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Keywords: The Control Barrier Function (CBF) is widely adopted in safety-critical applications such as safe navigation
Control Barrier Function in an unknown environment. CBF quadratic program (CBF-QP) is a conventional CBF framework that acts as
Deadlocks

a safety filter. However, CBF-QP is prone to deadlocks, especially in dynamic and multi-agent environments,
although it also occurs with convex obstacles. Specifically, CBF-QP suffers from several challenges, including
undesired equilibria, accompanying slowdown behavior around these points, dysfunctional circulation, and
becoming trapped in the obstacle. In this paper, we propose a practical solution to address these issues. First,
we introduce the foundational principles and parameters for the proposed circulation-embedded CBF algorithm,
which incorporates an effective circulation linear inequality constraint into CBF-QP. Moreover, input bounds
constraints are incorporated to ensure that the rectified input is readily applicable and optimal. Then, we study
the feasibility, continuity, equilibrium points, and convergence of the proposed circulation-embedded CBF-
QP algorithm through propositions and formal proofs. Finally, the effectiveness of the proposed algorithm is
demonstrated through experiments and comparisons involving unknown nonconvex obstacles and multi-robot

Autonomous agents
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scenarios without communication. The source code is released for the reference of the community.?

1. Introduction

Ensuring the safety of autonomous systems is of utmost importance.
CBF [1] has been widely incorporated in safety-critical applications
in recent years [2,3]. CBF-QP is a popular framework for completing
a robotic task while satisfying CBF constraints, allowing real-time
practical implementation. It minimizes the norm of the difference
between the reference control input and the rectified control input
(the optimization variable) to minimally deviate from the reference
control input while meeting the CBF as a linear inequality. Solving this
optimization problem ensures safety even if it was overlooked in the
control design process for some reason.

Although CBF-QP efficiently ensures safety by solving a QP, it
suffers from two main drawbacks: feasibility and potential for dead-
locks [2,4]. Specifically, finding the minimizer of the CBF-QP does
not guarantee the progression toward the reference control input. CBF
deadlocks result in slowed behavior near the undesired equilibrium
points introduced by the CBF, or even stabilizing at one of these points
in worst-case scenarios. Consequently, safety constraints might hinder
the fulfillment of control objectives. These deadlocks arise from two
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main causes: a small feasibility set and the introduction of CBF unde-
sired equilibria points. Since CBF is a safety filter, if safety measures are
not integrated into the reference control design, control objectives may
not align with safety requirements. As trajectories are not adequately
planned, this misalignment can lead to deadlocks, which are undesired
equilibrium points. One common approach to avoid deadlocks is to
study the region of attraction of an asymptotically stabilizing control
law known to ensure stability and constraint satisfaction. Several works
focus on examining the compatibility of Control Lyapunov Functions
(CLF) and CBF to achieve this [5-7], limiting the practicality of CBF.
The limitation arises from the need for a thorough study of the region of
attraction to exclude points where the CBF and control input law are in-
compatible, thereby shrinking the admissible state space. Following the
same line of research, in [8], compatibility and CLF-CBF-QP parameters
are analyzed, and a further modification is proposed to remove some of
the undesired equilibria that are introduced by coupling CLF and CBF.
Meanwhile, the core issue of resolving the potential deadlock prob-
lem associated with CBF has recently gained increasing attention. As
deadlocks occur less frequently in environments with convex obstacles,
Genaro et al. [9] proposed a diffeomorphism-based CBF control strategy
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for environments with multiple nonconvex obstacles. The diffeomor-
phism maps the world and obstacles into a ball world where deadlock
only happens for a zero-measure set of initial conditions. Two key limi-
tations of this approach are that the obstacle must be known in advance
for designing the diffeomorphism maps and that the transformation
maps involve mathematical complexity. It is worth mentioning that the
deadlock issue of the CBF for convex obstacles can be easily avoided
by perturbing the control input [10]. The main limitations of the
perturbation method are the persistence of deceleration near deadlocks
and the method’s ineffectiveness in resolving deadlocks for nonconvex
obstacles. Multi-robot deadlock configurations are analyzed in [11],
which proposes a symmetry-breaking controller incorporating some
random noise based on derived geometric properties, as a resolution.
This method requires knowledge of the geometric characteristics of the
robot configurations when the system is in deadlock and only addresses
multi-robot deadlocks.

In the CBF-QP formulation, the safety is satisfied locally, which
could introduce stable undesired equilibrium points. To be more spe-
cific, Goncalves et al. in [12] study the vector field generated by CBF
and modify the field to explicitly circulate obstacles. In their method,
the circulation constraint is gradually activated if the safety function
is smaller than a threshold, which occurs when the system is close to
the boundary of an obstacle. They proceed by studying the feasibility
of the resulting QP, continuity of input, and establishing a weak form
of Lyapunov stability. It is worth pointing out that there are no guar-
antees of successful circulation using this method, i.e., it may result in
dysfunctional circulation, especially in the case of nonconvex obstacles.
Desai et al. in [13] provide an auxiliary control approach to prevent
the system from falling into undesired equilibria. The auxiliary control
is activated only when a conflict is identified between the nominal
control and the CBF. They leave the selection of the optimal auxiliary
control direction for future investigation. Moreover, this method also
suffers from dysfunctional circulation. In this work, inspired by the ap-
proaches in [12,13], a novel circulation-embedded CBF is proposed that
ensures safe navigation in an unknown environment and guarantees
convergence to the goal position. In addition, the proposed method also
provides a smoother obstacle avoidance maneuver with convergence
guarantees by exploring the most effective method of incorporating
circulation into the CBF formulation. A comparison with similar pre-
vious works is provided in Table 1. Specifically, the contributions of
this paper are as follows.

Elimination of all undesired equilibria and the associated slowing
behavior in CBF, resulting in smoother motion and improved
obstacle avoidance performance in complex environments.

The dysfunctional circulation problem in the CBF is addressed
through the integration of circulation mechanisms, ensuring suc-
cessful wall-following when necessary.

The proposed Circulation-embedded CBF-QP is incorporated with
input bounds to enhance practical application.

The proposed circulation-embedded CBF-QP with input bounds is
supported by theoretical guarantees, specifically addressing the
feasibility, continuity, and equilibrium points of the proposed
circulation-embedded CBF. Furthermore, these results demon-
strate convergence.

The proposed method can be applied to multi-agent deadlocks
without requiring communication or any additional knowledge
beyond what is already required by CBF. This is in contrast
to [11], which focuses solely on multi-agent deadlocks and re-
quires prior knowledge of the robots’ configurations.

