








a b

c b = ac a b

a b a | b

a ! | b

p

1 p

a b

!= 0 c a b

c | a, c | b

d | a, d | b ⇒ d ≤ c.

a, b

a b

a, b = 1

m

a b m | (a − b)

a b m

a ≡ b (mod m).

m (≥ 2)

a a, m = 1 a

x2 ≡ a (mod m)

x2 ≡ a (mod m)



p a

p ! | a (a
p )

(
a

p

)
=





1, a (mod p),

−1, a (mod p).

a (≥ 2)

a = p1
a1p2

a2 · · · pn
an ,

p1, p2, . . . , pn(p1 < p2 < · · · < pn) a a1, a2, . . . , an > 0

a a2 ≡ 0 1 (mod 4)

a r ∈ {0, 1, 2, 3}
a ≡ r (mod 4) a ≡ r (mod 4) a2 ≡ r2 (mod 4)

02 = 0 (mod 4),

12 = 1 (mod 4),

22 = 4 ≡ 0 (mod 4),

32 = 9 ≡ 1 (mod 4),

a2

r2 ∈ {0, 1} a2 ≡ r2 (mod 4)

p

(
−1

p

)
=





1, p ≡ 1 (mod 4),

−1, p ≡ 3 (mod 4).



ax ≡ b (mod m)

a, m | b

x, y, z

x, y, z x2 +y2 = z2

x, y, z = 1

3, 4, 5 5, 12, 13

12, 35, 37

x, y, z d = x, y, z

x = dx1, y = dy1, z = dz1

x1
2 + y1

2 =
x2 + y2

d2
=

z2

d2
= z1

2,

x1, y1, z1 = 1 x1, y1, z1

x, y, z x > 0, y > 0, z > 0

x, y, z

x y

x y 2 | (x2 + y2) 2 | z2

2 | z x, y, z ≥ 2



x y x2 ≡ 1 (mod 4) y2 ≡ 1

(mod 4)

z2 = x2 + y2 ≡ 2 (mod 4).

z2 ≡ 0 1 (mod 4)

x, y, z

x, y, z

x2 + y2 z2

x y

x y z

x, y, z

x, y = d > 1 p

p | d d | x d | y p | x p | y p | x2 p | y2

p | (x2 + y2) p | z2 p | z

x, y, z = 1 d = 1

y, z = x, z = 1

x, y, z

z x y

3, 4, 5 11, 60, 61 19, 180, 181

a b

a b

ab = cn a, b = 1

a1, b1 a = a1
n b = b1

n

a > 1 b > 1

a = p1
k1p2

k2 · · · pr
kr , b = q1

j1q2
j2 · · · qs

js

a b p1, p2, . . . , pr

q1, q2, . . . , qs a, b = 1 ab



ab = p1
k1p2

k2 · · ·pr
krq1

j1q2
j2 · · · qs

js.

c c = u1
l1u2

l2 · · ·ut
lt ab = cn

p1
k1p2

k2 · · · pr
krq1

j1q2
j2 · · · qs

js = u1
nl1u2

nl2 · · ·ut
nlt .

u1, . . . , ut

p1, . . . , pr, q1, . . . , qs nl1, . . . , nlt

k1, . . . , kr, j1, . . . , js n

k1, . . . , kr, j1, . . . , js

a1 = p1
k1/np2

k2/n · · · pr
kr/n,

b1 = q1
j1/nq2

j2/n · · · qs
js/n,

a1
n = a b1

n = b

x2 + y2 = z2

x, y, z = 1 2 | x x > 0, y > 0, z > 0

x = 2st, y = s2 − t2, z = s2 + t2,

s, t ∈ Z s > t > 0 s, t = 1 s !≡t

x, y, z x, y, z ∈
Z+ x y z

z − y z + y

u v z − y = 2u z + y = 2v x2 + y2 = z2

x2 = z2 − y2 = (z − y)(z + y),

(x/2)2 =

(
z − y

2

) (
z + y

2

)
= uv.

u v u, v = d > 1 d|(u− v)



d|(u+v) d|y d|z y, z =

1 u v

u = s2 v = t2 s, t ∈ Z+

z = u + v = s2 + t2,

y = u − v = s2 − t2,

x2 = 4uv = 4s2t2.

