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ABSTRACT

Tuulia Tokola: Neuromorphic Control of Dynamical Systems
Master’s Thesis

Tampere University

Master’s Programme in Science and Engineering

August 2025

Since the 1980s, researchers have been interested in overcoming the limitations of digital semi-
conductor technology by learning from biological information processing. This interest has created
the field of neuromorphic engineering. It comprises taking inspiration from the organization and
operation principles of neurons into computing and engineering applications.

This master’s thesis focuses on neuromorphic control, which combines neuromorphic ap-
proach with control theory. Especially, neuromorphic control is discussed from the point of view
of controlling rhytmic motions. The aim of this work is to present models of neural behaviour and
mathematically analyze their properties in order to gain insights into neuromorphic control design.

To achieve the research objective, a literature review is conducted on work regarding biological
foundations of neural behaviour and neuron models. The key observation of the literature review
is that neurons as well as the neuron models exhibit spiking behaviour. The voltage of the neuron
membrane quickly increases and then decreases back to the original level. The spiking behaviour
can be explained through mixed feedback structure where positive feedback creates the spikes
and negative feedback regulates the dynamics between the spikes.

In the literature review, spiking is recognized as a suitable approach to generating rhytmic mo-
tions. To demonstrate this point of view, we analyze the behaviour of a system where a harmonic
oscillator is connected with a controller that is inspired by the FitzHugh—Nagumo model of neural
behaviour. The analysis is based on a technique called the singular perturbation method. By
using this technique, we suggest that the system exhibits relaxation oscillations.

Keywords: neuromorphic control, singular perturbations, relaxation oscillations, harmonic oscilla-
tor, FitzZHugh—Nagumo model

The originality of this thesis has been checked using the Turnitin OriginalityCheck service.
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1980-luvulta alkaen tutkijat ovat olleet kiinnostuneita mahdollisuudesta korvata digitaalinen
puolijohdetekniikka hyédyntdmalla biologisen tiedonkasittelyn periaatteita. Tasta kiinnostukses-
ta on kehittynyt neuromorfinen lahestymistapa. Silla tarkoitetaan hermosolujen jarjestaytymis- ja
toimintaperiaatteen jéljittelyd muun muassa laskennassa ja erilaisissa sovelluksissa.

Taman tydn tavoitteena on esitelld neuromorfista sdatdteoriaa. Erityisesti neuromorfista sdatéa
tarkastellaan rytmisten liikkeiden ohjauksen nakékulmasta. Tata varten tyéssa esitelladn hermo-
solun toimintaa kuvaavia malleja ja analysoidaan naiden mallien ominaisuuksia matemaattisesti.

Tavoitteen saavuttamiseksi tdssé tydssa tehdaan kirjallisuuskatsaus hermosolun toimintaa se-
ka sitéd kuvaavia matemaattisia malleja kasittelevaén aineistoon. Kirjallisuuskatsauksessa havai-
taan, ettd sekd hermosoluille etta niiden toimintaa kuvaaville malleille ovat ominaisia jannitepiikit,
joissa solukalvon jannite ensin kasvaa nopeasti ja sen jalkeen palaa takaisin alkuperaiselle tasol-
leen. Tama kayttadytyminen voidaan selittdd positiivisen ja negatiivisen takaisinkytkennén yhdis-
telmana, jossa positiviinen takaisinkytkenta aiheuttaa jannitepiikin ja negatiivinen takaisinkytkenta
saatelee jannitetta piikkien valilla.

Kirjallisuuskatsauksessa huomataan myds, etté piikkimaistd kayttaytymista voidaan hyédyn-
taa rytmisten liikkeiden ohjauksessa. Neuromorfisen séaddn havainnollistamiseksi tydssa analy-
soidaan harmonisen véarahtelijan ja hermosolun toimintaa kuvaavan FitzHugh—Nagumo-mallin ins-
piroiman sdatimen muodostamaa systeemia. Tydssa esitettdva analyysi perustuu singulaaristen
hairididen menetelmaan. Saatujen tulosten perusteella voidaan paéatella, ettd harmonisen véarah-
telijan ja neuromorfisen saatimen muodostamassa systeemissa esiintyy relaksaatio-oskillaatioita.

Avainsanat: neuromorfinen saatd, singulaaristen hairididen menetelma, relaksaatio-oskillaatiot,
harmoninen véarahtelija, FitzHugh—Nagumo-malli
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1. INTRODUCTION

In the 1980s, Carver Mead and his colleagues started investigating an alternative ap-
proach to computing systems. The key motivation behind the research was to overcome
the limitations of semiconductor technology by learning from the computations performed
in biological neural systems. Instead of building digital devices that present information as
bits by using transistors, they suggested building analog devices that exploit the electric
charge of each component as the variable used in computations. Utilizing the physics of
the components in computation mimics the operation of neurons, which process informa-
tion as electric charge. [29]

In his article "Neuromorphic Electronic Systems" [29], Mead refers to these devices fol-
lowing the working principles of neural systems as neuromorphic systems. Thus, the
concept of neuromorphicity can be defined to describe approaches, methods, and ap-
plications that get their inspiration from the behaviour and dynamics of neural systems.
Neuromorphic systems can even be described to be brain-inspired as the key motivation
behind the development of the field has been to rival the energy efficiency, capability to
deal with uncertainty, and adaptivity of the human brain. [29]

The outline of neuromorphic research is understanding the behaviour of neurons and
then utilizing those principles in various fields. For instance, neuromorphic engineering
comprises designing electrical circuits and electronic devices that mimic the behaviour
of individual neurons or neural networks. These electrical circuits can be employed in
different applications such as sensing or computing devices [29]. Similarly, neuromor-
phic control is a field combining neuroscience and control theory. It studies neuronal
behaviours as dynamical systems and then takes inspiration from these models to control
design. [9]

In this thesis, we introduce neuromorphic approach to controlling dynamical systems. We
present mathematical models of neural behaviour and analyze their central characteris-
tics. Our aim is to discuss how the neural models can inspire control design, especially in
the context of rhytmic motions.

The mathematical approach utilized in this thesis is the singular perturbation method. It is
suitable for analyzing fast—slow systems where some of the variables have fast dynamics
whereas others evolve slowly. We familiarize the reader with this method and then exploit



it to get insights into neuromorphic control design.

This thesis is organized as follows. First, in Chapter 2, we introduce dynamical systems
and their control in brief in order to revise some necessary prerequisites for the subse-
quent chapters. Chapter 3 provides a concise literature review of neuromorphic control.
The aim is to familiarize the reader with the biological background of neural behaviour as
well as to introduce the main characteristics of neuromorphic control design.

In Chapter 4, we will discuss fast—slow dynamical systems and their analysis through the
singular perturbation methods. These tools will then be utilized in Chapter 5. First, we
study the FitzHugh—Nagumo model, which is the inspiration behind the controller utilized
in this thesis. After that, we present the main example of this thesis where we apply
neuromorphic control on a harmonic oscillator.



2. DYNAMICAL SYSTEMS AND CONTROL

A dynamical system is a phenomenon or a system whose state evolves over time. Math-
ematically, it is natural to present a dynamical system as a differential equation

= f(x), z(0)=xg, (2.1)

where x : [0,t;] — R™ denotes the quantity describing the state of the system and &
represents the derivative of the state with respect to time ¢ € [0, ¢;]. The initial condition
of the system is denoted by zy. All the systems examined in this thesis are autonomous
which means that the function f : R” — R"™ does not explicitly depend on time . There-
fore, we can also set the initial time to zero without loss of generality. Had the initial time
not been zero, we could have introduced a shifted variable ¢t = t — t,. [6, pp. 229-230],
[24, pp. 1-3]

The field of control theory concerns influencing a dynamical system in such a way that the
system behaves in an intended way. The main task of control theory is to find a suitable
control input « () which steers the dynamics of the system towards the desired goal. [6,
pp. 276—-278], [21, pp. 6—7]. In this situation we consider a system of the form

where z : [0,¢,] — R" is the state of the system, y : [0,¢;] — R™ is the output signal,
which is a measurement made of the system, and u : [0,¢;] — RP? is the input signal
steering the dynamics of the system. [3, p. 31], [24, p. 470]

Control theory can be classified based on the design of the input signal () [6, pp. 276~
278]. In this thesis, we focus on dynamic feedback control where the system to be con-
trolled is coupled with another dynamical system, a controller. The output y(t) of the
system is fed to the controller. The controller in turn has an output which is fed back to
the system as the input signal u(¢). The dynamics of the controller can be described by



the equations

where z : [0,t;] — RF. [24, pp. 480-481] The process of dynamic output feedback
control is illustrated in Figure 2.1.

System

Controller

Figure 2.1. Feedback control.

2.1 Existence and Uniqueness of Solutions

When analyzing a differential equation, one fundamental step is to study the existence
and unigueness of its solutions. For that, the function f must be sufficiently smooth,
which is measured by Lipschitz continuity.

Definition 2.1. [31, p. 71] A function f : D — R" satisfies the Lipschitz condition on a
set D if there exists a constant L > 0 such that

1 () = F@WI < Lz =yl (2.2)

forall x,y € D.

The Lipschitz condition above can hold locally or globally. A function is locally Lipschitz
on a domain D C R" if for every point z € D there exists a neighborhood D, where the
Lipschitz condition (2.2) is satisfied for some constant Ly. Correspondingly, a function
is globally Lipschitz if it satisfies the Lipschitz condition (2.2) for all points in R™ with the
same Lipschitz constant L. [24, p. 89] Next, we present a theorem that guarantees the
local existence and uniqueness of solutions based on the Lipschitz continuity.

Theorem 2.2. [24, pp. 88-89] Let f : R™ — R" satisfy the Lipschitz condition (2.2) for
allz,y € B={x € R"|||lx — x| <r} withr > 0. Then, there exists ad > 0 such that
(2.1) has a unique solution z(t) on the interval [0, 6].

The theorem above gives a local statement, which means that unique solutions exist only



on some time interval [0, 6], not necessarily on an arbitrary time interval [0, ¢;]. In other
words, the solutions may leave the set where the function f is Lipschitz. Therefore, it is
clear that to study the existence and uniqueness globally, for an arbitrary time interval,
one must either have a function that is globally Lipschitz or make sure that the solutions
stay in the set where the function is locally Lipschitz. [24, pp. 93—94]

We do not present the proof of Theorem 2.2 or study the existence and uniqueness of the
solutions in the examples of this thesis but an interested reader is referred to [24], where
these concepts are discussed in detail in Chapter 3. However, we will utilize the Lipschitz
continuity in one more theorem, which states the conditions under which the solutions of
(2.1) depend continuously on the initial condition x,. The theorem ensures that solutions
which start near each other will also stay close to each other in the region where the
function f is Lipschitz continuous.

Theorem 2.3. ([24, pp. 97-98]) Let f : R® — R™ be locally Lipschitz on an open and
connected set D C R". Lety be a solution of © = f(x) corresponding to the initial
condition y(0) = yo € D. Suppose y(t) is defined and belongs to D for all t € [0, t].
Then, for every € > 0 there exists 6 > 0 such that if

HZO - yOH < 57

then & = f(x) has a unique solution z on [0, t,] satisfying the initial condition z(0) = z,
and

12() —y (@) <e

forallt € [0,,].

2.2 Qualitative Analysis of Nonlinear Systems

In this section, we assume that function f is locally Lipschitz and thus (2.1) has a unique
solution in some interval t € [0, ]. Graphically, the solution z(t) of (2.1) is a curve called
the trajectory. For example, if z(t) € R?, the trajectories can be presented in a phase
plane where the axes are z; and z», and points of the trajectories are (z1(t), z2(t)). The
starting point of the trajectory is defined by the initial condition z(0) = xy. Consequently,
finding the solution for different initial conditions gives a set of trajectories. Together the
trajectories form a phase portrait which describes the behaviour of the system. Another
way to analyze the characteristics of (2.1) qualitatively is to evaluate f at each point z.
As 1 gives the tangent vector of the solution trajectory, evaluating f at each point yields
a vector field describing the flow. [24, pp. 35-37], [44, pp. 66—67]

In a phase portrait, there may exist points where there is no flow. Consequently, a trajec-



tory can end up staying at some point indefinitely. These points are called "equilibrium
points" or "fixed points". [24, p. 3], [44, p. 17]

Definition 2.4. ([24, p. 3]) A point =* is an equilibrium point of (2.1) if the solution z(t)
corresponding to the initial condition z(0) = x* satisfies x(t) = «* for all ¢t > 0.

Equilibrium points of a system can be found by using the following lemma.
Lemma 2.5. ([24, p. 3]) A point z* is an equilibrium point of (2.1) if and only if f(x*) = 0.

