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Abstract
Inverse problems are often described as limited-data problems in which the signal of interest
cannot be observed directly. Therefore, a physics-based forward model that relates the signal with
the observations is typically needed. Unfortunately, unknown model parameters and imperfect
forward models can still undermine the signal recovery. Even though supervised machine learning
techniques offer promising avenues to improve the robustness of the solutions, we have to rely on
model-based learning when there is no access to ground truth for the training. In this work, we
studied a linear inverse problem that included an unknown non-linearly related model parameter
and utilized a Bayesian model-based learning approach that allowed reliable signal recovery and
subsequently estimation of the unknown model parameter. This approach, often referred to as
Bayesian approximation error approach, employed a simplified model of the physics of the
problem augmented with an approximation error term that compensated for the simplification.
An error subspace was spanned with the help of the eigenvectors of the approximation error
covariance matrix which allowed, alongside the primary signal, simultaneous estimation of the
induced error. The estimated error and signal were then used to determine the unknown model
parameter. For the model parameter estimation, we tested several different approaches: a
conditional Gaussian regression, an iterative (model-based) optimization, and a Gaussian process
that was modeled with the help of physics-informed learning. In addition, alternating optimization
was used as a reference method. As an example application, we focused on the problem of
reconstructing brain activity from EEG recordings (a.k.a. EEG source imaging) under the
condition that the electrical conductivity of the patient’s skull was unknown in the model. Poorly
selected conductivity values cause well-documented artifacts in the EEG source imaging results,
and the determination of patient-specific head tissue conductivities is a significant technical
problem. Our results demonstrated clear improvements in EEG source localization accuracy and
provided feasible estimates for the unknown model parameter, skull conductivity.

1. Introduction

1.1. Model uncertainties in inverse problems
In many biomedical imaging, seismic imaging, remote sensing, and tomographic applications, the features of
interest cannot be observed directly but must be inferred from other measurable quantities. This is known as
an inverse problem [1]. The limited, complicated, or distorted nature of observations, coupled with inherent
limitations such as large null spaces in model operators, often make inverse problems ill-posed [2]. To
address this, standard regularization techniques are often used [3–5]. Strategies to learn effective regularizers
directly from the data are a promising field of research [6–9]. However, reliable and accurate computational
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models that relate the features of interest and the observations are also needed. Unfortunately, uncertainties
are usually present in these models due to the modeling formulation itself (such as discretization that is
required to achieve numerical solutions), imperfect sensing, or lack of knowledge of suitable model
parameter values, which can significantly affect the final solution.

In applications like ultrasound imaging and magnetic resonance imaging [10, 11], well-established
methods are employed to tackle unknown model parameters. In particular, for the estimation of signals of
interest and model parameters, the corresponding bilinear optimization problems can be approached by
convexifying the problem using methods such as linearization (lifting) [11–13] or by alternating
minimization algorithms [14, 15]. However, optimizing both the primary unknowns and the model
parameters can be time consuming, convergence is not always guaranteed or several reinitializations may be
required, and approximations for parameters that are deep in the model may not always work. Techniques
that handle model uncertainties with the help of machine learning (ML) and data-driven approaches [16–18]
represent a new direction to accelerate computations and improve estimates in inverse problems [19–21].
However, unlike in many image and pattern recognition problems [22, 23], in inverse problems there is often
a limited or no access to ground truth data to train ML algorithms and deep neural networks [10, 23]. In this
study, we revisit the application of ML to severely ill-posed inverse problems when no access to ground truth
is possible. Specifically, we generate training data stemming from physics-based models and integrate this
domain-specific knowledge into the inverse problem formulation and recover both the primary unknown
and extract an estimate for the (unknown) model parameter. We approach the problem from a Bayesian
perspective, which facilitates the design of optimization algorithms under model uncertainty [24, 25].

As an application, we will focus on imaging brain sources from EEG recordings, due to its importance as
a low-cost diagnostic tool and the inherent mathematical challenges and associated model uncertainties. In
particular, we study imaging under the influence of erroneous skull conductivity (too high or too low),
which has been shown to significantly affect the imaging solution [26–32]. In numerical experiments, we
used simulated EEG recordings generated by single dipole sources in the somatosensory cortex of the brain,
as similar data sets (EEG and MEG) have previously been found to be suitable for skull conductivity
calibration [33–38]. Subsequently, the inferred conductivity value could be used in further EEG studies and
in the optimization/planning of transcranial electrical brain stimulation treatment [39–41]. We remark that
the developments of this paper are not limited to EEG source imaging but can also be used, for example, in
other imaging and deconvolution problems.

1.2. Bayesian approximation error approach and our contributions
In this work, we build on the growing use of Bayesian statistics in ML by providing methodological
approaches to efficiently solve linear inverse problems with model parameter uncertainties. In particular, our
developments are based on the well-known Bayesian approximation error (BAE) approach [24, 42] in which
a standard (approximate) observation model is used in the imaging accompanied with an additive error term
that takes into account the effects of the approximation. Similarly as in [42, 43], we first derive a posterior
distribution which simultaneously predicts the primary unknown signal and a low-order representation of
the model-induced error. For the representation, we employ the top-eigenvectors of the modeling error
covariance, obtained through Monte Carlo simulations. In addition to this, we derive an analytical
expression for the modeling error covariance to investigate the connections between the error, model
parameter, and primary signal. The provided insight allowed us to propose other Bayesian strategies to infer
the model parameter.

In the application domain, we evolve our previous work, in which we demonstrated that BAE can
improve source localization when skull conductivity is unknown [31], and our preliminary study on
simultaneous estimation of focal source activity and skull conductivity from EEG recordings [44]. Here, with
the help of simulated EEG data that corresponded to focal source activity in the somatosensory brain area,
we demonstrate the potential of our approach to reconstruct the underlying focal sources and low-order
estimates for the errors induced by unknown skull conductivity. Subsequently, these estimates are used to
approximate the skull conductivity.

Our contributions are twofold. First, we propose a Bayesian model-based learning technique for linear
inverse problems with unknown model parameters; second, we present different ways to estimate both the
primary unknown and the (unknown) model parameter. We demonstrate the approach by imaging the
source configuration (primary unknown) of the EEG brain imaging problem and estimating the unknown
skull conductivity (model parameter) in the observation model.

Although the BAE approach has been studied in a variety of settings [45–54], its use in the estimation of
model parameters has been rather limited [43]. Therefore, in this paper, we concentrate on the model
parameter learning aspect of BAE, offer insight on the conditions when it works, and propose two new ways
to improve the model parameter estimates. Namely, we first propose to replace the previously used linear
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regression, that is based on a conditional Gaussian (CG) approximation [43], with an iterative algorithm,
and second, we propose to use a Gaussian process (GP) to infer the unknown model parameter. We show
that these new developments are superior to the CG as the boundary data depend non-linearly on the model
parameter. Finally, we compare our methodology with other standard approaches dealing with blind inverse
problems (in which model parameters are partly or fully unknown) and show that the proposed
methodologies, which only rely on precomputed training data and off-line statistical learning, can
outperform alternating optimization methods when unknown parameters are deep in the model.

The paper is organized as follows. We first provide mathematical preliminaries in section 2. In section 3,
we then present a general overview of the BAE approach and how it can be exploited for model parameter
estimation. In section 4, we describe how the BAE and the proposed model parameter estimation techniques
can be applied to a model problem in which the source activity of the brain (primary unknown) and the
electrical conductivity of the human skull (model parameter) are estimated from EEG recordings. Section 5
describes the implementation of the numerical simulations followed by the results and discussion. Section 6
consists of conclusions and future work. Finally, the appendices provide further details on the theory and
analysis and a step-by-step pipeline on how to implement the BAE approach with model parameter
estimation.

2. Background

2.1. Bayesian inference in linear inverse problems
We consider the discrete observation model

v= A(σ)x+ e, (1)

where v ∈ Rm denotes the measurements,m is the number of measurements, A(σ) ∈ Rm×n (m≪ n) is the
system matrix (discrete forward model) that depends on a model parameter σ ∈ RNσ , x ∈ Rn is the
distributed signal (e.g. amplitudes in n locations) that we aim to solve. Finally, e denotes the measurement
noise that is modeled as Gaussian e∼N (e∗,Γe) with mean e∗ and covariance Γe. The model parameter σ is
usually (unrealistically) considered known. However, in this paper, we treat σ as unknown, and subsequently
estimate it alongside our primary unknown x.

In the Bayesian framework, the solution to the inverse problem is the posterior density

π (x|v)∝ π (v|x)π (x) , (2)

where π(v|x) is the likelihood and π(x) the prior.
In this case, the likelihood can be formulated as

π (v|x)∝ exp

(
−1

2
(v−A(σ)x− e∗)

T
Γ−1
e (v−A(σ)x− e∗)

)
. (3)

The model parameter σ is usually unknown and we want to obtain information on it, in addition to x.
These problems are often called blind inverse problems. Such problems are much harder to solve than
standard inverse problems. One approach is to estimate the parameters of the model and the signal by
alternating optimizations, but this has certain limitations; namely, convergence is not always reached, and the
computations can be time-consuming. Ideally, we would like to marginalize out the unknown parameter σ;
however this is not usually tractable. Hence, instead of the accurate matrix A(σ), an approximate (standard)
matrix A0 = A(σ0) with fixed parameters σ0 is often used in the inversion.

