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Abstract: The control of harmonic generation is essential for advanced nonlinear nanophotonic
devices. Here, we propose a hybrid nonlinear metasurface combining graphene, lithium niobate
(LiNbO3), and silicon dioxide (SiO2) to enable simultaneous second- and third-harmonic
generation (SHG and THG) mediated by guided-mode resonances (GMRs). The structure
consists of graphene-lithium niobate pillars arranged on a glass substrate and exploits both
the anisotropic optical response and the second-order nonlinearity of LiNbO3 together with
the third-order nonlinear response of graphene and SiO2. By engineering the metasurface
geometry, distinct GMR branches are identified in the linear optical response and accurately
captured by an analytical effective-index model combined with the grating equation. Nonlinear
simulations reveal that both SHG and THG efficiencies are enhanced at the GMR conditions,
with a simultaneous enhancement observed in the vicinity of the crossing point between the TE0
and TM1 modes. These results highlight the potential of the proposed hybrid metasurface for
compact, multi-resonant nonlinear optical devices enabled by geometrical tailoring of guided-
mode resonances.

© 2026 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

The development of ultra-compact, high-efficiency nonlinear optical devices has become a
cornerstone for advancing integrated photonics and optoelectronics, enabling applications
such as on-chip frequency conversion [1], ultrafast optical modulation [2] and quantum light
generation [3]. Nonlinear metasurfaces (arrays of subwavelength artificial building blocks) have
demonstrated remarkable capabilities in enhancing light-matter interactions at subwavelength
scales [4,5], allowing precise control over the phase, amplitude, and polarization of both
fundamental and generated harmonic fields. However, achieving simultaneous second- and
third-harmonic generation (SHG and THG) on a single, tunable metasurface platform remains a
significant challenge. Current approaches often rely on bulky nonlinear crystals or plasmonic
nanostructures, therefore featuring high losses and limited power handling and tunability [6,7].
Nevertheless, the simultaneous generation of SHG and THG using engineered metasurfaces has
recently been reported in RF systems [8] and, using metal-dielectric metasurfaces, in the presence
of supporting THz fields that mediate the nonlinear interaction [9]. Moreover, enhancement
and directional simultaneous generation of SHG and THG has also been recently reported in
MoS2-based metasurfaces [10].

Metasurfaces have established themselves as a promising platform consisting of arrays of
subwavelength artificial building blocks [11,12]. Beyond their compact size, metasurfaces can
be engineered with either uniform or spatially varying geometries, enabling tailored control
over the phase, amplitude, and polarization of generated nonlinear signals, capabilities that are
difficult to achieve with conventional systems. This paradigm opens the way for free-space
applications, including mode conversion, beam shaping, and nonlinear holograms. Their
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nanoscale thickness, however, inherently restricts light-matter interaction to subwavelength scales,
rendering conventional phase-matching not applicable. To overcome this limitation, structural
resonances have been used to enhance the nonlinear light-matter interaction by intensely localizing
the electromagnetic fields within the nanostructures. Various types of resonances, such as Mie
resonances [13,14], bound state in the continuum (BIC) [15–17], Fano resonances [18,19], and
anapoles [20–22], have been investigated for enhancing second harmonic generation metasurfaces.
Over the past decade, resonant metasurfaces have been the subject of extensive research, featuring
a careful design of structural resonances to create intense, localized electromagnetic fields that
enhance nonlinear optical interactions [23,24]. This was initially achieved using plasmonic
resonances in metal and graphene metasurfaces, although their performances were hindered by
optical losses. Recent advancements have progressed to low-loss dielectric and hybrid systems to
mitigate these losses, and typically employ III-V semiconductors, such as gallium phosphide
(GaP) [25], aluminum gallium arsenide (AlGaAs) [26], graphene-insulator-graphene (GIG)
[27], gallium arsenide (GaAs) [28], which benefit from strong intrinsic second and third order
nonlinearities. Moreover, due to their high refractive index contrast with the surrounding medium,
these materials enable strong field confinement and improved light-matter interaction. However,
their narrow bandgap leads to intrinsic absorption of second harmonic signals in the visible
spectrum, which inherently limits the nonlinear conversion efficiency [29]. Despite this, guided-
mode resonances (GMRs) [30,31] have not been fully explored for this purpose, despite their
strong field confinement and high-quality factors. The efficient coupling of free-space radiation
to guided modes in periodic structures can significantly enhance light-matter interactions, leading
to increased high Q-factors and, consequently, to substantial enhancement of both second and
third harmonic generation efficiencies [32].

On a seemingly parallel trail, most nonlinear optical devices are optimized to enhance a
specific nonlinear process, yet most nonlinear materials exhibit simultaneous second and third
order nonlinearities. Although undesired nonlinearities of a particular order can be suppressed
through careful design, sufficiently large nonlinearities mean that both SHG and THG processes
influence the system’s response. THG can arise from competing second and third order nonlinear
processes: the process of cascaded sum frequency generation (CSFG), a second order process
that can generate THG, occurs independently of direct THG (DTHG) [33]. The efficiency of these
processes depends on the material’s nonlinear susceptibility and the device’s modal spectrum.
While it is in principle possible to optimise one process over the other one [33], in practical,
non-optimized systems, their contributions to the THG signal may be unclear. Consequently,
developing experimental techniques to differentiate between CSFG and DTHG is necessary for
accurate analysis.