Proof. Let us consider an equilibrium point z*. From Definition 2.4 it follows that z(t) =
x* for all t > 0. Substituting the constant solution z(t) = x* into (2.1) gives

f(@*) = —=0.

dt

Next, we assume that f(z*) = 0. Clearly, z : ¢t — z* is a solution of the initial value
problem

As the initial value problem has a unique solution, x(t) = z(t) = z* forall t > 0. [1, p.
128] O

Next, we study the behaviour of a dynamical system near the equilibrium points. For that,
we introduce the concept of stability. An equilibrium point is stable if a solution whose
starting point is close to an equilibrium point will also stay close to that equilibrium point
in the future [24, p. 111]. Stability can also be considered from the point of view of
disturbances. If a small perturbation acted on a solution at an equilibrium point does not
grow but the solution trajectory stays close to the equilibrium point, the equilibrium point
is stable. [44, p. 24]

Definition 2.6. [24, p. 112] An equilibrium point z* of (2.1) is stable if for each ¢ > 0,

there exists a 6 = d(¢) > 0 such that if

|zo —2*|| <9, then |z(t) —2*|| <e forall t>0.

We also present the definitions of two stability properties, asymptotic and exponential
stability. "Asymptotic stability" guarantees that the solution trajectories not only stay close
but also approach the equilibrium point. "Exponential stability" implies that the trajectories
approach the equilibrium point with an exponential rate.

Definition 2.7. [24, p. 112, 150] An equilibrium point z* of (2.1) is asymptotically stable



if it is stable and & can be chosen such that if
|lto — x*|| < 0, then lim ||x(t) —z*|| = 0.
t—o00

An equilibrium point is exponentially stable if there exist positive constants ¢, k, and A
such that

|lx(t) — x| < k||zo — :L‘*”G_)\t forall ||zg—z*|| <c.

In this thesis, we focus on studying nonlinear systems. However, we can utilize lineariza-
tions to analyze the dynamics of nonlinear systems near equilibrium points. To this end,
we first define the stability of linear systems.

Definition 2.8. [7, p. 130] A linear system

T = Az, z(0) = x, (2.3)
where x : [0,00) — R™ and A € R™™", is asymptotically stable if a solution z(t) ap-
proaches zero as t — oo for every x.

The next theorem gives a way to determine the stability of a linear system.

Theorem 2.9. [7, p. 130] The linear system (2.3) is (globally) asymptotically stable if and
only if the real part of every eigenvalue of matrix A is negative.

Linearization enables the use of Theorem 2.9 for the analysis of nonlinear systems near
equilibrium points. Linearization is based on presenting f(x) as a Taylor expansion
around the equilibrium point in question. We introduce notations for the total and par-
tial derivatives of function f : R™ x R™ — R" at a point (x,y) € R"™ [27, p. 5]. The
total derivative is a linear map

(Df)(z,y) : R™™ = R™.
Similarly, the partial derivative of f with respect to variable € R" is

(D.f)(x,y) : R" - R".

We utilize the notation above and present the Taylor expansion of f : R — R™ in (2.1)
around the point z* € R" as

T = f(z*) + (Df)(z")(x — x*) + higher order terms.

We can simplify the Taylor expansion by neglecting the higher order terms and shifting



the equilibrium point to the origin by introducing a variable y = z — «*. Clearly, y = . In
addition, we note that f(x*) = 0 by Lemma 2.5. Thus, the linearization can be presented
as y = Ay, where we have denoted A = (D f)(z*). [24, pp. 51-52]

The stability analysis of the nonlinear system is based on the assumption that the trajec-
tories of the linearized system and the trajectories of the original nonlinear system are
close to each other near the equilibrium points. Then, instead of analyzing the nonlinear
system, we determine the stability of the linearized system by solving the eigenvalues
of A. If the eigenvalues have negative real parts, the equilibrium point of the nonlinear
system will be a stable equilibrium point, whereas positive real parts indicate unstable
behaviour. [24, pp. 51-52]



3. NEUROMORPHIC APPROACH

3.1 Neural Behaviour

All cells have a potential difference over their membrane caused by differing ion con-
centrations within and outside the cell. In a resting state, there are high concentrations
of potassium ions K™ and molecular anions A~ inside a cell, whereas outside the cell,
there are high concentrations of sodium ions Na™, chloride ions C1~ and calcium ions
Ca?". As ions carry an electric charge, this uneven distribution of different ions creates
a potential difference which is called the membrane potential or the membrane voltage.
The exact mechanisms of the regulation of the membrane potential are outside the scope
of this thesis, but the key message is that membrane permeability to different ions and
transportation of ions through a membrane are the main factors affecting the membrane
potential. [10, pp. 1=3], [19, p. 25]

As a lipid bilayer, a membrane does not permit ions to flow freely. Instead, ions can pass
a membrane through special proteins called ion channels. Chemically, ions flow through
the channels in the direction of concentration gradient, from high concentration towards
low concentration. K™ ions flow outwards, whereas Nat and C1~ ions flow into the cell.
As each ion carries an electric charge, an ion flux results in an electric field. For example,
outflow of K™ ions builds up a negative electric charge inside a cell. The resulting electric
field has a reversing effect compared to the concentration difference. Thus, the ion fluxes
are regulated by both chemical and electrical driving forces. [10, pp. 1-3], [19, pp. 25-30]

The fluxes of different ions have different effects. The influx of Na™ ions increases the
membrane potential, while the efflux of KT ions and the influx of C1~ ions decrease it.
Therefore, there exists an equilibrium where the effects of the ion fluxes cancel each other
out and the net membrane potential is not changing. This state is called the resting po-
tential, and it is approximately —70mV. It should be noted that the ion channels are ion
specific, which yields to a membrane having a specific permeability to each ion. There-
fore, the resting potential is mainly determined by the K™ and CI1~ fluxes. [10, pp. 1-3],
[19, pp. 25-30]

In addition to ion channels, there are ion pumps which can actively transport ions across
a membrane. The ion pumps are needed to maintain the concentration asymmetry. For
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example, the fluxes of Na™ and K™ ions would eventually diminish the excess of K ions
inside a cell and the excess of Na™ ions outside the cell and thus cancel the concentration
differences. However, the Na™-K™ pump transfers three Na™ ions outside the cell for
every two K™ it takes inside the cell and thus maintains the concentration differences.
[10, pp. 1-3], [19, p. 25]

A special property of neurons is their ability to change their membrane potential, which
allows neural systems to forward information as electric signals. The changes in the
membrane potential are based on gated ion channels. The gating of ion channels means
that the probability of a channel being open depends on the environmental circumstances
such as local membrane potential near the channel. [10, pp. 1-2], [19, pp. 32—-33]

When a neuron receives an inward input current, its membrane potential increases. The
increase in the membrane potential is called depolarization. The depolarization opens
the Na™ channels, which causes an inflow of Na* ions leading to a buildup of positive
charge inside the neuron. As a result, the membrane potential increases even further.

After having opened, the Na™ channels start closing spontaneously. At the same time,
the depolarization of the cell opens the K™ channels, which causes an outflow of K+
ions. Thus, after the depolarization, the membrane potential decreases. This is called
repolarization of the membrane. As the Na™ channels are closed but the K+ channels
stay open during the repolarization, the membrane potential can decrease even below
the resting potential. This is called hyperpolarization of the membrane.

Finally, the KT channels close again, and the Na™-K* pumps exhange the places of
Na™ and K™ ions so that the cell achieves its resting potential again. The changes in the
membrane potential described above are called the action potential. The action potential
is also called a spike — the membrane potential quickly increases significantly and then
decreases back to the resting potential. A spike is depicted in Figure 3.1. [10, pp. 17-18],
[19, pp. 41-42]

As mentioned briefly above, the input current must be large enough to produce a spike
in the membrane potential. Thus, neurons represent excitable systems. An input current
exceeding a treshold causes a transition from a resting state to a spiking state, whereas
small inputs cannot create an action potential but result in small outputs. [19, p. 1], [41]

3.2 Mathematical Models of Spiking

Since the core of the neuromorphic approach is replicating neural behaviour, the starting
point of neuromorphic control, engineering, and computing is the modelling of excitation
and different spiking behaviours mathematically. As described above, neural behaviour
is characterized by changes in the membrane potential over time, which is why a neuron
can be analyzed as a dynamical system [19, p. 8].
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Figure 3.1. The changes in the membrane potential during action potential (modified
from [10, p. 18]).

There is a great number of different neuron models which vary in biological accuracy and
complexity. We follow a rough classification of neuron models into biologically plausible
and simple neuron models. Biologically plausible models try to capture the biophysical
details of neural behaviour accurately whereas simple models only take inspiration from
the behaviour of neural systems focusing more on tractability and the cost of computa-
tions. [18], [30], [33] In the following sections, we present these categories in brief.

3.2.1 Conductance-Based Models

Many neuron models represent a neuron as an electric circuit [9], [19, p. 28]. A membrane
is modelled as a capacitor, and it is connected in parallel with components describing the
ion transportation across the membrane. A general circuit representation is presented in
Figure 3.2.

According to Kirchhoff’s first law, we can write an equation for the net current I across a
cell membrane as

I=CV + Ina+ Ix + Icy + Ica.

The capacitance C' € R of the membrane multiplied by the time derivative of the mem-
brane voltage 1% captures the depolarization and the hyperpolarization of the membrane.
Each [;,, describes the flow of ions across the membrane. [19, p. 28]

As stated previously, the membrane has a specific permeability to each ion. To describe
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extracellular

Ina Ik Icy Ica
9Na, gK gci gca
c—= CD I
— Ve — V. — Vo — Ve
intracellular

Figure 3.2. A neuron represented as an electric circuit. The capacitor represents the
membrane and the current source represents an external current applied on the neuron.
The connections of resistors and voltage sources model voltage-gated ion channels. The
figure is adapted from [19, p. 28] and [34].

this property, each ionic current is written as
]ion - gion(v - Vion)-

Here the conductance gio, € R, is the inverse of resistance, and thus it describes how
easily a specific ion can pass through the membrane. It can be a constant or a function
of time and voltage, for instance, if it describes a gated ion channel. The voltage V' is the
membrane potential. The Nernst equilibrium potential Vi,, € R is a constant capturing
the electrochemical regulation of each ion flux. [19, pp. 27-29]

As described in Section 3.1, gated ion channels are central in creating action potentials.
The gating property is included in conductance-based models by using conductances that
depend on cellular conditions such as membrane potential or ion concentrations. Possibly
the most famous example of a conductance-based model is the Hodgkin—Huxley model
[9], [101], [19], [34], [38]. Its circuit representation is presented in Figure 3.3.

The Hodgkin—Huxley model is defined by the equations

[=CV+gk(V = Vi) + gna(V = Vaa) + (V= V) (3.1a)
gk = n'gx (3.1b)
gNa = MPhgy,. (3.1¢)

In this model, the net current I through the membrane consists of charging or discharging
the membrane, which is modelled as a capacitor, ionic currents of potassium and sodium
ions, and a leak current, which describes the flow of chloride and other ions. The conduc-
tance of the leak current g, € R, as well as the Nernst equilibrium potentials Vx € R,
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Figure 3.3. The circuit representation of the Hodgkin—Huxley model (adapted from [19,
p. 28] and [34]).

Vna € R, and V; € R are constants.

The voltage-gated channels are included in the model through conductances gk : [0, 1] —
R, U{0} and gn. : [0,1] x [0,1] — R, U {0}. Equations (3.1b) and (3.1c) reveal that
the conductances depend on the maximal conductances gx € Ry and gy, € R4, which
are constants, and the so-called gating variables n, m and h. The variables n and m
capture the activation of potassium and sodium channels, respectively, and the variable
h captures the inactivation of sodium channels. The gating variables are dimensionless
with a range [0, 1], and their dynamics are

i = a(V)(L = 1) = B,(V)n
1 = an(V)(L = m) = Bu(V)m
b= an(V)(L ~ h) — Bu(V)h.

Here «;(V') and 53;(V') are functions of the membrane potential V. Based on the dynam-
ics of the variables n, m and h, it is clear that n, m and h are functions of the membrane
potential I/ and time. Consequently, the conductances gk and gn. of the Hodgkin—Huxley
model are voltage- and time-dependent. [14]

Conductance-based models are often called biologically plausible or faithful since the
variables and parameters of these models have a biological counterpart in a neuron.
Therefore, the model parameters can be estimated from experimental measurements [19,
p. 267]. For instance, the Hodgkin—Huxley model is based on a so-called voltage-clamp
experiment where the transmembrane current in a giant axon of a squid is measured for
different values of the membrane potential [15].

Biological faithfulness is also based on the fact that conductance-based models can ex-
plain various neuronal behaviours. Different behaviours include for example excitation,
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spiking, and bursting, where spikes occur as clusters. Thus, conductance-based models
are amenable to estimating the model parameters experimentally and studying the effect
of the parameter values on the behaviour of a neuron. [18], [30], [33]

While conductance-based models are biologically accurate, their price is their complexity.
Choosing a suitable conductance-based model, tuning the model parameters, and con-
necting experimental results with the chosen model might not be intuitive, which makes
conductance-based models a poor starting point for control and other engineering tasks
[19], [33], [36]. In addition, using a conductance-based model is often computationally
expensive, and therefore these models are often ill-suited for studying neural networks
[18], [30].

