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Abstract—The emerging technology of reconfigurable intel-
ligent surface-based access points (RIS-APs) shows excellent
potential as it effectively replaces conventional RF front ends
with passive RISs. This paper introduces RIS-based dual-
mode receive spatial modulation (RDM-RSM), a low-complexity
scheme designed to improve the spectral efficiency and error
performance of RIS-APs. Both versions of the proposed RDM-
RSM scheme configure the RIS to simultaneously enhance the
RF signals at two different receive antennas while synthesizing
distinct modulation symbols from two separate constellations
at each antenna, thereby enabling efficient transmission of two
parallel, conventionally-modulated data-streams. Additionally, by
selecting two antennas and assigning each a distinct constellation
mode, more bits can be encoded per index-modulated sym-
bol. The first version, RDM-RSM-Independent (RDM-RSMI),
operates by maximizing the energy of the synthesized signals
independently for each antenna. In contrast, RDM-RSM-Joint
(RDM-RSM)) optimizes the reflection phase of each RIS element
to maximize an objective function that considers the signals
at both antennas jointly, resulting in stronger received signals
compared to RDM-RSMI, where only half of the elements can
serve each antenna. A low-complexity detector is proposed, with
its theoretical performance rigorously analyzed by modeling the
conditional reflection phases of the RIS elements as von-Mises
distributed, providing a tractable and insightful framework.

Index Terms—Reconfigurable intelligent surface (RIS), index
modulation (IM), receive spatial modulation (RSM).

I. INTRODUCTION

IRELESS communication systems have evolved over

time primarily in response to the growing demand
for higher data rates. However, with the densification of
networks and the increasing number of users, additional
considerations such as low-complexity, cost-effectiveness, and
improved energy and spectral efficiencies have become crucial
in the design of modern wireless systems. To address these
challenges, emerging technologies like index modulation (IM)
and reconfigurable intelligent surfaces (RISs) have garnered
significant attention due to their ability to reduce energy
consumption, minimize costs and complexity, and improve the
overall performance of wireless networks.

IM is an innovative, unconventional modulation approach
that conveys information through the indices of a communica-
tion network’s resource rather than modulating a signal with
a conventional constellation symbol [1]. For example, spatial
modulation (SM) encodes information using the indices of
activated antennas in a multiple-antenna system [2]. Transmit
SM (TSM) and receive SM (RSM) employ the indices of
transmit and receive antennas, respectively, for IM [3].
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RIS is a transformative addition to the physical layer of
wireless systems, enabling active configuration of the wireless
channel [4]. Composed of a grid of small, passive, low-cost
reflecting elements, an RIS can reflect incident signals with
adjustable phase shifts. RIS’s ability to dynamically control
the channel in a programmable manner makes it well-suited
for designing efficient RIS-based IM schemes that can enable
low-complexity wireless data transmission [S]-[11].

Recently, RIS has emerged as an active research area in
academia and industry, owing to its versatility and broad range
of potential applications. Beyond modulation—which is the
primary focus of this paper—RIS has been explored across
several other domains, including enhanced wireless connec-
tivity, coverage extension, sensing, and security [12]-[15].
To highlight a few notable use cases for interested readers:
RIS has been widely studied for massive IoTs connectivity,
Industry 4.0, and future cellular systems including 6G and
beyond [16]-[18], as well as for vehicular and ground-to-air
communications under blockage conditions [19], [20]. Addi-
tionally, RIS has shown promise in localization and integrated
sensing and communication (ISAC) systems [21], [22]. In
physical-layer security, RIS has been utilized to create artificial
nulls, helping secure confidential transmissions [23], [24].

A. Motivation and Related Works

This work is primarily motivated by the need for low-
complexity and spectrally-efficient wireless APs. A promising
solution in this context is the RIS-based access points (RIS-
APs), which reduce the complexity by utilizing a passive RIS
for modulation, channel co-phasing, and beamforming, requir-
ing an unmodulated RF source as the only active component,
unlike the traditional APs that rely on complex transmitter
blocks and RF front ends for these communication tasks
[9]. The AP design is simplified due to the passive and
comprehensive operation of the RIS; however, this also limits
the AP’s spectral efficiency (SE) since data can be transmitted
only using phase and index modulation. In this regard, several
modulation schemes have been proposed; however, they either
suffer from limited SE or exhibit poor error performance.

The introduction of RIS-SSK in [9] marks a pioneering
step toward RIS-based IM schemes. This innovative scheme
leverages an RIS to steer and enhance the reflected signal at
one of the receive antennas, with data encoded in the indices
of these antennas. RIS-RQRM [10] further improves its SE
by reflecting signals in two orthogonal modes—directing the
real and imaginary components of the signal to two receive
antennas. It partitions the RIS so that each half independently
steers the signal to one of the antennas. RIS-RQSSK [25]
improves the error performance of RIS-RQRM by using all
elements to amplify both components of the reflected signal.
RIS-SM in [9] combines conventional modulation with IM to
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improve the SE of RIS-SSK, i.e., the reflected signal toward
the selected receive antenna is also phase-modulated.

The RIS-RQSM scheme in [8] transmits a QAM symbol’s
real and imaginary components to two antennas independently,
thereby enhancing SE. However, this scheme requires addi-
tional hardware to dynamically adjust the RF signal power
according to the QAM symbol and a one-tap zero-forcing
(ZF) pre-equalizer at the transmitter side. Recently, the authors
who introduced RIS-RQSM and RIS-RQSSK also proposed
RIS-GRQSM [26], which improves the SE of RIS-RQSSK
by selecting multiple antennas independently for the real and
imaginary components of the signal. The LIS-GSM scheme
in [27] enhances SE by adjusting both the transmitter RF
power and RIS phases for the conventionally modulated data
streams while partitioning the RIS for each selected antenna
to transmit the IM data stream. Since each antenna is served
by only one of the RIS partitions, the signal at each antenna is
relatively weaker. Consequently, its performance degrades as
SE increases. It is important to note—as will become clear
in the next section—that RIS-RQSM, LIS-GSM, and RIS-
SM with QAM are not directly compatible with our low-
complexity RIS-AP model due to their additional hardware
and processing requirements, as discussed above. We include
these schemes in our discussion primarily to highlight the
novelty of our proposed schemes.

B. Contributions

This paper proposes RIS-based dual-mode receive spatial
modulation (RDM-RSM), a low-complexity scheme specifi-
cally designed for RIS-APs. RDM-RSM provides both higher
SE and improved error performance, outperforming existing
related modulation schemes. RDM-RSM works by intelli-
gently configuring the RIS to simultaneously enhance the RF
signals at two different receive antennas while synthesizing
a modulation symbol chosen from the first constellation at
one antenna and a symbol from the second constellation at
the other, thereby efficiently transmitting two parallel, con-
ventionally modulated data streams. Additionally, by selecting
two antennas and assigning each a distinct constellation mode,
the number of antenna permutations is increased, thereby
achieving higher SE. Our contributions include:

o We introduce two versions of RDM-RSM. The basic
version, RDM-RSM-Independent (RDM-RSMI), operates
by maximizing the energy of the synthesized signals
independently at each of the two selected antennas. RDM-
RSMI, though suboptimal in performance, is presented
first as it offers insights into the systematic design of the
advanced version, RDM-RSM-Joint (RDM-RSM]J).

« RDM-RSMJ, an energy-efficient version of RDM-RSM,
works by optimizing the reflection coefficient of each RIS
element to maximize an objective function that considers
the signals at both antennas jointly. Consequently, each
and every RIS element serve both antennas simultane-
ously, significantly improving the SINR at each antenna.

o A two-stage low-complexity (LC) detector is proposed.

o We formulate an approximate closed-form expression for
the average bit error probability (ABEP) of RDM-RSM
schemes with the proposed LC detector.
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Fig. 1. System model for data transmission using RDM-RSM schemes.

e We adopt a novel approach for the theoretical error
analysis by modeling the conditional reflection phases of
the RIS elements as von Mises distributed. This approach
enables a more tractable performance analysis, providing
clear insights into system behavior. Furthermore, this ana-
Iytical framework facilitates the extension of the analysis
to the multi-mode version of the RDM-RSM scheme,
offering a versatile tool for broader applications.

o Simulations across various scenarios are presented to
validate the accuracy of our analytical ABEP expressions.

The remainder of this paper is organized as follows. Section II
presents the system model. In Section III, we discuss RDM-
RSMI and develop a LC detector. Section IV introduces RDM-
RSMIJ and provides a comparison with RDM-RSMI. Section V
analyzes the theoretical error performance. Section VI presents
computer simulations results for comparative analysis. Finally,
Section VII concludes the paper.

II. SYSTEM MODEL

Fig. 1 illustrates the system model used to demonstrate the
proposed RDM-RSM schemes. The employed model uses the
concept of the RIS-AP transmission scheme, in which the
RIS is an integral part of the transmitter as a modulating
unit and reflects the incident RF signal toward the receiver.
In this setup, the RF source is the only active component that
generates an unmodulated RF signal and is equipped with a
single antenna to direct the signal toward the RIS. Due to
proximity and the line-of-sight (LOS) path between the RIS
and the RF source, path loss and fading effects on this link
can be ignored. Moreover, it is assumed that the receiver only
gets the signal reflected from the RIS. Since the RIS is passive,
it utilizes the source-generated RF signal to transmit data by
modulating the impinging signal using RDM-RSM. The RIS
comprises a total of N reflecting elements, and the phase shifts
introduced by each element into the incident RF signal are
adjusted electronically by the RIS controller. Both channel
equalization (limited to phase equalization) and modulation
are performed at the RIS. Subsequently, the signal is reflected
toward the receiver, which is equipped with Np > 2 antennas.

Notation: Italic lowercase, boldface lowercase, and boldface uppercase let-
ters represent scalars, column vectors, and matrices, respectively. Discrete and
finite sets are denoted by uppercase blackboard bold letters. The operations
()T and (.)* denote the transpose and complex conjugate, respectively. For
a complex number z, R(z) and I(z) represent the real and imaginary parts,
|sz the absolute value, and £z the phase angle. For brevity, we may also use
2% for R(z) and 2 for J(z). The floor of a real number z is denoted by
| z]. The binomial coefficient is represented by (Tg) A circularly symmetric
complex Gaussian (CSCG) random variable (RV) z with mean p = E{z}
and variance 02 = V{z} is denoted by z ~ CN'(p,02). The covariance
between RVs x and z is represented by C{z, z}. The Gaussian Q-function
is represented by Q(.), and j = v/—1.
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The baseband signal received at antenna r € {1,2,.., Ngp},
resulting from the sum of the reflected signals from all RIS
elements, is given as below:

N
Yr =VE Y hpie!’i B 4 m,, (1

where E is the energl)T 1of the RF signal per transmitted
symbol and n,. is the additive white Gaussian noise (AWGN)
sample at the 7 receive antenna following the distribution
CN (0, Ny), Vr. The channel between the i‘" RIS element and
the rt" receive antenna is denoted by hm-ej Or.i | Furthermore,
all channels are assumed to follow quasi-static block fading
[6], and the channel state information (CSI) is available at
the RIS. The channel h,.;e?%¢ V(r, i) follows the distribution
CN(0,1), under the assumption of Rayleigh fading.

