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A B S T R A C T

Matrix Lie groups are an important class of manifolds commonly used in control and robotics, and optimizing
control policies on these manifolds is a fundamental problem. In this work, we propose a novel augmented
Lagrangian-based constrained Differential Dynamic Programming (DDP) approach specifically designed for
trajectory optimization on matrix Lie groups. Our method formulates the optimization problem in the error-
state space, employs automatic differentiation during the backward pass, and ensures manifold consistency
through discrete-time Lie-group integration during the forward pass. Unlike previous methods limited to
specific manifold classes, our approach robustly handles generic nonlinear constraints across arbitrary matrix
Lie groups and exhibits resilience to constraint violations during training. We evaluate the proposed DDP
algorithm through extensive experiments, demonstrating its efficacy in managing constraints within a rigid-
body mechanical system on SE(3), its computational superiority compared to existing optimization solvers,
robustness under external disturbances as a Lie-algebraic feedback controller, and effectiveness in trajectory
optimization tasks including realistic quadrotor scenarios as underactuated systems and deformable objects
whose deformation dynamics are represented in SL(2). The experimental results validate the generality,
stability, and computational efficiency of our proposed method.
1. Introduction

Many physical systems such as robots have non-Euclidean configu-
ration spaces. Using local coordinates to model these spaces can result
in singularities and degeneracies, where certain system configurations
become impossible to represent. For example, using Euler angles to
represent rotation can result in a phenomenon known as gimbal lock.
In this case, two of the three rotational axes align, leading to a loss of
one degree of freedom, which makes tracking of certain movements or
transitions between system configurations impossible [1,2]. Such singu-
larities can make it difficult to accurately represent transitions between
certain system configurations and may require additional techniques to
avoid or mitigate these issues.

The geometry of configuration spaces can be effectively modeled
using matrix Lie groups, which provide a well-structured and contin-
uous framework for comprehending the structure and motion of the
underlying systems [3,4]. In recent years, geometric control techniques
have gained considerable traction in robotics and control systems, as
they seamlessly blend differential geometry and control theory [5,6].
However, current approaches to solving geometric optimal control
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problems suffer from either reliance on specific problem details to
simplify optimality conditions [7,8] or from rapidly increasing com-
putational complexity with an extended temporal horizon [9,10]. To
overcome these limitations, Differential Dynamic Programming (DDP)
has become a promising approach for numerically solving such prob-
lems. However, existing DDP-based geometric control techniques have
certain limitations, including explicit consideration of only specific ma-
trix Lie groups [11], omission of state constraints [12–14], or handling
of constraints restricted to particular groups due to dependencies on
group-specific manifold derivatives [15].

In this paper, we propose a geometric control method leverag-
ing an augmented Lagrangian-based constrained Differential Dynamic
Programming (DDP) algorithm tailored specifically for trajectory op-
timization on matrix Lie groups. Our method effectively incorporates
generic nonlinear constraints (Fig. 1), addressing key limitations in
existing approaches. The primary contributions of this work include:

1. A novel augmented Lagrangian-based constrained DDP frame-
work for trajectory optimization on matrix Lie groups, enabling
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Fig. 1. Illustration of the proposed method. (a) A trajectory on the configuration manifold is generated using a given nominal input sequence. (b) The derivatives
f the Q-function are calculated within local tangent spaces. (c) The effects of configuration and velocity constraints are also included within local tangent space in
he backward pass. (d) The forward pass employs closed-loop control to update control inputs. The updated trajectory is then used as the new nominal trajectory
or the next iteration.
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full automatic differentiation in the backward pass and discrete-
time Lie-group integration in the forward pass. This ensures
manifold consistency without requiring manifold-specific deriva-
tives, thus facilitating extension to arbitrary matrix Lie groups
beyond SO(3), overcoming limitations in prior works [12,15].

2. A robust constraint handling mechanism formulated in the error-
state space, significantly enhancing algorithm stability during
training. This mechanism is resilient to infeasibilities caused
by constraint violations and eliminates active set determination
challenges unresolved in previous approach [15].

3. A comprehensive evaluation of our proposed method through:

• Demonstration of constraint handling capabilities in a me-
chanical system characterized by rigid body dynamics on
SE(3).

• Comparative analysis of computational efficiency against
established optimization solvers across varying time hori-
zons.

• Validation of performance in a realistic underactuated
quadrotor scenario.

• Assessment of the method’s general applicability through
trajectory optimization experiments involving a 2D de-
formable object, whose configuration evolves within the
SL(2) × R2 space.

The rest of this paper is organized as follows. Section 2 discusses
related works from classical control to constrained optimal control
employed in smooth manifold systems. In Section 3, we provide pre-
liminaries regarding matrix Lie groups. Section 4 defines the trajectory
optimization problem for matrix Lie groups. We detail our proposed
method in Section 5. In Section 6, we provide numerical simulation
experiments for a mechanical system in SE(3), a realistic quadrotor
scenario as an underactuated system and a 2D deformation object dy-
namics in SL(2) × R2 to demonstrate the effectiveness of the approach.
Finally, the paper is concluded with potential directions for future work
n Section 7.

2. Related work

In recent years, there has been a significant effort to incorporate
odern control theory into smooth manifold systems, resulting in
2 
a diverse range of theoretical outcomes including stability analysis,
controllability, and feedback control design [5,6]. As an early example,
 classical PID-type controller has been successfully applied to fully
ctuated mechanical systems [5], utilizing configuration and velocity

errors defined on a Riemannian manifold. More recently, researchers
have developed locally exponentially stable geometric tracking con-
trollers for Unmanned Aerial Vehicles (UAVs) by taking into account
the dynamics of rigid bodies on SO(3) [16] and SE(3) [17]. Although
these methods excel at point stabilization, they do not generate optimal
trajectories and require predefined reference trajectories to achieve
omplex tasks.

Optimization-based control utilizing geometric methods aims to
generate optimal trajectories on Riemannian manifolds. Bloch et al. [7]
investigated a variational optimal control problem for a 3D rigid body
epresenting dynamics on the Lie group SO(3), while Kobilarov and

Marsden [8] developed necessary conditions for optimal trajectories
that correspond to discrete geodesics of a higher-order system and
developed numerical methods for their computation. Teng et al. [13]
developed a geometric error-state Model Predictive Control (MPC)
for tracking control of systems evolving on connected matrix Lie
roups. Even though these methods consider dynamic and kinematic
onstraints, they lack the ability to account for generic state con-
traints such as obstacle/configuration avoidance. Saccon et al. [18]

derived the projection operator framework on Lie groups, applying it
to continuous-time trajectory-optimization problems and utilizing bar-
rier functions for collision avoidance in motion planning for multiple
ehicles on SE(3) [19].

In the trajectory optimization field, various studies have aimed to
handle constraints in different ways. One of the most straightforward
approaches is to formulate a nonlinear program that minimizes the
cost function while satisfying all the boundary conditions and con-
straints. Lee et al. [20] proposed a nonlinear MPC framework for
spacecraft attitude control on the SO(3) group, where they considered
ontrol and exclusion zone constraints. Similarly, Hong et al. [21]

combined the Gauss–Newton method with a proximal operator to
handle inequality constraints for trajectory optimization on SO(3).
Some researchers have focused on optimizing trajectories on other
matrix Lie groups, including Kalabic et al. [22], who designed MPC on
SE(3) by considering only boundary constraints for states and inputs,
and Ding et al. [23], who proposed a representation-free MPC for
the SE(3) group. However, these methods have limitations, such as
being restricted to specific matrix Lie groups and increasing complexity
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with the number of time instances. Recently, Watterson et al. [24]
roposed a graph search-based safe corridor on manifolds method to
ptimize trajectories on a Riemannian manifold with obstacles. Al-

though successful in some robotic applications, the method’s sensitivity
to parameterization affects optimality performance and computational
cost.

Different from the aforementioned MPC based direct methods, DDP
s an indirect numerical method for solving optimal control problems
hrough optimizing the control inputs. Originally proposed by Mayne

and Jacobson [25], DDP has been applied to a wide range of complex,
high-dimensional systems [26]. One of the key advantages of DDP is its
calability, which allows it to handle large and complex systems with
any degrees of freedom. In addition, DDP has a fast convergence rate,
hich allows it to quickly find near-optimal solutions to the control

problem. Another important attribute of DDP is its ability to generate
feedback control policies, which can be used to implement the optimal
control solution in real-time.