We demonstrate the effectiveness of our method in resolving
various deadlock scenarios for both single-robot and multi-robot
cases through experimental evaluations conducted using on-board
LiDAR sensors in an unknown environment.
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Table 1
Comparison to prior deadlock resolution works for CBF.

CBF-QP [9] [10] [12] [13] Our

Characteristics\method

Removing all undesired equilibria points X
Removing dysfunctional circulation X
Removing associated slowdowns X
Convergence guarantees X
Experiments in unknown environment v
Incorporating input bounds v

X X X X X
WX X X X% %
x X X X% |
WX X X X% S
ANANENENE NN

The outline of the paper is as follows. In Section 2, we provide
a mathematical notation and an overview of the mathematical foun-
dations utilized in this paper. The problem statement is described in
Section 3. The proposed circulation-embedded CBF-QP is thoroughly
examined in Section 4, followed by its analysis in Section 5. The
experimental results are presented in Section 6, and the concluding
remarks are summarized in Section 7.

2. Preliminaries
2.1. Mathematical notation

The set of nonnegative reals is denoted by R* = {x € R | x > 0}.
Let U" be the subset of normalized vectors of size n, i.e. U = {v €
R"| ||v]| = 1}. The state of the system is defined as x ¢ R". I, denotes
the identity matrix of dimensions nxn. 1, represents a vector comprising
ones and is of size nx 1. The operator V = % calculates the gradient of
a scalar function to x as a row vector. For simplicity and brevity, time
dependencies are omitted in equations other than the state space. The
set difference is denoted by A \ B and includes all elements x that are
in A but not in B. The symbol «(:,-) denotes the angle between two
vectors. The notation ‘s’ refers to the unit of time measured in seconds,
whereas ‘m’ represents the measurement of distance in meters.

2.2. Control barrier functions and induced undesired equilibria

Consider a nonlinear control-affine system P,

x(1) = f(x(®)) + gGe(N)u(), @

where x € X C R? is the state of the system and u € R? is the control
input. The vector fields f and g are assumed to be continuous, locally
Lipschitz, and the origin is an equilibrium point of P. Assume that the
state space can be decomposed into a safe set X and an unsafe set Xy,

Xg={x €X|h(x) =0}, (2a)
Xy, ={x € X|h(x) <0}, (2b)

The system remains safe if X is forward invariant. The CBF, defined
as follows, gives the necessary and sufficient conditions for forward
invariance of Xs.

Definition 1 (CBF [14]). Given the dynamic system P as in (1), the
safe set S which can be modeled as the super-level set of a continuously
differentiable function 4 : R? —» R, the function h(x) is a CBF, if there
exists a locally Lipschitz, extended class — k, function y (i.e., y(0) =0
and it is strictly increasing) such that for any x € X,

sup L ph(x) + Lyh(x)u+y(h(x)) 2 0. 3)
ueR?
A safe and minimally invasive controller can be calculated based on

the admissible control space of the CBF (4). Specifically, the nominal
control u,,,, can be rectified as the control input u using the following

QP:

u(t) = argmin 1 [|u - unom(t)“2 (4a)
ueR? 2
Subject to: L h+ Lyhu+ y(h(x)) > 0, (4b)
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where the Lie derivatives of h(x) along the vector fields f and g are
denoted by L h = Vh(x)f(x) and L h = Vh(x)g(x) respectively.

The undesirable equilibria in CBF-QP configuration occur due to
conflicts between the safety constraints and nominal control objectives.
Simply put, it happens when the system approaches regions when the
CBF constraint becomes active, resulting in a zero rectified control
input (i.e., the solution u(t) in (4) equals zero) while the nominal input
(tnom) is still nonzero. This adjustment results in the introduction of
new undesired equilibrium points. To demonstrate their existence, the
Karush-Kuhn-Tucker (KKT) conditions are applied, which are neces-
sary conditions for a solution to be optimal. To study KKT conditions,
the Lagrangian function of CBF-QP in (4) is calculated as follows using
the Lagrangian multiplier A:

1
L) =3 fu- Unom®||* = AL ph + Lyhu+ y(h(x)))
The KKT conditions for system (1) and CBF-QP (4) are as follows:

+ Stationary condition:

oL
—=350=>
du

U= Upom — AgT(x)VhT(x) 50>

U= tpom + AgT (VAT (x). (5)

Primal feasibility:

L h(x) + Lyh(x)u + y(h(x) 2 0. (6)

Dual feasibility:
A20. )

Complementary slackness:

AL h(x) + Lgh(u + y(h(x))) = 0. (€)

There are two possible cases: the system remains safe with 4 = 0 and
the CBF is not activated, resulting in u = u,,, or CBF is activated with
A # 0. In the latter case, using (5) and (8) we can compute 4 as,

A= m(_th = Lohuyoy — y(h())). ©)
g

According to (5), the rectified control input u deviates from u,,;, to
ensure safety. From (8) and 4 > 0, this deviation directly attenuates
the rectified control input when —g” (x)Vh” (x) and u,,,,, are aligned.
This attenuation worsens as A increases, approaching the boundary of
the safe set, potentially leading to the creation of undesired equilibrium
points.

3. Problem statement

Consider a mobile robot with single-integrator (SI) dynamics,
x(1) = u(®), 10$)

where x(f) € X C R? is the robot position and u(f) C R? is the
velocity input. It is assumed that the input is bounded, i.e., ||u|| < up,.
The state space may include obstacles and system limitations, defined
as the unsafe set X;, C R2. The unsafe set can comprise multiple
3-dimensional static or dynamic closed sets. The state space can be
partitioned into safe set Xg and unsafe set Xy~ such that X U X, = X
in each instance. The nominal go-to-goal controller u,,, is given at
any time and only vanishes once it has achieved a goal position (target
state) x,. The CBF-QP is used as a low-level safety controller to avoid
entering X, by applying the rectified control input u. As demonstrated
in Section 2.2, the standard CBF-QP can induce undesired equilibrium
points that can hinder convergence to the goal position. To address
this problem, an additional constraint that enforces circulation has
been introduced into the original CBF-QP through various approaches.
However, the effectiveness of circulation in enabling the system to
proceed further needs to be verified. Furthermore, if the undesired
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equilibria are only targeted as singular points to be resolved, then other
complications such as the slowing down behavior that happens near
them remain. In this paper, we aim to address the aforementioned
issues by identifying the underlying causes of induced undesired equi-
libria and introducing an effective circulation constraint into CBF-QP
with convergence guarantees.

Problem 1. Consider a single integrator (SI) mobile robot (10) nav-
igating in an environment with obstacles. It has a nominal go-to-goal
controller to reach a goal position and is equipped with CBF-QP as a
safety filter. The objective is to extend the existing CBF-QP framework
to remove the potential undesired equilibria induced by CBF and the
associated deceleration near these points by incorporating circulation,
while also guaranteeing convergence to the goal position.