3.2.2 Simple Models

Next, we introduce selected simple models of neural behaviour. These models are also
called biologically inspired ones. The main idea of simple models is to replicate neural
behaviour, but with a system that does not need to follow the biophysical details of neural
activity. [19], [38]

One popular class of simple neuron models are the so-called integrate-and-fire models.
They combine continuous dynamics modelled as differential equations with a treshold
that creates the discrete spikes. For example, the leaky integrate-and-fire model is

CV =] — gleak(V — Vieak)a when V' < V:chreshold
V = VK, when V > %hreshold'

In this model, the membrane potential V' has continuous dynamics which are regulated
by an input current I and a leak current. The membrane potential has a threshold value
Vinreshola- When the value of V' reaches Vipeshold, the neuron fires, and the value of V' is
set back to Vk < Vinreshold-

The leaky integrate-and-fire model does not describe intrinsic spiking, but it requires an
external current to exhibit spikes. Furthermore, the spikes in this model are only formal.
Once the threshold is reached, the value of voltage is instantly reset to Vi, and therefore
the model does not include the upstroke of the membrane potential. [19, pp. 267—-268]

Another approach is to create a simplified version of the Hodgkin—Huxley model. These
models are simplified as they contain fewer variables but still have a nonlinear structure
just as the Hodgkin—Huxley model. One such example is the FitzZHugh—Nagumo model
[11]. Its circuit realization is presented in Figure 3.4.
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Figure 3.4. The circuit representation of the FitzHugh—Nagumo model (adapted from

[20]).

The FitzHugh—Nagumo model can be written as

OV = —ig—ip + 1 (3.2a)

Li, = —Ri, +V (3.2b)
3

iy = V? —kV. (3.2¢)

The first equation describes the charging or discharging of the capacitor, the second
equation models the dynamics of the inductive branch of the circuit, and the third equation
captures the nonlinear behaviour of the tunnel diode [41]. Following the representation in
[34], the model can alternatively be expressed as

. V3
V:—?—l—V—n—i—I (8.3a)
Tn=V +4+a—bn. (3.3b)

The latter representation allows a comparison with the Hodgkin—Huxley model. The
FitzHugh—Nagumo model includes only two variables, V' and n, instead of the four vari-
ables V', n, m, and h of the Hodgkin—Huxley model. In the FitzHugh—Nagumo model,
the variable V' describes the membrane potential and the excitation of the neuron and
thus corresponds to the variables V' and n in the Hodgkin—Huxley model. The variable n
corresponds to the variables m and & in the Hodgkin—Huxley model and thus describes
the recovery and the refractoriness of the membrane potential. We can conclude that
the FitzHugh—Nagumo model does not describe the biophysical details of a neuron, but
it still includes a nonlinear structure and can therefore describe the excitation and the
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repolarization of a neuron membrane. [11]

As already emphasized above, the advantage of the biologically inspired neuron models
is their simplicity which makes them easier to analyze compared to the conductance-
based models. For example, the leaky integrate-and-fire model can be studied by using
the tools of linear theory, and many simplified versions of the Hodgkin—Huxley model
are amenable to phase-plane analysis. [30] The simple models are also computationally
cheap and therefore suitable for circuit or even network synthesis [18], [30], [33].

The drawback of the simple neuron models is that they might not be able to exhibit as
many neural behaviours as the biologically faithful ones [18]. Also, studying the relation-
ship between the model parameters and neural behaviour might not be possible as the
simplified models are only biologically inspired, and the parameters do not have exact
counterparts in biological neurons [33].

3.3 Mixed Feedback

A central feature in creating spiking behaviour is mixed feedback. According to Sepulchre
[39], many control solutions include either positive or negative feedback, but a special
feature of biological systems is that they mix both feedback types.

We explain negative and positive feedback by following the approaches in [9] and [42].
First, we introduce a static open-loop amplifier with saturation levels 0 and 1. The ampli-
fier gets an input u and amplifies it with a linear gain k > 0 resulting in an output y. We
can describe the behaviour with a saturation function

0, u<0

y =satg(u) = { ku, 0<u<i
1
]_, U>E

Clearly, the behaviour is linear in the input range from 0 to 1/k, and the output saturates
to either 0 or 1 for small or large inputs, respectively. The input-output relationship of the
open-loop amplifier is presented in Figure 3.5.

Next, we form a closed-loop system with negative feedback. Negative feedback means
that the output signal is subtracted from the input signal as depicted in Figure 3.6. The
output of a closed-loop negative feedback amplifier with a linear feedback gain K > 0
can consequently be written as

y = k(u — Ky).
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1/k (2

Figure 3.5. The input-output relationship of an open-loop amplifier with a saturating linear
gain.

K <

Figure 3.6. A block diagram representation of a negative feedback amplifier. The figure
is adapted from [43, p. 97].

Using the equation above, we can also write the ratio of the output to the input as

Y k

u 1+ kK
The ratio above describes the amplification gain of the system. Comparing a negative
feedback amplifier with an open-loop amplifier reveals the fact that the effect of negative
feedback is down-regulating. The input range [0, K + 1/k| of the linear behaviour is
stretched with respect to the open-loop range [0, 1/k|, and the gain k/(1+kK) is smaller
than the gain of the open-loop system. Furthermore, we note that if the open-loop gain
k is large, and especially if £ > 1/K, then the closed-loop gain is approximately 1/ K.
It means that negative feedback makes the system insensitive to disturbances or errors
in the internal behaviour of the amplifier [43, pp. 98—112]. The differences between a
negative feedback and an open-loop amplifier are presented in Figure 3.7.

Positive feedback also feeds output back to the system, but instead of subtraction, the
output is added to the input signal. The output of a closed-loop positive feedback amplifier
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Figure 3.7. The input-output relationships of a linear negative feedback amplifier (solid
line) and an open-loop amplifier (dashed line).

with a linear feedback gain K € [0, 1/k) can be written as

y = k(u+ Ky)

= y= u.

1—-kK

The effect of positive feedback is amplifying. When we compare a positive feedback sys-
tem with an open-loop design, we note that positive feedback increases the ampilification
gain [43, p. 97]. Thus, small changes in the input result in larger changes in the out-
put, and the linear range shrinks to [0, 1/k — K. The differences between a closed-loop
system with positive feedback and an open-loop system are presented in Figure 3.8.

Y

|
=

==
IS

Figure 3.8. The input-output relationships of a linear positive feedback amplifier (solid
line) and an open-loop amplifier (dashed) when 0 < K < 1/k.

Next, we discuss the effect of increasing the positive feedback gain K. When the feed-
back gain K approaches 1/k, the amplification gain k/(1 — kK') approaches infinity [43,
p. 97]. Thus, the system becomes ultrasensitive, which means that a small input can
create a major change in the output. The system can even produce an output without
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any input [43, p. 351]. Thus, positive feedback can result in oscillations where the system
output switches from a saturation level to another.

If the feedback gain is increased even further, we note that the two saturation levels
coexist in the input range [1/k — K, 0]. This input range where both saturation levels are
possible is called a bistable range. As in the ultrasensitive case, suitable inputs can make
the system switch between these levels. Furthermore, the system exhibits hysteresis or
memory, which means that the state of the system depends on the previous state. We
demonstrate the hysteretic behaviour by expressing the output of the system as

h = k(u + K?JO)’

where v is the current output of the system and vy, is the new output. First, we assume
that the system is at the saturation level y, = 0. We note that the system must get an
input greater than zero so that the system switches to the saturation level y; = 1. Next,
we assume that the system is at the saturation level y, = 1. We note that the output
switches from one to zero if

1
Elu+ K) <1 < U<E_K'

Thus, inputs in the hysteretic range [1/k — K, 0] cannot make the system switch from a
saturation level to another [37], [43, pp. 513-514]. The hysteretic behaviour is demon-
strated in Figure 3.9.

A 4

I =

Figure 3.9. The input-output relationship of a static positive feedback amplifier, when
K > 1/k. The amplifier acts as a hysteretic switch.

The conclusion of the static amplifier example is that negative feedback acts as a reg-
ulator, and positive feedback is able to create switching behaviour. In spiking systems,
positive and negative feedback are mixed and the feedback gains are altered dynamically
in such a way that the positive feedback overcomes the negative feedback locally. This
is achieved when the positive and the negative feedback act in different time scales: the
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positive feedback acts fast whereas the negative feedback acts slowly. The meaning of
time scales will be discussed more in Chapter 4. At this point, the key message is that
the fast positive feedback creates the discrete spikes and the slow negative feedback
regulates the continuous dynamics between the spikes. A spiking system is thus both a
binary-valued automaton, which is also called a digital system, and a continuous-valued,
also known as an analog, physical system. [9], [40], [41]

The action potential of a neuron indeed exhibits the mixed feedback structure described
above. The opening of the sodium channels acts as the positive feedback: an external
current first increases the membrane potential, which results in the opening of the sodium
channels. The influx of sodium ions further increases the membrane potential, so there
is an upstroke in the membrane potential. After the depolarization, the sodium channels
close and potassium channels open, which decreases the membrane potential back to
the original level. Thus, the closing of sodium channels and the opening of potassium
channels correspond to the negative feedback. [9], [34], [40]

In addition to the different effects of the ion fluxes, we also want to emphasize the timing
of the fluxes. Depolarization activates both the sodium and the potassium channels, but
the potassium channels are activated slower than the sodium channels. In addition, the
sodium channels close spontaneously after they have opened. Therefore, the positive
feedback is fast and acts first, whereas the negative feedback is slow and acts after the
positive feedback. [9], [34], [40]

Next, we describe how neuron models exhibit the mixed feedback structure. When a
neuron is modelled as a nonlinear circuit, positive and negative feedback are created by
negative and positive conductance elements, respectively. Positive and negative con-
ductances refer to differential quantities which describe a relationship between voltage
and current increments. Thus, they capture the dynamical nature of the ion channels’
voltage-dependent conductances. A differential conductance is negative if an increase in
the voltage results in a decrease in the current. It is positive if an increase in the voltage
results in an increase in the current. [40] The effect of a circuit element on the dynamics
of a membrane can be generally written as

CV =—F(V),

where F'(V') describes the relationship between the current and the voltage of the circuit
element. The differential conductance is the derivative of F'(1V') with respect to V. The
feedback type of the element can be concluded by linearizing the equation above around
some voltage V. Positive condunctance corresponds to negative feedback, whereas neg-
ative conductance results in positive feedback. [34]

In this thesis, we will utilize the FitzHugh—Nagumo model (3.3) in control design, and thus
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we analyze it more closely as a fast—slow system in Section 5.1. However, at this point
we will use the representation (3.2) as an example to demonstrate the role of negative
and positive conductance elements in creating mixed feedback.

First, we assume that C' is small compared to /R so that variable V' has fast dynamics
compared to . In other words, the capacitor and the diode will have faster dynamics
than the elements in the inductive branch. Next, we can see that the tunnel diode is a
negative resistance device. Its dynamics follow the cubic structure V3 /3 — kV/, and from
Figure 3.10 we can see that the term £V describes the local negative resistance.

I 1

[=1ve kv

[

Figure 3.10. The |-V curve of a negative resistance tunnel diode. A cubic polynomial
without the first degree term is presented as a comparison on the left.

The inductive branch in turn has positive conductance and therefore it acts as a source of
negative feedback. As a conclusion, we note that the FitzHugh—Nagumo circuit combines
the fast and local positive feedback of the tunnel diode with the slow and global negative
feedback of the inductive branch. [40] We will later see that this results in the spiking
behaviour of the circuit.

3.4 Neuromorphic Control

Neuromorphic control is a branch of control theory which takes inspiration from biological
neural systems to control design. As described in Section 3.1, information is processed
as voltage spikes in neural systems. Similarly, neuromorphic control systems are based
on spikes, and consequently they are also referred to as spiking control systems [40].

Spiking controllers can be constructed in various ways by utilizing different neuron models
[36]. A simple approach is to use a nonlinear oscillator as the controller. Certain nonlin-
ear oscillators can be seen as neuroinspired because their nonlinear dynamics result in
spiking behaviour. The FitzHugh—Nagumo model is an example of a nonlinear oscillator
with biological inspiration [30].

The controller can also be a network of connected neurons, a central pattern generator
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(CPG), which is able to produce spiking control signals without receiving sensory feed-
back. However, sensory feedback can be added to the system to modify the output of the
controller. CPGs also have a biological background as they are found in animals’ neural
systems. [16]

3.4.1 Controlling Rhytmic Tasks

Neuromorphicity is a suitable control approach for systems exhibiting rhytmic or oscilla-
tory nature. Types of locomotion encountered in nature, such as walking, crawling, and
swimming, are indeed rhytmic. Therefore, a popular application field of neuromorphic
control is controlling the motion of biologically inspired robots. [36] An interested reader
is referred to [16] for an extensive review of applications in robotics.

