furthermore, assume that z; does not occur in 7.
Let Z denote the sequence of variables in {x1,..., 2} \ {x;} that do not occur
in the tuple Z. Let 2 be a model and X a team of A with domain {x1,...,zn}.
The claim follows from the following equivalences.

AE=x =(Z,z;) <« Forevery si,s2 € X: 51(%) = s2(%) = s1(x;) = s2(wi).
< For every assignment s defined by s(Z) = @ there exists
at most one b € A such that there exists an expansion
of the assignment s(b/x;) in X.
& (A rel(X)) | V#ISta; 37 R(xy, . . ., w).

For the proof of case 4, assume that ¢ is Jx;0 and tri(¢) = 357 ...3S,¢/,
where 1 is syntactically an FOCF-formula. Let 2 be a model and X a team of
2 with domain {z1,...,zx}. The claim follows by the following equivalences.

A E=x vy & AEx(F/2,) ¥, for some function F': X — A.
< (A rel(X(F/x;))) | tri(y), for some function F': X — A.

& (A rel(X)) EIS(VJ:l...mG(R(z:l,...,mk)

= 328 (21, ) A tre()(S/R)).
& (2rel(X)) | 39 (Var .. Vag (R, .., o)

— 3a;S (a1, ... k) A ISy .. 35n¢’(5/R)).
& (A rel(X)) EISEISl...EISn(Vxl...ka(R(xl,...,a:k)

= 32iS(x, . 2x) AY(S/R)).

The first equivalence is due to the semantics of existential quantifiers and the
second follows from the induction hypothesis. The third equivalence follows
from the definition of X (F/z;). The fourth and the last equivalence is trivial.

O

Theorem 3.3.15. For every k > 1 it holds that D* < X1(FOCF).
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Proof. Let T be a relational vocabulary and k > 1. Let ¢ be a D¥(7)-sentence
and

©*=3Ry,... Ry

)_

the related X1 (FOCF)(rU{R})-sentence given by Lemma 3.3.14. The following
conditions are equivalent.

1. A=
2. A =x ¢ for some team X such that dom(X) = {x1,...,zx}.
3. (2, rel(X)) E ¢* for some team X such that dom(X) = {z1,...,zx}.

4. (A,R) = 3Ry ... 3R, (31 ...k R(x1,. .., x) A1) for some nonempty
R C A*

5. A= 3R3R; ... 3R, (Fxy ... FxpR(z1, ..., 2k) AN ).

The equivalence of 1 and 2 follows from Proposition 2.4.6 and the fact that
fr(p) = 0. By Lemma 3.3.14, conditions 2 and 3 are equivalent. The equiva-
lence of 3 and 4 follows from the fact that the relations rel(X) with dom(X) =
{z1,...,x} are exactly nonempty subsets of AF. The conditions 4 are 5 clearly
equivalent. ]

Hence, by Theorem 3.3.11, we obtain the following corollary. Note that the
strictness of the inclusion follows due to the fact that ZF**! can, and ZF"
cannot, express nonemptiness of a (k + 1)-ary relation.

Corollary 3.3.16. For every k > 1 it holds that TF* < $1(FOCF).

The following theorem follows from the proofs of Lemma 3.3.14 and Theo-
rem 3.3.15 with a small modification. It also follows from the proof of [VA4&a07,
Theorem 6.2] after a small adjustment.

Theorem 3.3.17. For every k > 1 it holds that D* < ¥ (FOFL).

Proof. For each k > 1, the translation
tre : D*(1) = SHFOCH) (r U{R})

defined in the proof of Lemma 3.3.14 can be easily modified to a translation
try, : DF(1) = LHFOM Y (r U{R})

by replacing case 2b of the translation tr; by the following case 2b’.
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2. Assume that ¢ is a dependence atom =(Z,z;), where T € {1,..., x5}’
and t € N.

(b") If z; does not occur in Z then tri(yp) is defined as
VEVx; Ve, ((EIZR(:L“l, ey Tg)
N HZR(l'l, ey L1, Tl 1y L1y - - - ,xk)) — X = $k+1)7

where 7 is exactly the sequence of variables in {z1,...,2x} \ {z;}
(in alphabetical order) that do not occur in Z.

Clearly the proofs of Lemma 3.3.14 and Theorem 3.3.15 can be straightfor-
wardly modified to handle the translation ¢rj. O

Hence, by Theorem 3.3.11, we obtain the following corollary.

Corollary 3.3.18. For every k > 1 it holds that TF* < $1(FOF?).

3.4 Finite model property and zero-one law

In this section we will show that the separation between one-variable and
higher-variable logics, already manifested in Section 3.3.1, also manifests it-
self in regards to the zero-one law and the finite model property. We show that
the logics ZF* and D* have the zero-one law and the finite model property if
and only if £ = 1.

We start by giving the definitions of the zero-one law and the finite model
property. We then recall the related folklore results concerning first-order logic.

Definition 3.4.1. Let 7 be a finite relational vocabulary and L(7) a logic. We
denote by Stry,(7) the class of all T structures with domain {1,...,n}. We
say that L(T) has the zero-one law if for every L(T)-formula ¢ the asymptotic
probability that ¢ is true in a model is 0 or 1, i.e., if

1o {2 E St () |2 o}
we € Stra()]

€ {0,1}.

Definition 3.4.2. Let L be a logic. We say that L has the finite model property
if every L-sentence @ that has a model has a finite model.

We now recall the related folklore results concerning first-order logic.

Theorem 3.4.3 ([GKLT69, Fag76]). First-order logic has the zero-one law.
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Proof. For a proof see, e.g. [EF99]. O

Theorem 3.4.4 ([Mor75]). FO? has the finite model property.

Proof. For a proof see, e.g. [EF99]. O
The following proposition is a self-evident corollary of Theorem 3.4.4.

Proposition 3.4.5. ©1(FO?) has the finite model property.

Proof. Let T be a relational vocabulary and let ¢ be a 3{(FO?)(7)-sentence.
We will show that if ¢ has a model then is has a finite model. Assume that
there exists a model 2 of vocabulary 7 such that

A = .
Since ¢ is a $1(FO?)(7)-sentence
o =3X;...3X 0,

for some relation variables X1, ..., X} and some syntactically FO?-formula ).
Hence

A= 3X ... 3X .

Let Ry,...,Rr € 7 be fresh relation symbols with arities corresponding to
X1,..., Xk, respectively. Then clearly

" ': w(Rl/Xl,.. . ,Rk/Xk),

for some expansion 2* of 2 to the vocabulary 7 U{Ry,..., Ry}. Since clearly
Y(Ry/X1,..., R/ Xy)isan FO?(TU{Ry, ..., Ry})-sentence, by Theorem 3.4.4,
there exists a finite 7 U {Ry, ..., R }-model B such that

B ): w(R1/X1,--- ,Rk/Xk)

Hence, for the 7 reduct B* of 9B, it holds that B* = . Since B* is a finite
7-model, we are done. ]

We are now ready to show that the k-variable fragments of ZF and D have
the zero-one law and the finite model property only when k = 1.

Proposition 3.4.6. Let k > 1. The logics ZF* and D* have the zero-one law
if and only if k = 1.
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Proof. By Theorem 3.4.3, first-order logic has the zero-one law. Furthermore,
by Propositions 3.3.2 and 3.3.6, we have that D! < FO and IF' < FO.
Hence it follows that both D! and ZF' also have the zero-one law. Claim 1
of Proposition 3.3.7 with Theorem 3.3.11 implies that neither D? nor ZF? has
the zero-one law. This is due to the fact that the D? and ZF? expressible
property |P%| < 1|A| (ie., |[P¥ < |(=P)%|) has the limit probability 3. Now
since neither ZF? nor D? has the zero-one law it follows that, for all k& > 2,
neither ZF* nor DF has the zero-one law. O

Proposition 3.4.7. Let k > 1. The logics TF* and D* have the finite model
property if and only if k = 1.

Proof. By Theorem 3.3.17, each sentence of D! has an equivalent sentence
in ©}(F0O?). By Proposition 3.4.5, X} (F0O?) has the finite model property,
and hence D! has the finite model property. Similarly since by Proposition
3.3.2 IF' = FO!, also ZF' has the finite model property. As observed in
Proposition 3.3.7, there is a D?({))-sentence expressing that the domain of the
model is infinite. Hence, for every k > 2, it holds that D* does not have the
finite model property. By Theorem 3.3.11, this also holds for ZF¥, for every
k> 2. O

3.5 Satisfiability of finite variable dependence logics

In this section we study the complexity of the satisfiability problem and the
finite satisfiability problem for finite variable fragments of dependence logic.
We will show that for D! both of these problems are NP-complete, while for
D? these problems are NEXPTIME-complete. For k > 3, we will show that
the satisfiability problem for DF is I19-complete, whereas the finite satisfiability
problem for D¥ is ¥.9-complete. Our proofs rely on the translations from D¥
into X1(FOCF) described in Section 3.3.3 and the corresponding complexity
results for the k-variable first-order logic and the k-variable first-order logic
with counting.

We start by stating some well known complexity results from the literature.

Theorem 3.5.1 ([Coo71, PHO8]). SaT(FO!), FINSAT(FOY), Sat(FOC!)
and FINSAT(FOC') are all NP-complete.

Theorem 3.5.2 ([GKV97, PHO5]). SAT(FO?), FINSAT(FO?), SaT(FOC?)
and FINSAT(FOC?) are all NEXPTIME-complete.

Theorem 3.5.3. The following hold for every k > 3.
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1. SAT(FOF) and SAT(FOC*) are both T19-complete.
2. FINSAT(FOF) and FINSAT(FOCF) are both X9-complete.

Proof. For a proof see, e.g [BGGIT]. O

We will then use the connections between finite variable dependence logics
and fragments of first-order and second-order logic, from Section 3.3, together
with the results of Theorems 3.5.1, 3.5.2 and 3.5.3 to prove the corresponding
complexity results for finite variable dependence logics.

Theorem 3.5.4.
1. SAT(D') and FINSAT(D!) are NP-complete.
2. SAT(D?) and FINSAT(D?) are NEXPTIME-complete.
3. SAT(D¥) is I9-complete and FINSAT(DF) is X0-complete, for k > 3.

Proof. By Proposition 3.3.1, FO* < D, for every k > 1. Hence, the corre-
sponding hardness result for each claim follows from the corresponding hard-
ness results for SAT(FOF) and FINSAT(FOF), i.e., Theorems 3.5.1, 3.5.2 and
3.5.3, and the fact that the translation from FOF to DF is polynomial (in fact
it is the identity function).

The corresponding inclusions are due to the translations from DF into
YH(FOC) described in Section 3.3.3. Let ¢ € D*(7) be a sentence. By Theo-
rem 3.3.15, there exists an equivalent ¥ (FOCF)(7)-sentence ¢'. Now since ¢’
is a X1 (FOC*)(r)-sentence, it is of the form

IR, ... 3R,

where 1) is some FOCF(r U {Ry,..., Ry})-sentence. Note that we identify
the second-order variables Ry, ..., R; with second-order relation symbols with
corresponding arities. The following are clearly equivalent.

1. The D*(r)-sentence ¢ is (finitely) satisfiable.
2. The X}(FOCF)(r)-sentence ¢’ is (finitely) satisfiable.
3. The FOC*(r U{Ry,..., Ry})-sentence 1 is (finitely) satisfiable.
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Now since the transformation from ¢ to % is clearly computable in polynomial
time, see the translation used in Lemma 3.3.14, we conclude by Theorem 3.5.1
that

SaT(D'), FInSar(D') € NP,

by Theorem 3.5.2 that
SAT(D?), FINSAT(D?) € NEXPTIME,
and by Theorem 3.5.3 that for every k > 3

SAT(DF) € T1Y and FINSAT(DF) € 9.

3.6 Undecidability via tiling

In this section we introduce structures and methods that we will later employ to
prove undecidability of the satisfiability and the finite satisfiability problem for
two-variable independence-friendly logic. We start by defining some important
structures used in the proofs later on. We then introduce a powerful and flexible
method of proving undecidability called the tiling method. The advantage of
the tiling method is its adaptiveness to accommodate multitude of logics with
ease. Finally, we describe two undecidable problems called the tiling problem
and the finite tiling problem.

We start by defining structures and classes of structures utilized in the
tiling method. The grid is the structure & = (N2, V, H), where

V ={((i.5), (i,j +1)) € N> x N* | i, j € N} and
H={((i,5),(i +1,5)) € N* x N* | i, € N}.
Recall that, for every k € N, k = {0,1,...,k — 1}. For each n,m € N, we call
the structure m x n = (m x n, V™" H™") where
V™ = (4, 5), (4,5 + 1)) € (mxn)? [i<m,j<(n—1)}and
H™" = {((i,7),(i +1,5)) € (mxn)* i< (m—1),j<n},
the m x n grid. A structure is called a finite grid if it is an m x n grid for some
m,n € N.

Let T be a set of unary predicate symbols. We call an expansion &’ of &
to the vocabulary {V, H} UT a T-labelled grid, if each point u of & belongs
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to the extension of exactly one predicate symbol P € T'. Analogously, we say

that a structure
A= (A V,H {P}per)

is a T-labelled finite grid if the {V, H} reduct of 2 is a finite grid and if each
point in A belongs to the extension of exactly one predicate symbol P € T.
By Gr and Fr, we denote the class of all T-labelled grids and the class of all
T-labelled finite grids, respectively.

Definition 3.6.1. Let R and S be binary relation symbols and let T be a set
of unary predicate symbols.

o We say that a structure A = (A, R, S) is a supergrid if there is a homo-
morphism from the grid & to 2.

o We say that a structure B = (B, R,S) is a superfingrid if there is a
component C' of B such that B | C' is isomorphic to some finite grid.
By a component, we mean some minimal nonempty subset C' of B such
that if a pair (a,b) is in either of the relations RY or S® then a is in C
if and only if b is in C.

e We call the expansion A’ of A to the vocabulary {R,S}UT a T-labelled
supergrid if 2 is a supergrid and each point u of A" belongs to the exten-
ston of exactly one predicate symbol P € T.

o We call the expansion B’ of B to the vocabulary {R,S}UT a T-labelled
superfingrid if B is a superfingrid and each point u of B’ belongs to the
extension of exactly one predicate symbol P € T'.

We will now describe the tiling method. A function ¢ : 4 — N is called a
tile type. Define the set

TILES := { P, | tis a tile type }

of unary relation symbols. The unary relation symbols in the set TILES are
called tiles. The numbers t(i) of a tile P, are the colours of P,. The number
t(0) is the top colour, t(1) the right colour, t(2) the bottom colour, and ¢(3) the
left colour of P;.

Let T be a finite nonempty set of tiles and V and H binary relation symbols.
We say that a structure 2 = (A, V, H) is T-tilable, if there exists an expansion
of 2 to the vocabulary {H,V}U{ P, | P, € T } such that the following
conditions hold for each u,v € A.
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. The point u belongs to the extension of exactly one symbol P; in T'.

. If uHv, P/(u) and Ps(v) hold then the right colour of the tile P; is the

same as the left colour of the tile Pi.

If uVv, Pi(u) and Ps(v) hold then the top colour of the tile P; is the
same as the bottom colour of the tile Ps.

Let T be a finite nonempty set of tiles and Py, Py € T. We say that a
finite structure A of vocabulary {V,H} is (T\,b, f)-tilable, if there exists an
expansion of 2 to the vocabulary {H,V}U{ P, | P, € T } such that the
following conditions hold for each u,v € A.

1.

2.

The point u belongs to the extension of exactly one symbol P; in T.

The point u belongs to the extension of P, if there does not exist a point
w such that wHwu or wVwu holds.

The point u belongs to the extension of Py if there does not exist a point
w such that uHw or uVw holds.

If uHv, P;(u) and Ps(v) hold then the right colour of the tile P; is the
same as the left colour of the tile P.

. If uVwv, Py(u) and Ps(v) hold then the top colour of the tile P; is the

same as the bottom colour of the tile P;.

We are now ready to define two undecidable problems called the tiling
problem and the finite tiling problem. Let F denote the set of finite, nonempty
subsets of TILES, and let

S = {(T,b,f)|TEF, P,PreT}.

We then define that

T ={TeF | &isT-tilable },
FT ={(T,b,f) €S | there exists a finite grid m x n such that
m x nis (T,0b, f)-tilable}.

The tiling problem is the membership problem of the set T with the input set
F. The finite tiling problem is the membership problem of the set F7T with
the input set S.
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Theorem 3.6.2 ([Ber66]). The tiling problem is 119-complete.
Theorem 3.6.3 ([LPRT95)). The finite tiling problem is ¥.9-complete.

Lemma 3.6.4. There is a computable function associating each input T to the
tiling problem with an FO*-sentence o1 of vocabulary 7 := {H,V}UT such
that for every structure A of vocabulary {H,V'} it holds that the structure 2
is T-tilable iff there exists an expansion A" of A to the vocabulary T such that

A ): T

Proof. Straightforward. O

Lemma 3.6.5. There is a computable function associating each input (T, b, f)
to the finite tiling problem with an FO?*-sentence o(T.p,p) of vocabulary T =
{H,V}UT such that for every finite structure 2 of vocabulary {V, H} it holds
that, the structure 2 is (T, b, f)-tilable iff there exists an expansion A* of A to
the vocabulary T such that A* = O(T,b,f)-

Proof. Straightforward. O

It is easy to see that the grid & is T-tilable iff there exists a supergrid that
is T-tilable. Likewise, there exists a finite grid that is (7', b, f)-tilable iff there
exists a superfingrid that is (7, b, f)-tilable.

