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ABSTRACT

This paper presents a novel method for partial differential equation (PDE) endpoint control of a flexible manipulator, without
using any form of mathematical simplification in PDE-based calculations. It simultaneously addresses the issue of the unavail-
ability of distributed states in an infinite-dimensional flexible dynamic system. This two-fold approach allows for the incorporation
of estimated data describing the pose of the flexible manipulator into a model-based PDE control scheme, facilitating convenient
stability analysis and model-based control design. This is achieved while maintaining the easily attainable measurement require-
ments of standard boundary control techniques, which involve the installation of sensors solely at the manipulator’s endpoint.
To this end, initially a practical, stability-proofed distributed state observer is presented which is capable of estimating the deflec-
tion of the link throughout the length of the flexible arm based on a nonlinear PDE model. To reduce design complexity and the
intensity of implementation, the observation is conducted using a novel partial state observer, which relies on a reduced number
of system equations corresponding to the distributed state measurement error. Subsequently, the estimated states are used to con-
struct a boundary controller for state tracking and the elimination of endpoint deflection, resulting in precise endpoint control.
Furthermore, inevitable deviations from the nominal model are considered, ensuring the boundedness of the closed-loop system
response in the presence of parametric uncertainties through an adaptive design. A rigorous stability analysis of all elements of the
closed-loop systems incorporating PDE models is conducted based on Lyapunov stability theory and the extended LaSalle’s invari-
ance principle for infinite-dimensional systems. Numerical simulations and analysis demonstrate the precision and efficiency of
the proposed solutions.

1 | Introduction increasing adoption of flexible robotic systems over their earlier
rigid counterparts in a wide range of applications, from aerospace
1.1 | Overview to industrial robotics. However, without well-developed control

tools, undesired phenomena such as reduced efficiency and

For decades, a prevailing trend in machine design has loss of precision due to vibrational effects can impede the adop-

been the construction of lighter hardware to achieve higher
payload-to-weight ratios, which in turn leads to greater energy
efficiency and reduced pollution. This trend has driven the

tion of these lightweight, energy-efficient, and flexible robots.
These drawbacks counteract the anticipated benefits, and only
appropriate automation solutions can unlock their full potential.

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any medium, provided the original work

is properly cited, the use is non-commercial and no modifications or adaptations are made.

© 2025 The Author(s). International Journal of Robust and Nonlinear Control published by John Wiley & Sons Ltd.

3658

International Journal of Robust and Nonlinear Control, 2025; 35:3658-3677
https://doi.org/10.1002/rnc.7872


http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1002/rnc.7872
http://crossmark.crossref.org/dialog/?doi=10.1002%2Frnc.7872&domain=pdf&date_stamp=2025-02-12

Consequently, the development of sophisticated control schemes
tailored to flexible robotic systems has become a significant
research focus.

The challenges involved in the precise control of flexible robots
differ fundamentally from those of their rigid counterparts.
Describing link flexibility mathematically requires expressing it
as a collection of distributed states corresponding to the con-
figuration of the flexible links along their length [1, 2]. This
is achieved using models in the form of infinite-dimensional
partial differential equations (PDEs) and subsequently design-
ing corresponding control schemes for the PDE system. Tradi-
tionally, approximations of PDE systems as ordinary differen-
tial equations (ODEs) have been employed in controllers [3, 4]
to reduce the complexity of infinite-dimensional PDE models.
However, since ODEs can only approximate the original system
dynamics, closed-loop systems based on ODE models may not
necessarily ensure the stability of the original system’s response.
Consequently, the development of more rigorous designs for con-
trol applications, such as endpoint control of flexible manipula-
tors, has garnered research interest [5, 6]. Designing control sys-
tems based on precise PDE models allows for higher precision,
efficiency, and rigorous stability criteria. Hence, the development
of PDE controllers has attracted significant attention. Besides
applications in flexible robotics, PDE models are used for model-
ing and control purposes in fluid dynamics [7], electromagnetics
[8], aerospace [9], economics [10], and biology [11]. Therefore,
the development of sophisticated PDE control frameworks is ben-
eficial across various fields.

The lack of information on distributed states describing the con-
figuration of a flexible link—such as the displacement of link
elements and their higher-order derivatives—poses a significant
challenge. Studies focused solely on the control of flexible manip-
ulators often overlook this aspect, assuming that such informa-
tion is readily measurable [12]. However, this is rarely the case.
In practice, only a limited number of measurement samples are
incorporated, despite the continuous and infinite-dimensional
nature of flexible link dynamics. As a result, the generated map-
ping for the displacement of the flexible link may be inaccurate in
areas not directly covered by measurement points. This limitation
prevents the effective implementation of information describ-
ing the dynamics of flexible links throughout their length, lead-
ing to the incalculability of dynamic terms involving distributed
states across the link [13]. In such scenarios, a feasible control
input may rely solely on boundary information, which limits con-
trol over the distributed states themselves. A potential solution
to this problem is the use of state observers [14-17]. However,
even studies that incorporate PDE-based estimation strategies
often include various simplifications in the dynamic model, as
the design of a PDE-based state observer is complex and intensive
toimplement. Hence, further development of efficient estimation
schemes using fewer measurement samples and correspondingly
fewer differential equations would significantly enhance control
precision and effectiveness.

While the modeling procedure for various classes of
infinite-dimensional flexible systems has been extensively
documented in the literature [18, 19], incorporating such mod-
els into PDE-based controllers remains inherently challenging
and cost-intensive. Consequently, approximated ODE models,

such as those based on finite element analysis [20, 21], ker-
nels [22], or assumed-mode methods [23], are often used. To
attain more sophisticated design schemes, recent research has
adapted alternative strategies where distributed-state estima-
tion is directly incorporated into control calculations. Control
and estimation solutions for lower-order PDEs, such as string
PDEs [24] and wave PDEs [25], are well-documented in the
literature. For instance, Krstic et al. [26] investigated the stabi-
lization of beam equations using a backstepping controller for
fourth-order PDEs applicable to beam equations. For systems
solely featuring distributed states throughout the length of a
flexible beam, Han et al. [27] proposed a boundary controller
utilizing distributed states to ensure controller feasibility. In
robotic systems featuring additional states beyond those corre-
sponding to beam element deflection, Zhang et al. [28] pioneered
a PID-based PDE control design. Subsequent modifications, such
as boundary control schemes, have allowed the consideration of
additional effects, such as the mitigation of endpoint deflection
through exertion of control actions on boundary conditions
[29, 30], the consideration of input nonlinearity and backlash
effects [31], the investigation of shear deformation effects in
Timoshenko beams [32], the control of flexible manipulators
in three-dimensional space [33], and the adaptive control of
manipulators with unknown control direction [34]. In recent
years, neural network-based controllers have been developed
for flexible manipulators to conveniently address structured and
unstructured uncertainties [1, 35].

Current state-of-the-art model-based control of flexible systems
often involves deriving PDE models by assuming the deflections
of flexible elements as perfect arcs [31, 36, 37]. This approach
results in a set of linear PDEs and boundary conditions that
are readily implementable, albeit at the cost of reduced mod-
eling or control precision. Implementing stable and technically
sound control schemes using fully nonlinear sets of equations
would require significant additional analysis, as conventional
numerical techniques based on the separation of variables would
not be applicable. Such cases necessitate the direct incorpora-
tion of nonlinear PDEs in all design stages. Moreover, the need
to recover missing information on distributed states—such as
displacement, velocity, and acceleration values for elements of
a flexible link—renders the control of systems based on non-
linear PDEs significantly more challenging in flexible robotics.
This issue has recently attracted significant attention. Notable
examples include an observer design for a flexible manipula-
tor [15], perturbation-based control of flexible two-link systems
using state observers [37], and distributed disturbance observers
for flexible links [38]. However, the existing literature does not
fully incorporate nonlinear PDE-based dynamical models at all
design stages of the closed-loop controller-observer system, indi-
cating a need for further development.