The complex term B;e/¥ in (1) represents the reflection
coefficient of the i** RIS element. The reflection amplitude
Bi € [0,1] is set to its maximum value, ie., §; = 1,Vi, to
maximize the power of the RIS-reflected signal. The reflection
phase shift, ¢; € [—m, ), can be tuned to phase-equalize the
channel associated with the i** RIS element and r*" receive
antenna. By adjusting ¢; = —0,.; for all RIS elements, the
resulting received baseband signal at the r*" antenna is given
as y, = \/EZZI\; hyi 4+ n,. This leads to boosting the re-
ceived signal at the rt" antenna, and hence data can be encoded
in the index r € {1,2,...., Ng} of the receive antennas to
transmit |log, N | bits. The RIS can further be utilized as a
PSK-modulator to transmit additional log, M bits by adjusting
eIV = ei($a—0ri) — g, 6= for all RIS elements, where
s4 = €4 is a modulation symbol selected from the M-
PSK constellation M 4. The resulting received baseband signal
at the 7" antenna is given as 7, = sA\/EZf;l Ry + Ny
With this scheme, the number of bits transmitted per symbol
increases to a total of log, M + |log, Ng].

The RDM-RSM scheme is designed to further enhance SE,
achieving a maximum of 2log, M+|log, Ng+logy(Nr—1)]
bits per channel use (bpcu). To realize this improvement,
the proposed design selects two receive antennas at a time,
rather than one discussed above. In addition, it employs two
distinguishable phase shift keying (PSK) constellations, M 4
and Mp, each of order M and unit energy. For clarity,
we explicitly designate the two selected antennas as [ and
m, where M 4 is used for data transmission to antenna [,
and Mp is used for antenna m. To support this dual-mode
transmission, the RDM-RSM scheme methodically configures
the RIS to enhance the RF signal power at both antennas
! and m simultaneously, while synthesizing a modulation
symbol chosen from constellation M 4 at [, and a modulation
symbol from M p at m. Targeting two antennas at a time and
assigning each a distinct constellation mode results in forming
a total of Ngr(Ng — 1) ordered antenna pairs. In this work,
we formally define each such ordered-pair as a permutation
p = (I,m). Consequently, the RDM-RSM scheme can encode
up to |logy Nr +logy(Nr —1)] IM bits per symbol, com-
pared to |log, Ng| bits in the single antenna case discussed
above. Moreover, the proposed design enables the efficient
transmission of two parallel, conventionally modulated data
streams, effectively conveying 2log, M data bits compared to

only log, M bits in the single antenna case. The constellations
M 4 and M g can be chosen as any arbitrary, yet distinguish-
able, PSK constellations. In our system model, we specifically
select M p as a rotated version of M 4 with a rotation angle
of % This selection is deliberate, as it increases the minimum
inter-constellations distance (MIRD), as discussed in [28].

A. Index Mapping for RDM-RSM

We now describe the index mapping method used in this
work for the RDM-RSM system, which entails the generation
and selection of antenna permutations p = (I, m), along with
the assignment of data bit sequences to these permutations. As
discussed above, an RDM-RSM system with Ng receive an-
tennas yields a total of 2("J) = Np(Ng—1) permutations. To
transmit p IM bits per symbol, we chose only 2P permutations,
classifying these as the chosen or valid permutations. The
remaining permutations are discarded and labeled as invalid, as
they are not utilized for data transmission and are therefore not
considered during hypothesis testing at the receiver. The car-
dinality of the chosen/valid permutations for IM is represented
as N = 2P, where p < |logy Ng + logy(Ng — 1)]. Each of
these IV selected permutations is then uniquely mapped to a
distinct p-bit data sequence.

As an example, Table I illustrates the modes assigned to
antennas [ and m for all possible permutations p = (I,m) in
a system with Np = 4. For a given permutation p, we define
the set I to represent the indices of the two antennas involved
in p, irrespective of the order determined by their assigned
modes. Consequently, each index set I, corresponds to two
associated permutations, which are simply reverse orderings
of one another with swapped mode assignments. Thus, the
total number of possible index sets I is (AJ;R) while the total
number of distinct permutations p is 2( QR). Depending on
the required number of permutations Np = 2P, it may be
necessary to select both associated permutations for certain
index sets I, while for others, selecting only one may suffice.
For clarity, we define a reversible permutation as one whose
reverse order counterpart is also included among the chosen
permutations for IM. As an illustration, we select the first 8
permutations in Table I to encode p = 3 IM bits per symbol.
In this scenario, permutation 0 (i.e., p = (1,2)) qualifies as
reversible because its reverse, permutation 6 (i.e., p = (2, 1)),
is also chosen. In contrast, permutation 2 (i.e., p = (1,4)) is
not reversible, as its reverse, permutation 8 (i.e., p = (4,1)),
is not chosen. This distinction is crucial for the detection
process at the receiver and for pairwise error probability (PEP)
calculations, which will be discussed in the analysis section.

It is important to note that the index mapping strategy can
influence the performance of the RDM-RSM scheme, as is the
case with other IM schemes [7], [29]. Although a variety of
index mapping strategies can be explored for RDM-RSM, for
the sake of clarity and analytical tractability, this work adopts a
lookup table-based approach, which is a widely used method
in the IM literature [28], [30]. The specific implementation
employed in this work is outlined as follows: First, numerical
labels ranging from 1 to Np are assigned to the antennas. Next,
all possible antenna permutations (r,r’) satisfying r < 7/,
where r,r’ € {1,2,...., Nr}, are generated. These resulting
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TABLE I
A LOOKUP TABLE DEMONSTRATING ALL POSSIBLE RECEIVE ANTENNA
PERMUTATIONS/ORDERED-PAIRS WITH RDM-RSM FOR N =4

# | Permutationp=(I,m)| Antenna Modes | IM bits (p = 3)
0 (1,2) (MD, My [000]
1 (1,3) M My [001]
2 (1,4) MY, My [010]
3 (2,3) MDD My [011]
4 (2,4) (MDD My [100]
5 (3,4) MDD My [101]
6 1) (MY My [110]
7 (3,1) (MP Mm 111]
8 (4,1) (MY My —
9 (3.2 (M, My —
10 (4,2) (M MEy —
1l (4,3) MY, My —

(AQR) permutations are then listed in a lexicographical order
in the top rows of a table. Subsequently, the corresponding
reverse permutations (r,r) of the above sorted original per-
mutations (r,r’) are listed in the next (]\QR) rows of the table.
Numerical labels ranging from 0 to 2 (J\QR) —1 are then assigned
to these 2("*) permutations listed in the table. To encode p
IM bits per symbol, only the first 2P permutations are selected,
while the rest are discarded. For each selected permutation,
the mapped IM bit-sequence corresponds to the p-bit binary
representation of its assigned numerical label. As an example,
Table I illustrates this index mapping method for an RDM-

RSM system with Ngp =4 and p = 3.

III. WORKING PRINCIPLE OF RDM-RSM SCHEMES AND
DESIGN OF A LC DETECTOR

This section explains the design and operation of the RDM-
RSMI scheme. Although suboptimal in performance, RDM-
RSMI is introduced first as it provides insights into the sys-
tematic design of its advanced, energy-efficient version, RDM-
RSMJ, which is presented in the next section. Moreover, the
signal analysis of the RDM-RSMI scheme facilitates efficient
development of a LC detector that applies to both schemes.

A. RDM-RSMI Scheme Design for RIS-AP Systems

The RDM-RSMI scheme configures the reflection phase of
each RIS element to enhance the signal exclusively either at
antenna [ or at antenna m. As a result, the synthesized signals
at both antennas in the selected permutation p = (I, m) are
independent of each other. This approach requires that half
of the RIS elements serve each antenna to ensure stronger
signals at both target antennas. To achieve this, RDM-RSMI
partitions the RIS into two halves, with each half dedicated to
modulating and enhancing the reflected signal at one of the
two selected antennas.

Partition 1: The reflection phase shift of each RIS element
in this partition is tuned to match the modulation symbol
transmitted to the first antenna in p (i.e., antenna /), while also
performing phase equalization corresponding to the associated
channel. Specifically, for the ith RIS element, the reflection
phase shift is configured as: e/¥i = e/(Pa=01i) = 5 =700,
where 6;; is the phase of the channel between the ith
RIS element and antenna I, and s4 = e’®4 is the symbol
chosen from the PSK constellation M 4. The baseband signal

synthesized by the i*" RIS element belonging to Partition 1
(i.e., i € {1,2,...,N/2} at any receive antenna r is given as:

Tpi= \/Ehniejer’i (ej(¢A*91,i))

_ \/E(h,.,ieﬂ"rf"w)) sa, Vie{l,2,..N/2}). ()

Partition 2: Similarly, for the ith RIS element in the second
partition, the reflection phase shift is configured as: /¥ =
el (@8=0mi) = spe=Ifmi  where 0,,; is the phase of the
channel between the i*" RIS element and the second antenna in
p (ie., antenna m), and sg = e??5 is the modulation symbol
chosen from the constellation Mp. The baseband signal
synthesized by the i*" RIS element belonging to Partition 2
(e, i€ {§+1,..., N}) at any receive antenna 7 is given as:

xni:\/ghnﬁjeﬂi(ejwsfem,i))

, N N
—VE (hr,ief("m—aw) sp, Vie {2+1, 20 N}. (3)

The overall synthesized signal at antenna 7, resulting from
the combined contributions of the independently tuned RIS
partitions, eac]l\}/comprising N/2 elements, is given as:

2 N

xr:\/E(sAZhr,ieﬂ‘“’ni*"w>+sB Zhr,ieﬂ@m*ew) €
i=1 N/2+1

Considering AWGN, the received signal at any antenna r is the
sum of synthesized signal x, and noise n,, i.e., ¥y, = x, +n,.

The maximum likelihood (ML) detector for RDM-RSM
schemes is formulated as follows:

f):<l7 m): 54,58

Ngr
Z |yr — Ty (P: (lv m)7 SA, SB)|27 (5
r=1
where z,.(p=(l,m), sa, sg) is the synthesized signal, which
depends on the selected permutation p = (I,m) and the
modulation symbols s4 and sp. Note that the ML detector
in (5) is valid for both the RDM-RSMI and RDM-RSMIJ
schemes. In the case of RDM-RSMI, the signal z,. in (5) is
synthesized as shown in (4), whereas for RDM-RSMJ, the
signal z,. is synthesized as given in the expression (27).

min

= arg
p=(,m),54,5B

B. Signal Analysis for RDM-RSMI Scheme

In the following, we analyze the received signals across
various scenarios for the RDM-RSMI scheme. This analysis
also aids in the development of a low-complexity detector
that is applicable to both RDM-RSM schemes. For analytical
convenience, we assume 2 = 1 in the following discussion;
however, it will be reinstated later in the error performance
analysis to account for SNR considerations.

