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ABSTRACT 

Author : A 2D Model of Cortical Spreading Depression Propagation Based on Neural Field 

Framework: A Computational Study 
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Biomedical Sciences and Engineering 
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Cortical spreading depression (CSD) is a biological event that arises as a slow wave of 

neuronal and glial depolarization across the cortex, in response to brain injury. The key neu-
rochemical disturbance responsible for it is elevated potassium concentration in extracellular 
space. It is associated with injuries such as traumatic brain injury, subarachnoid haemorrhage 
and migraine. CSD induces conditions in the cortex that are physiologically unfavourable and 
is highly prone to recurrence causing severe damage to neurons.  

Computational modelling approach has been widely used to investigate underlying mech-
anisms of CSD. Cell-based models are commonly used in computational neuroscience to un-
derstand biophysical details of a phenomenon. However, they become increasingly complex 
and computationally inefficient when extended to the spatial domains required for CSD like 
propagation. 

Mean-field models, more specifically neural field models, provide a solid framework to 
model spatially extensive patterns and temporal evolutions of wave fronts without complexity. 
This is quite useful for capturing large-scale cortical phenomena with reduced computational 
burden. 

The main objective of this thesis was to develop a two-dimensional (2D) model of CSD 
propagation based on neural field framework. The model was developed as an extension of a 
one-dimensional model developed by Baspinar et al. The original model includes extracellular 
potassium dynamics and its effect on the firing of neuronal populations within the framework.  
 This was achieved by implementing the neural field model on a 2D grid where each node 
represented a neural field unit. The equations of the model on individual node describe the 
coupled dynamics of two main neuronal populations, excitatory and inhibitory. Potassium con-
centration dependent sigmoidal transfer function was used to model the firing rate. A 2D ex-
ponential spatial kernel was used for weighted sum of signals from other populations. The 
stimulus was applied at three different locations to understand the spatial and temporal evolu-
tion of potassium and population dynamics in a 2D space. CSD speed was calculated with 
threshold-based front detection. Parameters such as number of nodes, distance between 
nodes and time constant were explored to find similar speed as control. 

Radial curvatures and distinct ring-like patterns emerged as a result in spatial distribution. 
The firing rate of excitatory and inhibitory population exhibited potassium modulated behavior 
as modelled by Baspinar et al. The CSD speed closest to control speed (2.2 mm/min) was 
found to be 2.35 mm/min.  

In conclusion, the 2D model was successful in capturing the CSD propagation based on 
potassium dynamics. The 2D model could serve as a foundation to simulate brain source ac-
tivity and project the underlying neuronal activity at electroencephalography as voltages using 
forward projection method. This could be beneficial in finding detectable patterns in routine 
monitoring of CSD. 
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1. INTRODUCTION 

This chapter introduces the main topic of this work. It outlines the importance of studying 

cortical spreading depression (CSD) in terms of its clinical relevance. It also provides a 

broad overview of phenomenological models and their applications. Furthermore, it in-

troduces the broad aim of this work.  

CSD is a pathophysiological phenomenon, described by Aristides Leão in 1940s that 

occurs in the cortical region of the brain due to ionic and neurotransmitter imbalance in 

the cell and extracellular space [1]. These ionic shifts cause slow propagating depolari-

zation waves in neuronal and glial cells followed by a period of suppressed neuronal 

activity. CSD occurs as a secondary condition in many neurological diseases such as 

traumatic brain injury (TBI), aneurysmal subarachnoid hemorrhage (aSAH), stroke and 

migraine [2]. TBI, caused by any external mechanical pressure, leads to acute subdural 

hematoma or swollen hemisphere, requiring brain surgery as treatment. It has been 

shown that CSD occurs in about 50 - 60% of these cases as a secondary condition 

causing further neuronal damage [2,3]. The presence of CSD in TBI is associated with 

severe metabolic crisis and excessive depletion of glucose levels in the brain due to high 

energy demand [2]. Furthermore, the increased intracranial pressure has been linked to 

higher incidence of CSD in these cases resulting in high potassium and sudden depolar-

izations [2]. 

Similarly, aSAH is another lethal disease caused by the rupture of an aneurysm. Once 

aSAH occurs, about 25 - 30% of the patients are known to develop delayed cerebral 

ischemia (DCI) meaning inadequate blood perfusion in the brain [2,4]. The cause of DCI 

is attributed to several factors such as micro thrombosis, narrowing of arteries and CSD. 

The development of hypoxic (i.e., low oxygen) conditions in the brain following aSAH is 

considered a direct result of CSD. [4–7] 

Another condition where CSD is observed is migraine. Impaired cortical activity and vas-

cular reactivity patterns like CSD in response to hemodynamic changes have been 

shown in imaging modalities in patients with migraine [2]. The onset of CSD in response 

to neurovascular uncoupling leads to a mechanism that releases nociceptive messen-

gers i.e. pain signals in migraine patients causing headaches [8]. Familial hemiplegic 

migraine (FHM) is a type of migraine with aura that causes hemiparesis i.e. paralysis of 

one side of the body due to genetic mutations of Nav1.1 voltage-gated sodium channel 
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activated by SCN1A gene [9]. Other conditions where CSD has been documented are 

stroke and intracerebral hemorrhage [2,10,11]. CSD and seizures have also been docu-

mented to coincide with each other [12].  

These observations suggest that CSD plays a main role in multiple neuronal conditions. 

While most of the CSD onsets are caused by prior brain injury, triggers for sudden CSD 

episodes are still under investigation. Furthermore, the outcome of the diseases is likely 

to be worsened by CSD which exacerbates metabolic stress, impairs cerebral perfusion, 

and promotes neuronal death [2]. This highlights the need to further understand the un-

derlying pathophysiology of CSD to help identify the detectable patterns for early inter-

vention. 

Phenomenological models have recently gained a widespread adoption for modelling 

neural dynamics. These are derived from dynamical system approaches where assump-

tions are made at the mesoscopic or macroscopic level. They offer a simplified repre-

sentation of brain dynamics by describing the aggregated behavior of neural populations 

and networks. These models have been used to integrate empirical data to predict, test 

and evaluate the behavior of neuronal networks. [13] 

One such approach has been used to understand the effect of neuromodulators such as 

dopamine impairment on brain activity, which has been associated with Parkinson’s dis-

ease and schizophrenia [14–16]. Other instances where this approach has been used 

are modelling of seizures, sleep and anesthesia [13,17–19]. It is evident that these ap-

proaches have received attraction in modelling diseases and pathologies that require 

network level description.  

CSD, a disruption to biological processes, can also be examined through phenomeno-

logical models that encapsulate its large-scale propagation dynamics. One of the sim-

plest ways to understand CSD propagation is to model the dynamics on a one-dimen-

sional (1D) surface representing a piece of cortical tissue, using phenomenological ap-

proaches. A computational model developed by Baspinar et al. follows a similar ap-

proach [20,21].  

However, the cortex exists in a volume space of skull and brain. A 1D model makes the 

visualization of wave propagation curvatures across the cortex difficult. Moreover, it does 

not account for regional differences in CSD propagation which are possible to integrate 

in high-dimensional surfaces. Monitoring modalities such as electroencephalography 

(EEG) or magnetoencephalography (MEG) record signals distributed in a volume space 

that require source activity to be in high dimensions. Therefore, a high-dimensional com-

putational model of CSD is required.   
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In this thesis, the aim is to develop a 2D model as an extension of Baspinar et al’s model 

built on neural field framework. This will allow us to understand spatial patterns and tem-

poral dynamics of CSD based on region of its initiation. Moreover, this can serve as a 

foundation for future studies conducted to model the brain signals on scalp.     

The upcoming part of the thesis discusses the relevant background regarding CSD and 

theoretical components needed to understand our model. The chapter also provides the 

rationale for their selection. In the next section, objectives pertaining to this work are 

outlined. This is followed by Materials and Methods section describing the population 

level model based on neural field framework used to model CSD. Subsequent sections 

provide the Results and Discussion sections to put the outputs obtained from the model, 

outlining the direction for future work. 
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2. BACKGROUND 

This chapter discusses the underlying biological mechanisms in CSD phenomena on 

microscopic level and its monitoring. The chapter further delves into computational mod-

elling approaches used to model neural dynamics. It explains the theoretical understand-

ing of phenomenological models, more specifically, neural mass and neural field models. 

Subsequently, the modelling framework of Baspinar et al. is discussed. 

2.1 Pathophysiology of Cortical Spreading Depression 

CSD, a depolarization wave of the cortical neurons illustrated in Figure 1, affects the 

normal physiological function not only of neurons but also glial cells, alters cell morphol-

ogy and microvasculature regulation in the brain [27-41]. These changes cause disturb-

ances in maintaining the homeostasis of the brain tissue. 

 

Figure 1.  Example of CSD propagation over the cortex. The red circle represents the 
depolarization of neurons at times t0 < t1 < t2 < t3. Image from Chamanzar et al. [23] 

The cerebral cortex comprises of billions of neurons of many types. The main subtypes 

discussed in this thesis are pyramidal neurons and interneurons. Pyramidal neurons are 

excitatory, form long-range connections with other neurons, and release glutamic acid 

commonly referred to as glutamate, hence, classified as excitatory glutamatergic neu-

rons [24,25]. In contrast, interneurons form more localized connections, and release in-

hibitory neurotransmitter called gamma-aminobutyric acid (GABA) which classifies them 

as inhibitory GABAergic neurons [24,25]. The typical structure of neurons includes den-

drites, cell membrane, cell body and axon as shown in Figure 2.  

In normal physiological function, neurons maintain homeostasis by regulated interplay 

between sodium (Na⁺) and potassium (K⁺) ions across cell membrane. Neurons fire ac-

tion potentials generated by the coordinated opening and closing of voltage-gated Na⁺ 

and K⁺ channels. The influx of Na⁺ ions depolarize the membrane, followed by K⁺ efflux 

in the extracellular space that repolarizes and restores the resting membrane potential. 
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This electrical event leads to current generation in the cell body and its conduction 

through the axon. [26] 

In addition to voltage-gated Na⁺ and K⁺ channels, the depolarization event opens volt-

age-gated calcium (Ca2+) channels which cause (Ca2+) to release synaptic vesicles to 

release a neurotransmitter. The neurotransmitter carries the signal to excite or inhibit 

from one neuron (presynaptic) to another neuron (postsynaptic) via synaptic cleft [27]. 

Postsynaptic neurons receive and integrate thousands of excitatory postsynaptic poten-

tials and inhibitory postsynaptic potentials, with dendritic structure shaping how these 

inputs are weighted and summed [28].  

