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ABSTRACT

The finite element method (FEM) provides a general framework for analyzing virtually all types of structures
under various loading conditions. Nevertheless, in certain situations, designers may identify that the structural
system exhibits predominantly beam-like behavior, allowing the use of analytical theories. This is often the case
when evaluating the performance of rectangular floor systems where bending stiffness is significantly lower in one
direction compared to the other. Additionally, beam theory offers highly accurate structural response predictions for
footbridges. The theory of layered beams is extensively utilized in engineering, particularly in the design of composite
beams, cross-laminated timber beams, and sandwich structures. When it comes to long-span lightweight floors,
addressing human-induced vibrations is a crucial aspect of the design process. This paper derives and solves the
exact equation of motion for a simply supported layered beam. The formulation is based on the exact differential
equation governing layered beam behavior, ensuring applicability to a wide range of cross-sectional configurations.
The solution is given, including both steady-state and transient responses. These combined features distinguish the
present study from previous works, where such completeness is rarely achieved within a single paper. This study is
structured into two main sections: the first section derives the equation of motion and offers a comprehensive solution
for simply supported layered beams using a validated walking function. The second section illustrates the practical
application of this solution in the vibration design of lightweight floors. The proposed method clarifies the theoretical
foundations of the guidelines and provides a straightforward approach to designing layered beams. A case study is
presented, focusing on a timber—steel-timber composite floor beam, where timber plates are bolted to a steel beam.
The results show that the proposed method effectively explains the underlying theories and offers a practical design
approach for layered beams subjected to human-induced vibrations.

1 | Introduction

Lightweight steel-timber hybrid floor structures have become increasingly popular due to their cost-effectiveness and
other outstanding technical features. The design of these lightweight floors emphasizes the serviceability limit state
criteria, particularly vibrations, as pointed out by El Asri et al. [1], Karampour et al. [2], and Loss and Davison [3]. However,
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FIGURE 1 | Cross-section of the considered steel-timber composite floor.

the lack of universal design guides and analytical analysis methods complicates the wider adoption of these structures, and
so this study presents a layered-beam theory-based analysis method for composite lightweight floors. This study focuses on
human-induced vibrations of lightweight floors by considering a composite structure depicted in Figure 1. The structure
is composed of laminated veneer lumber (LVL) plates, which are connected to the welded I-profile steel beam (WI). The
LVL plates are connected to the flanges of the WI beam using pairs of bolts. This kind of structure enables a wide range
of variations both for the plates (dimensions, timber materials), for the steel beams (dimensions, steel grades) and for
the connections (distances, connector types). This makes it possible to optimize cost and environmental quantities of the
structure when the constraints both for the serviceability limit state (SLS) and for the ultimate limit state (ULS) are known.

Case studies are done for the span of L = 12 m, and the structure is analyzed as a simply supported beam as shown in
Appendix A. The beam is analyzed using the elastic theory of layered beams having three layers (two LVL plates and the
WI beam) connected with bolts. The shear slips of the bolts are considered in the theory.

The theory of layered beams (TLB) was developed initially for the structural analysis of wooden nailed beams by Granholm
[4], Parland [5], and Pleskov [6]. The theory has been further developed and applied to also other layered cross-sections
such as sandwich beams [7] and shear walls [8]. The sandwich beams are the applications where the TLB has been used
most frequently [9, 10]. The TLB has also been used for steel-timber composite beams e.g., by Loss and Davison [3] and by
Aspila et al. [11], and for cross-laminated timber beams having 3-7 layers by Heinisuo and Pajunen [12] indicating that the
responses using the TLB fit well to the results of static and dynamic tests. A finite element formulation of layered beams
is given by Thompson et al. [13] using the polynomial splines between nodes. The exact finite element formulations for
static and dynamic analyses were presented by Heinisuo [14] and Davies [10] using exact spline functions. In the theory,
it is assumed that the generalized Bernoulli’s hypothesis is valid, meaning that the centroids of the layers stay on the line
when the beam bends. No restrictions on the number of layers are set. The cross-section of the beam considered in this
paper has three layers and the cross-section is symmetric, so the generalized Bernoulli’s hypothesis is valid and the TLB
can be applied.

The equation of motion and its solutions are needed when analyzing the vibration response of the beam. DiTaranto [15]
and Mead and Markus [16] presented the sixth-order differential equation with solutions for the sandwich beams with
viscoelastic cores. The viscoelastic damping of layered beams was studied by Reddy et al. [17]. The sixth order differential
equation was presented and solved considering also the rotational inertia of thin-faced layers by Zenkert [18]. The density
of the core was considered in vibration analysis by Khalili et al. [19], and the transverse shear and the rotational inertia
of the layers were considered by Alvelid [20]. The vibration of a sandwich beam with the lattice core was studied by
Kohsaka et al. [21], and free vibration of axially loaded functionally graded sandwich beams was considered by Vo et al.
[22]. Additionally, free vibrations of an axially loaded sandwich beam with a two-directional viscoelastic core were studied
by Cabantilde-Placzkiewicz [23], and vibrations of an axially compressed sandwich beam due to a moving force were
considered by Misiurek and Sniady [24]. All these above-mentioned studies dealt with sandwich beams having two layers
connected with a shear-resistant core. A multilayer generalization of the theory of Mead & Markus was presented by
Hansen and Ozer [25] and the multilayer beams with large deformations and large overall motions were considered by
Vu-Quoc and Ebcioglu [26].

In the present study, the TLB is used with assumptions: The Euler-Bernoulli bending theory is used for the layers, the
bolts connect the layers, and the connections resist only shear, and the connections are assumed to be continuous along

2 of 20 ZAMM - Journal of Applied Mathematics and Mechanics, 2026

85U80|7 SUOWILIOD BAEa.D 3|qed|dde au Aq peuenob afe sajonie VO ‘8sn Jo Se|ni Joy Areiq1T8ulUO AB]I/ UO (SUOIPUOD-PUe-SLLLBY/W0" A8 |IMAeIq Ul [UO//:SAnY) SUORIPUOD Pue swie | 8y} 88S *[9202/60/T0] Uo AriqiTauluo A8|1m ‘IS uoiepunog Aisienlun aedwe | Aq 0250/ WWeZ/Z00T OT/I0p/u0D A8 | M Afeiq jeuljuo//Sciy wolj pepeojumod ‘g ‘920z ‘TO0YTZST



the beam, the cross-section and stiffness of the beam are constant along the beam axis. The viscoelastic damping and the
axial force are considered.

The load induced by walking is in reality very complicated due to many possible variations. Almost everything can be
considered as stochastic processes, such as the weight of the human, step length, frequency of steps, harmonics between
steps, direction of next steps, crowding population distribution as pointed out by Pancaldi et al. [27], Li et al. [28], and
El Asri et al. [1]. The review of analysis and design of floor vibrations by Karampour et al. [2] indicates the discrepancies
between simplified equation calculations and modal analysis observations. An extensive literature review of modelling
of human walking forces was given by Racic et al. [29] with a conclusion that there is a considerable uncertainty about
how excessive structural vibrations modify walking and hence affect pedestrian-induced forces. In the current study, the
main interest is in simplified models which are based on simplifications and found to give rather good estimations in
comparison to many tests.