3.7 Encoding supergrids and superfingrids

In this section we show how to encode tiled supergrids and superfingrids in
structures with just one binary relation. We show that for every finite set
of tiles T there exists an ZF>2-definable class of structures Cr of vocabulary
{R} such that a sufficiently rich class of T-tiled supergrids is uniformly FO?-
interpretable in Cp. Likewise, we show that for every finite set of tiles T" there
exists an ZF?-definable class of structures &7 of vocabulary {R} such that a
sufficiently rich class of T-tiled superfingrids is uniformly FOZ?-interpretable
in &r. The structure of this section is the following. We start by defining
some auxiliary formulae used in the encodings later on. In Section 3.7.1 we
show how to encode supergrids in structures with just one binary relation. In
Section 3.7.2 we modify this encoding to handle superfingrids. In Section 3.7.3
we show how the encodings of Sections 3.7.1 and 3.7.2 can be expanded to
manage tiled supergrids and superfingrids. Finally in Section 3.7.4 we show
that our encodings work as planned.
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We start by defining some auxiliary formulae used later on in this section.
First note that a binary relation R can be partitioned in three subrelations R,
R4 and R; such that

Rs ={(a,b) € R| (b,a) € R and a # b},
Ry = {((L,b) € R‘ (bva) ¢R},
Ry ={(a,b) € R|a="0}.

Note also that each of these relations can be defined from R by an FO?-formula.
We define the following abbreviations:

(Pdirected(ajv y) = R(l‘, y) A _‘R(y’ 33),
(Psymmetric(ma y) = R(JJ, y) A R(ya .’E) Nz 7£ Y.
The formula ¢ girectea defines the directed part Ry of R, while @symmetric defines
the symmetric part Ry of R. There is no need to define an abbreviation for a
formula defining R;, since R; is definable from R by a simple atomic formula
R(z,x).
We will next define the formulae we use to encode the domain, and the

horizontal and the vertical relations of supergrids and superfingrids. Define
that

Pridpoint(®) = FY(R(Y,y) N Psymmetric(T,y))
Ay (=R(y,y) A Psymmetric(T,Y)),
Phorizontal (T, Y) = Pirected(T,y) A (R(z,2) < R(y,y)),
Puertical(T,Y) = Pirected(T,y) N (R(z,2) ¢ ~R(y,y)).
The idea here is that the directed part of the relation R is used to encode both
the horizontal relation and the vertical relation of supergrids and superfingrids,
reflexive loops are used to differentiate the relations. Points of the domain are
encoded as three point gadgets, see Figure 3.1. Figure 3.2 is an illustration of

the grid & = (N2, V, H), while Figure 3.3 illustrates an encoding of the grid by
one binary relation.

Definition 3.7.1. Let R be a binary relation symbol, 2 a structure of vocab-
ulary {R} and u,v € A. We say that u is a gridpoint of 2 if

Pgridpoint(w) holds in 2.

We say that v is a vertical successor of u and that u is a vertical predecessor
of v in A if
Ouertical(U, V) holds in 2.

63



FINITE VARIABLE DEPENDENCE LOGIC AND ZF-LOGIC

SY

O

Figure 3.1: Illustration of a gadget encoding a gridpoint a. Here a is a point
satisfying @gridpoint(a) :

Figure 3.2: Illustration of the grid. The dashed lines correspond to the vertical
relation V' while the continuous lines correspond to the horizontal relation H.
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DEORONOEON)

QD D D D Q..

Figure 3.3: Hlustration of an encoding of the grid. The lines connecting points
with loops to points with loops, and points without loops to points without
loops correspond to the horizontal relation H. The lines connecting points
with loops to points without loops, and vice versa, correspond to the vertical

relation V.

Analogously, we say that v is a horizontal successor of u and that u is a hori-
zontal predecessor of v in A if

@hom’zontal(u, U) holds in 2.
We call the relations

{(u,v) € Ax A| v is a vertical successor of u in A}

{(u,v) € Ax A| v is a horizontal successor of u in A}

the vertical and horizontal successor relation of 2, respectively. Note that we
are not asserting (yet) that the relations actually are successor relations.

3.7.1 Gridlike structures

We will now introduce the structures we call gridlike structures. Gridlike struc-
tures will be used to encode supergrids. We first give an informal description,
a formal definition is given after the informal one.

Description 3.7.2. Informally, we call a structure A = (A, R) gridlike if it
satisfies the following intuitive statements.
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1. There exists exactly one gridpoint uw € A that has neither vertical nor
horizontal predecessors. We call this point the origo.

2. If a point u € A has a vertical successor v and a horizontal successor w
then v and w are distinct.

3. The horizontal and vertical relations of 2 are partial injections.
4. Each gridpoint has a horizontal and a vertical successor.

5. Each horizontal successor and vertical successor of a gridpoint is a grid-
point.

6. If a point u € A does not have a vertical predecessor then its horizontal
successor does not have a vertical predecessor.

7. If a point u € A does not have a horizontal predecessor then its vertical
successor does not have a horizontal predecessor.

8. Every gridpoints horizontal successors vertical successor is also its vertical
successors horizontal successor.

We will show how to formalize these conditions one by one. First note that,
by the definitions of @porizontar a0d Pyertical; condition 2 always holds. Define
then that

(Pfunctional(X) = V:rVy (X(.I‘, y) — Elw/{y} T = y) and
Oinjective(X) :=VaVy(X (y,x) — 3z /{y}x =y).

It is straightforward to check that the formulae @ punctionar(X) and @ijective(X)
assert that the interpretation of the binary relation X is functional and injec-
tive, respectively. Hence the formula

Pinjection (X) = (Pfunctional(X) A Pinjective (X)

asserts that the interpretation of the relation X is a partial injection. Define
then that

P HVinjection = Sainjection(‘Phorizontal/X) A Spinjection(sovertical/X)a

where @injection((Phorizontal/X) and Soinjection(sovertical/X) are the formulae ob-
tained from @ipjection(X) by substituting each occurrence of X (xz,y) by the
formula (Phorizontal(xa y) and (pvertical('r: y)7 respectively. Clearly

2 ): QOHVinjection
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if and only if condition 3 of Description 3.7.2 holds in 2. Define then that
@om’go(x) = Sogridpoint(x) Ay (_‘Sohorizontal(ya ZZ?) A _‘Sovertical(ya .’L‘)),
P1—origo ‘= dz (@origo(x) A \V/y(ZE 75 Yy — _'Soom'go(y))) .
It is easy to see that
A ): ¥ 1—origo
if and only if condition 1 of Description 3.7.2 holds in 2. Now let
Pgridinfinity ‘= Va (‘;Ogm‘dpoz'nt (:E) — (Ely(‘;phom‘zontal(xa y) A @gm’dpoint(y))

A Ely((/)vertical(x7 y) A Sogridpoint(y)))) .

Notice that if the horizontal and vertical successor relations are partial injec-
tions, i.e., if condition 3 of Description 3.7.2 holds in 2, then

2 ): P gridinfinity
if and only if conditions 4 and 5 of Description 3.7.2 hold in . Conditions 6

and 7 of Description 3.7.2 are also straightforward to formalize. Let

Prorders ‘= PW—border \ PS—borders

where @ w_porder is @ shorthand notation for the formula

Va (Ely (@hom’zontal(ya -T) A vxﬁ@vertical(ﬁa y)) — Vy_‘(pvertical(% l’))

and ©g_porder 1S & shorthand notation for the formula

Va (Ely (vaertical(ya $) A vx_‘@hom‘zontal(xa y)) — Vy_‘SDhom'zontal(ya ZE)) .

It is easy to check that
2 ): Pborders

if and only if conditions 6 and 7 of Description 3.7.2 hold in .

We have now formalized conditions 1-7 of Description 3.7.2. It is straight-
forward to check that each of the formulae above can be also written in D?.
However we will show that condition 8 of Description 3.7.2 can be formalized
in ZF? but not in D2. We will show that this small difference in the expres-
sive power of these logics yields a massive difference in the complexity of these
logics. We will see that while the satisfiability problem for D? is decidable, the
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problem for ZF? is not. The bottom reason for this is that D? cannot express
condition 8 of Description 3.7.2.
Define that

Palmostgridlike ‘= ¥ 1—origo A ¥ HVinjection A Pgridinfinity N Pborders-
Definition 3.7.3. We call a structure 2 = (A, R) almost gridlike if

2 ': Palmostgridlike-

Lemma 3.7.4. A structure A = (A, R) is an almost gridlike structure if and
only if conditions 1 - 7 of Description 3.7.2 hold in 2.

Proof. Straightforward by the arguments given above. O
We will next show how condition 8 can be formalized in ZF?2. Define that
Pevenjoin(T) = R(x,x) N vy((‘ﬁham’zontal(m7 Y) V Quertical(T, y))
= 32/{y} (~R(2,2) A (Phorizontat (¥, 2) V Pucrticar(y: 7)) )
Poddjoin(x) '="R(x,z) A Vy((@horizonmz(ﬂ?, Y) V uertical(T, Y))
= 32/{y} (R(z, 2) A (Phorizontat(: %) V uerticar (¥, 2))) ),
Pjoin =T (ﬁpgm'dpomt(x) = (Pevenjoin(x) V (Poddjoin(x)))-
Lemma 3.7.5. Let A = (A, R) be an almost gridlike structure. Then
DI Pioin
if and only if condition 8 of Description 3.7.2 holds in 2.

Proof. By Lemma 3.7.4, conditions 1-7 of Description 3.7.2 hold in every grid-
like structure. Since @ grigpoint() is a first-order formula, by Proposition 2.4.5,
Pjoin is equivalent to the formula

Va (@gridpomt (z) (3.25)
— (((Pgridpoint(x) A @evenjoin () V (Pgridpoint () A %ddjom(m))))-
Notice then that when restricted to teams with domain {x}, the ZF?-formula
Pgridpoint (T) N Pevenjoin (T)
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is equivalent to the first-order formula
Sogridpoint(x) A R(.%’, l’) A levy((gphorizontal(x7 y) \ ‘pvertical(wa y)) (326)

= (AR(,2") A (Phorizontat (4,) V Guerticat(y, 7)) )-
Now, by conditions 2, 3 and 4 of Description 3.7.2, the formula
Pgridpoint () A R(z, z) A 3x'Iy; Fys (3.27)
(y1 # Y2 A Phorizontal (T, Y1) A Puertical (T, y2) A 2 R(2,2")
A (horizontat(y1, ") V Puertical(y1, 7))
A (Phorizontal (Y2, T') V Puertical (Y2, SC')))

is equivalent to the formula (3.26) in the class of almost gridlike structures.
Due to condition 3, neither

Sohom’zontal(yla .17,) A (Phorizontal(y% LL”) nor Spvertical(yla xl) A (Pvertical(y% {L‘/)

can be true in an almost gridlike structure if y; # yo. Hence, the formula
(3.27) is equivalent to the formula

(pgridpoint<m) A R(l‘, .ZL‘) A 395/5@1392 (yl 7& Y2 A _'R(xla (L‘/) (328)
A ((@horizonml(mv yl) A vaertical(li’ y?) A Sohom'zontal(ylu SC/) A Sovertical(y% l'/))

\ (Sohorizontal(wa yl) A @vertical(x) y2) A Sovertical(yla l‘/) A (Phorizontal(y% xl))>>

in the class of almost gridlike structures. Now recall the definition of ©porizontai-
If R(xz,z) and =R(2’,2’) hold then
Sohorizontal(wa Z/) A Qphorizontal(y7 xl)

cannot hold, for any y. Therefore, the formula (3.28) is equivalent to the
formula

(pgridpoint<x) A R(l‘, J)) A 395/3y13y2 (yl 7£ Y2 A _'R(xlv .’El) (329)
A ‘Phom‘zontal(xa yl) A @’uertical(xy y2) A Sovertical(yla -T/) A Cphorizontal(y% .’L'/)) .

Due to condition 2 of Description 3.7.2 and the definitions of @pnorizontar and
Yoertical;, We conclude that the simple formula

Pevenjoin* (x) = Sogridpoint(x) A R(ZE, x) A EIxlzly15|y2 (@hom’zontal($a yl)
A ‘Pvertical(xy y2) A (Pvertical(ylv .CC/) A (Phom'zontal(y% xl))
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is equivalent to (3.29) in the class of almost gridlike structures. Therefore, the
formula

Sogridpoint(x) N Y evenjoin (.%')

is equivalent to Qepenjoin= in the class of almost gridlike structures and when
restricted to teams with domain {z}. By an analogous argument, the formula

(pgridpoint (.Z') A Sooddjoin (1’)

is equivalent to the formula

Poddjoin* ($) = Sogridpoint(l') A _‘R(l'a .’E) A Hfﬁlﬂylﬂyz (Sohom'zontal(xa yl)
A (PveTtical(x7 y2) A @vertical(ylv QJI) A (Phorizontal(y% $/))

in the class of almost gridlike structures and when restricted to teams with
domain {z}. Hence, by the above equivalences, (3.25) is equivalent to

YV (Sogridpoint (:II) — (Soevenjoin* (:II) \ Spoddjoin* («T))) )

in the class of almost gridlike structures. Since the above formula is first-order
it follows, by Proposition 2.4.5, that it is equivalent to

Va (Spgridpoint ($) — 333,33/1 32/2 (Sohorizontal($a yl) A @Uertical(x> y2) (330)

A Sovertical(yla CEI) A (Phorizontal(y% SIJ’))),

Thus (3.30) is equivalent to @jom in the class of almost gridlike structures.
From this the claim clearly follows. O

We are now ready to give a formal definition of a gridlike structure. Let

Pyridlike ‘= Palmostgridlike /\ Pjoin-

Definition 3.7.6. Let 2 be a structure of vocabulary {R}. We say that 2 is
a gridlike structure if

2= Pgridlike-

Lemma 3.7.7. A structure A = (A, R) is gridlike if and only if the conditions
of Description 3.7.2 hold in 2.

Proof. Follows directly from Lemmas 3.7.4 and 3.7.5. O
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3.7.2 Fingridlike structures

In this section we define structures we will later use to encode superfingrids. We

name these structures as fingridlike structures. This sections is a modification
of Section 3.7.1.

We will first give an informal description of fingridlike structures. A formal
definition is given after the informal one.

Description 3.7.8. Informally, we call a finite structure 2 = (A, R) fingrid-
like if it satisfies the following intuitive statements.

1.

There exists exactly one gridpoint u € A that has neither vertical nor
horizontal predecessors. We call this point the origo of 2.

If a point u € A has a vertical successor v and a horizontal successor w
then u and w are distinct.

The horizontal and vertical relations of 2 are partial injections.

. Buvery horizontal successor and vertical successor of a gridpoint is a grid-

point.

If a point does not have a vertical predecessor then its horizontal successor
does not have a vertical predecessor.

If a point does not have a horizontal predecessor then its vertical successor
does not have a horizontal predecessor.

If a point does not have a vertical successor then its horizontal successor
does not have a vertical successor.

If a point does not have a horizontal successor then its vertical successor
does not have a horizontal successor.

If a gridpoint u has a vertical successor v and a horizontal successor v’
then there exist a point w such that w is a horizontal successor of v and
a vertical successor of v'.

We will make use of abbreviations defined in Section 3.7.1, i.e., ©gridpoints
Puerticals P1—origor Y HVinjection, P W —border, and ¥ S—border- We define that

Pfinborders ‘= ¥ W—border N ON—border \ PE—border /\ PS—border;

71



FINITE VARIABLE DEPENDENCE LOGIC AND ZF-LOGIC

where YE_porder 18 @ shorthand notation for the formula

Va (ay (Sohorizontal(ya (E) A vm_‘sovertical(ya (E)) — Vyﬂ@vertical(a:, y))

and QN _porder is @ shorthand notation for the formula

Va (Ely (Sovertical(yv LU) A vfL‘_‘Sohom'zom‘al(yv x)) — vy_'SOhom'zontal(xa y)) .
Furthermore, let
Pgridsuccessor = VxVy (‘;Ogm‘dpoint (55) A (@hom’zontal(x, y) \ Qofuertical(xa y)))
— ‘pgm'dpomt (y)

and define the abbreviation

Palmostfingridlike ‘= ¥©1—origo /\ P HVinjection /\ Pfinborders /\ P gridsuccessor -
Definition 3.7.9. We say that a finite structure 2 = (A, R) is almost fingrid-
like if

2 }Z Palmostfingridlike-

Lemma 3.7.10. A finite structure A = (A, R) is almost fingridlike if and only
if it satisfies conditions 1-8 of Description 3.7.8.

Proof. First note that the following equivalences carry over from Section 3.7.1.

Condition 1 of Description 3.7.8 holds  iff 2 |= ¢ _origo-
Condition 3 of Description 3.7.8 holds iff 2 }= wrvinjection-

Note also that condition 2 of Description 3.7.8 holds always. It is straightfor-
ward to check that condition 4 of Description 3.7.8 holds if and only if

2 l: (pgridsuccessor .

Likewise, it is easy to check that

A ): Pfinborders

if and only if conditions 5 - 8 of Description 3.7.8 hold in 2. Hence the claim
holds. O
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Next we define a variant of ¢4, suitable for the finite case. Recall that

Pevenjoin(®) = R(@, ) AVY( (Phorizontat(%,9) V Puerticat(2, )
= 32/{y} (~R(2,2) A (Phorizontat (¥, 2) V Pucrticar(y: 7)) )
Poddjoin(T) ="R(x,x) A Vy((@horizontaz(% Y) V uertical(T, Y))
— 32/{y} (R(z,2) A (Phorizontat(8: 2) V Puertica (9. ))) )
Define then that
Pfinjoin = VT ((@gridpomt(x) A Y Phorizontal (T, Y) A Y Puerticar (T, y))
— (@evenjoin(x) V ‘Poddjoin(x)))'
Lemma 3.7.11. Let A = (A, R) be an almost fingridlike structure. Then
2 |: P finjoin
if and only if condition 9 of Description 3.7.8 holds in 2.