 

 

Figure 2. Left side shows the ion channel dynamics for generation of action potential. 
The membrane maintains resting potential with ionic balance across cell membrane with 
the help of Na+/K+ pump. Once the Na+ channel is opened, the movement of Na+ into the 
cell changes membrane potential corresponding to depolarization phase. Later, the 
opening of K+ channels leads the movement of K+ ions out of the cell membrane corre-
sponding to repolarization phase. Right side shows signal transmission between presyn-
aptic and postsynaptic neurons. When the action potential, generated at the axon hill-
ocks, reaches axon terminal, it triggers the release of Ca2+ ions affecting the release of 
neurotransmitter in the synaptic cleft. Image adapted from Tang J et al. [29] 

2.1.1 Role of Neurons 

In the event of CSD, the function of neurons is impacted. When a brain region undergoes 

damage due to injury, the main physiological mechanism involved in CSD is initiated due 

to massive energy failure and anoxic conditions. The mechanism is triggered in glutama-

tergic neurons first and due to their unusual excitatory firing behavior, GABAergic neu-

rons are affected in a similar manner.  

At the injured site, impaired adenosine triphosphate (ATP) production, a molecule re-

quired for the pump activity of ions, hinders the normal physiological function of Na+/K+ 
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ATPase ion pump [30]. The impacted neuron abnormally depolarizes by changing its 

membrane potential from -70 mV to -10 mV as potassium ions leave the cells and start 

to accumulate in the extracellular space [12,22,31]. This overwhelms the ability of ion 

pumps and channels to return to its resting membrane potential. Moreover, depolariza-

tion leads to activation of voltage-gated channels for Ca2+  ions mainly P/Q type channels 

which facilitate the release of glutamate from synaptic vesicles [32]. Glutamate activates 

N-methyl-D-aspartate (NMDA) receptors of the post synaptic neuron allowing further in-

flux of cations into the cell. This depolarizes the post synaptic neuron further releasing 

glutamate and accumulating potassium ions, increasing glutamatergic activity [33]. This 

mechanism is perpetuated in the adjacent neurons, and a wave of depolarization arises 

across the cortex propagating CSD followed by inhibited neuronal activity.   

The hyperexcitability of GABAergic neurons, due to pyramidal neuronal firing, only leads 

to more potassium accumulation. Even though the interneurons are maximally activated, 

the release of inhibitory GABA has a mild effect on pyramidal activity and overall neu-

ronal hyperexcitability. [34] 

If this mechanism persists and causes recurrence of CSD, the risk of neuronal damage 

and apoptosis becomes high as the metabolic requirements increase. Usually, CSD 

propagates at the speed of 2 - 5 milli meter per minute (mm/min) [1], but tissue injury 

and genetic factors can affect its speed. In this work, only the increase in potassium 

concentration is modelled. 
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Figure 3. CSD initiation and propagation mechanisms in response to neuronal in-
jury. Once the neuron is impacted, its ability to maintain homeostasis is impacted. 

On the left side, the impaired activity of Na+/K+ ion pump (in blue) is shown. This af-
fects the uptake of K+ ions (purple) back into the cell after influx of Na+ ions (green) 

into the cell. On the right side, the impact on the adjacent neurons is shown. The de-
polarization of presynaptic neuron triggers neurotransmitter (glutamate shown in 

red) release mechanism. Glutamate attaches to glutamate receptors on post synap-
tic neurons inducing action potential. This further contributes to potassium accumu-
lation and glutamate excitotoxicity, both shown in red, leading to wave of depolariza-

tion across the cortex. Images from Hill et al. [30] and Aizawa H. [35] 

2.1.2 Role of Astrocytes 

Glial cells, mainly astrocytes, support neurons in various ways and become excitable by 

producing intracellular calcium transients and waves. Astrocyte forms a tripartite syn-

apse with pre and post synaptic neurons and support the regulation of neurons. They 

form an astrocytic network by connecting at the gap junction and communicate with each 

other through it. Some of the most important roles of astrocytes are, uptaking of extra-

cellular potassium and glutamate, and converting glucose coming from the bloodstream 

into energy source for neurons. [36] 

The potassium uptake is regulated by inward rectifying potassium channel (Kir4.1), which 

is highly expressed in astrocytes, in normal conditions, to maintain homeostasis. The 

potassium ions follow the electrochemical gradient via Kir4.1 channel. When CSD occurs 

and potassium concentration increases due to hyperexcitability of neurons, astrocyte 

begins the uptake but soon loses its effectiveness due to decreased conductance of 

Kir4.1 channel. In result, the activity of sodium potassium pumps (Na⁺ / K⁺ ATPase ac-

tivity) increases to restore the gradient. However, due to high potassium concentration, 

this activity is also impaired leading to inability in clearance. [37–40] 
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Astrocytes take up glutamate from the extracellular space through glutamate transport-

ers (GLT), predominantly excitatory amino acid transporters (EAATs), EAAT1 (GLAST) 

and EAAT2 (GLT-1). This uptake is performed by converting glutamate into glutamine 

through biological reaction known as glutamine synthetase. CSD impairs this activity due 

to excessive glutamate released by the neurons causing high demand and overwhelming 

astrocytes uptake ability. Therefore, instead of uptaking, these transporters produce re-

versal effects contributing to excitotoxicity. [37,39,40] 

Moreover, tumor necrosis factor α (TNF-α) is a pro-inflammatory cytokine which is re-

leased during CSD. In astrocytes, TNF-α is known to downregulate GLT-1, affecting glu-

tamate clearance. [37,41] 

 

 

Figure 4. Astrocytes perform the buffering of the K+ ions and glutamate via Kir4.1 
channel and GLT1. Due to CSD induced energy deficiency, this activity is compro-

mised. Furthermore, it increases the production of lactic acid by astrocytes. This leads 
to release of inflammatory cytokines leading to downregulation of GLT1. This contrib-
utes to the increase in extracellular and K+ concentrations. Image adapted from Yang 

et al. [37] 

Moreover, this massive shift in ionic imbalance drives increase in energy demand not 

fulfilled by blood glucose alone. Astrocyte facilitates this by catabolizing glycogen for 

rapid glycolysis. Consequently, the accumulation of excessive lactic acid causes hypoxia 

which gives rise to severe metabolic dysfunction in the nervous system. In normal con-

ditions, in addition to glutamate, nitric oxide (NO) and arachidonic acid are released that 

allow vasodilation and increase local blood flow. The disproportionate increase of lactate 

makes the environment acidic, which is not thriving to produce NO leading to poor per-

fusion. Regions affected by poor perfusion are more vulnerable to repeated CSDs which 

may create ischemic conditions. [37,42]   
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2.1.3 Cell Morphology and Vascular Response 

In addition to the influx of ions in the face of CSD, the increased osmolarity drive in 

intracellular spaces alters the morphology of neural and glial cells. In neurons, the move-

ment of water molecules occurs primarily through osmotic gradients, whereas in astro-

cytes the movement of water is facilitated by aquaporin-4 channels that transport water. 

These effects compromise the cellular structure and produce swelling of the cells. This 

ultimately results in extracellular space shrinkage, and recurrent CSD drives degenera-

tion of dendritic spines. [37,43,44]  

The onset of CSD profoundly impacts the vasculature of the brain eliciting triphasic he-

modynamic response, i.e. initial vasoconstriction, a brief vasodilation, and prolonged 

vasoconstriction. With recurrent CSDs, the oligemia i.e. reduction in cerebral blood flow 

and vasoconstrictions become pronounced and persistent leading to energy depletion. 

The feedback loop exacerbates the brain damage of neurons and cerebral microvascu-

lature. CSD also induces cytotoxic edema i.e. cell swelling which disrupts the blood brain 

barrier and causes subsequent vasogenic edema. These processes cause further hy-

poperfusion, promote inflammation and perpetuate tissue damage. Moreover, CSD con-

tributes to penumbral expansion following stroke or traumatic injury leading to propagat-

ing neural and glial depolarization beyond the primary affected region. [45,46] 

2.2 Monitoring of Cortical Spreading Depression 

Due to numerous detrimental effects of CSD, it is imperative to identify and monitor CSD 

in neurointensive care and neurosurgical settings. CSD is defined as a slow depolarizing 

wave which poses challenges in its detection. Subdural electrocorticography (ECoG) is 

the most widely used invasive method for monitoring CSD [47]. In ECoG, CSD is de-

tected as propagating slow potential change reflected in negative direct current (DC) shift 

[48]. This is succeeded by suppressed activity of high frequency (0.5 - 70 Hz) lasting for 

5-30 mins in injured cortex [11,48]. This noninvasive method makes monitoring CSD 

difficult without craniotomy which is not feasible in all cases and poses many surgical 

risks. Other invasive methods include laser speckle imaging (LSI) and pressure reactive 

index (PRI) [47]. 
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Figure 5. Detection of CSD in Electrocorticography (ECoG). The negative deflection 
corresponding to depolarization is shown at 4 different electrodes. Depolarization oc-

curs at different times at each electrode indicating its movement from one region to an-
other in time. The depolarization wave is emphasized by orange block and is followed 
by the suppression of neural activity emphasized with red block. Image adapted from 

Mehra et al. [5] 

Additionally, detection of CSD has been attempted via non-invasive methods such as 

EEG and MEG [47]. On EEG, CSD appears as wavefronts i.e. broken segments of prop-

agating wave which can evolve or combined with other wavefronts [23].  Moreover, MRI 

(Magnetic Resonance Imaging) / fMRI (functional MRI) allows the monitoring of hemo-

dynamics in CSD and is based on blood oxygen level dependent (BOLD) signals [47]. 

However, detection of CSD via these methods is not straightforward. Non-invasive tech-

niques, such as EEG, lack the spatial and temporal resolutions required to detect slow 

DC shifts and propagating depolarization waves observed during CSD. The volume con-

duction in EEG due to different head tissue conductivities and geometry blurs the spatial 

characteristics of CSD waves. Moreover, injured skull and electrodes artifacts make it 

challenging for detection of wave propagation in EEG for continuous monitoring in clinical 

setting. [23,47,49] 

In experimental in vivo or in vitro studies involving CSD, the initiation and propagation is 

studied using potassium chloride (KCL) to externally drive the potassium concentration 

in extracellular space [50]. ECoG is mainly used for recording in-vivo data and CSD 

propagation. However, other methods such as MRI, optogenetics and optical imaging 

via fluorescent microscopy are also employed [3,20,42]. This enables the investigation 

of threshold of initiation and observe the effect of different KCL concentrations on wave 

propagation. 
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2.3 Computational Approaches for Modelling Neuronal Dynam-
ics 

Computational neuroscience has progressed over the years and yielded different ap-

proaches to understand underlying functions of brain cells [51]. Neuron dynamics can be 

observed in two ways to model them mechanistically, bottom-up and top-down.  