The floors are classified into low-frequency and high-frequency floors. The classification is done based on the lowest
natural frequency of the floor. There is no general accepted classification limit, and it is changing in the range 7-10 Hz [2].
The acceptance criteria of the high-frequency floors are based on the stiffness [30, 31] and velocities [32, 33] of the floors.
The acceptance criteria of the low-frequency floors are based mainly on the maximum accelerations [34], and additional
requirements are given for the local deflections [31].

All of the above motivated us to derive the equation of motion and to solve it using the load induced by walking. Starting
from the exact differential equation of sixth degree of the elastic layered beam, the equation of motion is derived. The
equation of motion is solved analytically both at transient and steady-state phases. The solution is derived using the
standard mode-superposition analysis by separating the variables [35]. The effect of the rotational inertia is checked
by a numerical method in Appendix B. Numerical calculations are completed using the walking function presented by
[36] which has been validated with many experiments. In Appendix A, the basic data and the design at the SLS dealing
with deflections and briefly the design at the ULS applying the design rules given in refs. [32, 37-39]. The slip of bolted
connection is modeled applying as presented by Hassanieh et al. [40]. The main interest is devoted to the vibrations due
to walking loads.

2 | Equation of Motion of Simply Supported Layered Beam

Differential equation of the layered beam is [14]

B 3% (x,t)

8% (x,t 82v (x,t 3%q (x,t
By B, e v(x )+Nk v (x )=B q(x,t)

— (Bk+ NB
( ) x4 dx? S ax2

- kq (x’t)’ (1)

where x is longitudinal axis, t is time, v(x; ) is vertical deflection, By is sum of bending moments of layers, By is Steiner term,
k is shear factor, B is total bending moment, N is the tensile axial force, and q(x,) is the lateral force. Use D’Alembert’s
principle

dv (x,t) 3%v (x, t)
ot TS

qx,t)=p(x,t)—c @)

where c is the viscous damping per unit length of the beam and m is the mass of the beam per unit length. Implementing
Equation (2) into Equation (1) follows

ByB,v(® — (Bk + NBy)v™® + Nk v’ = B, p”’ — Byev' — Bymii® — kp + kev + kmv (3)

and derivatives with respect to x coordinates are denoted by primes and with respect to time with dots. We look for the
solution using the standard mode-superposition analysis by separating the variables as given in [35]

V(D)= ) bn (X) Y, (1), )
n=1
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where ¢,,(x) is the vibration mode shape n and Y,,(¢) is the generalized displacement of the normal mode »n in time domain.
Substituting Equation (4) into Equation (3) the result is

M8

i (Bsmqs;' - kmqbn) Y <B e — kcgbn) Y, + Z [BOB ©) _ Bk + NBy) ¢ +Nk¢fl] Y, =B, p" —kp (5
n=1

n=1

The general cases can be solved using the exact finite element formulations. For the simply supported beam a sine function
fulfills the boundary conditions (6) and the following orthogonality

qbn(x)—sm / qbr(x)qbn(x)dx—Olfr;énand ,if r =n, (6)

where L is the span of the beam. Multiplying Equation (5) by ¢, and integrating from 0 to L yields (considering the
orthogonality condition of Equation (6))

L /nm\? L] L nm 2 L.

4

[ () - () - ()

4
nmw

L L
=BS/ p”sin@dx—k/ psin@dx
0 L 0 L
2
)+ k(%)

6
. BOBS(”L—”) +(Bk+NBS)<% :
> Vot Yy + Y, =P, () 0

m o (22) 4]

The loading term P (t) is

—Bq /0 p''sin’Z= dx+kf0 psm—dx
P, ()= f() ®)

EIRE

The multiplier of Y,, in Equation (7) is the square of the natural circular velocity w,, of the free vibration of the beam, and
fn is the natural frequency:

_mon() oo (F) (),
w2 = S =

=5 ©)
m o (22) 4] i

This equation without the axial force is given in Equation (6). The same result is obtained by substituting the function
sin(nmx/L) with derivatives to Equation (3) and assuming harmonic vibration, that is, ¥ = —w?v, where w is the angular
natural frequency and setting p = p” = ¢ = 0. Equation (7) can be presented as

V() + =Y, () +@2Y, () = Pp (1) (10)

This is the standard form of the equation of motion for the system of many degrees of freedom. The form of this equation
is the same as for the Bernoulli-Euler beam, except for the loading term in Equation (8) and the natural frequency
in Equation (9). The solution of Equation (10) is obtained as a sum of the solution Y,, ; of the homogeneous equation
(P,(t) = 0) and the particular solution depending on the dynamic loading P,,(t).

4 0f20 ZAMM - Journal of Applied Mathematics and Mechanics, 2026

85U80|7 SUOWILIOD BAEa.D 3|qed|dde au Aq peuenob afe sajonie VO ‘8sn Jo Se|ni Joy Areiq1T8ulUO AB]I/ UO (SUOIPUOD-PUe-SLLLBY/W0" A8 |IMAeIq Ul [UO//:SAnY) SUORIPUOD Pue swie | 8y} 88S *[9202/60/T0] Uo AriqiTauluo A8|1m ‘IS uoiepunog Aisienlun aedwe | Aq 0250/ WWeZ/Z00T OT/I0p/u0D A8 | M Afeiq jeuljuo//Sciy wolj pepeojumod ‘g ‘920z ‘TO0YTZST



FIGURE 2 | Walking load p, acting on a beam.

3 | Transient Response

The transient part of the vibration is governed by the solution of the homogeneous equation, which can be written as a
sum of two linearly independent functions that fulfill the homogeneous equation

Yl’l,() = Gl,n esL”t + Gz,neSZ,nt (11)

in which Gy ,, and G, , are arbitrary complex numbers and s, ,, and s, , are the roots of the characteristic equation

2, € 2
Spt St Wy = 0 12)
The roots are
2 2
- < LY 2 - < _ (L) — 2
Sn =5, F <2m> @n>S2n = o 2m “n (13)

Three types of motion are represented, according to whether the term under the square root is positive, negative, or zero.
When this quantity is zero, ¢ = 2mw,, = ¢, and s7,, = $,, = ¢/(2m), then we have so-called critically damped vibration.
When ¢ < 2mw,, then the system is under-critical and the roots of Equation (13) are complex numbers. The roots can be
written as

S1,n = =&, + iwp p»>Son = —&pwy — iwp (14)

where i is the imaginary number and

C
Wpn = Wy \/ 1- §%7§n = ?n (15)

is the free-vibration velocity of the damped system and the corresponding damping. In this case, the solution is

Yo = (A1, sinwp nt + Az, coswp i) e~$n@nt (16)

4 | Time-Dependent Transverse Walking Load

The walking step load along the beam is approximated as a uniform load p distributed symmetrically with respect to the
point x = a over the width b, as shown in Figure 2.

In general, the total load can be presented as

pe)=f OB =F (1) Y, ppsin == (a7)
n=1
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TABLE 1 | Suggested Fourier constants A; of Equation (21).