Neuromorphic controllers have an event-based structure [40]. In event-based control,
only significant events are measured and cause control actions. In neurons and neuro-
morphic controllers, the spikes represent these events. [4] Event-based control is suitable
for controlling rhytmic movements since the desired behaviour can be presented as sen-
sor and actuator events, instead of following an approach where one must model the
system state, plan a reference trajectory, and design a suitable control input. Using a
sequence of discrete events instead of a real-valued trajectory can be reasonable if mod-
elling the system or the desired trajectory is difficult. [36]

An example of a physical system with a neuroinspired controller is a soft crawling robot
introduced by Juncal Arbelaiz et al. in 2024 [2]. The robot consists of a single elastic seg-
ment which can both extend and contract. The aim of control is to make the robot crawl.
First, the head moves forward making the robot extend. After that, the tail moves ahead,
and thus the robot contracts. Since these movements recur repeatedly, the crawling mo-
tion can be described as periodic oscillations. The crawler is controlled by a nonlinear
circuit inspired by the FitzHugh—Nagumo model. The input signal to the crawler is the
voltage of the controller, and the controller gets the strain of the crawler as an input. [2]

The crawler exploits the event-based design. The desired trajectory can be described as
a sequence of sensory and actuator events as follows. When the crawler extends beyond
or contracts below a given limit, the controller creates a voltage spike. The voltage spike
results in a force applied on the tail or the head. This kind of a sequence is a result
of the nonlinear dynamics of the controller. Between the voltage spikes, the crawler’'s
locomotion is defined by the controller voltage and the crawler's own dynamics. The
crawler’'s dynamics are affected by the restoring force and damping of the elastic body,
and interaction with the environment, which is described by a frictional force.
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3.4.2 Neuromodulation

A central research interest in the field of neuromorphic control is neuromodulation [33],
[36]. Neurons include chemicals that affect the excitability properties and thus the be-
haviour of neurons. The neuromorphic counterpart of neuromodulation is tuning the
parameters of the neuronal model. For instance, in conductance-based models, neu-
romodulation means tuning the maximal conductances of the model. [34]

Neuromodulation makes control adaptive. It means that the parameters of the controller
can be tuned in real time. Adaptive controllers are useful if the control objective includes
uncertainty or the environment is changing. [28], [36] For example, for the crawling robot,
neuromodulation could enable crawling in changing environments [2].

As a conclusion, one could claim that neuromorphicity is an efficient and adaptive ap-
proach to controlling rhytmic motions. Current research interests of neuromorphic control
include understanding the properties of neuron models, such as feedback structure and
neuromodulation. The neuron models in turn set the foundations for designing robust,
adaptive and efficient controllers.
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4. SINGULAR PERTURBATIONS

In this chapter, we introduce singular perturbation methods that provide an approach to
analyzing dynamical systems. Singular perturbations give insights especially into sys-
tems where the dynamics of the variables have different time scales: some variables
evolve fast, whereas others evolve slowly. The differing time scales allow us to analyze
the entire system in two stages. First, the fast and slow dynamics are analyzed sepa-
rately, and then a combination of these solutions gives an approximation to the solution
of the original system. [24, p. 423], [25, pp. 1-2]

Definition 4.1. ([24, p. 424], [27, p. 8]) A fast-slow system is of the form

et = f(x,y,e), x(ty) =x(0) = xq (4.1a)
y = g(xaya 8)7 y(tO) = y(O) = Yo, (41b)

where f : R xR" xR — R™and g : R xR™" xR — R" are continuously differentiable
functions in their arguments, t € [to, 1), and 0 < ¢ < 1.

For simplicity, our attention is restricted to autonomous systems where functions f and g
have no time dependence. We also assume that ;5 = 0 since for an autonomous system
we can always introduce a shifted time variable ¢t = ¢ — .

According to the definition of a fast—slow system, the separation of time scales stems
from the appearance of a small parameter . Since ¢ is small, & can be thought to be
large compared to ¢, which means that x has faster dynamics than vy, and the variables
evolve in different time scales. Motivated by this, x and y are called fast and slow vari-
ables, respectively. However, it should be noted that the selection of the parameter € and
the state variables, and the scaling of the model and functions f and g affect whether
the reasoning above is valid and whether the singular perturbation analysis is a suitable
approach. [24, pp. 424—-425], [25, p. 3]

To introduce another representation of a fast—slow system, we define a scaled time vari-
able 7 = t/e. Since ¢ is small, 7 is stretched relative to the slow time t. In other words, T
evolves faster than ¢ and is sometimes called the fast time. [27, p. 8]

Next, we define 2’ as the derivative of the variable x with respect to the new time variable
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7. Its relation to the time derivative z is

, dxr dxdt i
r == — = .
dr  dtdr
Analogously, the time derivative ¢’ equals ¢j. By using the new time variable 7, we can
rewrite (4.1) as

o' = f(z,y,¢) (4.2a)
y/ = Eg(x,y,a). (42b)

Again, the small parameter € characterizes the dynamics of the variables. The values of
y' can be thought to be small compared to the values of z’. Hence, = has faster dynamics
than y, which is in line with the observations made from (4.1). [24, p. 432], [25, pp. 9-10],
(27, p. 8]

As stated earlier, our aim is to examine the fast and the slow dynamics separately. To
this end, we analyze both representations of the full system in the so-called singular limit
where € = 0 [27, p. 12]. First, we use the slow time scale ¢t and set ¢ = 0.

Definition 4.2. ([27, p. 11]) The system of equations

0= f(z,y,0) (4.32)
y = g(z,y,0), (4.3b)

which is obtained from (4.1) in the singular limit, is called the reduced model or the slow
subsystem.

Using the singular limit creates a system of lower dimension than the original system. The
dynamics of the reduced model are entirely defined by (4.3b), which is therefore called
the slow flow [27, p. 11]. Equation (4.3a) is an algebraic constraint on the solutions of
(4.3). From a geometric point of view, the restriction means that the flow (4.3b) is defined
only on a certain subset of R”*". The subset is called the "critical manifold". [22, p. 47],
[24, p. 424]

Definition 4.3. ([27, p. 12]) The set Cy = {(z,y) € R™ x R"| f(z,y,0) = 0} is called
the critical manifold.

We first analyze fast—slow systems whose critical manifolds satisfy the following condition
of "normal hyperbolicity".

Definition 4.4. ([27, pp. 54-55]) Let us consider a subset .S of the critical manifold C
and a point (x,y) € S. We examine a matrix (D, f)(z, y, 0) which consists of the partial
derivatives of f : R™ x R® x R — R™ with respect to the fast variable = as intro-
duced on page 7. The subset S is normally hyperbolic if the eigenvalues of the matrix
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(D.f)(z,y,0) have non-zero real parts for all (z,y) € S.

When the critical manifold is normally hyperbolic, the implicit function theorem guarantees
that we can express the variable z in terms of y as * = h(y) [22, p. 50], [27, p. 59].
Consequently, the flow of the slow subsystem (4.3) is defined by

g =g(hy),y,0), ylte) =y(0) = yo. (4.4)

We denote the solution of the reduced model by y(t). Then, the values of the fast variable
z on the critical manifold are defined by z(t) = h(y(t)). [24, p. 431]

As stated above, the reduced model defines the flow on the critical manifold. However,
the starting point of the trajectory defined by the initial values (zg,yo) may not be on
the critical manifold. In other words, there may be a difference between x(0) = x, and
z(0) = h(yo). Therefore, we are interested in the situations where on the so-called
boundary-layer the trajectory approaches the critical manifold. In other words, under
certain stability conditions to be presented, on the boundary-layer ¢ € [0, t,], where ¢, >
0, the fast variable z(t) approaches z(t) = h(y(t)). Subsequently, when t € [t;, 1), the
values of z(t) are approximated by Z(t) . To describe the behavior on the boundary-layer,
we examine the fast time scale representation (4.2) in the singular limit. [24, pp. 430—433]

Definition 4.5. ([27, p. 12]) The system of equations

' = f(z,y,0) (4.5a)
y =0, (4.5b)

which is obtained from (4.2) in the singular limit, is called the layer problem or the fast
subsystem.

Once again, using the singular limit results in a system which is simpler than the full
system. The variable y is constant, and the dynamics of the system are defined by (4.5a),
which is called the fast flow [27, p. 12].

To analyze the solution of the fast subsystem on the interval [0, ¢;], we introduce a shifted
variable z = = — h(y). We note that = approaching h(y) coincides with z approaching
the origin. The dynamics of the new variable z can be written as

dz  dv  _dh(y)dy o
gdt_gdt € dy dt’ 2(0) = 20 = zo — h(yo)
dh(y) .

W,

< cz=¢cxr —¢
dy
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Substituting e = f(z + h(y),y,€) and § = g(z + h(y),y, ¢) into the equation gives

df;;y)g(z + h(y),y, 8).

ez = f(z+h(y),y,e) —¢

Using the fast time scale 7 = ¢/, we can rewrite the dynamics as

dh(y)
dy

2= f(z+hy) ye) —¢ 9(z + (y),y,e).

Next, we set ¢ = 0 to obtain a fast subsystem where the fast variable is z and the slow
variable is y. From (4.5b) it can be seen that y = y,. Thus, the fast flow of variable z is

2 = f(z+hw), ¥0,0), 20 = x0 — h(yo).

Usually, the model is written as

2= f(z+ h(y),y,0), (4.6)

where ), is replaced with a fixed parameter y. This equation is called the boundary-layer
model, and it corresponds to examining the fast flow with different initial values of y. [24,
pp. 432—433]

As stated previously, we are interested in the situation where the variable x approaches
h(y), which coincides with z approaching the origin. For this behavior, we require the
origin to be an exponentially stable equilibrium point of the boundary-layer system (4.6).
In addition, we require that the origin is stable uniformly in y, which means that the origin
would be stable even if the fixed parameter were replaced by a slow variable y. [24, pp.
430—433], [25, p. 10]

Definition 4.6. ([23, p. 360]) Assume that the solution y(t) of (4.4) is defined for ¢ €
[0,#1], and [|y(t)|| < 7. The origin is an exponentially stable equilibrium point of the
boundary-layer model (4.6), uniformly iny € B, = {y € R |||y|| < r}, where ry < r, if
there exist positive constants k, v and p, that are independent of y such that the solutions
of the boundary-layer system satisfy

()]l < Kllzolle™” (4.7)

for all ||z0]| < po, y € Br,and 7 > 0.

The local exponential stability of the origin can often be established by linearization as
explained in Section 2.2.
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Lemma 4.7. [23, p. 360], [25, p. 11] If the eigenvalues )\ of

(D-f)(h(y), y,0)

satisfy the condition Re A < 0 for all y € B,, there exist constants k, vy, and py such that
(4.7) holds.

Another perspective to the fast flow can be gained by considering its equilibrium points
since the next theorem states that the points of the critical manifold coincide with the
equilibrium points of the fast flow.

Theorem 4.8. ([27, p. 12]) A point (z*,y*) € R™*" is an equilibrium point of the fast flow
(4.5a) if and only if it is a point of the critical manifold.

Proof. Based on Lemma 2.5, (z*, y*) € R™*™ is an equilibrium point of (4.5a) if and only
if

flx* y*,0)=0.

According to Definition 4.3, f(z*,y*,0) = 0 exactly when (z*,y*) is a point of a critical
manifold. Consequently, the equilibrium points of the fast flow are precisely the points of
the critical manifold. O

Considering the critical manifold gives a geometric interpretation to the behaviour of the
boundary-layer model. The fast flow can be seen as the fast subsystem approaching
its equilibrium points before the system starts evolving according to the slow flow along
the critical manifold. However, just as with the boundary-layer approach, we require that
the equilibrum points are asymptotically stable so that the fast subsystem actually ap-
proaches the critical manifold. In the geometric singular perturbation theory, stable and
unstable subsets of the critical manifold are usually referred to as "attracting" and "re-
pelling" subsets of the critical manifold, respectively. [27, pp. 54-55].

Definition 4.9. ([27, p. 54-55]) Let us consider a normally hyperbolic subset S of a critical
manifold Cy and a point (x,y) € S. The subset S is normally hyperbolic attracting if the
eigenvalues of (D, f)(x,y,0) have negative real parts for all (z,y) € S and normally
hyperbolic repelling if the eigenvalues have positive real parts.

Finally, we introduce a theorem that establishes the idea of approximating the full fast—
slow system trajectory by utilizing the reduced and boundary-layer models. For that, we
present a notation for the order of magnitude.

Definition 4.10. [24, p. 383] d,(¢) = O(d2(¢)) if there exist positive constants & and ¢
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such that

16,(2)] < K|3a(e)], forall |£] < c.

Theorem 4.11. ([23, p. 361]) Let us consider a fast—slow system (4.1) with initial values
z(0) = &(e) and y(0) = n(e) for [t,z — h(y),y,e] € [0,t1] x B, x B, x [0,&0] where
B, ={y e R"||lyll < r} and B, = {z € R™ || z]| < p}.

We assume that the system satisfies the following conditions:

1. The functions f, g, and their first partial derivatives with respect to x, y, and ¢
are continuous. The functions h(y) and (D,.f)(zx,y,0) have continuous first partial
derivatives with respect to their arguments. The initial values are smooth functions
ofe.

2. The reduced model (4.4) has a unique solution y(t) defined on [0, t1], and ||y(t)|| <
ry <rforallt e [O,tl]

3. The origin is an exponentially stable equilibrium point of (4.6) uniformly iny. Fur-
thermore, the solutions of (4.6) satisfy (4.7) with py < p/k.

Then there exist positive constants j and £* such that for all ||£(0) — h(n(0))]| < p and
0 < e < &*, the fast-slow system has a unique solution (w(t, e), y(t, 5)) on [0,t], and

y(t,e) —y(t) = O(e)
x(t,e) — z(t) — z(t/e) = O(e)

uniformly fort € [0,t,]. In addition, there exists a constant c** < €* such that ife < £**,
then

z(t,e) — h(y(t)) = O(e)

uniformly on the interval [ty, t,] where t, > 0.