2.2. BayesianML
ML in inverse problems relies on training a model with known data, D= {(xs,vs)}s=1:S, in order to predict
underlying signals x given a new set of observations, v. In Bayesian ML, model parameter σ is a random
variable with distribution π(σ|D), x and σ are statistically independent and the likelihood is expressed as

π (v|x) =
ˆ

π (v|x,e,σ)π (e)π (σ|D)dσde. (4)

To estimate the primary unknown x, we have to estimate the previous likelihood; however, marginalizing out
directly the unknown σ parameter is not always tractable (especially for non-linear parameters). Even if we
approximate π(σ|D) = δ(σ− σ̂), the question on how we estimate σ̂ still remains open. Furthermore, in
such inverse problems where the access to ground truth distribution for x is (most of the time) impossible,
we have to rely on training techniques that employ model-based learning and sampling distributions.
However, to guarantee that feasible model parameters have been selected, the training data D (obtained from
model distributions) has to be produced under carefully designed simulations.
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3. Bayesian approximation error approach

3.1. Overview
To ease the model parameter estimation, we rewrite the observation model (1) with the help of an
approximate model A0 = A(σ0) ∈ Rm×n, where σ0 has fixed values, and remove the non-linearity with
respect to the unknown model parameter σ as

v= A0x+ ε+ e, (5)

where the additive error term ε ∈ Rm, referred to as approximation error [24, 42], accounts for the
simplification. In particular, the approximation error term is related to the unknown parameter as

ε(x,σ) = A(σ)x−A0x. (6)

Furthermore, when the variability of the error term ε is relatively low, it can be expressed as a linear
combination of few basis functions, for example, as in [42, 43] by using the eigenvalue decomposition of the
error covariance, Γε =Σm

k=1λkwkwT
k , where λk > 0 (in descending order) are the eigenvalues and wk ∈ Rm

the eigenvectors. Now, we can write the approximation error as

ε(x,σ) = ε∗ + ε ′ + ε ′ ′ =Wpα+ ε∗ + ε ′ ′, (7)

where ε∗ = E[ε] is the statistical mean of ε andWp = [w1, . . . ,wp] ∈ Rm×p (m> p) are the p top eigenvectors.
The term ε ′ =Wpα represents the dominant part of the variability in the error, while ε ′ ′ is a less informative
term described by the remainingm− p eigenvectors with mean E[ε ′ ′] = 0 and covariance
Γε ′ ′ =Σm

j=p+1λjwjwT
j . The coefficient vector α ∈ Rp represents the low-dimensional error components with

mean E[α] = 0 and diagonal covariance cov[α] = diag{λ1, . . . ,λp}. More details on this error decomposition
are given in appendix A. Now, by substituting the decomposed error into the observation model (5) we get

v= A0x+ ε∗ +Wpα+ ε ′ ′ + e. (8)

In practical applications, the basisWp and corresponding statistics can be learned from training data
sampled from the joint model distributions π(x) and π(σ), or computed semi-analytically [42, 43]. Then, we
can infer simultaneously x and α based on Bayes’ rule, π(x,α|v)∝ π(v|x,α)π(x,α).

Consequently, one way to obtain parameter estimates is by maximizing the conditional probability
distribution σ̂ :=maxσ π(σ|α), considering a joint Gaussian for (σ,α) as has been done previously [43].
However, this approach has limitations, since it considers that σ and α are sensibly related through a linear
relationship (or at least monotonic relationship), which may not be valid, and the approach also ignores the
fact that α depends on the signal x. This approximation can work well when the difference σ−σ0 is small.

In a more general case, we can consider a mapping from (α,x)→ σ. Since the analytical expression of
this mapping is often unknown (or too complicated to be derived), we can use non-parametric methods,
such as a GP, for the inference of the model parameter σ. Since x and σ are usually independent (this
depends on the underlying physics of the problem), the only way x can affect σ in this model is through its
interaction with the variable α; in our case, this kind of interaction occurs because α depends on x through
equations (6) and (7). Hence, GP learns a statistical relationship, not a causal one. GP is effectively learning
the inverse function of σ from the structure imposed by A(σ). Overall, as we shall see later by
approximating (6) and obtaining statistical knowledge through training data, we can recover meaningful
estimates σ̂ under certain conditions.

3.2. Bayesian inference of primary signal and approximation error
To jointly estimate both x and α, we need the posterior distribution π(x,α | v). To reduce computational
complexity, we adopt an approximation in which the variables (x,α,e,ε ′ ′) are treated as mutually Gaussian
and uncorrelated5 [42, 43]. The resulting approximate likelihood is

π̃(v|x,α)∝ exp
(
− 1

2
(v−A0x− ε∗−Wpα− e∗)

T

× (Γε ′ ′ +Γe)
−1(v−A0x− ε∗−Wpα− e∗)

)
. (9)

5 We note that even though in reality approximation errors usually depend on x, this technical approximation often results in very similar
inverse solutions [24, 25, 42].
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The corresponding posterior density is

π̃ (x,α|v)∝ exp

(
−1

2
∥Lε ′ ′+e (v−A0x−Wpα− ε∗− e∗)∥22

)
π (x,α) , (10)

where Lε ′ ′+e comes from the Cholesky factorization of (Γε +Γe)
−1. Finally, the maximum a posteriori

(MAP) estimate is obtained by solving:

(x̂, α̂)← argmin
x,α

{
1

2
∥Lε ′ ′+e (A0x+Wpα+ ε∗ + e∗− v)∥22− logπ (x,α)

}
. (11)

Next, we can use the point estimates (x̂, α̂) to infer σ with the help of learning techniques.

3.3. Inference of the model parameter
3.3.1. Variable interactions
The inference of the model parameter σ from the estimated error (as in [43])

ε̂≈Wpα̂+ ε∗ (12)

is feasible if the basis functionsWp primarily capture the error induced by the unknown model parameter σ.
However, this is not always the case, and in many situations, the estimated signal x̂must also be considered
when estimating σ. Without loss of generality in the following analysis we consider that σ> 0 is a scalar.

In particular, even though x and σ are independent variables, x can still influence σ through its
interaction with α. This implies that we are dealing with an interaction effect rather than a direct causal
relationship. To better understand how the linear and nonlinear effects of σ and x are incorporated into the
basis functionsWp and, consequently, affect the estimation of α (which we use to infer σ), we express the
error covariance semi-analytically using a Taylor expansion of the error (6).

Expanding around the mean σ∗, we obtain:

ε(x,σ) = A(σ∗)x−A0x+
∑
k

Jk (σ∗)zk (σ)x, (13)

where Jk =
1
k!

∂kA(σ)
∂σk

∣∣∣
σ=σ∗

∈ Rm×n and zk(σ) = (σ−σ∗)
k.

For simplicity, we assume σ∗ = σ0, and the error covariance can be expressed as:

Γε =
∑
k

Jk cov [xzk] J
T
k +

∑
k̸=j

Jk cov
[
xzk,xz

T
j

]
JTj . (14)

Since zk and x are mutually independent, it follows from [55] that the covariance matrix of their product is
given by:

cov [xzk] = cov [x]var [zk] + cov [x]E [zk]
2
+ var [zk]E [x]E [x]T . (15)

Furthermore, when the mean E[x] = 0 and x has isotropic covariance, i.e. cov[x] = γIn, we get

Γε = γ
∑
k

Jk
(
var [zk] +E [zk]

2
)
JTk + γ

∑
k̸=j

JkE
[
zkz

T
j

]
JTj . (16)

This expression for the error covariance suggests that x has primarily a scaling effect on the error covariance.
Furthermore, we need to determine whether matrix Jk implicitly encodes information about x, potentially
arising from the modeling process (e.g. linearization of a nonlinear problem). Overall, we expect the basis
functionsWp (obtained via the eigenvalue decomposition of Γε) to capture error contributions depending
both from the unknown model parameter σ and the primary signal x6.

6 If σ ∈ RNσ where Nσ > 1, we can obtain a similar expression, i.e. Γε = γ
∑

k,j Jk (cov[zk,zj]⊗ In) J⊤j ., where Jk ∈ Rm×(n·Nσ) and⊗
is the Kronecker product.
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3.3.2. CG approximation
In the Bayesian framework, we expect to obtain model parameter estimates by maximizing the conditional
probability distribution σ̂ :=maxσ π(σ|α), however this is not always tractable. Instead, a simple approach is
to approximate π(σ|α)∝ π(σ,α) and rely on Monte Carlo simulations [43]. In particular, a joint Gaussian
distribution for the pair (α,σ) can be a good approximation for small differences σ−σ∗. In other words,
first order Taylor approximation with only the linear term in (13) is sufficient to describe the modeling error.
Therefore, given an estimate for the error coefficients α̂, the mean of π(σ|α̂) is given by

σ̂∗|α = σ∗ +ΓσαΓ
−1
α α̂, (17)

where σ∗ denotes the mean value of the postulated model parameter distribution, the cross-covariance Γσα

is estimated using samples of α(s) and σ(s), and Γα = diag{λ1, . . . ,λp}. As we shall see later (in section 4.2.2),
in some cases the CG-based parameter estimation can be used to initialize a nonlinear iterative algorithm to
improve the model parameter estimates.