Lithium niobate stands out for second harmonic generation applications due to its strong second
order nonlinearity, high damage threshold, and compatibility with integrated photonic circuits
[34,35], with thin-film lithium niobate further improving efficiency through modal phase-matching
and resonance effects [36,37]. In parallel, graphene has emerged as a promising platform for
generating third-harmonic due to its third order nonlinear susceptibility and its electrostatic
tuning via bias voltage [38–40]. Surprisingly, despite these complementary advantages, the
synergistic integration of graphene and lithium niobate leveraging GMRs for simultaneous
SHG and THG remains unexplored. The simultaneous generation of SHG and THG has been
addressed in LiNbO3 [41,42], magnesium-doped lithium niobate (Mg: LiNbO3) [43], and GaP
microcavities [44]. In these cases, though, the THG process is typically attributed to either direct
third-harmonic generation (DTHG) in GaP or cascaded sum-frequency generation in lithium
niobate. A detailed investigation of the THG process in such hybrid systems is still lacking.

The integration of lithium niobate’s second order nonlinearity with graphene’s third order
nonlinear response presents significant challenges, however, recent progress in nanofabrication
techniques including accurate 2D material transfer [45], thin-film nanostructuring in lithium
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niobate [46], and van der Waals stacking [47], offer promising solutions. Numerical simulations
also play a critical role in this process by identifying key parameters (such as geometric
configurations and excitation schemes) and operating conditions to enhance nonlinear interactions,
thereby guiding experimental efforts and reducing development costs.

The absence of such hybrid metasurfaces can be attributed to several challenges, such as the
difficulty in achieving efficient coupling between the second-order nonlinear response of lithium
niobate and the third-order one of graphene, the need for precise alignment and stacking of
atomically thin graphene with LiNbO3 thin-films, and the optimization of optical field overlap
in a subwavelength structure to enhance both SHG and THG simultaneously. While recent
studies have demonstrated both standalone LiNbO3-based SHG [48], or graphene enhanced THG
devices [49], a unified platform combining both materials has yet to be realized.

Motivated by these challenges, in this work we propose the design of a novel hybrid graphene-
LiNbO3-SiO2 metasurface supporting simultaneous SHG and THG on a single resonant platform.
SHG in this structure is mediated by the strong χ(2) nonlinearity of lithium niobate, harnessed
through guided mode resonant enhancement, while THG originates from the χ(3) response of
graphene and SiO2. Numerical results show that SHG and THG efficiencies simultaneously reach
values of ηSHG = 2.37 × 10−4 and ηTHG = 4.8 × 10−6, respectively, highlighting the coexistence
of distinct nonlinear orders arising from different material responses and GMRs within the
same metasurface. This material-enabled separation of nonlinear processes distinguishes the
proposed architecture from previous hybrid approaches and provides a versatile platform for
multifunctional nonlinear photonic devices. Overall, these results highlight the potential of
combining LiNbO3 and graphene in metasurfaces for nonlinear integrated photonic devices.

2. Numerical modeling and methodology

The proposed nonlinear metasurface comprises a guided-mode resonant dielectric grating
composed of graphene-lithium niobate-silicon dioxide stack, shown in Fig. 1. Specifically, it
consists of a three-layer arrangement along the z-axis, composed of a monolayer graphene sheet,
a z-cut lithium niobate (LiNbO3) crystal, and a silicon dioxide (SiO2) substrate. The metasurface
is periodic in both in-plane directions (x and y) with a period P. Each unit cell has a square
footprint of side P, and at its center a single LiNbO3 pillar with a square cross-section of lateral
dimension W and thickness H is positioned, resulting in a grating duty cycle defined as dc = W/P.
A monolayer graphene sheet is deposited on the top surface of LiNbO3 layer, functioning as a
conductive layer with intrinsically tunable optical and electrical properties via electrical gating,
photodoping, or chemical doping. The structure is excited by a normally incident plane wave,
with the polarization of the electric field along the x-axis.

In our proposed metasurface, LiNbO3 was modeled as a dispersive anisotropic medium such
that its optical axis is aligned along the x-direction of the simulation coordinate system. This
assignment is consistent with the nonlinear polarization tensor used in our calculations, where the
largest second-order nonlinear coefficient d33 couples to the E2

x term. The corresponding ordinary
and extraordinary refractive indices at the fundamental wavelength of 1550 nm are modelled
after [50] using Sellmeier equation. In particular, at 1550 nm, nx = ne = 2.138, ny = no = 2.211,
and nz = no = 2.211, where ne and no denote the extraordinary and ordinary refractive indices,
respectively. This anisotropic index profile in the xy-plane breaks the in-plane symmetry and
leads to polarization-dependent linear and nonlinear responses, even in metasurfaces with C4v
structural symmetry [51]. The initial geometry of the proposed metasurface was adapted from
Ref [52].
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Fig. 1. Sketch of the proposed nonlinear hybrid graphene-LiNbO3 metasurface. (a) 3D
schematic of the metasurface for SHG and THG. (b) 3D and (c) 2D view of the single unit
cell. P is the period, H and W represent the thickness and the width of the LiNbO3 pillar,
respectively.