Harmonic number, Aj suggested by

Jj Bachmann and Amman [42] Murray et al. [34] Smith et al. [36]
1 04-0.5 0.5 0.436(jf; — 0.95)
2 0.1 0.2 0.006(jf; + 12.3)
3 0.0 0.1 0.007(jf; + 5.2)
4 0.05 0.007(jf, + 2.0)

Substituting the load of Equation (17) in Equation (8) yields (invoking orthogonality of sine functions),

L (nm L
BsE(T) pn"‘zkpn Dn
P,(t)=f(0) 3 =f; (18)
mL B <E> +k
2 [\ L
The Fourier term of the load is
2 L nwx
Dn = Z/o p(x)sin de (19)
For the particular case of walking load, the Fourier term
L a+b/2
2 _ . hmx 2 . nmx , 4py . nma . nmb
Pn=71 /0 P (x)sin T dx = I /a_b/2 Posin — dx = o St ——sin—- (20)

The deflections due to walking load can be approximated by a series of sine functions. Assuming b =100 mm and including
five terms (n = 5) in the series resulted in errors in static deflections below 1 % compared to the deflections which were
calculated using the exact function given by Stamm and Witte [9] for the point loads in our case structure depicted in
Figure 1. Therefore, five terms are considered in this study in the calculations.

Considering the time-dependent load term f{t), the walking function is composed of successive step loads represented by
one-step functions which are verified by many experiments [28]. Frequently used walking function is

J

F@O =1+ Ajsin (27jft +4)) (21)

j=

which includes the phase angle ¢; and f; is the frequency of steps. The Fourier constants, A; are given in Table 1 based
on different sources for typical walking for the four first modes. The effect of higher modes up to 10 was considered
by [41].

The problem with this function is that the phase angle seems to have no physical meaning, at least to the authors.
Moreover, the phase angle values reported in the literature exhibit significant scatter, implying that they are seemingly
quite arbitrary. According to Bachmann and Amman [42], the phase angle can be taken as 0 for the first harmonic and
—r/2 for the others. Accordingly, Smith et al. [36] suggested to use the phase angle values of 0, —7/2, 7 and 7/2 for
walking for the first, second, third and fourth harmonics, respectively. The Fourier constants, AJ-, and the phase angles,
@;, for six first harmonics are given by Smith et al. [36] also for low impact aerobics, high impact aerobics, and normal
jumping, see Table 2. Sedlacek et al. [43] proposed that all phase angles can be taken as zero to simplify the walking load
function.

Based on [36] the values in Table 2 were derived by comparing the performance of the theoretical model proposed by [44]
with measurements by Rainer et al. [45], Alves et al. [46], Kerr [47], and Ellis [48] according to the requirements given in
Annex C of CEN [37].
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TABLE 2 | Parameters A; and ¢; for different types of human induced vibrations [36].

j 1 2 3 4 5 6
Walking Aj  0.436(jf;-0.95)  0.006(jf;+12.3)  0.007(ffi+5.2)  0.007(jfi+2.0) — —
9 0 —7/2 ™ /2 — _

Low impact Aj 9/7 9/55 2/15 9/247 9/391 2/36
aerobics ¢; /6 —57/6 —7/2 /6 -5m/6  —m/2
High impact Aj /2 2/3 0 2/15 0 2/35
aerobics ¢; 0 ~7/2 0 —7/2 0 /2
Normal Aj 9/5 9/7 2/3 9/55 9/91 2/15
jumping ¢ /6 -7/6 —7/2 —57/6 —n/6  —m/2

1,8 ______ === _: _____ B ':' _____ |

1.6 I - 1-----

R feef et

i | i
NN e
o~ i i i
T8 poeoooe TN A - --Ee

0.6 p-=o S S R L

04 F----- - - d----- d----- oo ! =-= Eq.(21) phase

02 F----- - L L LR ! angles zero

o I R

FIGURE 3 | Walking functions according to different equations.

The function of Equation (21) can be transformed into the form of a double Fourier series as

J
f@)= 1+2Ajsin (27rjfst+¢j)

=1
J

-1+ ZAJ' [sin (271 ft) cos (¢;) + cos (27 fst)sin (¢;)]
=
; J

=1+ ZAJ cos ¢ sin (27 j f5t) + ZAJ sin ¢ cos (27 ft)
j=1 =1

J J
=1+ ZBJ sin (27j fgt) + ZCJ cos (27 j fst)

Jj=1 Jj=1
J J
=1+ ) Bjsin(juwst) + Z Cjcos (jawst) (22)
j=1 j=1

where B; = Ajcosg¢; and C; = A;jsing;. The functions of Equations (21) and (22) are shown in Figure 3 with the time steps
T,/20 and f; = 2 Hz. Figure 3 also depicts the function of Equation (21) using zero phase angles as proposed by Sedlacek
et al. [43].

The functions of Equations (21) and (22) display similar behavior as expected. Similar walking function based on
polynomials is proposed by [33]. An interesting phenomenon was found when plotting the functions of Equations (21) and
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(22) by decreasing the time steps. With small time steps the function of Equation (21) starts to oscillate. In the following,
the function of Equation (22) is used, because small time-steps are needed in applications.

5 | Steady-State Response

The equation of motion, Equation (10), can be written as

_ J J
., c . B Pn L .
Yo+ Yy (O +@pY, (=7 |1+ ;Bj sin (jagt) + 121 C;j cos (jawst) (23)
The solution of Equation (23) can be presented as
- Dn
Yo () =Yno()+ Y1)+ - 24)

n

where the solution Y, o of the homogeneous equation of the under-critical system is given in Equation (16) and it
represents the transient response, which damps out in accordance with the exponential function. The third term in
Equation (24) is the solution of the constant, time-independent load, and the second term is the particular solution
representing the steady-state harmonic response, and it can be presented as

J J
Yinj1 () =Y, Grpjcos(jost) + ) Gap jsin (jeogt) (25)
j=1 j=1

Substituting Equation (25) into Equation (23) and separating the multiples of cos from the multiples of sin leads to the
following equation for each n and j

) c . b o
[_Gz,n,j(JC‘)s) - Gl,n,ja (Jos) + Gz,n,jw%z - #Bj] sin (jawst)

L\2 c . b .
+ [_Gl,n,j(]ws) + G2,n,j% (Jows) + Gl,n,jw;%z - #Cj] cos (jawst) =0 (26)

To satisfy this equation for all values of ¢, it is necessary that each of the two square bracket quantities equal zero, thus one
obtains

c . .2 p
Grn o (o) + Ga [ () = 2] = -5 @7)
L2 c . P
G |(s) = @E] + Gan - (o) = 22 28)
Solving these two equations simultaneously yields
c . . 2 2 . 2 2 c ..
by T UeB =[G @i = Ge)’ - e B+ (e

(29)

Gl,n,j = 2,n,j = m

m c .. 2 . 2 2 2 c .. 2 . 2 2 2

£ Goo| + |Gy’ - o] £ Gog| + |G’ - o]
These equations are valid for all values of j. In the case without damping, ¢ = 0 and jwg = w,,, implying that the parameters
Gy,n,j and G, , j approach infinity. Near these values of j and wy, resonances occur in the solution. The maximum response
is not exactly at these values, because of the time lag between the load and the response due to damping. Now, the function
Y,, can be written as

(0]
Y, (t) = (AypSinwp ut + Ay, cOswp ,t) e~sn@nt 4 Z [G1,n,j cos (jaogt) + Gy j sin(jaost)] + Pn2 (30)
Jj=1 mawy,
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The complete solution of the displacement is obtained from Equation (4):