Proof. By Lemma 3.7.10, conditions 1-8 of Description 3.7.8 hold in every
fingridlike structure. Let

Psuccessors («77) = Ely Sohorizontal(xv y) A Ely Sovertical(xa y)

Since QYsuccessors() is a first-order formula it follows, by Proposition 2.4.5, that
Pfinjoin 18 equivalent to the formula

Va ((@gridpoint(x) A Psuccessors(T)) (3.31)
= ((Psuccessors () A Pevensoin (%)) V (Pouccessors(@) A Poddjoin()) ) ).
Notice then that when restricted to teams with domain {z}, the formula
Psuccessors(T) N Pevenjoin ()

is equivalent to the first-order formula

Psuccessors (1’) A R(.I', 1’) A EIx/vy((90h01”izontal(xa y) \ (pvertical(xy y)) (332)

— (_\R(ﬂf,, :E,) A (@hom‘zontal(ya 55/) Vv SDvertical(ya .T/)))) .
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Furthermore, by conditions 2 and 3 of Description 3.7.8, the formula

Dsuccessors(T) A R(x, ) A 3o’ Iy Jyo (3.33)
(yl # Y2 A Phorizontal (T, Y1) A Poertical (2, y2) A ~R(a', z")
A (Phorizontat (Y1, ') V @uertical(y1, "))
A (horizontal (Y2, ') V Oyerticat (Y2, x')))

is equivalent to the formula (3.32) in the class of almost fingridlike structures.
Note that if y; # yo then, by condition 3 of Description 3.7.8, neither

@hom’zontal(yla l‘/) A @hom’zontal(y% -'E/) nor Sove'rtical(yla 'T/) A @vertical(y% xl)

can be true in an almost fingridlike structure. Hence the formula (3.33) is
equivalent to the formula

Osuccessors(T) A R(x, ) A 3’y Jyo (y1 # yo A R(2', 2) (3.34)
(Sohorizontal(l'a yl) A (Pvertical($7 y2) A Sohorizontal(yla ZL‘/) Vv ‘pvertical(y% IL‘/))

V (‘Phom’zontal(mv ?/1) A Qavertical(ma y2> A (Pvertical(ylv l‘,) A Sphom‘zontal(y% lj)))

in the class of almost fingridlike structures. Recall the definition of ©porizontai-
Now, if R(z,z) and =R(2’,2’) hold then

Sohorizontal(wa y) A c)Ohorizontal(3/7 aj,)

cannot hold, for any y. Hence the formula (3.34) is equivalent to the formula

(Psuccessors(x) A R($7 .ili‘) A ElwlzlyIEkUQ (yl 7é Y2 A _‘R(x,a .’L'/) (335)
A @hom’zontal(l'a yl) A (Pvertical(xa y2) A ‘Pvertical(yla -T/) A @horizontal(y% x,))

Due to condition 2 of Description 3.7.8 and the definitions of @porizontar and
Puertical, We conclude that the simple formula

Pevenfinjoin (.%') ‘= Psuccessors (x) A R($, .1‘) A 396/33/1 Jyo ((Phorizontal(x> yl)
A Spvertz'cal(xa y2) A (Pvertical(yl’ 33/) A @hom’zontul(?/?y $/))

is equivalent to (3.35) in the class of almost fingridlike structures. Therefore,
the ZF2-formula

Psuccessors ((L’) A (Pevenjoin (1’)
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is equivalent to the formula @eyenfinjoin in the class of almost fingridlike struc-
tures when restricted to teams with domain {z}. By an analogous argument,
the formula

Spsuccessors(x) A onddjoin(x)

is equivalent to the formula

Poddfinjoin (55) ‘= Psuccessors (-T) A ﬁR(l‘, SL‘) A E|.T/E|y1 Jyo (Sahorizontal(xv yl)
A (Pvertical(xy y2) A (Pvertical(yh .%',) A (Phorizontal(y% :L'/))

in the class of almost fingridlike structures when restricted to teams with do-

main {z}. By the above equivalences, we conclude that (3.31) is equivalent
to

vV ( (Sogridpoint (x> A Psuccessors (33)) — (‘Pevenﬁnjoin (x> \ P oddfinjoin (:C)) )

in the class of almost fingridlike structures. Since the above formula is first-
order it follows, by Proposition 2.4.5, that it is equivalent to

vx((@gridpoint (x) A (Psuccessors(x» — 3$/3y13y2 ((Phorizontal(xa yl)

A @vertical(fp, y2) A @vertical(ylu $/) A Sohom'zontal(y% lJ))) .

Hence, the above formula is equivalent to ¢ fnjoim in the class of almost fingrid-
like structures. From this the claim clearly follows. O

We are now ready to give a formal definition of fingridlike structures. Let
Pfingridlike ‘= Palmostfingridlike /\ P finjoin-
Definition 3.7.12. We say that a finite structure A = (A, R) is fingridlike if
A fingridiike-

Lemma 3.7.13. A finite structure A = (A, R) is fingridlike if and only if the
conditions of Description 3.7.8 hold in 2.

Proof. Follows directly from Lemmas 3.7.10 and 3.7.11. O
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3.7.3 Labelled structures

We will next show how to expand the encodings defined in Sections 3.7.1 and
3.7.2 to handle T-labelled supergrids and superfingrids. The idea is that propo-
sition symbols are encoded by gadgets of the following type. For n > 1, let
&, = (Gp, Ry) be the structure such that G, = {k € N | k < n} and

R, ={(0,1),(1,0)} U{(i,i+1) CN? |1 <i<n}

Definition 3.7.14. We call a structure A an n-gadget if it is isomorphic to
B, and we call a structure a gadget if it is an n-gadget for some n € N. Let
A be a gadget and f a related isomorphism. We call the point a € A such that
f(a) = 0 a root of the gadget. Note that for n > 2 the root of an n-gadget A
1S unique.

Remember that a tile type is just a function ¢t : 4 — N. Hence we can
define a canonical ordering < on the set of all tiles. Let § : TILES — Z. be
a function that arises from <. For each tile P, we use 0(P;)-gadgets to encode
the extension of the proposition symbol P;. The idea is that a point a is in
the extension of the proposition symbol P; if and only if the encoding of a is a
root of some §(P;)-gadget in the encoding. See Figure 3.4 for an illustration.
We first define the following auxiliary formulae recursively.

@U—path(lﬁ) :=YY “Phorizontal (T, y)a

900—path(y) :=VYZ ~horizontal (Y T),
(2) =3y (Lhorizontal(T,Y) N P(n—1)—path(¥)),
(y) = 390(90ham‘zonml(y> ) A So(n—l)—path(x))‘

Pn—path\T

Pn—path\Y

We then define that

@Pt—gadget(w) = Ely(ﬂR(y, y) A (Psymmetmb(wa y) A (‘O(é(Pt)—J) (y))

—path

The intended meaning of the formula ¢p,_gqdget() is that the interpretation
of z is a root of some §(P;)-gadget. For each finite set of tiles T we define that

P T—labelled =V ((Pgridpomt(x) — ( /\ _'(SOPt—gadget(fc) A @Ps—gadget(w))
Py, PseT t#s

A \/ @Ptfgadget(m)))

PeT
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e
v
Kok

Figure 3.4: Illustration of an encoding of a labelled grid.

Definition 3.7.15. Let T be a finite set of tiles. We call a structure A = (A, R)
a T-labelled gridlike structure if

A = Pgridiike N © T—labelled-

Analogously, we say that a finite structure B = (B, R') is a T-labelled fingrid-
like structure if

B = Qfingridiike N PT—labelled-

3.7.4 Interpreting labelled supergrids and superfingrids

We will now show that for every finite set of tiles T" a sufficiently rich class of
T-labelled supergrids is uniformly FOZ%-interpretable in the class of T-labelled
gridlike structures. Analogously, we show that for every finite set of tiles T" a
sufficiently rich class of T-labelled superfingrids is uniformly FO?-interpretable
in the class of T-labelled fingridlike structures.

Lemma 3.7.16. There is a computable function I such that for each nonempty
set T of tile symbols there is a class St of T-labelled supergrids such that
Gr C Sy and the function I is a uniform FO?*-interpretation of St in the
class of T-labelled gridlike structures.
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Proof. Let T be a finite nonempty set of tiles. Define the formulae

Ypom () = @gm’dpoint(x)y
(T, Y) = Phorizontal (T, Y),
ev(2,Y) = Puertical(x, y), and
©p, (%) = ©Pp,—gadget(x) for each P, € T.

The formulae @ pom, v v and @p, define the uniform FO?-interpretation I.
Let 20 = (A, R) be a T-labelled gridlike structure. Call

Sy ={ueA[AE ¢pom(u) },
and define the structure
Sa = (S, HS*, VO, (P2 prer),
where
H® = { (u,v) € S x Sa | A= o (u,v) },

VGQ[ = { (’LL, U) € Sy X Sy | 2 ): (,OV(U,U) }7
P = {ue& Sy | Ak op(u)} for cach P, € T.

From Lemma 3.7.7 and Description 3.7.2 it is easy to see that there is a ho-
momorphism from some T-labelled grid into Gg. Hence Gy is a T-labelled
supergrid. Let f : Sy — A be the identity function. Now clearly f is a
bijection from Sy to

{ue A A ppom(u)}
such that the following conditions hold for all u,v € Sy and P, € T"

1. (u,v) € H®* < oy (f(u), f(v)),
2. (u,v) € VO & oy (f(u), f(v)),
3. ue P & op(f(u).
Let
Sr = {6y € Str({H,V}UT) | 2 is a T-labelled gridlike structure }.

The function I is a uniform FO>?-interpretation of Sy in the class of all T-
labelled gridlike structures. For each T-labelled grid &’ it is easy to construct
a T-labelled gridlike structure 21 such that Gy = &’. Hence Gr C S7. ]
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Lemma 3.7.17. There is a computable function J such that for each nonempty
set T of tile symbols there is a class SFr of finite T-labelled superfingrids such
that Fr C SFr and the function J is a uniform ]:OQ—interpretation of SFr
in the class of all finite T-labelled fingridlike structures.

Proof. Let T be a finite nonempty set of tiles. Define the formulae

@ Dom () = gridpoint(2),
©H(T,Y) = Phorizontal (T, ),
ev(T,Y) = Puertical(,y), and
©p,(T) := ©P,—gadget(x) for each P, € T

The formulae @ pom, Yr @v and ¢ p, define the uniform F O2-interpretation J.
Let 20 = (A, R) be a finite T-labelled fingridlike structure. Call

Sa={u€A|AEppm(u) },
and define the structure

So = (S, HO, VO, (PP per),
where

H® = { (u,v) € S x Sy | A b= omr(u,v) },
VGQ{ = { (U, U) € Sy X Sy | 2 ): QDV(U,U) }7
PP = {ue Sy | Ak op(u) } for each P, € T.

From Lemma 3.7.13 and Description 3.7.8 it is easy to see that there is a
connected component in &g that is isomorphic to some T-labelled finite grid.
Hence Gy is a finite T-labelled superfingrid. Let f : Sy — A be the identity
function. Now clearly f is a bijection from Sy to {u € A | A = @ pom(u)} such
that the following conditions hold for all u,v € Sy and P, € T

L (u,v) € H < on(f(u), f(v)),
2. (u,0) €V & oy (f(u), f(v),

3. ue PP & op(f(u).
Let

SFr :={6y € Str({H,V}UT) | A is a finite T-labelled fingridlike structure }.
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The function J is a uniform FO?-interpretation of FS7 in the class of all finite
T-labelled fingridlike structures. For each T-labelled finite grid &’ it is easy to
construct a finite T-labelled fingridlike structure 2l such that Sy = &’. Hence
Fr C SFr. ]

3.8 Satisfiability of finite variable Z F-logics

In this section we study the complexity of the satisfiability problem and the
finite satisfiability problem for finite variable independence-friendly logics. We
show that while both problems are NP-complete for the one-variable case, the
problems become undecidable already for two-variable ZF-logic. More pre-
cisely, we show that, for k > 2, the satisfiability problem and the finite satis-
fiability problem for ZF k are 19-complete and X9-complete, respectively. We
show that this holds already in the case where the vocabulary consists of just
one binary relation symbol and nothing else. This improves our corresponding
result from [KKLV11] where two binary relations and infinitely many unary
relations are needed.

Theorem 3.8.1. SAT(ZF') and FINSAT(ZF?) are both NP-complete.

Proof. By Proposition 3.3.2, we know that ZF' = FO!. Since the translations
are polynomial, the result follows from the corresponding result for FO!, i.e.,
Theorem 3.5.1. O

The rest of this section is devoted on showing that the satisfiability prob-
lem and the finite satisfiability problem for ZF? are II9-complete and %9-
complete, respectively. Remember that SAT(ZF) and FINSAT(ZF) are IIY-
complete and Y.9-complete, respectively (Theorem 2.5.8). Hence if SAT(ZF?)
and FINSAT(ZF?) are II9-complete and X9-complete, respectively, it follows
that SAT(ZF*) and FINSAT(ZFF) are TI{-complete and X9-complete, respec-
tively, for every k > 2.

Theorem 3.8.2. Let R be a binary relation symbol. The satisfiability problem
for ZF*({R}) is I9-complete.

Proof. The upper bound follows directly from Theorem 2.5.8. For the lower
bound, let 0 = {H,V} be the vocabulary of supergrids and let 7 = {R} be
the vocabulary of gridlike structures. There is a computable function that
associates each input 7T to the tiling problem with an ZJF?(7)-sentence

Pgridlike \ © T—labelled
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that defines the class of T-labelled gridlike structures with respect to the class
of all T-structures, for the construction see Sections 3.7.1 and 3.7.3. By Lemma
3.6.4, there is a computable function that associates each input T to the tiling
problem with an FO? (cUT')-sentence pp such that a structure 2 of vocabulary
o is T-tilable if and only if there is an expansion A* of the structure 2 to the
vocabulary o UT such that 2A* = ¢r. Note that, by Proposition 2.4.5, for any
syntactically first-order sentence it holds that

Akroy iff AEoe

By Lemma 3.7.16, there exists a computable function I such that for each input
T to the tiling problem there exists a class of T-labelled supergrids St such
that Gy C St and such that the function I is a uniform F Oz—interpretation of
St in the class of all T-labelled gridlike structures.

Let T be an input to the tiling problem. Define the ZF?(7)-sentence

VYT = Qgridiike N O T—labelled /\ I(er).

We will prove that, for each input T" to the tiling problem, the following con-
ditions are equivalent.

1. There exists a 7 structure 8 such that B = 7.
2. The grid & is T-tilable.

Thereby we establish that there exists a computable reduction from the tiling
problem to SAT(ZF?({R})). Since the tiling problem is I{-complete, this
shows that SAT(ZF2({R})) is I19-hard.

Let T be an input to the tiling problem. Assume first that the grid & is 7T-
tilable. Therefore there exists an expansion &* of the grid & to the vocabulary
{H,V} U T such that &* E=ro ¢r. Now since 8* € Gr C Sp, by Lemma
3.2.3, there exists a T-labelled gridlike structure 2 such that 2 =ro I(¢r).
Since 2 is a T-labelled gridlike structure, we have that

A = Pgridiike N © T—labelled-

Therefore 2 = 9.
For the converse, assume that there exists a 7-structure 8 such that B =
1. Therefore

B = Pgridiike N PT—lavellea  and B Ero I(pr).
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Since B = Qgridiike N @ T—labelled, the structure B is a T-labelled gridlike struc-
ture. Therefore, and since B =xp I(pr), we conclude by Lemma 3.2.3 that

A =ro er,

for some T-labelled supergrid 2 € Sp. Thus there exists a supergrid that is
T-tilable. Hence the grid & is T-tilable.
O

Corollary 3.8.3. SAT(ZF*) is I1Y-complete, for every k > 2.

Theorem 3.8.4. Let R be a binary relation symbol. The finite satisfiability
problem for TF*({R}) is X{-complete.

Proof. The upper bound follows directly from Theorem 2.5.8. For the lower
bound, let ¢ = {H,V} be the vocabulary of superfingrids and let 7 = {R}
be the vocabulary of fingridlike structures. There is a computable function
that associates each input (7', b, f) to the finite tiling problem with an ZF?(7)-
sentence

Pfingridlike /\ P T—labelled

that defines the class of finite T-labelled fingridlike structures with respect to
the class of all finite 7-structures. The construction of the sentence is described
in Sections 3.7.2 and 3.7.3. By Lemma 3.6.4, there is a computable function
that associates each input (T, b, f) to the finite tiling problem with an FO?(oU
T')-sentence @7, ) such that a finite grid § is (7,0, f)-tilable if and only if
there is an expansion §* of the structure § to the vocabulary ¢ U T such that
5 E ©(rp,f)- Remember that, by Proposition 2.4.5, for any syntactically
first-order sentence it holds that

SErop it FEe

By Lemma 3.7.17, there exists a computable function J such that for each
input (7, b, f) to the finite tiling problem there exists a class of finite T-labelled
superfingrids SFr such that Fr C SFr and the function J is a uniform FO?-
interpretation of SFr in the class of all finite T-labelled fingridlike structures.

Let (T,b, f) be an input to the finite tiling problem. Define the ZJF?(7)-
sentence

V(Tp.f) = Pingridiike N P T—labelied N J (P(Tp, 1))

We will prove that, for each input (7,b, f) to the finite tiling problem, the
following conditions are equivalent.
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1. There exists a finite 7 structure B such that B = 1y, ).
2. There exists a finite grid § such that § is (7', b, f)-tilable.