We consider a z-cut lithium niobate which generates the nonlinear polarization PNL [50] in
response to the fundamental harmonic field as:
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where d31 = −3.2 pm/V, d22 = 1.9 pm/V, and d33 = −19.5 pm/V at 1313 nm. It is worth
pointing out that, although our structure operates at 1550 nm, the second-order nonlinear
coefficients of lithium niobate exhibit only weak dispersion in the near-infrared region. In Ref
[53], it was experimentally demonstrated that d33, d31, and d22 vary by less than 10% across
the 1.3–1.6 µm wavelength range. Therefore, using the coefficients measured at 1313 nm for
simulations at 1550 nm introduces a negligible error.

In addition to the second-order nonlinearity of lithium niobate, the third-order nonlinear
response of the SiO2 substrate was explicitly included through a susceptibility χ(3) = 2 ×

10−22 m2/V2 [54].
Graphene is modeled as a two-dimensional material with a surface conductivity derived from

the Kubo formula, including both intraband and interband transitions. The linear response of
graphene is governed by its surface conductivity given by [55]
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e2kBTτ
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where e is the elementary charge, ℏ denotes the reduced Planck constant, kB is the Boltzmann
constant, EF = 0 eV is the Fermi level at room temperature, T = 300 K, and τ = 0.5 ps is
the carrier relaxation time. Here, ω̄ = iωτ and ξ = 2|EF |τ/ℏ, where ω is the fundamental
angular frequency. Under optical excitation, the temperature parameter T in Eq. (2) can be more
appropriately interpreted as an effective electronic temperature rather than purely as a lattice
temperature. Recent studies have shown that electronic heating in graphene can modulate its
third-order nonlinear response and third-harmonic generation under strong optical excitation
[56–58]. In the present work, this aspect is taken into account by explicitly examining the
dependence of the optical response on T , as discussed in the results section.

The nonlinear response of graphene is primarily dominated by interband transitions at the
telecom wavelengths. The surface current density featuring both the linear and third-order
nonlinear contributions is expressed as

Js = σ(ω)Et + σ
(3)
s |Et |

2Et, (3)

where Et is the tangential electric field at the graphene boundary, σ(ω) denotes the linear surface
conductivity, and σ(3)

s is the third-order surface conductivity associated with THG. For optical
frequencies (ℏω ≫ EF), the third-order surface conductivity is given by [53]:

σ
(3)
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ie4
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All simulations were performed using the finite element method (FEM) implemented in
COMSOL Multiphysics. In COMSOL Multiphysics, graphene is modeled as a two-dimensional
boundary layer. The linear termσ(ω)Et is applied via the surface current density feature, while the
nonlinear contribution is incorporated as an additional boundary current term, JNL = σ

(3)
s |Et |

2Et,
allowing the solver to self-consistently evaluate THG at the graphene interface under optical
excitation. We optimized the nonlinear conversion efficiency with respect to the zeroth diffraction
order, as it corresponds to the collinear nonlinear signal that can be collected most efficiently
in a typical experimental setup. For subwavelength metasurfaces, the zeroth order carries the
strongest nonlinear emission due to constructive interference and effective phase matching. This
approach follows established practice in nonlinear metasurface literature and yields a performance
metric most relevant for practical integrated devices, where normal-incidence excitation and
collection are desired [59].

In a physical device, cascaded sum-frequency generation, where the second-harmonic field
generated in LiNbO3 mixes with the fundamental pump to produce a third-harmonic contribution,
may coexist with direct third-harmonic generation from graphene. The present simulations
intentionally isolate the direct χ(2)- and χ(3)-driven channels in order to unambiguously attribute
each harmonic to its dominant material response. Accordingly, the reported THG efficiency
should be interpreted as the direct third-harmonic contribution associated with graphene/SiO2,
rather than as the total third-harmonic output of a fully coupled device. Cascaded third-harmonic
generation in lithium niobate becomes significant when second-harmonic generation and the
subsequent sum-frequency generation step are simultaneously phase matched, as demonstrated
in dedicated lithium-niobate waveguide studies [60]. Since the present design was optimized
through pump-frequency guided-mode resonances and not for simultaneous phase matching or
resonant enhancement at the pump, second-harmonic, and third-harmonic frequencies, cascaded
contributions are expected to play a secondary role.

The nonlinear conversion efficiencies for both SHG, ηSHG, and THG, ηTHG, were calculated
using the quantum–classical correspondence formalism [61]. Following the differential efficiency
definition for parametric processes, the normalized conversion efficiency for the nth-order process
(n = 2 for SHG and n = 3 for THG) is proportional to |Eout |

2/|Epump |
2, with appropriate geometric
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corrections for oblique incidence. The far-field harmonic component propagating at an angle
θi with in-plane wavevector (kx, ky) was extracted via spatial averaging using the phase factor
exp[i(kxx + kyy)], implementing a Green’s-function-based far-field extraction approach.

For an nth-order nonlinear process (SHG or THG), the expression implemented in COMSOL
is

ηXHG =
cos
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t
)︁
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(5)
where ηXHG represents either ηSHG or ηTHG, θi is the angle of incidence of the fundamental pump,
θXHG

t is the transmission angle at the second- or third-harmonic frequency, kXHG
x and kXHG

y are
the in-plane wavevector components of the radiated harmonic field, nXHG

xx and nXHG
yy are the

diagonal components of the refractive-index tensor at the harmonic frequency, EXHG
x and EXHG

y
denote the electric-field components of the generated harmonic field, E0 is the pump amplitude,
and ⟨·⟩ denotes spatial averaging over the output plane.