Several early works have investigated the use of DDP for geometric
control [11,27]. These studies focused on specific matrix Lie groups,
ncluding SE(3), in order to derive the final form of the DDP algorithm
or applications in geometric control. Boutselis and Theodorou [12] ex-
ended the original DDP method by using quadratic expansion schemes
or cost functions and dynamics defined on Lie groups. They demon-

strated that DDP has significantly better convergence rates compared to
Sequential Quadratic Programming (SQP) methods. Teng et al. [14] fur-
ther improved the convergence performance of DDP for matrix groups
y designing the control objective in its Lie algebra. Both of these
pproaches [12,14] formulate the trajectory optimization on matrix

Lie groups in an unconstrained framework. In order to address this
limitation, Liu et al. [15] extended the work [12] by imposing SO(3)
constraints. In works [12,15], optimization takes place on the manifold
via a trace-based configuration error, which necessitates group-specific
Jacobian and Hessian derivations and complicates extension to other
matrix Lie groups. Moreover, using trace-based errors can cause deriva-
tives to vanish when the configuration error is large [14]. This paper
vercomes these limitations by generalizing the Lie-algebraic cost for-
ulation [14] to handle nonlinear constraints, and by developing an

augmented Lagrangian based DDP framework applicable to arbitrary
matrix Lie groups under such constraints.

3. Preliminaries

Consider  is an 𝑛-dimensional matrix Lie group, and g its associated
Lie algebra, i.e., its tangent space at the identity. An isomorphism
between the vector space R𝑛 and g can be defined through the following
operators:

(⋅)∧ ∶ R𝑛 ↦ g

(⋅)∨ ∶ g ↦ R𝑛.
(1)

The mapping between R𝑛 and  can be defined using the functions
xp(⋅) ∶ R𝑛 ↦  and Log(⋅) ∶  ↦ R𝑛 for any 𝜙 ∈ R𝑛 and  ∈  as
ollows:
Exp(𝜙) = expm(𝜙∧) = 

og() = logm()∨ = 𝜙
(2)

where expm(⋅) and logm(⋅) are the matrix exponential and logarithm,
espectively.

The adjoint action, denoted as Ad ∶ g ↦ g for any  ∈ , is a Lie
lgebra isomorphism that allows change of frames. Given 𝜙, 𝜉 , 𝜂 ∈ R𝑛
nd 𝜙∧, 𝜉∧, 𝜂∧ ∈ g, the adjoint action can be expressed in the function

form as

Ad (𝜙) = 𝜙∧−1 (3)

or in the matrix form as

(Ad 𝜙)∧ = 𝜙∧−1. (4)
3 
The adjoint map is the derivative of the adjoint action with respect
o  at the identity element and is defined as

ad𝜉 𝜂 = [𝜉∧, 𝜂∧] (5)

where [𝜉∧, 𝜂∧] is the Lie bracket, defined as

[𝜉∧, 𝜂∧] = 𝜉∧𝜂∧ − 𝜂∧𝜉∧. (6)

4. Problem definition

We consider systems whose states reside in the tangent bundle of
 matrix Lie group. This encompasses a diverse array of systems [8]

whose states can be represented as pairs { , 𝜉∧} ∈  × g, where
 represents a configuration and 𝜉∧ represents the velocity (rate of
change) of that configuration. The discrete-time equations of motion
for such systems can be written as:

𝑘+1 = 𝐹 (𝑘, 𝜉𝑘)
𝜉𝑘+1 = 𝐹𝜉 (𝜉𝑘, 𝑢𝑘)

(7)

where 𝑢𝑘 ∈ R𝑚 is the generalized control input, 𝐹 ∶  × R𝑛 ↦  and
𝜉 ∶ R𝑛 × R𝑚 ↦ R𝑛 are the state transition functions.

For a given initial state {0, 𝜉0}, a goal state {𝑔 , 𝜉𝑔}, and a time
horizon 𝑁 , we define the discrete-time constrained optimal control
problem as

min
𝑢0 ,…,𝑢𝑁−1

𝓁𝑓 (𝑁 , 𝜉𝑁 ) +
𝑁−1
∑

𝑘=0
𝓁(𝑘, 𝜉𝑘, 𝑢𝑘)

ubject to 𝑘+1 = 𝐹 (𝑘, 𝜉𝑘), ∀𝑘 𝑘,𝑘+1 ∈ 

𝜉𝑘+1 = 𝐹𝜉 (𝜉𝑘, 𝑢𝑘), ∀𝑘 𝜉𝑘, 𝜉𝑘+1 ∈ g

𝑢𝑚𝑖𝑛 ≤ 𝑢𝑘 ≤ 𝑢𝑚𝑎𝑥, ∀𝑘,

𝒈(𝑘, 𝜉𝑘, 𝑢𝑘) ≤ 𝟎, ∀𝑘,

𝑘 = 0,… , 𝑁 − 1
given 0, 𝜉0,

(8)

where 𝓁𝑓 ∶ ×R𝑛 ↦ R and 𝓁 ∶ ×R𝑛×R𝑚 ↦ R are the final cost and the
running cost, respectively. At every discrete time k, the state transition
functions 𝐹 and 𝐹𝜉 as well as the stage cost 𝓁 and terminal cost 𝓁𝑓 are
assumed to be twice differentiable. Lastly, 𝒈 is a vector of p constraints
in the form of differentiable nonlinear functions representing the state
constraints.

5. Proposed method

The analytic solution to the general problem outlined in Section 4
is often difficult. Additionally, finding the global minimum numerically
can be time-consuming and likely infeasible, particularly for nonlinear
ystems with high state dimensions. Both [12,15] solve (8) via a

manifold-DDP scheme: in each iteration they linearize the dynamics
and quadratize the cost on the Lie group, run a backward pass to
compute local value-function derivatives, then roll out a new trajec-
tory in the forward pass. [12] uses an unconstrained DDP (ignoring
≤ 𝟎 entirely), whereas [15] incorporates state-input constraints via

an active-set approach, which incurs combinatorial set-identification,
demands a (nearly) feasible initial guess, and introduces nonsmooth
switching logic that complicates differentiation. Both methods require
deriving group-dependent, symbolic Jacobians and Hessians, symbolic
Jacobians and Hessians (using a trace-based configuration error whose
derivatives vanish when error becomes large [14]), which prevents the
se of standard auto-diff tools due to the non-flatness of the manifold.

In contrast, our method (i) handles 𝒈(𝑘, 𝜉𝑘, 𝑢𝑘) ≤ 𝟎 through an
augmented Lagrangian penalty method rather than active sets (ii) lifts
the problem into the Lie algebra—computing all DDP derivatives with
respect to an algebraic error model and (iii) retracts the algebraic
update back to the manifold by integrating the group dynamics in the
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Fig. 2. Overall workflow of proposed constrained DDP algorithm for matrix Lie groups.
o

a

v
p

forward pass. This yields a fully auto-diff-compatible DDP on Lie groups
that natively enforces constraints.

Fig. 2 illustrates the overall workflow of our constrained DDP
lgorithm with an augmented-Lagrangian outer loop. In the ‘‘Setup’’
hase, we initialize the optimization by specifying initial and goal
tates (0, 𝜉0,𝑔 , 𝜉𝑔), horizon 𝑁 , Lagrange multipliers 𝜆 ← 0, penalty
arameter 𝜇 ← 1, and an initial control sequence 𝑼 = {𝑢0,… , 𝑢𝑁−1}

(typically zero). We then perform a forward rollout using the discrete-
time transition dynamics in Eq. (7) to generate a nominal trajec-
tory {1, 𝜉1,… ,𝑁 , 𝜉𝑁} and compute the corresponding error-state
sequence 𝑿 = {𝑥0,… , 𝑥𝑁}, form the augmented-Lagrangian cost in
hese error-state coordinates, and pass it to the DDP inner loops.
ur main contribution is expressing all transition dynamics, cost, and
onstraint functions in the Euclidean error-state space, enabling seam-
ess integration with automatic differentiation. During the backward
ass, we compute derivatives of the transition dynamics, cost, and
onstraints (augmented Lagrangian) with respect to the error states,
nd during the forward pass we apply the discrete-time Lie-group
ynamics from Eq. (7) to ensure the updated trajectory remains on the
anifold. We alternate these passes until the inner DDP loop converges

o a trajectory (𝑿†,𝑼 †), which we then evaluate for constraint violation
nd complementary slackness. If convergence has not been reached
nd the maximum number of outer-loop iterations is not exceeded,
e update 𝜆 and 𝜇, set 𝑼 ← 𝑼 †, and reinitiate the rollout and
ugmented-Lagrangian formation.