3.3.3. GP
In more general cases, where α= g(x,σ), we can employ statistical techniques to learn the inverse function,
σ = f(α,x), in order to predict σ. As explained earlier (in sections 3.1 and 3.3.1), this expression does not
mean that x and σ are dependent; it simply means that given α, we may be able to refine our estimate of σ by
knowing x, as the value of α depends on both σ and x. To infer σ, we can model f to be distributed as a GP,
f∼ GP(m,K), with mean functionm(α,x) = E[f(α,x)] and covariance (or kernel) function
K(α,x) = E[( f(α,x))−m(α,x))(( f(α ′,x ′))−m(α ′,x ′))T] [23]. In practice, based on training input-output

data,D = {x(s),α(s)}Ns
s=1 and fD = {σ(s)}NS

s=1 respectively, we can infer a new model parameter value σ̂ given a
new input estimated from (11). Thus, we can predict σ̂ given D̂ = (x̂, α̂) and the training dataD.

The predictive distribution is π( fD̂|D̂,D, fD)∼N (f̂D̂|D,KD̂|D). The conditional mean based on the
training set is

f̂D̂|D =m
(
D̂
)
+KD̂,DK

−1
D ( fD −m(D)) , (18)

where KD̂|D = KD̂ −KD̂,DK
−1
D KT

D̂,D is the conditional variance, KD̂,D is a vector of covariances between

every training case and (α̂, x̂), KD is a matrix with the training data set covariance, and KD̂ is the variance of
(α̂, x̂). The choice of the mean function and kernel can be determined based on available (sample) data and
properties (e.g. physics) of the inverse problem in question.

4. Dipole source imaging and skull conductivity estimation using somatosensory EEG
data

In this section, we present a framework for joint estimation of brain source activity and skull conductivity
using EEG responses. Building on the previously presented Bayesian approach, we present a modified
single-dipole scanning technique to estimate single sources and approximate modeling errors. Then, we
describe how the modeling error, which is dependent on the skull conductivity, can be exploited to calibrate
the skull conductivity value. To achieve this, we use three strategies, a CG approximation, an iterative
algorithm that can refine the CG-result (CG+Iter.), and finally a GP -based regression. In section 5, we
demonstrate the proposed approaches with simulated EEG recordings generated by single-dipole sources in
the somatosensory cortex of the brain, as this kind of EEG (and MEG) datasets have been shown to be
suitable for skull conductivity calibration [33–35, 37, 38].

4.1. Simultaneous approximation error and source estimation using model-based learning and single
dipole scanning
In this work, we apply the described Bayesian framework for the reconstruction of the unknown skull
conductivity (model parameter) in the EEG source imaging problem alongside the source activity. Here, we
consider the distributed source modeling [56, 57] where the primary unknown x ∈ R3n is the distributed
(electrical) current dipole source configuration (or field) in a source space that consists of n discrete
locations, |xi |=

√
x2i1 + x2i2 + x2i3 is the amplitude of the source at location i, and (xi1,xi2xi3) are the

components of xi along the coordinate axes. The observation model is linear, as equation (1), where v ∈ Rm

are the EEG recordings, and the system matrix A(σ) ∈ Rm×3n is called the leadfieldmatrix, which depends on
the model parameter, electrical conductivity of the skull σ ∈ R+.

To obtain estimates for the source and the approximation error, we first compute the MAP estimates of
the posterior (11). Since, in the numerical experiments (section 5), we use simulated EEG recordings
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generated by single dipole sources within a restricted region (namely, the somatosensory cortex of the brain),
we employ the dipole scanning solver that is widely used in EEG studies [35, 58–60]. In the dipole scanning
algorithm, the main assumption is that only a single dipole source xi is active at a time.

In Bayesian perspective, the standard dipole scanning algorithm solves x̂i = argmaxxi π(v|xi), where
π(v|xi) is the likelihood considering a single source at location i, and the solution is the estimate x̂i for which
the likelihood π(v|x̂i) is maximized.

For the proposed framework, the approximate likelihood of the dipole scanning algorithm is

π̃ (v|xi,αi)∝ exp
1

2

((
v−Ai

0xi +Wp
i αi + εi∗

)T
Γ−1
e+εi ′ ′

(
v−Ai

0xi +Wp
i αi + εi∗

))
. (19)

Here the subscript i denotes a specific dipole location, the superscript in Ai(σ) denotes the i1, i2, and i3
columns of the leadfield matrix and αi ∈ Rp are the error coefficients encoding the modeling error related to
location i. In particular, the error related to location i is εi(σ) = Ai(σ)xi−Ai

0xi ∈ Rm and its representation
using basis functions is εi(σ) =Wp

i αi + εi∗ + εi ′ ′. The basis functionsWp
i ∈ Rm×p are the p top eigenvectors

from the eigenvalue decomposition of the approximation error covariance matrix related to a source at
location i which is denoted by Γεi = E[(εi− εi∗)(εi− εi∗)

T] ∈ Rm×m where εi∗ ∈ Rm is the mean
approximation error at location i.

Therefore, we can compute a MAP estimate of the pair (x̂i, α̂i) at each location i, and then select as a
solution the pair that results in the maximum posterior π(xi,αi|v)∝ π(v|xi,αi)π(xi,αi). In particular,
considering uniform prior for π(xi) and π(αi)∼N (0,Γαi) where Γαi = diag{λi1, . . . ,λip}, we have the prior
π(xi,αi)∝ π(αi). Then, the dipole scanning algorithm solves for i = 1, . . . ,n

(x̂i, α̂i) = argmax
xi,αi

π (v|xi,αi) π (αi) . (20)

The final solution is

(x̂l, α̂l)← max
i=1,...,n

π (v|x̂i, α̂i) π (α̂i) , (21)

where index l refers to the location that gives the maximum posterior. From (20) and (19) and for the given
prior, we have that

(x̂i, α̂i) = argmax
xi,αi

exp

(
−1

2

∥∥∥∥[Lε ′ ′
i +eA

i
0 Lε ′ ′

i +eW
p
i

0 Lαi

][
xi
αi

]
−
[
Lε ′ ′

i +e (v− εi∗− e∗)
0

]∥∥∥∥2
2

)
, (22)

where ∥ · ∥22 is the ℓ2-norm, Lε ′ ′
i +e comes from the Cholesky factorization of Γ−1

εi ′ ′+e = (Γε ′ ′
i
+Γe)

−1 and

Lαi =
1
2diag{λ

−1/2
i1 , . . .,λ

−1/2
ip } where Γ−1

αi
= LαiL

T
αi
. Based on the previous, the MAP estimate for

location i is [
x̂i
α̂i

]
:=

[
Lε ′ ′

i +eA
i
0 Lε ′ ′

i +eW
p
i

0 Lαi

]−1 [
Lε ′ ′

i +e (v− εi∗− e∗)
0

]
. (23)

Finally, the solution is the pair denoted with subscript l that minimizes the functional

(x̂l, α̂l)← min
i=1:n

{
∥Lε ′ ′

i +e

(
v−Ai

0x̂i− εi∗−Wp
i α̂i− e∗

)
∥22 + ∥Lαi α̂i∥22

}
. (24)

Here, the corresponding primary error is given by ε̂ ′
l =Wp

l α̂l.
In the following subsections, we analyze the strategies for estimating σ given the pair (x̂l, α̂l).

4.2. Skull conductivity estimation
To obtain sensible estimates for the skull conductivity (model parameter), the estimated α̂ (and the
corresponding modeling error) has to be clearly correlated with σ. To analyze this, we inspect first the
covariance matrix of the approximation error at location l that is analytically given by

Γεl = γ

var(σ) Jl1J
l
1
T
+
∑
k,j⩾2

cov
[
zk,zj

]
JlkJ

l
j
T

 , (25)
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Algorithm 1. Iterative linear skull conductivity estimation.

Initialization: initialize σ1 = σCG using the CG solution (26).
DO Update leadfield model, Al(σt)

Compute Jacobian matrix, Jσt =
∂Al(σt)
∂σt

as in [61]

Compute, b= wl1α̂l + εl∗ − (Al(σt)−Al
0)x̂l

Solve: σt+1 =minσ ||b− Jσt x̂l(σ−σt)||22
WHILE ||σt+1 −σt||2 < ϵtolerance

where zk = (σ−σ∗)
k, Jlk =

1
k!

∂kAl(σ∗)
∂σk ∈ Rm is the kth derivative of the leadfield Al(σ)7 and γ is the dipole

variance. Here, without a loss of generality, we have considered that the standard conductivity is equal to the
mean conductivity of the training data π(σ), i.e. σ0 ≈ σ∗, to ease our analysis.

From the previous expression for the error covariance, we observe that the source xl introduces a scaling
effect on Γεl . Because of that and since the error covariance is Γεl ≈Wp

l Γαl(W
p
l )

T, the basesWp
l are shaped

primarily by the variability in the model parameter σ. However, due to the scaling effect of the source xl in
Γεl , one can expect that the error coefficients αl will be proportional to the amplitude of xl. Therefore, we
can suspect that the methods that employ only the estimated error α̂l to infer σ, as the CG approximation
described below, will not perform as well as the methods that include both, α̂l and the estimated source x̂l as
inputs.

