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ABSTRACT 

The finite element method (FEM) provides a general framework for analyzing virtually all types of structures 
under various loading conditions. Nevertheless, in certain situations, designers may identify that the structural 
system exhibits predominantly beam-like behavior, allowing the use of analytical theories. This is often the case 
when evaluating the performance of rectangular floor systems where bending stiffness is significantly lower in one 
direction compared to the other. Additionally, beam theory offers highly accurate structural response predictions for 
footbridges. The theory of layered beams is extensively utilized in engineering, particularly in the design of composite 
beams, cross-laminated timber beams, and sandwich structures. When it comes to long-span lightweight floors, 
addressing human-induced vibrations is a crucial aspect of the design process. This paper derives and solves the 
exact equation of motion for a simply supported layered beam. The formulation is based on the exact differential 
equation governing layered beam behavior, ensuring applicability to a wide range of cross-sectional configurations. 
The solution is given, including both steady-state and transient responses. These combined features distinguish the 
present study from previous works, where such completeness is rarely achieved within a single paper. This study is 
structured into two main sections: the first section derives the equation of motion and offers a comprehensive solution 

for simply supported layered beams using a validated walking function. The second section illustrates the practical 
application of this solution in the vibration design of lightweight floors. The proposed method clarifies the theoretical 
foundations of the guidelines and provides a straightforward approach to designing layered beams. A case study is 
presented, focusing on a timber–steel–timber composite floor beam, where timber plates are bolted to a steel beam. 
The results show that the proposed method effectively explains the underlying theories and offers a practical design 

approach for layered beams subjected to human-induced vibrations. 
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 Introduction 

ightweight steel–timber hybrid floor structures have become increasingly popular due to their cost-effectiveness and
ther outstanding technical features. The design of these lightweight floors emphasizes the serviceability limit state
riteria, particularly vibrations, as pointed out by El Asri et al. [ 1 ], Karampour et al. [ 2 ], and Loss and Davison [ 3 ]. However,
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FIGURE 1 Cross-section of the considered steel–timber composite floor. 
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 articles are governed by the applicable C
reat
he lack of universal design guides and analytical analysis methods complicates the wider adoption of these structures, and
o this study presents a layered-beam theory-based analysis method for composite lightweight floors. This study focuses on
uman-induced vibrations of lightweight floors by considering a composite structure depicted in Figure 1 . The structure
s composed of laminated veneer lumber (LVL) plates, which are connected to the welded I-profile steel beam (WI). The
VL plates are connected to the flanges of the WI beam using pairs of bolts. This kind of structure enables a wide range
f variations both for the plates (dimensions, timber materials), for the steel beams (dimensions, steel grades) and for
he connections (distances, connector types). This makes it possible to optimize cost and environmental quantities of the
tructure when the constraints both for the serviceability limit state (SLS) and for the ultimate limit state (ULS) are known.
ase studies are done for the span of L = 12 m, and the structure is analyzed as a simply supported beam as shown in
ppendix A. The beam is analyzed using the elastic theory of layered beams having three layers (two LVL plates and the
I beam) connected with bolts. The shear slips of the bolts are considered in the theory. 
he theory of layered beams (TLB) was developed initially for the structural analysis of wooden nailed beams by Granholm
 4 ], Parland [ 5 ], and Pleskov [ 6 ]. The theory has been further developed and applied to also other layered cross-sections
uch as sandwich beams [ 7 ] and shear walls [ 8 ]. The sandwich beams are the applications where the TLB has been used
ost frequently [ 9, 10 ]. The TLB has also been used for steel–timber composite beams e.g., by Loss and Davison [ 3 ] and by
spila et al. [ 11 ], and for cross-laminated timber beams having 3–7 layers by Heinisuo and Pajunen [ 12 ] indicating that the
esponses using the TLB fit well to the results of static and dynamic tests. A finite element formulation of layered beams
s given by Thompson et al. [ 13 ] using the polynomial splines between nodes. The exact finite element formulations for
tatic and dynamic analyses were presented by Heinisuo [ 14 ] and Davies [ 10 ] using exact spline functions. In the theory,
t is assumed that the generalized Bernoulli’s hypothesis is valid, meaning that the centroids of the layers stay on the line
hen the beam bends. No restrictions on the number of layers are set. The cross-section of the beam considered in this
aper has three layers and the cross-section is symmetric, so the generalized Bernoulli’s hypothesis is valid and the TLB
an be applied. 
he equation of motion and its solutions are needed when analyzing the vibration response of the beam. DiTaranto [ 15 ]
nd Mead and Markus [ 16 ] presented the sixth-order differential equation with solutions for the sandwich beams with
iscoelastic cores. The viscoelastic damping of layered beams was studied by Reddy et al. [ 17 ]. The sixth order differential
quation was presented and solved considering also the rotational inertia of thin-faced layers by Zenkert [ 18 ]. The density
f the core was considered in vibration analysis by Khalili et al. [ 19 ], and the transverse shear and the rotational inertia
f the layers were considered by Alvelid [ 20 ]. The vibration of a sandwich beam with the lattice core was studied by
ohsaka et al. [ 21 ], and free vibration of axially loaded functionally graded sandwich beams was considered by Vo et al.
 22 ]. Additionally, free vibrations of an axially loaded sandwich beam with a two-directional viscoelastic core were studied
y Cabantilde–Placzkiewicz [ 23 ], and vibrations of an axially compressed sandwich beam due to a moving force were
onsidered by Misiurek and Sniady [ 24 ]. All these above-mentioned studies dealt with sandwich beams having two layers
onnected with a shear-resistant core. A multilayer generalization of the theory of Mead & Markus was presented by
ansen and Ozer [ 25 ] and the multilayer beams with large deformations and large overall motions were considered by
u-Quoc and Ebcioglu [ 26 ]. 
n the present study, the TLB is used with assumptions: The Euler–Bernoulli bending theory is used for the layers, the
olts connect the layers, and the connections resist only shear, and the connections are assumed to be continuous along
of 20 ZAMM - Journal of Applied Mathematics and Mechanics, 2026
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 articles are governed by the applicable C
rea
he beam, the cross-section and stiffness of the beam are constant along the beam axis. The viscoelastic damping and the
xial force are considered. 
he load induced by walking is in reality very complicated due to many possible variations. Almost everything can be
onsidered as stochastic processes, such as the weight of the human, step length, frequency of steps, harmonics between
teps, direction of next steps, crowding population distribution as pointed out by Pancaldi et al. [ 27 ], Li et al. [ 28 ], and
l Asri et al. [ 1 ]. The review of analysis and design of floor vibrations by Karampour et al. [ 2 ] indicates the discrepancies
etween simplified equation calculations and modal analysis observations. An extensive literature review of modelling
f human walking forces was given by Racic et al. [ 29 ] with a conclusion that there is a considerable uncertainty about
ow excessive structural vibrations modify walking and hence affect pedestrian-induced forces. In the current study, the
ain interest is in simplified models which are based on simplifications and found to give rather good estimations in
omparison to many tests. 
he floors are classified into low-frequency and high-frequency floors. The classification is done based on the lowest
atural frequency of the floor. There is no general accepted classification limit, and it is changing in the range 7–10 Hz [ 2 ].
he acceptance criteria of the high-frequency floors are based on the stiffness [ 30, 31 ] and velocities [ 32, 33 ] of the floors.
he acceptance criteria of the low-frequency floors are based mainly on the maximum accelerations [ 34 ], and additional
equirements are given for the local deflections [ 31 ]. 
ll of the above motivated us to derive the equation of motion and to solve it using the load induced by walking. Starting
rom the exact differential equation of sixth degree of the elastic layered beam, the equation of motion is derived. The
quation of motion is solved analytically both at transient and steady-state phases. The solution is derived using the
tandard mode-superposition analysis by separating the variables [ 35 ]. The effect of the rotational inertia is checked
y a numerical method in Appendix B. Numerical calculations are completed using the walking function presented by
 36 ] which has been validated with many experiments. In Appendix A, the basic data and the design at the SLS dealing
ith deflections and briefly the design at the ULS applying the design rules given in refs. [ 32, 37–39 ]. The slip of bolted
onnection is modeled applying as presented by Hassanieh et al. [ 40 ]. The main interest is devoted to the vibrations due
o walking loads. 