VD= Y G () Yn (D)= ), Yy (D)sin T (31)
n=1 n=1

For analyzing the vibrations induced by walking, 5 terms with respect to n and 4 terms with respect to j are taken in the
series in Equations (31) and (30). The parameters A, ,, and A, ,, are obtained from the boundary conditions at the time
t=0:

ov (x,0
v (x,0) = vp for all x,and % — v, for all x (32)
Consequently,
4 p 1 4
A2,n = Yn (O) - 2 Gl,n,j - _nz’ Al,n = w_ Yn (0) + gnwnAZ,n - z G2,n,jjc‘)s (33)
j:1 mwn D,l’l j:1
The velocity and the acceleration of the beam are
- nwx
6060 = Y Y, (D)sin - (34)
n=1
- nmwx
000 =) ¥, (@)sin - (35)
n=1
where
Y, (t) = e~Sn@nt [A1n (—€pwp sinwp pt + @p , cOS@p pt) + Ag y (=&, COS@P ut — wp , sinwp ,1)]
o0
+ Z Jjws (=G p,j sin jaogt + G, py j oS jaost) (36)
j=1
Y, (t) = e~$n@nt {Al’n [(fncan)2 - wﬁ] sinwp pt — Ay 3 28w,wp 5 COS W4t
+ Ay p28pwpwp , Sinwp pt + Ay [(é’nwn)z - wﬁ] cos coD,nt}
o0
N . .
+ Z (jag)” (=G p,j cos jaogt — G, p j Sin jogt) (37)
j=1
6 | Numerical Application

Consider the composite beam depicted in Figure Al. The span of the beam is L = 12 m and one person is walking at the
mid-span of the beam. The point load is simulated by taking the first 5 terms of the Fourier series of Equations (17)—(20)
with a = 6000 mm, b = 100 mm, py = 7 N/mm, corresponding to a person weighing 70 kg. The walking is simulated
using Equation (22) with four terms, that is, J = 4. The boundary conditions are set as vy = 0 and vy = 0. The damping
value using 3% of the critical damping of mode 1 is ¢ = 0.03*2.37E-02 = 7.12E-04 Ns/mm?, see Appendix A. The damping
ratio was taken as 3%, following the AISC Design Guide recommendations for typical floor systems with non-structural
components and furnishings [30]. Values of ¢ for different damping ratios are calculated in a similar way. Other initial data
is presented in Appendix A, which also contains details of the vibration analysis as well as the results of stress analysis for
ultimate limit state loads.

Displacements are shown in Figure 4 using the typical walking frequency f; = 2.0 Hz and with 3% damping. The figure
also illustrates the static displacement for comparison.

ZAMM - Journal of Applied Mathematics and Mechanics, 2026 90f20

85U80|7 SUOWILIOD BAEa.D 3|qed|dde au Aq peuenob afe sajonie VO ‘8sn Jo Se|ni Joy Areiq1T8ulUO AB]I/ UO (SUOIPUOD-PUe-SLLLBY/W0" A8 |IMAeIq Ul [UO//:SAnY) SUORIPUOD Pue swie | 8y} 88S *[9202/60/T0] Uo AriqiTauluo A8|1m ‘IS uoiepunog Aisienlun aedwe | Aq 0250/ WWeZ/Z00T OT/I0p/u0D A8 | M Afeiq jeuljuo//Sciy wolj pepeojumod ‘g ‘920z ‘TO0YTZST



0,45
0,40
0,35
0,30
025 H
0,20 H---
0,15
0,10
0,05
0,00
-0,05

Total
- .= Static

v (Inm)

FIGURE 4 | Dynamic and static displacements of the composite beam for f; = 2 Hz.
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FIGURE 5 | Steady-state and transient deflections of the composite beam.
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FIGURE 6 | Velocities of the composite beam.

The transient and steady-state deflections for f; = 2 Hz are depicted in Figure 5. The transient part disappears after about
t =2 s in this case.

Finally, the total velocities and the total accelerations are shown in Figures 6 and 7. The transient accelerations are much
larger than the steady-state accelerations, but they disappear after about 2 s.

Consider next the steady-state responses, which are important when applying the acceptability criteria of the structure.
The resonances occur near jwg = w,. The lowest natural frequency of the structure is 7.6 Hz, as shown in Appendix A. For
the frequencies of walking, the resonance may occur near the following cases: j =3 and n =1with f; =7.6/3=2.5Hz;j=4
and n =1with f; = 7.6/4 = 1.9 Hz. Figures 8-10 show the maximum steady-state deflections, velocities, and accelerations in
the range 1-3 Hz, which have been calculated using the extra mass of10% of the live load, see Appendix A. The Figures 8-10
also illustrate the effect of damping using typical damping values of 1% and 3%, which are commonly adopted in parametric
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FIGURE 11 | Schematic overview of the comparison systems adopted from the literature, including (a) steel-timber
composite beam floor [49], (b) CLT-concrete composite floor [50], and (c) a prestressed concrete slab strip subjected to
human-induced dynamic loading [51].

floor vibration analyses and fall within the range recommended by the AISC Design Guide, depending on construction
details [30].

Figure 8 visualizes the dynamic magnification factor, which is the ratio of the dynamic deflection to the static deflection.
At f; = 1.9 Hz the ratio is 0.57/0.21 = 2.7, and at f; = 2.5 Hz the ratio is 0.69/0.21 = 3.3 for 3% damping.

The above example demonstrates that the theory of layered beams, as presented in this study, can be applied to vibration
analysis of composite floors in a straightforward manner.

7 | Comparisons

For comparing the results obtained by the proposed method with other methods and published measurement data,
altogether four cases were considered. First, the method was compared to the results of numerical analysis. As given
in Appendix A, the first three eigenfrequencies calculated using the finite element method (FEM) and Equation (9)
for the structure depicted in Figure 1 are 9.1, 32.8, and 64.1 Hz (FEM), and 9.2, 34.2, and 78.3 Hz (Equation 9),
respectively. It is evident that the FEM results are slightly lower than the analytical ones, with errors of 1%, 4%, and
22%.

Second, the proposed methodology was compared to three experimental results, as illustrated schematically in Figure 11.
The first comparison is against the steel-timber composite beam tests by Chiniforush et al. [49]. The first two eigenmodes
observed were torsional. The third modes, which were flexural, were measured to be 24.16 and 24.65 Hz. Using
Equation (9), the calculated frequencies are 22.69 and 23.39 Hz, with errors of 6% and 5% compared to the measured values.
The CLT was modeled as a homogeneous cross-section using the TLB. Further details of the static tests and calculations
can be found in Aspila et al. [11].

The second comparison against CLT-concrete composite floors reported by Mai et al. [50]. Equation (9) yields eigenvalues
of 9.92 and 9.83 Hz for connector spacings of 150 and 300 mm, respectively. The tests produced the associated values of
12.03 and 11.65 Hz, so the calculated errors compared to the measurements are 18% and 16%, respectively.

The final comparison serves to validate the proposed solution to the equation of motion. Racic et al. [51] provide test results
of human-induced bouncing and jumping forces and accelerations. The test structure is a 15.4-ton prestressed concrete
slab strip, representing a flexible floor or footbridge. The slab strip is 11 m long and 2 m wide, and structurally it is a simply
supported beam with a span of 10.8 m. The depth of the strip is 275 mm. In Racic et al. [51], the first three bending modes
were measured, along with their corresponding damping values. The measured and calculated eigenvalues are presented
in Table 3.
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TABLE 3 | Bending eigenvalues and measured damping.