4.2.1. CG approximation
Given α̂l, the conditional mean of the skull conductivity distribution π(σ|α̂l) is

σ̂CG = σ∗ +ΓσαlΓ
−1
αl

α̂l, (26)

where σ∗ is the mean value of the postulated skull conductivity distribution, Γσαl is the cross-covariance

between σ and αl (estimated from the samples of α(s)
l and σ(s), as will be described in section 5.1.4), and

Γαl = diag{λ1l, . . . ,λpl} where λ1p are the first p eigenvalues of covariance Γεl .
This Gaussian approximation approach can provide fast results, since it relies on off-line precomputed

statistics based on training data. However, in our EEG source imaging case, the approximation error and the
model parameter are non-linearly related, and the approximation error depends also on the dipole values.
Hence, the CG approximation may not give sufficiently accurate results further away from the linearization
point σ∗.

4.2.2. CG with iterations (CG+Iter.)
In this case, it is possible to improve the CG-based model parameter estimates by iteratively updating the
linearization point. Algorithm 1 presents an iterative approach that uses the CG result as an initialization and
also considers the estimated value of the source.

4.2.3. GP
Another way to estimate model parameters is to employ a GP. In GP, we can predict σ̂ given D̂ = (α̂l, x̂l) as
estimated from (24) and the training dataD. Hence, we have

σ̂GP =m
(
D̂
)
+KD̂,DK

−1
D ( fD −m(D)) . (27)

Different kernel K and mean functionsm(.) can model complicated relationships between variables, and the
way they were chosen in this case is described in section 5.1.6.

5. Implementation, results and discussion

In this section, we use simulated EEG recordings generated by single-dipole sources within the
somatosensory cortex of the brain to explore the capability of the proposed approaches to recover single
sources and infer skull conductivity values. In section 5.1, we present technical details regarding the meshes
used in forward simulations and inversion, dipole source spaces, training data, approximation error
sampling, and parameter selection procedures in skull conductivity inference. In addition, we describe the

7 In practice, we noticed that the derivatives of order k, j ⩾ 2 were negligible.
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Figure 1. Left: The brain area that was studied and positions of electrodes denoted by red dots. Right: A zoom-in of the area of the
brain that was studied to illustrate the candidate source locations. The red dots denote the source locations of the simulated
dipoles used for training and production of the approximation error statistics. The blue circles indicate the candidate source
locations for the reconstructions. To avoid over-fitting issues, we used different source locations in the final testing marked with
yellow circles. The axes are in meters.

used testing data and the different estimates that were computed. Subsequently, in section 5.2, we describe
our simulated experiments and present the results under different scenarios to demonstrate the proposed
approaches. Finally, we discuss further extensions and applications in section 5.3.

5.1. Implementation details
5.1.1. Meshes
For our study, we built the two used 3D meshes (a fine and a coarse one) with the help of the MRI data of the
so-called ernie subject and SimNIBS 4 software8 [62]. Four different tissue compartments (scalp, skull,
cerebrospinal fluid, and brain) were considered, and 76 electrodes were placed around the head according to
the international 10–10 system (see, figure 1). The fine mesh consisted of 2103 623 tetrahedral elements
joined in 377 150 nodes, and the coarse mesh of 743 575 tetrahedral elements joined in 136 868 nodes.

5.1.2. Leadfield models
The leadfield matrices used in this study were constructed with the help of custom made software that
exploited Finite Element Method with linear basis functions, as in [63].

First, we created K = 200 leadfield matrices with skull conductivity samples σ(k) drawn from a bounded
Gaussian distribution π(σ) with mean σ∗ = 0.0103 S m−1 and standard deviation 0.0035 Sm−1. The skull
conductivity distribution ranged from 0.0041 S m−1 to 0.033 S m−1 according to the values reported in [37,
64, 65]. The rest of the tissue electric conductivity values were 0.43 S m−1 for the scalp, 1.79 S m−1 for
cerebrospinal fluid, and 0.33 S m−1 for the brain (gray matter and white matter) [66]. We refer to these
leadfield matrices as samplemodels, A(σ). Out of these, 150 samplemodels were used to estimate the skull
conductivity related approximation error statistics (in section 5.1.4) and the remaining 50 samplemodels
were used for the training of the GP (in section 5.1.6).

For the final testing, we created two accurate leadfield matrices A(σ) with the help of the fine mesh and
skull conductivity values 0.0061 S m−1 and 0.0139 S m−1, that were not included in the sample set. In
addition, we created a standardmodel, A0, with the help of the coarse mesh and skull conductivity
σ0 = 0.0103 Sm−1.

5.1.3. Source spaces
The dipole source space was restricted to an approximately 30mm thick cross sectional area close to the
somatosensory area (as shown in the left image of figure 1). This area was selected because previous studies
had found it suitable for model calibration purposes [33–35, 37, 38]. In the right image of figure 1, we show a

8 https://simnibs.github.io/simnibs/build/html/index.html.
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magnification of the region of interest, highlighting the source spaces corresponding to the models
considered. In particular, the source space of the standard model (in the coarse mesh) is marked with blue
circles in the right image of figure 1, and it uniformly covers the gray matter of the brain with 2.5 mm
resolution (distance between neighboring sources). The red dots in the right image of figure 1 indicate the
source locations (in the fine mesh) that were used in the estimation of the approximation error statistics, as
described in section 5.1.4. The number of points (source locations) in both source spaces was 560. For the
final testing, to avoid over-fitting, we produced observations from simulated dipole sources placed in
different locations (in the fine mesh, marked with yellow in the right image of figure 1) than the sources that
were used to produce the statistics.

5.1.4. Approximation error statistics and training data
The approximation error statistics were estimated from samples. These samples for each location index i
were created by evaluating one of the (randomly chosen) samplemodels A(σ(k)) and the standard model A0

with a single dipole source x( j)i as

ε
(s)
i = A

(
σ(k)

)
x( j)i −A0x

( j)
i . (28)

A set of J= 100 single radial (with respect to the center of the brain) dipole samples x( j)i with amplitudes
drawn from a Rayleigh distribution π(|xi|)|= Rayleigh(

√
2γ) with parameter γ= 1.85 and mode 2.55, and

150 different sample leadfield models were used to estimate the approximation error statistics at each location
i. The superscripts are as follows: s= j+ J(k− 1) where j = 1, . . . , J, and k= 1, . . . ,K, and s= 1, . . . ,S. The
mean εi∗ and covariance matrix Γεi of the corresponding approximation error at location i were

εi∗ =

∑S
s=1 ε

(s)
i

S
and Γεi =

1

S− 1

S∑
s=1

(
ε
(s)
i − εi∗

)(
ε
(s)
i − εi∗

)T
. (29)

Based on these, we evaluated samples for α(s)
i and εi ′ ′(s) as α(s)

i =WT
i (ε

(s)
i − εi∗) and εi ′ ′(s) = QiQT

i

(ε
(s)
i − εi∗), whereWi and Qi contained the eigenvectors 1, . . . ,p and p+ 1, . . . ,m of Γεi respectively (please

see appendix A for details). Furthermore, by using these samples we estimated numerically Γαi and the

cross-covariance Γσαi , i.e. Γαi =
1

S−1

∑S
s=1α

(s)
i (α

(s)
i )T, Γσαi =

1
S−1

∑S
s=1(σ

(s)
i −σi∗)(α

(s)
i )T and

σi∗ =
1
S

∑S
s=1σ

(s)
i .

5.1.5. Selection of p eigenvectors
The number of eigenvectors p required to describe the primary error ε ′ depends on the discrepancies that
produce the approximation errors. In general, it is preferable if only few eigenvectors can be used. In the
current setup, the source amplitude had only a scaling effect on the covariance matrix Γεi . Furthermore, we
noticed that the numerically estimated covariance is well approximated by the first term of equation (25).
Then, since we were looking for a single model parameter value (skull conductivity σ> 0), we set p= 1 and
use only the eigenvector corresponding to the largest eigenvalue. Thus, we had a single error coefficient
αi ∈ R to estimate.

5.1.6. Inference of skull conductivity from training data

In this section, we investigate the relationships between the variables {x(s)i ,α
(s)
i ,σ(s)}Ns

s=1 for a single dipole
location i in order to better understand the skull conductivity estimates that could be obtained from CG (26)
and GP (27).

5.1.6.1. CG
The red line in figure 2 shows the conditional skull conductivity predictions for different αi values using

σCG = σ∗ +ΓσαiΓ
−1
αi

α
(s)
i . In addition, in the left image of figure 2 we have visualized the pairs {α(s)

i ,σ(s)} for
different source amplitudes. The horizontal scatter of the error coefficients αi for a fixed σ(s) shows the effect
of varying source amplitudes. Furthermore, the green cross shows the sample mean σ∗ and the sample mean
of the error coefficient. We can observe that for skull conductivity values close to the mean σ∗ =
0.0103 S m−1 (which is equal to the standard conductivity σ0), the conditional conductivity predictions
from (26) are accurate. Also, we notice that the red curve (CG conductivity prediction curve) passes through
the error coefficients that correspond to the mode of the dipole amplitude distribution π(|xi|). Thus, we can
expect feasible conductivity predictions only when the source amplitude is close to the mode. When the
underlying skull conductivity is further away from σ∗ the predictions deteriorate. A more detailed
explanation for this is given in appendix B.
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Figure 2. In these figures, x-axis shows the sampled α
(s)
i and y-axis the corresponding σ(s). Left: For a given source location i, we

visualize the sample pairs {α(s)
i ,σ(s))} for all the different source amplitudes. The red line shows the CG skull conductivity

predictions σ∗|αi
= σ∗ +ΓσαiΓ

−1
αi

α
(s)
i (26). The green cross shows the sample mean σ∗ and the mean of the error coefficient

which is zero. Right: here, we show how the error coefficient α
(s)
i is related to the skull conductivity value σ(s) given a fixed source

amplitude |xi|. In this case, we can observe monotonic relationships between conductivity σ and αi.