Although our method solves a perturbed and approximate version
f the constrained optimal control problem (8) formulated in the error-

state (Lie algebra) space, the iterative application of discrete-time
Lie-group integration in the forward pass ensures manifold consistency,
guiding convergence toward stationary points or local optima of the
original problem. In the following subsections, we detail each compo-
nent of our method: the tangent-space transition dynamics, constraint
handling, augmented-Lagrangian formulation, and DDP algorithmic
steps with implementation practices.

5.1. Dynamics on tangent space

The central concept of DDP is that, at each iteration, all nonlinear
onstraints and objectives are approximated using first or second-
rder Taylor series expansions. This allows the approximate functions,

which now operate on deviations from the nominal trajectory, to be
solved using discrete Linear-Quadratic Regulator (LQR) techniques. In
order to define the cost and constraint functions in Lie algebra, we
need to determine the error dynamics for the configuration. To obtain
the perturbed state dynamics, we followed the approach proposed by
Teng et al. [13]. For completeness, we outline the necessary steps here.
Interested readers may refer to [13,14] for more information.

Consider a perturbed state {𝑝, 𝜉∧𝑝 } that is in the vicinity of a
ominal state { , 𝜉∧}. Then, the configuration error 𝛹 can be defined
s

𝛹 = −1 ∈ . (9)
𝑝 I

4 
Differentiating both sides of (9) yields the configuration error dynamics
as

𝛹̇ = −1 𝑑
𝑑 𝑡

(

𝑝
)

+ 𝑑
𝑑 𝑡

(

−1
)

𝑝

= −1̇𝑝 − −1̇ −1𝑝
= −1𝑝𝜉∧𝑝 − −1𝜉∧−1𝑝
= 𝛹 𝜉∧𝑝 − 𝜉∧𝛹 .

(10)

Here, we can define a vector 𝜓 in R𝑛 such that the matrix exponential
f 𝜓∧ corresponds to 𝛹 , denoted as 𝛹 = expm(𝜓∧). Using the first-order

approximation of the matrix exponential, which states that expm(𝜓∧) ≈
𝐼𝑛+𝜓∧, the dynamics of the configuration error in (10) can be linearized
s follows:

𝛹̇ = 𝛹 𝜉∧𝑝 − 𝜉∧𝛹

≈ (𝐼𝑛 + 𝜓∧)𝜉∧𝑝 − 𝜉∧(𝐼𝑛 + 𝜓∧)

= 𝜉∧𝑝 + 𝜓∧𝜉∧𝑝 − 𝜉∧ − 𝜉∧𝜓∧

= 𝜉∧𝑝 − 𝜉∧ + 𝜓∧𝜉∧𝑝 − 𝜉∧𝜓∧

= 𝜉∧𝑝 − 𝜉∧ + 𝜓∧(𝜉∧ − 𝜉∧ + 𝜉∧𝑝 ) − 𝜉∧𝜓∧

= 𝜉∧𝑝 − 𝜉∧ + 𝜓∧𝜉∧ − 𝜉∧𝜓∧ + 𝜓∧(𝜉∧𝑝 − 𝜉∧)

≈ 𝜉∧𝑝 − 𝜉∧ + 𝜓∧𝜉∧ − 𝜉∧𝜓∧

= 𝜉∧𝑝 − 𝜉∧ + ad𝜓 𝜉
𝜓̇ = 𝜉∧𝑝 − 𝜉∧ − ad𝜉 𝜓

(11)

Note that the second order term of 𝜓∧(𝜉∧𝑝 − 𝜉∧) is also discarded to
obtain the linear dynamics of the configuration error [13,14]. 𝜓 in (11)
is the perturbed configuration represented in Lie algebra. The perturbed
velocity and control input are also defined as

𝛿 𝜉 = 𝜉𝑝 − 𝜉 , and 𝛿 𝑢 = 𝑢𝑝 − 𝑢 (12)

The perturbed velocity dynamics can then be approximated up to
second order as:

𝛿𝜉̇𝑡 = 𝜞 𝑡𝛿 𝜉𝑡 +𝜦𝑡𝛿 𝑢𝑡
+ 1

2

(

𝑯𝜉𝑡 (𝛿 𝜉𝑡 ⊗ 𝛿 𝜉𝑡) +𝑯𝑢𝑡 (𝛿 𝑢𝑡 ⊗ 𝛿 𝑢𝑡)
)

+ 𝑯𝜉𝑡𝑢𝑡 (𝛿 𝜉𝑡 ⊗ 𝛿 𝑢𝑡)
(13)

where 𝜞 𝑡 and 𝜦𝑡 are the Jacobians, 𝑯𝜉𝑡 , 𝑯𝑢𝑡 , 𝑯𝜉𝑡 ,𝑢𝑡 are the Hessians of
elocity dynamics (𝐹𝜉) evaluated at the nominal trajectory. The tensor
roduct ⊗ denotes the outer product of the perturbation vectors.

Lastly, we define the perturbed states (error-state as defined in [13])
as concatenation

𝒙 =
[

𝜓
𝛿 𝜉
]

, 𝒖̄ = 𝛿 𝑢. (14)

Note that the perturbed state dynamics 𝒙̇ = ℎ(𝒙, 𝒖), are linear in terms
of configuration states but nonlinear in terms of velocity dynamics.
gnoring the Hessian matrices, one can obtain linear perturbed state
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ynamics as

𝒙̇ =
[

− ad𝜉 𝐼𝑛
𝟎𝑛×𝑛 𝜞 𝑡

]

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
≜𝑨𝑡

𝒙 +
[

𝟎𝑛×𝑚
𝜦𝑡

]

⏟⏟⏟
≜𝑩𝑡

𝒖̄ (15)

Employing linear dynamics in DDP framework refers to iterative LQR.
The discrete-time counterparts of the matrices 𝑨𝑡 and 𝑩𝑡 can be

imply obtained by applying a zero-order hold or a first-order Euler
integration with a fixed time step 𝛥𝑡.

5.2. Constraint handling

In order to handle the constraints in DDP framework, we approxi-
ate the constraints up to second-order as:

𝒄̄(𝒙 + 𝛿𝒙, 𝒖 + 𝛿𝒖) ≈ 𝒄̄(𝒙, 𝒖)

+ 𝒄̄𝒙𝛿𝒙 + 𝒄̄𝒖𝛿𝒖

+ 1
2
(𝛿𝒙⊤𝒄̄𝒙𝒙𝛿𝒙 + 𝛿𝒖⊤𝒄̄𝒖𝒖𝛿𝒖)

+ 𝛿𝒙⊤𝒄̄𝒙𝒖𝛿𝒖.

(16)

where 𝒄̄𝒙, 𝒄̄𝒖 are the first, 𝒄̄𝒙𝒙, 𝒄̄𝒙𝒖, 𝒄̄𝒖𝒖 are the second derivatives of 𝒄̄
evaluated at nominal state trajectory.

The difference between two group elements in the configuration
tate produces a geodesic in the group. To manage this, we propose
apping the distance geodesic to the tangent space of the configuration

t the current time step and addressing the constraint in that vector
pace.

For instance, configuration avoidance constraints can typically be
ormulated as inequality constraints using an n-spherical function, with
he center of the n-sphere located at the configuration to be avoided
𝑐) and the radius (𝑟𝑐) defining the restricted region. This allows us
o specify a region of configurations that should be avoided. The error
etween the nominal and restricted configurations, 𝛹 𝑐 = −1𝑐 , can

be approximated in the tangent space of the nominal trajectory as:

𝜓𝑐 = logm(𝛹 𝑐 ) ≈ ((𝛹 𝑐 − 𝐼) − 0.5(𝛹 𝑐 − 𝐼)2)∨ (17)

where 𝐼 is the identity matrix with the same size of 𝛹 𝑐 . Then, the
configuration avoidance constraint can be written as

𝒄̄ (𝜓𝑐 ) = (𝑟2𝑐 − ‖𝜓𝑐‖2) ≤ 0 (18)

In this approach, we consider the same restricted region for each
axis in the n-dimensional sphere. However, it is also possible to specify
different radius values for each axis, resulting in an n-dimensional
ellipsoid as the restricted region. Our method can accommodate these
ypes of configuration constraints as well.