3. Results and discussion

To explore the device behaviour and shed light on the mechanism governing this structure, we
perform a geometrical optimization study of the proposed device to simultaneously maximize the
second- and third-harmonic generation efficiencies, quantified by ηSHG and ηTHG, respectively.
In contrast to many metasurface designs that focus on a single nonlinear process, this work
explores a dual-process optimization approach, where both second- and third-order nonlinear
responses are enhanced at the same pump frequency. In the optimization process, we focused on
two geometrical parameters that mainly affect the generation of guided modes and guided-mode
resonances (GMRs): the grating period (P) and the thickness (H) of the lithium niobate pillar.
These parameters play a key role in determining the effective indices of the supported guided
modes and their phase-matching conditions with free-space radiation. This approach allows us to
clarify the contribution of guided-mode resonance to nonlinear enhancement, with all remaining
parameters kept fixed. The duty cycle (dc = W/P) was set to 0.75, and the chemical potential of
graphene was fixed at 0 eV. The structure was excited by a normally incident plane wave, linearly
polarized along the x-direction Ex, with a fixed pump intensity of 1 GW/cm2.

3.1. Linear response of the structure

An initial coarse 2D parametric sweep was performed to map the optical response of the proposed
metasurface at the pump wavelength of 1550 nm. The grating period P was varied from 800 nm
to 1100 nm with a step size of 10 nm, while the lithium niobate thickness H was varied from 500
nm to 1000 nm with the same step size of 10 nm. Periodic boundary conditions were applied
along the x- and y-directions while perfectly matched layers were applied at the top and bottom
boundaries to minimize spurious reflections. For each (H, P) combination, linear simulations
at the pump wavelength provided transmittance and reflectance spectra, followed by nonlinear
simulations to compute ηSHG and ηTHG. To identify the optimal solution, we defined a scalar
objective function to be minimized as − log10(ηSHGηTHG). To identify the optimal geometrical
configuration enabling simultaneous enhancement of SHG and THG, a figure of merit (FOM)
was defined as log10(ηSHG · ηTHG), which jointly accounts for both nonlinear processes. The
logarithmic distribution was adopted to balance the contributions of SHG and THG efficiencies
over several orders of magnitude. The initial coarse sweep served both to reveal the main
resonance features over a broad parameter space and to locate the region containing the minimum
of the objective function. A refined sweep was subsequently carried out around this region,
followed by a final conventional local optimization over P, H, and dc.
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The optical linear response of the proposed metasurface at the pump wavelength is analyzed
through the transmittance and reflectance maps as a function of H and P. As depicted in
Fig. 2, both maps exhibit pronounced diagonal branches characterized by strongly suppressed
transmission and enhanced reflection. These features can be interpreted as the excitation of
guided-mode resonances (GMRs) and originate from phase-matching between the normally
incident wave and guided modes supported by periodically patterned lithium niobate layer. The
periodic modulation provides the additional in-plane momentum required to couple free space
radiation into these guided modes, which subsequently reradiate into the far field, giving rise to
sharp spectral features in the linear response.

Fig. 2. (a) Transmittance and (b) reflectance maps as a function of the lithium niobate layer
thickness H and of the grating period P.

The nature of the resonance branches in the H−P parameter space reflects the dependence of the
guided mode effective indices on the geometrical parameter H, while variation in P determines the
in-plane momentum required for GMR excitation, thereby shifting the phase-matching condition
and, consequently, the resonance position.

To analytically confirm the interpretation of the GMRs observed in the linear response, we
evaluated the corresponding phase-matching conditions for GMR excitation in the periodic
structure. First, the effective indices neff of the guided modes supported by the LiNbO3 layer
were calculated as a function of the core thickness H, separately for TE- and TM-polarized
modes, by solving the dispersion equation of an asymmetric three-layer waveguide structure.
The fundamental and higher-order modes (TM0, TE0, and TM1) were considered, as these are
expected to dominate the resonant response within the investigated parameter range. In these
calculations, lithium niobate pillars embedded in air were treated as a homogenized layer using
effective medium theory. The effective permittivity of the homogenized material was calculated
as

ε∥ = d εLiNbO3 + (1 − d) εair (6)

where ε∥ is the permittivity for electric fields parallel to the pillar (used for TM-guided modes),
and

ε⊥ =

[︃
d

εLiNbO3

+
1 − d
εair

]︃−1
(7)

where ε⊥ is the permittivity for electric fields perpendicular to the pillar (used for TE-guided
modes). Finally, the corresponding effective refractive indices are:

nTM
core =

√
ε∥ (8)

nTE
core =

√
ε⊥ (9)
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For normal incidence, GMR excitation requires that the propagation constant β of the guided
mode matches an integer multiple of the grating momentum. The condition is accounted by the
grating equation at normal incidence, expressed as:

β = k0neff = m
2π
P

(10)

where neff is the effective index, k0 is the vacuum wavenumber, P is the grating period, and m
is the diffraction order. This relation defines the values of neff required for resonant coupling
as a function of the grating period. Using this condition, we constructed analytical loci in
the H-P parameter space corresponding to the GMR excitation of TM0, TE0, and TM1 modes
(higher-order modes fall outside the investigated parameter range). These loci represent the
geometrical configurations for which the guided modes become phase-matched to free space
radiation and can be excited as a leaky resonance. Figure 3(a) shows the theoretical loci of
TM0, TE0, and TM1 guided mode resonances in the H-P plane derived from the phase matching
condition at normal incidence.

