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Abstract—Direct Digital Frequency Synthesizer (DDFS) is a
device that creates digital samples of analog signals. The DDFS
designs commonly use memory to store these samples. However,
as the accuracy increases, the size of the memory grows both in
width and depth. In this paper, we present a resource efficient,
12-bit quadrature Direct Digital Frequency Synthesizer (DDFS)
architecture that applies Taylor series approximation in the
amplitude computation. The design is implemented on a field
programmable gate array (FPGA), where it consumes 266 LUTs
and 236 Flip-Flops. The design has high signal quality, and it
reaches the spurious free dynamic range (SFDR) of -80.8 dBc.

Index Terms—Direct digital frequency synthesis, FPGA, SFDR,
Taylor series.

I. INTRODUCTION

Direct Digital Frequency Synthesizer (DDFS) is used for
generating digital sinusoidal signals. The DDFS was first
introduced in 1971 by Tierney, Rader, and Gold [1]. The
DDFS has several benefits including sub-Hertz frequency
resolution, low phase noise, and fast frequency switching. For
these reasons, the DDFS has become a key digital component
used in several applications such as wireless communications,
radars, test and measurement systems, and quantum computing
[2]-[5]. For example, in trapped-ion based quantum comput-
ing, several lasers are used. These lasers are controlled with
optical modulators, which are controlled by radio frequency
signals. These signals can be generated using a DDFS [5]. In
quantum computing, the spurious free dynamic range (SFDR)
requirement is low, between -50 to -70 dBc [6].

The generic architecture of the DDFS is depicted in Fig. 1.
It consists of two key blocks, a phase accumulator (PA) and
a phase-to-amplitude converter (PAC). Often the digital signal
is converted to analog in a digital-to-analog converter (DAC)
that is followed by a low-pass filter. In this paper, we will
focus on the effective design of the PA and the PAC.

The frequency of the DDFS is set by using a frequency
control word (FCW). The FCW is typically chosen to be long
as the length affects the frequency resolution, A f, given by

fclk:
- )

Af=

where f.; is the system clock frequency and N the bit width
of the FCW. At each clock cycle the FCW is added into
the existing value of the phase register, and each overflow
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Fig. 1. Generic architecture of the DDFS.

represents a full signal period. The FCW is also used to set
the output signal frequency, fouz,

fout:FfTW'fclk~ (2)
The PA outputs a phase value that is converted to amplitude
in the PAC. In order to reduce the complexity of the PAC
logic, the phase is quantized, and only k& most significant bits
(MSB) are forwarded to the PAC. This helps reduce the total
cost of the design by keeping the PAC logic small. One of
the most common approaches for PAC design is based on
a Read-only Memory (ROM). In this approach, the phase is
used as a ROM address and the ROM for storing the sine and
cosine amplitude values [7]. Other used approaches include
the COordinate Rotation DIgital Computer (CORDIC), series
approximation, and interpolation [8]-[10]. While Taylor series
has been applied before in the ROM optimization, in this
paper, we are presenting a design that combines interpolation
with Taylor series. We show that the design reaches a very
low resource utilization of 266 LUTs and 236 Flip-Flops
while still achieving a high signal purity of -80.8 dBc. This
makes the design approach applicable for example in quantum
computing.

II. TAYLOR SERIES APPROXIMATION FOR DDFS

Taylor series is a well-known method for approximating
a continuous function, f(z), around an evaluation point, z,
on that function. The equation for the approximation is given
below [11].

(i=1) ()

/
Z (i—1)!

where m is the approximation degree of the Taylor series. The
accuracy of the Taylor series approximation decreases as the

- xo)i_17 (3)
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Fig. 2. The principle of multiple evaluation points. The error is colored in
black. In (a), with two evaluation points the error is easily visible. In (b), an
additional evaluation point reduces the error and increases the accuracy.

distance from the evaluation point z( increases. To improve
the accuracy for our DDFS design, we use three approaches.

First, we take advantage of the two well-known symmetry
properties of sine and cosine, the quarter wave (QW) and
the eighth wave symmetry. The QW symmetry states that
both signals are symmetrical over 7/2, and the eighth wave
symmetry can be used when both sine and cosine are available.
The eighth wave states that the sine and cosine values between
[0,7/2] can be generated if both values are available between
[0,7/4]. By utilizing these symmetries, we can generate the
full 27 signal periods from sine and cosine values between
[0, 7/4]. This means we do not need to approximate the full
period and can therefore use lower degree approximation.

Second, we can choose the evaluation point optimally. One
property of the Taylor series is that it is equally accurate
to both directions from the evaluation point. This symmetry
means, that by setting the evaluation point to the middle of the
evaluation interval, the approximation accuracy is maximally
utilized.