5.3. Augmented Lagrangian formulation

An effective method for solving constrained optimization problems
s to incorporate the constraints in the objective function and iteratively
ncrease the penalty for violating or approaching them. This technique,
nown as the penalty method, guarantees convergence to the optimal
olution as the penalty coefficient approaches infinity. However, this

may not be practical to implement in numerical optimization routines
ue to the limitations of finite precision arithmetic. Augmented La-
rangian methods [28] offer an alternative solution by maintaining

estimates of the Lagrange multipliers associated with the constraints,
allowing for convergence to the optimal solution without requiring the
penalty terms to increase infinitely. Here we obtain the augmented
agrangian as

𝐴 = 𝑁 (𝒙𝑁 ) +
𝑁−1
∑

𝑘=0
𝑘(𝒙𝑘, 𝒖𝑘)

𝑁 (𝒙𝑁 ) = 𝓁𝑓 (𝒙𝑁 ) + (𝜆𝑁 +
𝜇
2
𝒈̄𝑓 (𝒙𝑁 )⊙ 𝛽𝑁 )⊤𝒈̄𝑓 (𝒙𝑁 )

 (𝒙 , 𝒖 ) = 𝓁(𝒙 , 𝒖 ) + (𝜆 +
𝜇 𝒈̄(𝒙 , 𝒖 )⊙ 𝛽 )⊤𝒈̄(𝒙 , 𝒖 )

(19)
𝑘 𝑘 𝑘 𝑘 𝑘 𝑘 2 𝑘 𝑘 𝑘 𝑘 𝑘

5 
where 𝓁𝑓 ∶ R2𝑛 ↦ R and 𝓁 ∶ R2𝑛 × R𝑚 ↦ R are the final cost and the
unning cost functions for perturbed system dynamics, respectively. A
ypical design of such functions is quadratic,

𝓁𝑓 (𝒙) = 1
2
‖𝛿𝒙‖𝑆𝑉

𝓁(𝒙, 𝒖) = 1
2
‖𝛿𝒙‖𝑆𝑄 + 1

2
‖𝛿𝒖‖𝑆𝑈

, (20)

where 𝑆𝑉 ∈ R2𝑛×2𝑛, 𝑆𝑄 ∈ R2𝑛×2𝑛 and 𝑆𝑈 ∈ R𝑚×𝑚 are cost matrices that
are specified by the user and remain constant.

In (19), 𝒈̄𝑓 and 𝒈̄ are vectors of p constraints for final state and
running state-inputs of perturbed state dynamics as introduced in (16),
.e., constraints represented in local tangent spaces. ⊙ is element-wise
ultiplication operator, 𝜆𝑘 ∈ R𝑝 is the vector of Lagrange multipliers

dual variables), 𝜇 ∈ R is the penalty parameter and 𝛽𝑘 ∈ R𝑝 is the
inary control vector to indicate active constraints, defined as

𝛽𝑘[𝑖] =
{

0 if 𝒈̄𝑘[𝑖] < 0 and 𝜆𝑘[𝑖] ∼ 0,
1 otherwise

(21)

By doing so, satisfied constraints do not cause additional cost by penalty
mount if their corresponding dual variable is close to zero. In general,
he penalty parameter 𝜇 can vary over time, but we kept it constant for
ach time step within the same iteration for simplicity.

Augmented Lagrangian methods include an outer loop where the
combined cost function (19) is formed for fixed 𝜆 and 𝜇 parameters,
transforming such a problem (8) into an unconstrained one to be solved
with an inner solver, such as DDP/iLQR. At each step of the outer loop,
an increasing penalty is applied as follows:

𝜆+𝑘 = max(0, 𝜆𝑘 + 𝜇𝒈̄𝑘(𝒙∗𝑘, 𝒖∗𝑘)) ∀𝑘 ∈ {0,… , 𝑁 − 1}
𝜇+ = 𝛾 𝜇 , 𝛾 > 0

(22)

where {(𝒙∗0 , 𝒖
∗
0),… , (𝒙∗𝑁−1, 𝒖

∗
𝑁−1)} is the optimal state and input trajec-

tory obtained from the inner solver and 𝛾 is a fixed penalty update
rate. The outer loop typically continues if the number of iterations is
ess than a specified maximum and the constraints have not yet been
atisfied within the desired tolerance threshold. Constraint satisfaction
s typically tested via

𝙼𝙲𝚅 = max
𝑘=0,…,𝑁−1

(

max(0, 𝒈̄𝑘(𝒙∗𝑘, 𝒖
∗
𝑘))

)

𝙼𝙲𝙳 = max
𝑘=0,…,𝑁−1

(

|𝒈̄𝑘(𝒙∗𝑘, 𝒖
∗
𝑘)⊙ 𝜆𝑘|

) (23)

where if either 𝙼𝙲𝚅 (maximum constraint violation) or 𝙼𝙲𝙳 (maxi-
mum complementary dual) is higher than a small threshold 𝜀𝑐 , further
improvement in constraint satisfaction is needed, so the outer loop
continues.

𝐶 𝑜𝑛𝑠𝑉 𝑖𝑜𝑙 𝐶 ℎ𝑒𝑐 𝑘 =

{

1 if 𝙼𝙲𝚅 > 𝜀𝑐 ∨ 𝙼𝙲𝙳 > 𝜀𝑐 ,
0 otherwise

(24)

The entire algorithm is described in Algorithm 1.

5.4. Differential Dynamic Programming

Given augmented Lagrangian function (19) from outer loop, we
define the cost-to-go and action-value functions 𝑉 and 𝑄 as

𝑉𝑘(𝒙𝑘) = min
𝒖𝑘

{𝑘(𝒙𝑘, 𝒖𝑘)} + 𝑉𝑘+1(𝑨𝑘𝒙𝑘 + 𝑩𝑘𝒖𝑘)

= min
𝒖𝑘

𝑄(𝒙𝑘, 𝒖𝑘).
(25)

The matrices 𝑨𝑘 and 𝑩𝑘 represent the discretized versions of 𝑨𝑡 and
𝑩𝑡 in Eq. (15). A second-order Taylor series expansion of the cost-to-go
function can be written

𝛿 𝑉𝑘(𝑥) ≈ 1
2
𝛿𝒙⊤𝑘𝑉𝑥𝑥,𝑘𝛿𝒙𝑘 + 𝑉

⊤
𝑥,𝑘𝛿𝒙𝑘 (26)

where 𝑉𝑥𝑥,𝑘 and 𝑉𝑥,𝑘 are the Hessian and gradient of the cost-to-go at
time step 𝑘, respectively. The action-value function defined in (25) can
be also approximated as a quadratic function as
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Algorithm 1 Constrained DDP for Matrix Lie Groups
1: Given: 0, 𝜉0,𝑔 , 𝜉𝑔 , 𝑁
2: Init: 𝑼 = {𝒖0, ..., 𝒖𝑁−1}
3: Calculate: {1, 𝜉1, ...𝑁 , 𝜉𝑁} integrating Eq. (7)
4: Calculate: 𝑿 = {𝒙0, ...,𝒙𝑁} error-states between 𝑖, 𝜉𝑖 and 𝑔 , 𝜉𝑔
5: Init: 𝜆 = 0, 𝜇 , 𝑖𝑡𝑒𝑟𝑎𝑙𝑚𝑎𝑥, 𝑖𝑡𝑒𝑟𝑑 𝑑 𝑝𝑚𝑎𝑥, 𝑖𝑡𝑎𝑙 = 0, 𝑖𝑡𝑑 𝑑 𝑝 = 0
6: 𝐽 ← 𝐴(𝑿,𝑼 ; 𝜆, 𝜇) (19)
7: while not AL_Converged do
8: DDP_Converged = False
9: while not DDP_Converged do

10: 𝑲 ,𝒅 ← Backward Pass (Algorithm 2)
11: 𝑿†,𝑼 †, 𝐽 † ← Forward Pass (Algorithm 3)
12: if (𝑖𝑡𝑑 𝑑 𝑝 < 𝑖𝑡𝑒𝑟𝑑 𝑑 𝑝𝑚𝑎𝑥) and

(||𝑼 − 𝑼 †
|| > 0) and (𝐽 † − 𝐽 < 0) then

13: 𝑿,𝑼 , 𝐽 ← 𝑿†,𝑼 †, 𝐽 †

14: 𝑖𝑡𝑑 𝑑 𝑝 ← 𝑖𝑡𝑑 𝑑 𝑝 + 1
15: else
16: DDP_Converged = True
17: if (𝑖𝑡𝑎𝑙 < 𝑖𝑡𝑒𝑟𝑎𝑙𝑚𝑎𝑥) and (ConsViolCheck(24)) then
18: Update 𝜆, 𝜇 (22)
19: 𝑖𝑡𝑎𝑙 ← 𝑖𝑡𝑎𝑙 + 1
20: else
21: AL_Converged = True
22: 𝑿∗,𝑼∗ ← 𝑿,𝑼
23: return 𝑿∗,𝑼∗

𝑄(𝒙 + 𝛿𝒙, 𝒖 + 𝛿𝒖) ≈ 𝑄(𝒙, 𝒖) +𝑄𝒙
⊤𝛿𝒙 +𝑄𝒖

⊤𝛿𝒖

+ 1
2
(𝛿𝒙⊤𝑄𝒙𝒙𝛿𝒙 + 𝛿𝒖⊤𝑄𝒖𝒖𝛿𝒖)

+ 𝛿𝒖⊤𝑄𝒖𝒙𝛿𝒙.