Thereby we establish that there exists a computable reduction from the finite
tiling problem to FINSAT(ZF2({R})). Since the finite tiling problem is %9-
complete, this shows that the finite satisfiability problem for ZF?({R}) is ¥9-
hard.

Let (T, b, f) be an input to the finite tiling problem. Assume first that there
exists a finite grid § such that it is (7', b, f)-tilable. Therefore there exists an
expansion §* of § to the vocabulary {H,V} U T such that

5 Ero omp.f)-

Now since §* € Fr C SFr and since J is a uniform FO%-interpretation of
SFr in the class of all finite T-labelled fingridlike structures, we conclude by
Lemma 3.2.3 that there exists a finite T-labelled fingridlike structure 2 such
that

A E=ro J(@rpn)
Since 2 is a finite T-labelled fingridlike structure, we have that
A = Pfingridiike N P T—labelled-

Therefore 24 = (7, f)-
For the converse, assume that there exists a finite 7-structure 28 such that

B = Yrp, -

Therefore

B = Cfingridiike N PT—labelled  a0d B E=ro J(@1.f))-

Since B is finite and B = Qpngridiike N @ T—labelled, it is a finite T-labelled
fingridlike structure. Now since J is a uniform FO?-interpretation of SFr
in the class of all finite T-labelled fingridlike structures, and since B =rp
J(@(p,5)), We conclude, by Lemma 3.2.3, that 2 =r0 (14, f), for some finite
T-labelled superfingrid 2 € SFr. Thus, there exists a superfingrid that is
(T, b, f)-tilable. Hence, there exists a finite grid that is (7', b, f)-tilable.

O

Corollary 3.8.5. FINSAT(ZFY) is X9-complete for every k > 2.
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3.9 Complexity of model checking

In this section we study variants of the model checking problem for finite
variable dependence logics and independence-friendly logics. We show that,
for k > 2, the data complexity and the combined complexity for D¥ and ZF*
are all NP-complete. Hence we answer “yes and yes” to a question asked in
[KKLV11], i.e., is it possible to define NP-complete problems in D? and ZF2.
We give a reduction from the dominating set problem, an NP-complete problem
from graph theory, to the model checking problem with a fixed D?-sentence.
For related work see the Ph.D. thesis of Jarmo Kontinen [Kon10] and the article
[Gral3] by Erich Grédel.

We first recall the definitions for graphs and dominating sets. A finite graph
is a structure

G=(V,E),

where V is a finite set and F is a subset of the set
{{u,v} | u,v € V}.

The elements of V' are called vertices and the elements in F are called edges. A
set D C V is called a dominating set for the graph G if for every vertex v € V
either v € D holds or there exists some vertex v € D such that {u,v} € E
holds.

We are now ready to describe the NP-complete problem to be used in the
proof of Proposition 3.9.4 to show that the data complexity for D? is NP-hard.

Definition 3.9.1. The dominating set problem is the following decision prob-
lem: Given a graph G and a number n € N, does there exist a dominating set
for G of size at most n.

Theorem 3.9.2. The dominating set problem is NP-complete.
Proof. For a proof, see [GJ90]. O

Every graph G = (V, E) can be naturally identified with a first-order struc-
ture Ag = (Ag, Rg) of vocabulary { R}, where

Ag=V and Rg:={(u,v) € A% | {u,v} € E}.

We call g the first-order structure corresponding to G. Let P be a unary
relation symbol and A7, some expansion of 2g to the vocabulary {R, P}. We
call the structure Ay, a first-order structure corresponding to (G, n) if the car-
dinality of the extension of the proposition symbol P in 27 is min{n,|V|}.
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Lemma 3.9.3. There exists a polynomial time algorithm that constructs from
any given finite graph G = (V, E) and a natural number n a first-order structure
(Gn) corresponding to (G,n).

Proof. Straightforward. O
We are now ready to show that the data complexity for D? is NP-hard.
Proposition 3.9.4. The data complezity for D? is NP-hard.

Proof. We will prove the NP-hardness by a polynomial time reduction from
the dominating set problem to the model checking problem with a fixed D?-
sentence. By Lemma 3.9.3, there is a polynomial time algorithm that con-
structs from each input (G,n) to the dominating set problem a first-order
structure 2l ) corresponding to (G,n). Let ¢gsp denote the following D?
sentence

V:cEIy((E(x,y) Vz=y)AJx(=(z,y) A P(x)))

It is straightforward to check that the following conditions are equivalent for
any finite graph G = (V, E) and n € N.

1. G has a dominating set of size at most n.
2. A = pgsq for some first-order structure A corresponding to (G,n).
3. A = @qgq for all first-order structures 2 corresponding to (G, n).

Hence the following conditions are equivalent for every input (G,n) to the
dominating set problem.

1. G has a dominating set of size at most n.

2. Q‘(G,n) ): Pdsg-

Now, since the dominating set problem is an NP-complete problem and 2 )
is constructed from G by a polynomial time algorithm, it follows that the data
complexity of D? is NP-hard. O

Since finite variable fragments of independence-friendly logic and depen-
dence logic translate into finite variable fragments of existential second-order
logic, the following theorem provides us upper bounds for the complexities of
the model checking problems for finite variable independence-friendly logics
and dependence logics.
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Theorem 3.9.5 ([Var82]). The expression complexity and the combined com-
plezity for ESOF is NP-complete, for every k > 1.

For finite variable dependence logics we have the following theorem.
Theorem 3.9.6. The following hold for every k > 2.

1. The data complexity for D* is NP-complete.
2. The expression complexity for D* is in NP.

3. The combined complexity for DF is NP-complete.

Proof. Fix k > 2. We will first show the lower bounds for the data complexity
and the combined complexity for D¥. By Proposition 3.9.4, the data complexity
for D? is NP-hard. Therefore the data complexity of D is NP-hard. Now since
the combined complexity is bound below by the data complexity, it follows
that the combined complexity for DF is NP-hard. For the upper bounds,
note first that, by Theorem 3.9.5, the combined complexity for ESO" is in
NP, for every n € N. Therefore, and since the translation from DF to ESOFF!
defined in Theorem 3.3.17 is clearly polynomial, we conclude that the combined
complexity for D* is in NP. Since the data complexity and the expression
complexity is bound above by the combined complexity, it follows that both
the data complexity and the expression complexity for DF is in NP. O

As a corollary, we obtain the corresponding results also for finite variable
independence-friendly logics.

Corollary 3.9.7. The following hold for every k > 2.
1. The data complexity for IF* is NP-complete.
2. The expression complexity for TF* is in NP.
3. The combined complexity for ZF* is NP-complete.

Proof. Straightforward by the polynomial time translations from D¥ into ZF*
and from ZF* into D*t!, Lemmas 3.3.9 and 3.3.10, and the corresponding
complexity results for D¥, Theorem 3.9.6. ]

Furthermore, since ZF! is essentially the same as FO!, the model checking
for ZF' and FO! coincide. Moreover, by Proposition 3.3.6, each D' sentence
is equivalent to some first-order sentence. Therefore and since, by Theorem
2.5.10, the data complexity for FO is in AC?, it follows that the data com-
plexity for D! is also in ACY.
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3.10 Conclusion

In this chapter we studied the expressive power and the computational com-
plexity of finite variable fragments of dependence logic and independence-
friendly logic. We compared the expressive powers of these logics to frag-
ments of first-order logic and existential second-order logic. We presented a
comprehensive study on the computational complexities of different variants
of the satisfiability problem and the model checking problem for these logics.
In addition, we addressed some model theoretic properties of these logics.

We established that k-variable fragments of independence-friendly logic and
dependence logic have the zero-one law and the finite model property only
when £k = 1. We showed that while the expressive powers of one-variable
independence-friendly logic and one-variable first-order logic coincide, the ex-
pressive power of two-variable independence-friendly logic is not bounded even
by that of monadic second-order logic. We obtain that, for each k > 1,

IFF < SH(FOCHY)  and  IFF < B (FOF).

We showed that while the expressive power of one-variable dependence logic is
bounded by that of first-order logic, for each k > 1,

Dl £ FOF.

For the two-variable fragment we established that D? £ MSO. In addition,
we showed that, for each k > 1,

DF < »i(FOC*) and DF < DH(FOFH.

Moreover, we discovered a hierarchy between the expressive powers of finite
variable dependence logics and independence-friendly logics. We showed that,
for every k > 2,

DF < ITFF < DML

For k = 2, we showed that also the first inclusion is strict. The result was a
by-product of a deeper result of detecting a decidability barrier between ZJF?2
and D2. Moreover as a peculiar quirk, we noticed that for the one-variable
fragments the order is flipped, i.e., that ZF' < D

In addition to questions concerning expressive power, we studied the com-
putational complexity of the satisfiability problem and the model checking
problem. We established the following trichotomy concerning the satisfiability
and the finite satisfiability problem for finite variable dependence logics.

87



FINITE VARIABLE DEPENDENCE LOGIC AND ZF-LOGIC

e The satisfiability and finite satisfiability problem for D' is NP-complete.

e The satisfiability and finite satisfiability problem for D? is NEXPTIME-
complete.

e The satisfiability and finite satisfiability problem for D* is undecidable
for every k > 3. The satisfiability problem is II{-complete, while the
finite satisfiability problem is %{-complete.

For finite variable fragments of independence-friendly logic, we have the fol-
lowing dichotomy.

e The satisfiability and finite satisfiability problem for ZF" is NP-complete.

e The satisfiability and finite satisfiability problem for ZF* is undecidable
for every k > 2. The satisfiability problem is II9-complete, while the
finite satisfiability problem is ¥9-complete.

Concerning the model checking problem, we established the following results,
for every k > 2.

e The data complexity for D¥ and ZF* is NP-complete.
e The expression complexity for D¥ and ZF* is in NP.
e The combined complexity for D* and ZF* is NP-complete.

Many interesting related problems remain open. We conclude with three
of them.

1. What is the computational complexity of the validity problem for finite
variable dependence logics and independence-friendly logics.

2. Does DF < ZFF hold for k > 2 and does ZF* < D**1 hold for vocabu-
laries of fixed arity.

3. Is the expression complexity for ZF ¥ and DF NP-hard.
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Chapter 4

Boolean Dependence Logic and
Partially-Ordered Connectives

In this chapter we introduce a new variant of dependence logic called Boolean
dependence logic (BD). Boolean dependence logic extends first-order logic
with special restricted versions of dependence atoms which we call Boolean
dependence atoms. While all variables occurring in dependence atoms

:(J:la e 7xn7y)

of dependence logic are first-order variables, in Boolean dependence atoms
=(z1,...,Zn, Q)

of Boolean dependence logic only the antecedents x1,...,x, are first-order
variables, whereas the consequent « is a Boolean variable. A Boolean variable
is special kind of variable with values that range over the set {T, L}, i.e.,
Boolean variables as assigned a value true or false.

Boolean dependence atoms provide a direct way to express partially-ordered
connectives in a similar manner as dependence atoms express partially-ordered
quantifiers. To make this connection more clear, we define a syntactic variant
of the partially-ordered connectives of Sandu and Vadndnen [SV92], closely
related to the narrow Henkin quantifier of Blass and Gurevich [BG86]. We
show that our definition of partially-ordered connectives is, in a strong sense,
equivalent to that of Sandu and Vaandnen. We then establish a novel connec-
tion between partially-ordered connectives and Boolean dependence logic. For
example, the partially-ordered connective

Vr Hdo
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defined with Boolean variables, can be expressed in Boolean dependence logic
by the formula

Vaz3aVy3B(=(z, a) A=(y, B) A p).

Intuitively, the dependence atoms of dependence logic express quantifica-
tion over functions. The meaning of the dependence atom

:(xla o 7xn7y)

is that there exists a k-ary function that maps the values of the variables
x1,...,Ty to the value of the variable y. Analogously, Boolean dependence
atoms can be interpreted as expressing quantification of relations or, more
precisely, characteristic functions of relations. In this sense, the meaning of
the Boolean dependence atom

=(x1,...,%p, Q)

is that there exists a characteristic function of an n-ary relation that maps the
values of the variables z1,...,z, to the value L or T. Since the expressive
powers of dependence logic and existential second-order logic coincide, and
since in existential second-order logic it is clear that functions and relations
are interdefinable, the question arises whether there is any significant difference
between dependence logic and Boolean dependence logic. In fact, in terms of
expressive power there is no difference, we show that the expressive power
of dependence logic and Boolean dependence logic coincide. On the other
hand, natural fragments of Boolean dependence logic directly correspond to
logics enriched with partially-ordered connectives. We show that in terms of
expressive power, certain fragments of Boolean dependence logic coincide with
natural logics enriched with partially-ordered connectives. In addition, we show
that these fragments of Boolean dependence logic form a strict hierarchy with
respect to expressive power.

The results of this chapter can be seen as a contribution to the analysis
of fragments of existential second-order logic. In particular, we are able to
separate natural fragments of existential second-order logic. We also give new
insight concerning interdefinability of functions and relations in the framework
of dependence logic, and henceforth contribute to the basic research of the
dependence phenomenon.

The structure of this chapter is as follows. In Sections 4.1 and 4.2 we give a
formal definition of Boolean dependence logic and state some of its elementary
properties. In Section 4.3 we first briefly discuss the origin of partially-ordered
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connectives. We then give two alternative definitions for partially-ordered con-
nectives, one familiar from the literature, and a syntactic variant that makes
the comparison to Boolean dependence logic more straightforward. Finally, we
show that, in a rather strong sense, these two definitions are equivalent. In
Section 4.4 we define three natural fragments of Boolean dependence logic. We
name them as bounded Boolean dependence logic (BBD), restricted Boolean
dependence logic (RBD) and universal Boolean dependence logic (V-BD). In
Section 4.5 we show a normal form for bounded Boolean dependence logic,
and in Section 4.6 we use this normal form to show that the expressive power
of BBD, RBD and V-BD coincide with the expressive power of natural logics
enriched with partially-ordered connectives, namely FO(POCY), POC[FO)]
and POC[QF], respectively. In Section 4.7 we show that BD, BBD, RBD and
V-BD form a strict hierarchy with respect to the expressive power.

This chapter is a revised and extended version of the conference article
[EHLV13]. The style of the article [EHLV13] is extremely compact and hence
in some parts arduous to read and to understand. Due to page limitations,
multitude of proofs were forced to be shortened or even omitted. The objective
of this chapter is to present a more precise and less cumbersome presentation
of the topic. The main improvements are listed below.

1. The proofs concerning the equivalence of partially-ordered connectives
by Sandu and Véadnédnen and partially-ordered connectives with Boolean
variables, i.e., Lemmas 4.3.3 and 4.3.4, are new.

2. The definitions concerning occurrences of subformulae, i.e., Definitions
4.4.1 and 4.4.2, have been made more precise. This improvement makes
the definition for BBD more understandable, and also improves the read-
ability of many proofs henceforth.

3. The proof of Proposition 4.5.11 has endured a major revision, e.g the
concept of an evaluation (Definition 4.5.8) was introduced in order to
simplify the proof.

Furthermore a number of lesser inaccuracies were corrected and weaknesses im-
proved. The research leading to the article [EHLV13] was a joint effort by the
author of this thesis, Johannes Ebbing, Lauri Hella and Peter Lohmann. The
core ideas were formed in joint sessions by the authors. Most of the technical
work done in Sections 4.1 - 4.6 was done by the author of this thesis. The def-
inition of partially-ordered connectives with Boolean variables was formulated
by professor Lauri Hella. The original idea behind the proof of Theorem 4.6.2
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was by the author of this thesis, whereas the first formulation of the proof was
by Hella. The first draft of the proof of Theorem 4.6.5 was done by Johannes
Ebbing based on the ideas of Lohmann. Most of the work concerning Section
4.7 was done by professor Hella.

4.1 Boolean dependence logic

Boolean dependence logic (BD) is a variant of dependence logic in which the
consequents of dependence atoms are Boolean variables instead of first-order
variables. We denote Boolean variables by the Greek letters o and 3, whereas
we use x,Y, 2z to denote first-order variables as usual. We use x to denote a
variable that is either a first-order variable or a Boolean variable. Tuples of
variables are denoted by &, E , Z,9 and ¥, respectively.

Definition 4.1.1. Let 7 be a relational vocabulary. The syntax of Boolean
dependence logic BD(T) is defined from T by the following grammar:

o = xp=x|mm=w2|a|a|=(x1,..., 28, q) |
R(z1,...,xn) | "R(z1,...,2p) |
(eVe) | (pAp) [Vop | 3ze | Jap.

Analogously to dependence logic, the semantics for Boolean dependence
logic is defined in terms of teams, i.e., sets of assignments. The only differ-
ence here is that in Boolean dependence logic we are also assigning values for
Boolean variables. Hence, in this chapter, assignments over 2l are finite func-
tions that map first-order variables to elements of A and Boolean variables to
elements of { L, T}. We further assume that AN {L, T} is always empty. No-
tice that Boolean variables are never assigned a value from the domain A and
first-order variables are never assigned a value 1 or T. If s is an assignment,
z a first-order variable and a € A, we denote by s(a/x) the assignment with
domain dom(s) U {x} such that

s(a/z)(x) :{ s(x) ifx#w

a if x =u.

Analogously, if s is an assignment, a a Boolean variable and a € {1, T}, we
denote by s(a/a) the assignment with domain dom(s) U {a} such that

s(afa)(x) = { sty 1fx#o

a if x =a.
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Let A be a set and {x1,...,Zn,a1,...,qn} a finite (possibly empty) set of
variables. A team X of A with domain

dom(X) ={z1,...,zp,a1,...,n}

is any set of assignments from dom(X) into AU {L, T}. However, we fix that,
for the empty team @, dom(@)) = 0. If X is a team of A, and F': X — A and
G: X — {L, T} are functions, we use

o X (F/x) to denote the team {s(F(s)/x)|s e X},
o X (G/a) to denote the team {s(G(s)/a) | s € X}, and
o X(A/z) to denote the team {s(a/x)|s € X and a € A}.