Fig. 3. (a) GMR loci (TM0, TE0, and TM1) in the H–P plane. (b-d) Maps of nonlinear
conversion efficiencies, in logarithmic scale, for (b) SHG, (c) THG, and (d) of the FOM =
log10(ηSHG · ηTHG), as functions of the period P and of the thickness H of the LiNbO3
nanopillars.

Notably, a crossing point between the TE0, and TM1 loci is observed at approximately H = 947
nm and P = 1035 nm. This crossing indicates the simultaneous phase matching of two distinct
guided modes at the pump frequency, a condition that plays a central role in the enhancement of
SHG and THG efficiencies.
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3.2. Nonlinear conversion efficiencies

The nonlinear conversion efficiencies for second and third harmonic generation were computed
through full-wave FEM simulations across the same coarse H-P parameter space previously used
for the linear optical response analysis. Figure 3(b) shows the map of log10(ηSHG), while Fig. 3(c)
reports the map of log10(ηTHG). Figure 3(d) illustrates the map of FOM log10(ηSHGηTHG), which
is used for simultaneous optimization of both harmonics. An enhancement of the SHG is mainly
observed along the GMR branches identified in the linear analysis. For THG, the enhancement
is more pronounced along the GMR associated with the TE0 mode, while in correspondence
with the TM0-GMR branch only a weaker signature following the same dispersion trend is
visible in the map. The weaker branch appearing in the SHG map is likely associated with the
modal response at the second-harmonic frequency. The corresponding second-harmonic field
distribution shows multiple localized lobes inside the LiNbO3 pillar, suggesting coupling to a
higher-order localized multipolar mode, which provides only a moderate enhancement compared
to the main GMR-driven SHG branches. Consistently, the FOM reflects the combined behavior
of the two harmonics, exhibiting a simultaneous enhancement along the TE0-GMR branch and
a clear intensification in the vicinity of its crossing with the TM1-GMR. This crossing region
emerges as the most favorable operating condition within the explored parameter space. The
highest FOM values are observed in the crossing region, with the global maximum obtained
at P = 1030 nm and H = 960 nm, where ηSHG ≈ 1.74 × 10−5 (log10(ηSHG) ≈ −4.75) and
ηTHG ≈ 1.84 × 10−6 (log10(ηTHG) ≈ −5.73), yielding a FOM value of about −10.49.

Following the initial coarse analysis, a refined parametric sweep was carried out in the vicinity
of the global maximum of the combined map. Here, P was varied from 1025 to 1035 nm with
a step size of 1 nm, while H was varied from 920 to 1000 nm with the same resolution. The
resulting maps of ηSHG, ηTHG, and the FOM are shown in Fig. 4(a)–(c), respectively, while
Fig. 4(d) reports the corresponding absorptance, defined as A = 1 − T − R.

In Fig. 4(a), the branches associated with the TE0- and TM1-GMRs are indicated, and their
crossing point is marked by a white hexagon, also reported in Fig. 4(c). At this crossing point,
ηSHG exhibits a local maximum of 6.86 × 10−5, with ηTHG ≈ 1.31 × 10−6 and a corresponding
FOM value of approximately −10.04.

However, the analysis reveals that the absolute maxima of ηSHG and ηTHG occur at slightly
different locations in the parameter space and are indicated in Fig. 4 by circular and square markers,
respectively. The absolute maximum of ηSHG is obtained at P = 1027 nm and H = 996 nm,
where ηSHG ≈ 1.00×10−4 (log10(ηSHG) ≈ −4), while ηTHG ≈ 1.47×10−6 (log10(ηTHG) ≈ −5.83),
yielding a FOM value of approximately −9.83. Conversely, the absolute maximum of ηTHG is
found at P = 1030 nm and H = 958 nm, where ηSHG ≈ 1.69 × 10−5 (log10(ηSHG) ≈ −4.77) and
ηTHG ≈ 2.24 × 10−6 (log10(ηTHG) ≈ −5.64), leading to a FOM value of approximately −10.42.
Notably, this THG maximum coincides with the maximum of the absorptance shown in Fig. 4(d).
As highlighted in Fig. 4(c), the white cross and circular markers indicate the maxima of ηSHG
and of the FOM, respectively, while the white square denotes the maximum of ηTHG. Within
this refined region, the absolute maximum of the FOM coincides with the absolute maximum
of ηSHG, indicating that the combined metric is primarily influenced by the second-harmonic
contribution in this parameter range, whereas the absolute maximum of ηTHG is associated with
the absorptance peak. The corresponding values of the nonlinear efficiencies and of the FOM at
the characteristic points identified in the refined sweep are summarized in Table 1.

Finally, a local optimization based on the BOBYQA (Bound Optimization BY Quadratic
Approximation) algorithm was carried out in a neighborhood (±20 nm in both P and H) around
the best FOM point identified in the refined sweep. The duty cycle was allowed to vary in the
range dc = 0.5–0.85. The optimization aimed to maximize the FOM with respect to P, H, and
dc, and it converged to the same parameter values previously identified, namely P = 1027 nm
and H = 996 nm.
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Fig. 4. Maps of nonlinear conversion efficiencies as functions of the period P and of the
thickness H of the LiNbO3 nanopillars for (a) SHG, (b) THG, and (c) FOM. In (c), the
superposed white cross and circle markers represent the maximum of ηSHG and of the FOM,
respectively, while the superposed white square marker represents the maximum of ηTHG.