(27)

To compute the derivative matrices in (27):

𝑄𝒙 = 𝒙 +𝑨⊤𝑉𝑥
′

𝑄𝒖 = 𝒖 + 𝑩⊤𝑉𝑥
′

𝑄𝒙𝒙 = 𝒙𝒙 +𝑨⊤𝑉𝑥𝑥
′𝑨 + 𝑉𝑥′ℎ𝒙𝒙

𝑄𝒖𝒖 = 𝒖𝒖 + 𝑩⊤𝑉𝑥𝑥
′𝑩 + 𝑉𝑥′ℎ𝒖𝒖

𝑄𝒖𝒙 = 𝒖𝒙 + 𝑩⊤𝑉𝑥𝑥
′𝑨 + 𝑉𝑥′ℎ𝒖𝒙

(28)

To simplify the notation, we have omitted the time indices on all
variables. All variables in this expression are evaluated at time step 𝑘,
except for those marked with ′, which are evaluated at time step 𝑘+ 1.
Here, 𝒙,𝒖,𝒙𝒙,𝒖𝒖,𝒖𝒙 denote the Jacobian and Hessian matrices of
the augmented Lagrangian function in (19). Because this function is
expressed in Euclidean error-state coordinates, these derivatives can be
obtained directly via automatic differentiation, which not only elimi-
nates the need for group-dependent symbolic gradient derivations (as
in [12,15]) but also enables efficient computation through just-in-time
compilation and vectorization.

Calculating the full second-order expansion of the state dynamics
(ℎ𝒙𝒙, ℎ𝒖𝒖, ℎ𝒖𝒙), can be computationally expensive, particularly for
systems with complex dynamics and high-dimensional states. In such
cases, employing a first-order approximation, as done in iterative LQR,
can be an alternative. However, while this approach reduces compu-
tational cost by providing a Gauss–Newton approximation of the true
Hessian, it also diminishes local fidelity and increases the number of
iterations required for convergence.

Minimizing (27) with respect to 𝛿𝒖 results in an affine controller

𝛿𝒖∗ = −𝑄−1
𝒖𝒖 (𝑄𝒖𝒙𝛿𝒙 +𝑄𝒖) ≜ 𝑲𝛿𝒙 + 𝒅. (29)

In cases of rank deficient 𝑄𝒖𝒖, it is typically regularized as 𝑄𝒖𝒖+𝜌𝐼 ,
where 𝜌 is a small positive constant and 𝐼 is the identity matrix.
6 
Algorithm 2 Backward Pass
1: Given: {𝒙0, ...,𝒙𝑁}, {𝒖0, ..., 𝒖𝑁−1}
2: for parallel 𝑖 = 0, ..., 𝑛𝜌 do
3: 𝜌𝑖 ∈ 
4: function Backward_Pass
5: 𝑉𝒙(𝒙𝑁 ), 𝑉𝒙𝒙(𝒙𝑁 ) ← 𝜕𝑁

𝜕𝒙 (𝒙𝑁 ), 𝜕
2𝑁
𝜕𝒙2 (𝒙𝑁 )

6: for 𝑘 = 𝑁 − 1, ..., 0 do
7: Calculate the derivatives of Lagrangian (19)

𝒙,𝒖,𝒖𝒙,𝒙𝒙,𝒖𝒖
8: Calculate the derivatives of perturbed state dynamics

(11), (13) 𝑨,𝑩, ℎ𝒙𝒙, ℎ𝒖𝒙, ℎ𝒖𝒖
9: Calculate the derivatives of 𝑄 Eq. (28)

10: 𝑄𝒖𝒖 ← 𝑄𝒖𝒖 + 𝜌𝑖𝐼
11: Calculate 𝑲 𝑖

𝑘,𝒅
𝑖
𝑘 (34)

12: return 𝑲 𝑖,𝒅𝑖 = {𝑲 𝑖
𝑘,𝒅

𝑖
𝑘|𝑘 = 0, ..., 𝑁 − 1}

13: return 𝑲 ,𝒅 = {𝑲 𝑖,𝒅𝑖|𝑖 = 0, ..., 𝑛𝜌}

Algorithm 3 Forward Pass
1: Given: 0, 𝜉0,𝑔 , 𝜉𝑔 , {𝑲 𝑖,𝒅𝑖|𝑖 = 0, ..., 𝑛𝜌}
2: for parallel 𝑖 = 0, ..., 𝑛𝜌 do
3: function Forward_Pass
4: ̄0, 𝜉0 ← 0, 𝜉0
5: for 𝑘 = 0, ..., 𝑁 − 1 do
6: Calculate 𝛿𝒙𝑘 in local tangent space Eq. (31)
7: Calculate 𝒖̄𝑖𝑘 Eq. (32) with 𝑲 𝑖,𝒅𝑖, 𝛼 = 1
8: Calculate ̄𝑘+1, 𝜉𝑘+1 on manifold Eq. (33)
9: Store error-state 𝒙𝑖𝑘+1 between ̄𝑘+1, 𝜉𝑘+1 and 𝑔 , 𝜉𝑔

10: 𝑿𝑖,𝑼 𝑖 = {𝒙𝑖0, ...,𝒙𝑖𝑁}, {𝒖𝑖0, ..., 𝒖𝑖𝑁−1}
11: Calculate trajectory cost 𝐽 𝑖 using (19)
12: return 𝑿𝑖,𝑼 𝑖, 𝐽 𝑖
13: 𝑖∗ = argmin{𝐽 𝑖|𝑖 = 0, ..., 𝑛𝜌}
14: return 𝑿𝑖∗ ,𝑼 𝑖∗ , 𝐽 𝑖∗

Substituting 𝛿𝒖∗ into (27) yields the derivatives of the cost-to-go at time
step 𝑘 in terms of the derivatives of the action value function as

𝑉𝒙 = 𝑄𝒙 +𝑲𝑄𝒖 +𝑲⊤𝑄𝒖𝒖𝒅 +𝑄𝒖𝒙
⊤𝒅,

𝑉𝒙𝒙 = 𝑄𝒙𝒙 +𝑲⊤𝑄𝒖𝒖𝑲 +𝑲⊤𝑄𝒖𝒙 +𝑄𝒖𝒙
⊤𝑲 .

(30)

At the final time step, 𝑉𝒙 and 𝑉𝒙𝒙 can be easily computed as the first
and second derivatives of the final Lagrangian function (𝑁 ). This way,
the derivatives of the action-value function (28) and in turn the local
optimal control policy (29) at each step can be calculated backwards
starting from the final step.

After determining the optimal control policy for each time step, we
update the nominal trajectories by simulating the dynamics forward on
he manifold itself starting from the initial state as:

𝛿𝒙𝑘 =
[

logm(𝑘−1̄𝑘)
𝜉𝑘 − 𝜉𝑘

]

(31)

𝛿𝒖𝑘 = 𝑲𝑘𝛿𝒙𝑘 + 𝛼𝒅𝑘
𝒖̄𝑘 = 𝒖𝑘 + 𝛿𝒖𝑘

(32)

𝜉𝑘+1 = 𝜉𝑘 + 𝑓 (𝜉 , 𝒖̄𝑘)𝛥𝑡
̄𝑘+1 = ̄𝑘 expm(𝜉𝑘+1𝛥𝑡)

(33)

where {𝑘, 𝜉𝑘, 𝑢𝑘} and {̄𝑘, 𝜉𝑘, ̄𝑢𝑘} represent the nominal state–actions
and the updated state–actions at time step 𝑘, respectively. In (32), 𝛼 is
a scaling term for a simple linear search on the feedforward term.

The convergence of DDP/iLQR methods is highly dependent on the
earch direction and step size [29], which can be regularized by 𝜌
nd 𝛼, respectively. Although there is no proven optimal approach to
etermine the best search direction and step size for such constrained

nonlinear optimization problems, there are promising practices such as
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gradually increasing regularization and employing Armijo line search
strategies [28,30].