Let X be a team of A, W C dom(X) and F' : X — A a function. We say
that the function F' is W-determined if for every assignment s,s’ € X the
implication

VxeW:s(x)=s'(x) = F(s)=F(s)
holds.

Definition 4.1.2. Let 2 be a model and X a team of A. The satisfaction
relation A =x ¢ for Boolean dependence logic is defined as follows.

AE=x R(xy,...,zp) & Vse X:(s(x),...,s(x,)) € R™

A=x “R(x1,...,7,) & Vse X:(s(z1),...,s(zn)) € RY.

AE=x =(x1,...,2p,0) & Vs, t € X :s(xy) =t(x1),...,8(xy) = t(xy)
implies that s(a) = t(«)

AEx a & VseX:is(a)=T.
A E=x o & Vse X :s(a)= L.
AEx (pAY) & AEx ¢ and A E=x .
AEx (9 V) & Aky ¢ and A =z 7,
for some Y and Z such thatY UZ = X.
A Ex Jxy & A Ex(p/z) ¥ for some F: X — A.
A Ex Jarp & A Ex(F/a) ¥ for some F: X — {1, T}.
A =y Vi & AExa/m P

Remark 4.1.3. Note that we do not allow universal quantification of Boolean
variables in the syntax of Boolean dependence logic. We have chosen this con-
vention in order to make the comparison to logics with partially-ordered con-
nectives more straightforward. Furthermore, allowing universal quantification
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of Boolean variables would not add anything essential to Boolean dependence
logic, since universal quantification of Boolean wvariables can be simulated by
universal first-order and existential Boolean quantifiers. It is easy to check
that, with respect to models with cardinality at least 2, the formulae Yoy and

VachEloz(((x =yAa)V(z=yA-a))A 90)’

where x and y are fresh first-order variables that do not occur in ¢, are equiv-
alent.

The set fr(p) of free variables of a BD-formula ¢ is defined recursively in
the obvious manner, i.e., in addition to the rules familiar from first-order logic,
we have that

fr(=(z1,..., 25, @) = {z1,..., 2K, 0},
fr(=a) = fr(a) = {a},
fr(Ja¢) = fr(p) \ {a}.

If fr(¢) = 0, we call ¢ a sentence. We say that the sentence ¢ is true in the
model 2 and write

A,
if 2 =gy ¢ holds. We define the following abbreviation.

Definition 4.1.4. Let V = {z;,,...,x;,} where i; < ij41, for all j < n. By
=(V,a) and =(V,y) we denote =(z;,,...,x;,, ) and =(x;,, ..., T, ,Y), respec-
tively.

Note that while the precise ordering of the n first first-order variables in
the dependence atom corresponding to =(V, ) or =(V,y) is irrelevant, to be
precise, we have to fix some ordering. Hence we choose the most canonical one.

4.2 Elementary properties of Boolean dependence
logic

In this section we state some elementary results on Boolean dependence logic

familiar from dependence logic. In Boolean dependence logic, as well as in

dependence logic, the truth of a formula depends only on the interpretations
of the variables occurring free in the formula.
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Proposition 4.2.1. Let ¢ be a BD-formula of vocabulary 7, 2 a 7-model and
X a team of A. If V D fr(p), then

AE=xe iff AkExv e

Proof. The proof is essentially the same as the proof of the corresponding
proposition for dependence logic, [V4407, Lemma 3.27], with just one addi-
tional analogous case for the existential Boolean quantifiers. O

Boolean dependence logic is a conservative extension of first-order logic.

Proposition 4.2.2. Let ¢ be a formula of BD without Boolean wvariables,
i.e., p is syntactically a first-order formula. Then for all models A, teams
X of A and assignments s of A:

LAE e iff AskEroe.
2. AEx ¢ iff AtEro e foreveryte X.

Proof. Follows directly from the corresponding proposition for dependence
logic, i.e., Proposition 2.4.5. O

The next two lemmas state that in Boolean dependence logic one can freely
substitute subformulae by equivalent formulae and free variables by fresh vari-
ables with the same extension.

Lemma 4.2.3. Suppose that ¢, ¥ and ¥ are BD-formulae such that fr(yp) =
fr(v) and ¢ = 1. Then

0 =9(p/Y),

where I(p/1) is the formula obtained from ¥ by substituting each occurrence
of ¥ by .

Proof. The proof is essentially the same as the proof of the corresponding
lemma for dependence logic, [VA407, Lemma 3.25]. O

Lemma 4.2.4. Let ¢ be a BD-formula and x1,...,Tn,a1,...,Qn the free
variables of p. Let y1,...,Yn, 1, ..., Bm be distinct variables that do not occur
in @. If s is an assignment with domain {x1,...,ZTn, a1, ..., }, let s' denote
the assignment with domain {y1,...,Yn, 51, --,Bm} defined as

roon ) osx) i x =,
s00 = { s(ar) if x = Bi.
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If X is a team with domain {x1,...,Tp,01,...,0n}, define that X' := {s' |
s € X}. Now, for every model 2L and team X of A with domain fr(y) it holds
that

Ql):XSO Zﬁ Ql):X’ @(yl/:pla-"7yn/xnaﬁl/ala"'aﬁm/am)a

where ©(Y1/x1, . Yn/Tn, B1/Q1, - .., Bm/am) is obtained from ¢ by substitut-
ing each free occurrence of x; by y; and o by B, i <n, j <m.

Proof. Straightforward by Proposition 4.2.1 and the semantics of Boolean de-
pendence logic. O

4.3 Partially-ordered connectives

We will first give a short exposition to the origin of partially-ordered con-
nectives. We will then recall the definition of partially-ordered connectives
familiar from the literature. After this, we will introduce a notational variant
of partially-ordered connectives based on Boolean variables. Finally, we will
show that these two variants, in a rather strong sense, coincide.

4.3.1 Partially-ordered connectives by Sandu and Vaaninen

Partially-ordered connectives were introduced in [SV92] by Sandu and V&énéa-
nen. The starting point for their definition was the Henkin quantifier

Ve dy
Yy Fv|’

and the idea to replace the existential quantifiers in the Henkin quantifier by
disjunctions. Hence they arrived to the following expression

[Vﬂ? Vie{o,1)

vy \/je{O,l}] (Spij(x’y))i,je{o,l}’

which they call the partially-ordered connective D; ;. The connective Dj i
bounds a tuple of formulae of length 4. The subscript of Dq; reveals the
number of rows and the number of universal quantifiers in a given row in the
connective. For example, the partially-ordered connective Dy 33 is an expres-
sion of the form

Vw1Vx2Vx3Vx4 viE{O,l}

Vy1Vy2Vys Vieoy | 5

V2’1VZQVZ3 VkG{O,l}
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that binds a tuple of formulae (¢;jx (w1, T2, T3, Ta, Y1, Y2, Y3, 21, 22, 23) )i j ke{0,1}-
Hence, more generally, a partially-ordered connective, according to Sandu and
Véanéinen, is an expression of the form

an e v-:Ulnl \/b1€{0,1}

Vem oo VT, meE{O,l}

that binds a tuple v = () of formulae'. Note that it is assumed

be{0,1}m
that the variables z;; are distinct. Denoting the tuples (x;1,...,%n,) by @i,
1 <4 < m, the semantics of the partially-ordered connective D can be written

as follows:

A,s =D~y <& there exist functions g; : A" — {0,1},1 <i < m,
st. foralla; € A" 1<i<m, A s = ¢y, where

s' = s(@1 /71, ..., am/Tm) and b; = g;(d;), 1 <i < m.

We denote the set of all such partially-ordered connectives D by D. By FO(D)
we denote the extension of first-order logic by all partially-ordered connectives
D € D, i.e., the syntax of FO(D)(7) is defined from 7 by the following grammar:

o u= 1 =x2| w1 =x2 | R(x1,...,2,) | "R(z1,...,20) |
(eVe) [ (pAg) | DF | ~DE|Vrp | Irp

where D € D and ¢ is a vector of formulae of the appropriate length. By
FO(D"), we denote the fragment of FO(D) that allows only positive occur-
rences of partially-ordered connectives, i.e., the syntax of FO(D") is defined
as the syntax for FO(D) but without the rule =D@. Furthermore, by D[FO]
and D[QF] we denote the logics consisting of formulae of the form

D (@E)ge{o,l}m )

where D € D and ¢y, for every b e {0,1}™, is a formula of first-order logic
or a quantifier free formula of first-order logic, respectively. The semantics for
these logics is defined in terms of models and assignments in the usual way,
i.e., in the same manner as for first-order logic, with the additional clause for
the partially-ordered connectives D.

'Sandu and Viininen consider also even more general versions of partially-ordered con-
nectives in which the indices b; range over a set of size k € N. However, these can be easily
simulated by the partially-ordered connectives described here.
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4.3.2 Partially-ordered connectives with Boolean variables

We will deviate from the definitions of [SV92] in two ways: First, we will
replace the disjunctions \;, ¢ (0,1} by existentially quantified Boolean variables
Jay;; this makes it easier to relate logics with partially-ordered connectives to
fragments of Boolean dependence logic. Second, in order to simplify the proofs
in Section 4.6, we will relax the restriction that the variables x;; should be
distinct. This approach to partially-ordered connectives is closely related to
the narrow Henkin quantifier introduced by Blass and Gurevich [BG86].

Definition 4.3.1. Let & = (zi1,...,%in,;), 1 <1 < m, be tuples of first-order
variables, and let oy, 1 < i < m, be distinct Boolean variables. Then

VSL_"l E|O£1
C =
V%, dam
is a partially-ordered connective. The pattern of C is m = (ny,...,nm, E),
where E describes the identities between the variables in the tuples Z1,. .., Tm,

i.€.,
E={(,7k)]1<ik<m,1<j<n;,1 <1< ng,xy =)

If C is a partially-ordered connective with pattern m, we denote the connective
C by Ny P11 ... ZQp.

Definition 4.3.2. Let 7 be a relational vocabulary. Syntaz of FO(POC)(T) is
defined from T by the following grammar:

¢ = a|-a|rzy =z ] wr =22 | R(z1,...,20) |

“R(x1, . z0) [ (V) [ (9 A @) [ Vop | 3z |
Ny Zioq ... Zpun @ | "Ny Troq . .. Ty, .

For Ny Ziaq ... Zmam @ to be a syntactically correct formula, we require that
the identities between the variables in X1, ..., Ty are exactly those described in
. Additionally the Boolean variables oy, . .., ap are all required to be distinct.

FO(POCT) is the syntactic fragment of FO(POC) that allows only pos-
itive occurrences of partially-ordered connectives. In other words, syntax for
FO(POCT) is defined by the grammar

¢ = a|a|lzi=a] w =22 | R(z1, ..., 20) | "R(x1, ..., 2p) |
(V@) [ (pAg) [ Vo[ 3op | NeZrar ... Tnam ¢
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The fragment POC[FO] of FO(POC) consists of exactly the formulae of the
form
N7r :Z"loq N a_c'mam @,

where N Z1a ... Ty, is a partially-ordered connective and ¢ € FO. Anal-
ogously, the logic POC[QF] consists of exactly the formulae of the form

Ny Ziaq ... Qo 0,

where N; X1 ... &y is a partially-ordered connective and ¢ is a quantifier
free formula of FO.

The semantics for these logics is defined in terms of models and assignments
in the usual way, i.e., in the same manner as for first-order logic. The clause for
formulae starting with a partially-ordered connective C' = N, T1a1 ... Tmam
with pattern @ = (nq,...,nn,, E) is the following:

A,s=C¢ < there exist functions f; : A™ — {L, T}, 1<i<m,
such that for all tuples @; € A™,1<i<m:
if @ ...y is of pattern 7, then A, s’ = ¢, where
S/ = S(al/fl, ey Jm/fm, fl(al)/al, ey fm(am)/am)

Here “dj ... dy, is of pattern 7" means that a;; = ai whenever (i,7,k,1) € E.
Note that s’ is well-defined for all tuples d; ... d,, that are of pattern .

It is straightforward to prove that the expressive powers of FO(POC),
FO(POCT), POC|FO] and POC[QF] coincide with that of FO(D), FO(D™),

D[FO] and D[QF], respectively. However the related proofs are quite technical.

Lemma 4.3.3. For every formula ¢ € FO(D) there ezists a formula ¢* €
FO(POC) such that for every model A and assignment s of A it holds that

AskEe < WAskEp'.

Proof. The claim follows by the following translation ¢ +— ¢*. For atomic
and negated atomic formulas the translation is the identity. For propositional
connectives and first-order quantifiers the translation is defined in the obvious
inductive way, i.e.,

*

L2 "2
(pA) = (p"AYT),
(pVY) = (VYY)

drp — Fzpk,

Vro — Vo'
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The only nontrivial case is the case for the partially-ordered connectives D € D.
Let D € D be the partially-ordered connective

VZ1 Vi eo)

VT Vb,,eq0.1}

and let v = () be a tuple of FO(D)-formulae. Let 7w be the pattern

be{0,1}m
that arises from the tuples Z1, ..., Z,, of variables. We define that
(Dv)* := Ny F101 .. . i, /\ (( /\ a; A /\ ) — (QOB‘K)*),
KCc{1,..m} €K 1§€i§(m
(]

where by = (b1,...,bm) € {0,1}™ is the tuple such that b, =1 < i € K.

The claim now follows by a simple induction on the structure of the formu-
lae. The only nontrivial case is the case for partially-ordered connectives. Let
D € D be the partially-ordered connective

VZ1 Vieqo1)

VZm  Vi,,eq0,1}

and let vy = (905)56{0,1}m be a tuple of FO(D)-formulae. Let 7 = (n1,...,nm, E)
be the pattern that arises from the tuples Z1,...,Z,, of variables. Note that
since the variables in Z1, ..., Z,, are all distinct the pattern m does not give rise
to any nontrivial identities between variables, i.e., other identities than those
of the type x;; = x;;. Assume that the claim holds for each formula in the
tuple v. By the semantics of the partially-ordered connective D,

A,s =D~
if and only if there exists functions
gi + A" — {0, 1},
1 <i < m, such that for all @; € A™, 1 <i < m,
A, s(d1/T, .-, dm/Tm) E ¢,

where b = (g1(@1), - - -, gm(@m)). By the induction hypothesis, this holds if and
only if there exists functions

gi : A {0, 1},
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1 < ¢ < m, such that for all @; € A™, 1 <i < m,
Q[,S(al/fl,.. . ,Jm/fm) ): gO?—},

where b = (g1(@1),-- -, gm(@mn)). At this point it is useful to note that functions
from A™ to {0,1} and functions from A™ to {L, T} are essentially the same
functions. Also note that a tuple @ ...d,, is always of pattern m. Hence the
above holds if and only if there exists functions

fii AM = {L, T},

1 <4 < m, such that for all @; € A%, 1 <i < m, if ai...d, is of pattern ,

then
A s /\ (( /\ a; N\ /\ o) = (gpgK)*),
KC{1,..m} €K 1<i<m
igK
where
S/ = S(al/fla s ,Eim/:fm, fl((_il)/alv v 7fm(6m)/am)

and b = (by,...,by) € {0,1}™ is the tuple such that b; = 1 < i €
K. Furthermore, by the semantics of the partially-ordered connective N, the
above holds if and only if

Ws ke Nedror o dmom N\ ((ANan N —a) = (g5,)7):
KCc{1,..m} i€eK 1i§é§(m

O]

Lemma 4.3.4. For every formula ¢ € FO(POC) without free Boolean vari-
ables there exists a formula ot € FO(D) such that for every model 2 and
assignment s of A it holds that

WskEp < WUskEe'.

Proof. The claim follows by the following translation ¢ — . Note that the
way we handle partially-ordered connectives ensures that we do not need a
clause for Boolean variables nor for negated Boolean variables. For atomic
and negated atomic formulae the translation is the identity. For propositional
connectives and first-order quantifiers the translation is defined in the obvious
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inductive way, i.e.,

o = et
(eAY) = (T AYT),
(pVY) = (pTVvyT),

dzp — Tz,

Voo — VYrot.

The only nontrivial case is the case for the partially-ordered connectives N.
Let m = (n1,...,nm, E) be a pattern and let

Ny Ziaq ... Tpamt

be an FO(POC)-formula without free Boolean variables. Furthermore, let
Yi,...,Ym be tuples of distinct fresh variables such that i = {vi1,...,¥in, },
for every i < m. We define that

Vi Vieqon
(walal fm&mw)-i_ = :

. . <w;)g€{0’1}m;
Vm \/me{O,l}

where, for each b = (b1, .-+, bm) € {0,1}™, 1y is the formula

( /\ Yij :ykl) %wl(ﬁh/alv"':ﬁbm/am)’
(i,9,k,1)EE

where 1)’ is the formula obtained from ¢ by replacing each free occurrence of
the variable z;; by some variable y; such that (i, 7, k,1) € E, 9 is the formula
—\(yll = y11) and 91 is the formula y11 = y11.

