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The logarithm function is a familiar concept to all mathematics students, but not all
may be aware that it can be defined in several different ways. An intriguing historical
and pedagogical introduction to this topic was recently given by Ricardo [1], who sur-
veyed four distinct yet equivalent characterizations of the natural logarithm function:
as the inverse of the natural exponential function, as the integral

∫ x

1
dt

t
, as the limit

limn→∞ n(x1/n − 1), and as the continuous solution of the functional equation

f (xy) = f (x) + f (y), f (e) = 1. (1)

From the perspective of a college student, the last approach—established by Cauchy
[2] in the early 19th century—may seem the most accessible, as it does not require
knowledge of integration, limits, or other advanced calculus tools. However, the loga-
rithm can also be defined using a functional equation different from (1). For instance,
it can be characterized using the functional equation

f (x + y) − f (x) − f (y) = f (1/x + 1/y)

or, equivalently,

f (x + y) − f (xy) = f (1/x + 1/y)

together with the continuity of f [3].
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In this paper, we extend the discussion of the fourth approach presented in [1],
by considering additional alternative definitions of the logarithm based on functional
equations supplemented with an extra condition. Such a supplementary condition is
necessary; for instance, a function f : R+ → R that satisfies only the product rule

f (xy) = f (x) + f (y) (2)

for all x, y ∈ R+ need not be the logarithm function.
Another common way to define the logarithm is to assume a power rule, i.e., a

functional equation of the form

f (xp) = pf (x). (3)

The first significant result involving a power rule for the logarithm of real numbers
originates from the work of Fubini [4] at the end of the 19th century. He showed that
the only function f : (1, ∞) → R satisfying the functional equation

f (x2) = 2f (x)

together with the condition

lim
x→1+

f (x)

x − 1
= 1 (4)

is the logarithm.
Half a century later, Milkman [5] presented further notable results on this topic.

He proved, among other things, that if f (x) is an increasing function defined for all
positive real numbers x and satisfies (3) for all positive integers p, then f (x) = c log x

for some constant c. Milkman also observed that it is sufficient for (3) to hold on a
dense subset of the positive reals and for all prime numbers p.

One of the objectives of this paper is to improve upon the results of Fubini and Milk-
man. Following [6] and [7], we replace the analytical condition (4) with an alternative
functional equation of the form (3), together with a weaker analytical condition—
continuity or monotonicity. Additionally, our approach allows us to extend the domain
of f from (1, ∞) to (0, ∞). We shall also show that it suffices for (3) to hold for two
suitable numbers p, provided that at least one them is negative. Furthermore, if we
restrict the domain to either (1, ∞) or (0, 1), it suffices that (3) holds, for example, for
two distinct primes. Ultimately, we will establish a power rule characterization of the
logarithm function on the entire domain (0, ∞).

Characterizations of the logarithm are also relevant from the perspective of arith-
metic functions, i.e., mappings from the set of positive integers to the set of real num-
bers. For arithmetic functions, (2) becomes

f (mn) = f (m) + f (n), (5)

where m and n are positive integers. If (5) holds for all positive integers m and n such
that gcd(m, n) = 1, then f is said to be an additive function. If (5) holds for all positive
integers m, n, then f is said to be a completely additive function [8–10].

The arithmetic logarithm function is precious to number theorists due to its connec-
tion with the Prime Number Theorem, which states that the nth prime is asymptotically
n log n. Furthermore, the derivative of the Riemann zeta function is

ζ ′(z) = −
∞∑

n=2

log n

nz
.
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It was P. Erdős who first identified conditions under which an additive or a completely
additive arithmetic function must be the logarithm function (up to a constant multiple).
He proved that if an additive function f satisfies

f (n + 1) − f (n) ≥ 0 (n = 1, 2, . . .)

or

lim
n→∞

(
f (n + 1) − f (n)

) = 0,

then f (n) = c log n [11]. A few years later Milkman [5] provided an elementary proof
of Erdős’ result.