1.2 | Motivations

The challenge of controlling flexible manipulators, given the
limited availability of information, remains a key issue in this
field and is still open to study. As flexible mechanisms are
inherently distributed systems, their dynamics can only be
described using PDE models. In many applications, these models
exhibit highly nonlinear and non-homogeneous characteristics
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[5]. Nonhomogenous dynamic terms are not strictly functions
of distributed states and their higher-order derivatives [6]. Such
effects potentially include gravity and control input-based terms
acting on boundary conditions of the system. Assigning stable
and feasible estimation schemes to such systems requires signif-
icant mathematical manipulation. Consequently, relatively sim-
pler formulations with homogeneous boundary conditions and
linear deflection models [15, 37, 39] or assumed mode-based
estimations of deflections [40, 41] have been used instead. One
of the motivations of this study is to develop an appropriate
estimation scheme capable of using nonlinear PDE models in
a cost-effective manner without introducing superfluous dif-
ferential equations into the closed-loop system. If distributed
states describing the flexible system are available, the real-world
problem of precise endpoint control of a flexible manipulator
becomes addressable. Current state-of-the-art PDE-based con-
trol of flexible systems involves designing control laws to ensure
the decay of a corresponding Lyapunov function that includes
state-tracking and displacement effects [5, 28, 29]. However,
obtaining such control laws can be challenging when using
more complex mathematical models or may require reductive
strategies, such as the separation of variables, to be incorpo-
rated into the controller design [2]. An alternative strategy
involves dividing the overall system into “slow” (planar motion
of the manipulator) and “fast” (deflection of flexible link ele-
ments) counterparts using perturbation methods [37]. How-
ever, this method conventionally does not account for the inter-
actions between the two subsystems. Therefore, proposing a
nonlinear PDE control scheme that features precise dynamical
models and considers interactions between various distributed
states and planar motion is the second motivation of this work.
In addition, a rigorous stability analysis of the PDE system
described by a system of nonlinear PDEs requires in-depth inves-
tigation based on Lyapunov stability theory and the extended
LaSalle’s invariance principle for infinite-dimensional systems
[5, 42], which must be adapted to the corresponding nonlinear

mapping.

1.3 | Novelties

Based on the shortcomings in the current state-of-the-art,
this article investigates the problem of endpoint control and
distributed-state estimation of nonlinear flexible systems. The
major contributions of this work are summarized as follows: (i)
A novel partial state observer is proposed, which enables esti-
mating link deflections using a nonlinear PDE model without
significantly increasing design and implementation complexity.
(ii) The feasibility of the observer is ensured based on a novel
Lyapunov function using appropriate control parameters and
the calculation of observer input to ensure asymptotic stabil-
ity and convergence to the original states. (iii) A new nonlinear
PDE-based boundary control scheme is presented for endpoint
and state tracking and the elimination of endpoint deflection
based on distributed estimations. (iv) A framework for stabil-
ity analysis of the closed-loop system is presented based on the
extended LaSalle’s invariance principle for infinite-dimensional
system, which incorporates a new semi-linear mapping. (v)
Control structure enables straightforward implementation of
multi-input-multi-output (MIMO) design, as well as implemen-
tation for parametrically uncertain systems based on its adaptive

design. (vi) The nonlinear PDE model of the flexible system is
considered at all stages of constructing the feedback loop, with
no simplification in manipulations corresponding to the PDE
model.

The rest of this paper is organized as follows. Section 2 dis-
cusses problem preliminaries and presents the mathematical
model of the flexible system. Section 3 details the construction
of a distributed-state observer for the recovery of missing states.
The design and analysis of the nonlinear PDE controller are
featured in Section 4. Finally, Section 5 demonstrates the effi-
ciency and precision of the proposed schemes based on numerical
simulations.

2 | Problem Statement and Preliminaries

To investigate the control of flexible robotic manipulators, a stan-
dard system of a one-link robotic arm [43] is considered. The
mechanism consists of a flexible link in the vertical plane, as
depicted in Figure 1. In this paper, the flexible arm is modeled
as an infinite-dimensional beam with distributed displacement
states w(¢), where ¢ indicates the position of an element of the
flexible beam alongside its longitudinal axis. The variable 7 rep-
resents the system time. The parameters /, A, p, E, and I, respec-
tively, denote the length, cross-sectional area, mass density, elas-
tic modulus, and second moment of area of the beam. The angle
0 expresses the angle of the beam with respect to the designated
< x,y > coordinate system. A lumped mass M is installed at the
end of the flexible beam and acts as the payload of the mecha-
nism. An input torque  is exerted at joint O, and a boundary
input force F) is applied to the endpoint of the beam located at

E=1.

Assumption 1. It is assumed that the effects of longitudinal
displacement of the beam are negligible, as no distributed axial
force is exerted on the system. On this basis, F, is considered
perpendicular to r;, which represents r, for £ = /. The perpen-
dicular component of the input acts as a shear force on boundary
condition. For general applications, if the input force is exerted in
another direction, only the component of the force perpendicular
to r; is incorporated into the design.

Characteristics of flexible

beam: E, I, p, A, | y
4
E Fp
: It 4
: ¢
r N
o) °
ssdassssnnbunsnununnnnnnnnnnnnnnnnp X
0(xy) A
FIGURE1l | Schematic of a flexible arm with payload.
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The extended Hamilton principle [18] is used in this study to
obtain the mathematical model for the described dynamical sys-
tem. To this end, the position vector r, for an infinitesimal ele-
ment of the flexible beam located at coordinate & with respect
to the connecting joint and the position vector r,, for the pay-
load are expressed in (1-4). The volumetric density of the beam
is expressed as p. The cross-sectional area of the beam is indi-
cated by A. The mass of flexible beam is expressed as m = pAl
The moment of inertia of the joint is expressed by .

re= | 1
Fye

Fee =&C080 — o (£)sin 2)
rye=Esing + () cosd ©)]
ry =T 4)

According to the Euler-Bernoulli beam theory, the kinetic
energy T, potential energy V', and generalized force correspond-
ing to the entire mechanism are described as follows:

T = I,,e +2 pA/r Fedé + 5 ImiTh = ;1 6

+1pa / |62 + @0 + 2600x&)| dé
0

2
+ %M |26° + 2() + 0?()6” + 216000 )
2
V= —mglsme + Mglsin 6 + Mgw(l) cos 6 + El[aaa;(zé‘)] dé
(6)
_ Oy or,
Qe—T60+ "00 @)

The mass moment of inertia of the system constituted of
joint and beam rigid beam with identical density and geomet-
ric properties are expressed as I, = I, + %pAl3. For brevity,
expressions w; = Z—‘; and o, = ‘;—‘;’ are used to express partial
derivatives of distributed states. Notation [~] represents the
derivative of the bracketed term with respect to time, while [—]
denotes the derivative of the bracketed term with respect to
position.

Next, the variation terms for (5-7) are calculated for substitu-
tion in the extended Hamilton principle 6(T —V + Q) =0 as
follows:

T 1
5/ 2Tdt = / 2{ { — 1,0 — MI20 — Ma*()0 — 2Mo(ho,(1)0
t t
1
—Milaw, (1) + pA / [20(&)w,(£)0 — @*(E)0 — Ew,, ()] dE }56’
0

1
+ {ﬂA/ [—wn(é) + ()b ~ ié]df }560(5)
0

+ [—Ma)"(l) + Ma(1)0® - Mlé] sal) }dt ®)

/ vdt = / { —mglcos 6 + Mgl cos 6 — Mgsin Qa)(l)]
+ [~Elwges + Mg cos 8] 6a(l) + Elwgz60' (1)

1
— Elwg6' (0) + Elwgz:50(0) + EI / WgeedES(E) }dt ©)]
0

W = (7 + F,1)50 + usw(l) (10)
Then, the mathematical model for the system dynamics, includ-
ing the governing equations and boundary conditions, is obtained
as (11-15). d; and d, indicate input disturbance and unmodeled
dynamic terms.

[1,, + MI> + M*(1)]6 + Mlw, (1) + 2Mew()o,(1)0
I
+pA / [20(&)w,(£)0 + @*(©)f + Ew, ()] de
0

+ %mgl cos 0 + Mglcos 0 — Mgw(l)sin® = 7 + F,l +d; (11)

0u(&) — (0" + 6 + jwm:(@ (12)

() — w(l)@ +160 + gcosb — Ia)ééi(l) = Fb +d, (13)
o(0) = w,(0) = 0 14

wéé(l) =0 (15)

Remark 1. (control objectives). The following control objec-
tives are considered:

i. tracking of the position reference signal 0, with respect to
system state 6;

ii. elimination of endpoint deflection, resulting in the track-
ing of desired endpoint trajectory (x,,.y,,);

iii. mitigating link deflection w(¢), & € [0,!] and ensuring its
boundedness.