The claim now follows by a simple induction on the nesting depth of
partially-ordered connectives in formulae, i.e., the highest number of nested
partially-ordered connectives in formulae. The case without partially-ordered
connectives is trivial. The cases for first-order operations are easy. The only
nontrivial case is the case for partially-ordered connectives. Let

N7r gﬁ'loq e fmdm

be a partially-ordered connective with pattern = = (ny,...,nm,, E) and let ¢
be a FO(POC)-formula such that

Y = N7r a?lal .. .fmamw
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does not have free Boolean variables. Furthermore, assume that the claim
holds for every FO(POC)-formula that does not have free boolean variables
and has a lower nesting depth of partially-ordered connectives than . Let
Y1, ---,Ym be tuples of distinct fresh variables not occurring in ¢ such that
Vi = {vi1, ..., Yin, 1, for every i < m. Now, by the semantics of the partially-
ordered connective N,

A, s = Ny Zrag ... Ty,
if and only if there exist functions
fii AM = {L, T},

1 < i < m, such that for all tuples @; € A™, 1 < i < m, if dy...d,, is of
pattern 7 then
Qla S/ ): 1/}7
where s’ = s(@1/Z1, ..., am/Tm, f1(d1) /a1, ..., fm(@m)/am). Clearly this holds
if and only if there exist functions
fii AM = {L, T},
1 < ¢ < 'm, such that for all tuples a; € A™, 1 <i <m,

Wt'=( N v =) =,

(l7j7k7l)€E

where ' = s(d1/¥1, -+ Am/Ym, f1(d1)/a1, -, fm(@m)/am) and ¢ is obtained
from 1 by replacing each variable z;; occurring free in v by some variable
yr, such that (7,7,k,l) € E. At this point it is helpful to note that functions
from A™ to {1, T} and functions from A™ to {0,1} are essentially the same
functions. Hence the above holds if and only if there exist functions

gi + A" — {0, 1},
1 <4 < m, such that for all tuples @; € A™, 1 <1i <m,

WtE( N vy =yw) > VO /01, .. 0, om),
(i,5,k,1)EE

where t = s(@1/¥1,..,Am/Ym), bi = ¢i(@;) for each i < m, ¥ denotes the
formula —(y11 = y11) and ¥; denotes the formula y1; = y11. Remember that
for b = (b1,...,bm) € {0,1}" we defined that

Y= N v =ww) = 'O/, . 0, om).
(i,j.k ) EE
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Hence, by the inductive hypothesis, the above holds if and only if there exist
functions
gi : A" {0, 1},

1 < ¢ < m, such that for all tuples a; € A™, 1 <i<m,

At =y

where t = s(@1 /11, .- ., @m/Gm) and b = (g1(@1), - - ., gm(@m)). Finally, by the
semantics of the partially-ordered connectives D, this holds if and only if

Vi Viefon

As = (Y )sego.1ym:
Ym  Vb,e0,1}
O]
Proposition 4.3.5. FO(POC) = FO(D).
Proof. Follows directly from Lemmas 4.3.3 and 4.3.4. 0

The translations defined in Lemmas 4.3.3 and 4.3.4 directly yield the fol-
lowing equivalences between fragments of FO(POC) and FO(D) as well.

Proposition 4.3.6. The following equivalences hold: FO(D') = FO(POCT),
POC[FO] = D[FO] and POC[QF] = D[QF].

Hella, Sevenster and Tulenheimo [HSTO08] established that FO(D) has the
zero-one law. Thus, by Proposition 4.3.5, the same is true for FO(POC) and
all its fragments as well.

Theorem 4.3.7. FO(POC) has the zero-one law. Therefore, FO(POCT),
POC[FO] and POC[QF] also have the zero-one law.

4.4 Fragments of Boolean dependence logic

In this section we define fragments of Boolean dependence logic that correspond
to the fragments FO(POC™), POC[FO] and POC[QF] of FO(POC), with
respect to expressive power. We restrict our attention to sentences, i.e., to
formulae without free variables.
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We will first demonstrate an exemplary translation from FO(POC") to
Boolean dependence logic in order to visualize the fragments of BD that cor-
respond to FO(POCT), POC[FO] and POC[QF], respectively. Let ¢ be the
FO(POCT)-sentence

vy 3
VLL“()V:L‘leg [Vg Elg] Q,Z),

where v is syntactically first-order. Clearly ¢ is equivalent to the sentence
¥ 1= VoV JxoVy V2 3a3B(=(xo, 21, 22, ¥, ) A =(x0, 21,22, 2, B) A )

of Boolean dependence logic. After examining the syntactic form of ¢ we notice
some regularity in the Boolean dependence atoms of ¥. The existential first-
order quantifier 3xo seems to partition the set of first-order variables quantified
in ¥ into two parts. Every variable before the quantifier Jzo including the
variable x4 itself are in the antecedent of every Boolean dependence atom in 1.
The variables after dzo are not in the antecedent of every Boolean dependence
atom of ¥. This observation leads us to the following somewhat technical
definitions.

Definition 4.4.1. Let ¢ be a formula of BD or FO(POC), 1 a subformula of
¢ and n € N. Note that we may consider formulae as just strings of symbols
of some prescribed vocabulary. Hence, we may order the occurrences of sub-
formulae of a given formula. By [, ¢, we denote the nth occurrence of the
formula ¥ in @. If there is just one occurrence of ¥ in v, we may drop the
subscript and just write [, ).

Definition 4.4.2. Let ¢ be a formula of BD or FO(POC), and [¢, ¢, an
occurrence of the subformula 1 of p. We define V([¢, ¢]n) to be the set of all
first-order variables x such that x is free in @ or the occurrence [1, o], of ¥ is
in a scope of Va or Jx in .

Hence, for sentences V' ([1), ], ) is the set of quantified variables that domi-
nate [1, |, in the syntactic tree of ¢. We are now ready to define the fragments
of BD that correspond to FO(POC™), POC|FO] and POC|QF], respectively.

Definition 4.4.3. We define the following syntactic fragments of Boolean de-
pendence logic.

1. Bounded Boolean dependence logic, BBD, is the syntactic restriction of
BD to formulae ¢ such that the following condition holds.
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If [3x, @], is an occurrence of a subformula 3z of ¢ and a dependence
atom =(x1,...,Ty,a) is a subformula of 1 then

V(WJ, ‘P]t) - {$1, s vxn}a

where [1, @l is the occurrence of v that occurs in [3x, @|y,.

2. Restricted Boolean dependence logic, RBD, is the restriction of BD to
formulae where no dependence atoms occur inside the scope of an exis-
tential first-order quantifier.

8. Universal Boolean dependence logic, V-BD, is the restriction of BD to
formulae without existential quantification of first-order variables.

In Section 4.6 we establish that the above definitions indeed fit for our
purposes. We show that

V-BD = POC[QF], RBD = POC[FO] and BBD = FO(POC™).

It is easy to see, that every V-BD formula is an RBD formula, every RBD
formula is a BBD formula and every BBD formula is a BD formula. Hence,
once we realize that every BD-sentence can be simulated by a sentence of
dependence logic, we obtain the following hierarchy.

Proposition 4.4.4. V-BD < RBD < BBD < BD < D.

Proof. The first three inclusions follow by the observation made above. For
the last inclusion we give a translation ¢ — @™ that maps BD-sentences to
equivalent D sentences. We will establish that for every BD-sentence ¢ and
every structure 2l it holds that

AEe iff ARt (4.1)

For each Boolean variable a and for the symbols | and T, we introduce distinct
fresh first-order variables x,, 1 and x1. Without loss of generality, we may
assume that these first-order variables do not appear in the formulae of Boolean
dependence logic. We may, without loss of generality, restrict our attention to
models with at least two elements. For a sentence ¢ € BD we define that

ot =3z Jrr(xL # 3T APY),
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where * is the sentence obtained from ¢ by the following recursive translation.
For first-order literals, the translation is the identity. The remaining clauses
are as follows:

=(x1,..., 2, )" = =(x1,...,Tk, Ta),
of = wo =T,
(ma)* = xq =1,
(PAY)" = (" AYY),
(V)Y = (" V),
@ap) = Frag
@rg)* = g,
(Vzp)* = Vap*.

Clearly, if o is BD-sentence then ¢ is a D-sentence. Furthermore, it is easy to
see that (4.1) holds for every BD-sentence ¢ and every model 2 of cardinality
at least two. O

4.5 Dependence normal form

In this section we define a normal form for bounded Boolean dependence logic
and show that for each BBD-formula there exists an equivalent BBD-formula in
this normal form. We use this normal form in Section 4.6 to establish a trans-
lation from BBD to FO(POC™). As a byproduct we also obtain translations
from RBD into POC[FO] and from V-BD into POC[QF].

We start by introducing a normal form that does not allow any reuse of
variables.

Definition 4.5.1. A formula ¢ € BD is in variable normal form if no variable
in fr(p) is quantified in ¢, and if each variable quantified in ¢ is quantified
exactly once.

Note that, if a BD-formula ¢ is in variable normal form and ¢ is a subfor-
mula of ¢ that has at least one quantifier in it then ¢ has exactly one occurrence
of the subformula .

Lemma 4.5.2. For every BD (BBD, RBD, V-BD, respectively) formula there
exists an equivalent BD (BBD, RBD, V-BD, respectively) formula in variable
normal form.
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Proof. Follows from Proposition 4.2.1 and Lemmas 4.2.3 and 4.2.4. O

The following normal form can be seen as a kind of a local prenex nor-
mal form for BBD. The idea is that each universal first-order and existential
Boolean quantifier is pulled toward a preceding existential first-order quantifier
and then using Boolean dependence atoms each universal first-order quantifier
is pulled past the preceding Boolean quantifiers.

Definition 4.5.3. A sentence @ € BD is in Q-normal form if ¢ is in variable
normal form and there exists a formula ¥ € BD such that the following holds.

1. ¢ = VYZ3ad, for some (possibly empty) block of universal quantifiers Vi
followed by a (possibly empty) block of existential Boolean quantifiers 3a.

2. Fach quantifier in ¥ occurs in some block of quantifiers AZVY3IA, where
at least T is nonempty.

The following lemmas are used to prove the Q-normal form for BBD, i.e.,
Proposition 4.5.6.

Lemma 4.5.4. Let p and ¥ be formulae of Boolean dependence logic such that
z,a ¢ fr(9¥). The following equivalences hold.

1. (Yo Vv 9) = Va(p V 9).
2. (Vxp ANY) =Ve(pAD).
3. Bayp Vv 9) = Ja(p V9I).
4. (Gap AY) = Ja(p A9).

Proof. Fach claim follows straightforwardly from Proposition 4.2.1. We prove
here claim 1. Claims 2-4 are completely analogous.

Let 2 be a model and X a team of A. The claim follows from the following
chain of equivalences.

A E=x Ve Vi)
< Ay Ve and A =z 9, for some Y and Z such that Y UZ = X
= Ay a/z) ¢ and A =z 4/q) U, for some Y and Z such that Y U Z = X
& A=y p and A =z 9, for some Y’ and Z’ such that YU Z' = X (A/x)
< A Ex /) (P VI)
< A E=x Ve(p Vo).
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The first and the fourth equivalence is due to the semantics of disjunctions.
The second equivalence follows from the semantics of universal quantifiers,
Proposition 4.2.1 and the fact that ¢ fr(J). The third equivalence follows
from the observation that Y (A/z)UZ(A/z) = X(A/z), from Proposition 4.2.1
and the fact that = ¢ fr(¢9). Finally, the last equivalence is due to the semantics
of universal quantifiers. ]

Lemma 4.5.5. Let ¢ be a BD-sentence and ¢ = Ela‘v’ffl,gz? a subformula of
@. Let [¢, ], denote an occurrence of ¥ in ¢ and let ¢* denote the formula
obtained form ¢ by substituting the occurrence [, |, of ¥ by

23035 (=(V ([, ¢ln), @) A 9).
Then ¢ = ¢*.
Proof. Straightforward. O

We are now ready to prove that for every BBD-sentence there exists an
equivalent BBD-sentence in @Q-normal form.

Proposition 4.5.6. For every BBD-sentence there exists an equivalent BBD-
sentence in QQ-normal form.

Proof. Let ¢ € BBD be a sentence. By Lemma 4.5.2 we can assume that ¢ is
in variable normal form. We will give an algorithm that transforms ¢ into an
equivalent BBD-sentence in @Q-normal form.

We will first transform ¢ to an equivalent BBD-sentence ¢* such that

0" = Q&y, (4.2)

where 675 is a (possibly empty) vector of universal first-order and existential
Boolean quantifiers. Furthermore, in v every universal first-order or existential
Boolean quantifier Qx occurs in a subformula 19 of ¥ such that

¥ =QnQx~,

where QQ'n is a quantifier and + is a BBD formula. In order to obtain ¢*
from ¢, we use the equivalences from Lemma 4.5.4 repetitively substituting
subformulae with equivalent subformulae. More precisely, there exists a natural
number n € N and a tuple (p;)i<, of BBD-sentences such that ¢y = ¢ and
vn = ¢*. Furthermore,
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1. for each i < n there exist subformulae 19, 1)1 and 2 of ¢; such that

¥ = (Qx¥1 @ 2) (or ¥ = (Y1 @ Qx2) ),

where Qx € {Vz,3a} and ® € {V,A}, and ;11 is obtained from ¢; by
substituting ¥ by Qx (1 & 1)2).

It is easy to see, that for each BBD-sentence the substitution procedure de-
scribed in 1 terminates, i.e., there exists some n € N such that there are no
subformulae ¥, ¥ and 19 of ¢, such that the substitution described in 1 can
be carried out. Clearly the sentence ¢, is then in the form described in (4.2).
By induction it is easy to show, that since ¢q is in variable normal form it
follows that ¢; is in variable normal form, for all ¢ > 0. Hence, the assump-
tions on free variables needed for Lemma 4.5.4 hold for each ;. By Lemmas
4.5.4 and 4.2.3, we conclude that, for each ¢ < n, the sentences ¢; and ;41
are equivalent. Hence the sentences ¢y and ¢, are equivalent.

We still need to transform the sentence ¢* into an equivalent sentence
¢ in @-normal form. In order to obtain ¢’ from ¢* we use the equivalence
from Lemma 4.5.5 repetitively. More precisely, there exists a natural number
m € N and a tuple (¢} )i<m of BBD-sentences such that ¢f = ¢* and ¢}, = ¢'.
Furthermore,

2. for each 7 < m there exists subformulae ¥ and v of ¢}, and a quantifier
Ja such that
¥ = JaVI3dpy,

where VZ is a nonempty vector of universal first-order quantifiers and
does not start with a Boolean existential or universal first-order quanti-
fier, and ¢}, is obtained from ] by substituting 9 by

VZ3a 38 (=(V([9, ©1]), @) A ).

By Lemmas 4.5.5 and 4.2.3, we conclude that, for each i, the sentences ¢
and ;| are equivalent. It is easy to see that, for each BBD-sentence the
substitution procedure described above terminates, i.e., there exists some m €
N such that there are no subformulae of ¢}, that can be substituted as described
in 2. Now clearly 7, is in (J-normal form. O

We are finally ready to define dependence normal form. The idea here is
that a BBD-sentence in @Q-normal form is in dependence normal form if there is
one-to-one correspondence between Boolean existential quantifiers and Boolean
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dependence atoms such that each quantifier Ja is immediately followed by the
corresponding dependence atom =(Z, «), and conversely each dependence atom
is directly preceded by the corresponding Boolean quantifier.

Definition 4.5.7. A sentence ¢ € BD is in dependence normal form if
1. ¢ is in Q-normal form,

Oé), SO]t and [:(:'jv a)v (P]l

2. for every Boolean variable o it holds that if [=(Z,
@), ¢l

are occurrences in @ then [=(Z, ), ¢ = [=(¥,

3. for every mazimal nonempty block of Boolean existential quantifiers A
in @ there exists a subformula

1<i<n

of ¢ such that the Boolean wvariables o;, 1 < i < n, are exactly the
variables quantified in Jd.

To simplify the proof of Proposition 4.5.11, we introduce the concepts of
evaluation and satisfying evaluation.

Definition 4.5.8. Let 2 be a model, X a team of A and ¢ a BD-formula.
Define that

SubOc(p) == {[, ]t | [, @]t is an occurrence of ¥ in p}
Teams(21) :=={Y | Y is a team of 2A}.

We say that a function e : SubOc(p) — Teams(2A) is an evaluation of ¢ on the
model A and team X if the following recursive conditions hold.

1 e(lp,¢]) = X.

2. Ife([Yy VI,¢lt) =Y, and [¢,¢ln and [0, |y are the occurrences of
and ¥ in [¢ V 9, @)y, then there exists Yy and Yy such that YoUY; =Y

and e([t, pla) = Yo and e([9, ln) = Yi.

3. Ife([p N, ple) =Y, and [, ¢, and [0, ¢lm are the occurrences of 1
and ¥ in [ N, @lt, then e([¢, ¢ln) =Y and e([9, ¢|m) =Y.

4. If e([Fzp, @)¢) =Y and [, o]y is the occurrence of 1 in [Jx1p, ], then
e([, oln) = Y(F/x) for some function F: Y — A.
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5. If e([Fay, olt) =Y and [, ]y is the occurrence of v in [Jarp, |y then
e[, ¢ln) = Y(F/a) for some function F: Y — {1, T}.

6. If e(Vzp, 0)t) =Y and [¢, ], is the occurrence of ¢ in [Vxi), @)t then
e[, ¢ln) = Y (A/x).

We say that the evaluation e is an successful evaluation if for each occurrence
[, | such that v is a Boolean dependence atom or a literal

A ey Y-

The following results follow directly from the semantics of Boolean depen-
dence logic and the definition of successful evaluation.

Proposition 4.5.9. Let 2 be a model, X a team of A, ¢ a BD-formula and e
a successful evaluation of ¢ on the model A and team X . For every occurrence
[, @l € SubOc(¢p)

A Fe(wel) ¥

Theorem 4.5.10. Let 2 be a model, X a team of A and ¢ a BD-formula.
The following are equivalent:

1. A ':X @.
2. There exists a successful evaluation of ¢ on the model A and team X.

Hence the concepts of satisfaction and successful evaluation coincide. We
are now ready to prove that every BBD-sentence there exists an equivalent
BBD-sentence in dependence normal form. The proof is quite long and tech-
nical.