Remark 1. In spite of its simplicity, the single integrator kinematic
model (10) can be effectively used to control mobile robots that fol-
low unicycle models, such as wheeled robots, by utilizing the near-
diffeomorphism approach [15] as will be demonstrated in Section 6.1.

4. Main results: Circulation-embedded CBF-QP

We aim to enhance the performance of tracking CBF-QP by ensuring
that the robot adheres as closely as possible to the nominal control
input and minimally deviates, circulating the obstacle to maintain the
ability to follow it later, thus eliminating undesired equilibria and the
challenges they introduce.

We begin by introducing the circulation notation as follows. Ini-
tially, define X, := {x € R? | VA(x) is continuous and nonzero}. Next,
for x € &, let us define the normalized vector N(x) = ”g—Z”. Following
that, define function T U? — U? that generates a normalized
tangential vector such that Vo € U? : o'T(v) = 0. Next, we define
Xp = {x € X, | T(N(x)) is continuous}. Given that T'(N(x)) is defined
in X7 \ &, the minimum value of ||VA|| in this set shall be denoted as
I, € R*. Finally, Assumption 1 is introduced to enable us to construct
and incorporate the circulation inequality.

Assumption 1. The assumptions are as follows:

1. The states of the system remains within the region where circu-
lation can be defined, i.e. x € X;. Additionally, the goal position
x, is also located where circulation is defined and lies within the
safe set, i.e., X, € Xp \ Xy

2. The set Xy \ &}~ is not empty.

3. The safety function A(x) is a measure of distance to the unsafe
set Xy .

It is worth noting that, although it is desirable that the rectified
control input be defined in X, we require T'(N(x)) to be well defined
and continuous. This facilitates the introduction of circulation into the
CBF if necessary.

4.1. Circulation-embedded CBF synthesis

The proposed solution is a Circulation-embedded CBF-QP with input
bounds (11) for a SI system, where the circulation is imposed via the
inequality (11c), and the linearized bounded input constraint inequality
as presented in (11d).

u = argmin 1 [|ue - unom”2 (11a)
ueR™ 2
Subject to:  Vh(x) - u+ y(h(x)) > 0, (11b)
ul o u > kgg(x), (11¢)
1
lullow £ —=um, (11d)
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u .
9() Ccir

U Uq = || ul|cosb,

kabs

Fig. 1. This figure illustrates how the circulation inequality constraint imposes the
control input u to have an image size of k,, in the circulation direction upon activation.

Case 1:
h(x) < h?
P=0
ke =1

—Vh,

"uom

" Case 2:
—Vh | Unom h(x) < h?
(——m1—> Yy=m

| keirp=—1

position y-axis [m]

—Vh,
Unom Case 3:
h(x) = h?
¥=0
keir=—1

1
obstacle !
he

1

position x-axis [m]

Fig. 2. This figure illustrates the value of k. for three different cases. Cases 1 and
2 show y’s role in determining the alignment between the robot’s direction with
the safety function gradient, while Case 3 illustrates how the proximity threshold h?
determines if circulation is needed.

In (11), u € U? is the normalized direction of circulation, kg, €
[—um. kaps] is the circulation status coefficient, and k., € (0, "—"‘2] sets
the magnitude of control input in circulation direction upon activated.
Henceforth, the input-bounded circulation-embedded CBF-QP problem
given by (11) will be referred to as IB-CE-CBFQP. Next, we will explore
the circulation constraint, analyze its behavior, and proceed to design
the parameters u;, and kg in the subsequent subsections. Particularly,
this supplementary circulation linear inequality (11c) is based on the
notation that it is only activated near undesired equilibrium points.
Upon activation, it forces the robot to adhere to the current level set
of the safety function, thus removing the unwanted equilibrium. The
level set is followed by the requirement that the rectified control input
has an image of the norm k,, in the direction of circulation as shown
in Fig. 1.

4.2. Circulation coefficient k

The following is the proposed coefficient for circulation status,

denoted as kgy:

keir (%)
2
where k. € [-1,1] is the circulation coefficient. The primary objective
of the design is to guarantee a rapid transition of k. (x) from —1 to
+1 whenever circulation is necessitated. Furthermore, kg (x) effectively
maps this interval to the range —u, to k,,. This specified range

1
kgt (x) = z(kabs —up) + (Kaps + tm), 12)
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kcir
1
0.95
cosy
1 3.66 1 1 3.66 max(h,b)
Y a hY R " a
—
-0 9? Circulating the Obstacle
T iz 3 T W< T
2 2 2 2

Fig. 3. This figure shows plot of circulation coefficient “k " as a function of y and
h(x). The function’s behavior is divided into two primary phases. Note that increasing
a steepens the sigmoid curve, while decreasing a flattens it, affecting the sharpness of
the transition between —1 and 1.

represents the states in which the circulation is characterized as either
active or inactive with the intended velocity norm bound. &.(x) should
be designed such that it activates inequality (11c) when the mobile
robot approaches a threshold near the boundaries of the safe set, and
when Vh(x)g(x) = —Vh(x) (row vector) and u,,,, are approaching
parallel alignment as discussed in Section 2.2. The proximity to the
boundary is measured by the inverse of the safety function, h(x)~',
which increases as the mobile robot approaches the boundary due to
their proportional relationship. Furthermore, to study the collinearity,
the angle y is defined as,

W = 2(=VAX), Uyom)- (13)

Hence, the alignment can be determined by calculating cos(y), which
captures this feature perfectly by reaching its maximum when collinear-
ity is achieved and turning negative when both vectors point in op-
posite directions. Progressing with design, we propose the circulation
coefficient k; (x) utilizing the following sigmoid function,

-1

o —cow _¢>
ker() =2| 1+e <”“"‘(”‘*”“ wil-, a4

where y is the alignment angle as in (13), a € Rt determines the slope
of transition, b € (0,°], and 0 < A < h(x,) is the proximity threshold
to the boundary of the safe set to check if circulation is needed. The
elucidation of the selection process for all design parameters of k;.(x)
will be discussed at the end of this subsection.