We conclude this paper with a result characterizing the arithmetic logarithm using
(3). While our result is relatively modest, it is the first of its kind in this direction and
may be considered an analogue of Milkman’s results.

Preliminaries
Before presenting our results, we recall a few definitions and record a theorem.

A function f : D → R, where D ⊆ R, is said to be monotone if it is increasing or
decreasing; i.e., it preserves or reverses the order of its arguments. Specifically,

• f is increasing if

x1 ≤ x2 ⇒ f (x1) ≤ f (x2) for all x1, x2 ∈ D;
• f is decreasing if

x1 ≤ x2 ⇒ f (x1) ≥ f (x2) for all x1, x2 ∈ D.

A subset A ⊂ R is said to be dense in the set of real numbers if between any two
distinct real numbers there exists at least one element of A. Equivalently, A is dense in
R if for every x ∈ R and every ε > 0 there exists a ∈ A such that

|x − a| < ε.

A key tool to be used in our proofs is Kronecker’s Approximation Theorem (see,
e.g., [12, Chapter 7] or [13, Chapter XXIII]), which describes how combinations of
integers and an irrational number can approximate any real number. In its simplest
form, the theorem states that if α is an irrational number, then the set

{ m + nα : m, n ∈ Z }
is dense in R. In other words, for every x ∈ R and every ε > 0 there is an integer
combination of 1 and α such that its distance to x is less than ε.

Characterization with two or more functional equations
In the following two theorems, we assume that p �= ±1 and q �= ±1 are two distinct
nonzero real numbers such that at least one of them is negative, and that pm �= qn for
all nonzero integers m and n. In Theorem 1, it would suffice to assume that p and q

are distinct prime numbers if the domain of h is taken to be (0, ∞).
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Theorem 1. Let h : R → R be a continuous or monotone function such that

h(px) = ph(x) and h(qx) = qh(x) for all x ∈ R. (6)

Then

h(x) = h(1)x for all x ∈ R. (7)

Proof. From (6) we obtain

h(pmqn) = h(1)pmqn, m, n ∈ Z.

In the beginning of the section, we assumed that p < 0 or q < 0; without loss of gener-
ality we may suppose that q < 0. Let S+ = {p2mq2n | m, n ∈ Z} and S− = {p2mq2n+1 |
m, n ∈ Z}. Clearly, (7) holds for all x ∈ S+ ∪ S−.

First, assume that h is continuous. Since continuous functions on R that agree on a
dense subset are equal [14, Problem 8.6], it suffices to show that S+ ∪ S− is dense in
R.

In order to show that S+ is dense in the set of positive real numbers, we first
take logarithms of the elements of S+ and obtain an equivalent claim stating that
T = { m log p2 + n log q2 | m, n ∈ Z } is dense in the set of real numbers (compare
[6], Theorem 5). Dividing the elements of T by log p2, we obtain another equiv-
alent claim stating that the set U = { m + n log q2/ log p2 | m, n ∈ Z } is dense in
the set of real numbers. Since log q2/ log p2 is irrational (if it were rational r/s, then
r log p2 = s log q2 and further p2r = q2s), the claim follows now from Kronecker’s
Approximation Theorem: S+ is dense in the set of positive real numbers.

In a similar way we can show that S− is dense in the set of negative real numbers.
Consequently, S+ ∪ S− is dense in the set of real numbers, and therefore (7) holds for
all x ∈ R.

Second, assume that h is monotone. Denote c = h(1). If c = 0, then h(x) = 0 in the
dense set S+ ∪ S− of R described in the first part of this proof. Thus, by monotonicity,
h(x) = 0 for every x ∈ R, and (7) holds.