The bottom-up approach allows building the model from complex interactions at biophys-

ical level such as ion channel dynamics, synaptic transmission and cellular interactions. 

The models that capture single cell dynamics with detailed mathematical models of neu-

rons or small networks, are referred to as cell-based models. In contrast, top-down ap-

proach looks at the macroscopic details and infers the microscopic structural and func-

tional dynamics of brain regions. The models that capture this are generally referred to 

as mean field models. [52] 

 

 

 

Figure 6. Hierarchy of modelling approaches and respective models for neural dy-
namics. Bottom-up approach involves models that are biophysically detailed such as 
Hodgkin-Huxley and others. Top-down approach involves models that show aggre-

gated dynamics at the population level such as mean-field models 

2.3.1 Cell Based Models 

Cell based models offer a high dimensional representation of neurons with biological 

realism. This allows their adaptation to model wide range of brain disorders and neuro-

logical functions. Hodgkin-Huxley model, Izhikevich model, integrate-and-fire model, 

adaptive exponential integrate-and-fire, Fitzhugh-Nagumo model are some examples 

that incorporate mathematical description of membrane potentials, ion currents and 

channel dynamics that give rise to action potential. To capture structural characteristics, 

multicompartment models also exist. NEURON, NEST, The Virtual Brain, and BRIAN 
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are some standardized simulator packages that can be utilized to employ these models. 

[53–59] 

Indeed, CSD and its propagation have been studied using biophysical models. For in-

stance, Desroches et al. have developed a pyramidal and interneuron coupled model to 

study the role of inter-neurons in the initiation of CSD. This model showed that the in-

tense firing of interneurons led the further increase of potassium accumulation causing 

the onset of CSD that aligns with the mechanisms established by experimental studies. 

[60] 

Another model created by Conte et al. attempted to understand the biological processes 

in neuron and astrocyte with a mathematical model. The main goal of this was to explore 

the role of sodium glutamate transporters and sodium potassium ATP pumps in recurrent 

spreading depression and its propagation. [61] 

It is important to note that in the above mentioned studies, among others [62,63] primarily 

used Hodgkin-Huxley based models which are biophysically detailed and provide flexi-

bility. The propagation of CSD is a global event which involves the whole brain with thou-

sands of neurons organized across the cortex. Therefore, if these models are extended 

to population or cortex level modelling, they become extremely complex and computa-

tionally challenging. Moreover, the magnitude of neural activity differs heavily when mov-

ing towards multiscale modelling which is difficult to capture with biophysical models. 

The limitations and challenges posed by biophysical models can be overcome by mean 

field models. 

2.3.2 Mean field Models 

Mean field models are widely used in physics due to their ability to reduce the interactions 

between large number of particles into statistical properties leading to much simpler and 

comprehensible explanations [64,65]. Similarly, this approach can be applied to a large 

network of neurons in the brain to describe their overall function.  

The mean field approach to neurons was first provided by Wilson and Cowan in 1970s, 

describing the average behavior of populations based on their synaptic characteristics 

such as excitatory or inhibitory [66]. These models help in bridging the gap between 

microscopic and macroscopic brain function. The two main types based on neural field 

approach are neural mass models and neural field models. 

Neural mass model (NMM) was originally defined to explain the mean activity of local 

neurons over time. The model comprises of two state variables for neuronal populations, 

pyramidal neurons (E) and interneurons (I), describing the mean membrane potential of 



13 
 

a population. Each state variable receives an input as presynaptic potential from other 

populations, and it converts it into the average firing rate (𝑓) of the population using a 

transfer function such as sigmoid [66]. The model equations are given in equations 1 and 

2. 

𝜏𝐸  
𝑑𝑎𝐸
𝑑𝑡

=  −𝑎𝐸 + (1 − 𝑟𝑎𝐸) 𝑓𝐸  [𝑊𝐸𝐸  𝑎𝐸 − 𝑊𝐸𝐼 𝑎𝐼 + 𝑖𝐸(𝑡)] (1) 

𝜏𝐼
𝑑𝑎𝐼
𝑑𝑡

=  −𝑎𝐼 + (1 − 𝑟𝑎𝐼) 𝑓𝐼 [𝑊𝐼𝐸  𝑎𝐸 − 𝑊𝐼𝐼 𝑎𝐼 + 𝑖𝐼(𝑡)] (2) 

In the above equations, adapted from [61], −𝐸 and −𝐼 are decay terms, 𝑟 is the constant, 

𝑤𝐸𝐸 (excitatory → excitatory),  𝑤𝐸𝐼 (excitatory → inhibitory), 𝑤𝐼𝐸 (inhibitory → excitatory), 

𝑤𝐼𝐼 (inhibitory → inhibitory) connection weights between two populations, 𝑖𝐸 and 𝑖𝐼 are 

external inputs to respective populations. This coupling is represented in Fig 7. 

 

 

Figure 7. Coupling dynamics of Neural Mass Model equations. The equations repre-
sent two neuronal population types, excitatory (E) in red and inhibitory (I) in blue. The 

neurons form connections with both types of neurons in the cortex, represented as 
weights (𝑊) with red and blue arrows. External inputs to the populations E and I are 

given as 𝑖𝐸 and  𝑖𝐼 respectively. Image from Li et al. [67] 

Since their definition, NMMs have been extended and are extensively used in simulating 

EEG, MEG and fMRI signals. They are widely used in computational neuroscience field 

and are suitable for studying diseases, like epilepsy, which are easily observable on 

EEG. [68–70] 

NMMs are quite useful to study local temporal dynamics of populations but do not incor-

porate spatial characteristics which are required for travelling waves on the cortex and 

CSD like propagations. Therefore, they have been expanded by many, for different pur-

poses, but Amari was the first to give generalized spatial formulation of the neural activity 

continuum initially given by Wilson and Cowen [71]. 
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2.4 Neural Field Framework 

Neurons are independent multicompartment entities embedded in three-dimensional 

space of the brain. In neural field framework given by Amari, the approximation regarding 

its spatiotemporal dynamics is reduced to 2D such as a cortical sheet where neurons are 

treated as bulk entity by taking their average based on shared characteristics. [71,72] 

The state variables define the mean membrane potential of a population (excitatory or 

inhibitory in general) dictated by the signal i.e. mean firing rate of other populations like 

in neural mass model. However, the difference is in the way it receives a signal, since it 

depends on the type of population, at which distance it’s situated, and the amount of time 

passed since the signal arrived. Now, the equation combining all these components is 

given in equation 3: 

𝑣𝑎(𝑥, 𝑡) = ∫ 𝜓(𝑡 − 𝑇)
𝑡

−∞

 𝐼𝑎(𝑥, 𝑇) 𝑑𝑇   (3) 

In equation 3, taken from [71], 𝑣𝑎(𝑥, 𝑡) is the mean membrane potential of population 𝑎, 

𝜓(𝑡 − 𝑇) is a temporal kernel adjusting the magnitude of the incoming signal which de-

cays instantly, and 𝐼𝑎(𝑥, 𝑇) is the signal arriving from other neuronal populations at pop-

ulation 𝑎. It is a convolution term given as: 

𝐼𝑎(𝑥, 𝑇) =∑ ∫𝑤𝑎,𝑏(𝑥 − 𝑋)
Ω

𝑓𝑏(𝑢𝑏(𝑋, 𝑇)) 𝑑𝑋 + 𝑞𝑎(𝑥, 𝑇),

𝑏

 (4) 

where, Ω indicates the spatial domain such as 2D sheet of the cortex, 𝑤𝑎,𝑏(𝑥 − 𝑋) is a 

homogenous spatial kernel which defines the mean synaptic connectivity from popula-

tion 𝑏 at point 𝑋 to population 𝑎 at point 𝑥 based on distance. 𝑓𝑏 is the incoming signal 

as a mean firing rate from population 𝑏 generally given as a logistic sigmoid transfer 

function describing the response of neurons to increasing mean membrane potential. 

𝑞𝑎(𝑥, 𝑇) is any external input other than cortex. [71] 

The transfer function for 𝑓𝑏is given in equation 4: 

𝑓𝑏(𝑢𝑏) =
𝐹𝑏

1 + exp[−𝜆𝑏(𝑢𝑏 − 𝜃𝑏)]
 , (5) 

 

where 𝐹𝑏 is the maximum firing rate of population 𝑏, 𝑢𝑏 is the mean membrane potential 

of population, while 𝜆𝑏 and 𝜃𝑏 are the slope of 𝑢𝑏 and threshold for 𝐹𝑏 [71]. 
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Figure 8. A logistic sigmoid function with threshold (𝜃𝑏) = 15mV, maximum firing 

rate (𝐹𝑏) = 250 Hz and slope (𝜆𝑏) = 3mV.  

The temporal kernel in equation 3 can be modelled with Heaviside step function 𝛩(𝑡) to 

incorporate the instantaneous and decaying incoming signal, and membrane time con-

stant 𝜏𝑎 representing how quickly neural population returns to its resting state [71]. This 

can be given as:  

𝜓𝑎(𝑡) = 𝛩(𝑡) 
1

𝜏𝑎
 𝑒
−
𝑡
𝜏𝑎   (6) 

After putting equations 4 and 6 in equation 3, we get:  

𝜏𝑎
𝜕𝑢𝑎(𝑥, 𝑡)

𝜕𝑡
= −𝑢𝑎(𝑥, 𝑡) +∑∫𝑤𝑎,𝑏(𝑥 − 𝑋)

Ω

𝑓𝑏(𝑢𝑏(𝑋, 𝑡)) 𝑑𝑋 + 𝑞𝑎(𝑥, 𝑡)

𝑏

 (7) 

Equation 7 is the basic form of neural field model for one neural population. It has been 

modified by researchers to investigate different neuron interactions and behavior at the 

macroscopic level.  
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Figure 9. Block diagram of Neural Field Framework. A signal comes from presynaptic 
population 𝑏 situated at point 𝑋 and time 𝑇 to population 𝑎. This signal goes through a 
transfer function such as sigmoid and convolves with a spatial kernel to determine the 
weight of the signal based on its distance from population 𝑎. The sum of incoming sig-
nals from all other populations including population 𝑏 at all points undergoes temporal 

kernel to adjust for delay in response of population 𝑎. The final output is the mean 

membrane potential of population a situated at point 𝑥 and time 𝑡. 

2.4.1 Types of Spatial Kernel  

The spatial kernels in neural field model define the synaptic connectivity between neural 

populations. The connectivity is expressed as the difference between distance between 

two populations. [71] 

Some kernels explicitly model the balance between excitation and inhibition while others 

are represented only in terms of excitatory interactions.  

Exponential Kernel: 

It captures the exponential decay of synaptic strength between neuronal populations. It 

incorporates decaying excitation based on the width (𝜎) without integrating any inhibition. 

