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ABSTRACT
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Tampere University
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June 2025

Probabilistic Risk Assessment (PRA) or Probabilistic Safety Assessment (PSA) is a method-
ology used to assess and manage risks of complex systems such as nuclear power plants. As
part of PSA, statistical modelling is employed to estimate the failure rate of nuclear power plant
components based on component failure data. In the thesis a hierarchical Bayes empirical Bayes
(BEB) model was investigated to realise the implementation of a similar model.

A benchmark data and analysis results utilised also in previous investigations were used as a
reference for testing the model performance against the original BEB model. The benchmark data
contains failure count data collected before 1996 from 14 power plants in Sweden and Finland for
three component groups, that represent the extremes and a middle ground among nuclear power
plant components: diesel generators have the largest failure rates, for valves failures are very rare
and pumps have failure rates between these two extremes. The benchmark analysis results are
given as a summary statistics for unit level posteriors and general posterior, which are averaged
posteriors from estimated posteriors for failure rate for each observed component in the data set.
The summary statistics are the mean and 5 %, 50 % and 95 % percentiles.

The literature review and the analysis results imply that a BEB model variant with a gamma
prior and a special benchmark hyperprior was used in the benchmark document analysis. An
MCMC implementable factorised equation for the joint posterior of the hierarchical model param-
eters was derived, which was shown to result in the marginal posterior equation form specified
in the literature. The MCMC implementation of the models was realised using Stan programming
language interfaced with R.

The unit level posterior means for the failure rate estimated by the most similarly performing
BEB model were found to deviate from the benchmark reference on average by 9 % and 11 % for
the diesel generators and pumps, respectively. The percentiles were found to deviate less than
100 % from the benchmark, for most units only tens of percents. Valves data was analysed in
both ZEDB (component failures and observation times summed for each unit before model fitting)
and T-Book (each observed component as a statistical unit) data formats. For valves, the unit
level posterior means for the failure rate were found to deviate from the benchmark 32 % and 250
%, respectively. The 5 % and 50 % percentiles were overestimated dramatically with the valves
data in both data formats. Preliminary experiments with estimating the mean failure rates using
generalised linear mixed models (GLMM) was included in the comparison.

It was concluded that the large number of zero failures in the data — referred to as zero-inflated
data in the statistical literature — was the main reason causing the largest deviations from the
benchmark results.
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TIVISTELMA

Pekka Harkdnen: MCMC toteutettujen Bayes empiirinen Bayes mallien vertailu T-Book — ZEDB
vertailudatalla
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Sovellettu matematiikka

Kesékuu 2025

Todennékdisyysperusteista riskianalyysia eli PRA:ta sovelletaan ydinvoimalaitosten riskien ar-
viointiin ja hallintaan. Osana PRA:ta, laitoskomponenttien vikataajuutta mallinnetaan tilastollisilla
menetelmilla perustuen komponenttien vikadataan. Tassa tydssa tutkittiin PRA:han sovellettavaa
nk. Pérnin mallia eli hierarkista Bayes empiirinen Bayes (BEB) mallia vastaavia tuloksia tuottavan
algoritmin toteuttamiseksi.

Referenssind kaytettiin aiemmissa julkaisuissa sovellettua nk. benchmark vertailudataa, joka
siséltdad ennen vuotta 1996 Suomessa ja Ruotsissa neljastatoista voimalaitosyksikdsta kerattya
vikadataa ja BEB-mallin talle datalle tuottamia analyysituloksia. Data siséltda kolme komponent-
tiryhmaa, jotka edustavat kattavasti erilaisia komponentteja: Venttiilit vikaantuvat vain hyvin har-
voin, kun vastaavasti dieselgeneraattoreilla viat ovat yleisempid muihin komponenttiryhmiin néh-
den. Pumput edustavat vikataajuuksiltaan keskimaaraisid komponentteja. Vertailudatan analyy-
situlokset ilmoitetaan vikataajuuden posteriorijakaumien keskiarvoina seka 5 % , 50 % ja 95 %
prosenttipisteiden arvoina jokaiselle voimalaitosyksikélle ja ns. yleiselle posteriorille, joka kasittaa
kaikkien yksikdiden kaikki kyseisen ryhman komponentit. Yksikkd- ja yleisposteriorijakaumat ovat
keskiarvotettuja vikataajuuden posteriorijakaumia komponenttitason posteriorijakaumista.