Third method divides the approximation interval to several
segments. Obviously, the approximation accuracy can be im-
proved by increasing the approximation degree, m. However,
this comes with the penalty of increased computation com-
plexity as the number of the approximation terms increases.
Every new term introduces an additional multiplier and either
an adder or a subtractor. However, by dividing the approxima-
tion interval of [0, 7 /4] into multiple segments and choosing
properly the evaluation points for each segment, we can use a
lower degree approximation for each segment to reach high
approximation accuracy. An example showing how adding
segments and evaluation points reduces the approximation
error is illustrated in Fig. 2. It should be noted that each
additional evaluation point affects only the memory used to
store the evaluation point values, but it does not increase the
hardware used to calculate the sine and cosine.

III. DDFS REFERENCE ARCHITECTURE

A key quality metric for a DDFS is the output signal quality
reported as SFDR. The SFDR is obtained by measuring the
range between the largest spur and the target carrier signal.
In a DDFS, two key parameters have most impact on the
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Fig. 3. SFDR of the proposed DDFS with different number of segments.

attainable SFDR, the phase width and the amplitude width.
In our approach, where we use a series approximation based
computation for calculating the amplitude, also the approxi-
mation accuracy itself affects the SFDR. However, as stated
earlier, low approximation degree reduces the computation
complexity. For this reason, our DDFS architecture uses a low
approximation order. Using the 2" degree Taylor series by
setting m = 2 in equation (3), we obtain the following linear
approximations for sine and cosine

sin(x) = sin(zg) + cos(zo)(x — xo) 4)
cos(x) == cos(xg) — sin(xg)(x — x0) 5)

As can be seen, the equations have only one multiplier for
each signal computation.

After choosing the approximation degree, the next step is
to find the optimal number of segments to reach the sufficient
signal purity required by the application. In our design, we set
the SFDR target to -80 dBc. A Python script was created to
rapidly evaluate the SFDR for different numbers of segments.
Uniform distribution of the evaluation points was applied as
the target was to optimize resources. Non-uniform distribution
would increase logic in the address computation. It would also
introduce an additional subtractor, since the xg value used in
calculating z — z¢ in (4) and (5) would be different and could
not be shared for sine and cosine. To take advantage of the
approximation symmetry, the evaluation points were set to be
at the middle of each segment. The results from the Python
based tests are depicted in Fig. 3. As can be seen, -80 dBc
SFDR can be obtained by using at least 20 segments.

The DDFS circuit was implemented using a register transfer
level (RTL) VHDL language that implemented the computa-
tion from (4) and (5) and divided the approximation to 20
segments. The design has four architectural components: 1)
phase accumulator, 2) phase-to-amplitude converter 3) look-up
table (LUT) for storing evaluation point and related sine and
cosine values, and 4) a combinatorial logic circuit to apply sine
and cosine symmetry for full signal generation. The DDFS
architecture is shown in Fig. 4.

In the circuit, the finite word length representation is the
main source of error. These errors happen primarily at phase
truncation (€phase), fixed point representation in LUT memory
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Fig. 4. Architecture of the proposed DDFS applying Taylor series.

for sine, cosine, and the evaluation point (€memory), and the
truncation taking place in the different arithmetic units during
the amplitude value computation (€comp). These errors cause
additional spurs into the output signal spectrum and reduce
the signal quality and SFDR. The spurs can be reduced by
applying dithering before the truncation is done [12]. Dithering
spreads the spurious components in the signal over its entire
spectrum. This leads to improved SFDR, but also to higher
noise floor. In the design, the phase and amplitude values are
dithered using 1-bit dithering introduced in [13]. The dither
bit is obtained from a 17-bit Pseudo-Random Bit Sequence
(PRBS) generator that implements the equation z'7 + 24 + 1.
This PRBS provides 131,072 values before the sequence starts
to repeat itself [14]. In the next sections we will introduce the
main design blocks of the DDFS.

A. Phase Accumulator

The phase register and FCW are chosen to be 32-bit wide to
enable high frequency resolution. As previously described the
PA adds FCW to phase register at each clock cycle. However,
the output phase word cannot be used directly for PAC as the
Taylor approximation requires the phase value to be given in
radians. Thus, the phase is first multiplied by constant 7 /4.
The product is then dithered with 1-bit dithering and truncated
to 14 bits. Additionally, the top three bits of the phase register
are forwarded to the symmetry logic. These are used later to
define in which of the eight unit circle segments the amplitude
values are being calculated.

B. Look-up Table

The phase value is used as the LUT address. The LUT stores
three values for each segment: evaluation point value, and both
sine and cosine values at the evaluation point. Each value is
stored with 14-bit accuracy. Thus, having 20 segments with
three 14-bit values, the total memory size is 840 bits.

C. Phase-to-Amplitude Converter

The PAC logic implements the Taylor approximation given
in (4) and (5). The implementation consists of one 14-bit
subtractor for calculating  — zo and then multiplying that
difference in two 14x14 bit multipliers, where the other
multiplicand is either sine or cosine value provided by the
LUT. The final amplitude is calculated in one adder and one
subtractor, both 27 bits wide. The sum and difference are
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Fig. 5. Spurious performance (a) without dithering (-75.9 dBc) and (b) with
dithering (-80.8 dBc). Dither improves SFDR, but causes higher noise floor.
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truncated 12 bits. Prior to the truncation, 1-bit dithering is
applied.