Th equation is given in equation 8: 

𝑤(𝑎,𝑏)(𝑥) =
1

2
 𝑒
−
|𝑥|
2𝜎2  (8) 

Gaussian Kernel: 

The kernel only accounts for influence of one population over others therefore, no inhi-

bition information is encoded in it. The kernel is derived from normal distribution with zero 

mean. It is given in equation 9 as the probability density function where variance or width 

of strong connectivity (𝜎). [73] 
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𝑤(𝑎,𝑏)(𝑥) = 𝑔0,𝜎  =
1

𝜎√2𝜋
𝑒
−
𝑥2

2 𝜎2  (9) 

 

 

Figure 10. 1D Gaussian Kernel demonstrated with three different widths (𝜎). Y-axis 
demonstrates the kernel amplitude i.e. connectivity strengths with other populations, 
and x-axis represents the spatial domain of neural fields. The connectivity between 

neural populations under the width is nonzero while outside the width is zero. The con-

nectivity with higher width (𝜎2 = 2) shown in red has wide bell curve indicating wide 
range of neighboring populations are contributing to the incoming signal. While at the 

narrow bell curve (𝜎2 = 0.5) shown in green, low range of neighboring populations are 
contributing to the incoming signals. Image from Loomp O. [73] 

 

Mexican Hat Kernel: 

Given by Amari, Mexican hat incorporates the balance between excitation and inhibition 

balance, a neuronal interaction found in cortical tissues. It is essentially the difference 

between the two gaussian kernels with different widths for excitation (𝜎1) and inhibition 

(𝜎2). In the kernel, the values are positive near zero and negative at the distance. [72,74] 

Equation 10 gives its formulation. 

𝑤(𝑎,𝑏)(𝑥) = 𝑔0,𝜎1 − 𝑔0,𝜎2 (10) 
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Figure 11. 1D Mexican Hat Kernel demonstrated with three different widths for exci-
tation and inhibition. Y-axis represents the kernel amplitude i.e. connectivity strengths 
with other populations and x-axis represents the spatial domain of neural fields. The 
kernel has a central positive peak corresponding to excitatory signal and surrounding 

lobes corresponding to inhibitory signal. The kernel with the highest widths (𝜎21 =
2, 𝜎22 = 4 ) shown in blue has wide spread of neighboring populations contributing to 

the excitatory and inhibitory signal. While the lowest width 𝜎21 = 0.5, 𝜎
2
2 = 1  shown in 

red has narrow spread of neighboring populations contributing to the excitatory and in-
hibitory signal. Image from Loomp O. [73] 

Wizard Hat 

In the wizard hat kernel, the excitation is localized based on 𝜎 and the connectivity value 

is sharp at the origin while the values are negative, encoding inhibition, or zero at all the 

other places of interaction. [73,74] 

It is given in equation 11: 

𝑤(𝑎,𝑏)(𝑥) = (1 − |𝜎𝑥|)𝑒
−|𝜎𝑥| (11) 
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Figure 12. 1D Wizard Hat kernel demonstrated with three different widths. Y-axis 
represents the kernel amplitude i.e. connectivity strengths with other populations, and 
x-axis represents the spatial domain of neural fields. The kernel has a sharp point at 

the origin, indicating high local connectivity and decreasing connectivity with increasing 
distance, represented as negative surrounding lobes. High width (𝜎 = 2) shown in blue, 

has narrow range of populations contributing to excitation and inhibition. Low width 
(𝜎 = 0.5) shown in red has wide spread of neighboring population contributing to exci-

tation and inhibition. The peak is sharp at 1 for all 𝜎 parameters and it has the opposite 
effect from Mexican Hat kernel on the spread. Image from Loomp O. [73] 

2.4.2 Parameterization and Bifurcation Analysis 

Bifurcation is a characteristic of any dynamical system including neural field models, and 

its systemic analysis gives insights into the model’s behavior. It serves as a useful 

method to understand transitions in non-linear systems. Using this, the shift in the model 

from one state to another by identifying its bifurcation points can be studied. [75] 

The behavior of a neural field model can be examined by changing the key parameters 

and their impact on the model’s output. This allows us to identify critical thresholds and 

guides the parameter tuning for expected behavior. In this thesis, the results were ob-

tained mainly using this method. [75] 

Another approach involves examining the system through Hopf Bifurcation analysis. It 

allows us to understand the stability and instability associated with the model. It is carried 

out to understand the transition from steady state activity to rhythmic behavior such as 

temporal oscillations. Hopf bifurcations are used to understand the cortex level oscilla-

tions observable on different monitoring modalities. It is typically performed using linear-

ization and Jacobian matrix, while bifurcation diagrams are used to visualize these tran-

sitions. [75] 
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Turing analysis is an additional method explaining the spatial patterns resulting from 

state change in response to parameter shifts. It explains the emergence of patterns such 

as stationary fronts, pulses, waves or pulses with varying perturbations in the model. [75] 

The parameters commonly known to tip the model over stabilities are noise modelled as 

white gaussian noise, spatial kernels, synaptic strength, and time delays. The effect of 

these parameters can be analyzed using the above-mentioned methods to analyze 

model behaviors in producing oscillations and spatial patterns. [76] 

2.5 Computational Modelling of Cortical Spreading Depression 
Based on Neural Field Framework 

There have been many attempts in modelling and simulating CSD with cell-based mod-

els, as discussed in sections 2.3.1. Neural field models as a description of spatial con-

tinuum are suitable in capturing CSD like depolarization waves. However, not many have 

used this approach for computational studies of CSD.  

Baspinar et al. utilizing neural field model, developed a computational model to explain 

the mechanisms modulating CSD initiation and propagation. The model was developed 

to explain the role of potassium on CSD, the attribute associated with its initiation and 

propagation, and understanding the impact of GABAergic neurons in this event. In addi-

tion to neural interactions, reaction-diffusion equations were used to model the extracel-

lular potassium concentration. [21] 

Each neural field was represented on a 1D domain as a single unit. This discretizes the 

space and allows solving the equations as ordinary differential equations numerically 

across space. Each unit represents the interaction between excitatory and inhibitory pop-

ulations modulated by potassium concentration in the extracellular space. [21] 

The experimental results were derived from inducing KCL puffs to the cortical slices of 

mice in Baspinar et al. study. This served as the primary source of validating the model’s 

output such as propagation speed ensuring that the model’s behavior remains consistent 

with the physiological phenomenon. [21] 

The main novelty of Baspinar et al.’s work is the addition of reaction-diffusion equation 

in the coupled neural field framework. The activity is mainly modulated with potassium 

dependent transfer functions that affect the firing of neuronal populations and the release 

of potassium concentration is further affected by neuronal firing. This model captures the 

biophysical detail required for CSD propagation while preserving the spatial dynamics 

required for large scale evolution, forming the rationale for its adaptation. Further details 

of the model and its 2D expansion are elaborated in the Materials and Methods section.  
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3. AIMS AND OBJECTIVES 

This thesis aims to utilize population level modelling approach, more specifically neural 

field framework, to simulate the propagation of CSD on the cortex. The main objectives 

of the thesis are: 

1. To extend the 1D model, developed by Baspinar et al. to model CSD, to two 

dimensions (2D) 

2. To study the spatial patterns of the depolarization wave based on different CSD 

initiation regions on a 2D grid 

3. To study the effects of model parameters on depolarization wave speed 

The extension to a 2D space follows an assumption that the cortex can be approximated 

as a 2D sheet which is commonly used in neural field framework. The reason for the 

extension of 1D model is that a 2D representation of CSD can give rise to brain signals 

observed in different modalities such as EEG and MEG, making it the natural next step 

toward linking modelled and empirical data.  
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4. METHODS 

In this work, a neural field model from Baspinar et al. was modified to extend it to a 2D 

domain. Python 3.11 was used for implementation of the model and its simulation. In this 

chapter, the geometry or domain where neural populations were defined is considered. 

The model and its building blocks are discussed in the subsequent sections in detail.   

4.1 Domain 

The model was implemented on a 2D patch with the assumption that CSD propagates 

symmetrically. The length of the patch (𝑥-axis) and height (𝑦-axis) were 2 𝐿 units ranging 

from  −𝐿 to 𝐿. The number of equidistant nodes defined on the patch in 𝑥 and 𝑦 direction 

is 𝑁, each node corresponding to a neural field unit, as shown in Figure 13.  

The distance between nodes is given as: ℎ =  
2𝐿 

𝑁 − 1
  

The parameters used for the domain are described in Table 1.  

Table 1: Parameters used for the domain 

Parameter Value Description 

𝐿 90  Length in 𝑥 and 𝑦 direction of the grid (mm) 

ℎ 3.33  Distance between nodes in 𝑥 and 𝑦 direction (mm) 

𝑁 3025 Number of nodes in 𝑥 = 55 and 𝑦 = 55 directions  

 

The cerebral cortex has a total area of 2000 - 2300cm2 folded into sulci and gyri [71]. A 

neural field is modelled as an idealized 2D flat sheet of cortex. The length of the field 

usually describes lateral connectivity i.e. connections between neurons in a cluster. A 

CSD wave can travel over large cortical patches ranging between 0.8 to 5.8cm2 area 

[77]. Thus, 180mm is an approximation to capture full CSD like waves while maintaining 

computational efficiency. Moreover, the neuronal clusters form horizontal connections in 

the cortex which are 5 - 7mm long [78]. Thus, it influences number of nodes and conse-

quently, distance between nodes. Moreover, this can be modified based on patient spe-

cific head models when moving from mesoscale to macroscale. All other parameters in 

this work are adapted from the work of Baspinar et al. [19]   
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Figure 13. A 2D grid representing a 2D view of the cortex. Each blue dot is a node 
that represents a coupled neural field equation. Each neural field expresses excitatory 

and inhibitory populations in one small region of the cortex. The length of the grid is 
180mm ranging from -90mm to 90mm in x and y direction. 

4.2 Neural Field Model 

The neural field framework describes the average activity of a neuronal population i.e. 

excitatory and inhibitory, based on neural field theory. The neural field equations were 

solved using initial value problem adaptive solver in Scipy library with Runge-Kutta 

Method and initial condition as 1 for all state variables. This equation of the model is 

described in equations 12, 13, and 14, and the model dynamics in Figure 14. The pa-

rameters are described in Table 2.  