 Equation of Motion of Simply Supported Layered Beam 

ifferential equation of the layered beam is [ 14 ] 

𝐵0 𝐵𝑠 
𝜕6 𝑣 ( 𝑥, 𝑡 ) 

𝜕𝑥6 
− ( 𝐵𝑘 + 𝑁𝐵𝑠 ) 

𝜕4 𝑣 ( 𝑥, 𝑡 ) 

𝜕𝑥4 
+ 𝑁𝑘

𝜕2 𝑣 ( 𝑥, 𝑡 ) 

𝜕𝑥2 
= 𝐵𝑠 

𝜕2 𝑞 ( 𝑥, 𝑡 ) 

𝜕𝑥2 
− 𝑘 𝑞 ( 𝑥 , 𝑡 ) , (1)

here x is longitudinal axis, t is time, v ( x,t ) is vertical deflection, B0 is sum of bending moments of layers, Bs is Steiner term,
 is shear factor, B is total bending moment, N is the tensile axial force, and q ( x,t ) is the lateral force. Use D’Alembert’s
rinciple 

𝑞 ( 𝑥, 𝑡 ) = 𝑝 ( 𝑥, 𝑡 ) − 𝑐
𝜕𝑣 ( 𝑥, 𝑡 ) 

𝜕𝑡 
− 𝑚

𝜕2 𝑣 ( 𝑥, 𝑡 ) 

𝜕𝑡2 
(2)

here c is the viscous damping per unit length of the beam and m is the mass of the beam per unit length. Implementing
quation ( 2 ) into Equation ( 1 ) follows 

𝐵0 𝐵𝑠 𝑣
( 6) − ( 𝐵𝑘 + 𝑁𝐵𝑠 ) 𝑣

( 4) + 𝑁𝑘 𝑣′′ = 𝐵𝑠 𝑝′′ − 𝐵𝑠 𝑐𝑣̇
′′ − 𝐵𝑠 𝑚𝑣( 2) − 𝑘𝑝 + 𝑘𝑐𝑣̇ + 𝑘𝑚𝑣 (3)

nd derivatives with respect to x coordinates are denoted by primes and with respect to time with dots. We look for the
olution using the standard mode-superposition analysis by separating the variables as given in [ 35 ] 

𝑣 ( 𝑥, 𝑡 ) =
∞∑
𝑛= 1 

𝜙𝑛 ( 𝑥) 𝑌𝑛 ( 𝑡) , (4)
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 articles are governed by the applicable C
reat
here ϕn ( x ) is the vibration mode shape n and Yn ( t ) is the generalized displacement of the normal mode n in time domain.
ubstituting Equation ( 4 ) into Equation ( 3 ) the result is 

∞∑
𝑛= 1 

(
𝐵𝑠 𝑚 𝜙

′′
𝑛 − 𝑘𝑚𝜙𝑛 

)
𝑌̈𝑛 +

∞∑
𝑛= 1 

(
𝐵𝑠 𝑐 𝜙

′′
𝑛 − 𝑘𝑐𝜙𝑛 

)
𝑌̇𝑖 +

∞∑
𝑛= 1 

[
𝐵0 𝐵𝑠 𝜙

( 6) 
𝑛 − ( 𝐵𝑘 + 𝑁𝐵𝑠 ) 𝜙

( 4) 
𝑛 + 𝑁𝑘𝜙2 𝑛 

]
𝑌𝑛 = 𝐵𝑠 𝑝′′ − 𝑘𝑝 (5)

he general cases can be solved using the exact finite element formulations. For the simply supported beam a sine function
ulfills the boundary conditions ( 6 ) and the following orthogonality 

𝜙𝑛 ( 𝑥) = 𝑠 𝑖𝑛
𝑛𝜋𝑥 

𝐿 
,∫

𝐿 

0 

𝜙𝑟 ( 𝑥) 𝜙𝑛 ( 𝑥) 𝑑 𝑥 = 0 , if 𝑟 ≠ 𝑛 and 𝐿 
2 
, if 𝑟 = 𝑛, (6)

here L is the span of the beam. Multiplying Equation ( 5 ) by ϕn and integrating from 0 to L yields (considering the
rthogonality condition of Equation ( 6 )) [ 

−𝐵𝑠 𝑚
𝐿 

2 

(𝑛𝜋
𝐿 

)2 
− 𝑘𝑚

𝐿 

2 

] 
𝑌̈𝑛 +

[ 
−𝐵𝑠 𝑐

𝐿 

2 

(𝑛𝜋
𝐿 

)2 
− 𝑘𝑐

𝐿 

2 

] 
𝑌̇𝑛 

+
[ 
−𝐵0 𝐵𝑠 

𝐿 

2 

(𝑛𝜋
𝐿 

)6 
− ( 𝐵𝑘 + 𝑁𝐵𝑠 ) 

𝐿 

2 

(𝑛𝜋
𝐿 

)4 
− 𝑁𝑘

𝐿 

2 

(𝑛𝜋
𝐿 

)2 ] 
𝑌𝑛 

= 𝐵𝑠 ∫
𝐿 

0 

𝑝′′𝑠 𝑖𝑛
𝑛𝜋𝑥 

𝐿 
𝑑 𝑥 − 𝑘 ∫

𝐿 

0 

𝑝 𝑠 𝑖𝑛
𝑛𝜋𝑥 

𝐿 
𝑑 𝑥 

⇒ 𝑌̈𝑛 +
𝑐 

𝑚 

𝑌̇𝑛 +
𝐵0 𝐵𝑠 

(
𝑛𝜋

𝐿 

)6 
+ ( 𝐵𝑘 + 𝑁𝐵𝑠 ) 

(
𝑛𝜋

𝐿 

)4 
+ 𝑁𝑘

(
𝑛𝜋

𝐿 

)2 
𝑚

[ 
𝐵𝑠 

(
𝑛𝜋

𝐿 

)2 
+ 𝑘 

] 𝑌𝑛 = 𝑃𝑛 ( 𝑡) (7)

he loading term Pn ( t ) is 

𝑃𝑛 ( 𝑡) = 𝑓 ( 𝑡) 
−𝐵𝑠 ∫ 𝐿 0 𝑝′′𝑠 𝑖𝑛 𝑛𝜋𝑥 𝐿 

𝑑 𝑥 + 𝑘 ∫ 𝐿 
0 
𝑝 𝑠 𝑖𝑛

𝑛𝜋𝑥 

𝐿 
𝑑 𝑥 

𝑚𝐿 

2 

[ 
𝐵𝑠 

(
𝑛𝜋

𝐿 

)2 
+ 𝑘 

] (8)

he multiplier of Yn in Equation ( 7 ) is the square of the natural circular velocity ωn of the free vibration of the beam, and
n is the natural frequency: 