The right image of figure 2 shows the sample pairs {α(s)
i ,σ(s)} for few fixed amplitudes |xi|. We observe

monotonic relationships between the conductivity and the error coefficient αi. Also, we can see that when
σ > σ0, the error coefficient αi is negative, and when σ < σ0 the error coefficient αi is positive. Hence, the
sign of the error coefficient could indicate whether the true skull conductivity is lower/higher than σ0.

5.1.6.2. GP
To allow more complex relationships (instead of just linear) and to take into account the effect of the source
amplitude, we employed a GP to infer the skull conductivity. For this purpose, we needed to define the mean
and covariance functions, specified by hyperparameters. In the current problem, the statistics of the
underlying (unknown) function σ = f(αi,xi), f∼N (m(αi,xi),Kαi,xi), could be approximated based on the
expected relationships between the parameters and simulated training data. In particular, the mean function
m(αi,xi) could be modeled as a polynomial of the following form

m(αi,xi) =
∑

0⩽h⩽H

ct

(
αi + k

|xi|

)h

, (30)

where k= wT
i1εi∗. The elements of the covariance kernel were modeled using the following exponential

function

kαi,xi = s2f exp

(
− 1

L2

[
αi
|xi| −

α ′
i

|x ′
i |

]2)
, (31)

where the scaling factor sf = 0.001 has the same order of magnitude as the standard deviation of the
conductivity values (vertical scaling) and the length scaling L was set equal to 10 based on the range of αi

|xi|
values (aiming to avoid under-fitting and over-fitting). The selected mean and covariance functions and their
parameters encapsulated our beliefs on the data and our understanding of the related physics. A qualitative
explanation for these choices can be found in the appendix C.

In figure 3, the blue dots show the simulated (target) values that were not used in the estimation of the ct
coefficient, the red line shows the mean prediction of the GP regression given by (30), the shaded gray areas
represent the (pointwise) two standard deviation limits corresponding to each input, and the red crosses
show the observations / training data. Here, we can see that the order H= 2 is able to describe the
relationships between the three parameters. Higher order H did not improve the fit.

In practice to apply the GP, we divided the artificially generated training data set {x(s)i ,α
(s)
i ,σ(s)}Ns

s=1 into
two subsets. The first subset was used to estimate the coefficients ct through least squares, and the second

11
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Figure 3. The blue dots are the target values of the conductivities, the red line is the mean of the GP prediction, the gray color
shows the two standard deviation intervals, and the red crosses depict the training data.

subset was used later as input-output training data when solving the problem (27). It is worth noting that the
triplets were from additional samples that were not used in the estimation of the approximation error
statistics Γεi , εi∗ norWi in section 5.1.4.

5.1.7. Testing data and different estimates
For the final testing, the EEG recordings were generated using one of the accurate leadfield models (in the
fine mesh) as

v= A(σtrue)x+ e, (32)

where the value of σtrue was either 0.00 601 S m
−1 or 0.0139 S m−1 that were not included in the training sets,

and e denotes the additive (white) measurement noise.

5.1.7.1. Additive measurement noise
Random white noise with zero mean, e∗ = 0, was added to the observations. In particular, the measurement
noise was e= sc ē ∈ Rm where ē ∈ Rm was sampled from a Gaussian distribution with zero mean and
variance one. The scaling parameter sc ∈ R+ was estimated with the help of the chosen signal-to-noise ratio

(SNR), defined as SNR= 10 log10
∥v∥2

2

∥sc ē∥2
2
where ∥.∥22 is the ℓ2- norm.

In the numerical experiments, two levels of SNR were used, 40 dB and 30 dB. In the following, the
measurement noise covariance was Γe = sc2Im.

5.1.7.2. Single dipole source estimates
Since we studied only single dipole sources, we used the single dipole scanning algorithm [35, 58–60] to
estimate the sources.

• When using the standard leadfield model (in the coarse mesh) with standard skull conductivity σ0 =
0.0103 S m−1, we solved the following optimization problem

x̂l← min
i=1:n

{
min
xi
∥Le
(
v−Ai

0 xi
)
∥22
}
, (33)

where Le is a matrix square root of Γ−1
e = LTe Le. In practice, this functional was minimized for each source

space node l considering that the dipoles in other locations were zero, and the solution was the dipole source
that minimized the residual.
• When using the proposed Bayesian approximation error algorithm, we found the pair that minimized

(x̂l, α̂l)← min
i=1:n

{
∥Lε ′ ′

i +e

(
v−Ai

0x̂i− εi∗−wi1αi

)
∥22 + ∥Lαiαi∥22

}
, (34)
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where (Γε ′ ′
i
+Γe)

−1 = LTε ′ ′
i +eLε ′ ′

i +e, and the estimated α̂l was subsequently used for the skull conductivity

estimation. Note that also this dipole source estimate was computed using the standard leadfield model A0

(i.e. without knowledge of the true skull conductivity).

5.1.8. Skull conductivity estimates
Then, the skull conductivity estimation was carried out either by using only the solved α̂l from the previous
step, or the pair (α̂l, x̂l).

• CG: the first approach was to use the CG estimation in which the model parameter was solved simply by
using the cross-covariance as

σ̂CG = σ∗ +ΓσαlΓ
−1
αl

α̂l, (35)

where Γαl and Γσ,αl were computed from the samples {α(s)
l ,σ(s)}.

• CG+Iter: to improve the above CG solution, we employed the iterative approach presented in section 4.2.2
(algorithm 1) that took the estimated source also as an input.
• GP: skull conductivity estimation using a GP

σ̂GP =m(α̂l, x̂l)+K(α̂l,x̂l),DK
−1
D ( fD −m(D)) , (36)

whereD = {α(s)
l ,x(s)l }, fD = {σ(s)} and the functions as described in section 5.1.6.2.

5.1.8.1. Reference method: alternating single dipole scanning
We compared our estimates of dipole source and skull conductivity with the estimates of a reference method
based on alternating minimization [14, 15]. The corresponding estimates were the following

x̂(k+1)
l ← min

i=1:n

{
min
xi
∥Le
(
v−A

(
σ(k)

)i
xi

)
∥22
}
,

σ̂(k+1)←min
σ
∥Le
(
v−A(σ)l x̂(k+1)

l

)
∥22,

(37)

where A(σ)l ≈ A(σ(k))l + ∂Al

∂σ |σ=σ(k)(σ−σ(k)) where the derivative was evaluated as in [61].

5.2. Simulated experiments and results
We first study the effects of varying source amplitude on source localization accuracy and skull conductivity
estimates. Subsequently, we compared the proposed algorithms with a fixed source amplitude. In all the test
cases, we used single radial dipole sources. We randomly picked 88 source locations (that were not used in
the training) from the area of the brain shown in figure 1. The EEG measurements v were computed using
the accurate leadfield model (32) in the fine mesh that had either skull conductivity 0.00 601 S m−1 or
0.0139 S m−1 (that were not included in the training sets).

Random white noise was added to the measurements. In section 5.2.1, a low noise level, SNR= 40 dB,
was used in order to study the effects of the varying source amplitude on the results. In section 5.2.2, a higher
noise level, SNR= 30 dB, was used.

All the dipole source reconstructions were carried out using the standard leadfield model (in the coarse
mesh) that had fixed skull conductivity σ0 = 0.0103 S m−1; the alternating dipole scanning obviously
updated the leadfield model during the iterations and used the standard leadfield model only in the initial
step. For the model parameter (skull conductivity) estimation, CG+Iter also updated the leadfield model in
the iterations.

To evaluate the dipole source reconstructions, we calculated localization errors (Euclidean distances in
millimeters) between the true and reconstructed source location. In the following, we denote Xst, XBAE, and
Xalt as the localization errors of the standard solution (33), BAE solution (34), and alternating
algorithm (37), respectively. Subsequently, we estimated the improvements in source localization∆X of the
algorithms defined as Xst−XBAE and Xst−Xalt.

5.2.1. Effects of varying source amplitude in source localization improvement and skull conductivity estimates
In the first test case, we simulated boundary measurements stemming from 88 radial dipoles (one at a time)
with increasing source amplitude (from 0.3 to 4.2, in normalized source amplitude units9), and then

9 Instead of using the typical single dipole source amplitude values, 10-50 nAm, we used the normalized ones for numerical stability.
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Figure 4. Histogram lines of the localization errors of the standard solution and the BAE solution in the two studied cases,
σtrue = 0.00601 S m−1 and σtrue = 0.0139 S m−1, when different source intensities were used. The standard model used in all the
reconstructions assumed (erroneously) skull conductivity σ0 = 0.0103 Sm−1.