x = 2st s t

y z y, z = 1

s, t = 1 s t

y z

s t

s !≡t (mod 2)

s t

x2 + y2 = (2st)2 + (s2 − t2)2 = (s2 + t2)2 = z2

x = 2st, y = s2 − t2, z = s2 + t2

x, y, z = d > 1

p d s, t

s2+t2 p

z p != 2 p y z p | (z + y) p | (z− y)

p | 2s2 p | 2t2 p | s p | t

s, t = 1 d = 1 x, y, z

(2st)2 + (s2 − t2)2 = (s + t)2 (s2 + t2)2



x y z

s t (2st) (s2 − t2) (s2 + t2)

∆ABC r

O

AB x =

|BC|, y = |CA|, z = |AB| ∆ABC

∆AOC ∆ABO ∆BCO

1

2
xy =

1

2
rx +

1

2
ry +

1

2
rz =

1

2
r(x + x + y).



x2 + y2 = z2

x = 2kst, y = k(s2 − t2), z = k(s2 − t2)

k, s, t xy =

r(x + y + z) r

r =
2k2st(s2 − t2)

k(2st + s2 − t2 + s2 + t2)

=
kt(s2 − t2)

s + t)
= kt(s − t),

xn + yn = zn n > 2

n = 4



x, y, z

x4 + y4 = z2

x4 + y4 = z2

x0, y0, z0 x0, y0 = 1

x4 + y4 = z2

(x0
2)2 + (y0

2)2 = z0
2,

x0
2, y0

2, z0

x0
2, y0

2

x0
2

s t

x0
2 = 2st,

y0
2 = s2 − t2,

z0 = s2 + t2,

s > t s, t = 1 s, t

s

1 ≡ y0
2 = s2 − t2 ≡ 0 − 1 ≡ 3 (mod 4),

s t

t = 2r x0
2 = 2st x0

2 = 4sr

(x0/2)2 = sr.

s = z1
2, r = w1

2

z1, w1 ∈ Z+ y0
2 = s2−t2

t2 + y0
2 = s2.

s, t = 1 t, x0, s = 1 t, x0, s



t

t = 2uv,

y0 = u2 − v2,

s = u2 + v2,

u, v = 1 u > v > 0

uv = t/2 = r = w1
2,

u v u = x1
2

v = y1
2 z1

2 = s = u2 + v2

z1
2 = s = u2 + v2 = x1

4 + y1
4.

z1 > 0 t > 0

0 < z1 ≤ z1
2 = s ≤ s2 < s2 + t2 = z0.

x4 + y4 = z2 z0, y0, z0

z1, y1, z1 0 < z1 < z0 x1, y1, z1

x2, y2, z2 z2 < z1

z0 > z1 > z2 > · · · .

z0

x4 + y4 = z2



x4 + y4 = z4

x0, y0, z0 x4 + y4 = z4 x0, y0, z0
2

x4 + y4 = z2

xn + yn = zn n > 2

n

p n

k n = 4k xn+yn = zn

(xk)4 + (yk)4 = (zk)4.

Z+ n = pk

(xk)p + (yk)p = (zk)p.

xn + yn = zn

Z+ p

xp + yp = zp

x4 + y4 = z4

x4 − y4 = z2 Z+



x4 − y4 = z2

x0, y0, z0

x0 x x0

x0, y0 = d > 1 x0 = dx1, y0 = dy1

d4(x1
4 − y1

4) = z0
2,

d2 | z0 z0 = d2z1 z1 ∈ Z+ x1, y1, z1

x4 − y4 = z2 0 < x1 < x0

x0, y0 = 1

y0

y0 x0
4 − y0

4 = z0
2

z0
2 + (y0

2)2 = (x0
2)2 z0, y0

2, x0
2

s t

z0 = 2st,

y0
2 = s2 − t2,

x0
2 = s2 + t2,

s, t = 1 s > t

s4 − t4 = (s2 + t2)(s2 − t2) = x0
2y0

2 = (x0y0)
2,

s, t, x0, y0 x4 − y4 = z2 Z+

0 < s <
√

s2 + t2 = x0

x0 x4−y4 = z2 x

y0

y2
0 = 2st,

z0 = s2 − t2,

x0
2 = s2 + t2,



s t y0
2 = 2st

2s, t = 1 2s t

2s = w2, t = v2 w

w = 2u s = 2u2

x0
2 = s2 + t2 = 4u4 + v4,

2u2, v2, x0

a > b > 0

2u2 = 2ab,

v2 = a2 − b2,

x0 = a2 + b2,

a, b = 1 u2 = ab a b

a = c2 b = d2

v2 = a2 − b2 = c4 − d4.