Case 1: The received signal y, at an erroneous antenna r
(i.e., when r #£ [, and r = m) is given as:

N/2 N
Yr=54 Zhniej(GT,,ifOz,i)JrsB Zhr7iej(97,,i70m,i)+nr (6)
i=1 Ny
A

Since 6, ; is uniformly distributed in oulirmodel, the phase
(0r; — 0;,;) modulo 27 for a given 6;; is also uniformly
distributed in [—m, 7). Throughout this paper, we consider
modulo 27 phase, and hence the phase RVs lie in [—7, 7). It
follows that h,. ;e (r:=9.1) is a CSCG RV following CA/(0,1)
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for all 7. By applying the central limit theorem (CLT) under
the assumption of £ > 1, we obtain A4, ~ CN (0, %). By
similar reasoning, we get B, ~ CN (O N ) Consequently,
leveraging the properties of CSCG RVs, we find that y, ~
CN(0, N+ Np). Thus, as desired, the tuning method of RDM-
RSMI results in a zero-mean signal at the erroneous antenna.
The real and imaginary components of the received signal at
an incorrect antenna are distributed as:

Rl ~A (0,55, ) ~n (0, 5550) @)

Case 2: Here we consider the received signal y, at the
correct antenna r (i.e., when r = [ or r = m). The RDM-
RSMI scheme enhances the received signal at both antennas
in the selected permutation p = (I, m). At antenna r = [, the
received signal y; is express;:d as follows:

1

N/2
Yi=sa (Zhl Z>+SB D et oy (8)

i=1 N/2+1

Ay
where h;; is Rayleigh distributed w1th E{h;;} = v/7/2 and
V{hi;} = (4 —7)/4. The RV A; (which is real in this case)
follows Gaussian distribution with a non-zero mean, given as:

Ay~ N(Nf N(8 )>, BlNCN(O,N>, ©)

4 2
while the distribution of the complex RV B; remains the same
as B,, given in the previous case.

With the RDM-RSMI scheme, the first partition of the
RIS enhances the signal at the intended antenna [, aiding in
the detection of both the correct antenna and the modulation
symbol s,4. This enhancement is evident as the RV A; in
(9) has a non-zero mean, resulting in a higher energy signal
at the correct antenna compared to the erroneous one, as
observed in Case 1. Importantly, this increase in energy arises
from the useful component of the signal carrying the symbol
s4. The second partition transmits symbol sp toward its
intended antenna m; however, this signal also reaches antenna
l as indicated by the second term in (8). For brevity, we
refer to this unintended signal component as cross-antenna
interference—a term adopted in this work to effectively de-
scribe the operational perspective of our low-complexity, per-
antenna detector, which treats signal components arising from
unintended symbols at each antenna as unknown interference
(not exploited by the detector). Since B; is a CSCG RV (9),
this unintended component raises the noise-plus-interference
variance at antenna [ to N/2 + Nj.

Due to symmetry, a similar analysis presented above for
antenna [ applies to the signal at the other target antenna m;
however, the roles of the RI§ partitions are reversed, as shown
below: _

N/2

i=1

N
> hm,z->+nm. (10)

N/2+1

A B,
C. LC Detector Design for RDM-RSM Schemes
With the above signal analysis in perspective, we now intro-
duce a two-stage LC detector. The first stage employs greedy
detection (GD), which identifies the two receive antennas with

the highest signal energy. The search space of GD includes
only those antenna pairs {r, 7’} that correspond to the selected
set of permutations. It is formulated as follows:
{#,#'} = arg max (jyr " + |y %) .
2

1D
Here, |y.|* and |y,|* represent the received signal energies at
antennas r and r’, respectively.

The second stage of the LC detector focuses on detecting
the constellation symbols and, if necessary, determining the
correct permutation for the previously identified antenna pair.
Let S; denote the set of valid or selected permutations
associated with the above-identified antenna pair {#,#'}. De-
pending on the permutation selection strategy employed during
the design phase, S; ;7 can take one of the following forms:
{(A,#), (7', )}, {(7,#")} or {(#",#)}. The symbols s4. sp
and the permutation p = (I, m) can be jointly detected
by applying the following coherent detector to the received
signals on the antennas 7 and #':

{gA, iz, (l,m)}zarg min (jy—a®+ g —zal?) . (12)
(L,m)€S; o

where the synthesized signals z; and z,, are given in (8) and

(10), respectively.

The coherent detector described in (12) involves significant
implementation complexity due to the intensive computations
required for the signal z; in (8) and z,,, in (10). For constant-
envelope constellations and a single transmitted symbol, it is
generally possible to transform a coherent detector into a low-
complexity, non-coherent one without any loss in error per-
formance. This is achieved by disregarding the weight of the
transmitted symbol, which depends on the channel alongside
other transmission parameters. However, in the case of the
detector in (12), each synthesized signal involves two con-
stellation symbols with different weights, making the above-
mentioned transformation infeasible without performance loss.
For example, x; requires computing the weights of both s4
and sp, as indicated in (8), with the weights differing due
to the underlying channels. A similar argument applies to the
signal z,, in (10).

In the following, we develop a non-coherent version of the
detector given in (12), which significantly reduces complexity
at the cost of a slight performance trade-off. To formulate this
alternative detector, we analyze the received signal under the
following scenarios:

Case 3: Here, we analyze the projection of the signal y; (i.e.,
the signal at a correct antenna) onto an incorrect modulation
symbol (i.e., when §4 # su). From (8), the expression for
Y157 1s derived as follows:  n/2
ysh = yle_j¢A — oi(¢a—0a) Z hi g

=1
IRCEREYY Z hii e OLi=0mi) L e —jba
N/2+1

Using (9) and (13), the distributions of the real and imaginary
parts of ;5% can be expressed as follows:

| 2

13)

N, . NN
%(yﬁwNN( fcosA@l, % 2A¢A_|_ 20)
S N sindd s, %smmﬁ% Ny

where, Agf) A= — (Z) 4 in the above expressions.
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Case 4: Here, we consider the projection of the signal y;
onto the correct modulation symbol (i.e., when 54 = s4), and
we compare it with Case 3. Using (8), the expression for y;s%

is given as:  ny2 N
Y15 = yle—jdmzzhl i+ej(¢B—¢A)Zhl iej(el,i_e'm,i)_t'_nle_jﬁbA
=1 %4’_1
Using (9), and (14), we get the following: (14)
_ . Nym N6 -7 N
R(i) = Rsy) ~ N (2T MO Moy g5
4 8 2
. " N N,
() = Ssh) ~ N (0,5 + ) (16)

It shows that the real component of y;5%, i.e., the projection
of y;, is maximized along the correct modulation symbol
compared to the incorrect modulation symbol scenario in Case
3. By symmetry, the projection of ¥, is also maximized along
the correct symbol, i.e., when §p = sp, and is given as
§R(g’m) = §R(y'rnS*B) ~N Nf; w + % .

Thus, the second stage of the proposed LC detector can
apply the following non-coherent detector to the signals at the
antennas {7, 7'} that were detected in the first stage using GD:

{éA, s, (1, ﬁ”L)} =arg  max R(yish) + R(ymsg)). (A7)
(I,m)€S; 7
This non-coherent detector is a suboptimal version of the

detector in (12), as it treats the signal component arising from
unintended symbols at each antenna as unknown interference.
In contrast, the detector in (12) jointly exploits both the
intended and unintended signal components for detection at
each selected antenna. Note that both steps of the LC detector
in (11) and (17) are also valid for RDM-RSMJ, with the signals
y; and y,,, synthesized by plugging » = [ and r = m into (27),
respectively.
IV. RDM-RSMJ: DESIGN AND SIGNAL ANALYSIS

RDM-RSMJ, a highly energy-efficient version of the RDM-
RSM scheme, works by optimizing the reflection phase of each
RIS element to maximize a well-defined objective function
that considers the signals at both target antennas jointly. As a
result, each and every RIS element contributes to enhancing
the RF signal at both antennas while also transmitting both
constellation symbols. This leads to a stronger received signal
and an improved signal-to-interference-plus-noise ratio (SINR)
at each antenna compared to the RDM-RSMI scheme, where
only half of the RIS elements can serve each antenna.

A. RIS Reflection Coefficient Optimization for RDM-RSMJ
For analytical convenience, we begin by assuming that the
RIS consists of a single element with a reflection coefficient
e?¥, and we set £ = 1. The synthesized baseband signals at
the receive antennas [ and m are given as follows:
x = et ez, = hpelfmel?. (18)
The signals x; and z,, are correlated due to the common
reflection phase coefficient ). As a result, maximizing the
energy of each signal is not an independent task but a joint
optimization problem. We formulate this problem below in an
efficient manner, allowing for straightforward optimization.
As discussed earlier in the design of the LC detector,
RDM-RSMI enhances the energy in the useful component
of the synthesized signal that carries the modulation symbol,

thereby improving symbol detection. Notably, it also results in
boosting the overall synthesized signal at the correct antennas,
thereby improving antenna detection simultaneously. Building
on this concept, RDM-RSMJ further enhances the modulation
symbol-carrying component of the synthesized signal, simulta-
neously increasing the overall signal strength. To achieve this,
we concentrate on modulation symbol detection by leveraging
the non-coherent detector in (17) and accordingly maximize
R(s%x1), and R(s ) jointly as given below:
R(shx)+R(s5xm) =
§R(efj¢*‘ hye?? ejw) + 3‘3(67]'4’3 Ry e70m ejw) . (19
We aim to determine the optimal 1) that maximizes the objec-
tive function (19). This unconstrained optimization problem is
solved by differentiating (19) with respect to 1) as follows:
d , L , L
aw (?R(e_m“ hyed® e”’) + ER(e_mB RymedOm ew)) =0. (20)
Using the identity R(a) = —‘“‘2"* and performing some alge-
braic manipulations, we get:
) S eida hge_jgl 4+ eiPBh, e=i0m
ejw = — = m
5] 5]
S = eJda hle’j(” 4 ei%s hme*jem'

. 5 —3j6
We can rewrite (21) as /¥ = sA(’”TSIJ d

21

where 22)
+sp (hm(‘ig‘ﬂ@m
Intuitively, this expression indicates that a given RIS element
transmits both symbols s4 and sp jointly, with the transmis-
sion weights being proportional to the channels associated with
their respective intended antennas, [ and m.