In this work, we generate multiple controllers in parallel by varying
𝜌 during the backward pass (Algorithm 2) as follows:

𝑲 𝑖 = − (𝑄𝒖𝒖 + 𝜌𝑖𝐼)−1𝑄𝒖𝒙

𝒅𝑖 = − (𝑄𝒖𝒖 + 𝜌𝑖𝐼)−1𝑄𝒖
(34)

where we select 𝜌𝑖 from the set  . With a small 𝜌, the regularization
term has minimal impact, and the control updates are similar to the
unregularized aggressive updates, heavily relying on the information
from 𝑄𝒖𝒖. In contrast, with a large 𝜌, the control updates become
more conservative as the regularization term dominates, ensuring better
numerical stability but slower convergence. This behavior is anal-
ogous to the Levenberg–Marquardt method, which transitions from
the Gauss–Newton method to gradient descent as the regularization
increases.

Once we obtain multiple controllers in the backward pass ranging
from aggressive to conservative, we rollout the trajectories in closed
loop with each controller and 𝛼 = 1 in the forward pass and calculate
the cost (Algorithm 3). The trajectory with the minimum cost is taken as
he nominal trajectory for the next iteration of DDP, if it also improves
pon the previous iteration. This varying regularization during the
ackward pass is crucial, as it generates multiple search directions
imultaneously, enhancing the algorithm’s ability to efficiently explore
he solution space. Consequently, this parallel exploration improves the
obustness of convergence toward stationary points (local optima) of
he original constrained problem (8).

5.5. Implementation practices

The proposed method is implemented in Python using the jax
ibrary [31] due to its capabilities for easy parallelization and automatic
ifferentiation. The Jacobian and Hessian functions of the perturbed

state dynamics, along with the first and second derivatives of the
Lagrangian function, are obtained via jax’s automatic differentiation.
The initial penalty parameter, 𝜇, determines whether the algorithm
starts unconstrained (with a small 𝜇 value) or constrained and feasible
(with a high 𝜇 value). Typically, we achieved a balance by setting
𝜇= 1 and iteratively multiplying it by 𝛾= 10. The constraint satisfaction
olerance threshold (𝜀𝑐) is set to 1e−3. For varying regularization in the

backward pass, we use 𝑛𝜌=7 and ={𝜌𝑖 = 10𝑖−4|𝑖 = 0,… , 𝑛𝜌}, which
enerates varying search directions and control updates from aggressive
𝜌0=1e−4) to conservative (𝜌7= 1000).

6. Experiments

The proposed method is employed here to optimize the trajectory of
 system, whose states lie in the tangent bundle of a matrix Lie group.
xperiments1 were conducted to evaluate the method based on:

• Handling constraints in a simple mechanical system characterized
by rigid body dynamics in SE(3),

• Mitigating external disturbances through its application as a Lie-
algebraic feedback control policy,

• Computational efficiency compared to existing optimization solver

• Trajectory optimization performance in a realistic quadrotor sce-
nario.

1 The videos of the experiments can be found on the project website:
https://sites.google.com/view/cddp-lie.
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6.1. Tests with SE(3) dynamics

We consider a 3D rigid body in SE(3) where the states of the system
can be represented by a rotation matrix

𝑅 ∈ SO(3) ≡ {𝑅 ∈ R3×3
|𝑅⊤𝑅 = 𝐼3, det (𝑅) = 1} (35)

and position 𝑝 ∈ R3. The homogeneous representation of a group
element in SE(3) is

 =
[

𝑅 𝑝
0 1

]

∈ SE(3) (36)

The velocity vector 𝜉 in SE(3) is known as a ‘‘twist’’ and consists of both
ngular (𝜔) and linear (𝑣) velocities in body frame as

𝜉 =
[

𝜔
𝑣

]

∈ R6, 𝜉∧ =
[

𝜔∧ 𝑣
0 0

]

∈ se(3) (37)

The forced Euler–Poincaré equations [32] define the twist dynamics as

𝑓𝜉 = 𝜉̇ = 𝐽𝑏
−1
(

ad∗𝜉 𝐽𝑏𝜉 + 𝑢
)

(38)

In this expression, 𝐽𝑏 represents the generalized inertia matrix in the
body-fixed principal axes, while 𝑢 ∈ g∗ represents the generalized
control inputs including torques and forces (𝑢𝜏 and 𝑢𝑓 ) applied to
these axes. g∗ denotes the cotangent space and the coadjoint map is
represented by ad∗𝜉 . The matrix representations of the adjoint action in
the Lie algebra (ad𝜉) and the coadjoint map (ad∗𝜉 ) are as follows:

ad𝜉 =
[

𝜔∧ 0
𝑣∧ 𝜔∧

]

, ad∗𝜉 = ad⊤𝜉 = −
[

𝜔∧ 𝑣∧

0 𝜔∧

]

. (39)

Lastly, the discrete-time equations of motion for SE(3) group described
in (7) can be written as
𝜉𝑘+1 = 𝜉𝑘 + 𝛥𝑡𝑓𝜉 (𝜉𝑘, 𝑢)
𝑘+1 = 𝑘 Exp(𝛥𝑡𝜉𝑘)

(40)

6.1.1. Constraint handling
We now test the proposed algorithm for planning a safe path for

a rigid body in SE(3). The task involves rotating the body from the
dentity to the configuration 𝑅𝑧(170◦) and translating it from the initial
osition (2, 2, 2) to (6, 2, 2) within 6 s, using a fixed time step of 𝛥𝑡 = 0.1.
otations around the body-fixed frame’s 𝑥, 𝑦, and 𝑧-axes are denoted
y 𝑅𝑥(⋅), 𝑅𝑦(⋅), and 𝑅𝑧(⋅), respectively.

During the motion, the configuration 𝑅𝑧(90◦) is considered unsafe
and must be avoided. Additionally, there is a spherical obstacle at
(4, 2, 2) with a radius of 1 that must also be avoided. All inputs were
restricted between −7.5 and 7.5 and angular velocities were bounded
at 0.5 when the position 𝑥 was less than 3; otherwise, the upper bound
becomes 2.0. These constraints were formulated for all discrete steps,
, as follows:

Obstacle Avoid: ‖𝑝𝑘 − (4, 2, 2)‖2 ≥ 1.0

Conf. Avoid: ‖ logm(𝑅𝑧(90)−1𝑅𝑘)‖2 ≥ 0.4

Input Limits: − 7.5 ≤ 𝑢𝑘 ≤ 7.5

Velocity Bound: 𝜔𝑘 ≤ 𝜔̄𝑘

𝜔̄𝑘

{

0.5, if 𝑥𝑘 ≤ 3
2.0, otherwise

(41)

where logm operation in configuration avoidance constraint was imple-
mented with its second order approximation as described in (17).

The configuration trajectories were converted to Euler angles (𝜙, 𝜃 , 𝜓
n degrees) using the rotation order 𝑅𝑥(⋅)𝑅𝑦(⋅)𝑅𝑧(⋅). In resultant trajec-
ories, rotations around the 𝑥 and 𝑦-axes (changes in 𝜙 and 𝜃 angles)

were observed to avoid the unsafe configuration of 𝑅𝑥(90◦) (Fig. 3).
hen accounting for the configuration constraint, the robot changed

its motion along different axes to bypass the unsafe orientation. The
resence of the spherical obstacle required a more circuitous route,
eviating along each axis to achieve a collision-free trajectory (Fig. 3).
urthermore, the angular velocity 𝜔𝑧 was saturated at 0.5 between

2–2.5 s, satisfying the position-dependent velocity constraint.

https://sites.google.com/view/cddp-lie
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Fig. 3. The proposed constrained DDP method effectively optimizes the
rajectory for an SE(3) object, taking into account constraints on position,

orientation, velocities and inputs.

6.1.2. Disturbance rejection
To evaluate the effectiveness of the proposed DDP method in han-

dling external disturbances, we extend the analysis done in [12] to
E(3) and employ the proposed DDP method as a Lie-algebraic feedback
ontrol:

𝑢𝑓 𝑏𝑘 ∶= 𝑢∗𝑘 +𝑲𝑘 logm((∗
𝑘 )

−1𝜖
𝑘 ) (42)

where 𝑢∗𝑘 and 𝑲𝑘 represent the (sub)optimal control sequence and time-
arying feedback gains, respectively, which are obtained through DDP.
he feed-forward term 𝒅𝑘 in (29) is not explicitly shown in the feedback

policy (42) because it is already included in 𝑢∗𝑘. The variables ∗
𝑘 and

𝜖
𝑘 represent the (sub)optimal states obtained through DDP and the
erturbed states due to disturbance, respectively.