x4 − y4 = z2 c, d, v

0 < c =
√

a < a2 + b2 = x0,

x4−y4 = z2

∆ABC ∆ABC z

x y x2 + y2 = z2

∆ABC u2 1
2xy = u2

2xy = 4u2



x2 + y2 = z2

x2 + 2xy + y2 = z2 + 4u2

(x + y)2 = z2 + 4u2.

(x − y)2 = z2 + 4u2.

(x2 − y2)2 = z4 − 16u4 = z4 − (2u)4.

x, y, z ∈ Z+ x, y, z = 1

1

x2
+

1

y2
=

1

z2

x = 2st(s2 + t2),

y = s4 − t4,

z = 2st(s2 − t2),

s, t ∈ Z+ s, t

u2 + v2 = w2

u = 2st,

v = s2 − t2,

w = s2 + t2,

s, t ∈ Z+, s > t s, t



u2 + v2 = w2 (uvw)2

u2

(uvw)2
+

v2

(uvw)2
=

w2

(uvw)2
,

1

(vw)2
+

1

(uw)2
=

1

(uv)2
,

vw = (s2 − t2)(s2 + t2) = s4 − t4,

uw = 2st(s2 + t2),

uv = 2st(s2 − t2).

x = vw, y = uw, z = uv

1

x2
+

1

y2
=

1

z2

x = s4 − t4,

y = 2st(s2 + t2),

z = 2st(s2 − t2),

s, t ∈ Z+, s > t s, t



1 = 12

2 = 12 + 12

3 = 12 + 12 + 12

4 = 22

5 = 22 + 12

6 = 22 + 12 + 12

7 = 22 + 12 + 12 + 12

8 = 22 + 22

9 = 32.

m n

mn

a, b, c, d m = a2 + b2 n = c2 +d2

mn = (a2 + b2)(c2 + d2)

= a2c2 + a2d2 + b2c2 + b2d2

= (ac + bd)2 + (ad − bc)2.

4k+3

a a ≡ 0, 1, 2

3 (mod 4) a2 ≡ 0 1 (mod 4)

a b a2 + b2 ≡ 0, 1 2 (mod 4) p ≡ 3 (mod 4)



p = a2 + b2

n m

n > m

n

m n > m

p a, p = 1

ax ≡ y (mod p)

x0, y0 0 < |x0| <
√

p 0 < |y0| <
√

p

k =
[√

p
]
+ 1 S

S = {ax − y | 0 ≤ x ≤ k − 1, 0 ≤ y ≤ k − 1}.

ax − y k2 > p

S (mod p)

ax1−y1 ax2−y2 x1 != x2 y1 != y2

a(x1 − x2) ≡ y1 − y2 (mod p).

x0 = x1 − x2 y0 = y1 − y2 x0, y0 ax ≡ y

(mod p) x0 y0

a, p = 1

0 < |x0| ≤ k − 1
√

p 0 < |y0| ≤ k − 1 <
√

p

p ≡ 1 (mod 4)

p

p = a2 + b2 p p ! | a p ! | b p

a p b2 b p2|p
b, p = 1 c



bc ≡ 1 (mod p) (ac)2 + (bc)2 = pc2

(ac)2 ≡ −1 (mod p),

−1 (mod p) (−1/p) = 1

p ≡ 1 (mod 4)

p ≡ 1 (mod 4)

p ≡ 1 (mod 4)