𝜏
𝜕𝑣𝑒
𝜕𝑡

= −𝑣𝑒 + 𝑐𝑒𝑒𝑆𝑒(𝑣𝑒 , 𝑘) − 𝑐𝑒𝑖𝑆𝑖(𝑣𝑖, 𝑘) + 𝑔𝑣(𝑣𝑒 , 𝑘) (12) 

𝜏
𝜕𝑣𝑖
𝜕𝑡
 = −𝑣𝑖 + 𝑐𝑖𝑒𝑆𝑒(𝑣𝑒 , 𝑘) − 𝑐𝑖𝑖𝑆𝑖(𝑣𝑖 , 𝑘) + 𝑔𝑣(𝑣𝑖, 𝑘) (13) 

𝜏
𝜕𝑘

𝜕𝑡
=  𝛿 𝐿2𝐷 + 𝑐1𝑔𝑘(𝑓𝑒

∗, 𝑓𝑒(𝑣𝑒 , 𝑘)) + 𝑐2𝑔𝑘(𝑓𝑖
∗, 𝑓𝑖(𝑣𝑖, 𝑘)) + 𝐼 (14) 
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Figure 14. The connection strengths between excitatory, shown in green, and inhibi-
tory, shown in blue, neuronal populations are given with the weights, 𝒄𝒆𝒆 𝒄𝒆𝒊, 𝒄𝒊𝒆 , 𝒄𝒊𝒊. 
While 𝒄𝟏 and 𝒄𝟐  are weights describing the strength of potassium release from each 

population. The functions 𝒈𝒌 and 𝒈𝒗 modulate the effects of potassium concentration 
on the neural populations and effect of neural population firing on extracellular potas-

sium respectively. Image from Baspinar et al. [21] 

 

Table 2. Parameters used for connection weights and model constants 

Parameter Value Description 

𝑐𝑒𝑒 1.0 Connection weight from excitatory-to-excitatory population 

𝑐𝑒𝑖 15.0 Connection weight from excitatory to inhibitory population 

𝑐𝑖𝑒 0.2 Connection weight from inhibitory to excitatory population 

𝑐𝑖𝑖 15.0 Connection weight from inhibitory-to-inhibitory population 

𝑐1 1.0 Strength weight of potassium release from excitatory population 

𝑐2  1.3 Strength weight of potassium release from inhibitory population 

𝛿 1 Diffusion coefficient 

𝜏 0.3 Time constant 

 

4.3 Model Components 

In the following section, each component and its implementation of the above model is 

discussed. 

4.3.1 State Variables 

The state variables 𝑣𝑒 and 𝑣𝑖 describe the mean membrane potential of excitatory and 

inhibitory populations respectively. While 𝑘 represents the potassium concentration 

whose diffusion or spread is given by Laplacian operator and external stimulus. In gen-

eral, the model describes the effect of potassium buffering on neural populations across 

space. The convolution between a kernel and firing rate is multiplication in frequency 

domain. Therefore, to implement it, 2D Fourier Transform was taken for both the kernel 

and the firing rate. 
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4.3.2 Spatial Kernel 

In neural field models, a kernel is used to define the connection between populations or 

units across space while firing rate is described with the transfer function mainly using a 

sigmoidal function. The convolution between two terms can be described by equations 

15 and 16: 

𝑆𝑒(𝑣𝑒 , 𝑘)  = ∫  
2𝐷 𝑝𝑎𝑡𝑐ℎ 

𝑤(𝑥 − 𝑦)𝑓𝑒(𝑣𝑒(𝑦, 𝑡), 𝑘(𝑦, 𝑡))𝑑𝑦, (15) 

𝑆𝑖(𝑣𝑖 , 𝑘) =  ∫  
 2𝐷 𝑝𝑎𝑡𝑐ℎ

𝑤(𝑥 − 𝑦)𝑓𝑖(𝑣𝑖(𝑦, 𝑡), 𝑘(𝑦, 𝑡))𝑑𝑦, (16) 

here 𝑤(𝑥 − 𝑦) is a 2D gaussian kernel given as 𝑤 =
1

2
𝑒(−

|𝑟|

2𝜎2
) where 𝑟 is a radial dis-

tance, 𝑟 = √𝑥2 + 𝑦2  and 𝜎 is the width equal to 2. The exponential kernel defines the 

connection as strongest at the origin and nearby neighbors and the weakest at large 

distances. The kernel is shown in Figure 15. 

 

Figure 15. 2D spatial kernel of the model. The yellow region in the middle has high 
values representing high connectivity strength with nearby regions. The blue in the rest 
of the gird describes low connectivity strength as they are distant from the origin i.e. re-
gion of interest. The output of the spatial kernel is obtained after performing 2D Fourier 

Transform. 

4.3.3 Firing Rate 

In the given model, 𝑓𝑒 and 𝑓𝑖 are sigmoidal transfer functions for excitatory and inhibitory 

populations respectively. However, in Baspinar et al. model, these functions have been 
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altered to be dependent upon the potassium concentration to model the effect of extra-

cellular potassium on the firing rate of a population. These conditions are given in equa-

tion 17:  

𝑓𝛼(𝑣, 𝑘) =

{
 
 

 
 

1

2(1 + 𝑒−𝛽𝛼(𝑣−ℎ))
= 0.5, 𝑘 < 𝑘1

∗,

1

1 + 𝑒−𝛽𝛼(𝑣−ℎ)
= 1, 𝑘1

∗ ≤ 𝑘 ≤ 𝑘2
∗ ,

0, 𝑘2
∗ < 𝑘

 

 (17) 

 

here 𝛼 denotes the population, 𝛽 denotes the steepness of the sigmoid, 𝑣 is the mem-

brane potential and ℎ is the half response of the membrane potential. In the above trans-

fer function, the model shows three conditions: normal, hyperexcitability and no activity 

based on potassium thresholds to simulate the CSD activity.  

During normal conditions, the neurons fire at half of their maximum firing rate. However, 

if the potassium concentration reaches a threshold 𝑘1
∗, the neuronal population becomes 

hyperexcitable firing at their maximum rate, corresponding to depolarization in CSD. 

Moreover, if the potassium concentration keeps increasing or remains stagnant at base-

line, the neurons become silent corresponding to depression of CSD. The parameters 

used for the firing rates are mentioned in Table 3. 

Table 3. Parameters used in for firing rate transfer function for excitatory and inhibitory 
neurons 

Parameter Value Description 

𝛽𝑒 100 Steepness of sigmoidal function for excitatory population 

𝛽𝑖 10 Steepness of sigmoidal function for inhibitory population 

ℎ𝑒 0.3 Half response of sigmoidal function for excitatory population 

ℎ𝑖 0.3 Half response of sigmoidal function for inhibitory population 

𝑘𝑒1
∗  1.4 Potassium threshold for hyperexcitability of excitatory population 

𝑘𝑒2
∗  1.8 Potassium threshold for suppression of excitatory population 

𝑘𝑖1
∗  1.0 Potassium threshold for hyperexcitability of inhibitory popul tion 

𝑘𝑖2
∗  1.4 Potassium threshold for suppression of inhibitory population 

𝑣𝑒
∗ 1.5 Membrane potential for excitatory population 

𝑣𝑖
∗ 1.5 Membrane potential for inhibitory population 
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The output of the firing rate is demonstrated in Figure 16.  

  

Figure 16. Potassium dependent sigmoidal transfer function for excitatory and 
inhibitory populations. Blue regions show no firing activity, green regions show normal 
firing activity, yellow regions show high firing activity. In the excitatory transfer function 

on the left side, neurons start firing normally at 0.25 membrane potential. Once the 
potassium concentration reaches 1.4, the neurons become hyperexcitable. At 

potassium concentration of 1.8, the neurons become silent. In the inhibitory transfer 
function, the thresholds for hyperexcitability and silent firing behavior is 1.0 and 1.4 

respectively.  

4.3.4 Effect of Potassium Concentration on Neural Population 

The effect of potassium on membrane voltage of a population is defined by a generic 

function 𝑔𝑣 which models how the increase in potassium concentration changes the 

membrane potential. This function captures all potassium related activity corresponding 

to ionic shifts in the neuron membrane in a phenomenological manner except the in-

crease in potassium concentration between action potentials. This function is given as 

equation 18: 

𝑔𝑣(𝑣, 𝑘) ≔
1

1 + 𝑒−𝛽𝑣(𝑘−𝑘𝑣
∗)
= {

0, 𝑘 < 𝑘𝑣
∗  

1, 𝑘 > 𝑘𝑣
∗  , (18) 

 

here 𝑔𝑣 is a sigmoid function where 𝛽𝑣 describes the steepness of the neural population’s 

response to potassium concentration equal to, 𝑘𝑣
∗ describes the half response of the 

function while 𝑘 is the potassium concentration. The parameter values are mentioned in 

Table 4: 
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Table 4. Parameters used in potassium function modulating neural population based 
on extracellular potassium concentration 

Parameter Value Description 

𝛽𝑣𝑒 100 Steepness of excitatory population 

𝛽𝑣𝑖 10 Steepness for inhibitory population 

𝑘𝑣𝑒
∗  1.7 Half response for excitatory population 

𝑘𝑣𝑖
∗   1.7 Half response for inhibitory population 

 

4.3.5 Effect of Neural Population on Potassium Concentration 

When a neuron fires, it releases potassium. Now in the model, this release of potassium 

in between action potentials is given by the function 𝑔𝑘 which is dependent on neuron’s 

firing and described as equation 19: 

𝑔𝑘(𝑠, 𝑠
∗) =

𝑎

cosh(𝑏(𝑠 − 𝑐𝑠∗))
 , (19) 

 

where 𝑠 = 𝑓𝛼(𝑣, 𝑘),  𝑠
∗ =  𝑓𝛼(𝑣

∗,  𝑘∗) and 𝑎, 𝑏, 𝑐 are constants and their values are 3, 10, 

1.5, respectively for both excitatory and inhibitory populations. 

4.3.6 Laplacian Operator 

The Laplacian operator in 2D space describes the spatial diffusion (divergence of the 

gradient) in potassium concentration with the diffusion coefficient 𝛿. The Laplacian was 

solved with a finite central difference numerical method having periodic boundary condi-

tions, as a system of linear equations. Now, in 2D space, the Laplacian can be described 

as the Kronecker sum of 1D discrete Laplacians [79]:  

𝐿2𝐷 = 𝐿𝑥⊕𝐿𝑦 = 𝐿𝑥⊗ 𝐼𝑦 + 𝐼𝑥⊗𝐿𝑦, (20) 

 

where 𝐿𝑥 = 
𝜕2𝑘

𝜕𝑥2
 along 𝑥 -axis and 𝐿𝑦= 

𝜕2𝑘

𝜕𝑦2
 along 𝑦 -axis and 𝐼𝑥 = 𝐼𝑦 = Identity matrices. 