Measured Calculated
Mode eigenfrequency (Hz) eigenfrequency (Hz) Measured damping%
1 4.4 4.3 0.59
2 17.0 17.1 0.56
3 37.6 38.5 1.22
4 — 68.4 —
5 — 106.8 —
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FIGURE 12 | Frequency-response: Calculated maximum acceleration with respect to frequency of a jumping person.

TABLE 4 | Maximum accelerations (m/s*) for three frequencies.

fs=2.0Hz Eigenvalue fs=2.5Hz
Experiments 1.0 5.5 0.6
Calculated 0.90 7.76 0.49

The calculated eigenvalues are within 2% of the measured values. Racic et al. [51] provide measured maximum
accelerations for one person bouncing and jumping at the mid-span of the strip. The parameters A; and @; for bouncing
are not known, but Table 2 gives these parameters for jumping. By using four harmonics for jumping and applying
Equations (22)-(37), the maximum steady-state acceleration with respect to the frequency of the action is calculated, and
the result is presented in Figure 12.

The maximum acceleration occurs at a frequency of 2.14 Hz, not at 2.2 Hz as in the tests, because the calculated
eigenfrequency is slightly lower than the tested value. Table 4 presents the experimental and calculated maximum
accelerations for three frequencies. It can be observed that the calculated values are in good agreement with the
experimental values.

8 | Conclusions

In this study, a methodology is proposed for structural analysis of multilayered composite floors. The proposed
methodology is based on the well-known theory of layered beams. The focus in the analysis is on the human-induced
vibrations, which are typically the design criterion that governs the feasibility of the floor assembly. In addition to
theoretical aspects, vibration of a long-span timber-steel composite floor is considered as a case example augmented with
detailed stress analyses and numerical verification in appendices A and B, respectively.
The proposed analysis method includes the following specific contributions:

* Derivation of equation of motion of an elastic layered beam

* Bending, axial force and viscoelastic damping included
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* Solution using standard mode-superposition analysis by separating variables

* Solution is derived at transient and steady state phases
* Validated walking function is used in actions

Generally, the design code for timber-composite structures is badly needed. It seems to be hard to accept clear yes/no rules
especially when considering the acceptance criteria for human-induced vibrations. The problem is indeed a complex one:

almost everything can be considered as a stochastic process, such as the weight of the human, step length, frequency of

steps, harmonics between steps, direction of next steps, crowding population distribution, etc. For this reason, structural
designers should be provided with a comprehensive analysis method that gives a profound understanding of the structural
behavior of composite floors. In the proposed method, the equation of motion and its solution can be used to calculate
the responses of general layered beams under different walking loads, and, as given in Table 2, also other human-induced
loads can be analyzed. The response-frequency diagrams can be used to estimate the effects of different initial data, such
as frequency of loading, damping, and the dimensions of the structure.

The elastic theory of layered beams is based on the following hypotheses:

* Layers behave like Bernoulli-Euler beams

* Shear connectors are modeled as continuous along the beam axis

* All layers have the same vertical displacements along the beam axis

* The cross-section of the beam is constant along the beam axis
* The mid-sections of the layers stay on the line in bending

However, in typical applications, these method limitations do not become critical. The method is applied here only to
simply supported beams with relatively simple impact loads. The method could also be used in more complex geometries
with more complex dynamic excitation, but the results should be validated against measured data.

Nomenclature
x coordinate of the longitudinal axis
t time
B, sum of bending moments of layers
Bg Steiner term
k shear factor
v vertical deflection
B total bending stiffness
N tensile axial force
q lateral force
c viscous damping per unit length
m mass per unit length
p distributed mechanical load
¢n vibration mode shape
n generalized displacement of normal mode n
L span of a beam
wn natural angular velocity of free vibration
fn natural frequency
Yno solution of the homogeneous equation
@Wp g free-vibration velocity of the damped system
® phase angle
fs frequency of steps
Ts excitation period
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lg distance between shear connectors

Acknowledgement

Open access publishing facilitated by Tampereen yliopisto ja Tampereen ammattikorkeakoulu, as part of the Wiley - FinELib agreement.

Conflicts of Interest

The authors declare no conflicts of interest.

Data Availability Statement

All data that support the findings of this study are available from the corresponding author upon reasonable request.

References

1. Y. El Asri, V. Denoel, M. Couchaux, M. Hjiaj, and M. Lukic, “Vibration Comfort of Floors: State-of-the-art,” Revue Construction
Metallique 4 (2021): 41-78.

2. H. Karampour, F. Piran, A. Faircloth, N. Talebian, and D. Miller, “Vibration of Timber and Hybrid Floors: A Review of Methods of
Measurement, Analysis, and Design,” Buildings 13, no. 7 (2023): 1756, https://doi.org/10.3390/buildings13071756.

3. C. Loss and B. Davison, “Innovative Composite Steel-timber Floors With Prefabricated Modular Components,” Engineering Structures
132 (2017): 695-713, https://doi.org/10.1016/j.engstruct.2016.11.062.

4. H. Granholm, “Om sammansatta balkar och pelare med hénsyn till spikade trikonstruktioner” (“On Composite Beams and Columns
With Particular Regard to Nailed Timber Structures”), Transactions of Chalmers University of Technology, No 88, G6teborg, 1949.

5. H. Parland, “Yhdistettyjen puukannattajien lujuus” (“Strengh of Composite Wooden Structures”), Helsinki, 1946.

6. P. Pleskov, “Teoriia Rascheta Dereviannykh Sostavnnykh Sterzhnei” (“Theoretical Studies of Composite Wood Structures”), Moscow,
1952.

7.N. J. Hoff and S. E. Mautner, “Bending and Buckling of Sandwich Beams,” Journal of the Aeronautical Sciences 15, no. 12 (1948):
707-720, https://doi.org/10.2514/8.11699.

8. L. Chitty, “LXXVIII. On the Cantilever Composed of a Number of Parallel Beams Interconnected by Cross Bars,” The
London, Edinburgh, and Dublin Philosophical Magazine and Journal of Science 38, no. 285 (1947): 685-699, https://doi.org/10.1080/
14786444708521646.

9. K. Stamm and H. Witte, Sandwichkonstruktionen, Berechnung, Fertigung, Ausfuhrung (Springler-Verlag, 1974), https://doi.org/10.
1007/978-3-7091-8334-2.

10. J. Davies, Lightweight Sandwich Construction (Wiley, 2001), https://doi.org/10.1002/9780470690253.

11. A. Aspila, M. Heinisuo, K. Mela, M. Malaska, and S. Pajunen, “Elastic Design of Steel-timber Composite Beams,” Wood Material
Science & Engineering 17, no. 4 (2022): 243-252, https://doi.org/10.1080/17480272.2022.2093128.

12. M. Heinisuo and S. Pajunen, “CLT Beam Analysis Using Classical Elastic Theory of Layered Beams,” Rakenteiden Mekaniikka 54,
no. 4 (2021): 143-171, https://doi.org/10.23998/rm.107868.

13. E. Thompson, J. Goodman, and M. Vanderbilt, “Finite Element Analysis of Layered Wood Systems,” Journal of the Structural Division
ST12 (1975): 2659-2672, https://doi.org/10.1061/JSDEAG.0004240.