−1 (mod p) a

a2 ≡ −1 (mod p) a, p = 1

ax ≡ y (mod p)

x0, y0 0 < |x0| <
√

p 0 < |y0| <
√

p

−x0
2 ≡ a2x0

2 ≡ (ax0)
2 ≡ y0

2 (mod p),

x0
2 + y0

2 ≡ 0 (mod p).

k x0
2+y0

2 = kp

0 < |x0| <
√

p 0 < |y0| <
√

p 0 < x0
2 + y0

2 < 2p k = 1

x0
2 + y0

2 = p

4k + 1

p = a2 + b2 = c2 + d2,

a, b, c d

a2d2 − b2c2 = p(d2 − b2) ≡ 0 (mod p),

ad ≡ bc (mod p) ad ≡ −bc (mod p)



a, b, c, d
√

p ad− bc = 0 ad + bc = p

p2 = (a2 + b2)(c2 + d2) = (ad + bc)2 + (ac − bd)2 = p2 + (ac − bd)2,

ac−bd = 0 ac = bd ad = bc ac = bd

ad = bc a|bc a, b = 1 a|c
c = ka ad = bc = b(ka) d = bk

p = c2 + d2 = k2(a2 + b2),

k = 1 a = c b = d ac = bd

a = d b = c

a2 + b2 = c2 + d2.

n

N2m m n

m 4k + 3

m 4k +3

m = 1 n = N2 +02 m > 1 m = p1p2 · · · pr

m pi 2

4k + 1

(a2 + b2)(c2 + d2) = (ac + bd)2 + (ad − bc)2

x y m = x2 + y2

n = N2m = N2(x2 + y2) = (Nx)2 + (Ny)2.

n



n = a2 + b2 = N2m,

p m

m > 1 d = a, b a = rd, b = sd r, s = 1

d2(r2 + s2) = N2m,

m d2|N2

r2 + s2 = (N2/d2)m = tp

t

r2 + s2 ≡ 0 (mod p).

r, s = 1 r s p

r, p = 1 r′

rr′ ≡ 1 (mod p).

r2 + s2 ≡ 0 (mod p) (r′)2

(sr′)2 + 1 ≡ 0 (mod p)

(−1/p) = 1 −1 (mod p)

p ≡ 1 (mod 4) 4k + 3

p m

n

4k + 3

n

n 4k + 2

a2 ≡ 0 1 (mod 4) a



a2 − b2 ≡ 0, 1 3 (mod 4) n ≡ 2 (mod 4) n = a2 − b2

a b

n 4k +2 n ≡ 0, 1 3

(mod 4) n ≡ 1 3 (mod 4) n+1, n−1

n

n =

(
n + 1

2

)2

−
(

n − 1

2

)2

n ≡ 0 (mod 4)

n =
(n

4
+ 1

)2
−

(n

4
− 1

)2
.

683 =

(
683 + 1

2

)2

−
(

683 − 1

2

)2

=

(
684

2

)2

−
(

682

2

)2

= 3422 − 3412.

6197 = 30992 − 30982.

n (> 2)

[m1
2 − (m1 − 1)2][m2

2 − (m2 − 1)2] · · · [mn
2 − (mn − 1)2],

m1, m2, . . . , mn ∈ Z+

n

n = p1
a1p2

a2 · · · pn
an ,



p1, p2, . . . , pn n n

p1, p2, . . . , pn p1, p2, . . . , pn

m2 − (m− 1)2 n

[m1
2 − (m1 − 1)2][m2

2 − (m2 − 1)2] · · · [mn
2 − (mn − 1)2].

837 = 3293

= (22 − 12)(22 − 12)(472 − 462).

4n(8m+

7)

8m+7

a

a2 ≡ 0, 1 4 (mod 8) a, b, c

a2 + b2 + c2 ≡ 0, 1, 2, 3, 4, 5 6 (mod 8)

8m + 7 ≡ 7 (mod 8) a2 + b2 + c2 = 8m + 7

4n(8m + 7)

4n(8m + 7) = a2 + b2 + c2,

n ≥ 1 a, b, c

a = 2a1, b = 2b1, c = 2c1

4n−1(8m + 7) = a1
2 + b1

2 + c1
2.