We test the policy (42) on the following stochastic version of the
SE(3) dynamics:

𝜖
𝑘+1 = 𝜖

𝑘 expm𝑆 𝐸(3)(𝜉𝜖𝑘𝛥𝑡)
𝜉𝜖𝑘+1 = 𝜉𝜖𝑘 + 𝑓 (𝜉

𝜖
𝑘, 𝑢𝑘)𝛥𝑡 + 𝜎𝑤𝑤

(43)

where 𝑤 is assumed to be spatially uncorrelated independent and iden-
tically distributed noise, drawn from a zero mean Gaussian distribution,
𝑤 ∼  (06×1, 𝐼6), 𝜎𝑤 = 0.001. The performance of the proposed DDP

ethod under stochastic conditions was evaluated by allowing the
optimizer to converge on the deterministic system and then testing its
erformance on the stochastic system. Fig. 4 shows the results of this

comparison, using 1000 sampled trajectories under noisy dynamics to
ompare the open-loop policy 𝑢∗𝑘 with the feedback policy 𝑢𝑓 𝑏𝑘 (42).

The results demonstrate that the use of the obtained feedback gains
significantly reduces state variance, particularly in the vicinity of the
goal points, as expected.

We observe that the DDP-derived feedback gains exhibit clear, time-
varying structure aligned with the constraint-handling scenario (Fig. 5):
the rotation gains 𝐾𝑅 peak sharply in the early phase to aggressively
teer the body away from the forbidden orientation and obstacle, then
moothly decay as the trajectory approaches the target; similarly, the

position gains 𝐾𝑝 rise when large translational corrections are needed
nd diminish near convergence; the angular-velocity gains 𝐾𝜔 and
inear-velocity gains 𝐾𝑣 show moderate excursions — especially around
he obstacle-avoidance interval — before settling toward zero. This
ehavior confirms that the feedback policy adaptively modulates its
orrective effort over time, applying the strongest disturbance rejection
hen and where constraints demand tight control, and relaxing to

ine-tuning gains as the system nears the goal, thus supporting robust

losed-loop performance under stochastic perturbations. r

8 
Fig. 4. The implementation of Lie-algebraic feedback control in the proposed
DDP method notably reduces state variance, especially in the vicinity of goal
points, when subjected to random disturbances.

6.1.3. Computational efficiency and robustness benchmark
Unconstrained DDP: Although optimizing directly on the manifold

is exact and approximation-free, it requires tedious, group-specific
symbolic gradient derivations and typically relies on trace-based error
functions whose gradients vanish when the error grows large [14]. In
contrast, Teng et al. [13] already demonstrated that, in the uncon-
strained setting, a Lie-algebraic, error-state DDP formulation converges
far more rapidly than manifold-based DDP using trace-based errors.

Constrained DDP: In the constrained setting, the closest prior work
s Liu et al. [15] who apply an active-set DDP on the manifold using
race-based cost and constraint functions, tested only on SO(3) pose

constraints (with no velocity limits). Under random feed-forward noise,
they reported a 19% nonconvergence rate, which they reduced to
3% by introducing slack variables—yet infeasibility in the forward
pass remained unresolved. By contrast, our augmented-Lagrangian for-
mulation inherently tolerates infeasible initial guesses and drives the
olution toward feasibility via dual multipliers. To benchmark ro-
ustness, we replicated their noise experiment under the more de-

manding scenario of Section 6.1.1 (including SO(3) pose, obstacle
avoidance, input limits, and angular-velocity constraints), varying noise
variance from 1e-4 to 0.1. Over 100 runs per noise level (Fig. 6), our

ethod achieved 100% convergence; noise only increased the number
f iterations needed.
Direct methods: A widely used approach to solving discrete opti-

mal control problems involves utilizing readily available optimization
solvers, which can be seamlessly applied with minimal modifications.
Generating feasible trajectories can be achieved by treating the system
dynamics as equality constraints and formulating both state and input
constraints as inequality constraints.

In order to establish a benchmark comparison, we employed a
Python optimizer that uses the Sequential Least SQuares Programming
(SLSQP) Algorithm [33], from the SciPy Optimization module and Inte-
ior Point Optimizer (IPOPT) [34]. The task described in Section 6.1.1

was tested by those methods. To accelerate convergence, we supplied
derivative information for the cost function as well as equality and
inequality constraints.

Fig. 7 illustrates a comparison of convergence between the standard
constrained IPOPT, SQP, and the proposed constrained DDP methods.
DDP achieves convergence in less than 40 iterations, whereas IPOPT
nd SQP require 125 and 250 iterations, respectively. The primary
eason for this difference is that direct optimization methods increase
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Fig. 5. Time-varying DDP feedback gains for rotation (𝐾𝑅), position (𝐾𝑝), angular velocity (𝐾𝜔), and linear velocity (𝐾𝑣) over the 6 s horizon, showing aggressive
early-stage corrections that decrease as the trajectory converges.
Fig. 6. Robustness test of the proposed method. Mean (solid line) and ±1 standard-deviation (shaded) of the 2-norm error ‖𝑼 − 𝑼 ∗
‖2 across 100 runs, plotted

against DDP iteration for increasing levels of feed-forward noise (𝜎 = 0.0001, 0.005, 0.05, 0.1).
Fig. 7. Input convergence comparison between standard constrained IPOPT,
SQP and proposed constrained DDP methods, showcasing the significantly
faster convergence achieved by our method.

Fig. 8. Convergence comparison of IPOPT (left) and our method (right) for
horizon lengths N = 200, 300, 500.

the number of decision variables as the horizon expands, leading to a
search in a space with numerous equality and inequality constraints.

We also benchmarked our approach against IPOPT over different
horizon lengths (N = 200, 300, 500) on the scenario of Section 6.1.1
(Fig. 8). In the direct transcription used by IPOPT, increasing N from
200 to 500 raises the number of decision variables from 4013 to 10,013
and the total number of constraints (both equality and inequality)
from 5813 to 14,513, which dramatically slows convergence—IPOPT
required over1 200 iterations for N = 500 (we limited its run to 400
iterations without convergence). By contrast, our method consistently
converged in under 45 iterations even as N increases.
9 
Fig. 9. The proposed method successfully optimizes a trajectory for nonlinear
quadrotor dynamics that requires a pure 90-degree rotation around the 𝑦-axis
while avoiding constraints and without suffering from gimbal lock.

6.2. Trajectory optimization of a quadrotor

We now consider the dynamics of a quadrotor as a 3D rigid body
where the states of the system are represented by a rotation matrix
𝑅 ∈ 𝑆 𝑂(3), a position vector 𝑝 ∈ R3, an angular velocity vector
𝜔 ∈ R3 and a linear velocity vector 𝑣 ∈ R3 [35]. Unlike SE(3)
dynamics, a quadrotor is an under-actuated robotic system, meaning
it lacks generalized control inputs to directly control all six degrees
of freedom. Instead, it is actuated by four motors, whose speeds (𝑃𝑖,
𝑖 = 0, 1, 2, 3) are assumed to be controlled nearly instantaneously [36],
inducing torques and forces as follows:

𝜏𝑖𝑛 =
⎡

⎢

⎢

⎣

(𝑃 2
1 − 𝑃 2

3 )𝑘𝐹𝐿
(𝑃 2

2 − 𝑃 2
0 )𝑘𝐹𝐿

∑3
𝑖=0(−1)

𝑖+1𝑘𝑇 𝑃 2
𝑖

⎤

⎥

⎥

⎦

𝐹𝑖𝑛 = 𝑅.[0, 0, 𝑘𝐹
3
∑

𝑖=0
𝑃 2
𝑖 ]

(44)

where 𝐿 is the arm length and 𝑘𝐹 , 𝑘𝑇 are constants. Here, we consider
the quadrotor in a + configuration, where its 𝑥 and 𝑦 axes are aligned
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Fig. 10. The proposed method demonstrates an optimized trajectory for a quadrotor, showcasing a smooth 90-degree rotation around the 𝑦-axis while maintaining
stability and avoiding obstacles.
with the motor locations. The induced torques and forces in (44) con-
sequently generate linear acceleration in the global frame and changes
in angular velocities in the local frame as:

𝑓𝑣 = 𝑣̇ = 𝑚−1
(

𝐹𝑖𝑛 − [0, 0, 𝑚𝑔]
)

𝑓𝜔 = 𝜔̇ = 𝐽−1
(

𝜏𝑖𝑛 − 𝜔 × (𝐽 𝜔)
) (45)

where 𝑚, 𝑔 and 𝐽 are mass, gravitational acceleration and inertia,
respectively. Lastly, the discrete time orientation and position dynamics
of the quadrotor are

𝜔𝑘+1 = 𝜔𝑘 + 𝛥𝑡𝑓𝜔(𝜔𝑘, 𝜏𝑖𝑛)
𝑅𝑘+1 = 𝑅𝑘 Exp(𝛥𝑡𝜔𝑘)

𝑣𝑘+1 = 𝑣𝑘 + 𝛥𝑡𝑓𝑣(𝑣𝑘, 𝐹𝑖𝑛)
𝑝𝑘+1 = 𝑝𝑘 + 𝛥𝑡𝑣𝑘+1

(46)

We tested the proposed method for optimizing a safe trajectory for
this quadrotor dynamics. The task (see Fig. 9) involves moving from
the initial position (3, 0.25, 2) to the position (2, 5, 2) within 4 s, with a
fixed time step of 𝛥𝑡 = 0.02. Two rectangular boxes with dimensions
(1.5, 0.1, 3.0) are located at (0, 2.5, 3.0) and (3.6, 2.5, 3.0), which must be
avoided. In addition to obstacle avoidance, we included a configuration
attainment constraint to test for gimbal-lock and forced the robot to
achieve 𝑅𝑦(90) while passing between the boxes. Additionally, due to
the nature of the actuators, rotor speeds are bounded between 0 and
maximum rpm.