As such, a closed-loop system would feature two input
signals—i.e., joint torque r and boundary input F, as well
as outputs 6 and w(¢), & € [0,1]. It is desired that the controller
is assigned such that it enables convenient investigation of
interactions between multiple inputs and outputs in a MIMO
framework.

Remark 2. (significance of boundary control strategy).
The control system is heavily underactuated. In other words, a
limited number of inputs are used to attain infinite objectives
due to the existence of distribution states. Hence, to attain all
control objectives, an input force is extended to the endpoint
in addition to input torque at the joint. This approach enables
the elimination of endpoint deflection and tracking joint ref-
erence, modeled as a fully actuated subsystem in Section 4.
Then, based on the analysis of closed-loop system response and
assigned Lyapunov function, it will be demonstrated that this
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structure results in the elimination of link deflection, which sat-
isfies the objective of distributed state control. In other words,
exertion of the boundary input force allows for a rigorous—and
not heuristic—design procedure. This strategy has been adapted
in the latest developments in the field of PDE control of flexi-
ble systems [29] where control action is exerted unto boundary
conditions. To implement boundary inputs in practical applica-
tions and experiments, hydraulic or pneumatic actuators con-
nected to the endpoint of the manipulator using nozzles may be
employed [44].

Assumption 2. It is considered that information on dis-
tributed states is not available. In other words, deflections and
their temporal and spatial derivatives are not known. This
assumption is valid as measuring continuous displacement
through the length of a flexible beam is not practical in many
applications due to the need for the application of a large number
of sensors and advanced measurement technology. Furthermore,
calculating higher-order time derivatives of displacement states
is cost-intensive and potentially inaccurate. Hence, the estima-
tion of the mentioned states is required for precise control of the
flexible system.

Assumption 3. State 0 is considered as measurable. Joint
angle is easily measurable using conventional measurement
devices such as encoders. This assumption is significant in
improving the feasibility of the estimation scheme as it allows
forgoing corresponding error dynamics in observer design.

Assumption 4. As longitudinal deflection of the beam is
considered negligible in this study according to Assumption 1,
the uncertainty of the length of the manipulator / is assumed to
be negligible. Uncertainty in input term in is incorporated in
d,. However, results obtained in this paper will be also applicable
to manipulators with varying lengths in case appropriate modifi-
cations in the original model are conducted [45, 46].

Assumption 5. To compensate for the effects of potential
parametric uncertainty, control action is designed such that it fea-
tures parametric adaptation. To this end, the system parameter
vector is defined as follows:

s=[M, s, s, m]T (16)

where s; = % and s, = % The estimated parameter vector § is
used in the construction of the control scheme. Additionally, it is
assumed that s is bounded according to Assumption 6.

Assumption 6. The assigned uncertainty space is defined as
Q= {seR*:s <s<s,}. 5 ands, are respectively lower and
upper bounds for s, which are assumed to be known.

Based on the definition of s, all elements of 5, and s, attain
strictly positive values. The parametric estimation error is defined
as follows:

§=s5-3 17)

On this basis, a projection function with respect to uncertainty
space Q is assignable for given values s, s,, s,, and e, where s,

and s, indicate lower and upper uncertainty bounds for s.

0,iff P>s,ande >0
P(s,5,5p.¢) =40,if P <s,ande <0 (18)

e, otherwise

Lemmal. Ifs=P(5s,s, e) isassigned, the following holds:

5, <S<s, (19)
(s—§)[e—7)(§,s,,sh,e)] <0 (20)

Proof. The proof is a standard property of projection functions
[13] and is omitted.

3 | PDE-Based Distributed State Observer

This section details the construction of a novel distributed state
observer using limited boundary measurements based on the
nonlinear PDE-based mathematical model described in (8-12).
The estimate of w(&) is denoted as @(&).
A partial state observer (21-26) is proposed in this work.

[fm + M2+ 1\7@2(1)]9 + Mid, (1) + 2M &), (18

1
+pA / [28(&)®,(£)0 + &*(&)0 + £@,(&)|dé
0

+ %ﬁg?cose + Mglcos6 — Mgax(l)sin0 = ¢ + F,l +d,
(1)

By(&) = DO + E6 + 5,@,22(6) = 0 (22)

Bull) = DO + 16+ gc08 0 — 5,0,5:(1) + gy = —F, +d,

(23)

@(0) = &,(0)=0 (24)
Be()=0 (25)
z2(§) = (&) — &) (26)

u,, is the observer input and z(¢) is the estimation error. To inves-
tigate the error dynamics of the observer, (12-15) and (22-25)
will be analyzed as 6 is assumed to be measurable.

Assigning w(&) = @(€) + z(£), error dynamics of the observer is
expressed as follows:

2(&) = 0°2(8) + 5122,(6) = 0 27)
20(1) = 0°2(1) = 5y20:(1) + d, = ugy (28)
2(0) = z,(0) = 0 (29)
(D=0 (30)

3662

International Journal of Robust and Nonlinear Control, 2025



The term d, describes compound disturbance effects acting on
(28) and is expressible as d, € D, 2 {d, e R : d,; < d, < d,,}.
D, is the corresponding uncertainty space.

Theorem 1. PDE observer (21-26) is asymptotically stable—
that is, ®(&) — w(&) and &,(€) — w,(€) for & € [0,1]—in case deci-

sion variables p, a, and f and observer input signal u,, satisfy the
following conditions.

max(ﬂ2 +a%0° — pap, > + a*0” — papé’ ) <0 (31

— Safs, [—zgé(n 2200+ 7 2(l)] = @®8y2,(Dzgz (1)

- 922,(1)2(1) + ’s\zz,(1)25§5(1) +z(Dz,(D) + &, — ugpz, (1) <0
(32)
0<6<p (33)
5= P(s.5,54.Ag) (34)

Ag and &, are assigned with respect to uncertainty space Q.

Proof. The following candidate Lyapunov function (CLF) is con-
sidered for the distributed-state observer.

Vb =Vo+V; (35)
"1,

V"Z/E a’s 25 dE+ £, +V, + S z2(1)+ zz(l)fofl—l2

0
(36)
15, 2.2 ¢

A, = zaz += ﬁz +apé —2+7 zz, pdé  (37)

0
1 7.
Vs=§ys 5 (38)

To demonstrate V,, > 0, it is noted that /0{ 222+ 26222 +
aﬁ<—2 )zz }d§>/ {1a2z2+ ﬂzzz—Zaﬁ|z||z,|}d§2

ez = 1pel'd 2 0 fioap(-2+ % )zzde >
fol{ —16(1222 - l5,{32.Zzz}d§ 1/0’{azzz + p222}dé
to both sides, it is obtained that #, —/0{1 22242 Sz +

aps(~2+% )2z, fdg > (3 - 6) [y {a?22 + 222} de 2 0. Follow-
ing the same procedure, an upper bound for £, is demonstrated
as %, < (% + 5)/01{0:22,2 + p?z% }dé. Hence, it is written that

0< (% —5)/1{0{22,2
0

Therefore, V,, > 0.

Hence,

Adding

+ p%2? }d.f
(39)

1
+p22)dE< £, < (% +5)/ {222
0

To prove the robustness of the system in the presence of
parametric uncertainty, we begin by analyzing the case where
the perturbation term § = 0. Subsequently, we demonstrate the
boundedness of the system response when modeling uncertainty
is present.

Time derivative of ¥, will be investigated in the rest of the proof.

1
V,= / {alz,z“ + azslzﬁzéa + p*zz, + 6aﬁ<—2 + %)zf
0

+ 5aﬁ(—2 + %) ZZy }di,‘ + %z(l)z,(l) + %zl(l)zn(l) (40)

Substituting (27-30) in (40), it follows that

1

1
_ (2 242 2
V,= <ﬁ + a6 )/0 z,zdé — a sl-/0 2, ZeeeedS

I
- a2§1/ z@gﬁédé - azslz,zggg(l) - azslz&zté(O)
0

I
+a sl/zzéfééd§+6aﬂ < 2+€> zdf

I !
+ 5a/30'2/0 <—2 + %)zzdf - 5aﬂS1/0 <—2 + %)zszéfdf

I
- 5(xﬂ§1/ <—2 + %)zﬁgéégdé +z(D)z, () — 9’2z(1)z,(1)
0

+ 53206 (D7) + 550:0:(D2,(D) + 2(D2,(1) = 7, (1)
+d,z,()+75 5 (41)

Next, higher-order terms will be integrated into parts.

vV, = <ﬂ2+a292>/ zzd§+6aﬂ/ < -2+ > z’dé
+ 8apl’ I )22 [ ¢
afo -2 + z°dé — 6apfs, -2+ = Eédé
0 0 1

2
— Saps, [_25:5(1) — 225(0) + YZE(I)] — 517,25 (D)

= 0%2()z,(1) + 5,22::(Dz,(1) + 22, (1) + 5,@:(D)7,(])

1
—ugpz, () +d,z, () + &y — a2§1/ Z, @ AE
0

1
- 50:/351/ <—2 + %)zaéfgd: (42)
0

The unmodeled disturbance term &, is assigned as &, =
Supqy {d,z,(1)} in order to express (42) in robust form. The term
Supq [-] indicates supremum of bracketed term over D,.