Kirjallisuuskatsauksen ja tamé&n tyén analyysitulosten perusteella BEB-mallin muoto, jossa on
gammapriori ja erityinen vertailudatan analyysisséa kaytetty hyperpriori, vastasi parhaiten vertailu-
datan analyysissa kaytettya mallia. Ty0ssé johdettiin mallin parametrien posteriorijakauman yhta-
16, jonka vikataajuuden marginaalijakauma vastaa kirjallisuudessa sovellettua lauseketta. Mallille
saatiin muodostettua hajotelma, joka on toteutettavissa Markovin ketju Monte Carlo -menetelmalla.

Vikataajuuksien yksikkdtason posteriorijakaumien keskiarvot poikkesivat vertailudatan tulok-
sista keskim@arin 9 % dieselgeneraattoreilla ja 11 % pumpuilla. Prosenttipisteet poikkesivat alle
100 % vertailudatan tuloksista ja useimmilla yksikéilla poikkeama oli vain kymmenia prosentteja.
Venttiilidata analysoitiin kahdella erilaisella luokittelumenetelmalla: ZEDB luokittelussa voimalai-
tosyksikéiden komponenttien havainnot summataan ennen analyysia, jolloin voimalaitosyksikét
ovat otosyksikéita. T-Book luokittelussa yksittéiset komponentit ovat otosyksikkdja. Venttiilidatalla
keskiarvoestimaatit poikkesivat vertailudatan tuloksista 32 % (ZEDB luokittelu) ja 250 % (T-Book
luokittelu). 5 % ja 50 % prosenttipisteiden estimaatit poikkesivat merkittavasti vertailudatan tulok-
sista kummallakin luokittelulla. Vikataajuuden keskiarvon estimointia kokeiltiin tydssa alustavasti
myds yleistetyilla lineaarisilla sekamalleilla.

Tulosten perusteella tehtiin johtopaatds, ettd suurimmat eroavaisuudet alkuperdiseen mal-
liin verrattuna johtuivat p&dosin ns. zero-inflation ilmiésté, jossa lukuméaéarédatassa on Poisson-
jakauman oletuksia suurempi osuus nollahavaintoja.

Avainsanat: PSA, PRA, Bayesilainen hierarkinen malli, TUD, ZEDB, MCMC

Taman julkaisun alkuperaisyys on tarkastettu Turnitin OriginalityCheck -ohjelmalla.
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1. INTRODUCTION

1.1 Context and Background for the Thesis

Probabilistic Risk Assessment (PRA) [19] also known as Probabilistic Safety Assessment
(PSA) [6] is a methodology used to assess and manage risks of complex systems such
as nuclear power plants. As part of PRA, statistical modelling is employed to estimate the
failure rate of nuclear power plant components based on component failure data [25, 26,
7,30,17, 14].

As summarised in [14], nuclear power plant operators have collaborated to establish or-
ganisations that maintain component failure data banks, analyse the data and periodically
publish the results. ZEDB' is a database for nuclear power plants operating in Germany,
Netherlands and Switzerland. A two-stage Bayesian statistical model is used to estimate
the failure rates of the components [7]. TUD? is a collaborative effort of power plant oper-
ators in Finland and Sweden to collect component failure data and estimate component
failure rates using a Bayesian statistical model very similar to the ZEDB model. The anal-
ysis results are published within the TUD periodically in a book titled T-Book. The model
used by the TUD organisation was developed originally by Kurt Pérn in his dissertation
[25] published in 1990. The Pérn’s model is called the 'Bayes empirical Bayes’ (BEB)
model [26].

In Finland, two nuclear power plant units Olkiluoto 1 and Olkiluoto 2 owned and operated
by Teollisuuden voima Oyj (TVO) are part of the TUD organisation. The power plants par-
ticipating in TUD were built around the same time during 1970 - 1980 and the technology
of the units is similar or even identical, like the two units at Olkiluoto. Therefore, the idea
was to utilise failure data from all 14 units to estimate the component failure rates more
reliably. The two-stage Bayesian models employed by both ZEDB and TUD allow sharing
of information from multiple data sources — the similar power plants units in this case —
to estimate the component failure rates [7]. Another modelling approach known as the
Parametric Robust Empirical Bayes (PREB) model [33] has been in use at the Loviisa
nuclear power plant (Fortum Oyj, Finland) since the late 1980s.