14. M. Heinisuo, Exact Finite Element Method for Layered Beams, Publication 56 (Tampere University of Technology, 1989).

15. R. DiTaranto, “Theory of Vibratory Bending for Elastic and Viscoelastic Layered Finite-Length Beams,” Journal of Applied Mechanics
32 (1965): 881-886, https://doi.org/10.1115/1.3627330.

16. D. J. Mead and S. Markus, “The Forced Vibration of a Three-layer, Damped Sandwich Beam With Arbitrary Boundary Conditions,”
Journal of Sound and Vibration 10, no. 2 (1969): 163-175, https://doi.org/10.1016/0022-460X(69)90193-X.

17. C. Reddy, N. Ganesan, and B. Rao, “Dynamic Analysis of Viscoelastic Layered Beams and Plates by Finite Element Method,” in FEM
in Engineering, Proc. of the 3" International Conference on FEM, University of MSW, Sidney (1979).

18. D. Zenkert, An Introduction to Sandwich Structures, student ed. (Kungliga Tekniska Hogskolan, 1995).

19. S. M. R. Khalili, N. Nemati, K. Malekzadeh, and A. R. Damanpack, “Free Vibration Analysis of Sandwich Beams Using Improved
Dynamic Stiffness Method,” Composite Structures 92, no. 2 (2010): 387-394, https://doi.org/10.1016/j.compstruct.2009.08.020.

20. M. Alvelid, “Sixth Order Differential Equation for Sandwich Beam Deflection Including Transverse Shear,” Composite Structures
102 (2013): 29-37, https://doi.org/10.1016/j.compstruct.2013.02.011.

21. K. Kohsaka, K. Ushijima, and W. J. Cantwell, “Study on Vibration Characteristics of Sandwich Beam With BCC Lattice Core,”
Materials Science and Engineering: B 264 (2021): 114986, https://doi.org/10.1016/j.mseb.2020.114986.

22.T. P. Vo, A. 1. Osofero, M. Corradi, and F. Inam, “Free Vibration of Axially Loaded Functionally Graded Sandwich Beams Using
Refined Shear Deformation Theory,” in ECCM-16th European Conference on Composite Materials, 2014.

ZAMM - Journal of Applied Mathematics and Mechanics, 2026 15 of 20

85U80|7 SUOWILIOD BAEa.D 3|qed|dde au Aq peuenob afe sajonie VO ‘8sn Jo Se|ni Joy Areiq1T8ulUO AB]I/ UO (SUOIPUOD-PUe-SLLLBY/W0" A8 |IMAeIq Ul [UO//:SAnY) SUORIPUOD Pue swie | 8y} 88S *[9202/60/T0] Uo AriqiTauluo A8|1m ‘IS uoiepunog Aisienlun aedwe | Aq 0250/ WWeZ/Z00T OT/I0p/u0D A8 | M Afeiq jeuljuo//Sciy wolj pepeojumod ‘g ‘920z ‘TO0YTZST


https://doi.org/10.3390/buildings13071756
https://doi.org/10.1016/j.engstruct.2016.11.062
https://doi.org/10.2514/8.11699
https://doi.org/10.1080/14786444708521646
https://doi.org/10.1007/978-3-7091-8334-2
https://doi.org/10.1002/9780470690253
https://doi.org/10.1080/17480272.2022.2093128
https://doi.org/10.23998/rm.107868
https://doi.org/10.1061/JSDEAG.0004240
https://doi.org/10.1115/1.3627330
https://doi.org/10.1016/0022-460X(69)90193-X
https://doi.org/10.1016/j.compstruct.2009.08.020
https://doi.org/10.1016/j.compstruct.2013.02.011
https://doi.org/10.1016/j.mseb.2020.114986

23. K. Cabantilde;Ska-Placzkiewicz, “Free Vibration of the Axially Loaded System of Two Beams Connected by a Two-directional
Viscoelastic Interlayer,” Strength of Materials 32, no. 6 (2000): 555-563, https://doi.org/10.1023/A:1005264701772.

24. K. Misiurek and P. Sniady, “Vibrations of Axially Compressed Sandwich Beam Due to a Moving Force,” presented at the Geodesy,
Architecture & Construction 2013 (GAC-2013), 2013, 92-97.

25.S. W. Hansen and A. O. Ozer, “Exact Boundary Controllability of an Abstract Mead-Marcus Sandwich Beam model,” in 49th IEEE
Conference on Decision and Control (CDC) (IEEE, 2010), 2578-2583, https://doi.org/10.1109/CDC.2010.5717319.

26. L. Vu-Quco and I. K. Ebcioglu, “General Multilayer Geometrically-Exact Beams and 1-D Plates With Piecewise Linear Section
Deformation,” ZAMM—Journal of Applied Mathematics and Mechanics / Zeitschrift fiir Angewandte Mathematik und Mechanik 76
(1996): 391-409, https://doi.org/10.1002/zamm.19960760711.

27. F. Pancaldi, E. Bassoli, M. Milani, and L. Vincenzi, “A Statistical Approach for Modeling Individual Vertical Walking Forces,” Applied
Sciences 11, no. 21 (2021): 10207, https://doi.org/10.3390/app112110207.

28. Q. Li, J. Fan, J. Nie, Q. Li, and Y. Chen, “Crowd-induced Random Vibration of Footbridge and Vibration Control Using Multiple
Tuned Mass Dampers,” Journal of Sound and Vibration 329, no. 19 (2010): 4068-4092, https://doi.org/10.1016/j.jsv.2010.04.013.

29. V. Racic, A. Pavic, and J. M. W. Brownjohn, “Experimental Identification and Analytical Modelling of human Walking Forces:
Literature Review,” Journal of Sound and Vibration 326, no. 1-2 (2009): 1-49, https://doi.org/10.1016/.jsv.2009.04.020.

30. T. Murray, D. Allen, and E. Ungar, AISC Steel Design Guide 11 - Floor Vibrations due to Human Activity (American Institute of Steel
Construction, Inc, 2003).

31. SFS-EN 1993-1-1 NCCI 1 for Standard: Design of Steel Structures, Part 1-1, Eurocode 3 (in Finnish) (Lattioiden vérdhtelymitoitus,
Ministry of the Environment, Finland, 2019).

32. CEN (European Committee for Standardization) “Design of Timber Structures, Part 1-1,” in Eurocode 5 (CEN, 1995).

33. M. Feldmannn, C. Heinemeyer, M. Lukic, et al., Human-induced vibration of steel structures (Hivoss), Final report, Contact No
RFS2-CT-2007-00033, 2010, https://doi.org/10.2777/79056.

34. T. Murray, D. Allen, E. Ungar, and D. Davis, AISC Steel Design Guide 11 - Floor Vibrations due to Human Activity (American Institute
of Steel Construction, Inc., 2016).

35. R. Clough and J. Penzien, Dynamics of Structures, 3rd ed. (Computers & Structures, Inc, 1995).

36. A. Smith, S. Hicks, and P. Devine, Design of Floors for Vibration: A New Approach, rev. ed. (SCI Publication P354, 2009), ISBN 10:
1-85942-176-8, ISBN 13: 978-1-85942-176-5.

37. CEN (European Committee for Standardization) “Basis of Structural Design,” in Eurocode 0 (CEN, 1990).
38. CEN (European Committee for Standardization) “Design of Steel Structures, Part 1-1,” in Eurocode 3 (CEN, 1993).