𝜔2 𝑛 =
𝐵0 𝐵𝑠 

(
𝑛𝜋

𝐿 

)6 
+ ( 𝐵𝑘 + 𝑁𝐵𝑠 ) 

(
𝑛𝜋

𝐿 

)4 
+ 𝑁𝑘

(
𝑛𝜋

𝐿 

)2 
𝑚

[ 
𝐵𝑠 

(
𝑛𝜋

𝐿 

)2 
+ 𝑘 

] , 𝑓𝑛 =
𝜔𝑛 
2 𝜋

(9)

his equation without the axial force is given in Equation ( 6 ). The same result is obtained by substituting the function
in ( n πx / L ) with derivatives to Equation ( 3 ) and assuming harmonic vibration, that is, 𝑣 = −𝜔2 𝑣, where ω is the angular
atural frequency and setting p = p ″ = c = 0. Equation ( 7 ) can be presented as 

𝑌̈𝑛 ( 𝑡) +
𝑐 

𝑚 

𝑌̇𝑛 ( 𝑡) + 𝜔2 𝑛 𝑌𝑛 ( 𝑡) = 𝑃𝑛 ( 𝑡) (10)

his is the standard form of the equation of motion for the system of many degrees of freedom. The form of this equation
s the same as for the Bernoulli–Euler beam, except for the loading term in Equation ( 8 ) and the natural frequency
n Equation ( 9 ). The solution of Equation ( 10 ) is obtained as a sum of the solution Yn, 0 of the homogeneous equation
 P ( t ) = 0) and the particular solution depending on the dynamic loading P ( t ). 
n n 
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FIGURE 2 Walking load p0 acting on a beam. 
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 Transient Response 

he transient part of the vibration is governed by the solution of the homogeneous equation, which can be written as a
um of two linearly independent functions that fulfill the homogeneous equation 

𝑌𝑛, 0 = 𝐺1 ,𝑛 𝑒𝑠1 ,𝑛 𝑡 + 𝐺2 ,𝑛 𝑒𝑠2 ,𝑛 𝑡 (11)

n which G1, n and G2, n are arbitrary complex numbers and s1, n and s2, n are the roots of the characteristic equation 

𝑠2 𝑛 +
𝑐 

𝑚 

𝑠𝑛 + 𝜔2 𝑛 = 0 (12)

he roots are 

𝑠1 ,𝑛 =
𝑐 

2 𝑚 

+

√ ( 𝑐 

2 𝑚 

)2 
− 𝜔2 𝑛 , 𝑠2 ,𝑛 =

𝑐 

2 𝑚 

−

√ ( 𝑐 

2 𝑚 

)2 
− 𝜔2 𝑛 (13)

hree types of motion are represented, according to whether the term under the square root is positive, negative, or zero.
hen this quantity is zero, c = 2 m ωn = cn and s1 n = s2 n = c /(2 m ), then we have so-called critically damped vibration.
hen c < 2 m ωn then the system is under-critical and the roots of Equation ( 13 ) are complex numbers. The roots can be
ritten as 

𝑠1 ,𝑛 = −𝜉𝑛 𝜔𝑛 + 𝑖𝜔𝐷,𝑛 , 𝑠2 ,𝑛 = −𝜉𝑛 𝜔𝑛 − 𝑖𝜔𝐷,𝑛 (14)

here i is the imaginary number and 

𝜔𝐷,𝑛 = 𝜔𝑛 
√ 

1 − 𝜉2 𝑛 , 𝜉𝑛 =
𝑐𝑛 
𝑐 

(15)

s the free-vibration velocity of the damped system and the corresponding damping. In this case, the solution is 

𝑌𝑛, 0 =
(
𝐴1 ,𝑛 sin 𝜔𝐷,𝑛 𝑡 + 𝐴2 ,𝑛 cos 𝜔𝐷,𝑛 𝑡 

)
𝑒−𝜉𝑛 𝜔𝑛 𝑡 (16)

 Time-Dependent Transverse Walking Load 

he walking step load along the beam is approximated as a uniform load p0 distributed symmetrically with respect to the
oint x = a over the width b , as shown in Figure 2 . 
n general, the total load can be presented as 

𝑝 ( 𝑥, 𝑡 ) = 𝑓 ( 𝑡) 𝑝̄ ( 𝑥) = 𝑓 ( 𝑡) 

∞∑
n = 1 

𝑝𝑛 sin 
𝑛𝜋𝑥 

𝐿 
(17)
AMM - Journal of Applied Mathematics and Mechanics, 2026 5 of 20
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TABLE 1 Suggested Fourier constants Aj of Equation ( 21 ). 

Harmonic number, 
j 

Aj suggested by 
Bachmann and Amman [ 42 ] Murray et al. [ 34 ] Smith et al. [ 36 ] 

1 0.4 – 0.5 0.5 0.436( jfs − 0.95) 
2 0.1 0.2 0.006( jfs + 12.3) 
3 0.0 0.1 0.007( jfs + 5.2) 
4 0.05 0.007( jfs + 2.0) 
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reat
ubstituting the load of Equation ( 17 ) in Equation ( 8 ) yields (invoking orthogonality of sine functions), 

𝑃𝑛 ( 𝑡) = 𝑓 ( 𝑡) 
𝐵𝑠 
𝐿 

2 

(
𝑛𝜋

𝐿 

)2 
𝑝𝑛 +

𝐿 

2 
𝑘𝑝𝑛 

𝑚𝐿 

2 

[ 
𝐵𝑠 

(
𝑛𝜋

𝐿 

)2 
+ 𝑘 

] = 𝑓 ( 𝑡) 
𝑝𝑛 
𝑚 

(18)

he Fourier term of the load is 

𝑝𝑛 =
2 

𝐿 ∫
𝐿 

0 

𝑝̄ ( 𝑥) sin 
𝑛𝜋𝑥 

𝐿 
𝑑𝑥 (19)

or the particular case of walking load, the Fourier term 

𝑝𝑛 =
2 

𝐿 ∫
𝐿 

0 

𝑝̄ ( 𝑥) sin 
𝑛𝜋𝑥 

𝐿 
𝑑 𝑥 = 2 

𝐿 ∫
𝑎 + 𝑏 ∕2 

𝑎 − 𝑏 ∕2 

𝑝0 sin 
𝑛𝜋𝑥 

𝐿 
𝑑 𝑥 =

4𝑝0 
𝑛𝜋

sin 
𝑛𝜋𝑎 

𝐿 
sin 

𝑛𝜋𝑏 

2 𝐿 
(20)

he deflections due to walking load can be approximated by a series of sine functions. Assuming b = 100 mm and including
ive terms ( n = 5) in the series resulted in errors in static deflections below 1 % compared to the deflections which were
alculated using the exact function given by Stamm and Witte [ 9 ] for the point loads in our case structure depicted in
igure 1 . Therefore, five terms are considered in this study in the calculations. 
onsidering the time-dependent load term f ( t ), the walking function is composed of successive step loads represented by
ne-step functions which are verified by many experiments [ 28 ]. Frequently used walking function is 