B. Signal Analysis for RDM-RSMJ Scheme

In this section, we analyze the received signals under various
scenarios to understand the working of RDM-RSMI. In each
case, we begin with a single-element RIS and then generalize
the findings to an RIS with N elements.

Case 1: We first consider the received signal y, at an
erroneous antenna 7 (i.e., when r # [ and r # m). The
synthesized signal at antenna r is given as: x, = h,e?%rel?.
To analyze x,., we need to determine the distribution of ¢ . The
reflection phase ¢ of the RIS element tuned as /¥ = S/|S)|
(21) is given below and is entirely determined by the phase
of the RV S, as | S| is merely a normalization factor to make
the reflection amplitude equal to unity:

=148 = L(Ahe I 4 €195 b, e I0m). (23)
It is obvious that v is independent of channel h,.e’’" in this
case. Following the same argument as for (6), we find that
S is CSCG and hence the modulo 27 phase of S, i.e., 9 is
uniformly distributed in [—7, 7). As a result 2, = h,.e/(Or+¥)
follows the same distribution as that of h,e?? ie., z, ~
CN(0,1). Now, for the case of an RIS with N elements, the
received signal at antenna r is:

b= hegedie . (24)
The overall synthesizeci_signal is the sum of i.i.d. signals
reflected from N RIS elements, each following CN(0,1).
Consequently, the received signal y,. follows:
yr ~ CN (0, N + Ny), (25)
where Ny is the noise power. The real and imaginary parts of
1y in this case are distributed as follows:

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Wireless Communications. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TWC.2025.3625994

O O e
We observe that the signal distributions for the erroneous
antenna remain the same in both the RDM-RSMI and RDM-
RSMJ schemes. The received signal y,- (24) can alternatively
be expressed by substituting e/¥: (the expression for e’¥:
directly follows from (21) for the case when N > 1) as:

yr:xr“‘nr:

hyih, 163 ri—01,) hmhmlej ri—0m. i)
SAZ S| +SBZ EA +n,

N+No) (26)

A, B
27
where S; = e/%4h; e 0% + eI%],, eI (directly
follows from (22) for N > 1). Due to the symmetry of
A, and B,, and since the sum of Gaussian RVs is also
Gaussian, it follows from (25) that A, ~ CAN(0,N/2) and
B, ~CN(0,N/2).

Case 2: Here we examine the received signal y, at the
correct antenna r (i.e., when r = [ or r = m). The tuning
of RDM-RSMJ enhances the received signal at both target
antennas in p = (I, m). Below, we analyze the received signal
at antenna [ only; due to symmetry, the same reasoning applies
to the signal at antenna m as well. For antenna r = [, the
synthesized signal x; from a single-element RIS is expressed
as: B 6w h2 hlhmej(el—evn)

= he!"e!V = 54— | S\ SB B
At antenna [, the first term in (28) represents the useful signal
for detecting s4, while the second term accounts for the
interference caused by the simultaneous transmission of spg.
For a single-element RIS, this interference is comparable in
magnitude to the useful signal. However, when N > 1, as
apparent in the received signal expression for y; given below:

(28)

hl iltm, 1€j(el«i_9nz‘i)
T +ny,  (29)
H/—/
A S

the first term, being real and in phase, coherently adds up
across all RIS elements. In contrast, the second term, being
complex and having a random phase , does not add coherently
across the RIS elements. As a result, the interference signal
remains weak and does not scale in strength as N increases,
unlike the useful signal. This observation is further supported
by the following theorem, which investigates the distribution
of the projection of the received signal y; onto the correct
modulation symbol §4 = s4.

Theorem 1. The real and imaginary parts of y;s’ under the
RDM-RSMJ scheme follow the distributions:*

?R(z}z)zére(yls;)wN@\\[ N(6 : w)+z\270>
N No)

3 =305~V (0. +

Proof. The proof is given in Appendix A.

Ut is important to note that the distributions presented in Theorem 1 are
approximate, as they are derived under the CLT assumption and involve
additional approximations in the evaluation of their parameters (mean and
variance), as detailed in Appendix A.

—6—RDM-RSMJ, N=512, LC
—— RDM-RSMJ,
—O— RDM-RSMJ, ]

— © —RDM-RSV
— © —RDM-RSMJ, ]
— © —RDM-RSMJ, !
— — —RDM-RSMI, N=512,
— — —RDM- RS\

ABER

'SNR(aB)
Fig. 2. Performance comparison: RDM-RSMJ vs RDM-RSMI, and ML vs
LC detector at a bpcu of b =7, with Np =4, Np =8 and M = 4.

Recognizing that the sum of Gaussian RVs remains Gaus-
sian, we can show using Theorem 1 that the RVs A4; and B,
in (29) are distributed as follows:

Al~N<Nﬁ N(48_7r)> BZNCJ\/'<O,];[> (30)

2v2’

By comparing these results with the RDM-RSMI scheme,
we observe that RDM-RSMJ scheme boosts both the overall
signal and the component of the signal carrying the modulation
symbol at the intended antenna. This improvement is evident
as the mean of R(f;) increases by a factor of v/2, and by
symmetry, the same holds for $(¢,,). Consequently, under
the RDM-RSMJ scheme, both the GD and subsequent non-
coherent detector experience a stronger signal at the intended
antennas, resulting in enhanced detection performance.

Fig. 2 compares the ABER performance of the RDM-RSMI
and RDM-RSMIJ schemes at a reference value of b = 7
bpcu, where b denotes the total number of bits transmitted
per symbol—that is, the sum of IM bits and conventionally-
modulated bits. The simulation results are presented for three
RIS configurations with N set to 128, 256, and 512. In all
three setups, the number of receive antennas, Npg, is fixed at
4. Additionally, the number of antenna permutations, Ny, is
set to 8, enabling the transmission of 3 bits through IM, while
the remaining 4 bits are transmitted via two simultaneous
4-PSK data streams (dual-mode) directed to a selected an-
tenna pair. As expected, RDM-RSMI consistently outperforms
RDM-RSMI across all RIS configurations. Specifically, with
the ML detector, RDM-RSMJ achieves an approximate 3
dB performance gain over RDM-RSMI in all cases. This
improvement can be rightly attributed to the stronger received
signal provided by RDM-RSMJ compared to RDM-RSMI,
with a gain factor of \/2, as established in Theorem 1.

Fig. 2 also compares the performance of the proposed LC
detector to that of the ML detector. For larger values of N,
the LC detector demonstrates performance that is sufficiently
closer to the ML detector for both RDM-RSM schemes.
However, the LC detector approximates ML performance more
closely for RDM-RSM]J than for RDM-RSMI. For example,
at a BER of 1075, the performance gap between the ML and
LC detectors is only 0.4 dB for RDM-RSMJ, compared to 0.8
dB for RDM-RSMI when N = 512. Another key observation
from Fig. 2 is that the performance gap between the ML and
LC detectors widens as the number of RIS elements decreases.
This behavior can be attributed to the fundamental differences
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TABLE II
AN ILLUSTRATION OF COMPUTATION COMPLEXITY OF LC AND ML
DETECTORS: NUMBER OF RMS REQUIRED FOR IMPLEMENTATION

b N, | M| N | Nz ML LC
71 8 | 4 | 256 | 4 | 1058816 | 144
81 4 | 8 | 256 | 4 | 2117632 | 520

in how the two detectors exploit channel information. The
ML detector uses a coherent detection algorithm that utilizes
full CSI, enabling it to effectively capture and leverage chan-
nel variations across all RIS elements. In contrast, the LC
detector is a non-coherent, energy-based detector that relies
on the average received signal power. When N is large,
the random small-scale fading effects (channel variations)
across multiple RIS elements tend to average out, resulting
in a more deterministic effective channel [31], [32]. Under
such conditions, the LC detector’s reliance on average power
becomes more appropriate, and its performance approaches
that of the ML detector. However, as the number of RIS
elements decreases, this averaging effect diminishes, leading
to increased channel variability, reducing the effectiveness of
the LC detector compared to the ML detector.

Table II highlights the reduced computational complexity
of the LC detector compared to the ML detector, measured
in terms of real multiplications (RMs). This metric provides a
practical and widely used basis for comparing algorithms at a
high level, as it approximates computational cost regardless of
specific hardware or implementation details [9], [28]. Using
(5) and (4), it can be shown that the ML detector requires
approximately (4N+10)-2N N, M? RMs. On the other hand,
the two-stage LC detector requires only 2N, + 8M? RMs,
as derived from (11) and (17). For these evaluations, all the
complex operations (e.g., complex multiplications, magnitude-
squared operations) involved in the above-referenced equations
are converted to their equivalent RM counts using standard
rules (e.g., one complex multiplication equals four RMs, etc.).

Furthermore, among the benchmark schemes considered in
this work, RIS-RQSSK [25] offers exceptionally low com-
putational complexity, requiring only 4Nr RMs for its GD
based detector. For the two configurations listed in Table II,
this amounts to just 16 RMs. However, a key limitation of
RIS-RQSSK lies in its restricted SE under practical hardware
constraints; for example, it cannot achieve SE beyond 6 bpcu
in these configurations. In contrast, the proposed RDM-RSM
schemes provide greater flexibility in supporting higher SE
values, while still maintaining low computational complexity.

V. THEORETICAL ERROR ANALYSIS
This section presents a theoretical analysis of the error per-
formance for the proposed RDM-RSM schemes with the LC
detector. The analysis primarily focuses on RDM-RSMIJ, but
since RDM-RSMI is a special case of RDM-RSMJ, the results
are also applicable to RDM-RSMI with slight modifications,
which will be explicitly mentioned if and where necessary.

A. Cumulative average bit error probability (ABEP)
The expression in (31), shown at the top of the next page,
provides an upper bound for evaluating the ABEP of data bits

transmitted through both IM and conventional modulation in
an RDM-RSM scheme (see, e.g., [8], [9], [33] for more details
on ABEP evaluation for modulation schemes involving IM).
The term log,(2M Np,) in the denominator accounts for the
total number of bits transmitted per symbol. As represented
by the two terms inside the brackets, the ABEP expression
considers two error detection scenarios for each permutation
p:
(I) The term P.(p)2PM accounts for the error contribution
when the antenna permutation p is correctly detected with a
probability P.(p), followed by the bit errors resulting from the
erroneous detection of the two constellation symbols, approx-
imated as 2P (assuming Gray encoding and neighboring
symbol errors only). Here, PM denotes the error probability
of detecting the constellation symbol on the correct antenna.
The probability P.(p) is evaluated as follows:

Pc(p)zl_zpe(p_}f))»
P#pP
where P, (p — P) represents the PEP of detecting an incorrect
permutation p instead of p.