Fig. 2 shows the value of k. based on i(x) and y for three different
cases to better illustrate their relationship. Additionally, the plot of k;,
designed using the sigmoid function is shown in Fig. 3. As shown in
Fig. 3, provided that the angle y remains within the range of Z to 3%,
we obtain k. ~ —1, thus ensuring that the circulation constraint (11c)
remains inactive. Simply put, provided that the mobile robot does not
directly approach the boundary of the safe set, it will adopt safe portion
of up,m (similar to standard CBF-QP) regardless of its proximity to the
boundary. Similarly, u,,, is still adopted if the angle y is between —g
and ’2—”, and value of the safety function 4 is greater than or equal to
the threshold value h?. This indicates safe proximity to the boundary
despite being directed toward it. As a result, u,,, is still continuously
adopted. Note that after reaching the proximity threshold & < h?, the
circulation will be activated over a small angular range of y rather than
at a single point at y = 0. Let us define the range as —y| < w < y,. This
approach was deliberately chosen as it facilitates a smoother transition
and helps mitigate the issue of slowing down.

We will now briefly outline the proposed design process for the
circulation coefficient parameters. We begin by choosing the proximity
threshold, 0 < h‘g < h(xp), as the value of the safety function when
the slowing down begins to take effect. The choice of a is based on
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the sigmoid behavior, as illustrated in Fig. 3. A larger parameter a
is preferred so that the sigmoid function achieves a faster transition,
causing the circulation inequality constraint to either become active
with kg ~ kg or remain inactive. To achieve this, select a such that
3(:(?;’__1 < 1. Next, choose the desired 0 < v, < z/2. Finally,
select b accordingly,
3.66

a

the ratio

— o 1 -1
b—cosy/l(ﬁ+ )7 (15)

c

It should be noted that this design guarantees b € (0, h?).
4.3. Circulation direction u;,

To design our Circulation Direction u;, effectively, we will briefly
review the main control architecture and objectives. The control frame-
work consists of the nominal controller and a CBF-based safety filter,
which enforces constraints on inputs, states, and safety requirements.
This two-level hierarchical control is particularly effective for ma-
chine learning-based control, nonlinear control, high-order systems,
spacecraft, and other applications, as they often involve relaxation
approximations, linearization, or complex computations that benefit
from an additional layer of constraint satisfaction or distributed compu-
tational load. The rectification of the control input by the CBF should be
minimized to adhere closely to the nominal control policy, as deviations
may be irreversible or demand substantial corrective input if solely
constraint satisfaction is prioritized over minimizing rectification. Re-
turning to the concept of circulation, circulation is triggered when
one or more constraints are active, resulting in a nearly zero rectified
control input. Thus, by navigating along the boundary of our optimiza-
tion constraint, we aim to minimally adjust the control input until the
nominal input can be resumed. For a more comprehensive discussion on
safety filters and the comparison between trajectory planning and CBF,
please refer to [16]. In the following subsections, we briefly discuss the
proposed approach to derive the circulation direction.

For successful circulation, we require the mobile robot to move
along the normalized tangential vector to the border of the unsafe
region. Note that the circulation should be designed on the basis of
the robot’s dynamics to ensure the robot’s motion along this tangential
vector circulates the boundary of the unsafe region. This can be calcu-
lated for an SI mobile robot as follows. A well-defined and continuous
function T'(x) is defined to get the circulation direction. One way of
achieving the tangential vector is by using Vh(x), that is,

ugir (1) = T(N(x)), (16a)

Vh(x)
T(N(x)) = R(em)m,
where R(8,;,) rotates the vector by 6,;. Radian. As the direction of VA(x)
represents the direction in which the distance to the obstacle increases,
rotating it by 6, = z/2 will provide the circulation direction. In a
2D space, there are only two possible directions to circulate around a
point or obstacle: clockwise or counterclockwise. To achieve this, we
rotate the gradient vector by 6,,. = +z/2 using the dot product with
the rotation matrix,

(16b)

cos(f,;,)
sin(8,;,)

—sin(0,;,)

ROcir) = cos(@..) |

a7

Remark 2. Extension of circulation to 3D and higher dimensions is
challenging due to the increased complexity of the obstacle surface with
m > 2 dimensions, as some exploration on the surface is necessary.
This enables the robot to follow the level set of the safety function
around the obstacle surface until it can successfully bypass the obstacle.
In dimensions greater than two, a single loop around an obstacle does
not ensure exploration. For example, 3d surfaces may contain tunnels,
cavities, and overhangs that can trap the robot. Generally speaking, the
obstacle surface is m < n — 1 dimensional. Additionally, according to
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the Hairy Ball Theorem, there is no nonvanishing continuous tangent
vector field on even-dimensional n-spheres. As a result, determining
the circulation direction in higher dimensions requires the use of a
path-planning method applied in the reduced space of the obstacle
surface.

4.4. Effective circulation vs. Dysfunctional looping

Although the design of the circulation inequality constraint is com-
plete up to this point, further refinement is necessary. While momen-
tarily introducing circulation avoids deadlocks and deceleration of CBF,
it is even more crucial that the mobile robot progresses toward task
satisfaction. Here, dysfunctional circulation is defined as a situation
where circulation is introduced in CBF but fails to enable the mobile
robot to proceed further, resulting in an idle loop between tracking CBF
and circulation. In Fig. 4, trajectory 1 illustrates dysfunctional circula-
tion between CBF and circulation as an example of such scenarios. In
this section, we will focus on creating effective circulation as opposed
to dysfunctional circulation. Inspired by the Bug algorithm [17], the
circulation coefficient is maintained until the mobile robot successfully
navigates past the obstacle once activated. It is enforced by a Boolean
variable, Hold,  to pause updating k. This prevents the robot from
entering a loop of dysfunctional circulation and go-to-goal. Specifically,
the circulation is maintained at the initiation of circulation, which
is when kg, > 1 — ¢, where ¢ is a small positive value introduced
because the circulation coefficient, modeled by a sigmoid function, only
approaches but never exactly reaches 1. Navigating past the obstacle
is verified by verifying that the current minimum distance to the goal
position, d,(t) = ||x(t)—x,||, is smaller than the distance at the initiation
of circulation d?. This is confirmed by d, (1) < d°—¢, where ¢, is a small
positive value introduced to ensure that the obstacle is fully cleared.
In Fig. 4, Trajectory 2 demonstrates effective circulation, allowing the
mobile robot to successfully advance toward the goal position.

Algorithm 1 summarizes the real-time implementation of IB-CE-
CBFOP.