𝑓 ( 𝑡) = 1 +
𝐽 ∑
𝑗= 1 

𝐴𝑗 sin 
(
2 𝜋𝑗𝑓𝑠 𝑡 + 𝜙𝑗 

)
(21)

hich includes the phase angle ϕj and fs is the frequency of steps. The Fourier constants, Aj, are given in Table 1 based
n different sources for typical walking for the four first modes. The effect of higher modes up to 10 was considered
y [ 41 ]. 
he problem with this function is that the phase angle seems to have no physical meaning, at least to the authors.
oreover, the phase angle values reported in the literature exhibit significant scatter, implying that they are seemingly
uite arbitrary. According to Bachmann and Amman [ 42 ], the phase angle can be taken as 0 for the first harmonic and
 π/2 for the others. Accordingly, Smith et al. [ 36 ] suggested to use the phase angle values of 0, − π/2, π and π/2 for
alking for the first, second, third and fourth harmonics, respectively. The Fourier constants, Aj , and the phase angles,
j , for six first harmonics are given by Smith et al. [ 36 ] also for low impact aerobics, high impact aerobics, and normal
umping, see Table 2 . Sedlacek et al. [ 43 ] proposed that all phase angles can be taken as zero to simplify the walking load
unction. 
ased on [ 36 ] the values in Table 2 were derived by comparing the performance of the theoretical model proposed by [ 44 ]
ith measurements by Rainer et al. [ 45 ], Alves et al. [ 46 ], Kerr [ 47 ], and Ellis [ 48 ] according to the requirements given in
nnex C of CEN [ 37 ]. 
of 20 ZAMM - Journal of Applied Mathematics and Mechanics, 2026
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TABLE 2 Parameters Aj and ϕj for different types of human induced vibrations [ 36 ]. 

j 1 2 3 4 5 6 

Walking Aj 0.436( jfs –0.95) 0.006( jfs + 12.3) 0.007( jfs + 5.2) 0.007( jfs + 2.0) — —
ϕj 0 − π/2 π π/2 — —

Low impact 
aerobics 

Aj 9/7 9/55 2/15 9/247 9/391 2/36 
ϕj − π/6 − 5 π/6 − π/2 − π/6 − 5 π/6 − π/2 

High impact 
aerobics 

Aj π/2 2/3 0 2/15 0 2/35 
ϕj 0 − π/2 0 − π/2 0 π/2 

Normal 
jumping 

Aj 9/5 9/7 2/3 9/55 9/91 2/15 
ϕj π/6 − π/6 − π/2 − 5 π/6 − π/6 − π/2 

FIGURE 3 Walking functions according to different equations. 
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 articles are governed by the applicable C
reat
he function of Equation ( 21 ) can be transformed into the form of a double Fourier series as 

𝑓 ( 𝑡) = 1 +
𝐽 ∑
𝑗= 1 

𝐴𝑗 sin 
(
2 𝜋𝑗𝑓𝑠 𝑡 + 𝜙𝑗 

)

= 1 +
𝐽 ∑
𝑗= 1 

𝐴𝑗 
[
sin ( 2 𝜋𝑗𝑓𝑠 𝑡 ) cos 

(
𝜙𝑗 

)
+ cos ( 2 𝜋𝑗𝑓𝑠 𝑡 ) sin 

(
𝜙𝑗 

)]

= 1 +
𝐽 ∑
𝑗= 1 

𝐴𝑗 cos 𝜙𝑗 sin ( 2 𝜋𝑗𝑓𝑠 𝑡 ) +
𝐽 ∑
𝑗= 1 

𝐴𝑗 sin 𝜙𝑗 cos ( 2 𝜋𝑗𝑓𝑠 𝑡 ) 

= 1 +
𝐽 ∑
𝑗= 1 

𝐵𝑗 sin ( 2 𝜋𝑗𝑓𝑠 𝑡 ) +
𝐽 ∑
𝑗= 1 

𝐶𝑗 cos ( 2 𝜋𝑗𝑓𝑠 𝑡 ) 

= 1 +
𝐽 ∑
𝑗= 1 

𝐵𝑗 sin ( 𝑗𝜔𝑠 𝑡 ) +
𝐽 ∑
𝑗= 1 

𝐶𝑗 cos ( 𝑗𝜔𝑠 𝑡 ) (22)

here Bj = Aj cos ϕj and Cj = Aj sin ϕj . The functions of Equations ( 21 ) and ( 22 ) are shown in Figure 3 with the time steps
s /20 and fs = 2 Hz. Figure 3 also depicts the function of Equation ( 21 ) using zero phase angles as proposed by Sedlacek
t al. [ 43 ]. 
he functions of Equations ( 21 ) and ( 22 ) display similar behavior as expected. Similar walking function based on
olynomials is proposed by [ 33 ]. An interesting phenomenon was found when plotting the functions of Equations ( 21 ) and
AMM - Journal of Applied Mathematics and Mechanics, 2026 7 of 20
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 articles are governed by the applicable C
reativ
 22 ) by decreasing the time steps. With small time steps the function of Equation ( 21 ) starts to oscillate. In the following,
he function of Equation ( 22 ) is used, because small time-steps are needed in applications. 

 Steady-State Response 

he equation of motion, Equation ( 10 ), can be written as 

𝑌̈𝑛 ( 𝑡) +
𝑐 

𝑚 

𝑌̇𝑛 ( 𝑡) + 𝜔2 𝑛 𝑌𝑛 ( 𝑡) =
𝑝̄𝑛 
𝑚 

[ 

1 +
𝐽 ∑
𝑗= 1 

𝐵𝑗 sin ( 𝑗𝜔𝑠 𝑡 ) +
𝐽 ∑
𝑗= 1 

𝐶𝑗 cos ( 𝑗𝜔𝑠 𝑡 ) 

] 

(23)

he solution of Equation ( 23 ) can be presented as 

𝑌𝑛 ( 𝑡) = 𝑌𝑛, 0 ( 𝑡) + 𝑌𝑛,𝑗, 1 ( 𝑡) +
𝑝̄𝑛 

𝑚𝜔2 𝑛 
(24)

here the solution Yn ,0 of the homogeneous equation of the under-critical system is given in Equation ( 16 ) and it
epresents the transient response, which damps out in accordance with the exponential function. The third term in
quation ( 24 ) is the solution of the constant, time-independent load, and the second term is the particular solution
epresenting the steady-state harmonic response, and it can be presented as 

𝑌𝑛,𝑗, 1 ( 𝑡) =
𝐽 ∑
𝑗= 1 

𝐺1 ,𝑛,𝑗 cos ( 𝑗𝜔𝑠 𝑡 ) +
𝐽 ∑
𝑗= 1 

𝐺2 ,𝑛,𝑗 sin ( 𝑗𝜔𝑠 𝑡 ) (25)

ubstituting Equation ( 25 ) into Equation ( 23 ) and separating the multiples of cos from the multiples of sin leads to the
ollowing equation for each n and j [ 

−𝐺2 ,𝑛,𝑗 ( 𝑗𝜔𝑠 ) 
2 − 𝐺1 ,𝑛,𝑗 

𝑐 

𝑚 

( 𝑗𝜔𝑠 ) + 𝐺2 ,𝑛,𝑗 𝜔2 𝑛 −
𝑝̄𝑛 
𝑚 

𝐵𝑗 

] 
sin ( 𝑗𝜔𝑠 𝑡 ) 