(Il) The second scenario, represented by the summation
term, accounts for the error contribution when the permutation
p is incorrectly detected as p with a PEP P.(p — p). In
this scenario, two types of bit errors must be considered: i)
Bit errors due to incorrect permutation detection, denoted as
e(p, p), which corresponds to the Hamming distance between
the binary representations of p and p; ii) Bit errors arising
from erroneous detection of the constellation symbols at either
one or both antennas, given as:

log, M .
drr(p, P)—22== + (2 — dp(p, p)) PM.

Since p # P, the Hamming distance dg (p, p) is either 1 or 2
for this scenario (but not 0, as that would indicate the correct
permutation detection scenario). When dgy(p,p) = 2, both
antennas are incorrectly detected, i.e., ] = [ and m # m. Here
we follow conservative approach, and assume that 50% of the
bits transmitted to each antenna are in error, which amounts to
log‘#M bits per antenna. Hence, for dg (p, p) = 2, the expres-
sion in (32) reduces to log, M bits. When dy (p,p) = 1, only
one antenna is correctly detected. For the incorrectly detected
antenna, we again assume that half of its bits are in error, i.e.,
M bits. For the correctly detected antenna, we estimate
the constellation bit errors as PM. Hence, for dy(p,p) = 1,

the expression in (32) reduces to % + PM bit errors.

(32)

B. ABEP for index modulated data (ABEP™)

The following expression provides an upper bound for the
ABEP of the IM data, i.e., the data bits transmitted through
the indices of antenna permutations:

ABEPM < Noon Z P.(p = ple(p,p) (33)
P p#p

Both the cumulative and IM data ABEP expressions are
based on the PEP for antenna permutations, P.(p — D),
expressed as follows:

P.(p =+ p) = P/'(p = P)La(p, D)

+P7(p = P)lp(p. D)+ P (p = D)lc(p,p) (34
This is explained in detail in the following.
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ABEP < —M—
~ log, (2MN

N Z[ P#p

P)2PM +3 " Pu(p—+5)(e(p. B)+dun (. D)

9
€2y

log;M+(2—dH(p7f>))Py)}

C. PEP analysis for antennas permutatlon detection

The PEP, P.(p — D), depends on the relationship between
the selected permutation p and the detected permutation p.
We classify these relationships into three types based on the
antennas used in p and p and evaluate the PEP for each
type accordingly: Type A: One antenna is common in both
permutations p and p, regardless of its assigned mode/order.
The indicator function 1 4(p, p) is 1 if p and p are of type A,
and 0 otherwise. In this case, dy (p,p) can be either 1 or 2.
Type B: None of the antennas are common in p and p, hence,
dy(p,p) = 2. Type C: p and p are reverse permutations
of each other, meaning they use the same antennas but
with modes swapped. For type C, dy(p,p) = 2. The PEP
expressions for these three types are derived below in reverse
order from their above listing to facilitate understanding.

1) Type C Error (Mode/Constellation detection error): For
type C permutations p and p, the PEP PS(p — p) is given
aS' PE(p = b) = PoIp)PE (p — Bllp) (35)
Since p and p are reverse permutations of each other, they
cannot be distinguished based on the received signal energy
alone, as they use the same antennas but with their modes
swapped (i.e., they are derived from the same index set
I, = Ip). Thus, detecting a reversible permutation p (or
pP) is a two-step process: first, the corresponding index set
I, (or I) is identified using GD, followed by determining
which of the its two reversible permutations was transmitted
by determining the mode of each antenna. This is also reflected
in the evaluation of P¢(p — p) (35), where P.(I,) (or
P.(I3)) represents the probability of correctly detecting the
index set I, (or Is). Given that I, is correctly detected,
the P¢ (p — f)|I[p) represents the conditional PEP that p
is detected when p was transmitted. The probability P, (I)
(which is the same as P,(I3)) is calculated as follows:

Pe(lp) = Fe(lp) =1 — Pe(p — P)
P#P, P#P

In the following, we derive the expression for the mode
detection error, PX (p — Pp|I,,). Constellation M 4 is a rotated
version of M p by an angle of 7/M, and vice versa. Conse-
quently, each symbol in M4 has two neighboring symbols
in Mp, with phase shifts of +x/M (one on either side),
and the same holds for each symbol in constellation Mp.
Considering high SNR and accounting for neighboring inter-
constellation symbol errors only, if the phase error exceeds
/M, one constellation will be mistakenly detected as the
other. To characterize the type C error, we define the following
condition: for permutation p not to be detected as its reverse
permutation p, the constellation symbols at both antennas in
p must not undergo a phase error greater than /M. If the
symbol at either antenna undergoes a phase error greater than
m/M, a constellation detection error occurs with probability
PC(p — pl|l,). Note that the signals at both antennas are
correlated. For the constellation M 4 symbol €94 transmitted
to antenna [, let e/(?4%1) be one of its neighboring symbols
in Mp, with phase separation of ¢;. Similarly, for the
constellation Mp symbol e/?? transmitted to antenna m,
let ¢7(958+92) be one of its neighboring symbols in M g4,
with phase separation of ¢5. Using the LC detector (17), the

(36)

following expression provides the pairwise probability that
both symbols e/?4 and e/?5 are correctly detected in relation
to their inter-constellation neighboring symbols e7(¢4+¢1) and
el (#5+92) respectively:

P(R(yie %) + Rlym

—R(ye 7 (@atP)y _ Ry, eI (@BFE2)) 5 0)
=P (R(§1) + R(fm) — R(Gie %) — R(Gme7??) > 0)
=P(Dg, 4, > 0) 37
We can express Dy, 4, as Dy, 6, = W' X4,.4,, Where vectors
w=[1 1 —1 —1],and x4, 4, is given below:
- - I - apoN1T

Xo16o= [R(G) R(Gm) R(GEeI*) R(Gme)]" (38)
The mean vector and covariance matrix of x4, 4, are given

e—j¢B)

. T
a1 my, g, = [UR HR HRCOSG1 iR COS Po] (39)
C¢17¢2 =

a?% OR,R 012% CoS @1 OR,R COS (2
OR,R o% OR,R COS P1 0% cos ¢o
2 2
9 0% COS” Py
0% Cos OR.R COS . o
£ COS P1 R,R COS ¢1 + 02 sin® ¢y 3,4
2 2
2 0% COS” o

OR.R COS 0% CoS o .

R,R COS ¢ R COS P2 34 + o2 sin? ¢
(40)

The mean pp and variances 0%, o7 are derived in Appendix
A, given in (70), (75) and (76), respectively. The covariances
or,r and oy 1 are derived in appendices C and D, respectively.
The remaining terms in Cy, ¢, result from basic algebraic
manipulations; for_ instance, 03,4 is expressed as follows:
034 = C{R(Gie™7"), R(Gme 77%)}
=C{R(1)cos ¢1+S(G1)sin g1 , R(im)cos Pa+F(Frm )sin da}
= OR,R COS @1 COS P2 + OR 1 COS @1 Sin P
-+ OR,1Sin @1 cos P2 + o 15in @1 sin P
= OR,R COS ¢1 COS ¢ + 0,7 Sin ¢1 sin P (41)
The simplification in (41) utilizes o, = 0 (Appendix B).
For RDM-RSMI, Appendix E provides the expressions for ppr
(92), 0% (93), 07 (94), oRr,R (95), 01,1 (96) and op 1 (97).
Since Dy, ¢, is a linear combination of Gaussian RVs,
therefore Dy, 4, ~ N (up,, ,. 0D¢ s, )» Where

HDg, 4, WTm¢1,¢27 UD¢1 6o =W C¢'1,¢2 (42)
Hence, the probability that neither symbol undergoes a rotation
to its neighboring symbols in the other constellation with phase
shifts of ¢ and ¢, is given by: —up

P(D¢1,¢2 > 0) = Q(&)
0D¢1 P2

In our model, each symbol in one constellation has two
neighbors in the other constellation, with phase shifts +7 /M.
Hence, the constellation detection error is upper bounded as:

Pep—pll)< > P(Dg, ¢, <0)
b=t =t
<'U’D¢1 b2 )
OD¢y,09 .

P
*47 d2=F 757

2) Type B Error: In th1s case, none of the antennas are

common in the transmitted permutation p and the detected

permutation p. The PEP PP (p — P) is calculated as follows:

PP(p—p)=P’(p—1)P.(p | Ip) (45)

(43)

(44)
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where P.(p | I) represents the probability of correctly detect-
ing the permutation p, given that its corresponding index set
Is is detected. If the detected permutation p is not reversible
(i.e., its reverse is not among the chosen permutations), then
P.(p | Is) = 1. In this case, the PEP simplifies to:
PP(p—p)=PFP’(p—1p) (46)
This follows from the fact that for non-reversible permutations,
detecting the index set alone is sufficient. For a reversible
permutation P, where both permutations of I; are valid, we
adopt a conservative approach and assume P, (f) | Hf,) = 0.5.
Based on GD, the expression for P2 (p — I) is derived
as follows:

PeB (p - Hf)) P(‘yl|2 + |ym‘2 |yi|2 - |ym|2 <0)

= (\yzl2 + Iym\2 |53 = 19| < 0)
~R &
= P(@)* + @)% + @) + (G)?
~R ~
- @) - (yf ) — (@5)° = (53)* <0)
— P(D < 0). @7)
It is evident that the order of antennas in both p and p is
irrelevant in the derivation of (47). Unfortunately, the real parts
of the received signals on the correct antennas i.e., gj}R and %
are correlated, and similarly imaginary parts g}‘ and gjz are
also correlated. Therefore, we express D in quadratic form
of Gaussian RVs to derive its statistics. Consequently, D =
xTWx, where vector x and matrix W are given below:
- ~Cx ~ ~Cx ~ ~Cx ~ ~x1T
x=[0" o o o 9 9 9 9] 48
W = diag [1 111 -1 -1 -1 —1] (49)
The mean vector and covariance matrix of x are calculated as:

m=[gr 0 pr 0 0 0 0 0] (50)
_(7}2% 0 OR,R 0 0 0 0 O_
0 O’% 0 01,1 0 0 0 0
OR,R 0 0'123 0 0 0 0 0
0 er 0 62 0 0 0 0
=10 0 0o 0 o> 0 0o o| ©
0 0 0 0 0 o2 0 0
0O 0 0 0 0 0 o2 0
0O 0 0 0 0 0 0 o

The expressions for jig, 0%, 02, 0g g, and o 1 are previously
discussed for the covariance matrix in (39). The variances of
the real and imaginary parts of the signal at the erroneously
detected antenna are equal as given in (26), and can be
expressed for the signal with energy E' as follows:

02 = (NE+ Ny)/2. (52)
The above expression of o2 remains the same for the RDM-
RSMI case, which directly follows from (7).
The MGF of D is calculated as folllows:

Mp(s) = (det(I —2sWC)) 2

1

Xexp(—imT [17(1725WC)*1]C*1m) (53)
The CF of D ie., ¥p(w) can be found from the above
equation by replacing s with jw. The following Gil-Pelaez’s
inversion formula for d = 0 can be used to calculate the PEP:
1 0 e—jwd\I, w
FD(d):f—/ { o)} 4, (54)
2 0 wTm )
where Fpp(d) = P(D < d) is the CDF and ¥ p(w) = E[e/“D]
is the CF of D.