Assume now that c > 0. Then h is increasing. Suppose that there exists x0 ∈ R such
that h(x0) �= cx0. Then h(x0) = cx0 + d, where d �= 0. Consider the case d > 0. By
the density of S+ ∪ S−, there exist integers m and n such that x1 = pmqn > x0 and
x1 − x0 < d/c. But then

h(x1) = cx1 = cx0 + c(x1 − x0) < cx0 + d = h(x0),

contradicting the fact that h is increasing. Thus (7) follows. In the case d < 0, we
choose x1 < x0 and proceed analogously. If c < 0, then h is decreasing, and the similar
argument as above holds. �

Next we give our power rule characterization of the logarithm function on (0, ∞).

Theorem 2. Let f : R+ → R be a continuous or monotone function such that

f (xp) = pf (x) and f (xq) = qf (x) for all x > 0.

Then

f (x) = f (e) log x for all x > 0.
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Proof. Now, let us consider the function h : R → R defined by h(t) = f (et ). Then h

is a continuous or monotone function such that

h(pt) = f (ept ) = pf (et ) = ph(t),

and

h(qt) = f (eqt ) = qf (et ) = qh(t)

for all real t . By Theorem 1, we obtain

f (et ) = h(t) = h(1)t = f (e)t, t > 0.

The proof is completed upon setting x = et . �

Characterizations with three functional equations also exist. For instance, there is a
modification of Theorem 1, where the extension to R− is carried out by the functional
equation h(−x) = −h(x).

Arithmetic logarithm function and arithmetic derivative
To the best of our knowledge, the following theorem is the first attempt to character-
ize the logarithmic arithmetic function using the power rule. While the result is quite
straightforward, it is not entirely trivial. We encourage the reader to explore this topic
further.

To prove our theorem, we need a lemma that follows by induction from the Funda-
mental Theorem of Arithmetic, see [9, Proposition 1].

Lemma 1. A completely additive function is determined by its values at the primes.

Theorem 3. Assume that f is an additive arithmetic function possessing the power
property

f (pk) = kf (p) for all primes p and positive integers k. (8)

Further, assume that there exists a real constant c such that f (p)/ log p = c for all
primes p. Then f (n) = c log n.

Proof. Since f is additive possessing the property (8), it is completely additive. The
function c log n is also completely additive. Now the functions f (n) and c log n agree
at primes. By Lemma 1, they are equal. �

We conclude this paper by briefly discussing a connection between our topic, the
Leibniz rule, and the study of differentiating numbers; see, e.g., [15, 16]. Namely, a
function f (x) satisfies the Leibniz rule

f (xy) = yf (x) + xf (y) (9)

for all x, y ∈ R+ if and only if g(x) = f (x)/x satisfies the product rule (2). If g(x)

is continuous, this holds if and only if g(x) = c log x for some constant c [5]. This
implies that if f : R+ → R is continuous, then f satisfies the condition (9) if and only
if f (x) = cx log x for some constant c.
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For arithmetic functions, the Leibniz rule naturally takes the form

f (mn) = nf (m) + mf (n) (10)

for all m, n ∈ Z+. The Leibniz rule (10) and the product rule (5) for arithmetic func-
tions can be viewed as recurrence relations. The arithmetic derivative D(n) is an arith-
metic function satisfying the Leibniz rule (10) with initial conditions D(p) = 1 for all
prime numbers p. A related function, the logarithmic derivative ld(n) = D(n)/n, sat-
isfies the product rule (5) for all positive integers m, n with initial conditions ld(p) =
1/p for all prime numbers p. Therefore, ld(n) is a completely additive arithmetic
function.

Acknowledgment. The authors wish to thank the editor and the reviewers for their valuable
comments.

Disclosure statement. No potential conflict of interest was reported by the author(s).

Summary. The logarithm function on the positive real numbers can be characterized in several
ways. In this paper, we focus on classical characterizations based on the product rule or the
power rule, and we improve upon some results by Fubini and Milkman. Our main result can be
stated as follows: If a continuous or monotone function on the positive real numbers satisfies a
power rule for both a negative and a positive exponent, then it is the logarithm function or the
zero function. We also briefly consider the arithmetic logarithm function and its connection to
the concept of arithmetic derivative.
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