The theorem above states that a combination of the flows of the fast and slow subsystems
is an approximation to the solution of the fast—slow system. First, the fast variable reaches
its equilibrium, provided that the equilibrium is stable. Geometrically, this means that the
trajectories approach the critical manifold. After that, the trajectories evolve near the
critical manifold according to the slow flow. On the critical manifold, the values of the fast
variable = are approximated by = = h(y), which means that the values of z must quickly
decay to zero after the boundary-layer. [24, pp. 430-438], [27, p. 56]
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Example 4.12. Let us examine a fast-slow system

ek = fz,y,e) = > —x, x(0) =g (4.8)
y =g,y =—y, y0)=w (4.8b)

presented originally in [27, pp. 56-58] from the point of view of comparing the critical
manifold and the exact solution trajectories. Our aim is to demonstrate the approach of
Theorem 4.11.

In this example, x is the fast variable and y is the slow variable. We use the singular limit
to find an approximation to the solution of the system. Setting ¢ = 0 yields the reduced

problem
0= y2 —x
y=-y.
As (D, f)(z,y,0) = —1, we can express z in terms of y as
z=y" = h(y)

On the critical manifold, the slow flow is defined by the differential equation
y=—y.

Using the method of separation of variables yields the solution

y(t) = yoe .

Furthermore, the values of x on the critical manifold are
Z(t) = h(y(t) = yoe ™.

To describe the flow outside the critical manifold, we use the fast time scale 7 and examine
the shifted variable z = = — h(y) with the initial value 2(0) = x¢ — y3. The dynamics of z
with respect to the fast time in the singular limit are defined by

7 = f(Z+ h(y),y,O)
=y’ — (2 +9°) = -2

Clearly, z has an equilibrium point at the origin. The equilibrium point is exponentially
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stable as (D. f)(0 + h(y),y,0) = —1. The solution of 2’ = —z is
2(7) = (20 — yo)e ",
which can be expressed in the slow time scale as

2(t) = (w0 — y)e ",

According to Theorem 4.11, we can combine the solutions of the reduced model and the
boundary-layer model to get an approximation to the solution of the full fast—slow system.
The approximation is

z(t) = yge ' + (zo — yg)e_t/a

y(t) ~ yoe .

The approximate solution reveals the time scale properties of the system. Especially, we
note that the term (z¢ — y2)e /¢ decays to zero when time ¢ increases, and therefore it is
clear that the term (o — 32)e~*/¢ represents the fast transition of z at the start. The term
yae 2" defines the values of z after the fast transition. In addition, we note that y ~
during the fast transition.

In this case, we can also find the exact solution of the full fast—slow system. Based on the
method of separation of variables, the solution of equation (4.8b) is

y(t) = yoeitv

which is equal to the approximate solution (). Substituting the solution into (4.8a) yields

1 1
ex = (yoe’t)2 —x = I+ ST = (yoe’t)2 :
Using the integrating factor e'/¢ yields
1 1 2 d Y
et/ai, + _et/ax _ _6t/a et o 6t/8 Lx) = _Oet/a—Qt7
€ € (yo ) dt ( ) €

which has the solution
y2
w(t) = —L—e % 4 Ce ",

The initial value of z is 2(0) = x,, and we can solve for the value of constant C'. Thus,



32

the exact solution of x is

2 2
x(t) Y 6_2t+(l‘0— Yo )e‘t/a.

T 12 1— 2

Graphical representations of the exact solution and the approximate solution, alongside
with the critical manifold, are presented in Figure 4.1. From the figure it can be seen
that the trajectories first approach the critical manifold, and afterwards they evolve along
it towards the equilibrium point (0, 0), which emphasizes the time scale properties of the
system. The fast variable reaches its stable equilibrium first, and the slow variable starts
evolving afterwards.

0.5+ —

—
0.4+ ]
0.3+ ]

>

0.2+ ]

o1l / | ]
— Approximate solution
—— Exact solution

Critical manifold
0‘ | | | |
0 0.05 0.1 0.15 0.2 0.25

T

Figure 4.1. Approximate and exact solutions of system (4.8) with initial value (z, yo) =
(0.1,0.5) and e = 0.01. The starting point of the trajectory is denoted by a dot.

Finally, we examine the effect of . As a comparison, a graphical representation of the
system with ¢ = 0.05 is presented in Figure 4.2. We note that the greater the value of
€ gets, the greater is the difference between the approximate and the exact solutions. In
addition, the separation of time scales is not very sharp if the value of ¢ is not very small
— the decay of term (zy — y2)e '/ becomes slower if the value of ¢ is increased.

As described in the example above, the idea behind singular perturbation methods is
to describe the behavior of a fast—slow system (4.1) as a combination of the behaviors
of the fast and slow subsystems. Next, we form approximate trajectories as piecewise
concatenations of the fast and slow subsystem trajectories.
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0.5+ *—

0.4+ ]

0.3+ ]

N
0.2+ ]
0.1+ ]
—— Approximate solution
Exact solution
Critical manifold
O | I I 1 1
0 0.05 0.1 0.15 0.2 0.25

T

Figure 4.2. Approximate and exact solutions of system (4.8) with initial value (z,yo) =
(0.1,0.5) and € = 0.05. The initial condition is denoted by a dot.

Definition 4.13. ([27, pp. 64-65]) Let us consider a partitioned time interval ¢ € (a,b),
where each subinterval has an image that is a solution trajectory of either the fast or the
slow subsystem. A candidate trajectory is a concatenation of these trajectories, and its
orientation is consistent with the orientations of the fast and slow segments.

Example 4.14. We examine the candidate trajectories of (4.8) presented in Example
4.12. The approximate solution of the system is

z(t) ~ y2e 2 + (xo — yd)e V"
y(t) =~ yoe .
Letting € approach zero, we get the solution
w(t) = yge
y<t) ~ y(]e_ta

which represents the trajectories of the slow subsystem. Clearly, the trajectories of the
slow subsystem can be parametrized as (2, y), emphasizing that the slow subsystem
trajectories are parts of the critical manifold z = y2. Additionally, the dynamics 7/ = —y
imply that these trajectories move in the direction of the origin.
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In the fast time scale, the solution is

which represents the trajectories of the fast subsystem. The y-coordinate is constant,
which means that the fast subsystem trajectories are horizontal lines. The directions of
the trajectories are defined by the fast dynamics 2’ = y? — 2. The parabola y?> = x
divides the plane into two regions: On the right side of the parabola x is greater than 2,
and therefore z’ is negative, which means that the trajectories point to the left. On the left
side of the parabola z is less than 32, and therefore the trajectories point to the right.

The transition from the fast subsystem trajectory to the slow subsystem trajectory hap-
pens when the fast subsystem trajectory reaches the critical manifold. It seems that the
fast subsystem trajectory reaches the critical manifold only when 7 approaches infinity,
but it should be noted that the fast segment is an instantaneous jump in the slow time
scale when ¢ — 0 [13].

Two different candidate trajectories of the system are presented in Figure 4.3. We can
conclude that the candidate trajectories of (4.8) are concatenations of horizontal lines,
which are directed towards the critical manifold, and curves towards the origin along the
critical manifold. This observation is consistent with the analysis presented in Example
4.12. Thus, the candidate trajectories can be regarded as sketches of the trajectories of
the full system.

Figure 4.3. Two candidate trajectories of the system (4.8).
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4.1 Singular Points

Based on the reasoning presented in the previous section, transitions from a fast sub-
system to a slow subsystem happen when the fast subsystem trajectory reaches the
attracting subset of a critical manifold. In this section, we consider the transitions from a
slow subsystem to a fast subsystem, which results from the loss of normal hyperbolicity
[27, p. 64].

Definition 4.15. ([27, p. 58]) Let us consider a point (x, y) of the critical manifold Cj. If
the derivative matrix (D, f)(x, y, 0) is singular, point (z, y) is a singular point.

If the matrix (D, f)(x,y,0) is singular, (D, f)(z,y,0) has zero as an eigenvalue [32, p.
292]. Consequently, singular points are not normally hyperbolic, and we can consider
singular points as points where the normal hyperbolicity is lost. Next, we examine "fold
points" which represent a particular type of singular points and are characteristic to the
critical manifolds analyzed in this thesis.

Definition 4.16. ([27, p. 62]) A point (z,y) on the critical manifold Cj of a fast-slow
system with m fast and n slow variables is a fold point if (D,.f)(x,y,0) is of rank m — 1.

Geometrically, fold points separate the normally hyperbolic branches of the critical man-
ifold. On RR?, fold points are usually isolated points on a curve representing the critical
manifold, whereas on IR3, fold points form fold curves. [27, p. 77, 80]

All the systems introduced in this thesis have only one fast variable. Motivated by this,
we consider the fold points of (1, 1)-fast-slow systems, which have one fast and one
slow variable, and (1, 2)-fast—slow systems, which have one fast and two slow variables.
If a system has one fast variable, the rank of (D, f)(x,y,0) must be zero according to
Definition 4.16. This implies that (D,.f)(z, v, 0) is a zero matrix. As we know that

(Daf)(e,.0) = 92 (29,0 € B,

we can conclude that the point (x,y) is a fold point of a system with one fast variable if
(0f /0x)(z,y,0) equals zero. [27, p. 61]

Next, we present nondegeneracy conditions, which describe the shape of the critical man-
ifold locally near the fold points. For example, on R?, the critical manifold corresponds to
a parabola locally near a nondegenerate fold point. On R3, the critical manifold corre-
sponds to a parabolic cylinder locally near nondegenerate fold points. [27, pp. 77-82] A
fold point of a (1, 1)-fast—slow system is nondegenerate if

92 f

9,
@(x,y,O)%O and —f(x,y,())#().

dy
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A fold point of a (1, 2)-fast-slow system is nondegenerate if

o0 f

9,2(%,0) #0 and

of of
ayl(x,y,())#o or ayz(w,y,o)#o-

In addition to the nondegeneracy condition, we present a normal switching condition for
(1,1)- and (1, 2)-fast-slow systems. The condition guarantees that the slow flow passes
the fold point or the fold line, and thus there is a transition from the slow flow to the fast
flow. For a system with one slow variable, we require that g(x, 3, 0) is nonzero at the fold
point. For a system with two slow variables, the normal switching condition is

g_yfl(x7y’0) ) 91<$7%0)

# 0. (4.9)
2 (2,9,0))  \ga(2,9.0)

A geometric interpretation of the condition above is that the trajectory and the tangent of
the fold curve are not parallel at the fold point in question. Fold points satisfying both the
normal switching condition and the nondegeneracy conditions are called generic. [27, pp.
62, 77-80]

Example 4.17. We consider the following fast—slow system

er = —2® —y = f(z,y) (4.10a)

y=1=g(zy), (4.10b)

which is a simple example of a system containing a fold point. Actually, it can be shown
that a (1, 1)-fast-slow system can be transformed into (4.10) near its generic fold point

by a smooth change of coordinates. Therefore, (4.10) is called the normal form of a fold
point. [5], [27, pp. 77—-80]

The critical manifold of this system is defined by
Yy =—x".

By differentiating f(x, y) with respect to =, we get

0
% () = 2
Thus, the critical manifold is normally hyperbolic except at the singular point (z,y) =

(0,0). The singular point, where the normal hyperbolicity breaks, is a fold point. It is
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nondegenerate since

9% f

5-2(0.0) =270
of
g,00) =170,

The fold point also fulfills the normal switching condition as ¢(0,0) = 1.

We can approximate the dynamics of the system by using the properties of the fast and
slow subsystems and the fold point. If the initial point of the trajectory is not on the critical
manifold, the system first follows the fast subsystem dynamics

x’:—x2—y

y =0.

Above the critical manifold we have y > —2?, and thus 2’ < 0. Therefore, the trajectories
are directed to the left above the critical manifold. Correspondingly, below the critical
manifold, the trajectories point to the right. A vector field demonstrating these remarks is
presented in Figure 4.4.
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Figure 4.4. A normalized vector field representing the flow of system (4.10) when ¢ =
0.001. The solution trajectory is numerically solved, and the initial condition is (o, yo) =
(1.4, —1). The parabola represents the critical manifold.

The characteristics of the fast dynamics are also supported by Theorem 4.8, which states
that the critical manifold consists of equilibrium points of the fast flow. Linearization of
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(4.10a) around the equilibrium points is

) —2x <0, whenz >0
—(x,—z%) =
dx —22 >0, whenz <0,

and it reveals that the right branch of the critical manifold consists of stable equilibrium
points of the fast flow, whereas the equilibrium points on the left branch are unstable. In
other words, the right branch is attracting and the left branch is repelling, and the two
branches coincide at the fold point.

Thus, if the initial point is on the right side of the critical manifold, below the x-axis, or
below the critical manifold, the fast dynamics take the trajectory onto the attracting branch
of the critical manifold. Otherwise, the fast dynamics evolve towards left without reaching
the critical manifold.

If the initial point is chosen such that the trajectory reaches the critical manifold, there
is a transition from the fast subsystem to the slow subsystem. After the transition, the
trajectory follows the critical manifold. According to the slow subsystem dynamics, which
are defined by

the value of y increases, and the trajectory is directed towards the fold point.