Algorithm 1 Circulation Embedded CBF

Initialization: Ensure x(0),x, € X \ X;,. Choose the parameters of
keir (%), hg, a, and b in alignment with the guidelines outlined in the
concluding paragraph of Section 4.2. Set Hold, = False, select
kaps € (0, "—"’2], and set dg = 0 for initialization purposes only; it

will be updated when circulation starts. Also, assign small positive
values to ¢; and e,.
Procedure:
1: Calculate upq,(7) and d,(t) at query point x, = x(1).
2: if Hold), = True and d (1) < d) — ¢, then
3 Hold, , = False
4: end if
5: if Hold, = True then
6: ke =1 and determine kyy(x,) using (12).
7: else
8: Determine k. (x,) and kg (x,) using (14) and (12) respectively.
9:  if kg (x) > 1 — ¢, then

10: Set Holdy, = True and dg =d, ).
11: end if
12: end if

13: Determine u;.(f) using (16).
14: Solve (11) to compute the rectified control input, u(z).

5. Analysis of circulation embedded CBF

In this subsection, the feasibility, continuity, and equilibrium points
of the proposed IB-CE-CBFQP is discussed. We conclude this subsection
by demonstrating convergence using these results.
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Fig. 4. Trajectories of an SI mobile robot with two different settings. The path labeled 1 represents the trajectory of the robot equipped with the CBF-QP with circulation,
highlighting the dysfunctional circulation. The solution of the optimization problem results in dysfunctional circulation because circulation is activated around the undesired
equilibrium of CBF, and shortly after moving away from this point, CBF is reactivated solely, leading the system back to the undesired equilibrium point. The path labeled 2
represents the trajectory of the robot equipped with the circulation-embedded CBF-QP, as described in algorithm 1, highlighting the effective circulation.

5.1. Feasibility

First, the feasibility of the proposed IB-CE-CBFQP is verified, which
serves as the proposed Circulation-Embedded CBF. The feasibility is
critical to provide a safe rectified control input  under constraints and
system dynamics. Given that we consider SI dynamics, the standard
CBF-QP always has at least one feasible solution at u = 0. While the
overall detailed feasibility of CBF with additional restrictive constraints
and/or other system dynamics is beyond the scope of this paper, we
focus on the impact of the introduced Circulation-Embedded inequality
and input-bounds in the following proposition.

Proposition 1. The IB-CE-CBFQP, as formulated in (11) with u;, con-
structed according to (16) and under Assumption 1, is feasible for a SI
system.

Proof. It can be verified as follows that the control input,

u* = )~ 2 N + ks T(N (), satisfies (110)~(11d) thereby

guaranteeing the sustained feasibility of the problem.

I Initially, we establish a lower bound for the safety function
value that ensures the robot’s safety utilizing the IB-CE-CBFQP
method. In this context, we consider the maximum norm of
the control input in the Vh(x) direction, which consistently
meets the conditions specified in (11b)-(11c) which is u =

1/ % - kibSVh(x) + ks T(N (x)). We also consider VA(x) = I, so
we see the least effect on pushing the robot to the safe set (worst
case). Then we find the condition that safety is guaranteed, that
is, (11a), is feasible as follows.

2
uz, )
lh 2 - kabs

+7(h(x) = 0. =

). (18)

abs

u2
heo) 27~ =l 5 =K

This condition is straightforward to satisfy, as the right-hand side
is invariably negative due to 0 < /,, < ||VA|| and kg, € { O, :‘/—'"5 .

Moreover, if the lower bound of || V|| is unknown, it is sufficient
to confirm A(x) > 0, a plausible assumption since the robot must
be within the safe set to remain safe. Now we use this lower
bound to show that the proposed u* satisfies (11a)as follows.

* Uy g2 )
Vha(x) - u* + y(h(x)) > ||[VA()|| 7’” - kabs =1 7’" - kabs > 0.

T -
ITu, - u* = kaps 2 ks

UL oo = =t O]
5.2. Continuity

Subsequently, we demonstrate the continuity of u as a solution of
1n.

Proposition 2. Consider a SI system, under Assumption 1. The control
input u, solution to IB-CE-CBFQP (11), with gradually changing kg, k i
and ug;, constructed as in (12), (14), and (16), respectively, is a continuous
function of x for x € Xy \ Xy

Proof. According to Proposition 2, the problem (11) is feasible, ensur-
ing its regularity, and constitutes a strictly convex quadratic program.
Therefore, applying the results in the Continuity of the Solution Map
in Quadratic Programming section in [19], we can conclude that the
single minimizer « is continuous on the parameters,

r(h)
Vh i
P T(NG)| | T
2 ““nom I, _7‘“512 . g
-1, _imq
\6 2
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Fig. 5. This figure shows three frames of the implementation instances. The blue colored lines in (a)-(c) depict the trajectory for the TurtleBot equipped with IB-CE-CBFQP as in
Algorithm 1, while it navigates around a nonconvex obstacle and reaches the goal position. Figures (d)-(f) corresponding to the same time snapshots as (a)—(c), respectively, show
the color map plot of the safety function which was leaned online using only LiDAR measurements as in [18] where different colors represent various safety levels. Specifically,
green indicates x € X'y, white represents the borderline safe areas, and red signifies x € X;.. The video recording of the experiment is accessible at https://youtu.be/69W5bmbBVcI.

5.3. Equilibrium points

Furthermore, the effectiveness of removing the undesired equilibria
of CBF is shown in the following theorem.

Theorem 1. An SI system equipped with a go-to-goal controller and the IB-
CE-CBFQP implemented as in algorithm 1 is considered under Assumption
1. The rectified control input u only becomes zero at the goal position.

Proof. Firstly note that according to Proposition 1, optimization
problem (11) is feasible. When uyom(x,) = 0, u(x,) = 0 stands as the
optimal solution for the IB-CE-CBFQP since the cost function equates
to zero while adhering to the constraints. Specifically, the input limit
is maintained and the circulation remains inactive, considering that
according to (14), we have hE < h(x,), leading to kg < 0. Additionally,
as stated in Assumption 1, r(h(xy) > 0 which satisfies the safety
constraint (11b).

Assuming upom(x \ x,) # 0 and that u(x \ x,) = 0 is a feasible
solution, it follows that y(A(x \ x,)) 2 0 and kg (x \ x,) < 0. Also,
if y(h(x \ x,)) > 0, then Ah(x \ x,) will be nonnegative. Subsequently,
we examine all possible scenarios utilizing the KKT conditions, and
demonstrate that u(x \ x,) = 0 does not represent the optimal solution,

thereby concluding the proof. To do so, the Lagrangian function of (11)
is calculated as follows using the Lagrangian multiplier A:

L A)= % 14 = tnom || = A1 (VA + y(h)) = Ap(T(N (x)u — k)

u u u
+ A3([1 0Ju — —Z) + A4([0 1Ju — —=) + As([—1 OJu — —=)
3 NG 4 NG 5 N

u
+26([0 — 1u— —2) 19
V2

The KKT conditions are then given by:

» Stationary condition:

oL
— 30
o 20=

U —tpom — A VAT — L,T(N)T + A5[1 0] + 440 1]
+A5[—=1 0]+ 44[0 =110

>

U= tpom + A VAT + L, T(N(x)) — A3[1 0] = 4,[0 1]

—45[-10] — 4g[0 — 1. (20)
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Fig. 6. This figure shows the plot of k., and kg, over time for the TurtleBot, equipped
with IB-CE-CBFQP, as in Algorithm 1, while it navigates around a nonconvex obstacle
and reaches the goal position. It is evident that kg effectively maps k, to the desired
range. Note that speed limit ||u|| < 0.1 m/s; the kg, lower bound is set accordingly, and
its upper bound is k,,, = 0.07.