Using Cauchy-Schwarz inequality, it follows that
. L [
v, < (5 +a )/ 2de + (2 + a0 )/ 2de
0 0
1
+5aﬂ/ ( -2+ >z3d5+5aﬁ9’2/ <—2+ %)zzdé
0

é)Z
—da -2+ = d
ﬁ 0< +l Zeele

2
_ 5aﬂp_A [_z&g(z) —22:(0) + —ZE(I)] +Eob

_azf—jzrz@(z) 02 (D2 + 272 (Dzeee )

+ 2(Dz,(1) — uyyz, (1) (43)
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¢ ¢ :
As 6(—2 +2 z? < —pz? and 5(—2 + T)th < —pz?, (A7) will be
further simplified as (44).

V<1, (44)

I
¥V, = <ﬂ2 + 20’ —paﬁ92>/ z2d¢
0

I I ¢
+ (ﬁZ + a20? _paﬁ>/0 ztzddj - 50:/331/0 <—2+ 7>z§§d§

— Saps, [_fog(l) ~ 225(0) + %Zé(l)] — 517,25 (D)
— ézzr(l)z(l) + SZZ,(I)Z,fgg(l) + 2Dz, (1) + Eop — Ugpz, (1) (45)

To demonstrate conditions for the decay of the Lyapunov func-
tion, it is noted that.

B+ a20” — papd’ < > + a0’ — pap, if|6] > 1 (46)

p+ 20’ —paﬁ@z > p*+ 26’ —paf, ifld] <1 47)
Finally, it is shown that (46) and (47) are solvable for the cor-
responding condition. To do this, the parameter transformation

f = ca is assigned. Substituting this expression, the stability con-
ditions for the observer are re-expressed as

A—pc+6° <0, if|f]>1 (48)

A —pdlc+6° >0, iflf] <1 (49)
As(49) 2 — p&c + 6" > ¢ — pc + 6" for |0] < 1, (49) is relaxed as

follows:

A —pe+b>>0, ifl0] <1 (50)

Considering (48) and (50) as second-order inequality for c, a fea-
sible solution exists if discriminant g of the left-hand side is pos-
itive. This condition is expressed as follows:

g=p*—46">0 (51)
Hence, feasible values for p are expressible as in (52).

p>26 (52)

Then, based on (42-47), the stability conditions (31-33) are
obtained with feasible solutions for (52).

In order to demonstrate the boundedness of estimation error, on
the one hand, it is noted from (44) that

1 1 1
v, < —51/ zzdg_gz/ z3d5—53/ zéfd& (53)
0 0 0

g, =0+ 20’ —paﬂ92 (54)
£,= "+ 20’ — pap (55)
£ = dafs, (56)

On the other hand, the following holds true based on (36):

I I I
V,> el/ z22dE + 62/ zfd/f + 63/ zéd/,‘ (57)
0 0 0o °

&= 5-(0 =5 (s8)
€= Zip(p —8)a? (59)
€ = %azsl (60)

Hence, from (53) and (57), it follows that Lyapunov function V,
is decaying as in (61).
V, <=0V, (61)

where o, = min(e,, €,,¢,)/ max(e, ;. €3).

To address parametric uncertainty, the time derivative of V; is
investigated as follows:

V=55=6-6-9="36-3 (6
Combining (35), (44), and (62) leads to
Vo =V, 4V, <1+ 5,2,z (1)

1
_ 5aﬂ§1/ (—2 + %)zéfd.f 45 < A
0

I
+ 5,2,(Dzgee () — 5aﬁcf§1/ <_2 + g)@zﬁdé‘

0
_§T§$5/\"+ASI§1+}”52§2_S S (63)
I
Ay, = 25aﬁcfSup[/ @édf] (64)

o g
As, = 2(Dzgee(1) 65)

where 7, is the estimation of y, using estimated system parame-
ters expressed in Assumption 6 and 7, = y, — 7, is the estimation
error for y,. From Assumption 6, it follows that 7, is expressible
as a function of 5, with its upper bound expressible as /lTQ 5, where
LgeR*. Assigning Sup[/olszidé] < cofolft\)éédf forac, > 0 (which
is assignable based on investigation of maximum deflection of
the link, or may be assigned an arbitrarily large value), the term
I ’éT § is rewritten in vector form as follows:
T A\T
§-5 5= (AS+/1T —§> 5 (66)

. . T
A, 51+ A, 5 + AQ

T
A= [/1 A, 0, 0] (67)

Substituting (66) and parameter update rule (34) in (63) and then
using Lemma 1 leads to

Vap S =0,V + [A = P(s, 5,5, 40)]" < -0V, (68)
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It follows that V,, () < V,;,(0) exp fot — o,,(t)dt. Additionally, from
(35) and (39), it holds that folzzd.f < %(1 + 8)p*V,,. Hence, the
estimation error term is bounded such that folzzdf < %(1+

8)B*V,,(0) exp /O' — 0,,()dt and decays to zero with t — co. This
completes the proof.

Remark 3. (practicality of observer). The proposed observer
(22-26) is practical as all required feedback is measurable or cal-
culable using standard devices and methods. State 6 is measur-
able using standard joint angle sensors. w(/) and w,(/) are also
obtainable from endpoint measurements. Higher-order deriva-
tive term wg..(/) is estimable using strain gauges as w (/) =
[wég(l) —wge(l - Al)]/l—where [ — Al indicates the measure-
ment sample closest to the endpoint of the link [47] —or based
on numerical backward derivative using position data obtained
using measurement data obtained from sensors such as inertial
measurement units or optic ground-truth systems [6] as Ogee(l) =
[o(l) = 3w(l — AE) + 3w(l — 248) — w(l — 348)]/AE3. Error in the
estimation of the term %a) (1) arising from numerical measure-
ments error may be merged with disturbance term d,.

Remark 4. (design novelty of observer). Observer (21-26)
features unique characteristics which render it an appropriate
choice for application in the flexible manipulator. The design
is based on the practical assumption of measurability of joint
angle, which permits increased focus on obtaining distributed
states. Hence, more intricate models for flexible systems can
be considered for observer design, which can describe flexible
systems with increased precision due to the existence of addi-
tional nonlinear terms— for example, system state and endpoint
control-based terms featuring gravity effects in (13)—in compar-
ison with homogeneous boundary conditions and linear deflec-
tion models [15, 37]. Incorporating additional estimation error
dynamics between (11) and (21) would result in significantly
more intricate calculations, which would have required the use of
additional assumptions and simplifications to ensure the bound-
edness of corresponding terms. Additionally, the incorporation
of decision variables in the proposed Lyapunov function conve-
niently ensures the feasibility of calculations. It has been demon-
strated that (31) is solvable based on (52), which indicates that
the solution for @ and f is obtainable at all moments according to
the presented design. Condition (32) is subsequently attainable
based on the selection of observer input u,,.

Remark 5. (calculating observer input). Inequality (32)
may be solved analytically or numerically using a number of
methods. An analytical solution used for implementing the
closed-loop system in this study is presented in Section 4. Numer-
ical solutions—for example, using optimization solvers—can be
selected for this purpose as well.

Remark 6. (convergence based on observer input). In
proof of Theorem 1, convergence analysis of the observer
was conducted in relation to the assigned CLF. This
analysis is linked to input u, as V,, < -0,V — €, —
upz (D), where ¢, = —dapl [—zéﬁ(z) —22,,,(0) + %zg(z)] -
azgz,zééf(l) —60%z,(z(l) + 2 2,(Nzege(1) + 2Dz, (D).