Table 1. Nonlinear efficiencies and FOM at the characteristic points.

Point P H ηSHG ηTHG FOM

(nm) (nm)

Crossing (local SHG max) 1029 960 6.86×10−5 1.31×10−6 −10.04

Abs. max ηSHG (FOM max) 1027 996 1.00×10−4 1.47×10−6 −9.83

Abs. max ηTHG 1030 958 1.69×10−5 2.24×10−6 −10.42

3.3. Spatial electric field distribution

Figure 5 shows the spatial electric field distribution at the fundamental (a, d, g, j), second
harmonic (b, e, h, k) and third harmonic (c, f, i, l) wavelengths for the optimized solution. At
the fundamental wavelength, the field exhibits a confined distribution characteristic of a GMR,
resulting in enhanced field localization within the LiNbO3 pillar layer. The field profiles in
the zx- and zy-planes (Fig. 5(g,j)) display a two-lobe distribution with a more intense lower
lobe, suggesting the involvement of multiple guided-mode contributions in this regime. At
the second-harmonic wavelength, a multi-lobe pattern is observed, suggesting the excitation
of higher-order modes associated with the second-order nonlinearity of lithium niobate. The
third-harmonic field appears less localized and more asymmetric, indicating the excitation of
higher-order modes. Vertical cross-sections show that, at the second-harmonic wavelength, a
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standing-wave pattern develops predominantly in the metasurface plane, whereas at the third-
harmonic wavelength a standing-wave distribution is observed along the vertical (z) direction
within the LiNbO3 pillar. It is worth noticing that the maximum of the field distribution at the
third-harmonic wavelength is located near the graphene layer, consistent with its contribution to
the χ(3)-mediated response. Overall, these field distributions indicate that nonlinear frequency
conversion in the metasurface is closely associated with resonant field enhancement and modal
overlap, rather than with conventional bulk phase-matching mechanisms.

3.4. Influence of graphene parameters

The response of the optimized metasurface was further investigated as a function of the graphene
chemical potential EF and relaxation time τ. Figure 6 shows the linear transmittance, reflectance,
and absorptance at the pump wavelength λ = 1550 nm as EF varies. For larger relaxation times
(τ = 0.1 and 0.5 ps), the linear response exhibits a threshold-like behavior around EF ≈ 0.4 eV.
Below this threshold, the reflectance decreases slightly with increasing EF , while the transmittance
increases moderately and the absorptance remains nearly constant. At the threshold, the reflectance
rises abruptly, the transmittance displays a pronounced resonant feature, and the absorptance
drops sharply. For higher values of EF , the absorptance remains approximately constant, whereas
the reflectance continues to increase moderately and the transmittance correspondingly decreases.
In contrast, for τ = 0.01 ps the threshold behavior is significantly smoothed. The transmittance
decreases smoothly and monotonically with increasing EF, without a distinct resonant feature.
The absorptance also decreases gradually, reaching a minimum around EF ≈ 0.7 eV before
slightly increasing again, while the reflectance grows monotonically in a comparatively smoother
manner. Overall, these trends indicate that varying EF primarily modifies the balance between
reflection and transmission at the resonant wavelength, thereby affecting the effective coupling of
the incident field into the structure.

The corresponding nonlinear conversion efficiencies are reported in Fig. 7(a) and (b). Both
ηSHG and ηTHG exhibit a non-monotonic dependence on EF . Beyond EF ≈ 0.4 eV, the efficiencies
increase rapidly, reaching a maximum value of ηSHG ≈ 2.33 × 10−4 at EF ≈ 0.45 eV and
ηTHG ≈ 4.57× 10−6 at EF ≈ 0.474 eV, when τ = 0.5 ps. For larger values of EF , both efficiencies
decrease.

A similar trend is observed for lower relaxation times, although with reduced peak values and
a smoother dependence on EF . The stronger modulation observed for larger τ is consistent with a
reduced damping of the graphene conductivity, which enhances the impact of EF on the resonant
field amplitude. Overall, the maxima of the nonlinear efficiencies occur within an intermediate
regime of EF, where the resonant field enhancement is significant but not yet limited by the
increasing reflectance of the structure.

The nonlinear efficiencies exhibit relatively broad maxima over finite ranges of EF , indicating
that the enhancement of SHG and THG is not restricted to a single narrow operating point.
Moreover, variations of the relaxation time τ modify the peak amplitudes but do not qualitatively
alter the overall trends, suggesting that moderate changes in graphene quality do not drastically
affect the device behavior within the explored parameter range. We point out that transfer-induced
imperfections in graphene, such as wrinkles, cracks, and local disorder, can be phenomenologically
associated with an increased carrier scattering rate, i.e., a reduced relaxation time τ [62,63]. For
this reason, the τ-dependence reported here can also be interpreted as a first-order robustness
analysis of the THG response against non-ideal graphene quality, since the third-order nonlinear
response of graphene is sensitive to phenomenological relaxation parameters [64]. We also
note, however, that τ does not fully capture severe geometric defects such as local tearing or
incomplete coverage, nor the potentially anisotropic modification of the optical conductivity
induced by nonuniform strain [65].
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Fig. 5. Spatial distributions of the electric-field magnitude for P = 1027 nm, H = 996 nm,
and dc = 0.75 at λ = 1550 nm. Field profiles are shown along the (a–c) z = H, (d–f)
z = H/2, (g–i) y = 0, and (j-l) x = 0 planes. (a,d,g,j) refer to the fundamental wavelength,
while (b,e,h,k) and (c,f,i,l) refer to the second- and third-harmonic wavelength, respectively.
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Fig. 6. Dependence of the linear response of the designed metasurface on the graphene
Fermi level EF and on the carrier relaxation time τ of the graphene layer. Transmittance
(green curves), reflectance (red curves) and absorptance (black curves) as a function of EF ,
for different values of τ.