3) Type A Error: In this case, one of the antennas is
common in the transmitted permutation p and the detected
permutation p, regardless of its assigned mode/order. The PEP
PA(p — P) is calculated as follows:

PAP—p)=Pp—Is)P(p|Ts) (55
To derive the expression for P (p — I5), we assume, without
loss of generality, that m = . However, the derived error
expression remains the same for all four possible type A cases
(= [ orl=m,orm=m,0rm= f). We apply the same
approach used for type B error evaluation, but in this case, the
signals on m and m effectively cancel each other out in the
expression for D since they correspond to the same antenna.

PA(p = Ip) = Plyil® =yl < 0) = P(lal” — |5 < 0)

=P((@")+ @)= ])* = (5;)* <0)= P(D < 0) (56)
We can express D in quadratic form of Gaussian RVs as D =
xTWx, where vector x an%l matrix W are defined as:

=g & g ¢’ W=dag[l 1 -1 -1]
The mean vector and covariance matrix of x are given as:

m=[ur 0 0 O]T C =diag [0} of o2 o2
The remaining steps are the same as for the type B error.

D. Error analysis for constellation symbol detection, PM :

Without loss of generality, we assume in this section that
antenna [ is correctly detected, i.e., | = [, while antenna
m is incorrectly detected, i.e., 7w # m. For the correctly
detected antenna f we evaluate the modulated bits errors
as PM considering Gray encoding and neighboring symbol
errors only. For the incorrectly detected antenna m, we simply
assume half of its bits are in error. The SINR at the correctly

A2E
detected antenna | = [ is given as y =
noise-plus-interference power, expressed as N 1= No+ EX
EQN is due to the interference at
the antenna [ caused by the signal reflected by the RIS for the
other correct antenna m, shown by RV B; in (30). The RV
A; is Gaussian as given in (30), so A12 and, consequently, vy
are non-central chi-squared RVs with one degree of freedom.
The MGEF of the RV + is given as [34]
M,(s) = (1 — 2s0 ) 57
where o2 1s identical for both RDM-RSM schemes given as:
o? = V{A“/E/NI} EN(4—m)/8N; (58)
For the RDM RSMI scheme, ;i2 1s given as (RV A; from 9):
[ —E{A“/E/NI} = EN’n/16N]. (59)
For the RDM-RSM]J, scheme 12 is given as (RV A; from 30):

I —E{A“/E/NI} = EN27r/8NI (60)
Finally, the average symbol error probability (SEP) for M-

PSK evaluated independently at one antenna is given as [35]:
(M—1)~x

E/T M, <sin2(7r/M)> in.

el— 2.50

PM = . (61)
™ sin” n

At high SNR, with Gray encoding and considering nearest-
neighbor errors, it is customary to assume that the error bits
are approximately given by the SEP, PM.

Figs. 3(a) and 3(b) validate the accuracy of the analytical
expressions for cumulative-ABEP (31) and ABEPM (33)
through simulation results across two diverse configurations

with N =4. The configuration of Fig. 3(a), results in ABER™
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being significantly lower than ABER due to a low Ny, with
only 2 bits transmitted via IM and 6 bits via PSK streams. Both
ABEP and ABEP™ serve as tight upper bounds for ABER
and ABER™, respectively, at higher SNR for both RDM-RSM
schemes. Fig. 3(b) demonstrates this validation in a different
configuration where NNy, is increased to 8 and M is reduced
to 4. Additionally, this setup utilizes reversible permutations,
unlike the earlier setup. Here, 3 bits are transmitted via IM
compared to 4 bits via PSK, achieving a balanced trade-off.
In this setup, ABER and ABER™ are comparatively close to
each other and also align well with the analytical results.
VI. COMPARATIVE ANALYSIS

In this section, we analyze the performance of the proposed
RDM-RSM in terms of ABER plotted against SNR. Similar to
conventional diversity combining and SM schemes, we treat
E;/Ny as SNR. To ensure clarity, as commonly done, we
exclude the consideration of large-scale path loss, as it is
implicitly accounted for in the received SNR.

Fig. 4 shows the ABER of the RDM-RSMIJ scheme for three
different setups, with Ny set to 2, 4, and 8, and compares it
with several benchmark modulation schemes over a bpcu range
of 4 to 10 bits. RIS-RQSSK [25] is one of the benchmark
schemes, which is efficient in terms of ABER performance
but constrained by the bpcu limit imposed by Npg, achieving
a maximum bpcu of 2log,(Ng)+ 2. Therefore, the number of
antennas needs to be varied across the three setups to enable
a fair comparison with RIS-RQSSK at different bpcu values.
RIS-SM-PSK [9], another benchmark scheme, is considered
because it can support any bpcu value for a given Ng, similar
to our proposed scheme. Additionally, RIS-SM with QAM
[36], though it is not fully compatible with our RIS-AP model,
is included as it provides a valuable reference. Notably, RIS-
SM-QAM, unlike all other schemes in the figure, utilizes
the RIS for IM only, while its conventionally modulated
symbol (QAM in this case) is generated at the RF source.
To ensure a fair comparison, it is important to highlight
that all modulation schemes presented in Fig. 4 employ their
respective GD-based LC detectors proposed in their original
studies. Notably, although RIS-SM-QAM uses a GD detector
for antenna detection, it additionally requires partial CSI at
the second stage for QAM symbol detection [36]—this is
indicated by the label “GD-P” in the Fig. 4 legend.

We begin the error analysis of RDM-RSMJ in a setup
featuring only two receive antennas (N = 2), as illustrated
by ABER plots in Fig. 4(a). RDM-RSMIJ significantly out-
performs RIS-SM-PSK and RIS-SM-QAM at bpcu values of
4, 5, and 6. The improved performance can be explained by
noting that RDM-RSMJ splits the data into two PSK streams,
each with a lower modulation order compared to that of the
reference RIS-SM schemes. Additionally, both streams benefit
from joint-amplification provided by RDM-RSMIJ, boosting
the received signal at each antenna. Notably, RIS-SM-QAM
requires partial CSI for the constellation symbol detection,
whereas RIS-SM-PSK, RDM-RSMJ, and RIS-RQSSK do not
need CSI for detection. Moreover, as we will see in the fol-
lowing two setups, RDM-RSMJ’s performance can be further
enhanced by increasing the proportion of data transmitted via
IM. However, in this setup, IM does not play a major role in

Sim ABER, RDM-RSMI

BEP, RDM-RSMI  [10-1 NN
ER'™, RDM-RSMI N
BEP™, RDM-RSMI

n ABER, RDM-RSMJ N
co ABEP, RDM-RSMJ

n ABER™, RDM-RSMJ ,
w= = Theo ABEP™, RDM-RSMJ |10 £

Sim ABER, RDM-RSMI

co ABEP, RDM-RSMI

n ABER™, RDM-RSMI
eo ABEP™, RDM-RSMI
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X
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Fig. 3. Theoretically evaluated cumulative-ABEP and ABEP™ results are

validated by simulations. (a) b =8, Np =4, M=8. (b) b =7, Np =8, M=4.
data transmission, as most bits are carried by dual-mode PSK
streams, with a maximum of only 1 bit transmitted via IM
by setting Ny, to its upper limit of 2. This figure also makes
a comparison with RIS-RQSSK, which achieves performance
close to RDM-RSMJ at a bpcu of 4. However, RIS-RQSSK
suffers from the limitation that it cannot support bpcu values
higher than 4 in this setup; therefore, we have to increase Np
to extend its achievable bpcu value beyond 4.

Figs. 4(b) and 4(c) further illustrate that RDM-RSMJ con-
sistently outperforms the benchmark schemes, which either
suffer from limited bpcu or exhibit poor error performance.
These figures correspond to setups with 4 and 8 receive
antennas, respectively. In these configurations, the number of
bits transmitted via IM can be increased to a maximum of
3 and 5 by selecting up to 8 and 32 antenna permutations,
respectively. With data now divided more evenly between
IM and conventionally modulated data streams, RDM-RSMJ
exhibits a significant performance advantage over both RIS-
SM schemes across bpcu values ranging from 6 to 10. While
RIS-RQSSK shows competitive ABER performance, it is
limited to a maximum bpcu of 6 and 8 in these two setups.
In contrast, RDM-RSMJ can flexibly adjust the number of
antenna permutations N, and the modulation order M of the
PSK streams to support a wide range of bpcu values while
maintaining an improved ABER.

Using Figs. 4(a) and 4(b), we highlight some interesting
insights regarding the performance gains achieved by increas-
ing the number of receive antennas, which allows transmitting
more bits via IM. In Fig. 4(a), RDM-RSMJ achieves a target
ABER of 10~° at an SNR of approximately —25 dB for a
bpcu of 6. Here, all 6 bits are transmitted via dual-mode PSK
streams, each with M = &, and no bits are allocated to IM,
as Np = 1. On the other hand, Fig. 4(b) shows that RDM-
RSMI achieves the same ABER at a similar SNR but for a
higher bpcu of 8. In this setup, 2 bits are transmitted via IM
using 4 antenna permutations, while the remaining 6 bits are
carried by the dual-mode PSK streams, still with M = 8. Both
setups utilize the same number of RIS elements, N = 256.
This highlights the importance of carefully selecting system
parameters to strike a balance between the bits allocated to
IM and those transmitted through conventionally modulated
streams. Such a balance is essential for enhancing the overall
ABER performance under hardware constraints, such as the
number of receive antennas.

Fig. 5 further illustrates the capability of the RDM-RSMJ
scheme to programmably support a continuous range of bpcu
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values under the hardware constraint of a fixed number of
receive antennas in each setup, while maintaining robust
ABER performance. As an example, the figure specifically
shows that the RDM-RSMIJ scheme can achieve bpcu values
across the considered range from 4 to 8 by configuring M
and Ny for the three setups with a limited Ny of 2, 3, and 4.
For benchmarking, two additional state-of-the-art modulation
schemes are included in the figure: RIS-GRQSM [26] and RIS-
RQSM [8]. As an extension of the RIS-RQSSK framework
[25], RIS-GRQSM inherits its fundamental design principles
and relies primarily on IM, thereby exhibiting excellent ABER
performance. Furthermore, it can support higher bpcu values
of 2 (KJr Llog2 (Z\Iff)‘J) where K < Ng.
its maximum achievable bpcu value remains inherently con-
strained by the number of receive antennas; therefore, these
three setups with different N values in Fig. 5 are chosen to
enable a fair comparison with the RDM-RSMJ scheme at bpcu
values of 4, 6 and 8.