€5 = [64 + quz,(l)]/VDb, decay rate (A.25) is modified as
Vb < =(0ob + €5)Vop-

Setting

Remark 7. (observer simplification for implementation).
For implementation in real-time systems, the terms in the
Lyapunov function corresponding to distributed states may be
ignored to attain high calculation speed. The use of the modi-
fied Lyapunov function V,, = V, + %zz(l) + %zf(l) would ensure
that endpoint displacement estimation w(/) is observed. Subse-
quently, displacement of the flexible link throughout its length
w(£) is estimable based on modal analysis based on the estima-
tion (&) = Z:'Zbln,-qbi (&) where m,, is the number of allocated basis
functions ¢,(£) (mode shapes). ¢,(¢) is estimable based on the
boundary conditions of the system [18] and @(/) is observable
according to (21-26). Hence, 7, is estimable as @(/) = Z:"jl ;D).
Distributed states throughout the length of the beam are then
estimable as @(&) = Z:'zln[d)i(é) with high computation speed.

4 | Controller Design

This section details a novel boundary controller design for end-
point tracking of a flexible manipulator. This objective will be
attained based on ensuring reference joint angle tracking, elimi-
nation of endpoint deflections, and mitigation of flexibility effects
throughout the length of the flexible arm. A boundary control
scheme will be designed considering the unavailability of dis-
tributed states describing link deflection and higher-order deriva-
tives. On this basis, estimations of lateral deflections based on the
distributed state observer presented in Section 3 will be incor-
porated into the controller design. Hence, modified dynamics
(21-25) with respect to observer input u,, calculated according
to Theorem 1 are assigned to the controller in place of the orig-
inal system dynamic (11-15). On this basis, the observer input
u,, ensures convergence of estimated distributed states to original
system states, while the control input will guarantee the satisfac-
tion of control objectives and stability of the closed-loop system.

To construct the controller in a convenient manner while con-
sidering interaction effects between various inputs and outputs,
approximated governing equations of motion (21-25) are trans-
formed to matrix form as follows. Initially, (22) is multiplied in &
and then integrated over the length of the flexible beam.

R a2 [ EI [' . 1,5,
/ s, (§)dé =0 / sa(§dé — — / Eeeer(£)dE — Z170 (69)
0 0 PA Jo 3
Substituting (69) in (21), it follows that

1
I,+ MIP*>+ M&*() + pA / @ (&)dE - %ﬁAP 0+ M@, (1)

0

!
+2Ma0H,() + 254 / BED(E)0dE + %r?zgl cos @
0
+114\glcos€—M\gc’z‘)(l)sine=T+F,,l+d1 (70)
Then, based on (21) and (70), flexible system dynamics may be
expressed using the new expression of the model as in (71-77)

with boundary conditions (24) and (25).

MgGg+h=Bu+d) (71)

I + M2+ Ma*() + A [l o2 &)de, M
M:[h+ + M&X(1) + pA[) 3*(&)de 72)

5
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0
q= [a ( IJ (73)

h=

2Mad,(H6 + 2pA [ &(&)d,(©)bdé + Singlcos ) + Mglcos 6 + Mgé(l)sin 0
— (D0 + § €080 — 8,5 (1) + 11

(74)
B= [1’ f] (75)
0. %
u= [T] (76)
Fb
d= [dl] 77
dZ

It is noted that M > 0 as all elements of the matrix are positive
and det(M) = I, + M&*(I) + pAfolaz(é)dé > 0. In case I, =0,
the modified stiffness matrix is positive—semidefinite, with the
case of det(M) = 0 corresponding to @(¢&) = 0 for & € [0, [].

Error dynamics for the controller is defined considering the
objective of tracking reference joint angle signal §, and elimina-
tion of endpoint deflection @(/) = 0. Hence, the error dynamics
for the controller are written as follows:

e=v+yu+d) (78)
e= [9 _.Ag’ - ,15(9: 9’)] (79)
(1) + A,&(1)
. [_ b, + 4 (6 - o,)]
v=-M"h+ o (80)
A,@,(1)
y=M"B (81)

where |44 >1 and |4,|>1 are control parameters. When
obtaining the control law, the individual elements of (33) are
addressed as follows:

é, =V, + g +ypu, +d; (82)
€y =V, + YUy + Yoty +d, (83)

where 3\1 =ynd; +7,d, and 3; =yynd, + 75d,, a/r\ld the men-
tioned disturbance terms are bounded as d, € D, and d, €
132. The disturbance vector is defined as d = [é\l, é’;]T The
bounded modified disturbance vector is expressible as de D2
{@e R?:d, < d< d,,}.d, and d, express lower and upper dis-

turbance bounds for uncertainty space D.

Theorem 2. Control law (84) will ensure the satisfaction of
control objectives and asymptotic stability of the closed-loop system.

u=M""% (84)

Mand # are functions of system dynamics, the corresponding Lya-
punov function, and reference signals (exact expressions are listed
in the proof).

Proof. The proof of Theorem 2 follows the steps below:

i. Initially, we assign a CLF, demonstrating that it is
non-increasing at all times.

ii. The energy of the system is defined to be equal to the
CLF, and based on the extended LaSalle’s principle for
infinite-dimensional systems, the stability of closed-loop
systems is demonstrated.

To this end, CLF (B.1) is investigated to obtain a control law.
V=V+V, (85)
The terms V; and V, represent components of CLF corresponding

to joint angle tracking and elimination of link-flexibility effects as
well as that of endpoint deflections.

e (86)

!
v=lasl /0 AGERAGI )

¢y > 0 is a decision variable dictating flexibility effects through-
out the length of the link on control action. Each component of
CLF is investigated on its own to obtain a more convenient con-
trol design while including interaction effects between various
inputs and outputs. Afterward, combined information is used to
obtain the control law.
Initially, the time derivate of V; is analyzed based on (82) and (86).
V,=eé; =evy +eyyy (g +dy) + ey (uy +dy) (88)
It is assigned that
evy + eyt + ey, = —6; — ¢4, (89)

&4, = Supp(ed; +e,d;) (90)

6y >4/ |1§d1 ) isa control parameter. In case Disanull space—that
is, no disturbance term exists—it is assigned that §, > 0.

Next, the time derivative of V', will be investigated based on (13),
(83), and (87).

1
V,= / [B(E)D(&) + 5D (&) (8)] dE
0
1
vty = [ {[6607 5100 - 0] i
0
1
+ §1/ @fgéf(f)ﬁr(f)df + eV, + eyl + ey, (91)
0

From (71), it holds that

~

Gg=vy+routy,d (92)
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=-M"'h (93)
Yo=M"'B (94)

Hence, § is expressed as follows:
0= Vo, F Yo, + Yo,z T Yo, 41 + 10,4 (95)

After substituting (95) in (91), it is set that Vf = —6; where 6, >

\/ |§dz) is a control parameter. In the case of zero disturbance, it
is assigned that 6, > 0.

1
[92721 _/ f}’ou(f)i?);(f)df] uy
0

!
t+ e — / 57012(5)67(5)515 uy+ &= _55 - §d2 (96)
0
I ,
i= [ {000 8000~ 20, |00 e
0
!
+5, [ o0 s+ e, ©7)
0
i
'fdz = Supﬁ{ [ez}’m - / 5)’0“(5)6;(‘:)(15] d;
0
!
t[exrn — / 57012(5)@,(6)615] dz} (98)
0

Equations (89) and (96) will be combined in matrix form as fol-
lows:

“
€V

Mu=" (98)

€1711» 1712

i / ] 99
- /05}’0”(6)(15’ €Vn — /0570“(5)‘15

A = [— 6% —ev, — 5d,:|
—8-&-4,
Equation (98) is instantly solvable for u, leading to (84), which
completes the proof as it results in:

(100)

V==6-6<0 (101)
However, this does not prove that the closed system is stable.
Conditions for the applicability of the extended LaSalle’s prin-
ciple for infinite-dimensional systems are investigated subse-
quently. To this end, closed-loop system dynamics are expressed
in semi-linear form i = &r + f(r) (where r, &, and f are speci-
fied later in the proof). Then, it is demonstrated that the following
conditions are satisfied:

i. Energy of the system has a negative time-derivative.
ii. o generates a continuous C, semi-group of contraction.

iii. Solution trajectories for r are precompact.