+
[ 
−𝐺1 ,𝑛,𝑗 ( 𝑗𝜔𝑠 ) 

2 + 𝐺2 ,𝑛,𝑗 
𝑐 

𝑚 

( 𝑗𝜔𝑠 ) + 𝐺1 ,𝑛,𝑗 𝜔2 𝑛 −
𝑝̄𝑛 
𝑚 

𝐶𝑗 

] 
cos ( 𝑗𝜔𝑠 𝑡 ) = 0 (26)

o satisfy this equation for all values of t , it is necessary that each of the two square bracket quantities equal zero, thus one
btains 

𝐺1 ,𝑛,𝑗 
𝑐 

𝑚 

( 𝑗𝜔𝑠 ) + 𝐺2 ,𝑛,𝑗 
[
( 𝑗𝜔𝑠 ) 

2 − 𝜔2 𝑛 

]
= −

𝑝𝑛 
𝑚 

𝐵𝑗 (27)

−𝐺1 ,𝑛,𝑗 
[
( 𝑗𝜔𝑠 ) 

2 − 𝜔2 𝑛 

]
+ 𝐺2 ,𝑛,𝑗 

𝑐 

𝑚 

( 𝑗𝜔𝑠 ) =
𝑝𝑛 
𝑚 

𝐶𝑗 (28)

olving these two equations simultaneously yields 

𝐺1 ,𝑛,𝑗 =
𝑝𝑛 
𝑚 

− 𝑐 

𝑚 

( 𝑗𝜔𝑠 ) 𝐵𝑗 −
[
( 𝑗𝜔𝑠 ) 

2 − 𝜔2 𝑛 

]
𝐶𝑗 [

𝑐 

𝑚 

( 𝑗𝜔𝑠 ) 
]2 

+
[
( 𝑗𝜔𝑠 ) 

2 − 𝜔2 𝑛 

]2 , 𝐺2 ,𝑛,𝑗 = 𝑝𝑛 
𝑚 

−
[
( 𝑗𝜔𝑠 ) 

2 − 𝜔2 𝑛 

]
𝐵𝑗 +

𝑐 

𝑚 

( 𝑗𝜔𝑠 ) 𝐶𝑗 [
𝑐 

𝑚 

( 𝑗𝜔𝑠 ) 
]2 

+
[
( 𝑗𝜔𝑠 ) 

2 − 𝜔2 𝑛 

]2 (29)

hese equations are valid for all values of j . In the case without damping, c = 0 and j ωs = ωn , implying that the parameters
1, n , j and G2, n,j approach infinity. Near these values of j and ωs , resonances occur in the solution. The maximum response
s not exactly at these values, because of the time lag between the load and the response due to damping. Now, the function
n can be written as 

𝑌𝑛 ( 𝑡) =
(
𝐴1 ,𝑛 sin 𝜔𝐷,𝑛 𝑡 + 𝐴2 ,𝑛 cos 𝜔𝐷,𝑛 𝑡 

)
𝑒−𝜉𝑛 𝜔𝑛 𝑡 +

∞∑
𝑗= 1 

[
𝐺1 ,𝑛,𝑗 cos ( 𝑗𝜔𝑠 𝑡 ) + 𝐺2 ,𝑛,𝑗 sin ( 𝑗𝜔𝑠 𝑡)

]
+

𝑝𝑛 

𝑚𝜔2 𝑛 
(30)
of 20 ZAMM - Journal of Applied Mathematics and Mechanics, 2026
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 articles are governed by the applicable C
reat
he complete solution of the displacement is obtained from Equation ( 4 ): 

𝑣 ( 𝑥, 𝑡 ) =
∞∑
𝑛= 1 

𝜙𝑛 ( 𝑥) 𝑌𝑛 ( 𝑡) =
∞∑
𝑛= 1 

𝑌𝑛 ( 𝑡) sin 
𝑛𝜋𝑥 

𝐿 
(31)

or analyzing the vibrations induced by walking, 5 terms with respect to n and 4 terms with respect to j are taken in the
eries in Equations ( 31 ) and ( 30 ). The parameters A1, n and A2, n are obtained from the boundary conditions at the time
 = 0: 

𝑣 ( 𝑥, 0 ) = 𝑣0 f or all 𝑥 , and 
𝜕𝑣 ( 𝑥 , 0 ) 

𝜕𝑡 
= 𝑣̇0 f or all 𝑥 (32)

onsequently, 

𝐴2 ,𝑛 = 𝑌𝑛 ( 0) −
4 ∑
𝑗= 1 

𝐺1 ,𝑛,𝑗 −
𝑝𝑛 

𝑚𝜔2 𝑛 
, 𝐴1 ,𝑛 =

1 

𝜔𝐷,𝑛 

( 

𝑌̇𝑛 ( 0) + 𝜉𝑛 𝜔𝑛 𝐴2 ,𝑛 −
4 ∑
𝑗= 1 

𝐺2 ,𝑛,𝑗 𝑗𝜔𝑠 

) 

(33)

he velocity and the acceleration of the beam are 

𝑣̇ ( 𝑥, 𝑡 ) =
∞∑
𝑛= 1 

𝑌̇𝑛 ( 𝑡) sin 
𝑛𝜋𝑥 

𝐿 
(34)

𝑣 ( 𝑥, 𝑡 ) =
∞∑
𝑛= 1 

𝑌̈𝑛 ( 𝑡) sin 
𝑛𝜋𝑥 

𝐿 
(35)

here 

𝑌̇𝑛 ( 𝑡) = 𝑒−𝜉𝑛 𝜔𝑛 𝑡 
[
𝐴1 ,𝑛 

(
−𝜉𝑛 𝜔𝑛 sin 𝜔𝐷,𝑛 𝑡 + 𝜔𝐷,𝑛 cos 𝜔𝐷,𝑛 𝑡 

)
+ 𝐴2 ,𝑛 ( −𝜉𝑛 𝜔𝑛 cos 𝜔𝐷,𝑛 𝑡 − 𝜔𝐷,𝑛 sin 𝜔𝐷,𝑛 𝑡)

]
+

∞∑
𝑗= 1 

𝑗𝜔𝑠 
(
−𝐺1 ,𝑛,𝑗 sin 𝑗𝜔𝑠 𝑡 + 𝐺2 ,ℎ,𝑗 cos 𝑗𝜔𝑠 𝑡 

)
(36)

𝑌̈𝑛 ( 𝑡) = 𝑒−𝜉𝑛 𝜔𝑛 𝑡 
{ 

𝐴1 ,𝑛 

[
( 𝜉𝑛 𝜔𝑛 ) 

2 − 𝜔2 𝑛 

]
sin 𝜔𝐷,𝑛 𝑡 − 𝐴1 ,𝑛 2𝜉𝑛 𝜔𝑛 𝜔𝐷,𝑛 cos 𝜔𝑑,𝑛 𝑡 

+ 𝐴2 ,𝑛 2𝜉𝑛 𝜔𝑛 𝜔𝐷,𝑛 sin 𝜔𝐷,𝑛 𝑡 + 𝐴2 ,𝑛 
[
( 𝜉𝑛 𝜔𝑛 ) 