Figure 5. Comparison of localization improvements∆X and skull conductivity estimates across various source amplitudes. The
boundary measurements v were simulated by using single dipoles and two testing skull conductivities, σtrue = 0.00601 S m−1 and
σtrue = 0.0139 S m−1, while the standard model used in the reconstructions assumed (erroneously) skull conductivity
σ0 = 0.0103 Sm−1. The left image illustrates the localization improvements as box plots in these two cases as a function of the
varying source amplitude. The images in the middle and right show the estimated skull conductivity values as a function of source
amplitude using the three methods (CG, CG+Iter, and GP). The dashed horizontal lines represents the standard conductivity σ0

and the blue lines shows the true skull conductivity.

computed source reconstructions, using (33) and (34), and skull conductivity estimates using the proposed
approaches, CG (35), CG+Iter. (Algorithm 1), and GP (36).

Figure 4 shows the histograms of dipole localization errors, Xst and XBAE, of the standard solution (33)
and the BAE solution (34), respectively, for the four different source intensities. Each histogram line
corresponds to results of 88 simulated sources with a fixed source intensity.

As can be seen, the localization errors of the BAE solutions are much more often smaller than the
localization errors of the standard solution in all the cases. Moreover, the localization errors do not seem to
have any particularly strong trend with respect to the source intensity.

In figure 5, we show with box plots the source localization improvements (∆X= Xst−XBAE, in milli
meters) and the estimated skull conductivities in the two test cases as a function of the source amplitude. The
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medians are represented by the horizontal lines inside the boxes, the edges of the boxes denote the 25th and
75th percentiles, and the whiskers and outliers indicate the range of values. It is worth emphasizing that the
source reconstructions were carried out by first, using the standard leadfield model that assumed
(erroneously) skull conductivity value σ0 = 0.0103 S m−1, and second, using the same standard model
accompanied with the statistics of the BAE modeling. Higher∆X values in the first (left) image of figure 5
indicate greater improvements using the proposed BAE dipole scanning. Light gray refers to the σtrue < σ0

case and dark gray to the σtrue > σ0 case. We can see that localization improvements can be achieved using
the proposed BAE dipole scanning in both cases, when compared to using the standard dipole scanning. The
benefits of BAE are more evident in the case with σtrue = 0.00601S m−1 < σ0 than in the case with
σtrue = 0.0139S m−1 > σ0.

The second (middle) and third (right) image in figure 5 show box plots of the estimated skull
conductivities in the test cases with σtrue = 0.00601S m−1 < σ0 and σtrue = 0.0139S m−1 > σ0, respectively.
The skull conductivities were estimated using the proposed techniques, CG, CG+Iter and GP, across various
source amplitudes. The horizontal dashed black line represents the standard conductivity σ0, and the solid
blue line shows the true conductivity used in the test cases.

Based on these results, the CG-based conductivity estimation performs well only when the source
amplitude is close to the mode of the source amplitude distribution π(|xi|) (see appendix B for an
explanation). Furthermore, the solution tends to be close to the standard value (σ0) when the source
amplitude is small. This is because for small source amplitudes, the reconstructed error coefficient (αi) is
usually small (due to the scaling effect, see section 4.2) and thus, favors conductivity values close to σ0 (as
was expected based on the red curve in figure 2). Furthermore, we can see that the skull conductivity
estimates of CG for increasing dipole amplitude either decrease (in the σtrue < σ0 case), or increase (in the
σtrue > σ0 case). Therefore, we observe here the interaction effect (explained in sections 3.1 and 3.3.1) based
on which a change in the source amplitude can hinder the conductivity estimation with CG, even though,
based on the underlying physics, the source amplitude does not depend on the skull conductivity.

As a first improvement to CG, we proposed an iterative algorithm (algorithm 1) that takes as an input the
estimated source x̂ and uses the CG estimated conductivity as an initialization. As can be seen, the accuracy
of the iterative algorithm is much better compared to using only CG, and the solution is much less
dependent on the source amplitude. However, the iterative algorithm is computationally much more
effortful, e.g. because of the repetitive computations of the Jacobian matrix.

As an alternative to CG+Iter., we proposed to use a GP for the conductivity estimation. GP is
computationally much less demanding, the effort being essentially the same as in the non-iterative CG. Based
on the results, we can observe that GP performs even better than CG+Iter, with medians closer to the true
skull conductivity and shorter whiskers.

5.2.2. Source localization improvements and skull conductivity estimates with the proposed algorithms
In the following two case studies, we fixed the source amplitude to 1.3 (normalized units). We estimated the
sources and their localization accuracy, as before. For the model parameter (skull conductivity) estimation,
we used only the proposed CG+Iter and GP, as it was shown in the previous section that these two were
superior to the simple CG approach. We ran the algorithms for each location with 5 different (measurement)
noise realizations at SNR= 30 dB, and we estimated the corresponding localization improvements,

∆X= Xst−XBAE, and the errors of the conductivity estimates as percentages, |∆σ|= 100× |σ̂−σtrue|
σtrue

. The
presented results are the average values of∆X and |∆σ| for each tested location. As a reference method, we
computed the source reconstructions and skull conductivity estimates by using the alternating dipole
scanning (37).

Figure 6 depicts the results of the proposed Bayesian approach for the σtrue < σ0 case applied over
selected source locations in MRI slices 72, 74, 76, and 78. The top row presents the source localization
improvements resulting from the BAE solution with respect to the standard model. The white triangles
depict the locations in which the source localization improvements were the highest (∆X> 6mm), and the
red and orange triangles correspond to smaller localization improvements, ranging from 2 mm to 6 mm. In
locations marked with white squares, the localization errors were negligibly small (⩽mm) discretization
considered. The yellow (upside down) triangles depict negative localization improvements (between−6 mm
and−2 mm), which means that in these cases the standardmodel (with erroneous skull conductivity value)
performed better than the proposed BAE approach. The note below the top row gives the percentage of cases
in which the localization improvements were greater than 2 mm.

The middle and bottom rows present data related to conductivity errors, comparing the two different
methods, CG+Iter. in the middle row and GP in the bottom row. Because the conductivity values were
estimated alongside the sources, the conductivity estimation errors are presented with the help of the (true)
locations of the sources that generated the corresponding EEG testing data. The symbols (squares and

15



Mach. Learn.: Sci. Technol. 6 (2025) 035020 A Koulouri and V Rimpiläinen

Figure 6. Results of the proposed Bayesian approaches in terms of source localization improvement and conductivity estimation
error across coronal MRI slices (72, 74, 76, and 78) when σtrue < σ0 and SNR= 30 dB. The top row displays localization
improvements, with triangles indicating different magnitudes of the improvements (in milli meters). As the conductivity values
were estimated together with the sources, both the localization improvements and conductivity estimation errors are presented
with the help of the (true) locations of the sources that generated the corresponding EEG testing data. The middle and bottom
rows show the errors of the conductivity estimates when CG+Iter. (middle) and GP (bottom) were used. The symbols represent
different levels of conductivity errors (in percentages): white squares denote errors less than 5%, and circles with shades of blue
and black higher skull conductivity estimation errors. Here, GP achieved conductivity errors below 5% in 61.4% of cases,
outperforming CG+Iter. that achieved the same only in 40.9% of cases.

circles) illustrate different conductivity estimation errors: the white squares indicate the smallest errors
(|∆σ|⩽ 5%), and the circles (with different shades of blue and black) indicate higher estimation errors,
from 5% to more than 20%.

In figure 7, we show the results of the reference method, the alternating dipole scanning set in (37), in the
σtrue < σ0 case. The localization improvements and conductivity estimation errors are presented using the
same notations and symbols as in figure 6. Figures 8 and 9 present the corresponding Bayesian and reference
results in the σtrue > σ0 case.

5.3. Discussion
5.3.1. Source estimates
The Bayesian approximation error approach showed substantial improvements in source localization
accuracy when compared to both, using the standard model with fixed skull conductivity and the alternating
dipole scanning that was used as a reference method. When compared to the standard model, the BAE
improved source localization by⩾ 2mm in 78.4% of the tests in the σtrue < σ0 case and in 51.1% of the tests
in the σtrue > σ0 case. In the rest of the tests, the performances of the BAE and the standard model were
similar; there were only two source locations in which the standard model outperformed the BAE. The
alternating dipole scanning performed in most tests equally to the standard model, outperforming the
standard model only in 37.5% of the tests in the σtrue < σ0 case and in 19.3% of the tests in the σtrue > σ0

case.
The improvements provided by the BAE modeling were particularly clear in the case where the true skull

conductivity was lower than σ0. This is because the EEG measurements, and thus the approximation errors,
are non-linearly proportional to the skull conductivity, roughly ε∝ 1/σ. Therefore, the absolute values of
the approximation errors in the σtrue < σ0 case were (on average) higher than in the σtrue > σ0 case. In the
tests where the approximation errors were high (causing poor performance for the standard model), the BAE
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Figure 7. Results of the reference method, the alternating minimization algorithm (37), for the σtrue < σ0 case. The top row
shows the localization improvements similarly as the top row of figure 6, and the bottom row shows the errors of the estimated
skull conductivities in percentages similarly as the middle and bottom rows of figure 6.