While the system evolves along the attracting branch of the critical manifold, the fast flow
resides at its stable equilibrium. At the fold point, the equilibrium point of the fast flow loses
its stability, and the system stops following the critical manifold. The fold point satisfies
the normal switching condition, and therefore there is a switch from the slow dynamics to
the fast dynamics.

All'in all, there are two kinds of candidate trajectories approximating the solution trajectory
of the system. Depending on the initial condition, the trajectory can be either a horizontal
line directed to the left or a concatenation of a horizontal segment ending at the attracting
branch of the critical manifold, a segment on the attracting branch of the critical man-
ifold ending at the fold point, and a horizontal line towards left. An example trajectory
demonstrating the behavior of the full system (4.10) is presented in Figure 4.4.

4.2 Relaxation Oscillations

In this section, we introduce a special type of periodic orbits called relaxation oscillations.

Definition 4.18. ([27, p. 97]) Let a fast—slow system have a candidate trajectory ~, which
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consists of alternating fast and slow segments. If a periodic solution +. of the system
(4.1) converges in the singular limit e — 0 to that candidate trajectory ~y, the solution .
is called a relaxation oscillation.

Next, our aim is to present a theorem that can be used to prove the existence of relaxation
oscillations in two-dimensional fast-slow systems. We consider a (1, 1)-fast-slow system
(4.1) and assume that the system has the following properties.

A1) The critical manifold Cj defined by the equation y = h(z) is S-shaped: The func-
tion h : R — R has two critical points, one nondegenerate minimum and one
nondegenerate maximum, which are the fold points of the critical manifold. The
fold points divide the critical manifold into three normally hyperbolic branches, C;~,

roand C§.

A2) The outer branches Cgi are attracting, and the middle branch Cj is repelling.

A3) Both fold points are generic. They are nondegenerate and satisfy the normal
switching condition.

A4) On the branch C~ the flow is directed towards right and on the branch C{}* the
flow is directed to the left.

Under Assumptions A1)—A4) we can construct a candidate trajectory with alternating fast
and slow segments as illustrated in Figure 4.5 [27, p. 188]. The starting point (Zasop.r, Y1)
of our analysis lies on the attracting branch Cg* of the critical manifold. On this branch,
the trajectory follows the slow subsystem dynamics, and based on Assumption A4), it is
directed towards the fold point (Zjump,rs ¥2)-

\ (xjump,ry y2)

(xdrop,l, y2)

xT

('Tdmp,rv Y1)

(xjump,la yl) \
\

Figure 4.5. A candidate trajectory of a (1, 1)-fast—slow system satisfying Assumptions
A1)-A4). The dashed line represents the critical manifold and the solid line describes the
candidate trajectory.

According to Assumption A3), the fold points are generic. Thus it follows that at the fold
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point (Zjump.r, y2), there is a transition from the slow subsystem to the fast subsystem.
Assumptions A1) and A2) guarantee that the fast subsystem flow is directed towards the
other attracting branch Cj~ of the critical manifold. Therefore, the fast segment is a
horizontal jump from one attracting branch of the critical manifold to the other. The fold
point (Zjump,r» Y2), Which is the starting point of the fast segment, is called a jump point.
The point (z4rop,1, y¥2), Where the fast segment reaches the critical manifold again, is a
drop point.

After reaching the other attracting branch C™ of the critical manifold, the trajectory starts
following the slow subsystem dynamics again, towards the fold point (Zjump,1, ¥1). From
the fold point, the trajectory jumps again to the other attracting branch of the critical man-
ifold. Thus, the fold point (%jump.1, ¥1) is @ jump point and (Za.op .+, 1) is @ drop point. We
have formed a closed orbit v, of four segments. There are two slow segments from a
drop point to a jump point on the same branch and two fast segments from a jump point
to a drop point of the other branch.

The motivation for constructing a candidate trajectory -y, is that analyzing the system
in the singular limit gives information about the dynamics of the full system. Theorem
4.20 below ensures that the candidate trajectory v, resulting from the assumptions above
perturbs to a unique limit cycle v, of the full system for each fixed and small €. In other
words, if we can form a candidate trajectory as described above, we know that the full
fast—slow system of interest undergoes relaxation oscillations. To present the theorem,
we first introduce the concept of "Hausdorff distance" which is a distance between two
sets. It is defined as the maximum distance from either set to the closest element in
another set.

Definition 4.19. ([27, p. 55]) The Hausdorff distance between two nonempty sets 1V and
Wis

(V. W) — maX{ingungfVHv ~wl, sup in |1 —wu}.

Theorem 4.20. (/26, Thm. 2.1]) Let us consider a (1, 1)-fast-slow system (4.1) in R? that
has a candidate trajectory ~y, with alternating fast and slow segments under Assumptions
A1)-A4). Then, in a small tubular neighborhood U of the candidate trajectory y,, there
exists a unique limit cycle . C U for each fixed and sufficiently small ¢ > 0. The limit
cycle ~. converges to the candidate trajectory -, in the Hausdorff distance as ¢ — 0.

In the next example, we demonstrate Theorem 4.20 as well as examine the S-shape of
the critical manifold.

Example 4.21. We introduce a (1, 1)-fast-slow system known as the van der Pol oscil-
lator, which has been analyzed in detail in [24] and [27], for example. The oscillator is
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described by the equations

eV = f(V,q) = —aV?+ 8V —¢q (4.11a)
g=9(V,q) =V. (4.11b)

Equation (4.11a) has the same form as the neuromorphic controller inspired by the
FitzHugh—Nagumo model (3.3) examined in this thesis. Thus, this example demonstrates
the role of the controller in creating oscillating solutions.

The critical manifold of this fast—slow system is defined by
qg=—aV3+BV.

The critical manifold is normally hyperbolic except at the fold points which are defined by
the condition

of a2 _
aV(V,q) =-3aV°+p8=0.

The coordinates of the two fold points are

2
(Vf,qf>:(,/%,§,/%)
2
<—vf,—qf>=<—\/£,—§ %)

The fold points are also nondegenerate since

82
a—VJ;W, q) = —6aV,

which is nonzero at V; and -V, and

of

The critical manifold with its fold points is presented in Figure 4.6. From the figure it can
be seen that near the fold points the critical manifold can be compared with a parabola.
Furthermore, it is clear that the fold points divide the critical manifold into three branches
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since

of 5
W(‘/’ CI) > O, when |V| < @

of /| B
W(V,q) <0, when [|V|> 3

The outer branches of the critical manifold are attracting and the middle branch is re-
pelling. At this point, we can conclude that Assumptions A1) and A2) hold.

q=—aV3+ BV 1

\ (Vysar)

(=Vi—a5) \

Figure 4.6. A phase portrait of the van der Pol oscillator in the singular limit.

The shape of the critical manifold depends on the function f. This emphasizes the sig-
nificance of the design of the controller: the different signs of the third and first degree
terms result in the existence of an S-shaped critical manifold with alternating attracting
and repelling branches.

Finally, we analyze the slow flow to show that the system undergoes relaxation oscilla-
tions. Since we know that V' # 0 at the fold points, we can deduce that ¢(V7,¢;) and
g(—Vs, —qy) are nonzero. Thus, the normal switching condition of Assumption A3) is
fulfilled.

Analyzing equation (4.11b) also reveals that ¢ is positive when V' > \//3/(3«). Therefore,
the flow on the right branch of the critical manifold is directed upwards, towards the fold
point. Correspondingly, the flow on the left branch is directed downwards, towards the fold
point. Thus, Assumption A4) is also fulfiled. We can conclude that based on Theorem
4.20, the system undergoes relaxation oscillations. A phase portrait of the system in the
singular limit is presented in Figure 4.6

A similar theorem for examining relaxation oscillations can also be formulated in a three-
dimensional space. To present the theorem, we first introduce the concept of the "Poincaré



43

map" which can be used to examine a periodic solution of a differential equation. In a
three-dimensional space, the Poincaré map can be defined as follows.

Definition 4.22. ([31, pp. 209-210]) Let X be a smooth surface in R? and v a periodic
solution trajectory of (2.1) in R3. We assume that the periodic solution trajectory intersects
the surface X at point p transversally, which means that the trajectory is not tangent to
the surface at point p. Let us consider a solution trajectory ¢ that starts from x € X at
t = 0. We assume that x lies sufficiently near to p. The solution ¢ will cross > again at
point P(z) near p. The mapping x — P(x) is the Poincaré map.

Theorem 4.23. ([45, Thm. 2]) Let us consider a fast—slow system

ET = f(xaylay%g)
yl :gl(xvyhy%g)
g2 ZQQ(xaylvy%g)

with one fast variable x and two slow variables vy, and y,. We assume that the system
has the following properties.

B1) The critical manifold Cy is S-shaped: It has three branches, C§~, Cj, and C§*.
The branches are separated by the fold curves L*, which are defined by

L* = {(z,y1,42) € Co| (Do f)(x,y1,2,0) = 0}

The outer branches C*, which are defined by

C(C)l:t = {(x7y17y2) € CU | (D$f)(x7y17y270) < O}

are normally hyperbolic attracting. The middle branch, which is defined by

Cy = {(z,y1,92) € Co| (Do f)(x,y1,v2,0) > 0}

is normally hyperbolic repelling.

B2) Fold curves L* are graphs (x*(y1), y1,y3 (1)) for some intervals y, € I*. Points
on the fold curves are nondegenerate and satisfy the normal switching condition
(4.9).

B3) The slow flow is directed towards the fold curves.

B4) Let P(L*) be the projections of the fold curves L* along the fast direction onto the
attracting branches C$=. The slow flow is transverse to P(L%).

B5) There exists a singular periodic orbit .

Let ¥~ be a transverse section near the branch Cjj~ and let V be an open neighborhood
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of the intersection ~y, N ¥~. Then, under Assumptions B1)-B5), the Poincaré map 11 :
V — X7 induced by the solution of (4.12) is well-defined for) < ¢ < 1.

We do not present the proof for the theorem above in this thesis but the essential meaning
of itis that under Assumptions B1)—-B5), the full fast—slow system has a periodic relaxation
orbit for 0 < ¢ < 1 [35]. We will utilize the theorem in the next chapter.
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5. EXAMPLES OF NEUROMORPHIC CONTROL

5.1 The FitzHugh—Nagumo Model

In this section, we analyze the FitzHugh—Nagumo model (3.3) by the means of singular
perturbations. Our aim is to apply Theorem 4.20 and interpret the results from the point of
view of excitation and spiking of a neuron. An interested reader is referred to [11], where
the model is analyzed in detail from the biological perspective.

If we assume that the constant 7" is large in (3.3), the system can be represented as a
fast—slow system as

_ 3
5V:—V?+V—n+[:f(v,n) (5.1a)
n=V+a—bn=g(V,n). (5.1b)

Under the conditions of Theorem 4.20, the system exhibits relaxation oscillations. Next,
we present conditions on the positive parameters a, b and I that guarantee the existence
of relaxation oscillations.

The critical manifold of the system (5.1) is defined by

00:{(‘/,71)6]1%2|f(V,n):—V?3+V—n—|—I:0}.

Based on the derivative

df
L (Vin)=-V?+1
dV( ) +
the critical manifold is normally hyperbolic except at the fold points, which lie at V' = —1

and V' = 1. Consequently, the manifold has three normally hyperbolic branches. Since
the derivative is negative when |V'| > 1, the outer branches are attracting while the middle
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branch is repelling. We will denote the branches as

Co={(Vin)eCy | V<-1},
Co={(Vin)eCy | —-1<V <1}, and
Cet={(Vin)eCy, | V>1}

At this point, it is clear that the critical manifold is S-shaped with outer attracting branches
and a middle repelling branch. Thus, Assumptions A1) and A2) hold.

For Assumption A3) to hold, the fold points must be generic. The fold points are nonde-
generate because

d*f
m(vv n) = =2V,

which is nonzero at the fold points V' = +1, and because

df B
So(Vin) = 1 £0,

The fold points must also satisfy the transversality condition, which means that g(V, n)
must be nonzero at the fold points. As the fold points are on the critical manifold, we can
solve the n-coordinates of the fold points by subsituting IV = +1 into the equation

3
nz—%—i—V—l—[. (5.2)

The coordinates of the fold points are (1,2/3 + I) and (—1,—2/3 + I). Substituting the
coordinates of the fold points into (5.1b) yields the transversality conditions

1+a—b<§+[)#0 (5.3a)

2
—1+a—b(—§+1) # 0. (5.3b)
Finally, we must show that the flow on the left branch Cj~ of the critical manifold is
directed to the right, whereas on the right branch C§+ it is directed to the left. Since

(5.1a) is reduced to an algebraic constraint in the singular limit, we infer the sign of 1%
from (5.1b). Differentiating f(V,n) = 0 with respect to time ¢ gives

(1-VHV —n =0,
Solving for nn and substituting the expression into the slow flow (5.1b) yields

(1-V%).-V=V+a—0n.
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Hence, we can deduce the direction of the flow for |V'| > 1 from the equation

. V+4+a—->bn
V=—"7"--F7—
1-V2
To analyze the flow, we eliminate n from the equation above. Substituting n from equation

(5.2) into the numerator V' + a — bn yields

where

V3
h(V):V+a—b(—?+v+1).