2 − 𝜔2 𝑛 

]
cos 𝜔𝐷,𝑛 𝑡

} 

+
∞∑
𝑗= 1 

( 𝑗𝜔𝑠 ) 
2 (−𝐺1 ,𝑛,𝑗 cos 𝑗𝜔𝑠 𝑡 − 𝐺2 ,𝑛,𝑗 sin 𝑗𝜔𝑠 𝑡 ) (37)

 Numerical Application 

onsider the composite beam depicted in Figure A1 . The span of the beam is L = 12 m and one person is walking at the
id-span of the beam. The point load is simulated by taking the first 5 terms of the Fourier series of Equations ( 17 )–( 20 )
ith a = 6000 mm, b = 100 mm, p0 = 7 N/mm, corresponding to a person weighing 70 kg. The walking is simulated
sing Equation ( 22 ) with four terms, that is, J = 4. The boundary conditions are set as 𝑣0 = 0 and 𝑣̇0 = 0 . The damping
alue using 3% of the critical damping of mode 1 is c = 0.03*2.37E-02 = 7.12E-04 Ns/mm2 , see Appendix A. The damping
atio was taken as 3%, following the AISC Design Guide recommendations for typical floor systems with non-structural
omponents and furnishings [ 30 ]. Values of c for different damping ratios are calculated in a similar way. Other initial data
s presented in Appendix A, which also contains details of the vibration analysis as well as the results of stress analysis for
ltimate limit state loads. 
isplacements are shown in Figure 4 using the typical walking frequency fs = 2.0 Hz and with 3% damping. The figure
lso illustrates the static displacement for comparison. 
AMM - Journal of Applied Mathematics and Mechanics, 2026 9 of 20
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FIGURE 4 Dynamic and static displacements of the composite beam for fs = 2 Hz. 

FIGURE 5 Steady-state and transient deflections of the composite beam. 

FIGURE 6 Velocities of the composite beam. 
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 articles are governed by the applicable C
reat
he transient and steady-state deflections for fs = 2 Hz are depicted in Figure 5 . The transient part disappears after about
 = 2 s in this case. 
inally, the total velocities and the total accelerations are shown in Figures 6 and 7 . The transient accelerations are much
arger than the steady-state accelerations, but they disappear after about 2 s. 
onsider next the steady-state responses, which are important when applying the acceptability criteria of the structure.
he resonances occur near j ωs = ωn . The lowest natural frequency of the structure is 7.6 Hz, as shown in Appendix A. For
he frequencies of walking, the resonance may occur near the following cases: j = 3 and n = 1 with fs = 7.6/3 = 2.5 Hz; j = 4
nd n = 1 with fs = 7.6/4 = 1.9 Hz. Figures 8–10 show the maximum steady-state deflections, velocities, and accelerations in
he range 1–3 Hz, which have been calculated using the extra mass of 10% of the live load, see Appendix A. The Figures 8–10
lso illustrate the effect of damping using typical damping values of 1% and 3%, which are commonly adopted in parametric
0 of 20 ZAMM - Journal of Applied Mathematics and Mechanics, 2026
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FIGURE 7 Accelerations of the composite beam. 

FIGURE 8 Frequency-response: Maximum steady-state deflections of the composite beam with varying damping. 

FIGURE 9 Frequency-response: Maximum steady-state velocities of the composite beam with varying damping. 

FIGURE 10 Frequency-response: Maximum steady-state accelerations of the composite beam with varying damping. 
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FIGURE 11 Schematic overview of the comparison systems adopted from the literature, including (a) steel–timber 
composite beam floor [ 49 ], (b) CLT–concrete composite floor [ 50 ], and (c) a prestressed concrete slab strip subjected to 
human-induced dynamic loading [ 51 ]. 
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 articles are governed by the applicable C
rea
loor vibration analyses and fall within the range recommended by the AISC Design Guide, depending on construction
etails [ 30 ]. 
igure 8 visualizes the dynamic magnification factor, which is the ratio of the dynamic deflection to the static deflection.
t fs = 1.9 Hz the ratio is 0.57/0.21 = 2.7, and at fs = 2.5 Hz the ratio is 0.69/0.21 = 3.3 for 3% damping. 
he above example demonstrates that the theory of layered beams, as presented in this study, can be applied to vibration
nalysis of composite floors in a straightforward manner. 

 Comparisons 

or comparing the results obtained by the proposed method with other methods and published measurement data,
ltogether four cases were considered. First, the method was compared to the results of numerical analysis. As given
n Appendix A, the first three eigenfrequencies calculated using the finite element method (FEM) and Equation ( 9 )
or the structure depicted in Figure 1 are 9.1, 32.8, and 64.1 Hz (FEM), and 9.2, 34.2, and 78.3 Hz (Equation 9 ),
espectively. It is evident that the FEM results are slightly lower than the analytical ones, with errors of 1%, 4%, and
2%. 
econd, the proposed methodology was compared to three experimental results, as illustrated schematically in Figure 11 .
he first comparison is against the steel–timber composite beam tests by Chiniforush et al. [ 49 ]. The first two eigenmodes
bserved were torsional. The third modes, which were flexural, were measured to be 24.16 and 24.65 Hz. Using
quation ( 9 ), the calculated frequencies are 22.69 and 23.39 Hz, with errors of 6% and 5% compared to the measured values.
he CLT was modeled as a homogeneous cross-section using the TLB. Further details of the static tests and calculations
an be found in Aspila et al. [ 11 ]. 
he second comparison against CLT-concrete composite floors reported by Mai et al. [ 50 ]. Equation ( 9 ) yields eigenvalues
f 9.92 and 9.83 Hz for connector spacings of 150 and 300 mm, respectively. The tests produced the associated values of
2.03 and 11.65 Hz, so the calculated errors compared to the measurements are 18% and 16%, respectively. 
he final comparison serves to validate the proposed solution to the equation of motion. Racic et al. [ 51 ] provide test results
f human-induced bouncing and jumping forces and accelerations. The test structure is a 15.4-ton prestressed concrete
lab strip, representing a flexible floor or footbridge. The slab strip is 11 m long and 2 m wide, and structurally it is a simply
upported beam with a span of 10.8 m. The depth of the strip is 275 mm. In Racic et al. [ 51 ], the first three bending modes
ere measured, along with their corresponding damping values. The measured and calculated eigenvalues are presented
n Table 3 . 
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TABLE 3 Bending eigenvalues and measured damping. 

Mode 
Measured 

eigenfrequency (Hz) 
Calculated 

eigenfrequency (Hz) Measured damping% 

1 4.4 4.3 0.59 
2 17.0 17.1 0.56 
3 37.6 38.5 1.22 
4 — 68.4 —
5 — 106.8 —

FIGURE 12 Frequency-response: Calculated maximum acceleration with respect to frequency of a jumping person. 

TABLE 4 Maximum accelerations ( m / s2 ) for three frequencies. 

fs = 2.0 Hz Eigenvalue fs = 2.5 Hz 

Experiments 1.0 5.5 0.6 
Calculated 0.90 7.76 0.49 
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he calculated eigenvalues are within 2% of the measured values. Racic et al. [ 51 ] provide measured maximum
ccelerations for one person bouncing and jumping at the mid-span of the strip. The parameters Aj and Φj for bouncing
re not known, but Table 2 gives these parameters for jumping. By using four harmonics for jumping and applying
quations ( 22 )–( 37 ), the maximum steady-state acceleration with respect to the frequency of the action is calculated, and
he result is presented in Figure 12 . 
he maximum acceleration occurs at a frequency of 2.14 Hz, not at 2.2 Hz as in the tests, because the calculated
igenfrequency is slightly lower than the tested value. Table 4 presents the experimental and calculated maximum
ccelerations for three frequencies. It can be observed that the calculated values are in good agreement with the
xperimental values. 