D. Symmetry Logic

The symmetry logic receives the amplitude values from the
PAC and the three control signals from the PA. Based on
the control signals, the symmetry logic determines the phase
location in the unit circle. Based on the location, the amplitude
is either used as is, negated, or sine is used for cosine and
vice versa. This creates the full period of 27 for both sine and
cosine. The final output is 12-bit sine and cosine.

IV. SIMULATION RESULTS AND FPGA IMPLEMENTATION

The RTL VHDL was simulated in Modelsim simulator
using various different FCW values to verify the design
functionality. The output signal purity was analyzed and SFDR
was measured using Fast Fourier Transform (FFT) in GNU
Octave software.

Two different dithering options were analyzed separately to
evaluate the effect of the dithering to the SFDR. The FFT
spectrum results are shown in Fig. 5. Without dithering, the
DDFS has an SFDR of -75.9 dBc. When both phase and
amplitude dithering are applied, the resulting SFDR improves
by nearly 5.0 dB to -80.8 dBc. It can also be observed that
while dithering reduces the spurs, the overall noise floor rises.
This is an expected outcome from dithering.

The RTL VHDL was synthesized on AMD Artix 7 FPGA
using AMD’s Vivado Design Suite. This FPGA provides
special Digital Signal Processing (DSP) blocks that contain
fast multipliers. The design uses these DSP multipliers to
implement the multiplications needed in the PA and the PAC.
The DSP blocks also have internal registers at the input and
output. These can be used to create pipeline stages into the
design without using extra resources. The FPGA resource
utilization of the DDFS implementation is summarized in

TABLE I
FPGA RESOURCE UTILIZATION OF THE PROPOSED DDFS
LUTs | Flip-Flops | DSPs | Slices'
PA 163 72 1 58
PAC (incl. LUT) 51 131 2 59
Symmetry Logic 52 33 0 17
Total 266 236 3 105

ISlice total is from synthesis report. Slice logic is shared with components.



TABLE II
COMPARISON OF THE PROPOSED 2P DEGREE TAYLOR SERIES BASED
DDFS.
[15] [10] [16] [17] Ours
Phase (bits) N/A 16 16 N/A 14
Ampl. (bits) 16 14 16 20 12
Clock (MHz) 50 100 251 200 111
SFDR (dBc) -58.52 -88.1 -72.2 -78 -80.8
LUTs 1,009 1,394 498 1,176 266
Flip-Flops 1,142 N/A 206 N/A 236
Other 1 mult. | 46 mult. 2 mult. N/A 3 mult.
Resources 24 adders (DSP)
Year 2024 2024 2020 2022 2025

Table I. In the table, the LUT resource is not memory, but
instead it is a standard logic cell on AMD FPGAs. It is used
to implement combinatorial and sequential logic in the design.
The resource utilization of the design was 266 LUTs, 236 Flip-
Flops (FF), and 3 DSPs. From this, the dithering overhead
was 3 LUTs and 34 registers. The clock frequency target was
set at 100 MHz and the design reached 111 MHz without
extra pipelining. If the end application requires higher clock
frequency, the multiplier could be implemented manually and
extra pipeline stages could be added. This would come at the
obvious penalty of increased logic and power consumption.
Also, the clock frequency would impact the system frequency
resolution and FCW length might need to be increased. At
111 MHz the design power consumption was 146 mW.

V. COMPARISON

The proposed 2" degree Taylor series based DDFS imple-
mentation is compared with recently reported FPGA based
DDFS implementations in Table II. From the data, we can
observe that the proposed approach consumes significantly
less resources than the other approaches. Only the work
presented by Annafianto et al. is close. However, that design
implements only the PAC logic and the resource data does
not include the PA or symmetry logic [16]. A key metric
in a DDFS system performance is the output signal purity.
The proposed design achieves a high signal purity by using
low amplitude and phase width. It has been shown that each
bit of phase accuracy improves SFDR by approximately 6
dB [12]. Thus, the theoretical upper limit for a 14-bit phase
is -84dBc. The proposed design comes very close to this
limit. The main reason for the deviation is that the amplitude
is computed instead of stored in a memory. However, non-
optimized direct ROM implementation would need to store
393,216 bits (214 - 12 - 2) to represent both sine and cosine
with 12-bit accuracy, while the proposed design uses 840 bits.

VI. CONCLUSIONS

In this article, we presented a Taylor series based DDFS
having low resource utilization and high signal purity. Several
optimization methods were applied to enable the use of a low
degree linear approximation. A design implementation was
created in VHDL and synthesized on an FPGA. The simulation
and implementation results were presented and design was

compared to other FPGA approaches. The proposed architec-
ture was found to be competitive compared with previously
reported work. Especially, the implementation demonstrated
significantly lower FPGA resource utilization than the previous
work.

Depending on the end application, the SFDR requirements
may be different. To meet new requirements, the number of
evaluation points can be varied or, alternatively, phase and
amplitude bit widths increased. The design was shown to reach
sufficient SFDR for quantum computing applications.
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