Figure 8. Results of the proposed Bayesian approaches in terms of source localization improvement and conductivity estimation
error in the σtrue > σ0 case. The notations and symbols are as in figure 6.

approach could effectively alleviate the source localization errors with the help of the embedded model-based
training statistics of the approximation errors. The other way around, when the approximation errors were
smaller in the σtrue > σ0 case, the potential improvements in the localization accuracy that could be gained
with the help of the BAE approach were more modest. These findings are in line with our previously
published results [31].
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Figure 9. Results of the reference method, the alternating minimization algorithm (37), for the σtrue > σ0 case. The top row
shows the localization improvements similarly as the top row of figure 6, and the bottom row shows the errors of the estimated
skull conductivities in percentages similarly as the middle and bottom rows of figure 6.

5.3.2. Model parameter estimates
The CG regression-based model parameter estimation did not work robustly for two main reasons. First, the
model parameter cannot be solved using only the low-rank estimator for ε, because the solution additionally
depends on the source amplitude (as seen in figures 2 and 5). Second, the model parameter depends
non-linearly on ε (and α, as seen in figure 2) which can cause inaccuracies in the estimates particularly when
the true conductivity values are relatively far from the linearization point, σ0.

Thus, the iterative algorithm that used the CG solution as initialization performed better. The estimates
were more accurate because the (estimated) source intensity was taken into account and because the problem
was iteratively linearized. The trade-off was the computational burden that significantly increased.

GP offered an effective alternative to the above as it did not require iterations. However, the prerequisite
was that suitable mean and kernel functions were needed to describe the relationship between the model
parameter and ε. In our case, this relationship could be approximated based on the underlying physics (see
appendix C). From the tested approaches, GP gave the best model parameter estimates.

The skull conductivity estimates of the alternating optimization (37) were poor. Furthermore, we want to
stress that the computation of a new lead field matrix and Jacobian matrix, both required by this algorithm,
are highly demanding steps, which makes the alternating optimization unfavorable. In addition, we observed
that the alternating optimization was sensitive to the initialization of the conductivity parameter. In some
cases, the method did not converge with the initialization σ0, and another initialization point close to σ0 was
required.

5.3.3. General remarks, potential and limitations
In this work, by applying the dipole scanning approach that assumes strict single-dipole activity, we
successfully removed the dependence of the approximation error on the source location. This was achieved
by computing location-specific error estimates; in other words, the error depended solely on the dipole
source and the skull conductivity at a fixed location. As a result, the modeling error effects could be described
using a single eigenvector, and the computational effort and complexity of the estimation process were
reduced considerably in the inversion.

Furthermore, the single-dipole scanning approach employed in our demonstrations has been shown to
be equivalent to sLORETA which is a well-established and widely used technique for localizing single smooth
source activities [59]. This result enables direct application of the approach to scenarios involving smoother,
spatially extended single sources. In particular, visualizing the sLORETA estimate would be equivalent to

visualizing a goodness-of-fit distribution defined by 1− ∥v−A(i)
0 x̂i−wiα̂i−εi∗∥2

∥v∥2
for i = 1 . . . ,n, where (x̂i, α̂i) are

the estimates obtained from the single-dipole scan.
We note that the design of prior distributions (e.g. Gaussian, Laplace or hierarchal priors) in the BAE

posterior (10) of the EEG source imaging problem is not a straightforward task. This due to the fact that the
EEG source imaging problem suffers from an inherent limitation, namely the so-called depth-bias [67]
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which means that the reconstructed active sources typically locate close to the brain surface, regardless
whether the true source activity is on the brain surface or deeper in the brain. Unfortunately, this depth-bias
problem has not yet been fully resolved; one usually tries to overcome it by using either depth weights and/or
hyperparameters in the prior distribution [68–77]. In this work, by considering strictly single-dipole activity,
we eliminated the need for these weighting schemes and specially designed priors.

Here, we want to acknowledge that low SNRs can impact both primary unknowns and error estimates,
and consequently the accuracy of model parameter inference. However, the specific tolerance to noise
depends on properties of the inverse problem, such as the number of measurements and the characteristics
of the convolution kernel. In this study, we noticed that with SNR= 30 dB we could still recover meaningful
reconstructions. In our previous study [31], we observed that the benefits of BAE were negligible when SNR
= 20 dB. As detailed in appendix D, one way to test this would be to compare the noise level of the
measurements with the magnitude of the expected approximation errors [42].

One practical observation we made in the current work was that it is preferable to use an average model
parameter value (skull conductivity) in the standard model, since it facilitates model parameter inference
under Gaussian assumptions and faster convergence when linearized model parameter estimates are later
performed. If the model parameter estimation step is not needed, then the choice of the standard model may
not always be very critical [54].

Finally, as the BAE approach without model parameter estimation has been used in various (linear and
non-linear) problems [45–54], we would expect that in many similar cases as these the joint inference of the
primary unknown and error approximation (11) would be tractable. Subsequently, based on the available
training data, the properties (physics) of the problem at hand, and the complexity of the approximation error
term, different inference strategies for the model parameters could be formulated. In addition to the CG, and
the proposed CG+Iter. and GP, others such as polynomial chaos expansions and equivalent techniques could
be tested for the model parameter inference.

6. Conclusion and future work

Inverse problems are challenging due to their ill-posed nature, but also because model uncertainties are often
present. The lack of access to ground truth data makes it difficult (or impossible) to apply standard and
well-known supervised learning techniques for inferring model parameters. Instead, we must rely on
meticulously designed simulations to generate sampling distributions for the model parameters, based on
evidence, physics, and carefully made assumptions on the problem. This presents a complex challenge,
making the task of designing and creating realistic simulations more critical than ever for effective training
and testing, and for avoiding such issues as data snooping and overfitting.

In this paper, we employed the Bayesian approximation error approach to solve a blind linear inverse
problem with a non-linear (unknown) model parameter in the forward model and tested different
approaches to estimate both the primary unknown and the model parameter. To do that, we produced
model-based training data that gave us samples of the approximation error. We used these samples to
numerically estimate the mean and covariance matrix of the approximation errors, and subsequently a
subspace spanned by the top eigenvector of this covariance was used to give a low-rank estimate of the
approximation errors in the test cases.

Based on the solved primary unknown and approximation error estimate, we inferred the (unknown)
model parameter using three approaches. The first approach was based on CG regression, the second
iteratively updated the linearization point, and the third utilized a GP that was modeled with the help of
physics-informed learning. In addition, alternating optimization was used as a reference method.

As an application, we studied the EEG source imaging problem in which the (forward) leadfield model
contained a non-linear unknown model parameter, the skull conductivity. The utilization of the BAE
approach clearly improved the source localization accuracy of the imaging. The proposed CG+Iter. and GP
provided superior estimates for the skull conductivity when compared to the CG estimates. While the GP
and CG+Iter. yielded comparable results across different source amplitudes, the GP method offers a practical
advantage due to its computational efficiency and robustness against local minima, making it a preferable
choice in most scenarios.

In the future, the BAE approach with GPs will be tested with experimental EEG data, and the estimated
skull conductivities will be compared to results from other (experimental) skull conductivity calibration
techniques. In EEG imaging, the BAE approach could be tested with more complicated priors, such as ℓ1 and
group-lasso priors, and in scenarios where several tissue conductivities are recovered simultaneously with the
source configuration. However, in these new formulations, the complexity of the modeling error (e.g.
existence of higher-order frequencies and thus the requirement to use more eigenvectors to describe it)
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should be investigated. Finally, as the proposed developments are not limited to the EEG source imaging,
other inverse problems such as kernel estimation in blind deconvolution problems could be studied.
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Appendix A. Expressing approximation error via basis functions

Our aim is to express the approximation error term with the help of a small set of basis functions. We begin
with the covariance of the approximation error, defined as

Γε = E
[
(ε− ε∗)(ε− ε∗)

T
]
, (38)

where ε∗ is the mean of the approximation error. Performing eigenvalue decomposition of Γε yields

Γε =
m∑

k=1

λkwkw
T
k =WΛWT, (39)

where λk ⩾ 0 are the eigenvalues, and wk ∈ Rm are the corresponding orthonormal eigenvectors (principal
components) [42, 43].

This decomposition allows us to express the centered approximation error ε− ε∗ as a linear combination
of the eigenvectors:

ε− ε∗ ∈ span{w1, . . . ,wm} . (40)

In practice, we can write the error as

ε= ε∗ + ε ′ + ε ′ ′, (41)

where ε ′ =
∑p

k=1αkwk captures the dominant part of the variation, and ε ′ ′ =
∑m

j=p+1βjwj is the residual
component. Both components are zero-mean:

E [ε ′] = E [ε ′ ′] = 0. (42)

The coefficients αk and βj are obtained through inner products:

αk = ⟨ε− ε∗,wk⟩, βj = ⟨ε− ε∗,wj⟩. (43)

Thus, the approximation error can be compactly represented using a reduced basis
Wp = [w1, . . . ,wp] ∈ Rm×p as

ε ′ =Wpα, α=
(
α1, . . . ,αp

)T ∈ Rp. (44)

The residual term can be written as

ε ′ ′ = Qβ = QQT (ε− ε∗) , (45)

where Q= [wp+1, . . . ,wm] ∈ Rm×(m−p) spans the orthogonal complement. The variances of the principal
coefficients are

var(αk) = λk, for k= 1, . . . ,p. (46)
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Appendix B. Predicting skull conductivityσ under linear approximations

In this paper, we studied the CG π(σ|αl) and the MAP estimates σMAP =maxσ>0 logπ(σ|αl). We observed
that these estimates were accurate only when the true source amplitude at location l was close to the mode of
the distribution of the source amplitude |xl|. Here, the source is described by xl = |xl |⃗n, considering a fixed
orientation n⃗.