+ Primal feasibility:

Vhu+y(h) >0, (21)
T(N(X)u — kg > 0, (22)
+ Lu— %12 <0. (23)

Dual feasibility:

4 >20fori=1,...6. (24

Complementary slackness:

A (Vhu+y(h)) =0, (25)
L(T(N () — kgg) = 0, (26)
Ay([1 O} — %) =0, @7
4410 1u %) =0, (28)
As([—1 OJu — %) =0, (29)
A6([0 — 1 — %) —0. (30)

According to Egs. (27)-(30), if any of the Lagrange multipliers 4; for
i =3,...,6is non-zero, then (23) holds marginally as a result the control
input « is non-zero. Thus, the control input bounds are not active,
leading to 4; = 0 for i = 3, ..., 6. Subsequently, we undertake an analysis
of the remaining cases:

I 4;=0fori=1,...,6: Substituting these into (20)yields u(x\x,) =
Unom (X \ xg) # 0.

II 4, >0, and 4, =0 fori = 2,...,6: Since 4, = 0, there are two
possibilities to consider: according to (14) either h > h® or up,p,
and —VAT are not parallel. If 1 > h%, then y(h) > 0 will follow.
As IB-CE-CBFQP constitutes a Euclidean projection of u,,;, onto
a polyhedron formed by linear inequalities [20] and u = O fails
to satisfy (11b) marginally because y(#) > 0, a nonzero optimal
solution exists. In the occurrence of the latter scenario, u,,,, and
—VAT are nonparallel, the control input is the summation of two
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non-aligned vectors as in (20): u = uyoy + 4, VAT. As a result,
Unom (X \ X,) # 0 leads to u(x \ x,) # 0.

I 4, > 0, and 4; = 0 for i = 1,3,4,5,6: This situation is deemed
impractical because A, = 0 requires that 2 > h°, which
subsequently results in (11c¢) becoming inactive and 4, = 0.

IV 4, > 0,4, >0, and 4, = 0 for i = 3, ...,6: The inequality 4, > 0
requires that k, > 0. if kg > 0, then w.u.;, > 0. As a result, u # 0
since u;, # 0 according to Assumption 1.

It is shown that u attains a value of zero exclusively at the goal position,
in concurrence with u,,,. As a result, the undesired equilibria are
effectively eliminated in IB-CE-CBFQP. []

5.4. Convergence

The following theorem demonstrates that IB-CE-CBFQP effectively
addresses Problem 1.

Theorem 2. An SI system equipped with a go-to-goal controller and IB-CE-
CBFQP (11), implemented as in algorithm 1 is considered under Assumption
1. Under these conditions, the mobile robot converges to the goal position.

Proof. As demonstrated in Propositions 1 and 2, and Theorem 1, IB-
CE-CBFQP is both feasible and continuous, with a unique equilibrium
point at goal position x, under the given assumptions. Additionally,
the proposed algorithm 1 has incorporated circulation that is activated
in proximity to undesirable equilibria of CBF and remains until the
distance to the obstacle decreases from its initial value at the point of
first encounter. This approach ensures that the obstacle is cleared in
instances where CBF with circulation alone is insufficient to effectively
bypass it. In addition, input-bound constraints are included to verify
that the control input adjusted by IB-CE-CBFQP stays secure and feasi-
ble to execute, given that all systems feature limited inputs. As a result,
the solution of IB-CE-CBFQP can be readily executed to ensure that the
mobile robot converges to the goal position. []

6. Experimental validation

In this section, we validate the effectiveness of the proposed IB-
CE-CBFQP, as outlined in algorithm 1, through experiments. The ex-
perimental validation includes three scenarios. First, a single robot
navigates in an unknown environment with a nonconvex static obstacle
to reach its goal position. Second, we implement the CBF with circula-
tion (without maintaining circulation) for comparison purposes. For the
last scenario, four mobile robots, without any communication, navigate
toward their goal positions while avoiding collision with other moving
robots. The initial and goal positions are chosen so that all robots are
trapped in deadlocks under the standard QP-CBF.

6.1. Mobile robot setup, controller design, and circulation-embedded CBF
implementation

The TurtleBot3 Burger robot was used as the mobile robot. The
dynamics of the TurtleBot can be expressed as:

Py(D) v(?) cos(0(1))
P, [ = v@®)sin(0)) |, 31
16) o(t)

where p, and p, are the position in the x-y plane, 6(?) is the rotational
angle, and the control inputs are the linear velocity v(r) and the
angular velocity w(f). The control input computed for the SI model
in (10) cannot be directly implemented in the Turtlebot3 since it has
a nonholonomic constraint, which means it cannot move sideways
directly. To address this issue, we apply a near identity diffeomorphism
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Fig. 7. Plot of the sensed minimum distance to the obstacle by LiDAR over time for the TurtleBot, equipped with IB-CE-CBFQP as in Algorithm 1, while it navigates around a
nonconvex obstacle and reaches the goal position. The LiDAR maximum detection range is d,,,, = 0.5 m, and the red dashed line represents the radius of the TurtleBot.
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Fig. 8. Plot of the rectified control input u over time for the TurtleBot, equipped with IB-CE-CBFQP as in Algorithm 1, while it navigates around a nonconvex obstacle and
reaches the goal position. Note that the speed limit [lu|| < 0.1 m/s is represented by the red dashed line.

transformation [15] that maps the SI input u(r) = [u,(¢), uy(t)]T to v(r)
and w(r). Specifically, v(r) and w(r) are given by
o] | cos0®)

[w(t)] = —%sin(ﬁ(t))
where /, = 0.06 m is the distance of the controlled point from the middle
point between the robot wheels. The u,,,(r) in (11) is designed as a
proportional controller, uyo,(f) = Py, (x, — x(t)) with constant gain
P,y = 1. The experimental setup includes a 5.3 m x 3 m field. The
TurtleBot speed limit is set u,, = 0.1\/5 m/s. The robot position was
tracked using a Vicon localization system, and all computations were
performed on a remote PC equipped with an Intel i7 processor. The
step time is set to 0.02 s. Control inputs were transmitted to the robots
via Wi-Fi using ROS messages. The LiDAR data were updated at 5 Hz,
with an angular resolution of 1° (360 samples in 2D). The maximum
detection range of LiDAR is set as 0.5 m.