Fig. 7. Nonlinear response of the designed metasurface as a function of the graphene Fermi
level EF and the carrier relaxation time τ. (a) SHG and (b) THG efficiency versus EF , for
different values of τ.

3.5. Spectral response of the optimized metasurface

Figure 8 presents the spectral response of the optimized metasurface in the vicinity of the pump
wavelength, calculated when EF = 0 eV. In Fig. 8(a), the linear transmittance, reflectance, and
absorptance are plotted as functions of the pump wavelength λ, showing a narrow resonance cen-
tered near 1550 nm. The linear spectra exhibit a pronounced Fano-like resonance: transmittance
and reflectance show complementary extrema on the two sides of the resonant feature, with their
maxima and minima slightly offset in wavelength. The corresponding absorptance displays a
sharp peak (about 42%) at the pump wavelength, with a linewidth (FWHM) of approximately
1.64 nm (Q factor of about 947).

The nonlinear conversion efficiencies are shown in Fig. 8(b). Both SHG and THG exhibit
strongly wavelength-selective responses, with maxima occurring in the vicinity of the linear
resonance. The spectral widths of the nonlinear peaks are significantly narrower than that of
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Fig. 8. Spectral response of the optimized metasurface for EF = 0 eV. (a) Linear
transmittance (green solid curve), reflectance (red solid curve), and absorptance (black
dotted curve) versus wavelength. (b) Second- and third-harmonic generation efficiencies,
ηSHG (left axis, red dotted curve) and ηTHG (right axis, green solid curve), as functions of
wavelength.

the linear response, with linewidths of about 1.04 nm (Q ≈ 1488) and 0.835 nm (Q ≈ 1857),
respectively.

The reduced linewidth of the nonlinear spectra reflects their dependence on higher powers of
the resonant electric field at the pump frequency. Since SHG and THG efficiencies scale with
the fourth and sixth power of the local field amplitude, respectively, small detuning from the
resonance leads to a rapid decrease in conversion efficiency. As a result, the third-harmonic
response exhibits a slightly narrower spectral width than the second-harmonic response [66,67].

Overall, the nonlinear spectral behavior closely follows the underlying resonant field enhance-
ment at the fundamental frequency, indicating that the wavelength selectivity of SHG and THG
is governed by the same GMR responsible for the linear response.

Additional simulations performed at EF = 0.45 eV reveal a negligible resonance shift (below
0.1 nm) compared to the EF = 0 case. This indicates that the variation of EF does not significantly
alter the spectral position of the guided-mode resonance, but primarily affects its coupling
strength and the balance between reflection and transmission.

To further assess the role of graphene lateral confinement, we compared the original pillar-
confined graphene configuration with a continuous graphene sheet covering the whole metasurface.
The continuous-sheet case can be regarded as an edge-free reference configuration. The results
show that the same dual-harmonic generation mechanism is preserved, but with larger resonant
absorptance and reduced SHG/THG efficiencies. This indicates that the finite graphene patch
does not provide an artificial advantage through edge effects; rather, confining graphene to
the pillar region reduces absorption while preserving strong field overlap in the most relevant
nonlinear region. In particular, the absorptance increases from about 40% to about 60%, while the
peak ηSHG decreases from ∼ 10−4 to 4.36×10−5 and the peak ηTHG decreases from ∼ 1.46×10−6

to 5.51 × 10−7. Therefore, although a continuous graphene sheet is more straightforward from
a fabrication standpoint, the pillar-confined graphene configuration yields a more favourable
balance between process simplicity and nonlinear performance.

Finally, to assess the influence of electronic heating within the present Kubo-based framework,
we performed an additional parametric sweep of T from 300 K to 1300 K. Over this wide
range, the absorptance changes only marginally, from about 0.415 to 0.400, while the peak
SHG and THG efficiencies vary by only about 2% and 4%, respectively. These results indicate
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that the main conclusions of this work remain unchanged within the adopted quasi-equilibrium
effective-temperature description.

3.6. Discussion

Table 2 summarizes representative nonlinear structures reported in the literature for SHG and
THG, listing the corresponding pump intensities and conversion efficiencies. While several
existing platforms achieve higher conversion efficiencies, the present work introduces a hybrid
lithium niobate/graphene metasurface. The results presented here numerically demonstrate
that these two materials can be combined within a single platform to achieve both second- and
third-harmonic generation.

Table 2. Literature benchmarks for SHG/THG in metasurfaces and related platforms.

Platform/Structure Proc. Pump λ Pump Int./Field η Ref.