 Conclusions 

n this study, a methodology is proposed for structural analysis of multilayered composite floors. The proposed
ethodology is based on the well-known theory of layered beams. The focus in the analysis is on the human-induced
ibrations, which are typically the design criterion that governs the feasibility of the floor assembly. In addition to
heoretical aspects, vibration of a long-span timber-steel composite floor is considered as a case example augmented with
etailed stress analyses and numerical verification in appendices A and B, respectively. 
he proposed analysis method includes the following specific contributions: 
∙ Derivation of equation of motion of an elastic layered beam 

∙ Bending, axial force and viscoelastic damping included 
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∙ Solution using standard mode-superposition analysis by separating variables 
∙ Solution is derived at transient and steady state phases 
∙ Validated walking function is used in actions 

enerally, the design code for timber-composite structures is badly needed. It seems to be hard to accept clear yes/no rules
specially when considering the acceptance criteria for human-induced vibrations. The problem is indeed a complex one:
lmost everything can be considered as a stochastic process, such as the weight of the human, step length, frequency of
teps, harmonics between steps, direction of next steps, crowding population distribution, etc. For this reason, structural
esigners should be provided with a comprehensive analysis method that gives a profound understanding of the structural
ehavior of composite floors. In the proposed method, the equation of motion and its solution can be used to calculate
he responses of general layered beams under different walking loads, and, as given in Table 2 , also other human-induced
oads can be analyzed. The response-frequency diagrams can be used to estimate the effects of different initial data, such
s frequency of loading, damping, and the dimensions of the structure. 
he elastic theory of layered beams is based on the following hypotheses: 

∙ Layers behave like Bernoulli–Euler beams 
∙ Shear connectors are modeled as continuous along the beam axis 
∙ All layers have the same vertical displacements along the beam axis 
∙ The cross-section of the beam is constant along the beam axis 
∙ The mid-sections of the layers stay on the line in bending 

owever, in typical applications, these method limitations do not become critical. The method is applied here only to
imply supported beams with relatively simple impact loads. The method could also be used in more complex geometries
ith more complex dynamic excitation, but the results should be validated against measured data. 

omenclature 

 coordinate of the longitudinal axis 

 time 

0 sum of bending moments of layers 

S Steiner term 

 shear factor 

 vertical deflection 

 total bending stiffness 

 tensile axial force 

 lateral force 

 viscous damping per unit length 

 mass per unit length 

 distributed mechanical load 

n vibration mode shape 

n generalized displacement of normal mode n 

 span of a beam 

n natural angular velocity of free vibration 

n natural frequency 

n,0 solution of the homogeneous equation 

D,n free-vibration velocity of the damped system 

j phase angle 

s frequency of steps 

S excitation period 
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S distance between shear connectors 
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ppendix A: Initial data of considered composite beam and design in static case 
onsider a steel-timber composite beam with cross-section shown in Figure A1 . The width of the floor structure is 800 mm, and it is
ssumed to be taken from the floor shown in Figure 1 . The structure is composed of two LVL plates connected with bolt pairs to the
langes of the welded steel I-beam, that is, a WI beam. The LVL36C plates include 20 veneers in the longitudinal axis of the beam and
 cross veneers. 
he span of the beam is 12 m, and it is loaded with a uniform live load of 5 kN/m2 . The properties of timber parts are defined using [ 32,
9 ], and the properties of steel parts are defined using [ 38 ]. The load factors are defined following [ 37 ]. The extra weight of 0.5 kN/m2

escribes surface structures, and their stiffness is not considered in the analysis, only the weight. Due to symmetry the elastic center of
he beam is located at the mid-line of the cross-section. 
he initial data of one 800 mm wide beam is as follows: 

∙ LVL plates, Emean = 10500 MPa. 
∙ Bolts M12 grade 8.8, distance in longitudinal direction ls = 800 mm. 
∙ WI, top and bottom flanges 220 × 22 mm2 , steel grade S355, web 406 × 10 mm2 , S355. 
∙ Load factors at the SLS are 1, at the ULS for the dead load 1.15 and for the live load 1.5. 
∙ Material factors at the SLS are 1, at the ULS for steel 1, for LVL 1.2. 
∙ Densities, steel 7850 kg/m3 , LVL 510 kg/m3 . 
∙ The ULS total dead load 2.49 kN/m consists of the following parts 

∘ Steel beam 108 kg/m 

∘ LVL plates 61 kg/m 

∘ 10% extra from the live load 0.5 kN/m2 following EN 1995-1-1 
∘ Extra weight 50 kg/m2 

∙ The SLS, live load is 4 kN/m. 
∙ Total load in the SLS is 6.49 kN/m. 
∙ Loads of the ULS, dead load 1.15*2.49 = 2.86 kN/m, live load 1.5*4 = 6 kN/m, total load 8.86 kN/m. 
∙ Axial load N = 0. 

or the slip factor of the shear connectors, the test results reported by Hassanieh et al. [ 40 ] are employed, based on the mean of three
dentical push-out tests for two pairs of M12/8.8 bolts with hySPAN LVL panels (thickness 75 mm) and Grade-300PLUS steel plates
thickness 8.8 mm). The shear slip module for two pairs of bolts is 28.6 kN/mm and the peak load capacity is 92.6 kN when the load is
arallel to the outermost veneers. The given properties of the hySPAN panels are like the LVL48P panels, where all veneers are parallel
o the beam axis. In this study, the slip factor is obtained by modifying the tested shear slip module (28.6 kN/mm) by the factor 20/25 to
IGURE A1 Cross-section of the steel–timber composite beam. 
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TABLE A1 Natural frequencies, damping, and natural angular frequencies of the damped system. 

n ωn [1/s] fn [Hz] cn [Ns/mm2 ] ωD,n [1/s] 

1 4.76E + 01 7.6 2.37E-02 4.76E + 01 
2 1.82E + 02 29.0 9.07E-02 1.82E + 02 
3 4.05E + 02 64.5 2.02E-01 4.05E + 02 
4 7.17E + 02 114.2 3.57E-01 7.17E + 02 
5 1.12E + 03 178.1 5.57E-01 1.12E + 03 

TABLE A2 Natural frequencies varying the axial load N . 