To properly establish and operate the circulation, it is crucial that
the safety function needs to be smooth and that calculated gradients
be dependable. Therefore, a well-designed and robust safety func-
tion is fundamental. We propose using the Gaussian Process-derived
safety function employing LiDAR sensors as developed in our previous
research, [18], to model the CBF safety function in an unknown envi-
ronment. It is both smooth and robust and includes an integrated noise
kernel. This LiDAR-based safety function is efficient in the number of
samples and is simple to implement, requiring only basic parameter
settings based on the robot radius and maximum velocity to ensure
safety. Specifically, by utilizing LiDAR sensor readings, it provides the
safety function and its gradient online, which are then used for solving
QP-CBF. To be more specific, consider a Gaussian Process-based safety
function employing a squared exponential kernel, which is inversely
proportional to the reciprocal of Euclidean distance and incorporates a

sin(6(t))
L cos(o(n) | “”

"

(32)

=L xi=x; 112
noise kernel for the sampled states x; and x;, k(x;, x;) = e =l

o21. The function is characterized by a fixed, positive mean function
set to 1, alongside a data set consisting of unsafe positions assigned
with the value —1. The safety function is formulated by the average
prediction of the modeled Gaussian process (GP). In detail, the hyper-
parameters of the LiDAR-based GP safety function are # = 0.18 for
time-varying environments, £ = 0.14 for static environments, and ¢ =
le — 2. The minimum sampling distance is d = 0.05. Furthermore,
the function y in (4) is assigned as y(h) = h.

In the context of unstructured or dynamic environments, such as
in scenario 3, the safety function is dependent on both time and states.
Consequently, the CBF constraint for a single integrator is %IH%

+y(h(x,1)) < 0. As demonstrated in [21], To consider an upper
boundary on temporal variations of the safety functions and to en-
hance the robustness in environments with noise, an offset of —0.4 is
integrated into the CBF constraint, which is implemented as &;"’)u +
y(h(x,1))—0.4 < 0. Moreover, the safety function is updated at each sam-
pling interval, with outdated data being discarded to model A(x, 7). This
approach allows for the extension of the GP-based CBF to unstructured
environments.

For the circulation constraint, the parameters are set as follows:
the proximity threshold to the boundary of the safe set is h? = 0.8,
the slope of the sigmoid function is a = 30, the circulation velocity is
Kaps = 0.7%, w, = % radian, and b = 0.67.

6.2. Experiment 1: Single robot and nonconvex obstacle avoidance scenario,
results, and discussions

sample

In this experiment, a TurtleBot3 robot, equipped with IB-CE-CBFQP
as in Algorithm 1, navigates towards a goal position after becoming
trapped in a nonconvex obstacle.

As illustrated by the trajectory in Figures (a)-(c) of Fig. 5, the robot
initially heads towards the goal position. Approximately at t =9 s, the
circulation behavior is activated, causing the robot to navigate around
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Fig. 9. Three frames of the implementation instances. The green colored lines in
(a)—(c) depict the trajectory of the robot equipped with a CBF with circulation (without
maintaining the circulation), while it tries to navigate around a nonconvex obstacle and
fails to reach the goal position. The video recording of the experiment is accessible at
https://youtu.be/69W5bmbBVcl .

the nonconvex obstacle. The circulation approximately continues until
t = 46 s, where the distance to the goal becomes smaller than the
distance at the start of the circulation. Finally, leaving the obstacle
behind, the robot reaches the goal position. Figures (d)-(f) of Fig. 5
show the color map of the safety function. Specifically, the 2D space
is divided into a grid, and the safety function is computed using a
GP model, as described in [18], at each grid point. Subsequently, the
local safety function is visualized as a color map, where different colors
represent various safety levels. Specifically, green indicates x € X,
white represents the borderline safe areas, and red signifies x € X;,.
Fig. 6 corresponds to the plot of the value of k.. over time. The
plot shows the start and end of circulation, which continues until the
distance to the goal position becomes smaller than it was at the start
of circulation. This approach has successfully enabled the robot to
navigate past the nonconvex obstacle. Fig. 7 illustrates the plot of the
robot’s minimum distance from the obstacle during the experiment over
time. It demonstrates that the Circulation-embedded CBF was successful

10
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in avoiding collisions. Fig. 8 shows the value and the norm of the
rectified control input u by circulation-embedded CBF. It is evident
from the figure, no significant deceleration occurs, although a small
drop is observed due to the chosen circulation gain k,,; = 0.07 m/s.

Remark 3. The TurtleBot3 burger that we used does not respond
to very small linear velocity commands at Nebolab (our Laboratory).
Specifically, when the input velocity was around 0.01 m/s (1 cm/s) or
lower, the robot failed to move. Thus, as observed in the plots of control
input over time, the input approaches a value of approximately zero at
the goal position.

The experiment demonstrated that the proposed -circulation-
embedded CBF, Algorithm 1, unlike the standard CBF-QP, does not
suffer from undesired equilibria at t ~ 9 caused by u,,,, and —VhAT
being parallel. Additionally, it is shown that the robot is able to escape
from the nonconvex obstacle, unlike scenarios where circulation is
momentarily introduced or when only the undesired equilibria location
is addressed without considering the overall trajectory as shown in the
next experiment.

In the implementation of the solver, the dagp from QPSOLVERS
was utilized. Furthermore, for subsequent executions beyond the ini-
tial one, the preceding solution served as a warm start. To estimate
the runtime of the proposed IB-CE-CBFQP which includes calculating
the parameters and solving (11) at each sample time, data collection
was conducted : the minimum runtime recorded was 0.000010 s,
the maximum runtime was 0.002126 s, and the average runtime was
0.000485 s.

6.3. Experiment 2: Single robot and nonconvex obstacle avoidance without
maintaining the circulation scenario, results, and discussions

In this experiment, a TurtleBot3 robot is equipped with a CBF-QP
with circulation, i.e., without introducing Hold, , , and tries to navigate
toward a goal position after becoming trapped in a nonconvex obstacle,
i.e., dysfunctional looping.