Nevertheless,

Fig. 5(a) considers the setup with Np = 2, where both
RIS-RQSSK and RIS-GRQSM can achieve a maximum bpcu
value of 4. The ABER performance of RDM-RSMI closely
matches that of both reference schemes at this bpcu value.
The key distinction, however, is that RDM-RSMJ can reliably
support higher bpcu values without increasing Ng, as shown
by its ABER curves for bpcu values ranging from 4 to 8.

In the setup of Fig. 5(b), Ng is increased to 3 so that
RIS-GRQSM can support a bpcu of 6. RIS-RQSSK is not
included in this comparison, as its design typically assumes
Np to be a power of 2. The figure shows that RDM-RSMJ
achieves better ABER performance than RIS-GRQSM at this
bpcu value, and the reason can be explained as follows. At
this bpcu value, both schemes transmit the same number of
bits via IM (2 bits). RIS-GRQSM transmits the remaining
4 bits by modulating the signal polarities, whereas RDM-
RSMJ splits them into two PSK streams, each with a lower
modulation order of M = 4 (QPSK). Notably, both modula-
tion choices (QPSK and polarity modulation) for transmitting
these remaining 4 bits offer comparable robustness in terms of
BER performance. It is important to highlight that both RDM-
RSMJ and RIS-GRQSM employ LC detectors that perform
per-antenna detection, treating the signal components arising
from the unintended symbols at each antenna as unknown
interference, as discussed previously. The performance of these
LC detectors is influenced by this cross-antenna interference,
whose power generally increases as the number of selected
antennas grows. In this setup, RDM-RSMJ selects only two

receive antennas, whereas RIS-GRQSM may select up to
three. As a result, the cross-antenna interference level at some
selected antennas can be higher in RIS-GRQSM, thereby
affecting the detection performance. This explains the ABER
advantage of RDM-RSMJ over RIS-GRQSM in this specific
case, where other transmission parameters are comparable.

Next, by adjusting M and Np, Fig. 5(b) further illustrates
the ABER performance of RDM-RSMIJ across a bpcu range
from 5 to 8. It can be noticed that at each bpcu value, RDM-
RSMIJ performs better in Fig. 5(b) compared to Fig. 5(a).
This improvement can be attributed to the increased flexibility
provided by the higher number of receive antennas, enabling
the transmission of more bits via IM and thereby lowering the
required modulation order M.

Fig. 5(c) features Np = 4, where RIS-RQSSK can achieve
a maximum bpcu of 6. At this bpcu value, both RDM-RSMJ
and RIS-RQSSK exhibit nearly identical ABER performance.
Compared to RIS-RQSSK, RIS-GRQSM can support higher
bpcu values in this setup. Indeed, as discussed in [26], RIS-
GRQSM proves to be a highly efficient scheme for larger Ng,
with both its achievable bpcu and ABER performance improv-
ing significantly as Npg increases. This is also evident in Fig.
5(c), where RIS-GRQSM performs better than RDM-RSMJ
at a bpcu value of 8. For even larger Ng, RIS-GRQSM can
consistently provide better ABER than RDM-RSMJ, though
only at its supported bpcu values. This advantage in terms
of ABER performance stems from its design principle, which
primarily relies on the efficient utilization of IM, allowing RIS-
GRQSM to transmit more bits through antenna indices as Ny
grows, compared to RDM-RSMIJ. However, this comes with
the trade-off that its maximum bpcu remains inherently limited
by Ng. In contrast, while RDM-RSMIJ also utilizes IM, it
deliberately trades part of its IM capacity for the flexibility
offered by dual-mode PSK, enabling it to programmably
support higher bpcu values without increasing Ng. Finally,
Fig. 5(c) shows that the performance of RDM-RSMIJ at each
bpcu value from 5 to 8 is further improved compared to both
Figs. 5(a) and 5(b), owing to the higher Ng in this setup, as
discussed earlier.

The authors who introduced RIS-GRQSM [26] and RIS-
RQSSK [25] also proposed RIS-RQSM [8], which is included
as an additional benchmark in Fig. 5. In RIS-RQSM, however,
the achievable bpcu can be increased without necessarily
increasing Npg, as data is encoded not only in the antenna
indices but also by modulating the amplitudes of the real and
imaginary components of the signals at the two selected re-
ceive antennas, corresponding to the transmitted QAM symbol.
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Fig. 5. ABER performance of the RDM RSMJ scheme at bpcu values ranging from 4 to 8 with (a) Nr = 2, (b) Np = 3, (c) NR =4, where N = 1024.
Comparisons with RIS-RQSSK, RIS-GRQSM, and RIS-RQSM are also included at their respective supported bpcu values within the considered range.

Since the design of RIS-RQSM in [8] typically considers
Np to be a power of two and employs only square QAM
constellations (not rectangular ones), it is benchmarked only
in Figs. 5(a) and 5(c), and only at even bpcu values within the
considered range. Fig. 5(a) shows that the ABER of RDM-
RSMJ and RIS-RQSM is nearly identical at a bpcu of 6, while
at 8, RIS-RQSM performs better. This is because, with Np =
2, RDM-RSMJ can transmit only 1 bit via IM, which aligns
inherently with odd bpcu targets but cannot be exploited at
even bpcu values, as shown in the figure. Nevertheless, even
without IM at even bpcu values in this limiting setup, RDM-
RSMJ still achieves competitive performance due to its key
feature of intelligently tuning the RIS to efficiently transmit
data over two parallel lower-order dual-mode PSK streams.
When Np is increased to 4, as shown in Fig. 5(c), RDM-
RSMJ performs better than RIS-RQSM at a bpcu of 8, since
here IM can also be utilized for even bpcu targets by carrying
2 bits. For odd bpcu values, 1 or 3 bits can be transmitted via
IM, as shown in the figure.

Considering their ability to support higher bpcu values
without solely relying on increasing the number of receive an-
tennas, both RDM-RSMJ and RIS-RQSM demonstrate robust
ABER performance, as illustrated in Figs. 5(a) and 5(c)—for
even bpcu values in RIS-RQSM and for all bpcu values
in RDM-RSMJ within the considered range. However, it is
important to highlight that, unlike our RDM-RSMIJ system
model, RIS-RQSM requires additional hardware to control and
vary the RF signal power at the source. This fine RF power
control is necessary for two reasons: first, RIS-RQSM employs
QAM constellations—in fact, customized QAM constellations
adaptively tailored based on the underlying channel SNR for
improved performance; second, it requires a one-tap ZF pre-
equalizer at the transmitter side. Both these tasks demand
dynamic and precise RF power control at the source. In
contrast, RDM-RSMIJ avoids these requirements—eliminating
the need for active hardware control—and relies solely on
the intelligent tuning of the passive RIS for its operation to
maintain a low-complexity transmitter design while providing
programmable bpcu values and enhanced ABER performance.
Moving forward, the RDM-RSMJ framework introduced in
this article can naturally be extended to develop a general-
ized RIS-based multi-mode RSM scheme that allows a more
flexible interplay between IM and multi-mode PSK streams for
data transmission, enabling further performance improvements
while preserving the inherent low complexity of the system.

VII. CONCLUSIONS AND FUTURE WORK
In this article, we introduced RDM-RSM, a modulation

scheme designed to improve both the SE and error per-

formance of RIS-APs. Two versions were proposed: RDM-
RSMI, which enhances the received signals at the two selected
antennas independently, and RDM-RSMJ, which further im-
proves the energy efficiency of RDM-RSMI by enhancing the
signals at both antennas jointly, resulting in significantly higher
SINR at each antenna. Computer simulations demonstrated
that the advanced RDM-RSMJ scheme achieves substantial
improvements in error performance and SE compared to other
existing modulation schemes for RIS-APs. A low-complexity
detector was also proposed, significantly reducing complex-
ity while maintaining performance comparable to maximum
likelihood detection. Furthermore, we derived a closed-form
expression for the ABEP of RDM-RSM schemes by adapting
a novel approach that models the conditional RIS reflection
phases with a von Mises distribution. This analytical frame-
work facilitated tractable error analysis and provided valuable
insights into the operation of RDM-RSMJ. This framework
also enables future extension of our analysis to a multi-
mode version of the proposed RDM-RSMIJ. The accuracy of
the analytically derived ABEP expressions was validated by
simulation results. Finally, we highlight that the analysis of
the proposed RDM-RSM schemes under discrete RIS phase
resolutions and imperfect CSI remains an important avenue

for practical research.
p APPENDIX A

PROOF OF THEOREM 1
In this section, we evaluate the expected value and variance

of R(7;) and 3(g;) for the RDM-RSMIJ scheme, where g; =
y15%. Due to symmetry, the following results also hold for
R(Grm) and (G ), Where G, = Ym Sh-

1) Derivation of ur = E{R(41)} and pr = E{S(g;)}: We
begin by considering a single-element RIS. For the synthesized
signal x;, we can expand E{x;} = E{h;e’%ei¥} as:

E{a1} = B0 {1’ Eyjnon{e’”|(h, 00} ) (62)
where Ew\(hlﬁl){eijhl’ 91)} = / ejwf(whh 91) d’(/) (63)
T

is the conditional expectation of e/¥. Here, f(1|h,0;) rep-
resents the probability density function (pdf) of the phase 1,
conditioned on h; and 6€;. In the following, we discuss that
(¥|hy, 0;) follows Tikhonov distribution [37], which is also
known as von Mises distribution in directional statistics [38].

To determine the conditional distribution of 1), we draw
upon results from a similar problem studied extensively in
two different contexts: 1. Analog phase-locked loops (PLLs):
Tikhonov [37] showed that the phase error, locked in a PLL
tracking a constant-frequency sinusoidal signal in the presence
of AWGN follows a distribution that cannot be formulated
using simple functions. An approximate formula was derived,
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which became known as the Thikonov distribution [37]-[39].
The phase error, defined as (¢ — ¢g), represents the phase
difference between the local signal with deterministic phase g
and an incoming reference signal whose phase v is randomly
distributed around ¢ due to the presence of AWGN, as
illustrated in [39]. Since (g is non-random (deterministic), the
distribution of 1) is entirely determined by that of the phase
error. 2. Phase noise problem: A similar problem has been
widely studied in the context of phase noise, where the phase
of a vector/sinusoid is perturbed by the addition of an AWGN
signal. Studies have shown that the resulting phase noise can
be approximated to follow the Tikhonov distribution [40], [41].