N = -1000 kN N = 0 kN N = 1000 kN 

n fn [Hz] fn [Hz] fn [Hz] 

1 7.1 7.6 8.0 
2 28.5 29.0 29.4 
3 64.0 64.5 65.0 
4 113.7 114.2 114.7 
5 177.6 178.1 178.6 

FIGURE A2 Effect of axial force on the first eigenvalue. 
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ccount for the number of cross veneers and by employing the factor kdef [ 32 ]. Consequently, the slip factor ks of one pair of bolts is 

𝑘𝑠 =
20 

25 

1 

1 + 0 . 6 

28600 

2 
= 7150

𝑁 

𝑚𝑚 

. (A1)

t the ultimate limit state, the value of (2/3)*7150 = 4767 N/mm is used as given in [ 32 ]. 
he composite beam is analyzed by the elastic theory of layered beams (TLB). The beam consists of three layers: two LVL plates and
he WI-beam connected by pairs of bolts at the top and bottom. The LVL plates are considered homogeneous beams using the modulus
f elasticity and other properties as they are given in [ 39 ]. 
he bending stiffnesses at the SLS of the top and bottom of LVL plates are B1 = B3 = 2.953E + 11 Nmm2 , and the bending stiffness of the
I cross-section is B2 = 1.049E + 14 Nmm2 . The sum of these three is B0 = 1.055E + 14 Nmm2 . Steiner term is Bs = 8.682E + 13 Nmm2 and

he total bending stiffness is B = B0 = Bs = 1.923E + 14 Nmm2 . The distances of the centers of the LVL plates and the center of the WI
eam are a1 = a2 = 263 mm. The shear factor k of the beam is [ 14 ] 

𝑘 = 𝑎2 
1 

𝑘𝑠 
𝑙𝑠 

+ 𝑎2 
2 

𝑘𝑠 
𝑙𝑠 

= 1231699 𝑁. (A2)

mplementing these values the results of Table A1 are obtained. 
lthough floor structures are not typically subjected to axial loads, they may occur. The impact of axial load N is shown in Table A2 . 
t can be seen that, when the axial load is tensile (positive) the natural frequency increases and when the load is compressive (negative),
he frequency is decreasing. Varying the axial load the first eigenfrequency is changing as is shown in Figure A2 . 
8 of 20 ZAMM - Journal of Applied Mathematics and Mechanics, 2026

ive C
om

m
ons L

icense



TABLE A3 Deflections varying the shear factor. 

Shear factor k Infinite 
Using 

ls = 400 mm 

Using 
ls = 800 mm 

Using ls = 1200 

mm Zero 

Max deflection (mm) 9.1 13.4 14.6 15.1 16.6 
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 articles are governed by the 
he eigenvalue is approaching zero when the axial load is approaching the value − 8249 kN. This value is the buckling load, and it can
e derived from Equation ( 9 ) by setting ωn = 0 (see also [ 9 ]): 

𝑁𝑐𝑟 = −
𝐵0 𝐵𝑠 

(
𝑛𝜋

𝐿 

)4 
+ 𝐵𝑘

(
𝑛𝜋

𝐿 

)2 
(
𝑛𝜋

𝐿 

)2 
+ 𝑘 

. (A3)

onsider the SLS, the deflection of the simply supported layered beam under uniform load p0 = 6.49 kN/m is [ 9 ] 

𝑣 ( 𝜉) =
𝑝0 𝐿

4 

𝐵 

⎡ ⎢ ⎢ ⎣ 1 24 𝜉
(
1 − 2𝜉2 + 𝜉3 

)
+ 1 

2 𝛼𝜆2 
𝜉 ( 1 − 𝜉) − 1 

𝛼𝜆4 

cosh 
𝜆

2 
− cosh 𝜆( 1 − 2 𝜉) 

2 

cosh 
𝜆

2 

⎤ ⎥ ⎥ ⎦ , (A4)

here 

𝜉 = 𝑥 

𝐿 
, 𝛼 =

𝐵0 
𝐵𝑠 

= 1 . 2149 , 𝛽 =
𝐵𝑠 
𝑘𝐿2 

= 0 . 4895 , 𝜆 = 1 + 𝛼

𝛼𝛽
= 1 . 9299 . (A5)

f the whole load is carried by the steel beam, then the deflection without long-term effects is 16.7 mm = L /718. The deflection of the
omposite beam without long-term effects is 14.6 mm. This illustrates that the steel beam carries most of the load, so the long-term
ffects of timber have a rather limited effect on the deflection. 
able A3 shows the effect of the shear factor, k , on the deflection for several variations. The value k = 0 (no shear connection between
ayers) implies that the bending stiffness of the beam is B0 , and if k = ∞ (no slip between layers), the bending stiffness is B . Finite
on-zero values of the shear factor can be obtained by varying the distance between pairs of bolts, ls , as shown in Table A3 . The value
s = 800 mm indicates the value of Equation (A2) . 
he design at the ULS can be completed using the equations given in Stamm and Witte [ 9 ]. The maximum axial stress of the WI-beam
s 65.0 MPa and the axial stress of the LVL plates is 0.91 MPa. The maximum shear force of the pairs of bolts is 5.9 kN. The beam can
esist well the given static ULS load. 

ppendix B: FEM 

o check the effect of the rotational inertia on the eigenvalues a simplified finite element model was made by the program Autodesk
obot Structural Analysis Professional 2020. Quadrilateral isotropic shell elements of size 25*25 mm2 were used for the LVL plates
thickness 75 mm, Young’s modulus 10500 MPa, density 510 kg/m3 ) and for the flanges (thickness 22 mm) and the web (thickness
0 mm, Young’s modulus 210,000 MPa, density 7850 kg/m3 ) of the WI beam. The connections, ks = 7150 N/mm, between the flanges of
he steel beam and the LVL plates were modeled using vertical beams of length of 48,5 mm (Young’s modulus 210,000 MPa, moment
f inertia 324 mm4 , area 50 mm2 ) fixed to the mid-lines of LVL plates and flanges of WI beams. The simple support conditions are
odelled such that both ends are supported in vertical and horizontal directions at the mid-sections, and one end was supported in
he longitudinal direction as well. The free edges of the LVL plates at the long sides were supported against rotations and horizontal
isplacements. Figure B1 illustrates the FEM model. 
able B1 shows the FEM results and comparisons to the analytical results. The analytical results are calculated setting the self-weight of
he structure (LVL plates = WI beam, no extra weight and 10 % of the live load) to the dead load when calculating the eigenfrequencies,
s was done in the FEM. 
t can be seen that the rotational inertia has no large effect on the results, and that the FEM results are near the analytically obtained
eflection and the first eigenfrequency. 
he FEM model is used also to check the stresses at the ULS. The FEM model is the same as above, but the Young’s modulus of LVL
lates is 10500/1,2 = 8750 MPa and the stiffness of the pair of bolts is 4767 N/mm. The inertias of the short beams are 216 mm4 . The beam
s subjected to a uniform load of 8.86 kN/m. The results are given in Table B2 using both the FEM and the analytical solution based on
he TLB [ 9 ]. 
n general, the analytical results are in good agreement with FEM. The main difference is in the maximum axial stress in the LVL plates.
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FIGURE B1 FEM model. 

TABLE B1 FEM results compared to analytical results. 

Static deflection 

at mid-span, load 

1 kN at the 
mid-span (mm) 

First 
eigenfrequency 

(Hz) 

Second 

eigenfrequency 
(Hz) 

Third 

eigenfrequency 
(Hz) 

Analysis 0.30 9.2 35.2 78.3 
FEM with rotational 
inertia 

0.30 9.1 32.7 63.9 

FEM without 
rotational inertia 

0.30 9.1 32.8 64.1 

TABLE B2 FEM results at ULS compared to analytical results. 

Maximum 

deflection (mm) 

Maximum axial 
stress of LVL 

plates (MPa 

Maximum axial 
stress of WI beam 

(MPa) 
Maximum connector 

force (kN) 

Analysis 20.7 0.91 65.0 5.9 
FEM 20.7 1.12 63.5 5.4 
Difference, 
Analysis/FEM [%] 

0% 19% 2% 9% 
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