39. Metsd Wood, Kerto LVL-kisikirja, Mekaaniset ominaisuudet, 2020, accessed January 6, 2025 (In Finnish), https://www.metsagroup.
com/globalassets/metsa-wood/attachments/kerto-Ivl-manual/fi/kerto-kasikirja-lvl-mekaaniset-ominaisuudet.pdf.

40. A. Hassanieh, H. R. Valipour, and M. A. Bradford, “Experimental and Analytical Behaviour of Steel-timber Composite Connections,”
Construction and Building Materials 118 (2016): 63-75, https://doi.org/10.1016/j.conbuildmat.2016.05.052.

41. H. A. T. Nguyen, N. Lythgo, E. Gad, J. Wilson, and N. Haritos, “Development of Dynamic Load Factors for Human Walking Excitation
for Floor Vibration Design,” International Journal of Applied Mechanics and Engineering 27, no. 3 (2022): 103-114, https://doi.org/10.
2478/ijame-2022-0038.

42. H. Bachmann and W. Amman, “Vibration in Structures Induced by Man and Machine,” in Structural Engineering Document 3
(IABSE, 1987).

43. G. Sedlacek, C. Heinemeyer, and C. Butz, Generalization of Criteria for Floor Vibrations for Industrial, Office, Residental and Public
Building and Gymnastic Halls (European Commission, 2006).

44. P. Young, “Improved floor vibration prediction methodologies,” Engineering for Structural Vibration—Current developments in
research and practice. Arup Vibration Seminar, Institution of Mechanical Engineers, 2001.

45.J. Rainer, D. Allen, and G. Pernica, “Dynamic Response of Floors Due to People in Motion,” in Proceedings, Symposium/Workshop
on Serviceability of Buildings (Movements, Deformations, Vibrations). Vol. 1 Ottawa, Ont. (1988), 566-572.

46. N. K. C. Alves, N. Roitman, and C. Magluta, “Dynamic Response Under Human Movements,” Materials and Structures 32 (1999):
31-37, https://doi.org/10.1007/BF02480409.

47. S. Kerr, “Human Induced Loading on Staircases” (PhD thesis, University of London, 1998).

48. B. R. Ellis, “On the Response of Long-span Floors to Walking Loads Generated by Individuals and Crowds,” Structural Engineer 78,
no. 10 (2000): 17-25.

49. A. A. Chiniforush, M. M. Alamdari, U. Dackermann, H. R. Valipour, and A. Akbarnezhad, “Vibration Behaviour of Steel-timber
Composite Floors, Part (1): Experimental & Numerical Investigation,” Journal of Constructional Steel Research 161 (2019): 244-257,
https://doi.org/10.1016/j.jcsr.2019.07.007.

16 of 20 ZAMM - Journal of Applied Mathematics and Mechanics, 2026

85U80|7 SUOWILIOD BAEa.D 3|qed|dde au Aq peuenob afe sajonie VO ‘8sn Jo Se|ni Joy Areiq1T8ulUO AB]I/ UO (SUOIPUOD-PUe-SLLLBY/W0" A8 |IMAeIq Ul [UO//:SAnY) SUORIPUOD Pue swie | 8y} 88S *[9202/60/T0] Uo AriqiTauluo A8|1m ‘IS uoiepunog Aisienlun aedwe | Aq 0250/ WWeZ/Z00T OT/I0p/u0D A8 | M Afeiq jeuljuo//Sciy wolj pepeojumod ‘g ‘920z ‘TO0YTZST


https://doi.org/10.1023/A:1005264701772
https://doi.org/10.1109/CDC.2010.5717319
https://doi.org/10.1002/zamm.19960760711
https://doi.org/10.3390/app112110207
https://doi.org/10.1016/j.jsv.2010.04.013
https://doi.org/10.1016/j.jsv.2009.04.020
https://doi.org/10.2777/79056
https://www.metsagroup.com/globalassets/metsa-wood/attachments/kerto-lvl-manual/fi/kerto-kasikirja-lvl-mekaaniset-ominaisuudet.pdf
https://doi.org/10.1016/j.conbuildmat.2016.05.052
https://doi.org/10.2478/ijame-2022-0038
https://doi.org/10.1007/BF02480409
https://doi.org/10.1016/j.jcsr.2019.07.007

50. K. Q. Mai, A. Park, K. T. Nguyen, and K. Lee, “Full-scale Static and Dynamic Experiments of Hybrid CLT-concrete Composite Floor,”
Construction and Building Materials 170 (2018): 55-65, https://doi.org/10.1016/j.conbuildmat.20218.03.042.

51. V. Racic, J. M. W. Brownjohn, and A. Pavic, “Reproduction and Application of human Bouncing and Jumping Forces From Visual
Marker Data,” Journal of Sound and Vibration 329 (2010): 3397-3416, https://doi.orgl0.1016/j.jsv.2010.02.021.

Appendix A: Initial data of considered composite beam and design in static case

Consider a steel-timber composite beam with cross-section shown in Figure Al. The width of the floor structure is 800 mm, and it is
assumed to be taken from the floor shown in Figure 1. The structure is composed of two LVL plates connected with bolt pairs to the
flanges of the welded steel I-beam, that is, a WI beam. The LVL36C plates include 20 veneers in the longitudinal axis of the beam and
5 Cross veneers.

The span of the beam is 12 m, and it is loaded with a uniform live load of 5 kN/m?. The properties of timber parts are defined using [32,
39], and the properties of steel parts are defined using [38]. The load factors are defined following [37]. The extra weight of 0.5 kN/m?
describes surface structures, and their stiffness is not considered in the analysis, only the weight. Due to symmetry the elastic center of
the beam is located at the mid-line of the cross-section.

The initial data of one 800 mm wide beam is as follows:

* LVL plates, Epean = 10500 MPa.

* Bolts M12 grade 8.8, distance in longitudinal direction Iy = 800 mm.

+ WI, top and bottom flanges 220 x 22 mm?, steel grade S355, web 406 x 10 mm?, S355.
* Load factors at the SLS are 1, at the ULS for the dead load 1.15 and for the live load 1.5.
* Material factors at the SLS are 1, at the ULS for steel 1, for LVL 1.2.

+ Densities, steel 7850 kg/m?>, LVL 510 kg/m>.

* The ULS total dead load 2.49 kN/m consists of the following parts
o Steel beam 108 kg/m
o LVL plates 61 kg/m
o 10% extra from the live load 0.5 kN/m? following EN 1995-1-1
o Extra weight 50 kg/m?

* The SLS, live load is 4 kN/m.

* Total load in the SLS is 6.49 kN/m.

* Loads of the ULS, dead load 1.15*2.49 = 2.86 kN/m, live load 1.5*4 = 6 kN/m, total load 8.86 kN/m.
* Axial load N=0.