Proposition 4.5.11. For every BBD-sentence there exists an equivalent BBD-
sentence in dependence normal form.

Proof. Let ¢ € BBD be a sentence. By Proposition 4.5.6, we may assume
that ¢ is in @-normal form. We will give an algorithm that transforms ¢ to
an equivalent BBD-sentence ¢ in dependence normal form. We show that
there exists a natural number n € N and a tuple (¢;)i<pn of equivalent BBD-
sentences in @Q-normal form such that ¢y = ¢ and ¢, = ¢T. The sentence
©;i+1 is obtained from ¢; by the procedure described below.

Assume that ¢; is not in dependence normal form. Assume first that this
is due to the fact that there exists an occurrence

[:('ﬁ? Ck), Qoi]t

112



4.5. DEPENDENCE NORMAL FORM

of some dependence atom =(Z, ) in ¢; that violates the conditions of Defini-
tion 4.5.7, i.e., there exists some other occurrence of a dependence atom with
a consequent « or [=(Z, a), ;] is not a conjunct in a conjunction of depen-
dence atoms immediately following a block of existentially quantified Boolean
variables in which Jo occurs. Hence, there exists a formula ¢ and maximal
quantifier blocks Jy, VZ’ and 35 such that EIB is nonempty and

9 := 3gvz3B

is a subformula of ¢;, where the occurrence [=(Z, «), ;]; of =(¥, ) is a sub-
formula of ¢ and is not bound by any quantifier in . Let U denote the set of
variables that are in both & and z. By @ we denote the canonical ordering of
the variables in U. Since ¢; is a BBD-sentence, the variables in & are exactly
those that are in V([VZ33 1, ¢;]) UU. Hence the formulae

—(V([V23Bv, @) UU,) and =(Z, )

are equivalent. Therefore, due to Lemma 4.2.3, we may assume that =(Z, «)

Let @ be a tuple of fresh distinct first-order variables of the same length
as @, W the set of variables in w and 3’ a fresh Boolean variable. Define then
that

0 = IgVEva 3536 (=(V(VZ3B ¢, ¢i]) UW, B') A YY),

where ¢/ is obtained from ¢ by substituting the occurrence [=(Z, a), ¢;]; of
=(Z,a) by @« = W — a = f'. We will show that the formulae ¥ and ¥ are
equivalent. First observe that, since the variables w, 8’ do not occur in 1, it is
easy to conclude, by Proposition 4.2.1, that 1 is equivalent to the formula

~ = 3gvEva 3638 (=(V (Y236, i) UW, B') A ).
We still need to show that «y is equivalent to 1. Note that ¢ can be obtained
from v by substituting one occurrence of =(7,a) by @ = @ — o = 3'. Notice
also that
Az =(V(IVZ354, 0] UW. B) A, (4.3)
if and only if

Az =(V(IVZIF %, i) UW, B') A, (4.4)
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where 2( is a model, and Z and Z’ are teams of 2 such that

Z | fe(¢) = Z' [ fr(¢),
Wz =(V(¥Z35 %, 0]) UW, B), and
Uz =(V(VEIF 0, 0]) UW, ).
Therefore and since || = ||, we can encode a partial function related to the

occurrence [=(Z, ), ¢;]+ of the dependence atom =(Z, «) using w and J'.
Assume first that 2 =x . Hence

Ay =(V(VZ36¢, i) UW, B') A,

for some team Y that can be obtained from X by evaluating the quantifier pre-
fix of 4. Therefore, by Theorem 4.5.10, there exists some successful evaluation
e of

=(V(IVZ36 ¢, i]) UW, B) A
on the model 2 and team Y. Hence, by Proposition 4.5.9,

A ’:6(: - ] ) :(f7 Oé),

[=(%,0),p4]¢
ie.,

A= (1= =(V([vZ38¢, @i]) VU, ).

Therefore, there exists a partial function

(#,0),0i)t)

f.: AlV(I¥E3B 40U _ {1, T}

that maps the values of the variables of V ([VZ 3B, ©i]) UU to the value of «
in the team e([=(Z, ), ¢;]¢). Remember that |U| = |W]. Let

ge : AVWUEIvLDOW] £ Ty

be a function such that f. C g, and let Y’ be the variant of Y for which
the values for 3’ have been picked by using the function g, i.e., such that
Y [ fr(yp) =Y’ | fr(¢) and such that, for every s € Y’,

s(B") = ge(s(V([VZ3B, ¢i]) UWY)).

Hence the equivalence of (4.3) and (4.4) can be applied here. Therefore and
since A |y =(V([VZ3B Y, pi]) UW, '), we conclude that

Ay =(V(VZ3F, i) UW, B') A1,
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Now since Y | fr(¢p) =Y’ | fr(¢), it follows from Lemma 4.2.1 and Theorem
4.5.10 that there exists some successful evaluation e’ of

=(V(VZ3B, @:)) UW, B') At

on the model 2 and team Y’ such that

¢ ([=(& a), ) THr(¥) = e([=(Z,a), ¢li) [ fr(4).
By Proposition 4.5.9,

Q['Ze,([ ( _(faa)7

=(Fa)¢lt)

ie.,

2 Fe,([:(f,a)ym) =(V([vZ3B¢,¢i]) VU, a).

Therefore and since the values for 3’ in Y’ were picked by applying the expan-
sion g, of f. to the values of V([VZ36,¢;]) and @, it follows that the values
of 3" in €' ([=(Z, ), ¢¢) can be obtained by applying the expansion g, of fe to
the values of V([VZ35 1, ¢;]) and @. Thus

P () TmT =
Hence, we conclude that there exists a successful evaluation of
=(V(IVZ35¢, @il) UW, B) Ao/
on the model 2 and team Y’. Therefore, by Theorem 4.5.10,
Ay =(V(IVZIF0, @) UW, B) A

Clearly Y’ can be obtained form X by evaluating the quantifier prefix of ¥'.
Hence

A E=x .
Assume then that 2 =x ¢'. Hence
Wy =(V(VZ350, @) UW. B) Ay,

for some team Y that can be obtained from X by evaluating the quantifier
prefix of 9. Thus, there exists some successful evaluation h of ¢’ on the model
2 and team Y. Hence

A En((g=i—sa=p o)) @ =0 — a=f.
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Since the variables in @ and 8’ do not occur in other subformulae of 1)’ other
than @w = 4 — o = [/, we may assume, by Proposition 4.2.1, that for each
assignment s € h([f = @ — a = ,9']) and @ € Al the modified assignment
s’ €'Y of s that maps @ todand 3’ to L or T isalso in h([Wd = 4 — a = /,¥']).
Now since

Ay =(V(¥Z3F v, i) UW, B),
A Ep(=iazp o) T =0 a=p,

and h([W =4 — o= p,9]) CY, we conclude that

A Ep(amiamp ) =V (Y2369, ¢i]) UT, ).

Remember that 1) can be obtained from v’ by substituting @ = @ — o = 3’
with =(V([VZ38¢,¢;]) UU,«). Thus, h can be modified into a successful
evaluation of 1 on the model 2l and team Y. Therefore, by Theorem 4.5.10,

A=y 9.

Since A =y =(V([VZ36 4, 0i]) UW, ) and Y can clearly be obtained from X
by evaluating the quantifier prefix of 7, we conclude that 2 =x ~. Thus we
have shown that v and 9 are equivalent. Since v and 9 are equivalent, we can
finally conclude that 9 and ¥ are equivalent.

Let ;11 be the sentence obtained from ¢; by substituting ¥ with 1. Since
¥ and ¥ are equivalent, it follows from Lemma 4.2.3 that ¢; and ;11 are
equivalent. Notice that, if ¢; is in @-normal form, then ;11 is also in -normal
form. Furthermore, in ;1 there is strictly less? occurrences of dependence
atoms that violate the condition of Definition 4.5.7 than in ;. Hence for large
enough k, the formula ¢; does not have any dependence atoms that violate
the conditions of Definition 4.5.7. Hence, if ¢ is not in dependence normal
form there exists a subformula

3B3a

of ¢y such that @ is maximal and such that =(Z, 3) is not a subformula of v
for any #. Let g1 denote the formula obtained from ¢y, by substituting

3p3ay by 33 (=(V([E83av,exl). B) Av).

Clearly ¢ and g1 are equivalent. It is easy to see that the procedure de-
scribed here terminates and finally produces an equivalent sentence in depen-
dence normal form. O

2To be precise, to achieve this we may need to reorder the conjunction in which
[=(&, ), ¢i]: was a conjunct of.
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4.6 Fragments of FO(POC) and BD coincide

In this section we use the normal form for bounded Boolean dependence logic
from Section 4.5 to establish that

BBD = FO(POC"), RBD = POC[FO] and V-BD = POC[QF].
In addition, we show that BD = D.

Definition 4.6.1. Let o € BBD be a sentence in dependence normal form.
We say that a subformula 1) of ¢ is dependence maximal (with respect to ¢) if
either v does not contain any dependence atoms, or

W = VE3a,

where & is nonempty and neither Yy nor 330V is a subformula of ¢, for
any y or 3.

Theorem 4.6.2. BBD = FO(POCT).

Proof. We will first prove that BBD < FO(POC™). Let ¢ be a BBD-sentence.
By Proposition 4.5.11 we may assume that ¢ is in dependence normal form. We
will translate ¢ into an equivalent FO(POC™) sentence * by substituting each
maximal block V& 3a of quantifiers along with the corresponding dependence
atoms in ¢ by a partially-ordered connective.

More precisely, we define a translation @ +— ¢* for all subformulae ¢ of
© that are dependence maximal or can be obtained from dependence maxi-
mal subformulae of ¢ by first-order operations, i.e., by taking conjunctions,
disjunctions and first-order quantifications. Note that, every BBD-sentence
that is in dependence normal form can be build from its dependence maximal
subformulae by using only first-order operations. The translation is defined
recursively as follows:

(i) If ¢ is a formula without dependence atoms then ¢* := 1.
(ii) If
w=va3a(( N =(V(e¢) U{E} ) Ad)

1<i<m
is dependence maximal and & = (o, ..., a,), we define that
1/}* = ]\77r foaofloq .o .fmam 19*, (4.5)
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where Ty are exactly those variables in & that are not in any Z;, 1 < i < m,
and g is a fresh Boolean variable not occurring in ¥* nor ¢. The patter
7 of the connective is obtained canonically form the identities between
the variables in the tuples Z;, i < m.

If ¢» = (9 A ), we define that ¢* := (9* An*).

(iii

)
(iv) If » = (¥ Vi), we define that * := (¥* V n*).
(v) If v» = Jzn, we define that ¢* := Jxn*.

)

(vi) If ¥ = Vo n and 1 is not dependence maximal, we define that ¢* := Va n*.

Note that since ¢ is in dependence normal form, ¢* is defined, and clearly
p* € FO(POCT). Thus, it suffices to show that for every formula ¢ that can
be obtained from dependence maximal subformulae of ¢ by using conjunctions,
disjunctions and first-order quantifications, for every model 2 and for every
team X of A such that fr(¢) C dom(X)

AExyv & WAskEY forall se X.

The proof is done by induction on the definition of the translation.
(i) If ¢ is without dependence atoms, the claim holds by Proposition 4.2.2.
(ii) Assume that

p=v#3a(( N =(V(ib.e) UiE}a)) A0)

1<i<m
is dependence maximal and that & = (aq,...,qy). Then
Vv = Ny ZoagT1aq . . . Ty 97,

where 7 is the pattern determined by the tuple g, T1,...,Tmn. We will show
that

AExv <& AskE N DoaZiag ... Tpa, 9 forall s € X,

for every model 2 and every team X of 2 such that fr(¢)) C dom(X).

Let 2 be a model and X a team of 2 such that fr(¢)) C dom(X). Further-
more, define that n := |Z| and that n; := |Z;|, for each i < m. Now, by the
semantics of the quantifiers,

AE=x ¢

118



4.6. FRAGMENTS OF FO(POC) AND BD COINCIDE

if and only if for each i, 1 <1¢ < m, there exists a function
Fi : X(An/f, Fl/ozl, e ,Fi,l/ai,l) — {J_, T}

such that

Ay (N =(V([e) U{E} ) A0, (4.6)

1<i<m
where Y = X (A" /&, F/&). For each i, 1 < i < m, we define

Gi: X(A")Z) - {L, T}
to be the unique function obtained from F; such that, for every s € dom(F;),

Gi(s [ dom(G;)) = F;(s).
Assume first that (4.6) holds. For each s € X and 1 <i < m, let

£ A < {L,T)
denote the function such that
(@) = Gi(s(a/z)),

where @; is the restriction of @ to the variables #;. Note that f7 is well-defined,
since by the first conjunct of (4.6), the function F; and hence the function G;
is V([¢, ¢]) U {&;}-determined. Furthermore, we define that

fg(ao) = —I—a

for every s € X and dy € A™. If a; € A™, i < m, are tuples such that
ag dy - .. amy is of pattern 7 then clearly, for every s € X, the modified assign-

ment

8/ = S(@o/fo,. . .,6m/fm,ff(61)/a1, “e ,f;;(d’m)/am)

is in Y. Now since 2l =y 9, by induction hypothesis, we have that 2, s’ = 9%,
for every s € X. Therefore, since g does not occur in ¥*, we have that

2,8 (T /ap) = 9%,

for every s € X. Hence, the functions f;, ¢ < m, are as required in the truth
condition of N, and we conclude that

Ql, S ': NW foaofloq ‘e .fmam 19*,
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for every s € X.
Assume then that
A, s = Ny ZoaoZrog - . . Ty, O

holds for every s € X. Hence, for every s € X and i < m, there exists a
function
fP A = {L, T},

such that if d@y, ..., d,, is of pattern « then

A, s(do/To, - ., Gm/Tm, £5(do)/ a0, - - -, f(@m)/am) EU".
Since g does not occur in ¥* we conclude that

A, s(do/Tos - - -y Gm /T, [7(@1) /01,y [ (@) [ o) O
Now, for each 7, 1 < i < m, define the function

F,: X(A")Z,Fi/oa,...,Fi_1/ai1) = {L, T}
by setting that
Fy(s(@/a. fi(@) o, . fi (@) fain) ) = f3(@),

where @; € A™ is the restriction of @ to the variables in Z;, 1 < j <. The
functions F; are obviously V([¢, ¢]) U {Z;}-determined and hence

AExmmia N\ =V (0] U{E}, ). (4.7)

1<i<m

Furthermore, if s’ € X(A"/Z, F/a), then in fact

8/ = S(ﬁo/f@, e ,6m/fm,ff(61)/a1, ey f;(ﬁm)/am),
for some s € X and a; € A™, i < n, such that ay,...,d, is of pattern w. Hence
A s =9,

for each s’ € X(A"/Z, F /@). Thus, by induction hypothesis,
2 ):X(An/f,ﬁ/&) 0.

By this and (4.7), we conclude that (4.6) holds and thus that 2 =x .
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The cases (iii) — (vi) are trivial.

For the direction FO(POCY) < BBD, let p € FO(POC") be a sentence.
Without loss of generality, we may assume that each variable quantified in ¢
is quantified exactly once. We define recursively a translation v + 1™ for all
subformulae 1 of ¢ as follows. If ¢ is a literal, we define that ¢ — . For
first-order connectives and quantifiers, we define that

WAn) = (@ AnY),
@Wvn) — (@ vyh),
Jzn +— JanT,

Van +— VanpT.

Finally, if ¢ = N, F1aq ... Zpoun ¥, we define that

et i=¥a3ar . o (( A\ =(V([$,¢]) ULED, ) A9T),

1<i<m

where & is a tuple of exactly those variables that are in at least one of the
tuples Z1,...,Z,. Clearly ot is a BBD sentence.
It is now easy to prove by induction that for every subformula v of ¢

AEx vt & A sk forallse X

holds for every model 2 and team X on 2 such that dom(X) = fr(¢"). The
proof is completely analogous to the inductive proof of the direction BBD <
FO(POCT) shown earlier. O

By using the same methods as in the proofs of Propositions 4.5.6, 4.5.11
and Theorem 4.6.2, we obtain the following theorem.

Theorem 4.6.3. RBD = POC[FO] and V-BD = POC[QF].

Proof. The inclusions POC[FO] < RBD and POC[QF] < V-BD follow di-
rectly by the translation ¢ — @™ defined in the proof of Theorem 4.6.2.

For the inclusion V-BD < POC[QF], notice that the methods used in the
proofs of Propositions 4.5.6 and 4.5.11 produce, for each V-BD-sentence ¢, an
equivalent V-BD-sentence of the form

VZ3E P,

where 9 is a quantifier-free formula. Now, from the translation ¢ — ¢*,
defined in the proof of Theorem 4.6.2, it follows that the sentence (VZ3d)*
is a POC|[QF]-sentence equivalent to VZ 3@ 1), and hence equivalent to ¢.
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We still need to show that RBD < POC[FO]. Recall that RBD is the
syntactic fragment of BD in which there is no Boolean dependence atoms in
scope of existential first-order quantifiers. We will first establish that for each
RBD-sentence ¢ there exists an equivalent RBD-sentence ¢~ in which there
is no quantification of Boolean variables in the scope of existential first-order
quantifiers. Without loss of generality, we consider only models of cardinality
at least 2. For each BD formula Jat without Boolean dependence atoms, we
define that

Carp)" = aTyd((z = y) /),

where z and y are fresh first-order quantifiers not occurring in ¢ and the for-
mula ¢ ((x = y)/«) is the formula obtained from ¢ by substituting each free
occurrence of o in 1) by x = y. Clearly, the formulae Ja) and (Farp)’ are equiv-
alent in the class of all structures of cardinality at least 2. Hence, by Theorem
4.2.3, we conclude that for each RBD-sentence ¢ there exists an equivalent
RBD-sentence ¢~ in which there is no quantification of Boolean variables in
the scope of existential first-order quantifiers. When the procedures used in
the proofs of Propositions 4.5.6 and 4.5.11 are applied to ¢~, an equivalent
sentence of the form

vz 3ay,
where 1) is a first-order formula, is obtained. Now from the translation ¢ — ¢*

defined in the proof of Theorem 4.6.2, it follows that the sentence (V& 3d)*
is an POC[F O]-sentence equivalent to ¢~ and hence equivalent to ¢. O

Corollary 4.6.4. BBD, RBD and V-BD have the zero-one law.