First, we consider the left branch Cj~. The flow is directed to the right if Vis positive.
As 1 — V2 is negative on the branch C{~, our aim is to show that ~(V') is also negative.
Based on the derivative

dh(V)

_ 2 _
7 b(Ve—1)+1, (5.4)

we know that 1(V') is increasing when V| > /1 — 1/bif b > 1, and h(V) is increasing
if0 <b<1. Since V< —1 < —/1—1/bon the branch C{~, we know that 1,(V') is
increasing on C~. Hence, we can use V' = —1 to estimate the maximum of ~(1") on the
branch C§~. If h(—1) is negative, h(V') is negative on Cj~. Thus, we require

2
h(=1) = ~1+a+3b—bI <0.

By using similar reasoning we can formulate a constraint for the branch C’g+. The flow
should be directed to the left, so we want V' to be negative. As 1 — V2 is negative on the
branch C§*, h(V') must be positive. Based on the derivative (5.4), we know that h(V) is
increasing when V| > /1 —1/bif b > 1, and h(V) is increasing if 0 < b < 1. Since
V > 1> ,/1—1/bonthe branch C§", we know that 1,(V') is increasing on C§*. Thus,
we can estimate the minimum of 2(V') on the branch C§* at V' = 1. If h(1) is positive,
h(V') is positive on C§*. Thus, we require

2
h(1) =1+a—<b—bl > 0.

for the branch C§™".

We note that the constraints above, which are derived from Assumption A4), imply the
constraints (5.3) derived from the transversality condition. We can conclude that the
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system exhibits relaxation oscillations if the parameters satisfy the following constraints

2
—1+a+§b—bl<0 (5.5a)

2
—1—a+§b—|—b1<0. (5.5b)

Two examples of parameter combinations leading to relaxation oscillations are presented
in Figures 5.1 and 5.2. In terms of neurons, both parameter combinations describe spik-
ing. The main difference between Figures 5.1 and 5.2 is that the first system exhibits
self-sustained oscillations since I = 0, whereas the second system has an external cur-
rent maintaining the oscillating behaviour.

Flr - e et — — — — - = - - fo o e e - —e—<—]

- - e e — — — — — — +— = = = = fJo e e e e e — e——]

o | - - e e e — — — = - = = = Jo .. e e e - —e—

——— e = = = fa e e e e s s s o o > = =D = —p —> =

———e = = e e e e e s s s o - = —> = —> —> —> —> — - |

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Figure 5.1. A vector field representation of the FitzHugh—Nagumo model (5.1) with pa-
rameter values a = 0.25, b = 1, I = 0, and ¢ = 0.001. The blue curve describes the
solution of the system. The S-shaped curve and the yellow line are the nullclines of (5.1a)
and (5.1b), respectively.

In addition to the solution trajectory and the vector field describing the system, nullclines
of the fast and slow flows are presented in the figures. Nullclines describe the equilibrium
points of each subsystem. The intersection of the nullclines is the equilibrium point of the
full system. From the Figures 5.1 and 5.2 we can see that the nulliclines intersect on the
repelling branch of the critical manifold which is the nulicline of the fast flow. Therefore,
the equilibrium point of the full system is unstable, and the system does not end up staying
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Figure 5.2. A vector field representation of the FitzHugh—Nagumo model (5.1) with pa-
rameter values a = 0.5, b = 0.6, I = 0.25, and ¢ = 0.001.

in the equilibrium point but exhibits relaxation oscillations.

Another combination of parameters is presented in Figure 5.3. This system does not
exhibit spiking since the parameter values do not fulfill the constraints (5.5). From the
figure it can be seen that the nullcline describing the equilibrium points of the slow flow
intersects one of the attracting branches of the critical manifold. In other words, the full
system has a stable equilibrium point. From a point of view of a neuron, the intersection
describes the resting state of the neuron [11].

Even though the system does not exhibit sustained spiking, it can still describe excitation
of a neuron. The initial values assigned to the system can result in a single spike after
which the trajectory sets to a stable equilibrium, which corresponds to a resting state of a
neuron [11]. This process is depicted as a solution trajectory in Figure 5.3. Alternatively,
one could apply an external current pulse to a neuron which is on a resting state. Geo-
metrically, a positive current pulse [ translates the critical manifold and the resting state
upwards which implies that the point describing the state of the neuron and the point de-
scribing the resting state do not coincide anymore. Therefore, the state starts evolving
towards the opposite attracting branch of the critical manifold along the vector field. This
corresponds to the excitation of a neuron [11].
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Figure 5.3. A vector field representation of the FitzHugh—Nagumo model (5.1) with pa-
rameter values a = 1, b = 0.6, I = 0, and ¢ = 0.001. The blue trajectory with the initial
point at (V,n) = (—0.5,—0.75) describes excitation of a neuron.

5.2 Harmonic Oscillator with a Neuromorphic Controller

In this section, we analyze a system which consists of a harmonic oscillator and a neu-
romorphic controller. A harmonic oscillator is a block which can move along a line. The
block has a mass m and it is connected to a spring with a spring constant k. The spring
acts a restoring force on the mass. The system also experiences damping which is pro-
portional to the velocity of the block by a damping coefficient . In addition, there can be
an external force F'(t). We denote the displacement relative to the equilibrium point with
q(t). Then, by Newton’s second law, we get

mi(t) + kq(t) +rq(t) = F(t).

First, we analyze the system without any external input F'(¢). In a matrix form, the dy-
namics of the oscillator can be described as
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In short, the system can be written as
i(t) = Ax(t),

where the state x(t) consists of the displacement ¢(t) and the velocity ¢(¢). [21, pp. 3—4],
[24, pp. 8-9]

A damped harmonic oscillator is a stable linear system. This can be seen by solving the
eigenvalues of matrix A when r > 0. The eigenvalues are

)\_—r:t\/m
a 2m ’

If 2 > 4km, we note that v/r?> — 4km < |r|, and otherwise Re (v/r? — 4km) = 0.
Consequently, Re A < 0. By Theorem 2.9, the origin is an exponentially stable equilibrium

point of the harmonic oscillator. The physical interpretation of the stability is that the
velocity of the oscillator decreases and the oscillator returns to its steady state.

While the system itself is stable, we examine the possibility to produce sustained oscilla-
tions. To address this, we follow the control design presented in [2] and utilize feedback
control where we connect the harmonic oscillator with a controller which is a circuit in-
spired by the FitzZHugh—Nagumo model (3.3). The controller applies an external force
F(t) on the oscillator. The force is proportional to the voltage V' of the circuit. The
feedback structure is achieved by feeding the displacement ¢(¢) of the oscillator to the
controller as an input. The equations

OV = —aV3 4+ bV — kyq (5.6a)
mq = k,V —kq —rq (5.6b)

describe the dynamics of the system. All in all, the system consists of two dynamical
systems, the oscillator and the controller, which are connected in such a way that the
output ¢(t) of the oscillator provides the input for the controller and the output V' (¢) of the
controller provides the input for the oscillator.

5.2.1 Nondimensionalization

Our aim is to analyze the dynamics of the damped harmonic oscillator connected to the
neuromorphic controller by using the singular perturbation method. To utilize this ap-
proach, we must first present the system (5.6) as a fast—slow system. The fast—slow
representation is achieved by using nondimensionalization, which reduces the number of
parameters and allows the recognition of the dominant terms [44, p. 64].

To nondimensionalize the system, we follow the approaches presented in [2] and [44, pp.
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64—66]. The idea is to define new variables by dividing the original variables of the system
by their characteristic scales. The resulting variables are dimensionless and order of unity.
In addition to replacing the original variables with their dimensionless counterparts, the
parameters can be combined into dimensionless groups.

We denote the characteristic scales of the variables with a subscript ¢. Then, we can
define the dimensionless variables as q = ¢/q., V. = V/V., and t = t/t.. Furthermore,
we note that the ratio y/m/k has the dimension of time and thus we can define the
characteristic time scale as t. = \/m/k.

Next, we determine time derivatives (-)" with respect to the dimensionless time t. By
replacing the dimensional variables with the dimensionless variables multiplied by the
characteristic scales and utilizing the chain rule we get

AV _dVN)de AV Ve,

dt dt dt ~ “dtt, t.
_d (dq d (dlgq)dt) d (g.dq\ _ e
at\dt)  dt\ dt at dt \ t, dt 2

Substituting the dimensionless variables and the time derivatives (-)’ into the system (5.6)

V=

yields
V:: / 3173
C—=V' = —aV>V? +bV.V — k,q.q
mys = kVoV =k =i

Next, we substitute the time scale t. = \/m/k into the system and further simplify it into
the form

v — _an\/ V3 b\/ B quc\/m/k;q
C CV.
1 — kU‘/vCV r /

ch —aT \/mk:q.

Finally, we introduce dimensionless velocity u = ¢’ and denote the dimensionless groups

by 7o, T, ™y, ™y, @and ¢ as presented in Table 5.1. Then, the dimensionless form of the
system (5.6) is

V= -1, V3 + TV — m,q (5.7a)
qd=u (5.7b)
u=m,V-—-q-_Cu (5.7¢)
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Table 5.1. Definitions of dimensionless parameters of system (5.7).

Dimensionless parameter | Expression
aV2y/m/k
T —C
by/m/k
Uy C
kqqern/m/k
Ty —CVC
ko Ve
m ke
C T
vmk

Next we can reason the separation of time scales in the dynamics of the combined sys-
tem. We expect that the capacitance of the controller C' is of order 10~°F, the voltage of
the controller is of order 10~V, and the amplitude of the oscillations is of order 10~ !'m.
From the dynamics of the neuromorphic controller (5.6a) we can deduce that reasonable
orders of a, b and k, are 10', 10!, and 10" in Sl units, respectively.

If the characteristic time scale ¢, is expected to be of order 10~!s, we can see that the
parameters 7, 73, and ., are all of order 10%, whereas the dimensionless parameters
as well as the variables and their time derivatives in (5.7b) and (5.7c) are expected to be
of order 1. Consequently, we can deduce that the controller has fast dynamics compared
to the dynamics of the oscillator. By introducing a small variable e, which is of order 107%,
we can represent (5.7) as

eV = —aV3+ BV —q (5.8a)
qd=u (5.8b)
u =m,V—q-_u, (5.8¢)

where ey, = o > 0, emg = 8 > 0, and em, = v > 0. Clearly, a, /3, and y are all of order
1.

5.2.2 Relaxation Oscillations of the Harmonic Oscillator

Now that the system is represented as a fast—slow system, we argue that it exhibits re-
laxation oscillations. We utilize Theorem 4.23, and reason that Assumptions B1)-B5)
hold. The verification of Assumption B5) is challenging, and we only present an argu-
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ment based on intuition and numerical studies for specific parameter values. Presenting
a complete proof that Assumption B5) holds for this system is left as an open problem.

The critical manifold is defined by
Co={(V,q,u) e R*| f(V,q) = —aV’ + BV —yq=0}.

Based on the derivative

of _ang2
av<vvq) = —3aV + /Bv

the critical manifold Cj, is normally hyperbolic except on the fold lines where

—3aV*+ =0 V:i\/%:ivf.

The value of g on the fold line can be solved from f(V,q) = 0. Thus, the fold lines are
defined by

Lt = {(V,q,u) € Co

2
V=V, q= ggvf}

2
L~ = {(V,q, u) € Cy|V=-Vi,q= ——ﬁVf} :

3y

The two fold lines divide the critical manifold into three normally hyperbolic branches. In
addition, we note that the outer branches of the critical manifold are attracting as

—3aV?+ 3 <0, when V>\/£ or V<—\/£,
R1e" k16"

while the middle branch is repelling as

—3aV?+ 3 >0, when —\/£<V<\/£.
3a 3a

We denote the branches as

s ={aveals<yE).
ng{(v,q,u)e(]o —\/3%<V<\/3za},and
C"”:{(un)GC’o V>\/z}

0 T 3a |
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At this point, we can conclude that Assumption B1) holds.

Next, we show that Assumption B2) holds. First, we note that the first nondegeneracy
condition holds as

82
8_\/é(vvq) = —6(1\/7

which is nonzero when V = +£V;. The second nondegeneracy condition also holds as
of

a—q(V,q) =—7#0.

Thus, the fold points are nondegenerate. In addition, the points on the fold lines must
fulfill the normal switching condition (4.9). The condition can be written as

< <_ow) ’ (m —uq - cu) > =—u#0,

and it holds as long as u # 0.

Assumption B3) concerns the direction of the slow flow. The slow flow must be directed
towards the fold points. To analyze the direction of the slow flow, we present the slow
subsystem as

0=—-aV®+ BV —~q
q =u

u =V —-q-(u

We can eliminate q from the system by differentiating the first equation with respect to t.
From the equation

—3aV?V' + BV —vq =0

we can solve for ¢’ and substitute it into the equation " = u. In addition, we can eliminate
q from the dynamics of u by solving q from the first equation. Thus, we get the system

~yu

V= 5.9
8 — 3aV? (5.92)

W Gy ™Y By (5.9b)
v v

We first analyze the direction of the slow flow on the attracting branch Cj* where V >
Vi = +/5/(3c). We note that the flow is directed towards the fold line V = V¢ if V/ < 0.
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From (5.9a) we can see that 5 — 3aV? < 0 on C¢*, and thus the flow is directed towards
the fold line when u > 0. Correspondingly, we can conclude that the slow flow on the
attracting branch Cj~ is directed towards the fold line V.= —V¢ when u < 0.