Monolithic LiNbO3
metasurface (corrugated
NIR)

SHG 1–1.5 µm 1 GW/cm2 >10−5 [13]

Thin-film LiNbO3
heterostructure cavity

SHG telecom–vis cavity-enh. (mW) 10−1–1.5×10−1 [68]

AlGaAs nanoantenna SHG 1550 nm 3.4 GW/cm2 2×10−5 [69]

AlGaAs nanocylinders SHG 1554 nm 1 GW/cm2 >10−5 [70]

AlGaAs metasurface
quasi-BIC

SHG NIR 10 MW/cm2 2.5×10−2 [67]

Graphene + photonic
grating (THz)

THG 0.3–3 THz E≈30 kV/cm 10−3 [71]

Graphene (single layer),
free-space THz

THG+ ∼0.7 THz E≈ tens kV/cm ≥ 10−3 [72]

LiNbO3 metasurface
near-BIC (theory)

SHG 1550 nm 1.3 GW/cm2 1.5×10−5 [73]

LiNbO3–Graphene
metasurface

SHG/THG 1550 nm 1 GW/cm2 SHG: 2.33×10−4; THG: 4.57×10−6 This
work

In this paper, simulations were configured to isolate individual nonlinear contributions: SHG
was enabled only in lithium niobate pillars, while THG was assigned primarily to graphene,
with a minor contribution from the substrate glass. This modeling approach allows independent
evaluation of the two nonlinear pathways supported by the structure, preventing cascaded
interactions such as SHG followed by sum-frequency generation. The coexistence of distinct
second- and third-order responses within a single resonant platform may be relevant for integrated
photonic systems requiring reduced device footprint, simplified system-level architectures, or
multiple frequency channels [74].

At the pump wavelength of 1550 nm, graphene absorption is primarily determined by interband
transitions, which can be partially suppressed for chemical potentials exceeding approximately
0.4 eV through Pauli blocking [75–77]. Besides, as demonstrated by the numerical results,
varying the chemical potential does not significantly shift the spectral position of GMRs, but
instead modifies its coupling strength and damping. The nonlinear efficiencies therefore depend
sensitively on EF, not through spectral retuning (modification in field distribution), but through
changes in the resonant field amplitude at the pump frequency. At the harmonic wavelengths (775
nm for SHG and 517 nm for THG), interband transitions are not Pauli blocked for realistic values
of the chemical potential, leading to higher intrinsic absorption in graphene [75,78,79]. Despite
these increased losses at the harmonic wavelengths, the calculated SHG and THG efficiencies
remain finite due to the resonant field enhancement at the pump wavelength [80]. The observed
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dependence of both harmonic processes on EF arises from the modulation of the fundamental
resonant field, rather than from independent resonances at the harmonic wavelengths.

A possible fabrication route involves the deposition of a LiNbO3 thin film on a SiO2 substrate,
followed by transfer of a CVD-grown [81] graphene monolayer and subsequent pattern definition
via electron-beam lithography and selective etching. Such a process flow is compatible with
established nanofabrication techniques for hybrid photonic platforms.

To assess the impact of realistic fabrication imperfections, we also considered non-vertical
LiNbO3 sidewalls by introducing a finite sidewall angle αsw. As αsw increases from 0◦ to 8◦, the
resonance undergoes a progressive blueshift from 1550.0 nm to about 1473.5 nm, indicating a
change in the effective modal indices and a detuning from the optimized modal-crossing condition.
Correspondingly, the peak SHG efficiency decreases from about 1 × 10−4 to about 1.83 × 10−5,
3.42 × 10−6, 3.44 × 10−7, and 2.33 × 10−8 for αsw = 1◦, 2◦, 4◦, and 8◦, respectively, while
the peak THG efficiency decreases from about 1.46 × 10−6 to about 2.65 × 10−8, 5.81 × 10−8,
2.48×10−8, and 5.77×10−10. In addition, the taper reduces the top surface available for graphene,
which further penalizes the THG response. These results indicate that sidewall tapering mainly
acts as a fabrication-induced detuning mechanism around the nominal optimized design. They
also suggest that the effect of the sidewall angle may, in principle, be partially compensated by
re-optimizing the geometrical parameters, such as the period and pillar height.

4. Conclusion

This work presents a numerical investigation of a hybrid graphene–LiNbO3 nonlinear metasurface
operating at a pump wavelength of 1550 nm. Guided-mode resonances supported by the
geometrically engineered grating were identified and analyzed through both full-wave simulations
and analytical effective-index calculations. In particular, distinct branches associated with the
TM0, TE0, and TM1 modes were observed in the linear regime, and their spectral positions were
confirmed through phase-matching analysis.

Nonlinear simulations show that both SHG and THG efficiencies are enhanced in correspon-
dence with these resonant branches. A simultaneous increase of the two harmonic processes is
observed in the vicinity of the crossing between the TE0 and TM1 modes. For the optimized
configuration, SHG and THG efficiencies on the order of 10−4 and 10−6, respectively, are obtained
under a pump intensity of 1 GW/cm2.

The study further demonstrates that variation of the graphene chemical potential modifies
the resonance coupling strength without significantly shifting its spectral position, thereby
influencing the nonlinear response through changes in the resonant field amplitude at the
fundamental frequency. Overall, the results indicate that hybrid integration of lithium niobate and
graphene within a single resonant metasurface enables simultaneous second- and third-harmonic
generation under geometrical control of guided-mode resonances.
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