To leverage the results from the aforementioned literature,
we model conditional ¢ as the phase of a vector/sinusoid
perturbed by AWGN, following the approach in [40], [41].
Since 1) = £S5, with S = /1?4 hje=7% 4+ ei98 ], ,e=10m (22).
For given h; and 6, the first component of S i.e., e/%4 hje 7%,
can be modeled as a vector (RV) ae/¥° with an amplitude
a = h; and angle g = ¢4 — 6;. The second component,
e798 h,,e%  is a CSCG RV following CN(0,202,). This
component can be regarded as an AWGN signal with power
202,, which perturbs the phase of S around . Under these
conditions, it is evident that |S| follows Rician distribution
[42], while the conditional i is approximated to have the
following closed-form distribution function [39]-[41], [43]:

F(Wln, o) = SRS “i) ) rci<s (oh
In this equation, k(7) is the Osiiaping parameter that depends on
the SNR v = h? /202, of the signal. For higher SNR values,
Kk = v, provides a good approximation of the distribution [37],
[39], [40]. In [44], kK = (1 + be™¢7) is shown to provide a
better approximation for a broader SNR range, where b =
0.525 and ¢ = 1.1503. For the channel model considered in
this study o2, = 0.5, hence the SNR v = h?/2(0.5) = h? for
a given h;. We can also write x(v) as k(hy).

Using the conditional pdf of % (64), and knowing that
and ¢ are functions of h; and 6; respectively, we can rewrite
the expectation expression (632 as follows:

Ey(hi00{€?|(hi, 00)} = eV f (YK, o) dip

s jwemcos(w+9lf¢,q)d 65
= [ gy 69

Notably, this is the first-order circular moment of the von
Mises RV. The n!* order moment is given as:

T f o) dp = L)

,,r Io(k(h)) ’
where I,,(-) represents the modified Bessel function of the

first kind of order n. The expression in (65) simplifies to the

following by substituting (66) with n = 1:

. T (k(h))
E((he,001€|(hi,0))} = Wej(mal)- (67)

By utilizing the above result and performing the integration in
polar coordinates, the expression for E{x;} (62) reduces to:
v [ I (h2(1 + beehi

E{xz}=2ejm/ hie b1+ be ,2))

0 Io(h2 (1 + be~<hi))

The algebraic manipulation above utilizes tlge fact that Ay

is Rayleigh-distributed with a pdf of i

(66)

dhy.  (68)

hl€7 v
0.5

, while 6, is

uniformly distributed with a pdf of % The integral is solved
numerically, and to prevent computational errors, the upper
limit of infinity is approximated as 10°. The mean value of
the signal Z; = e~ %41, is calculated as follows:?
E{#} ~ 0.626 ~ /7/2V2. (69)

It is important to emphasize that the mean value of the signal
Fp = hjed(W=(04=01)) g real. This corroborates the fact that
the von Mises distribution is symmetric around the mean
phase, g = ¢4 — ;. Consequently, from (69), we get:
E{R(7)}=RE{@H=VT/2V2, E{3@E@)}=S(E{#)=0.

Now, incorporating the signal energy E and considering
an RIS with N elements, the mean values of the real and
imaginary parts of §; = s%y, where y; = VE YN 21, +
can be expressed as: NVAE

™

pr =E{R@)} = 27\/5, pr =E{S(@)} = 0. (70)

2) Evaluation of V{R(g;)} and V{S(g;)}: We begin by
considering the single-element RIS and compute the variance
of the real part of the signal z; as follows:

V{mn}:E{(wW}4@{%(@)})2:1@{(@%52‘)2}fg

— B RGP B - an

In the above, we utilized R(%;) = (&, + 2})/2, T,@F = hi,
and we expanded the squares accordingly. To compute E{7?},
we follow the same steps used to evaluate E{Z;} earlier.
Recognizing that n = 2 for the central moment expression
(66) in this case, we derive:

L(k(m))

F{32 =R {i2(01=0a) 2,529 :2/;?1 —h2
trp=Ete e 0 v Io(k(h1))

Notably, E{Z}?} yields exactly the same expression as that for
E{7?} given above, resulting in E{Z;?} = E{#7}. Moreover,
2h? is central chi-squared RV with 2 degrees of freedom,
leading to E{2h?} = 2 in our model. Therefore, we can
consolidate these results into the variance calculation (71) as:?

dh; (72)

- 1 1 =
V{R(T:)} = QE{I?} + 573
0 _n2 Ia(k(hy)) 4— 6—m
= [Rhie NP2 dhi+ ~0.355~ 73
/0 L To(w(hy)) TS s 7

Next, we compute the variance of the imaginary part of Z; as:

V{S(@)=E(Q (@) E@)=E{ ()} -0

1 =~ ~ % ~ ~x 1 ~ 1

= —(V{R(E)} ~ 1 +7/8) =1/4 (74)

2The mean value in (69) and the variance in (73) were obtained through
numerical integration and subsequently approximated using closed-form
representations involving 7. These approximations have been verified to
closely match the numerical results, with accuracy up to five decimal places.
Related distribution problems have also been studied in [8], [10], [25], where
closed-form solutions involving 7 are derived using rectangular coordinate
formulations—an approach particularly suitable for their proposed quadrature
modulation schemes. These studies served as methodological references that
guided and validated the final expressions involving 7 in our analysis. In this
work, we instead adopt a polar coordinate formulation employing the von
Mises distribution, which provides clearer geometric intuition for the design of
the proposed RDM-RSM scheme and renders its error analysis more tractable.
Moreover, this framework naturally extends the concept of RDM-RSM to its
potential multi-mode version. Therefore, it is important to note that Egs. (69)
and (73) should be interpreted as accurate closed-form approximations rather
than exact analytical results.
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In the algebraic manipulation above, we utilized (%;) =
o x’ , E{23,7;} = E{2h}} = 2, and E{Z?} from (72).
Now incorporating the signal energy E and considering an

RIS with N elements, the variances of the real and imaginary
parts of 7, = s%y, where y; = \/EZ?LI hyelfuiedVi +
can be expressed as follows:

o =V{R@G)} =N6-1)E/8+ No/2 (79

o7 =V{S(#)} = NE/4+ No/2 (76)
Moreover, the real and imaginary components of y; follow a
Gaussian distribution under the assumption of CLT for large
N (i.e., N > 1). These distributions can be expressed using
the above-calculated means and variances as follows:

NvrmE N(6 E N
R =Rs) ~ N (2, FESTE LT )
NE N,
(@) = Slysh) ~ N (0. = + ) 78)

The expressions in (77) and (78) correspond to the general
case with signal energy E. For E = 1, a setting adopted
for analytical convenience in the section where Theorem 1 is
presented, these expressions simplify to the following form:

o . Nym N(6—m) N
R(G) =R(yis) NN(2\[ 77—'—7) (79
_ N N N
() = Swsa) ~ N (0,5 + 32)- (80)
This concludes the proof of Theorem 1.
APPENDIX B
DERIVATION OF o 1 = C{R(%1), S(41) }

We begin with the single-element RIS, and first compute
the covariance between the real and imaginary parts of Z;:

C{R(@1),3(20) } =E{R(20)S(20) } ~E{R (@) JE{S (@) }
:E{(xz;xl><xz;2xz)} 2\\?0 0 (81)

Thus, the real and imaginary parts of the synthesized signal
Z; are uncorrelated for a single-element RIS. For an RIS with
N elements, the pairs {R(Z;;), (&)} are i.i.d. Therefore,
C{R(21,:),3(21,;)} = 0 for ¢ # j, and it is also equal to 0
when ¢ = j as computed above (81). Thﬁs we have:

c{ére(:zl) 0} = {Zaw“ Z (i)}
_Z Z(C{S? (Z1.4), S(d14) }:Zcm (21.0),S(d14)} =0
=1 j=1 i=1
Since R(z;) = Zfil R(Z1,:) and S(z;) = Zf\;l (&) are
approximated as Gaussian under the CLT for an RIS with

N > 1, their uncorrelatedness implies independence. More-

over, the orthogonal components of n; are independent, which
leads to: or1 =C{R@),S(@)} =0. (82)

APPENDIX C
DERIVATION OF g g = C{R(%:1), R(Jm)}
We first calculate the covariance between R(Z;) and R(Z,,)
for a single-element RIS using the f0110w1ng apgroach

V{R(@) +R(Zm)} _V{xl";xz CEm-;-:E }

= V] @+ B+t ) = V{IS]) =

4—7

(83)

The above simplification uses the fact that z; + z,, =
e I%ap il L ei?B ], el%mel¥ = |S| in accordance with
(21), and |S| is Rayleigh-distributed with variance (4 — 7)/2.

Alternatively,

VER(Z1) +R(Z )} =VR(Z)} VR (T )} +2C{R(Z1), R(Tom )}
VIR0 }+ 200R(E) R =2 (S AR ) R )
Substituting V{R(Z;)+R(Z,, )} in the above from (83), we get:

C{R(21), R(@m)} = (2 —m)/8. (84)
For an RIS with N elements and s1gnal energy as I/, we have:

c{ﬂfe(a:«l), } {Z?R F14), Z% T, }

= Z(C{?R #10), R(Fmi)} = N(2 - m)E/8. (85)
Finally, the uncorrelated noise at both antennas leads to:
orr =C{R(7),R(Gn)} = N2 -m)E/8.  (86)
APPENDIX D
DERIVATION OF 07,1 = C{(91), S(Um)}

We first calculate the covariance between (Z;) and (2., )
for a single-element RIS using the followmg approach

V{S(Z)) + S(Tm)} = V{ -1 +$Um—x }

25 2j
T+ Ty, (iz+:”cm)*} 1
= - =—V{|S|—|S|}=0. (87
g 2= VAIsI=Isl =0, @)
Alternatively,

VIS ()4 S(Z )} =S (20) HV{S (Zon JH- 2GS (21), 3 (2 )}
=2 (1/4+ C{S(&), 3(&m)}) (88)

Substituting V{(Z;)+3 (%) } in the above from (87), we get:
C{S(@1), S(@m) ) = —1/4 (89)

It implies the correlation coefficient is equal to —1. For an
RIS with N elements and energy of the signal as F, we have:

c{s@), (;zm)}:c{ie(fl,i),ie@m,j)}

&
&

N i=1 j=1
= C{S(#14), S(Fm.)} = ~NE/4. (90)
i=1
Consequently, due to independence of noise, we get:
or =C{S(@),S(@m)} = —NE/4. 1)

APPENDIX E
DERIVATION OF SIGNAL STATISTICS FOR RDM-RSMI

Here we derive the received signal statistics for RDM-RSMI
scheme, for an RIS with IV elements and signal energy E. The
results from (15) and (16), directly leads to the following:

pr=E{R(71)}=NVrE/4, pr=E{S(@)}=0 (92)
of =V{R(G)} =N(6—7m)E/8+ Ny /2 (93)
o} =V{S(H)} = NE/4+ Ny /2 (94)
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Since the signals on both correct antennas are uncorrelated,
the following covariances are zero:

OR,R = C{%(gl)v §R(:’Jm)} =0,
or,1 =C{S@),S@m)} =0

(95)
(96)

The fact that RVs A; and B; in the expression for g; (follows
from (8)) are independent (as they result from two indepen-
dently configured RIS partitions) and that RV B; is CSCG

directly leads to:
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