Next, we focus on Assumption B4). Therefore, we analyze the projection of the fold lines
along the fast direction to the opposite branch of the critical manifold. This coincides
with finding the so-called drop points, which are the points where the fast flow segments
reach the opposite branch of the critical manifold. The only fast variable of (5.8) is V, and
therefore the values of q and u stay constant during the fast flow, which we will refer to as
a jump.

To solve the coordinates of the drop points, we utilize the S-shape of the critical manifold.
The fast flow segment from the jump point on a fold line to the drop point on the opposite
branch intersects the critical manifold precisely at those two points as depicted in Figure
5.4.

q=—aV3+ 5V

Figure 5.4. The intersection of the critical manifold of (5.8) and a fast flow line, where
qr = %5« / 3%. The curves intersect at the jump point and at the drop point.

We analyze the jump for g > 0. The system of equations

28 | B

=0 = 5.10
q 57V 3a (5.10a)
0=—aV?+ 3V —1q (5.10b)

must have two solutions. This can be confirmed by using Cardano’s formula, according
to which a cubic equation of the form 2 + px + s = 0 has two distinct real roots, a double
root and a single root, if the discriminant

A = —4p® — 2757
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is equal to zero [17, Thm. 3.6]. Simplifying (5.10) yields

vi_ By 22808 (5.11)
o « 3’7 3(1/

Its discriminant is

2
AN v 28 |8 p? 45°
4 (B Cor ([ L2E ) g oy, —
( o ’ a 3vV 3a ad 7 27a3 0

which confirms that the fast flow segment intersects the critical manifold at two points.

Next, we solve the value of V at the drop point. The double root of (5.11) is

which equals V. Thus, the double root corresponds to the jump point. The single root is

V=-2,/-L=_av,
3
and it corresponds to the drop point. [17, Thm. 5.8] The conclusion is that when q > 0,
the value of V changes from V; to —2V; during the fast flow. Correspondingly, it can be
shown that when q < 0, the fast flow segment connects the jump point —V; to the drop

point 2V¢. Thus, the drop points are defined by
20
P(LT) = -2V ==V
(L™) ( fs 3+ f7u>
20
P(L7)=(2Vy,—==V .
( ) < fy 3 ~ fy u)

From (5.9a) it can be seen that the slow flow is transverse to the lines P(L*) when u # 0
because we then have V' £ 0. Thus, Assumption B4) is satisfied.

The last step is to argue that Assumption B5) holds. We must confirm that there is a
candidate trajectory that is a periodic orbit. We do not present a general proof that the
assumption holds, but we fix the parameterstoa =1, 3 =8,y =8, 1, = 6,and ( = 8.2
and present numerical arguments.

The candidate trajectory consists of alternating segments of fast and slow flow. First, we
examine the fast flow segments. The fast flow is defined by (5.8a). Above the critical
manifold, we have V' < 0. Thus, near the fold line, where V. = /3/(3«), the fast flow
is directed to the left in (V, q, u)-coordinates. The flow is directed away from the fold
line and towards the opposite attracting branch of the critical manifold. Correspondingly,
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below the critical manifold we have V' > 0, and therefore the flow is directed to the right,
again towards the opposite attracting branch. Consequently, the fast flow segments take
the trajectories from a jump point to a drop point.

Next, we complete the periodic orbit by analyzing (5.9). As the slow subsystem has
singular points at V¢ = \/3/(3«), we introduce a desingularized system

o - (%v + BBy (u) (B-3aV) = iwV)  (5.12a)
V' =qu= fo(u,V), (5.12b)

which has a similar phase portrait as (5.9), except that the flow is opposite when 3 —3a/'V?
is negative. Some solution trajectories starting from the line of drop points P(L") are
illustrated in Figure 5.5 for the fixed parameter values. From the figure we can see that
the trajectories seem to be attracted to the vicinity of one point on the fold line.

3.5
3t
> 2.5 ¢
2L
— — Fold line
—-—- Drop points
|—— Trajectories
15 | I I I I
-3 -2 -1 0 1 2 3

Figure 5.5. Trajectories of (5.9) with parameter values o« = 1, § = 8,y = 8, m, = 6,
¢ = 8.2. The trajectories describe the flow on the critical manifold. The trajectories start
from the line of the drop points and evolve towards the fold line.

As stated earlier, the u-coordinate is constant during the fast flow. Therefore, we know
that the u-coordinate of the jump point and the u-coordinate of the following drop point
are equal. Thus, to complete the periodic orbit, we must argue that the slow flow segment
takes the trajectory from a drop point to a jump point, and the u-coordinates of the drop
point and the jump point have equal absolute values but opposite signs.

Let us examine the change of u-coordinate during the slow flow. We define a map ¢ :
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R; — R, as ¢(u;) = uy where u, is the absolute value of the u-coordinate of the slow
flow’s starting point, and u, is the absolute value of the end point’s u-coordinate. If there
exists a uy for which ¢(ug) = uy, the slow flow takes the trajectory from a drop point to
a jump point that has a u-coordinate with an equal absolute value but an opposite sign.
Then, there is a periodic orbit.

Let us define another map ¢ : R, — R as ¢(u;) = ¢(u;) — uy. Clearly, proving the
existence of a uy for which ¢(uy) = ug is equivalent to proving that ¢ has a zero. The
latter can be confirmed by using the following corollary of the Intermediate Value Theorem
[12, p. 62].

Corollary 5.1. ([12, p. 64]) Let us consider a continuous function f : R — R on a closed
interval I = [a,b]. If f(a)- f(b) < 0, there exists a number ¢ € (a,b) such that f(c) = 0.

First, we argue that 1) is continuous. This is true if ¢ is continuous. Let us consider the
solution (u(t), V(t)) of (5.12) that satisfies the initial condition (u(0), V(0)) = (u1,2Vy).
We can also denote us = u(t*) where t* is defined by V(t*) = V;. Consequently,
we note that the solution trajectory (u(t), V(t)) maps the initial condition u; to u,. As
a result, we can start proving the continuity of ¢ with respect to u; by stating that the
solution of system (5.12) depends continuously on the initial state.

Let us consider (5.12) in adomain D : {(u,V) | V > V¢}. In that domain, f; and f; are
locally Lipschitz, as they are continuously differentiable as polynomials in that domain.
Thus, based on Theorem 2.3, the solution depends continuously on the initial condition

uj.

One must note that the continuity with respect to the intial conditions is only guaranteed
on a time interval where the solution exists. As two solutions do not necessarily approach
the fold line at the same time t*, Theorem 2.3 does not guarantee that the two solutions
approach the fold line near each other. We can only state that the solutions starting near
each other stay near each other until one of the solutions reaches the fold line. However,
examining (5.12) reveals that near the fold line, the trajectory in the (u, V)-coordinates is
almost vertical. Based on the verticality, we argue that if a solution trajectory starts from a
point that has a small distance ¢, from a point p on the fold line, the solution trajectory will
reach the fold line at a point, whose distance 9, from the point p is also small, and we can
make d, smaller by choosing a smaller 4;. This argument would imply that two solutions
that start near each other will indeed approach the fold line near each other.

Next, we find an interval [u,, u,] for which ¢ (u,) - ¥ (u,) < 0. To this end, we present
numerical argument. The vector field has a singularity on the fold line. However, as stated
above, the trajectories are almost vertical near the fold line. Thus, we can approximate
the value of ¢(u;) with the u-coordinate of the slow flow trajectory on a line V.= V¢ + ¢
where ¢ > 0 is small. The approximate values of 1) as a function of u; are presented
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in Figure 5.6. From the figure we can see that ¢ has a zero in the interval (1.4, 1.45).
Therefore, ¢ has a fixed point vy in the interval (1.4, 1.45).

0.6

up

Figure 5.6. The approximate values of function 1) for system (5.12) with parameter values
a=106=8v =28, m, = 6, = 82. The function i) has a zero in the interval
(1.4,1.45).

We have argued that Assumptions B1)-B5) of Theorem 4.23 hold. Thus, we can con-
clude that the harmonic oscillator connected to a neuromorphic controller inspired by the
FitzHugh—Nagumo model exhibits relaxation oscillations. The physical interpretation is
that the spiking controller is able to produce sustained oscillations in a damped harmonic
oscillator. The relaxation oscillations and spiking nature of the controller are illustrated in
Figures 5.7 and 5.8.

Controller voltage Oscillator position

NN
I a%

t t

Figure 5.7. The solution trajectories V(t) and q(t) of (5.8) with parameter values o = 1,
B=8~=8m =6, (=282 ande = 10~%.
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Figure 5.8. The critical manifold and the numerically solved solution trajectory of system
(5.8) with parameter values«« = 1, 3 = 8,v =8, 7, = 6, ( = 8.2, ande = 107%. The

initial condition (V, q,u) = (1,0, —1) is denoted by a dot.

The analysis of the given system could be extended for instance in the following ways. We

restricted our analysis for fixed parameter values, and therefore one could study the effect

of the model parameters on the oscillator’s properties such as oscillation amplitude or

frequency. While we focused only on proving the existence of relaxation oscillations, one

could also study the characteristics of neuromorphic control by comparing the controller of

this thesis with other neuromorphic controllers, possibly with neuromodulatory properties,

or other control approaches.
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6. CONCLUSION

In this thesis, we have introduced the neuromorphic approach, which comprises imitating
the operation principles of neurons and neural networks in computing, control, and engi-
neering applications. Our aim was to present mathematical models of neuronal behaviour,
analyze their properties, and finally see how neural behaviours can inspire control design.

In Chapter 3, we introduced neural behaviour both from a biological and a modelling per-
spective. The key message was that both neurons and neural models exhibit spiking,
which means that the voltage of the system quickly increases and then decreases. A
closer analysis of the neural models revealed that the spiking characteristic can be ex-
plained with a mixed feedback structure, which is a combination of fast positive and slow
negative feedback. The positive feedback first causes a voltage upstroke by amplifying
the input current, and the negative feedback downregulates the system back to the resting
state.

To analyze spiking mathematically, we introduced the singular perturbation method in
Chapter 4. |t is especially suitable for analyzing dynamical systems where the variables
evolve in different time scales: some variables have fast dynamics and some have slow
dynamics. In the singular perturbation method the fast and slow dynamics are analyzed
separately, which reduces the dimension of the system. During the fast dynamics, the
slow variables are taken to be constant. The slow dynamics are restricted to happen
on the critical manifold, which is a subset of the full space. The fast and slow dynamics
are subsequently combined to get an approximation to the solution of the full system.
To formalize this procedure, we introduced Theorem 4.11, which states that a solution
trajectory is first taken to the critical manifold by the fast flow, provided that the critical
manifold is a stable equilibrium point of the fast flow. After that, the solution evolves along
the critical manifold according to the slow flow.

Singular perturbations can also be utilized to analyze relaxation oscillations, which are
periodic solutions with alternating fast and slow segments. In Sections 4.1 and 4.2 we
presented conditions under which a system in a two- or three-dimensional space can
exhibit relaxation oscillations. We noted that the S-shape of a critical manifold is crucial in
creating relaxation oscillations. An S-shaped critical manifold has fold points or fold lines
where the attracting and the repelling branches of a critical manifold meet. A fold point
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can be considered as a point where the fast flow loses its stability. Thus, the S-shape
allows a trajectory to jump to an opposite, attracting branch of the critical manifold along
a fast flow segment.

The singular perturbation method was utilized in Chapter 5. First, we analyzed the
properties of the FitzZHugh—Nagumo model. By utilizing Theorem 4.20, we analyzed
the parameter values for which the model describes excitation or spiking of a neuron.
As another case, we examined the neuromorphic control of rhytmic motions. We stud-
ied a damped harmonic oscillator connected with a controller that was inspired by the
FitzHugh—Nagumo model. We utilized Theorem 4.23 to demonstrate that the neuromor-
phic controller can produce sustained oscillations. However, to consider Assumption B5),
we fixed the parameters and presented a descriptive analysis with numerical arguments.
Thus, a complete and general proof that the system exhibits relaxation oscillations re-
mains an open problem.

In this thesis, we demonstrated neuromorphic control of rhytmic motions only with simple
one- and two-dimensional linear systems. Thus, there are intriguing possibilities for future
research in controlling systems with nonlinear dynamics and higher dimensions, or in con-
trolling partial differential equations. The motivation for analyzing these systems comes
from the possible application fields. For instance, as mentioned in Section 3.4, neuro-
morphic control is a promising control approach in robotics, and modelling soft robots can
require nonlinear and infinite-dimensional dynamics [2], [8].

The controller studied in this thesis was a simple nonlinear model inpired by the FitzHugh-
Nagumo model. However, studying different neuromorphic controllers and comparing
them with other controllers or each other could be discussed. For instance, ongoing re-
search concerns designing mixed feedback controllers that also have circuit realizations,
utilizing neural networks instead of single neurons, and including neuromodulatory prop-
erties into the controller design [33], [36].
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