4.3.7 Stimulus 

The stimulus 𝐼 is given s on the domain as a small gaussian bump to investigate the 

propagation of CSD. The stimulus is a mathematical approximation of KCL concentration 

required to initiate CSD derived experimentally in the Baspinar et al study. It is given as 

equation 21: 
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𝐼(𝑟, 𝑡) = {

3

𝑐𝑜𝑠ℎ2 (0.4𝑟)
, 2𝜏 ≤ 𝑡 ≤ 4𝜏

0              , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 , (21) 

 

where, 𝑟 is the radial distance at which the stimulus is applied between 1 and 5 minutes.  

The stimulus is applied at three different regions on the grid: 

• Region 1: Bottum left at coordinates; 𝑥 = - 70mm, 𝑦 = - 70mm 

• Region 2: Top right at coordinates; 𝑥 = 70mm, 𝑦 = 70mm 

• Region 3: In the middle at coordinates; 𝑥 = 0, 𝑦 = 0 

 

 

Figure 17. 1D view of applied stimulus bump in K+ concentration at the origin. The 
function increases concentration for 2 to 4 mins as mentioned in equation 21. 
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4.4 Calculation of CSD speed 

The speed of CSD is calculated by identifying the outermost neural field unit (𝑛𝑡ℎ) that 

has crossed the preset wave propagation threshold (threshold = 0.91). The final velocity 

is calculated using the formula relating to distance and time, ℎ defining the distance be-

tween nodes:  

𝑣 =  
ℎ ∗  (𝑛𝑡ℎ)

𝑡𝑜𝑡𝑎𝑙 𝑡𝑖𝑚𝑒 𝑜𝑓 𝑤𝑎𝑣𝑒 𝑝𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑒𝑥𝑐𝑖𝑡𝑎𝑡𝑜𝑟𝑦 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛
 (22) 
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5. RESULTS 

In this chapter, the simulated results from the developed model are provided and de-

scribed. First part includes spatial and temporal dynamics while next section defines the 

obtained speed and impact of parameter changes on its speed. The results and their 

importance are examined in the Discussion section.  

5.1 Spatial Distribution 

The stimulus is applied to three different regions on the domain to simulate the propaga-

tion for 2 to 4 minutes. The resulting dynamics are shown in Figures 17, 18, and 19.  

 

Figure 18. Region 1: Illustration of propagating CSD when stimulus is applied to 
bottom left corner of the domain. Each row of the plot represents the state variables K, 
Ve, Vi at t = 2, 10, 20, 25, 30 and 35 mins. The x and y axis of each subplot represents 
the length of the grid in x and y directions. The radial wave propagation is visible on the 
grid moving from left to right. In the first row, the increasing K+ concentration is shown 
in purple which saturates the grid at t = 35. In the excitatory population, the pink color 
shows normal activity of the neuronal population. The orange blob shows depolariza-
tion of neuronal population in that region. The movement of depolarization along the 

grid is shown with increasing time. The blue region at t = 20 shows the silencing of ex-
citatory neuronal populations. The wave of depolarization appears from the other side 
as the boundaries are wrapped with each other. The depolarization waves meet at t = 

30. The same pattern of wave of depolarization is displayed in the inhibitory population.  
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Figure 19. Region 2: Illustration of CSD propagation when stimulus is applied to top 
right corner of the domain. Each row of the plot represents the state variables K, Ve, Vi 

at t = 2, 10, 20, 25, 30 and 35 mins. The x and y axis of each subplot represents the 
length of the grid in x and y directions. The radial wave propagation from right to left is 

visible on the grid. The underlying dynamics are identical to Figure 18. 

 

 
 

Figure 20. Region 3: Illustration of CSD propagation when stimulus is applied to the 
middle of the domain. Each row of the plot represents the state variables K, Ve, Vi at    

t = 2, 10, 20, 25, 30 and 35 mins. The x and y axis of each subplot represents the 
length of the grid in x and y directions. The radial wave propagation is visible in a ring 

form shown in orange on the grid propagating outward. The underlying dynamics of de-
polarization waves are similar as Figure 17 and 18. In the first row, the increasing K+ 

concentration is shown in purple circle. In excitatory and inhibitory populations, the blue 
inner circle forming at t=20 and propagating outwards shows the silencing of excitatory 

neuronal populations.  
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In figures 17-19, the depolarization wave, i.e., increase of membrane potential, in re-

sponse to increasing potassium concentration can be observed. This wave is initiated 

from the region where a bump in potassium concentration is given. The potassium con-

centration slowly saturates the whole grid and remains stagnant after 35 mins. Mean-

while, the activity of excitatory and inhibitory populations is inhibited after the depolari-

zation wave passes over an area.  

When the stimulus is applied to top right corner of the grid, Region 1, it initiates CSD, 

and a curve-like pattern appears which moves along the grid from left to right. The prop-

agation of the curve from right to left also occurs in excitatory and inhibitory populations. 

The formation of curvature emerges from the other end due to the periodic boundary 

condition which follows the assumption that the 2D grid is wrapped at boundaries to form 

a cortex sheet. 

Similarly, when the stimulus is given to the bottom left, Region 2, the emergence of same 

curve like pattern can be seen. When the stimulus is applied to the middle of the grid, 

Region 3, the wave forms a ring like propagation moving outward.  

5.2 Neuronal Firing  

The mean firing across all nodes representing excitatory and inhibitory populations and 

node index 5 as an example is shown in Figures 21, 22, and 23. 
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Figure 21. Region1: Mean firing rate of the domain when stimulus is applied to the 
bottom right corner of the domain. The x axis shows the time and y axis shows the 

mean firing of the whole grid. First plot shows mean potassium dynamics of the whole 
grid starting from 1 and reaching 1.75 with increasing time. The second plot shows the 
firing rate of excitatory population at node = 5. The firing starts normally with 0.5, the 

population becomes hyperexcitability and becomes 1 with increasing K+ concentration 
at t close to 10. It stays in the same state for approximately 5 mins before becoming si-
lent. The third plot shows mean firing of the excitatory populations of the grid. The firing 

starts normally from 0.5 and becomes zero at t=32 mins. The fourth plot shows the 
mean firing of the inhibitory populations of the grid in a similar manner.  
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Figure 22. Region 2: Mean firing rate of the domain when stimulus is applied to the 
bottom right corner of the domain. The x axis shows the time and y axis shows the 

mean firing of the whole grid. The plot shows mean dynamics of K+ concentration and 
neuronal firing of excitatory and inhibitory populations. Firing of excitatory population at 

node 5 is shown as a case point. The underlying dynamics are same as Figure 20. 
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Figure 23. Region 3: Mean firing rate of the domain when stimulus is applied to the 
middle of the domain. The x axis shows the time and y axis shows the mean firing of 

the whole grid. K+ concentration and firing dynamics of excitatory and inhibitory popula-
tions are same as Figure 20 and 21. The firing of excitatory population at node 5 starts 
normally at 0.5, becomes hyperexcitable and reaches 1 at t=30, remains hyperexcita-

ble for few minutes and becomes silent at t=32.  

In the figures 21 – 23, the excitatory and inhibitory populations start firing at half of their 

maximum firing rate on average but once the potassium reaches the silencing threshold, 

the firing drops to zero and remains zero for the rest of the simulation corresponding to 

the inhibited activity leading to suppression of neural populations in CSD. Furthermore, 

the depolarization time in node index 5 (situated at the top left corner on the grid) is same 

in the first two cases where the wave reaches in the start. However, the depolarization 

activity is shifted in the third case as the wave reaches it at the end.  

5.3 Temporal Dynamics 

The temporal progression of membrane potentials of neural populations for all three stim-

ulus regions is plotted in Figures 23, 24, and 25. Moreover, node indices 10, 1000, 2000 

and 3024 are randomly picked for illustration purposes. The net activity is derived after 

subtracting inhibitory mean membrane potential from excitatory mean membrane poten-

tial.  
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Figure 24. Region 1: Temporal activity of excitatory and inhibitory populations. Each 
row represents state variables as membrane potentials, Ve, Vi and Net activity ob-

tained by subtracting Vi from Ve. Column 1 shows the mean temporal progression of 
neural populations on the grid. The excitatory populations stay depolarized from t = 2 to 
t = 30 on average. The depolarization in inhibitory populations lasts from t=10 to t=32 in 
minutes on average. The average net activity of the grid shows negative deflection at t 
= 25 mins. Column 2 shows the temporal progression of state variables at 4 different 
nodes. Depolarization times at nodes 10 (blue), 1000 (orange), 2000 (green) are ap-
proximately 10, 15, and 28 mins respectively indicating wave propagation from left to 

right. Depolarization time at node 3024 (red) is approximately 12 mins due to wave ap-
pearance from other side as boundaries are wrapped. 
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Figure 25. Region 2: Temporal activity of excitatory and inhibitory populations. Each 
row represents state variables as membrane potentials, Ve, Vi and Net activity ob-

tained by subtracting Vi from Ve. Column 1 shows the mean temporal progression of 
neural populations on the grid, and the mean temporal progression is same as Figure 
23. Column 2 in the plot represents temporal progression of state variables at 4 differ-
ent nodes.  Depolarization times at nodes 10 (blue), 1000 (orange), 2000 (green) are 

approximately 20, 28, and 25 mins respectively indicating wave propagation from right 
to left. Depolarization time at node 3024 (red) is approximately 12 mins due to wave 

appearance from other side as boundaries are wrapped. 
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Figure 26. Region 3: Temporal activity of excitatory and inhibitory populations. Each 
row represents state variables as membrane potentials, Ve, Vi and Net activity ob-

tained by subtracting Vi from Ve. Column 1 shows the mean temporal progression of 
neural populations on the grid, and the mean temporal progression is same as Figures 
23 and 24. Column 2 in the plot represents temporal progression of state variables at 4 
different nodes.  Depolarization times at nodes 10 (blue), 1000 (orange), 2000 (green) 
are approximately 28, 20, and 15 mins respectively indicating outward wave propaga-

tion. Depolarization time at node 3024 (red) is approximately 30 mins. 

In the above figures (Figures 24, 25, and 26), the mean membrane potential of excitatory 

population increases sharply from initial condition in response to potassium, and remains 

high till the wave passes, indicating overall depolarization of the domain. In contrast, the 

activity in each node increases and shows three phases. In the first phase, it is firing 

normally, once the potassium reaches a threshold of 1.4, it becomes hyper excitable and 

on potassium concentration reaching 1.8, it becomes silent (see Figs 21, 22, and 23 for 

potassium dynamics).  

The mean membrane potential of inhibitory population responds to the increase in mean 

membrane potential of excitatory potential and gradually increases for a short period and 

returns to zero. As opposed to excitatory potential at different nodes, only an increase at 

the time points where the wave passes over them can be seen. 