To investigate conditions (i) and (ii), the dynamics of the
closed-loop system have to be written in the form of a semi-linear
differential equation. This is achievable by discretizing the dis-
placement term @ as follows:

My
D& = Y nei(© (102)
i=1

where m,, is the number of allocated basis functions (mode
shapes). The spaces corresponding to this mapping are defined
as follows:

¢ (E)eL*(0, L) x H*(0, L) (103)
&(E)eR™ x £2(0, L) x H*(0, L) (104)
In which: .
£20,L) = {fl/ IfI? < oo} (105)
0
k
H*0, L) = {f[fe[iz(o, L), %eﬁz(o, L), .. f eL?(0, L)

(106)

Spatial functions ¢;(§) are uniquely determinable based on
boundary conditions (24) and (25) and should satisfy orthogonal-

ity condition /) ¢,(&)¢,(&)dé = 0.

Substituting (102) in (21-23) and noting that the spatial functions
¢;(&) are orthogonal to each other—that is, /Oldv,-(é)d) (§)dE =
0—closed-loop system dynamics are rewritten as follows:

[fm + M2+ Ma*() + ﬁXZ

=170

!
¢,-2(§)d§'1,-2] 0

+ Mid, (1) + Z i, + 2Ma(d,(1)

pA / $gi($)dé

+ 2/?29'2/ drdenn; + %rﬁgl cos@ + Mglcos@
= Jo

— Mga(l)sin6 = 7 + F,l (107)
N i@yii; = 07 Y b, + E0 + slqu,; L©n, =0 (108)
i=1 i=1

Multiplying (107) in ¢ (), j =1, ..., 00, considering orthogonal-
ity, and integrating over £ € [0, /] results in

1 ! !
/ (&), — 6 / $Oden, +8 / £y (E)den,
0 0 0

1
+5 / ¢i¢;.. (E)dén; =0 (109)
y PP

Equations (23), (107), and (108) are combined in matrix form as

follows:
MGy + Hy = Byuy (110)

4y = 0.6 mony -] (111)
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© o
My =1,+MP+MaX)+ ,?22 / PAOden?  (112)
i=17/0

M, =M (113)

~ 1
M, =ﬁA/ Ep;_p(&)deE (114)

11(1—3 ,,,,, m¢+2) o
My, =1 (115)
My, =1 (116)
= 117
¢21(/=3 ..... m¢+2) ( )

1
(o mgrr) /0 £io()dém; (118)
M = 119
¢i2(1=3,v ..m¢+2) ( )
! 2

¢ii(1:3 ..... m¢+2) z/(;(’bi—Z(é:)déE (120)
(121)

© o
PUNDN A 1.
Hy =2Ma(Dw,() + 2pAf E / d)l.zdénin,. + Emgl cos 6
=170

+ 1/\/I\gl cos + Mga(l)sin @ (122)

A2 ~ A
Hy =—-o()0" + gcost — 5,0s::() + uyy (123)

! !
= _92/ ‘l’,»z_z(é)df”i + 3\1/ ¢i‘2¢i—2§§cc (&)dén,  (124)
0 0

¢i(i>3)

T
t 4 F,l,=F,,0,0, ... ,0] (125)
M

Byug =

Then, the nonlinear mapping describing closed-loop system
dynamics is obtained as follows:

r=8r+ f(r) (126)
$ = R2m¢+4 (127)
T
r= [rl, ...,r2m¢+4] r0)ES (128)

T
[rl’rZ’r3’r4’"'7r2m¢+l’r2m¢+4:| =

T
© Cm¢ nmd,’ Cm¢’7m¢:|

(129)

[/199 — 40,0, A, (1), Ay, ¢y s -

r

My rn+...+ M¢l(m¢+2)r2m¢+1
r
Ar= 4 drepd)=s

Fomy+4

[ Moan 1 F Mooy 2mot ]
(130)

0
—Hy +7+F,l

f(r)= 0 ,f(nes (131)

—H,

my+1

Nonlinear function f(r) is continuous and differentiable. The
energy of the system (126) is assigned as E = V and is expressed
in the form of an inner product as follows:

E=|r|l} =<r.r>g (132)
1, 1, 14 1
E= Eef + Eeg + Echinf + EZczlnfi (133)
i=1 i=1
1
& = / ¢/ 887 (Od, + B2 (134)
0
1
¢y = / ¢, d2(&)d; (135)
0

As E=V >0 and E =V <0, condition (i) of the extended
LaSalle’s invariance principle is satisfied. Next, it is demonstrated
that operator & is dissipative. As E < 0, it is expressible that

E =< r,&lr+f(r)>s+< .91r+f(r),r,>s=2<r,&1r>+fs <0
(136)

fs=<r. f(r)>+< f(r)r> (137)
Hence, the operator & is dissipative. Based on the
Lumer-Phillips theorem, (ii) holds if for some A > 0 range
of Al — o is onto & . For this, the operator & has to be compact.
As the kinetic energy of the system is expressible as q;M »dp 20,
M, and o are positive semi-definite. Hence, &' exists and
maps every bounded seton § to abounded seton S and o ~!isa
compact operator that satisfies (ii). It follows that Ar=g € &,
which has the unique solution r = & ~!'-g. This also proves
that the spectrum of & consists of isolated eigenvalues. Hence,
(M—-9)!: S8 — & iscompact for any A in a resolvent set of &f .
Additionally, basis functions ¢,(£) used in separation of variables
are uniquely determinable based on the boundary conditions
(23-25). The procedure to obtain ¢,(£) is demonstrated by the
authors in another work.
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To investigate condition (iii), the following requirements for pre-
compactness of solutions for (126) are studied [48].

iii.a & generates a bounded semigroup on S.

iii.b f(r)is continuous and differentiable.

iii.c For every ¢ = t; > 0 the following inequality holds:

t
r(t) = T(HOr(0) + / T(t - 7)f[r(z)lds (138)
0

iii.d f(r) is bounded as Sup,,
where T'(¢) is a C,, semi-group.

T -1 f[r(r)]dt“ <

The conditions (iii.a) and (iii.b) already hold based on the pre-
vious steps of the proof. (iii.c) is verified by assigning the map-
ping T(¢) = e, As the weak solution of (126) for r should satisfy
Duhamel’s formula, it holds that:

r(t) = e4r(0) + / ¢4 fr(0)]dr (139)
0

Hence, (iii.c) is verified. To investigate condition (iii.d), energy
balance for time ¢ is studied based on (101) with respect to initial
energy balance.

E) = E@) + / [63(2) + 82(v)]dr (140)
0

Hence, from the definition (132), it is obtained that
Ir@®II% = E(r) < E(0). Substituting (139) for r(1), it follows that

r(@) is bounded as [[r(n)||2 = [|eA'r(0) + [ At f[r(r)]dr“i <
E(0) < oo. Hence, condition (iii.d) is verified. This also implies
that the nonlinear term /ot fIr(r)] dr < oo. Therefore, the pre-
compactness of solution trajectories is validated, which satisfies
condition (iii) of the extended LaSalle’s invariance principle.

It has been demonstrated that all conditions of LaSalle’s invari-
ance principle are validated, and V' converges to zero. Then,
from (85), it follows that ey, e,, &,(£), and &,(&) decay to zero.
Hence, based on (34), 0 — 0, and &(/) — 0. Furthermore, as
@(0) = @:(0) = (1) = 0 and &(/) — 0, it follows that @(&) — 0.
Finally, based on (A.25), it was established in the proof of
Theorem 1 that folzzdf is bounded and decays to zero. Hence,
z(€) = 0 and @(¢) — w(€) — 0. This results in satisfaction with
all control objectives and completes the proof.

Remark 8. (incorporation of distributed state observer).
As seen from the proof of Theorem 2, the displacement val-
ues throughout the length of flexible beam w(¢) and corre-
sponding time-derivatives are required to obtain precise control
action. Hence, the values of distributed states for £ € (0,/) are
needed, while in practical applications commonly only bound-
ary state feedback w(/) is available. This highlights the need
for the use of an appropriate estimation scheme in control
design.

Remark 9. (orthogonality of spatial functions). Func-
tions ¢;(¢) used in separation-of-variables method must
satisfy boundary conditions (23-25) and orthogonality
condition /Old)i(f)(p ;(§)dé =0. A standard implementation
method [18] involves assigning ¢,(£) = ¢;;(cos B¢ + cosh f;&)
+ ¢y (cos B, — cosh B,&) + cy;(sin f,& + sinh &) + c,,(sin f,& —
sinh f,£) and subsequently calculating coefficients c,;, ¢,;, ¢5;, and
¢4; such that boundary conditions and orthogonality condition
are satisfied [6].