Proof. By Theorem 4.3.7, FO(POC") has the zero-one law. Therefore, by
Theorem 4.6.2 BBD has the zero-one law. Hence the fragments RBD and
V-BD of BBD have the zero-one law. O

Theorem 4.6.5. BD = D.

Proof. BD < D holds by Proposition 4.4.4. For the other direction we will
give a translation ¢ — ¢* from sentences of dependence logic to sentences of
Boolean dependence logic. Let ¢ be an arbitrary D-sentence in the normal
form for D given in [V&407, p. 98], i.e.,

o:=V3g( N\ =@u) A V),

1<i<n
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where 1 is a quantifier free first-order formula, Z; is a vector of variables from &
and y; a variable from ¢, 1 < ¢ < n. The translation ¢* of ¢ is the BD-sentence

VEg(wAvEIE N (=@ ) AE =i 6 ),

1<i<n

where Z and & are tuples of fresh variables of length n, and z; and «a; are
variables from the corresponding tuple, 1 < ¢ < m. We will show that for
every model 2

Ay e it Ay ¢
Assume first that 2 =g . Hence

1<i<n

for some team X that can be obtained from {0} by evaluating the quantifier
prefix of ¢, i.e., X = {0} (A¥l/Z, G /7) for some functions

Gi - {0 (A2, Gy Jyi, ., Gica Jyioa) — A,

1 <i <|y|. Now since

Ay N\ =F ),

1<i<n

there exists, for every 1 <1 < n, a function
Fy: ARl 4

that maps the values of the variables &; to the value of the variable y; in the
team X. Let Y denote the team

X A%z Hyjan,. .. Hy/an),

where H; : X(A#/2,Hi/on, ... Hi_1/o;_1) — {L, T} is obtained from Fj in
the obvious way, i.e., such that that

{T if F;(s(@;)) = s(z)

Hils) =1 Fi(s(71)) # s(z1).

Notice that
Ay N (=@ 2, 00) A (2 =y < ).

1<i<n
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Hence we have that

A =x VZ3a /\ (:(fi,zi,ai) A(zi =y; < a,))

1<i<n

Therefore, since 2 =x v, and since X was obtained from {0} by evaluating
the quantifier prefix VZ 3y, we conclude that 2 |:{@} p*.
Assume then that 2 =g, ¢* holds. Hence

A ):X Y AVZ3d /\ (:(fi,zi,ai) A (Zz =y; & Ozi)),

1<i<n

for some team X that can be obtained from {(} by evaluating the quantifier
prefix of ¢*. Furthermore

Ay N (=@, 2, 0) Az =y & ),
1<i<n

for some team Y that can be obtained from X by evaluating the quantifiers
VZdad. We will show that for each 7, 1 <i < mn,

A =x =(T4, i)

This together with the fact that 2 =x ¢ is enough to prove that 2l =y ¢.
Fix 7, 1 <7 < n, and let s, € X be any two assignments such that
s(@;) = t(Z;). Clearly there exist assignments s',t' € Y such that

s’ [ dom(X) = s, ' Idom(X) =t and §'(z) = t'(z) = s(yi).
Now since
Ay 2 = yi <> qi,
we have that s'(«;) = 1. Furthermore, since
Ay =(T5, 2, o),

we have that s'(a) = t/(a). Hence t'(a) = 1 and furthermore '(y;) = t/(z;).
Thus, we have that

tyi) = t'(yi) = t'(21) = s(w),
and can conclude that t(y;) = s(y;). Therefore

A =x =(Ti, yi)-
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By Theorem 2.5.4 we know that D = £SO. Hence we obtain the following
corollary.

Corollary 4.6.6. BD = £S0.
Corollary 4.6.7. BD does not have the zero-one law.

Proof. Remember that the zero-one law fails already for D? (Proposition 3.4.6).
Hence, by Theorem 4.6.5, BD does not have the zero-one law. O

4.7 Hierarchy of expressive power

In Section 4.6 we showed that the expressive power of the fragments BBD, RBD
and V-BD of Boolean dependence logic coincide with the expressive power of the
fragments FO(POC™T), POC[FO] and POC[QF] of FO(POC), respectively.
In this section we show that the fragments BBD, RBD and V-BD of Boolean
dependence logic form a hierarchy with respect to expressive power. We show
that

POC|QF] < POC[FO] < FO(POC™).

and hence that
V-BD < RBD < BBD.

Moreover, we establish that BBD < BD and that BD £ FO(POC).

Lemma 4.7.1. Let A be a model, 6 a submodel of A and ¢ a sentence of
POC[QF]. If A |= ¢ then B |= .

Proof. By Proposition 4.3.6, POC[QF] is equivalent to D[QF] and, by [HST08,
Lemma 6], D[QF] is equivalent with strict X1. For strict ¥1 the claim follows
from [Bar69, Lemma 1.2]. O

Proposition 4.7.2. POC[QF] < POC|FO].

Proof. Clearly POC[QF] < POC|FO]. By Lemma 4.7.1, the truth of a
POC[QF]-sentence is preserved from models to its submodels. Hence it is
enough to give a POC[FO]-sentence which is not preserved under taking sub-
models. Clearly

Jxdy—x =y

is such a sentence. O

Since, by Theorem 4.6.3, V-BD = POC[QF] and RBD = POC[FO], the
following result follows from Proposition 4.7.2.
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Corollary 4.7.3. V-BD < RBD.

Definition 4.7.4. Let L be a logic (or a fragment of a logic), T a vocabulary,
and A and B first-order structures over T. We write that U =, B, if the
implication

AFp=>BF¢
holds for every sentence p € L.

Let N, be a partially-ordered connective. By N;[FO,|, we denote the set
of all sentences in POC[F O] which are of the form

NiZ10q ... Ty Oy @,

where ¢ is a first-order formula with quantifier rank at most . We will next
define an Ehrenfeucht-Fraissé game that captures the truth preservation re-
lation A =y, (ro,] B. This game is a straightforward modification of the
corresponding game for D[FO] by Sevenster and Tulenheimo [ST06], which in
turn is based on the game for FO(D) by Sandu and Vaénanen [SV92].

Definition 4.7.5. Let 2 and 5 be first-order structures over a vocabulary T
and v > 0. Let 1 = (n1,...,nm, E) be a pattern. The N [FO,]-EF game
NEF,.(,8) on 2 and B is played by two players, Spoiler and Duplicator.
The game has two phases.

Phase 1:

e Spoiler picks a function f; : A" — {1 T}, for each i, 1 <i<m.

e Duplicator answers by choosing a function g; : B™ — {L, T}, for each i,
1< <m.

e Spoiler chooses tuples l_); € B", 1 < i < m, such that l;lgm is of
pattern .

o Duplicator answers by choosing tuples a; € A™, 1 < i < m, such that
ay ...0my is of pattern w, and f;(a@;) = gz(gl) for each 1 <1 < m. If there
are no such tuples @y, ..., dm, then Duplicator loses the play of the game.

Phase 2:

e Spoiler and Duplicator play the usual first-order EF-game of r rounds on
the structures (A, @y ... dn) and (B, b... Em) On each round j, 1 < j <
r, Spoiler picks an element c¢; € A (or dj € B), and Duplicator answer
by choosing an element d; € B (or ¢; € A, respectively).
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4.7. HIERARCHY OF EXPRESSIVE POWER

Duplicator wins the play of the game if and only if the mapping
51...am61...CT — glgmdldr

is a partial isomorphism from 2A to B. We say that Duplicator has a winning
strategy in the game if and only she has a systematic way of answering all
possible moves of Spoiler such that using it she always wins the play.

We show next that the game N;EF, can be used for studying the truth
preservation relation =y, (ro,]- This result is essentially the same as Proposi-
tion 12 in [ST06], which in turn is a special case of Proposition 7 of [SV92].

Proposition 4.7.6. Let A and B be T-structures, ™ a pattern, and r > 0. If
Duplicator has a winning strategy in the game NEF,(,B) then A = NL[FO,]
B.

Proof. Assume that Duplicator has a winning strategy in N,EF,(2,B). To
prove 2 =y (ro,] B, assume that

p=NrZi01 ... Tpom

is a sentence of N [FO,| such that A = ¢. We need to show that B = .
Now since 2 |= ¢, there exists functions

fir AM = {L, T},

1 <¢ < m, such that if @ ...d,,, where @; € A™ for 1 < j < m, is of pattern
7 then

Ql ):S[Ef] w:

where s[d, f] denotes the assignment that maps Z; to @; and «; to f;(d;), for
1< <m.

Assume that Spoiler chooses the functions fi,..., f;, as his first move in
phase 1 of the game N;EF, (2, B). Let

gi: B" — {L, T},

1 < i < m, be the answer given by the winning strategy of Duphcator Re-
member that by s[ , g] we mean the assignment that maps Z; to b; and o; to
9i(b;), for 1 <i < m. To show B = ¢, it suffices to show that

B ):S[gm ¢a
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for all tuples 51 . Em of pattern 7 such that l_); € B™, for each ¢ < m. Thus,
let l_); € B™", 1 < i < m, be arbitrary tuples such that 51 e gm is of pattern .
Let a@; € A", 1 < j < m, be the answer given by the winning strategy of
Duplicator when the second move of Spoiler is 51, . ,Em. By the definition of
the game N,EF,., Duplicator then has a winning strategy in the first-order EF

game with r rounds between the structures
(Ql,al,...,d’m) and (%,bl,...,bm).

By the standard EF theorem, it follows that (2, @1, . . .,dm) and (B,b1, ..., by)
satisfy the same FO,-sentences. Note further that

F1(@) = g1(01), -+, fra(@m) = Gim (bm),

by the condition governing the choice of 51, cees Em, whence

—

(Qladla--'76Maf1(51)7"'afm(6m)) and (%7517"'>EM7gl(b1)7"'>gm(5m))

are equivalent with respect to all sentences of FO, extended with Boolean
variables. In particular, since 2 ):s[&' A 1, we have B }:5[5 J 1, as desired. [

Corollary 4.7.7. Let K be a class of T-structures. If for every pattern m and
every r > 0 there exist T-structures A and B such that A € K, B € K and
Duplicator has a winning strategy in the game NREF,(A,B), then K is not
definable in POC[FO].

Proof. We prove the contraposition of the claim. Thus, assume that K is defin-
able in POC[FO]. Then there is a sentence ¢ of the form N;Zjaq ... Znam
such that

K={AeStr(r) | A = p}.

Let r be the quantifier rank of . Then by Proposition 4.7.6, there are no
structures 2 € K and 8 ¢ K such that Duplicator has a winning strategy in
the game N EF, (2, B). O

Theorem 4.7.8. RBD < BBD

Proof. By Proposition 4.4.4, RBD < BBD. For the strict inclusion, we show
that non-connectivity of graphs is definable in BBD, but not in RBD. Let K
denote the class non-connected graphs. Note first that a graph 2 = (A, E*) is
not connected if and only if there is a subset U C A such that U and A\ U are
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nonempty, and there are no edges (a,b) € E¥ between U and A\ U. This can
be expressed by the BBD-sentence

FuIoVavyIads(
=(z,a) AN=(y,5) There are two relations. . .
Nz =y — (a+0)) ... which are equal. ..
ANz =u— a)A(x =v — —a) ...and contain u but not v.
/\(a A =p — =Ezxy) ) If x is in the relations but y is not then

there is no edge between x and y.

We use Corollary 4.7.7 to prove that non-connectivity is not definable in
POC[FO]. By Theorem 4.6.3, it then follows that non-connectivity is not
definable in RBD. Let us fix the pattern « and the number of rounds r > 0,
and consider the game N, EF,. Let % = (A, E*) and B = (B, E®) be the
graphs such that

e B=A{uy,...,up},and A= BU{v,...,v1},
° E% == {(u27u3> c BZ ’ |7' _.]‘ = 1} U {(Ul,Uk),(Uk,’U,l)},
o B = E® U{(vs,v;) € A* | i — j| = 1} U {(v1,vp), (vk, v1)}-

Thus, % is a cycle of length k, and 2l is the disjoint union of two cycles of
length k. In particular, 2 € K and B ¢ K. We will show that if k is large
enough, then Duplicator has a winning strategy in the game N;EF, (2, ). By
Corollary 4.7.7 it then follows that K, i.e., non-connectivity of graphs, is not
definable in POC[FO].
Let
fii AM S {1, TH1<i<m,

be the functions that Spoiler picks on his first move in the game. Duplicator
will then answer by picking the functions

gi: B = {L,T}H1<i<m,

where g; := f; [ B, for each 1 < 4 < m. For his next move, Spoiler picks a
tuple
b; € B™, for each i, 1 <1i <m,

such that by ...by, is of pattern m. Now, Duplicator can simply answer by
choosing the same tuples: let

a; = 5;-, for each 1 < i < m.
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—

Clearly the requirement f;(d@;) = g;(b;) is then satisfied. The game continues af-

ter this as the first-order EF-game with r rounds on the structures (A, @; . . . @)

and (B,b;...by,). Since the mapping
51...6m'—>51...gm

respects distances between nodes in the graphs 2 and B, a standard argument

shows that Duplicator has a winning strategy in the rest of the game, provided

that k is big enough. d

By Theorems 4.6.2 and 4.6.3, BBD = FO(POC") and RBD = POC[FO].
Hence we obtain the following corollary.

Corollary 4.7.9. POC[FO] < FO(POCT).

As a byproduct of the results concerning the zero-one law, we obtain the
following results concerning expressive power.

Proposition 4.7.10. BBD < BD, and moreover BD £ FO(POC).

Proof. Clearly BBD < BD. By Theorem 4.3.7 and Corollary 4.6.4, FO(POC)
and BBD have the zero-one law. By Corollary 4.6.7, BD does not have the
zero-one law. Therefore BBD < BD and BD £ FO(POC). O

4.8 Conclusion

In this chapter we defined a new variant of dependence logic called Boolean
dependence logic. Boolean dependence logic is an extension of first-order logic
with dependence atoms of the form =(Z, «), where Z is a tuple of first-order
variables and « is a Boolean variable. We also introduced a notational vari-
ant of partially-ordered connectives based on the narrow Henkin quantifiers of
Blass and Gurevich [BG86]. We showed that the expressive power of Boolean
dependence logic and dependence logic coincide. We defined natural syntactic
fragments of Boolean dependence logic and proved that the expressive power of
these fragments coincide with corresponding logics based on partially-ordered
connectives. More formally, we showed that

BBD = FO(POC"), RBD = POC|FO] and ¥-BD = POC[QF].

Moreover, we proved that the fragments of Boolean dependence logic form a
strict hierarchy in terms of expressive power, i.e., we showed that

V-BD < RBD < BBD < BD.
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Therefore, we also showed that
POC|QF] < POC[FO] < FO(POC™).

In addition, we obtained that BD does not have the zero-one law, whereas the
logics below BBD and FO(POC) have the zero-one law. Therefore we obtained
that BD £ FO(POC).
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Chapter 5

Concluding Remarks

In the above chapters we have investigated various extensions of first-order logic
suitable for modeling dependences of various nature. We have considered frag-
ments of dependence logic, Boolean dependence logic, independence-friendly
logic and first-order logic enriched with partially-ordered connectives. Our
perspective has been directed on the study of expressive power and computa-
tional complexity. In the broad sense, this thesis contributes to the research of
fragments of second-order logic and extensions of finite variable first-order log-
ics. Simultaneously, we contribute to the basic research of logical background
theory for the concept of dependence.

In Chapter 3 we studied the finite variable fragments of independence-
friendly logic and dependence logic. We compared the expressive powers of
these logics to fragments of first-order and existential second-order logic, and
presented a comprehensive study on the computational complexity of differ-
ent variants of the satisfiability problem and the model checking problem for
these logics. The main accomplishment in this chapter was the discovery of
the undecidability barrier between the satisfiability problems of two-variable
dependence logic and two-variable independence-friendly logic.

In Chapter 4 we studied fragments of the newly defined Boolean depen-
dence logic and first-order logic enriched with partially-ordered connectives.
We showed that the expressive power of Boolean dependence logic and depen-
dence logic coincide, and that the expressive powers of certain fragments of
Boolean dependence logic coincide with that of natural logics enriched with
partially-ordered connectives, i.e., we showed that

BBD = FO(POC),RBD = POC|FO] and V-BD = POC[Q.F].
Moreover, we established a strict hierarchy with respect to expressive power
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within Boolean dependence logic, i.e., we established that
V-BD < RBD < BBD < BD.

We conclude by outlining some future research prospects. One interesting
open problem to be addressed in the future is to solve whether the satisfiability
problem for two-variable dependence logic with unrestricted number of Boolean
variables and Boolean dependence atoms is still decidable. Another interesting
area of future research is the study of finite variable fragments of first-order
logic enriched with generalized atoms. Generalized atoms are atomic formulae
that assert properties for teams, e.g dependence atoms are generalized atoms.
For a detailed depiction see a preprint by Kuusisto [Kuul3]. In particular,
we are interested in a classification of generalized atoms with regards to the
complexity of the satisfiability problem for the related two-variable logic.
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