The mean net activity shows negative deflection at approximately t=25 indicating the 

dominance of inhibitory activity and quickly after that, all activities are returned to their 

baselines. 
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5.4 CSD Speed 

Parameter analysis to find the speed corresponding to CSD was also performed. The 

parameters varied were time delays, number of nodes, and distance between nodes.  

 

Figure 27. The graph represents CSD speed at various numbers of nodes and the 
distance between them. The line graph corresponds to the number of nodes while the 

bar graph corresponds to the distance between nodes. CSD speed of 2.35 close to 
control speed (2.2 mm/min) is attained with 3600 as number of nodes and 3.05mm as 

distant between nodes. 

 

In Figure 27, the lowest speed was 2.35mm/min and highest speed 5.25 mm/min. The 

highest speed is at 1600 nodes while the lowest speed is at 3600 nodes. It is notable 

that with increasing number of nodes, the distance between nodes is decreasing. This is 

due to the fact that the length of the domain is same for all nodes. Here, the value of time 

delay and width of spatial kernel is same as mentioned in Materials and Methods section.  
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Figure 28. The graph represents the changes in speed at time delays = 0.1, 0.2, 
0.3, 0.4 and 0.5. All other parameters are same as mentioned in Materials and Meth-
ods section. The CSD speed close to control speed i.e. 2.2mm/min is attained at time 

constant of 0.3. 

 

In Figure 28, the lowest CSD speed was found to be 1.75 mm/min and highest to be 

12.73 mm/min. Overall, a decreasing trend in speed with increasing time constants is 

notable.  

The corresponding CSD found at different stimulus regions is shown in Figure 29. 

 

 

Figure 29. CSD speed observed in all three regions of applied stimulus when the 
parameters are same as mentioned in Materials and Methods section 
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6. DISCUSSION 

In this work, the propagation of CSD based on neural field framework was simulated. 

CSD is a pathophysiological phenomenon that follows brain tissue injury as a secondary 

condition. It is detrimental to recovery, often exacerbates the condition and is prone to 

recurrence. A 2D computational model was developed from a 1D model based on neural 

field framework that is rooted in CSD pathophysiology. 

The 1D model given by Baspinar et al. is built on Wilson-Cowen-Amari neural field frame-

work. The novelty of their work is coupling the model with reaction-diffusion equation to 

model the effect the potassium concentration in the extracellular space on excitatory and 

inhibitory populations. Using the established model, an extension was developed to sim-

ulate CSD propagation on a 2D grid to study spatial patterns and its behavior from dif-

ferent initiation regions of CSD. The assumption here is that cortex can be approximated 

as a 2D sheet. The results of the model are validated with CSD speed derived in the 

experimental results obtained from rodent data [21]. 

The hallmark of CSD is accumulation of potassium concentrations in the extracellular 

space driven by firing of neurons which further depolarizes nearby neurons creating a 

wave of depolarization across the cortex [1]. This drive is modelled in the transfer func-

tions of the excitatory and inhibitory populations by Baspinar et al [21]. Moreover, the 

increase in potassium concentration increases the neuronal firing. This feedback is mod-

elled using another transfer function in the original 1D model [21] and employed in this 

work. On a 2D grid, each node represents a neural field unit corresponding to a small 

region of excitatory and inhibitory population on the cortex. This way, the depolarization 

of another neuronal population and its subsequent suppressed activity before returning 

to baseline is observed. 

6.1 Spatial Patterns: 

In the simulated results, the spatial pattern resulting from population dynamics during 

CSD onset can be seen. When the stimulus is applied at region 1 (bottom left corner of 

the grid), it initiates CSD and propagates along the grid. The stimulus point is assumed 

to correspond to applying stimulus to the frontal region of the cortex. The results illustrate 

that the potassium concentration increases from the point of stimulus and continues to 

increase. Moreover, the excitatory and inhibitory populations formed the depolarization 
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block in response to increasing potassium concentration, suppressing the activity of pre-

vious neurons.  

When the stimulus is given to region 2 (top right corner of the grid), assumed to corre-

spond to the posterior region of the cortex, the spatial distribution was same as region 1. 

When the stimulus is applied to region 3 (middle of the grid), assumed to correspond to 

the central cortex, the wave propagates outward in a circle. The spatial distribution ob-

served in our work aligns well with CSD patterns observed in the study performed by 

[80,81] in 2D domain. It also indicates that our model follows the pathophysiology of 

CSD. The wrapping of boundaries keeps the 3D anatomical structure of the cortex intact 

in a 2D view.  

Moreover, it is known that CSD initiates in excitatory pyramidal neurons with elevated 

potassium concentrations and their firing recruit inhibitory interneurons [34]. Our model 

captures this dynamic and shows delayed activation of inhibitory populations following 

excitatory neuronal firing. 

6.2 Neural Firing and Temporal Patterns 

Additionally, the results revealed that even though the spatial patterns differ based on 

CSD initiation regions, the mean firing activity and temporal evolution remained approx-

imately the same in all three cases. The shifted increase in activity at individual nodes 

points to propagation of wave. Moreover, the negative deflection observed in the net 

activity aligns with the fact that CSD appears as a negative direct current in ECoG re-

cordings [48]. 

Another important thing to note is that even though the potassium concentration does 

not increase after a certain threshold, the firing of excitatory and inhibited populations 

remains zero. This firing suggests that the inclusion of rate modulation with potassium 

concentration in Baspinar model [21] works correctly in our 2D model. This also corre-

sponds to the fact that during CSD, the ability of potassium clearance is impaired by 

neurons [2,33]. Even though there is no further release of potassium by neurons, the 

impaired uptake is enough to suppress further activity.  

In the computational work by [81], the inclusion of hypoxic conditions showed delayed 

onset of depolarization wave after giving potassium stimulus. In contrast, our model 

shows immediate CSD onset aligning with potassium dynamics observed in computa-

tional work of [80]. This suggests that hypoxia plays a great role in CSD depolarization 

wave initiation. 
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Overall, the resulting mean firing rate and temporal activity corresponds with the spatial 

dynamics and displays the model’s behavior.   

6.3 CSD Speed 

The results were further validated by determining the CSD speed. The speed of the wave 

was same in the first two cases. This speed was approximately equal to the control speed 

obtained by the in vitro analysis in the work of Baspinar et al [21]. This speed was ap-

proximately equal to 2.2 mm/min. In the third case, the speed was slightly high showing 

faster spreading of CSD. This signals that spatial distribution and subsequent pattern 

generation have an impact on CSD speed. However, the speed still falls in the range 2-

5 mm/min mentioned in the literature [1,2].  

In addition, the results showed that speed can be influenced by several numerical and 

biophysical parameters such as time step of the simulation, synaptic time delays, number 

of nodes, and the distance between the node Therefore, these parameters should be 

examined further. 

Our results show that if the neuronal populations, on average, are slow to respond to 

incoming signals due to any reason i.e. larger time constant, the CSD wave propagation 

is slow. In contrast, if the response of the populations is fast, CSD speed is also high.  

Moreover, it was found that grid resolution had a high impact on measured speed. If the 

grid is too sparse or too coarse, the speed of the depolarization wave was high. This 

indicates that the grid resolution can artificially inflate the estimation wave propagation. 

The normalization of the grid resolution can be explored in the future to curb this problem. 

This is further affected by the domain length and spatial kernel. When the grid is too 

coarse, even small width of the spatial kernel can be wide as it will recruit the input of 

more neuronal population when determining the membrane potential. Moreover, when 

the grid is too sparse, there are not enough grid points for calculation of membrane po-

tentials, and each node represents a disproportionately large population resulting in high 

speed. This highlights the fact that fine tuning other parameters in accordance with the 

parameter in question is also important to avoid artefacts in wave dynamics. However, it 

is important to note all these values correspond to the speed observed in CSD studies.  

6.4 Future work 

There are many areas where this model can be utilized. For instance, the activity of 

neural populations can be used to estimate the voltage potentials on EEG. This can be 
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carried out by employing EEG forward projection method. A preliminary attempt was 

made to explore this aspect (see supplementary work). 

In real anatomy, the brain exists in a volume in a 3D space, and the activity of neurons 

also exists in the 3D medium. Our model can be further extended to a 2D spherical 

surface, 3D volume or 3D spherical surface to model realistic anatomy of the brain and 

cortex. The resulting activity would give more realistic anatomical view of the neuronal 

activity embedded in the skull and can be projected on the scalp as EEG.   

Currently, our model does not produce temporal oscillations that can be detected on the 

scalp suggesting a stable state of the system. This can be explained with the fact that 

CSD appears like a negative direct current shift on ECoG recordings which is also ob-

servable in the output of net activity in our model. However, temporal oscillations are a 

characteristic of dynamical systems such as neural fields and can be elicited when the 

parameters are tuned to find instabilities in the model.  CSD appears as slow delta oscil-

lations on a mesoscopic  scale [82].  

Main parameters that influence these oscillations are time constant, spatial kernel, time 

step of the numerical simulation, addition of noise analogous to random signals received 

from thalamocortical activity. For example, Mexican Hat kernel with optimum excitation 

inhibition balance for a general neural field model is known to shift the model from stable 

to unstable state. Methods such as Hopf bifurcation analysis can be utilized to find the 

oscillations observable on the scalp.  

If CSD like slow oscillations are accomplished in the model, it would provide deeper 

insight into CSD dynamics and help address the current challenges faced in detection of 

CSD through continuous monitoring modalities (see section 2.2).  

Furthermore, the model can facilitate the addition of the function of astrocytes. One of 

the main roles of astrocytes is to perform the clearance of potassium ions from the ex-

tracellular space. This can be achieved by including the astrocytic cell or population in 

the model equations modulating potassium concentration. In CSD, the role of clearing 

potassium concentration by astrocytes is impaired which consequently increases the po-

tassium concentration in the extracellular space. This effect is possible to include in our 

2D model.  

Additionally, this model can be implemented to model other pathophysiological condi-

tions involving potassium dynamics and wave fronts. One example of that is epilepsy, in 

which seizures are driven by high potassium activity producing erratic neuronal firing 

activity.  
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6.5 Limitations 

One of the main limitations of neural field models is that the network is assumed to be 

homogenous and isotropic i.e. uniform in all directions. This assumption is not realistic 

biologically as the cortex is inhomogeneous and anisotropic. Moreover, the synaptic con-

nections are modelled based on the distance between the neurons and populations. In 

contrast, the connections between the populations are patchy and non-uniform in real 

cortex. These structural variations could lead to differences in the wave speed in different 

directions which might not be correctly captured in the current model. [83]  

The cortex has a complex anatomical structure that is folded into sulci and gyri. It also 

has cortical columns forming layers and microcircuit serving different sensory and motor 

functions. Although neural field model captures the average behavior of the cortex, it 

simplifies this anatomical structure as a 2D sheet which ultimately would not provide 

biologically realistic view of the brain function. 