For the slip factor of the shear connectors, the test results reported by Hassanieh et al. [40] are employed, based on the mean of three
identical push-out tests for two pairs of M12/8.8 bolts with hySPAN LVL panels (thickness 75 mm) and Grade-300PLUS steel plates
(thickness 8.8 mm). The shear slip module for two pairs of bolts is 28.6 kN/mm and the peak load capacity is 92.6 kN when the load is
parallel to the outermost veneers. The given properties of the hySPAN panels are like the LVL48P panels, where all veneers are parallel
to the beam axis. In this study, the slip factor is obtained by modifying the tested shear slip module (28.6 kN/mm) by the factor 20/25 to

: Extra weight 0.5 kN/m2 :
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FIGURE Al | Cross-section of the steel-timber composite beam.
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TABLE Al | Natural frequencies, damping, and natural angular frequencies of the damped system.

n wp [1/5] Jn [Hz] ¢, [Ns/mm?] wp,n [1/s]
1 4.76E+01 7.6 2.37E-02 4.76E+01
2 1.82E+02 29.0 9.07E-02 1.82E+02
3 4.05E+02 64.5 2.02E-01 4.05E+02
4 7.17E+02 114.2 3.57E-01 7.17E+02
5 L12E+03 178.1 5.57E-01 L12E+03

TABLE A2 | Natural frequencies varying the axial load N.

N =-1000 kN N=0kN N =1000kN
n Jn [Hz] Jn [Hz] Jn [Hz]
1 7.1 7.6 8.0
2 28.5 29.0 29.4
3 64.0 64.5 65.0
4 113.7 114.2 114.7
5 177.6 178.1 178.6

10000 -5000 0 5000 10000 15000 20000
N (kN)

FIGURE A2 | Effect of axial force on the first eigenvalue.

account for the number of cross veneers and by employing the factor kg [32]. Consequently, the slip factor kg of one pair of bolts is

20 1 28600 N
= — —— ——— =7150—. Al
57251406 2 mm (AD)

At the ultimate limit state, the value of (2/3)*7150 = 4767 N/mm is used as given in [32].

The composite beam is analyzed by the elastic theory of layered beams (TLB). The beam consists of three layers: two LVL plates and
the WI-beam connected by pairs of bolts at the top and bottom. The LVL plates are considered homogeneous beams using the modulus
of elasticity and other properties as they are given in [39].

The bending stiffnesses at the SLS of the top and bottom of LVL plates are B; = B; = 2.953E+11 Nmm?, and the bending stiffness of the
WI cross-section is B, = 1.049E+14 Nmm?. The sum of these three is By = 1.055E+14 Nmm?. Steiner term is B; = 8.682E+13 Nmm? and
the total bending stiffness is B = By = By = 1.923E+14 Nmm?. The distances of the centers of the LVL plates and the center of the WI
beam are a; = a, = 263 mm. The shear factor k of the beam is [14]

k=a} = +a; = =1231699 N. (A2)

Implementing these values the results of Table Al are obtained.
Although floor structures are not typically subjected to axial loads, they may occur. The impact of axial load N is shown in Table A2.

It can be seen that, when the axial load is tensile (positive) the natural frequency increases and when the load is compressive (negative),
the frequency is decreasing. Varying the axial load the first eigenfrequency is changing as is shown in Figure A2.
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TABLE A3 | Deflections varying the shear factor.

Using Using Using Iy = 1200
Shear factor k Infinite ;=400 mm Iy =800 mm mm Zero
Max deflection (mm) 9.1 13.4 14.6 15.1 16.6

The eigenvalue is approaching zero when the axial load is approaching the value —8249 kN. This value is the buckling load, and it can
be derived from Equation (9) by setting w,, = 0 (see also [9]):

4 2
w2 (T) m(E) )

() +x

Consider the SLS, the deflection of the simply supported layered beam under uniform load py = 6.49 kN/m is [9]

h A coshA(1-2¢)
v(f)——pOL4 L5(1—252+§3)+—1 5(1—5)——1 e 2 (A4)
T B |24 20012 al4 A ’
cosh 3
where
X By By 1+a
==, a=— =1.2149,6 = — =0.4895,1 = = 1.9299. A5
§ j By B kL2 ap (A5)

If the whole load is carried by the steel beam, then the deflection without long-term effects is 16.7 mm = L/718. The deflection of the
composite beam without long-term effects is 14.6 mm. This illustrates that the steel beam carries most of the load, so the long-term
effects of timber have a rather limited effect on the deflection.

Table A3 shows the effect of the shear factor, k, on the deflection for several variations. The value k = 0 (no shear connection between
layers) implies that the bending stiffness of the beam is By, and if k = oo (no slip between layers), the bending stiffness is B. Finite
non-zero values of the shear factor can be obtained by varying the distance between pairs of bolts, I, as shown in Table A3. The value
I, = 800 mm indicates the value of Equation (A2).

The design at the ULS can be completed using the equations given in Stamm and Witte [9]. The maximum axial stress of the WI-beam
is 65.0 MPa and the axial stress of the LVL plates is 0.91 MPa. The maximum shear force of the pairs of bolts is 5.9 kN. The beam can
resist well the given static ULS load.

Appendix B: FEM

To check the effect of the rotational inertia on the eigenvalues a simplified finite element model was made by the program Autodesk
Robot Structural Analysis Professional 2020. Quadrilateral isotropic shell elements of size 25*25 mm? were used for the LVL plates
(thickness 75 mm, Young’s modulus 10500 MPa, density 510 kg/m?) and for the flanges (thickness 22 mm) and the web (thickness
10 mm, Young’s modulus 210,000 MPa, density 7850 kg/m3) of the WI beam. The connections, k; = 7150 N/mm, between the flanges of
the steel beam and the LVL plates were modeled using vertical beams of length of 48,5 mm (Young’s modulus 210,000 MPa, moment
of inertia 324 mm*, area 50 mm?) fixed to the mid-lines of LVL plates and flanges of WI beams. The simple support conditions are
modelled such that both ends are supported in vertical and horizontal directions at the mid-sections, and one end was supported in
the longitudinal direction as well. The free edges of the LVL plates at the long sides were supported against rotations and horizontal
displacements. Figure Bl illustrates the FEM model.

Table Bl shows the FEM results and comparisons to the analytical results. The analytical results are calculated setting the self-weight of
the structure (LVL plates = WI beam, no extra weight and 10 % of the live load) to the dead load when calculating the eigenfrequencies,
as was done in the FEM.

It can be seen that the rotational inertia has no large effect on the results, and that the FEM results are near the analytically obtained
deflection and the first eigenfrequency.

The FEM model is used also to check the stresses at the ULS. The FEM model is the same as above, but the Young’s modulus of LVL
plates is 10500/1,2 = 8750 MPa and the stiffness of the pair of bolts is 4767 N/mm. The inertias of the short beams are 216 mm*. The beam
is subjected to a uniform load of 8.86 kN/m. The results are given in Table B2 using both the FEM and the analytical solution based on
the TLB [9].

In general, the analytical results are in good agreement with FEM. The main difference is in the maximum axial stress in the LVL plates.
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FIGURE Bl | FEM model.

TABLE Bl | FEM results compared to analytical results.

Static deflection

at mid-span, load First Second Third
1 kN at the eigenfrequency eigenfrequency eigenfrequency
mid-span (mm) (Hz) (Hz) (Hz)
Analysis 0.30 9.2 352 78.3
FEM with rotational 0.30 9.1 32.7 63.9
inertia
FEM without 0.30 9.1 32.8 64.1

rotational inertia

TABLE B2 | FEM results at ULS compared to analytical results.

Maximum axial Maximum axial
Maximum stress of LVL stress of WI beam Maximum connector
deflection (mm) plates (MPa (MPa) force (kN)
Analysis 20.7 0.91 65.0 5.9
FEM 20.7 1.12 63.5 5.4
Difference, 0% 19% 2% 9%
Analysis/FEM [%]
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