In this section, we explain why the estimates performed well only under these circumstances. First, we try
to derive an explicit expression for the posterior π(σ|αl) using sampling distributions and a linear
approximation for the approximation error.

We start with

π (σ|αl)∝ π (σ)π|xl| (αl|σ) = π (σ)

ˆ
π (αl|σ, |xl|)π (|xl|) d|xl|.

The conditional probability can be approximated as π(αl|σ,xl)≈ δ(αl−Gl(σ)|xl| − c), where δ(.) is the
Dirac-delta function and Gl is a function of σ.

For small perturbations σ−σ∗, the function Gl(σ) can be estimated with the help of the 1st order Taylor
series of the approximation error around σ∗ = σ0. In particular, we can write

εl = wl1αl + εl∗ = (σ−σ∗)
∂Al (σ∗)

∂σ
n⃗|xl|,

where ∂Al(σ∗)
∂σ ∈ Rm×3. Now we can multiply both sides with the eigenvector wT

l1 ∈ Rm. This results in

αl + c= (σ−σ∗)w
T
l1
∂Al (σ∗)

∂σ
n⃗|xl|,

where c= wT
l1εl∗ ∈ R. Hence, we can define

Gl (σ) = (σ−σ∗)w
T
l
∂Al (σ∗)

∂σ
n⃗.

Also, we can write

|xl|= G−1
l (σ)(αl + c) =

k−1
l (αl + c)

σ−σ∗
,

where kl = wT
l1
∂Al(σ∗)

∂σ n⃗ ∈ R and where k−1
l (αl + c) and σ−σ∗ will have the same sign.

When xl ∈ R3 with xl ∼N (0,γ2I3), the distribution of the amplitude |xl| is |xl| ∼ Rayleigh(
√
2γ), i.e.

π(|xl|) = |xl|
2γ2 exp

(
− |xl|2

4γ2

)
with |xl|> 0.

Therefore, the posterior becomes

π (σ|αl) = π (σ)π|xl|
(
G−1
l (σ)(αl + c)

)
.

Here, the distribution π(σ) can be approximated as a uniform distribution in the area around the mean σ∗
and thus π(σ|αl)∝ π|xl|(G

−1
l (σ)(αl + c)).

Based on the previous, the log of π(σ|αl) is

logπ (σ|αl)∝ log
(
G−1
l (σ)

)
−
(
G−1
l (σ)(αl + c)

)2
4γ2

.

To find the MAP estimate, we solve d logπ(σ|αl)
dσ = 0 which gives

σ̂MAP = σ∗ + k−1
l (αl + c)

1√
2γ

,

where
√
2γ is the mode of the source amplitude. Therefore, the skull conductivity is predicted based on the

estimated αl and themode of the source amplitude (instead of the estimated amplitude).
Therefore, the CG modeling demonstrates good predictive capabilities only when the source amplitude is

close to the mode (as was shown with simulations in section 5.2.1), and more advanced methods that take
into account the estimated source amplitude work better in general cases (as was also shown in section 5.2.1).
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Appendix C. Choice of the GP function for skull conductivity prediction in the EEG
problem

From Ohm’s law, we approximate that the electric potential v is proportional to the electric conductivity and
a current source as v∝ 1

σ |x|. Furthermore, we approximate that the approximation error (difference of two
potentials), ε= w1α+ ε∗, is proportional to these variables as

α+wT
1ε∗ ∝

1

σ
|x| − 1

σ0
|x|. (47)

From this, we write

σ ∝
(
α+wT

1ε∗
|x|

+
1

σ0

)−1

. (48)

Now, if we denote y= α+wT
1ε∗

|x| and define σ̃(y) = (y+ 1
σ0
)−1, then by applying Taylor expansion around 0,

we get σ̃(y) =
∑∞

i=0 ci y
i.

Appendix D. Pipeline for model parameter estimation using the BAE approach

In this section, we describe an example pipeline to set up the BAE approach with combined estimation of
primary unknowns and model parameters. We wish to emphasize that the implementation details are
problem-specific.

1. Choose an approximate (discrete) observation model with model parameter σ0. The corresponding
model for the inversion is then of the form: v= A(σ0)x+Wpα+ ν ∈ Rm, where ν = e+ ε∗ + ε ′ ′

includes mean of the (additive) measurement noise e∗, mean of the approximation error term, and the
remainder of the approximation error term. Here, the approximation error has been decomposed as
ε=Wpα+ ε∗ + ε ′ ′. The BAE approach can be used to take into account unknown/uncertain model
parameters and numerical (discretization) errors due to model reduction mappings, for example.

2. Measurement noise e: usually in calibration and controlled/repeated experiments the level of noise can be
low. If possible, the level of measurement noise should be compared to the approximation error term. For
example, one could expect the BAE approach to improve the results when ∥e∗∥2 + traceΓe < ∥ε∗∥2
+traceΓε [42]. In some cases, when e∗(k)2 +Γe(k,k)< ε∗(k)2 +Γε∗(k,k) holds even for few values of k,
the BAE approach might still improve the results [42]. Note that here additive measurement noise has
been assumed.

3. Model-based learning:
• Estimate the parameters of themodel approximation error, ε= A(σ)x−A(σ0)x, as follows:

(i) Draw S+K samples: x(s) ∼ π(x) and σ(s) ∼ π(σ).
(ii) Estimate sample models: {A(σ(1)), . . . ,A(σ(S+K))}.
(iii) Evaluate approximation error samples: ε(s) = A(σ(s))x(s)−A0x(s).
(iv) Estimate the mean ε∗ and covariance matrix Γε using the subset {x(s),σs,ε(s)}Ss=1 as

ε∗ =

∑S
s=1 ε

(s)
i

S
and Γε =

1

S− 1

S∑
s=1

(
ε(s)− ε∗

)(
ε(s)− ε∗

)T
.

(v) Estimate basis functionsW with the help of, for example, eigenvalue decomposition of
Γε =Σm

k=1λkwkwT
k =WΛWT, where λ1 > .. . > λm andW= [w1, . . . ,wm].

(vi) Select the number of basis functionsWp = [w1, . . . ,wp] needed for model parameter inference
based on the complexity of the model approximation error. The complexity can be reflected in
the distribution of the eigenvalues. The choice of p is problem specific, and the analysis of the
(semi)analytical expression of the error covariance can be helpful, as presented in this paper.
For example, one could check whether ε∝ xσ and whether any high-order terms are needed to
describe the variations caused by the model parameter.

(vii) Evaluate the samples of α(s) = (Wp)T(ε(s)− ε∗) with mean α∗ = 0 and covariance
Γα = diag(λ1, . . . ,λp).

(viii) The remaining error is ε ′ ′(s) = QQT(ε(s)− ε∗), where Q= [wp+1, . . . ,wm] with mean
E[ε ′ ′] = 0 and covariance Γε ′ ′ .
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4. Design the optimization and, if needed, choose appropriate prior for the primary unknown based on the
properties of the problem:

(x̂, α̂)←min
x,α

{
∥1
2
Lν (A0x+Wpα+ ν∗− v)∥22− lnπ (x,α)

}
,

where ν∗ = ε∗ + e∗ and Γν = Γe +Γε ′ ′ . For α, one can often use a zero-mean Gaussian smoothness
prior.

5. Model parameter σ inference: this step is carried out with the help of the solved α̂ from the previous step.
In some cases, one may also need the values of x̂ for the inference of σ.

• For the following cases, it is often sufficient to utilize the CG approximation, σ̂CG = σ∗ +ΓσαΓ
−1
α α̂

where Γσα is estimated from samples σ(s) and α(s). Feasible model parameter estimates can be
expected when
(i) Operating close to the linearization point, or in other words, when one can assume that the true

value of σ is close to the chosen approximate σ0 that is used in the standard model and the
relationship between σ and α is linear (or almost linear).

(ii) The interaction effect of the primary unknown x on σ is only modest.
• In other cases, the model parameter σ should be inferred using both (α̂, x̂). In the following options,
the mapping (α,x)→ σ should be smooth and invertible.
(i) Option 1: in some cases, such as in this paper, a nonlinear iterative algorithm can be

incorporated and initialized with the CG approximation. Iterative algorithms can be
time-consuming and computationally effortful. They do not usually require any training data,
but then again, they do not benefit from the support of the training data either.

(ii) Option 2: a GP can be constructed based on the pre-computed samples {x(s),σ(s),α(s)}K+S
s=S+1.

The mean and covariance functions can be chosen with the help of the underlying physics of the
problems and/or the training data. To perform well, the training data should cover a broad range
of σ values. GPs can be simple and fast to compute, but require an additional training step.
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