Even though our model is validated with wave speed obtained from experimental studies, 

there is still room to validate the results of the model with empirical data such as ECoG 

or EEG recordings. 

Furthermore, our model is highly dependent on many parameters and components which 

increases complexity making it difficult to fully capture the whole picture of the parametric 

effects. Therefore, it requires systematic methods to be employed to fully study the ef-

fects of different parameters on the model. In our model, limited number of parameters 

are explored. Parameters such as diffusion coefficient, excitatory and inhibitory connec-

tion weights and width of the kernel are some potential candidates to understand their 

effect on the model’s spatial and temporal output, along with their effect on CSD speed. 

These parameters will provide further information on potassium elevation dynamics and 

interactions between neural populations.     

Neural field models are powerful in approximating neural activity and investigating the 

role of different biophysical mechanisms on the cortex level. However, there remains a 

tradeoff between biological details at the molecular level and computational as well as 

analytical tractability required to model neural dynamics at meso and macro scale. 
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7. CONCLUSION 

The primary goal of this work was to develop a 2D extension of a computational model 

based on neural field framework for spreading of CSD. It is widely accepted that the main 

driver for CSD propagation is the sharp increase in extracellular potassium concentra-

tion. Once the initiation begins, CSD continues to spread on the cerebral cortex making 

it a global event. 

Many techniques are used in neuroscience to develop mechanistic models for biological 

processes. In CSD like events, where wave dynamics are observed, spatial interactions 

need to be defined to accurately capture CSD propagation. Neural field framework ena-

bles to capture this with reduced dimensionality and provide interpretable description of 

the model.  

In our results, radial wave propagation that is founded in CSD mechanism was observed. 

The spatiotemporal dynamics of our model show that it successfully produces neural 

population activity modulated with extracellular potassium concentrations. With fine tun-

ing of a few parameters, our model produces the wave speed attributed to CSD in ex-

perimental studies, further validating our results.  

Our model can be used for detecting CSD on EEG by employing forward projection 

method. It can also be used to perform whole brain modelling by incorporating third di-

mension for anatomical accuracy. Moreover, it can be used to incorporate glial cells such 

as astrocytes and model other neurological disorders. 

Overall, this work provides a mechanistic foundation for understanding CSD and offers 

a computational basis for improving future detection and intervention strategies.  
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9. SUPPLEMENTARY WORK 

9.1 EEG Forward Projection 

In the field of neuroscience, it is quite common to investigate the relationship between 

brain sources and neuro modalities such as EEG, MEG, fMRI etc. The techniques used 

to do that are of two types, forward problem when trying to predict the brain signals from 

neuronal activity, or inverse problem when trying to predict neuronal activity from the 

brain signals. In this work, forward problem or forward projection is utilized since our 

neuronal activity is modelled and simulated with the CSD model. The estimate of EEG 

signals with the neuronal activity involves three main components that describe the neu-

ronal currents, their conducting properties from brain to the scalp and electrode infor-

mation that record the signals. [84] 

9.1.1 Distribution of neuronal currents  

When neurons fire an action potential, the voltage of the membrane changes from resting 

state of -70mV. This voltage change is a result of flowing ions producing the change in 

currents. When the current goes into the cell, it is called a sink current and when out of 

the membrane, it is called source current. Now, these currents together represent trans-

membrane currents also known as primary currents (𝐽𝑝), also producing electric fields 

which travel through the conductive mediums present in the brain are known as volume 

or secondary currents (𝐽𝑒). [84] 

Now the transmembrane currents are modelled using dipolar approach as the source 

and sink together make a dipole i.e. two opposite polarity currents separated by a small 

distance. In this model, each source node is represented in a 3D space elucidating dipole 

property whose current is given in relation to tissue conductivities (𝜎) and electrical field 

(𝐸). [84] 

𝐽 =  𝐽𝑝  +  𝐽𝑒 (23)  

or 

𝐽 = 𝐽𝑝 +  𝜎𝐸 (24) 
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9.1.2 Conduction of neuronal currents 

The head is composed of many tissues, each with its own conduction properties. To 

model the scalp potential, these conduction properties and their relationship with the 

source current need to be defined. This is done using the simplification of Ohm’s law, 

Maxwell equations and Bio-Savart law to which gives rise to the relationship between 

scalp potential and source activity [84]. The final equation captures how each source 

node contributes to the scalp potential at location (𝑟) and time (𝑡):  

 

𝐸(𝑟, 𝑡) = −𝑔𝑟𝑎𝑑(𝑉(𝑟, 𝑡)) (25) 

𝜎(𝑟)∇. 𝑔𝑟𝑎𝑑(𝑉(𝑟, 𝑡)) =  ∇. 𝐽𝑝(𝑟, 𝑡) (26) 

 

There are two main types of head models with conductivities, spherical models and re-

alistic models. Spherical models have concentric shapes with homogenous and isotropic 

conductivities. These models are the simplest models and use analytical solutions of the 

above-mentioned equation. Realistic head models account for realistic head geometry 

with conductivities derived from MRI segmentation using Boundary Element Method 

(BEM). This geometry is converted into a mesh, and a numerical solution is derived using 

Finite Element Method (FEM) or Finite Difference Method (FDM). [84] 

9.1.3 Relationship between neuronal activity and scalp potential 

In real environments, EEG is captured using electrodes where each electrode sees brain 

activity of a specific location. To incorporate this, the names of the electrodes and their 

locations in head coordinates were required. Based on the head model used, the solution 

is calculated at each sensor location in the form of a lead field matrix. This matrix repre-

sents the pattern of how each neuronal source will be seen on the scalp and given with 

the following equation: 

𝑉 = 𝐿 . 𝑆 + 𝜀 (27) 

 

Where, 𝐿 is the lead field matrix with 𝑁 * 𝑆 where 𝑁 is the number of electrodes, 𝑆 is 

number of source points and 𝜀 is the measurement noise. [84] 
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9.2 METHOD 

In this work, a 4-shell spherical model from MNE Python was used [85]. The shells cor-

respond to brain, cerebral spinal fluid (CSF), skull and scalp. Their radius and conduc-

tivities are given om Table 5: 

Table 5: Conductivities used in spherical head model by MNE Python [85] 

 

The source distribution was given in a volume space where 3025 sources which were 

situated 8.0mm apart within 90mm radius. The sources were planted normally to cortical 

surface. Each source point represented the neural population node on the 2D surface. 

The electrode positions were defined using Biosemi-16 montage. The forward solution 

using MNE Python that solves the analytical solution of equation 26 at each location of 

electrodes in the form of a lead field matrix (𝐿) was used.  

 

Figure 30. Montage with 16 electrodes placed on spherical head model 

Since the pyramidal neurons contribute most to the EEG potentials, membrane potential 

from excitatory populations were used for projection. 

9.3 RESULTS 

The results from this projection are presented. Firstly, different levels of random noise 

are given to excitatory population in 2D model to visualize the effect on oscillations. The 

Region Radii (m) Conductivities (S/m) 

Brain 0.90  0.33  

CSF 0.92  1.0  

Skull 0.97  0.004  

Scalp 1.0  0.33  
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source activity observed at each electrode is shown besides the activity obtained after 

adding measurement noise.  

 

Figure 31. The plot shows simulated EEG activity at each electrode without any ad-
dition of measurement noise. Each subplot shows EEG projected on the electrode 

placed on the head. The x-axis at each subplot is time and y-axis is voltage in micro-
volts. No fluctuations are visible, and the mean pyramidal activity produced by the 

model (see Figures 24-26) is observable. 

 

 
Figure 32. The plot shows simulated EEG activity at each electrode with measure-

ment noise, added as random noise with mean = 0 and standard deviation = 5. The x-
axis at each subplot is time and y-axis is voltage in microvolts. Fluctuations in the sig-

nal are visible.  
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Figure 33. The plot shows simulated EEG activity at each electrode without any ad-
dition of measurement noise. Each subplot shows EEG projected on the electrode 

placed on the head. The x-axis at each subplot is time and y-axis is voltage in micro-
volts. Random noise scaled with 0.1 magnitude was added to the pyramidal popula-

tions in the model as external input. No fluctuations are visible, and the mean pyrami-
dal activity produced by the model (see Figures 24-26) is observable at each electrode. 

 

 

Figure 34. The plot shows simulated EEG activity at each electrode with measure-
ment noise, added as random noise with mean = 0 and standard deviation = 5. The x-
axis at each subplot is time and y-axis is voltage in microvolts. Random noise scaled 
with 0.1 magnitude was added to the pyramidal populations in the model as external 

input. 
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Figure 35. The plot shows simulated EEG activity at each electrode without any ad-
dition of measurement noise. Each subplot shows EEG projected on the electrode 

placed on the head. The x-axis at each subplot is time and y-axis is voltage in micro-
volts. Random noise scaled with 50 was added as external input to the pyramidal popu-

lations in the model.  

 

 

Figure 36. The plot shows simulated EEG activity at each electrode with measure-
ment noise, added as random noise with mean = 0 and standard deviation = 5. The x-
axis at each subplot is time and y-axis is voltage in microvolts. Random noise scaled 

with 50 magnitude was added to the pyramidal populations in the model as external in-
put. 

 



60 
 

 
Figure 37. The plot shows simulated EEG activity at each electrode without any ad-
dition of measurement noise. Each subplot shows EEG projected on the electrode 

placed on the head. The x-axis at each subplot is time and y-axis is voltage in micro-
volts. Random noise scaled with 0.2 was added as external input to the pyramidal pop-

ulations in the model. The spatial kernel was changed to Mexican hat with excitation 
width=2.5, inhibition width=2.0, inhibition strength=0.2, excitation strength = 1.0. There 

are little fluctuations but not enough to produce oscillations. 

 

 

Figure 38. The plot shows simulated EEG activity at each electrode with measure-
ment noise, added as random noise with mean = 0 and standard deviation = 5. The x-
axis at each subplot is time and y-axis is voltage in microvolts. The x-axis at each sub-

plot is time and y-axis is voltage in microvolts. Random noise scaled with 0.2 was 
added as external input to the pyramidal populations in the model. The spatial kernel 

was changed to Mexican hat with # excitation width=2.5, inhibition width=2.0, inhibition 
strength=0.2, excitation strength = 1.0.  
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The oscillatory activity is not a characteristic of current 2D model. However, the elec-

trodes are able to capture the source activity from pyramidal population. The addition of 

current noise levels to pyramidal neurons and parameters of Mexican Hat kernel does 

not have any effect on the overall oscillatory activity of the populations. Oscillations in 

EEG potentials are mainly driven by measurement noise. Moreover, the propagation of 

CSD is not observable in the simulated EEG.  

 

 

 