n−1 ≥ 1



8m+7

m n

mn

m = a1
2 + a2

2 + a3
2 + a4

2 n = b1
2 + b2

2 + b3
2 + b4

2

mn = (a1
2 + a2

2 + a3
2 + a4

2)(b1
2 + b2

2 + b3
2 + b4

2)

= (a1b1 + a2b2 + a3b3 + a4b4)
2 + (a1b2 − a2b1 + a3b4 − a4b3)

2

+(a1b3 − a2b4 − a3b1 + a4b2)
2 + (a1b4 + a2b3 − a3b2 − a4b1)

2.

p

x2 + y2 + 1 ≡ 0 (mod p)

x0, y0 0 ≤ x0 ≤ (p − 1)/2 0 ≤ y0 ≤ (p − 1)/2

S1, S2

S1 =

{
1 + 02, 1 + 12, 1 + 22, . . . , 1 +

(
p − 1

2

)2
}

,

S2 =

{
−02,−12,−22, . . . ,−

(
p − 1

2

)2
}

.

S1 p

1 + x1
2 ≡ 1 + x2

2 (mod p) x1 ≡ x2 (mod p) x1 ≡ −x2

(mod p) 0 < x1 + x2 < p

x1 ≡ x2 (mod p) x1 = x2 S1 S2 2[1 + 1
2(p− 1)] = p + 1

x0, y0

1 + x0
2 ≡ −y0

2 (mod p),

0 ≤ x0 ≤ (p − 1)/2 0 ≤ y0 ≤ (p − 1)/2



p

k < p kp

x0, y0

x0
2 + y0

2 + 12 + 02 = kp,

0 ≤ x0 < p/2 0 ≤ y0 < p/2 x0 y0

kp = x0
2 + y0

2 + 1 < p2/4 + p2/4 + 1 < p2,

k < p

p

p = 2 2 = 12 + 12 + 02 + 02

k

kp

kp = x2 + y2 + z2 + w2.

k < p k = 1

k

k x, y, z, w

x ≡ y (mod 2),

z ≡ w (mod 2).

1

2
(x − y),

1

2
(x + y),

1

2
(z − w),

1

2
(z + w)



1

2
(kp) =

(
x − y

2

)2

+

(
x + y

2

)2

+

(
z − w

2

)2

+

(
z + w

2

)2

(k/2)p

k (1)

k k ≥ 3

a, b, c, d

a ≡ x (mod k), b ≡ y (mod k), c ≡ z (mod k), d ≡ w (mod k)

|a| < k/2, |b| < k/2, |c| < k/2, |d| < k/2.

a2 + b2 + c2 + d2 ≡ x2 + y2 + z2 + w2 ≡ 0 (mod k),

n (≥ 0)

a2 + b2 + c2 + d2 = nk.

a, b, c, d

0 ≤ nk = a2 + b2 + c2 + d2 < 4(k/2)2 = k2.

n a = b = c = d = 0 k

x, y, z, w k2|kp k|p
1 < k < p nk < k2 n < k 0 < n < k

knp = (kp)(kn) = (x2 + y2 + z2 + w2)(a2 + b2 + c2 + d2)

= r2 + s2 + t2 + u2,

r = xa + yb + zc + wd,

s = xb − ya + zd − wc,



t = xc − yd + za − wb,

u = xd + yc − zb − wa.

k r, s, t, u r

r = xa + yb + zc + wd ≡ a2 + b2 + c2 + d2 ≡ 0 (mod k).

s ≡ t ≡ u ≡ 0 (mod k)

np = (r/k)2 + (s/k)2 + (t/k)2 + (u/k)2,

r/k, s/k, t/k, u/k 0 < n < k

k

nk

k = 1

n

1 12 +

02 + 02 + 02 n > 1 n = p1p2 · · · pr

p1, p2, · · · , pr p1, p2, · · · , pr

r

6517 = 73·19

6517 = 72 · 7 · 19

= 72(22 + 12 + 12 + 12)(42 + 12 + 12 + 12)

= 72[(8 + 1 + 1 + 1)2 + (2 − 4 + 1 − 1)2

+(2 − 1 − 4 + 1)2 + (2 + 1 − 1 − 4)2]

= 72[112 + 22 + 22 + 22]

= 772 + 142 + 142 + 142.