Remark 10. (required measurements). Measurements of 6,
0, o(l), w,(I), and @¢z¢(I) should be obtained online in order to
implement the control systems.

Remark 11. (control parameters). The control parameters
that are assigned to the controller and observer are summarized
in Table 1.

Decision variables « and f are selected according to (31) such
that the feasibility of the Lyapunov function is ensured. Control
parameter 6 and its upper bound p are assigned such that decay
of the Lyapunov function can be ensured based on (52). Similarly,
A and 4, indicate the rate of convergence to reference values.
Higher magnitudes would prioritize faster convergence, respec-
tively, to desired joint angle signal and elimination of undesired
deflections at the cost of potentially increased inputs and spikes
in corresponding input signals. ¢, indicates the significance of
alleviating deflection effects throughout the length of the flexible
beam in control objectives. In cases where only endpoint control
is desired, ¢, = 0 is assigned for convenience. 6; and 4, indicate
the decay of Lyapunov function components corresponding to e,
and w(¢) for & € [0, /], which should be assigned such that realiz-
able input values are attained. Based on (100), it can be assigned

such that §, and 5, attain values corresponding to 4/|e,v;| and

\/ |&|> respectively.

TABLE1 | Control and observer parameters.

Parameter Definition Parameter Definition

a Decision variable for the observer Lyapunov s Control parameter for link flexibility effects
function in the controller

B Decision variable for the observer Lyapunov o, Control parameter corresponding to V, for
function the controller

Ags Ay Control parameters for joint angle tracking b, Control parameter corresponding to V' , for

error and endpoint deflection the controller
6 Decision variable for the design of the p Upper bound for

Lyapunov function V,,
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Remark 12. (controller design). The proposed control strat-
egy is fundamentally different from existing research work that
deals with simultaneous robot joint-angle control and elimina-
tion of flexible link displacement, in that it is based on the con-
sideration of the two control objectives in a MIMO framework
instead of the common strategy of investigating a single Lyapunov
function [5, 28, 29]. By ensuring the decay of components of
the overall Lyapunov function ¥, and V, corresponding to joint
angle tracking and elimination of vibration effects, this approach
results in the calculation of control law in a succinct and con-
venient manner, which is also easily extendable to other sys-
tems. At the same time, effects of high-speed vibration effects
are included in joint angle control as interaction effects in cor-
responding terms in mathematical model (71) are directly incor-
porated in the calculation of control law (84), which is different
from perturbation-based strategies that divide the overall system
into slow and fast subsystems [37].

Remark 13. (controller downsides). A potential downside
of the controller is the occurrence of the chattering effect in
control law (84). This is caused because controller assigns con-
trol input such that V' converges to zero, potentially resulting in
the occurrence of sign function terms in the calculations due to
the division of squared error terms in error values themselves.
If overcoming chattering effects is desired, error magnitudes in
which input chattering begins to occur may be analytically or
numerically obtained as |e;| < ¢; and then for values of error
smaller than ¢;, error values would be replaced by ¢;. Appropri-
ate modifications of e; for chattering alleviation —for example,
tangent hyperbolic functions [49, 50] —may be assigned as well.
While chattering effects would be alleviated or eliminated in this
approach, this would result in boundedness of the Lyapunov
function and tracking error in the corresponding region instead of
convergence to zero in the absence of uncertainty terms. Hence,
conveniently realizable input would be obtained at the cost of
reduced control precision [51, 52].

Remark 14. (controller simplification for implementa-
tion). Similar to the Remark for implementation of the
partial-state observer, distributed terms in the assigned Lyapunov
function may be ignored as V = %e% + %e%, which significantly
improves the speed of numerical calculations, at the cost of
reduced capability of mitigating deflection effects throughout the
length of the beam. In this case, joint angle tracking and endpoint
deflection mitigation are attained. In practice, this often leads to
a reduction of flexibility effects throughout the length of the flex-
ible link.

Algorithm 1. The procedure for constructing a complete feed-
back loop featuring a distributed state observer and corresponding
PDE controller is described in Table 2. The table expresses the imple-
mentation of the presented scheme in pseudo-code form for numer-
ical or experimental implementation. The procedure is described at
t = nT where n is an integer and T is the sampling time of imple-
mentation.

The block diagram of the closed-loop system presenting an
overview of the flexible mechanism, estimation scheme, and
control algorithm in relation to each other is presented in
Figure 2.

TABLE2 | Implementation of model-based PDE partial-state
observation and control (MPOC).

// initial configuration
i. inputx, .y,
ii. input 4, /lm,c/-
iii. inputs,, s,
// Distributed-states observer: sample n
iv. calculate 9,
v. record 6, 6, (1), (1), wgz(1)
vi. assign a, §, p, and & (31)
vii. solve (32) for u,,
viii. exert u,, to (21-26)
ix. solve (21-26) for &(&)

// PDE-based controller: sample n

x. calculate e (34)
xi. calculate v, vy, 7, 7, (80,92)
xii. calculate &, (96)
xiil. inputd,, d,
xiv. input é;, 6, (100)
xv. calculate M #o (99, 100)
xvi. solve (84) for u (84)
// Implementation of control action
xvii. exertu to () (21-25)

xviii. n=n+1

xix. goto (iii)

Remark 15. (stability of closed-loop system). The
closed-loop system depicted in Figure 2, featuring a partial-state
observer and MPOC controller, is stable, as the compound Lya-
punov function of the closed-loop system V,; £ V + V,, retains
characteristics of ¥, and V' previously demonstrated in the proof
of Theorem 1 and the proof of Theorem 2, respectively.

5 | Results and Analysis

In this section, the performance of the proposed distributed-state
observer and PDE-based controller is investigated using numeri-
cal simulations. The mechanical and geometric properties of the
simulated system as well as the fixed decision variables used in
the estimation and control scheme are described in Table 3.

Control and estimation efficiency are investigated for track-
ing of desired joint angle trajectory 6, = a,cosw,[rad] with
a, = 0.62[rad] and w, = 0.9 z[rad/s]. Combined with elimina-
tion of undesired deflection w(¢) for & € [0,1], this results in
tracking of associated cartesian position reference (x,,.y,,) =
(Icos®,[m],1sin 6,[m]) which satisfies all control objectives pre-
viously indicated in Remark 1. @, f, and 6 are assigned online
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Actuator and

Boundary Input
Command (xvii-xix)

Nonlinear PDE

Reference Tip Controller Using

Flexible Manipulator with Payload

Position (i) Distributed State

Estimates (ii, x-xvi)

FIGURE2 | Block diagram of the closed-loop system.
TABLE 3 | Mechanical, geometric, and numerical properties of
closed-loop systems.
Parameter Value Parameter Value
pA 2.34 [kg/m] s 0.05
EI 4.5¢3 [N.m?| Ags Aoy 5
l 1.00 [m] I, 0.01 [kg.m?|
M 2.00 [kg] g 9.81 [m/s?|

such that they satisfy the corresponding feasibility conditions
expressed in Sections 3 and 4. The issue of uncertainty in bound-
ary conditions in real-world implementation will also be consid-
ered by assigning a faulty initial measurement of @(/) = 0.10 [m]
with respect to the assigned factual value of w(/) = 0.00 [m] for
the original system. As described in Table 2, several decision
variables are assigned online in order to ensure the feasibility of

calculations. It is set that 6, = 0.954/|e;0;| and 6, = 0.94/|&|-
According to (23), for the feasibility of observer calculations and
depending on the value of 4, it is set that p = 2.01 max(é, 1)
and 6 is selected in the admissible bound (0, p) as 6 = % Con-
trol parameters « and f§ are calculated online according to (23)
depending on the state configuration of the system. This is con-
ducted by calculating the roots of the second-order equation for ¢
based on (A.11) and (A.12) as ¢ — pc + 6% =0 for || > 1 and for
¢ — pb°c+6° =0 for |§] < 1. Then, c is set at the middle of the
admissible bound between the roots. Afterward, setting f = ca in
(23), (23) is instantly solved online for «. Initially, no parametric
uncertainty or external disturbance is considered in the simula-
tions, whose effects will be investigated subsequently.

The response of the closed-loop system for the aforementioned
configuration is described in Figures 3-5.