As shown in the trajectory in Fig. 9, the robot initially heads toward
the goal position. In Fig. 9 at + = 18 s, the circulation behavior
is activated, causing the robot to initiate movement in the direction
of circulation. Although this activation is shortly engaged and then
becomes inactive, it results in an unintended dysfunctional circulation
where the robot makes minimal progress toward the goal + = 48's
before reversing back in the direction of circulation. In the plot of u
over time shown in Fig. 12, the small oscillations between the opposing
movements, in the goal direction and the circulation direction, evi-
dent in the trajectory, prevent the robot from progressing beyond the
nonconvex obstacle. The back-and-forth movement is evident from the
repetitive variations in the control corresponding to the activation and
deactivation of circulation. Over time, this leads to the robot becoming
confined to the same corner where it initially became stuck, as depicted
in Fig. 9. This is a form of dysfunctional circulation.

The intermittent activation of circulation behavior is also depicted
in the plot of the k., over time, as shown in Fig. 10. Fig. 11 illustrates
the plot of the robot’s minimum distance from the obstacle during
the experiment over time. Although robot safety is ensured, the CBF-
QP with circulation as formulated in (11), similarly to the original
CBF-QP approach, prevents the robot from successfully reaching the
goal position when navigating around the nonconvex obstacle. Fig. 12
shows the rectified control input u over time. Due to the intermittent
activation of the circulation and CBF, the control input drops drastically
when the circulation is deactivated, which is consistent with the result
shown in the circulation coefficient plot as shown in Fig. 10.

In conclusion, this experiment demonstrated how dysfunctional
circulation can prevent the robot from reaching the goal position,
a challenge that can occur in CBF-QP without properly managing
circulation.
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over time for the TurtleBot equipped with a CBF with circulation (without maintaining the circulation), while it tries to navigate around a nonconvex obstacle
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Fig. 11. This figure shows the plot of the sensed minimum distance to the obstacle by LiDAR over time for the Turtlebot equipped with a CBF with circulation (without maintaining

the circulation), while it tries to navigate around a nonconvex obstacle and fails to reach the goal position. Note that the LiDAR maximum detection range is d,,,,

the red dashed line represents the radius of the TurtleBot.
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Fig. 12. This figure shows the plot of the rectified control input u over time for the TurtleBot, equipped with a CBF with circulation (without maintaining the circulation), while
it tries to navigate around a nonconvex obstacle and fails to reach the goal position. Note that the speed limit ||u|| < 0.07 m/s.

6.4. Experiment 3: multi-agent deadlock scenario, results, and discussions

In this experiment, four TurtleBot3 robots equipped with IB-CE-
CBFQP as in Algorithm 1, are placed in a square formation, equidistant
from each other. Each TurtleBot’s initial position is set at one of the four
vertices of the square. The goal of each robot is to navigate to the initial
position of the TurtleBot directly in front of it, relying solely on online
LiDAR measurements, without any communication between robots or
prior knowledge of the environment. The initial and goal positions are
selected so that the trajectories will intersect at a central point, creating
the potential for a deadlock situation.

11

The primary objective of this experiment is to investigate how the
robots manage to avoid deadlock scenarios at undesired equilibria of
CBF-QP and successfully reach their goal positions. As depicted in Fig.
13, the TurtleBots encounter a potential deadlock in the central loca-
tion. However, due to the activation of the circulation-embedded CBF,
the deadlock is successfully resolved. The robots simultaneously begin
to circulate around the central point, maintaining smooth trajectories.
Once the circulation mechanism has sufficiently resolved the deadlock,
the circulation coefficient will be —1, and circulation is deactivated.
Then TurtleBots can proceed further.

Fig. 14 corresponds to the plot of the value of k., of robots over
time. Note that obstacles (other robots) are moving. As a result, the
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Fig. 13. This figure shows three frames of the implementation instances. The colored
lines matching each robot’s respective tag color in (a)-(c) show the trajectories of the
robots equipped with IB-CE-CBFQP as in Algorithm 1, between each snapshot as they
get intertwined in a deadlock situation and find their way to their goal positions. The
video recording of the experiment is accessible at https://youtu.be/69W5bmbBVcI .

circulation coefficient has little variation, but they simultaneously keep
the circulation until they reach a position where the deadlock is re-
solved. Fig. 15 illustrates the plot of the robot’s minimum distance
from the obstacle during the experiment over time. It demonstrates
that the IB-CE-CBF-QP was successful in avoiding collisions. Fig. 16
shows the value and the norm of the rectified control input u by
circulation-embedded CBF. The figure clearly shows that, no significant
deceleration occurs, although a small drop is observed due to the
chosen proportional gain k,,; = 0.07 m/s.

In conclusion, the TurtleBots successfully navigate toward their
respective goal positions resolving the deadlock situation. It is also
noteworthy that the circulation was maintained relatively consistently
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Fig. 14. This figure shows the plots of the value of kg, over time for the TurtleBots
equipped with IB-CE-CBFQP as in Algorithm 1 while they get intertwined in a deadlock
situation and find their way to their goal positions. Note that speed limit ||u|| < 0.1 m/s;
the kg lower bound is set accordingly, and its upper bound is ks = 0.07.

during the experiment. Additionally, the LiDAR-based GP safety func-
tion, by simply providing the safety function solely based on real-time
LiDAR measurement with circulation-embedded CBF enabled the robots
to successfully navigate in the unknown environment and resolve the
deadlock situation without any communication.

7. Conclusion

In this paper, we present the IB-CE-CBFQP as an extension to
CBF-QP for smooth and successful obstacle avoidance. Our approach
addresses the challenges of potential undesired equilibria, the common
issue of slowing down near obstacles, and dysfunctional circulation
by introducing a smooth circulation linear inequality to CBF-QP when
necessary. The proposed IB-CE-CBFQP integrates input constraints, cru-
cial for practical CBF implementations. Furthermore, it maintains con-
tinuous circulation, rather than on-and-off behavior, contributing to
smoother trajectories, effective circulation, and more stable control in-
put for the robot. We supported our findings with theoretical feasibility,
continuity, and convergence proofs. Additionally, We demonstrated its
success through experimental results and comparison for nonconvex
obstacles and for scenarios involving multi-agent deadlock without
communication.
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Fig. 15. This figure shows the plot of the sensed minimum distance to the obstacle by LiDAR over time for the TurtleBots equipped with IB-CE-CBFQP as in Algorithm 1 while
they get intertwined in a deadlock situation and find their way to their goal positions. Note that the LiDAR maximum detection range is d,,,, = 0.5 m and the red dashed line
represents the radius of the TurtleBot.
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Fig. 16. This figure shows the plot of the rectified control input u over time for the TurtleBots equipped with IB-CE-CBFQP as in Algorithm 1 while they get intertwined in a
deadlock situation and find their way to their goal positions. Note that the speed limit |lu|| < 0.1 m/s is represented by the red dashed line.
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