Fig. 10 shows the resultant trajectories using our proposed method.
The robot successfully achieves the 𝑅𝑦(90) rotation (𝜃 angle) without
experiencing gimbal-lock between time steps 1.2–1.9 s, during which
it required zero input. Although the robot’s initial and goal z-positions
are the same, it increases its z-position at the beginning of the trajectory
to prevent falling due to the period of zero input (Fig. 10).

6.3. Trajectory optimization of a 2D deformable robot

To assess the generality of our method across different matrix Lie
groups, we consider a 2D deformable object dynamics whose configu-
ration is represented by a pair (, 𝑝) ∈ SL(2) × R2, where  encodes
the object’s shape deformation as

 ∈ SL(2) ≡ { ∈ R2×2
| det () = 1} (47)
10 
Fig. 11. The proposed method demonstrates an optimized trajectory for a
2D deformable robot. The robot successfully reaches its goal (green) while
avoiding multiple circular obstacles by actively deforming its shape through
volume-preserving SL(2) transformations.

and 𝑝 ∈ R2 denotes the planar position of its centroid. The spe-
cial linear group SL(2) captures volume/area preserving affine defor-
mations including anisotropic stretching, shearing, and planar bend-
ing, all of which are physically relevant in soft robotics [37] and
robotic manipulation of deformable objects such as cables, ropes, and
cloth [38].

We model the evolution of deformation using second-order damped
dynamics in the Lie algebra sl(2), which is the 3-dimensional vector
space of SL(2). Let 𝜔 ∈ R3 denote the deformation velocity and
Log() ∈ sl(2) its current configuration in Lie algebra coordinates
parameterized using three scalar coefficients (𝜉𝑎, 𝜉𝑏, 𝜉𝑐) corresponding
to stretching along principal axes, shear in the 𝑥-direction and shear in
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Fig. 12. Time evolution of the state and control variables for the SL(2) × R2 deformable robot during the trajectory shown in Fig. 11. The system exhibits smooth
transitions and converges to the desired final configuration while maintaining dynamic feasibility and constraint satisfaction throughout the trajectory.
the 𝑦-direction, respectively. The deformation dynamics are:

𝑓𝜔 = 𝜔̇ = −𝛾 𝜔 − 𝜅 Log() + 𝑢𝜔 (48)

where 𝑢𝜔 ∈ R3 is the control input for deformation acceleration. 𝛾 ∈ R+
is deformation damping coefficient and 𝜅 ∈ R+ is deformation stiffness
(shape memory term). The dynamics ensure smooth shape changes and
natural decay toward identity.

The planar position of the deformable object (robot) is assumed
to be independently controllable via a translational acceleration input
𝑢𝑣 ∈ R2. Together with the deformation dynamics, the full discrete-time
transition dynamics are:

𝜔𝑘+1 = 𝜔𝑘 + 𝛥𝑡𝑓𝜔(𝜔𝑘,𝑘, 𝑢𝜔)
𝑘+1 = 𝑘 Exp(𝛥𝑡𝜔𝑘)

𝑣𝑘+1 = 𝑣𝑘 + 𝛥𝑡𝑢𝑣
𝑝𝑘+1 = 𝑝𝑘 + 𝛥𝑡𝑣𝑘+1

(49)

Similar to former experiments with SE(3), robot task (Fig. 11) is
optimizing the trajectory from a given initial state to goal state while
avoiding collision with obstacles around and obeying input limits as
∀𝑢𝜔, 𝑢𝑣 ∈ [−2, 2]. In our experiments, we set the damping and stiffness
coefficients to 𝛾 = 1 and 𝜅 = 5, corresponding to moderate damping and
high stiffness. This configuration provides stable, non-oscillatory shape
transitions and encourages the object to quickly return to its neutral
(identity) shape in the absence of input.

Figs. 11 and 12 illustrate the optimized trajectory and correspond-
ing state evolution of the deformable robot.2 As shown in Fig. 11,
the robot successfully reaches its target configuration while navigat-
ing through a cluttered environment by actively deforming its shape.
Unlike rigid agents, it leverages volume/area preserving affine trans-
formations (specifically shearing and anisotropic stretching) to adapt
its footprint and pass through narrow passages.

Important to note that the robot’s positional dynamics involve pure
translation only, with no explicit rotational degrees of freedom. This
design choice was deliberate: by excluding rigid-body rotation from
the model, we force the planner to rely only on shape deformation for
maneuvering. This behavior is clearly observable in the shape evolution
along the trajectory (Fig. 11).

The time-series plots in Fig. 12 further support this. The top row
shows how the deformation parameters (𝜉𝑎, 𝜉𝑏, 𝜉𝑐) their velocities
(𝜔𝑎, 𝜔𝑏, 𝜔𝑐), and the corresponding control inputs (𝑢𝜔𝑎, 𝑢𝜔𝑏, 𝑢𝜔𝑐) evolve

2 The videos of the experiments can be found on the project website:
https://sites.google.com/view/cddp-lie.
11 
over time. The sharp, bounded excursions in 𝑏 and 𝑐 reflect active shear-
ing motions used for obstacle avoidance. Meanwhile, the bottom row
confirms that the translational motion in R2 is smooth and converges
reliably to the goal, with diminishing control effort over time. Together,
these results demonstrate how an SL(2)-based deformation model can
enable agile, constraint-aware locomotion in scenarios where rotation
is restricted but shape change is available. Such a formulation is
particularly relevant for applications involving biomedical or soft-
bodied robots [39] operating in confined or highly constrained envi-
ronments, where traditional rigid-body motion is limited but compliant
deformations are both feasible and advantageous.

7. Conclusion

Optimization of control policies on matrix Lie groups presents a
significant challenge in control and robotics, while offering numerous
practical applications. In this work, we have proposed a novel approach
for tackling this problem using an augmented Lagrangian based con-
strained discrete DDP algorithm. By lifting the optimization problem to
the Lie algebra as formulating it in the error-state space, our approach
enables seamless automatic differentiation during the backward pass
and maintains manifold consistency through discrete-time Lie-group
integration in the forward pass.

A central contribution of our approach is its robust and general
nonlinear constraint handling mechanism across arbitrary matrix Lie
groups, significantly enhancing stability during training and robust-
ness against constraint violations. Unlike previous manifold-based DDP
methods, which were limited to specific classes of Lie groups and re-
quired group-specific symbolic derivative computations, our method’s
Lie-algebraic formulation generalizes readily to various groups without
additional complexity.

Through extensive experimental evaluation, we demonstrated our
method’s efficacy in diverse scenarios, including rigid-body dynamics
on SE(3), realistic quadrotor systems exhibiting underactuation, and
deformable object manipulation characterized by SL(2)-based defor-
mation dynamics. Comparative analyses highlighted our algorithm’s
superior computational efficiency, exhibiting faster convergence and
fewer iterations than traditional optimization solvers, while effectively
handling complex constraints. Furthermore, its robust performance
under stochastic disturbances validated the utility of the proposed
Lie-algebraic feedback policy in closed-loop control settings.

One of the limitations of our work is the assumption that the
deterministic transition dynamics of the controlled systems are assumed
to be known. Future research could address this by including the

https://sites.google.com/view/cddp-lie
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learning of these dynamics within the matrix Lie group representa-
ion. Additionally, incorporating uncertainties from both the dynamic

models and measurements into the planning, and investigating closed-
loop uncertainty propagation similar to the approach used for Eu-
lidean models in [26] could significantly enhance the robustness of
he proposed approach. These advancements would further enable the

method to perform more effectively in complex, dynamic and unknown
environments.
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