Figure 3 indicates the convergence of the closed-loop system
response to the associated reference signals, which have been
guaranteed using stability-proofed PDE-based control analysis.
As described in Figure 4, the use of the proposed boundary con-
trol scheme has resulted in the mitigation of endpoint deflection
of the beam. Additionally, Figure 4a indicates the convergence
of @(I) to actual measurement (/) in finite time. Exact conver-
gence to zero would necessitate that the convergence speed of
the controller would exceed the rate of change in the system

Input Calculation

I'_ ______________________ ) 2 _I
| Boundary |
I Measurements :
/| Distributed-state 1 I
! Observer |
| Virtual Observer |

1
: |
1 1
1 1

States and Boundary Conditions Estimation (iv-ix)

states, which may not necessarily be realizable based on input
constraints, uncertainty terms, or limitations of numerical calcu-
lations. In Figure 4b, observer input is described, which is exerted
on the observer model (21-26). Similarly, the deflection of the
flexible beam throughout its length is eliminated, as observed in
Figure 4c. The input torque of the manipulator as well as the
boundary input force calculated for the current control configura-
tion are depicted in Figure 5 and retain bounded values through-
out the operations.

In Table 4, the effects of the control parameter 4, 4, and ¢, on
average tracking error magnitude (ATEM) of e, corresponding
to joint angle and the effect on the magnitude of endpoint dis-
placement @(/) in the interval between ¢ = 3.0 [s] and ¢t = 5.0 [s],
as well as maximum input magnitude (MIM) of input torque
7 and boundary input force F, in the aforementioned interval,
are investigated. This table indicates that control objectives are
attained with all assigned configurations. However, higher mag-
nitudes of 4, and 4, correspond to smaller tracking errors in the
steady-state of the system response, as the control system prior-
itizes faster tracking of changes in the reference signal. Control
variable ¢, assigns the significance of mitigation of flexibility
effects. Higher values prioritize mitigation of deflection effects
at the cost of reduced joint angle tracking precision. Control
input values retain boundedness in all of the aforementioned
configurations.

In Figure 6, the more pronounced effect of control parameters 6,
and 6, system response is investigated This is conducted based on
an analysis of their cumulative effect in the term —67 — 63. To this

end, it has been assigned that 6, = ¢;4/|e;v;| and 6, = ¢;1/|&|,

where c; is the corresponding design variable. Figure 6 depicts
the effect of ¢; on the time required for convergence of 0 to 6, by
recording the time t, when error value |e1 (t.)| = 0.05]|e;(t = 0)
is recorded, as well as the effect of ¢; on maximum input torque
magnitude in the interval (0,7, ). As observed in Figure 6, higher
values of c; would force a faster reduction in the Lyapunov func-
tion, which corresponds to a smaller convergence time. However,
larger inputs are generated to attain this requirement.

In Figure 7, the boundedness and performance of the closed-loop
system response in the presence of deviations from the nominal
model featuring external disturbance and measurement noise are
expressed. To this end, noisy state measurements are considered
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FIGURE3 | Tracking the performance of the controller: (a) joint angle; (b) joint velocity; (c) endpoint horizontal position; (d) endpoint vertical
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FIGURE4 | Deflection of the flexible beam and its estimate: (a) endpoint deflection and its estimate when applying boundary input; (b) observer

input; (c) displacement of the flexible beam throughout its length.
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FIGURES5 | Controlinput signals: (a) input torque; (b) boundary input force.
TABLE4 | Numerical analysis of effects of the control parameter 4, 4, and .

Control parameter

Ao = A, (With ¢, =0.05)

¢, (with Ag = 4, = 5)

Error measure Characteristic 3.0 4.0 5.0 6.0 0.03 0.04 0.05 0.06
ATEM Joint angle 0.0674  0.0457  0.0312 0.021 0.0275  0.0292  0.0312  0.0675
Endpoint displacement ~ 0.0092  0.0062  0.0043  0.0029  0.0073  0.0058  0.0043  0.0030
MIM Input torque 547.33  547.08 546.92 54695 546.31 547.23  546.92  545.07
Boundary input force 86.22 86.17 86.15 86.16 86.18 86.18 86.15 86.08

t_[s]

0.5
0.7 0.75 0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2

Cs
(a)
FIGURE6 |

in the calculation of control input as g; = [0.95 + 0.1N (0, 1)]g;,
additive disturbance equal to 0.02 u. As external noise is more rel-
evant in higher-frequency vibrations, a higher-frequency desired
signal 8, with a, = 0.22[rad] and w, = 1.9 z[rad/s] is considered,
which excites two natural frequencies. Hence, larger inputs are
observed in this example, alongside measurement noise effects.
System response and inputs retain bounded values, and control
objectives of tracking of desired signal 6, as well as mitigation
of deflection effects are achieved. The deflection profile of the
flexible beam depicted in Figure 7e indicates excitation of two
natural frequencies, in contrast with Figure 4c, where excitation
of only the first natural frequency was observed. As depicted in
Figure 8, the closed-loop system maintains a bounded response
in all investigated cases and successfully mitigates joint angle
tracking error and endpoint displacement despite the presence of
additive parametric uncertainty. As expected, higher error values

900

Maximum Input Torque Magnitude [N.m]

00
0.7 0.75 0.8 0.85 0.9 0.95 1 1.05 11 1.15 1.2

(b)

Effect of c; on convergence time and maximum input torque magnitude: (a) convergence time; (b) input torque magnitude.

were observed in cases where higher values of parametric uncer-
tainty were considered. This corresponds to an increased initial
error for systems with larger parametric uncertainty and is elim-
inated over time.

Figure 9 features an analysis of control performance with respect
to the potential-differential-strain feedback controller (PDS)
in the newly added. PDS inputs are assigned as 7 = —k,e; —
kyoéi —kig [endt and u= —k, o) = kg ,@(1) =k ,0zz:(1).
Based on the manipulator configuration, for the PDS controller
to demonstrate satisfactory performance, a high-gain approach
must be attained. Controller gains were setas k, , = k , , = 50000,
kyg = ky, = 2000, and k, , = 5. The results of the comparisons
are depicted in Figure 8. As indicated, the main difference is that
the MPOC scheme proposed in this study ensures gradual miti-
gation of joint angle tracking error and endpoint displacement,
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as indicated by stability analysis, while the PDS controller  considered. Specific modifications for the PDS controller may be
maintains boundedness of states in an area around the origin, conducted to include the aforementioned effects. Furthermore,
as the variable dynamic terms and coupling effects are not the performance of the PDS controller is highly dependent on
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torque; (d) boundary input force.

controller gain, and the selection of unsuitable gains may result
in instability of the system in case prior stability analysis is not
conducted. In MPOC, any control parameter selected within the
feasible region would maintain boundedness and stability and
would only affect control performance. The potential drawback
of the MPOC controller is the complexity of model-based design
and distributed state measurement, which are not required in
the PDS controller. Additionally, the high gains required for
attaining acceptable performance in the PDS controller poten-
tially result in high sensitivity to measurement noise due to their
direct and magnified effect on control input, which is mitigated
in the MPOC controller.

6 | Conclusions

This paper details the design of novel schemes for distributed
state estimation and precise endpoint control of flexible manipu-
lators using realistic PDE-based calculations. No simplifications,
such as assumed modes or finite-element analysis, were consid-
ered at any stage of the closed-loop design, and the PDE model
of the dynamic system was incorporated at all stages. Further-
more, it was acknowledged that the distributed states describing
the configuration of a flexible manipulator may not be precisely
known, as the boundary configuration of a mechanism may not
be readily measurable in many applications. To address these
issues, we proposed a new partial state observer for efficiently
estimating flexible dynamics and introduced a corresponding
boundary controller for joint angle tracking and elimination
of endpoint deflection. Rigorous stability analysis based on the
extended LaSalle’s invariance principle for infinite-dimensional

Boundary Input [N]

Time [s]
(d)

Comparative analysis of MPOC and PDS controllers: (a) joint angle error magnitude; (b) endpoint deflection magnitude; (c) input

systems demonstrated that all control objectives were achieved.
The controller design allows for the convenient calculation of
inputs to satisfy multiple objectives while directly incorporat-
ing interaction effects in the control calculations and featuring
the capability to adapt to parametric model uncertainty. Numer-
ical simulations have demonstrated the precision and efficiency
of the proposed methods. Future research opportunities include
obtaining analytical solutions for non-homogeneous PDE mod-
els, extending the research to robotic systems with a higher num-
ber of robotic arms, considering shear deformation effects in Tim-
oshenko beams, including longitudinal deflection in the dynamic
model, and investigating endpoint tracking problems within an
optimal control framework.
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