'ZEDB is an abbreviation for Zentrale Zuverlassigkeits- und Ereignisdatenbank
2Translation from [17]: "TUD is an abbreviation for “Tillférlitlighet, Underhall , Drift” (Reliability, Mainte-
nance, Operation)"



During the past decades, some of the units in TUD have been decommissioned or will
be in the near future. Also, TVO’s new power plant Olkiluoto 3 is a new reactor type very
different from the two older units, which started production in 1978 and 1980. Also, there
is an interest to develop a simpler model than the BEB model with similar properties for
analysing component failure data with failures realising rarely.

A research group with Tampere university that works within The FAME Flagship and col-
laborates with TVO have established a research project to develop a new model for the
application. To support the development of a new model, there is an interest in creating a
model implementation that produces similar results to the BEB model, since access to the
original BEB model implementation is restricted due to immaterial rights. The objective
of this thesis is to investigate the detailed structure of the BEB model based on openly
available information and to realise an algorithmic implementation, if possible.

1.2 Benchmark Data as a Reference

Since component failure data for nuclear power plants are not openly available for security
reasons, a data set and its analysis results utilised as a reference in previous works
[31, 14, 30] related to the ZEDB and TUD models were used as a comparison. The
benchmark data was published originally in a technical report comparing the T-Book and
ZEDB methods [31] and comprises of data collected before 1996 in five nuclear power
plants in Sweden and Finland. The included units are Barseback (B1, B2), Forsmark (F1,
F2, F3), Oskarshamn (O1, 02, 0O3), Ringhals (R1, R2, R3, R4) and Olkiluoto (T1, T2).
Note, that the Olkiluoto units are abbreviated by the owner and operator of the plants TVO
instead of location of the units.

The benchmark data are tabulated in appendix A starting from page 80. For the valves,
the data are given in the appendix only in ZEDB format (differences between T-Book and
ZEDB formatted data are explained in the theory section starting from page 14) due to the
large number of valves components in each unit. The data consists of number of faults
detected within given observation time.

The data contains failure data for three component groups that are considered repre-
sentative subset of components in a nuclear plant with widely differing failure properties.
Diesel generators have observation times generally in hundreds or thousands of hours
with failures more frequent than in the other two component groups. The valves are the
other extreme: failures are rare even within tens of thousands of hours of operation time.
The third component group in the benchmark data are the pumps that have failure rates
in between the former two components groups.

The benchmark document [31] also contains the benchmark data analysis results for the
units in the TUD organisation produced by the original BEB model implementation and


https://fameflagship.fi/

can therefore be used as a comparison for the analysis results for the same data set
obtained by the model implementations proposed in this work. Actually, the benchmark
analysis results are available with greater numeric precision in the appendix of Swalings
2006 thesis [30] than in the original benchmark document, availability of which is also
limited. The unit level and general posteriors, obtained by averaging the posteriors for
failure rate of each observed component, are summarised in the benchmark document
(and also in T-Book) by tabulating the mean and 5 %, 50 % & 95 % percentiles of the
posteriors. These reference data tables are given in the appendix of this work starting
from page 101. The same summary statistics are calculated for the posteriors obtained
from the model implementations investigated in this work and compared to the benchmark
results. The benchmark document includes also plots of the general posteriors for the
three component groups produced by the original BEB model implementation, which can
be used as an additional reference for comparing similarity of the analysis results.

1.3 Research Questions and the Scope of the Thesis

Although referred to as a ’two-stage’ Bayesian model in the literature of the time, us-
ing modern terminology, the BEB model appears to be a Bayesian hierarchical model.
Therefore, an idea of implementing the BEB model employing modern computational
tools based on Markov chain Monte Carlo (MCMC) sampling emerged as a starting point
for this work. The main overarching research question was: Can we implement the BEB
model with MCMC sampling utilising commonly applied MCMC samplers such as JAGS
or Stan?

From a theoretical perspective, the main objective of this work was to understand the
structure of the BEB model based on publicly available information to allow the investi-
gation of whether the BEB model can be formulated such that MCMC implementation is
possible. For this objective, it was essential to find out

» how the equations given in [26] are derived

* how the equations for p( | X) in [26] are related to structure of hierarchical
Bayesian models in general

+ and how does the 'empirical’ property of the BEB model affect MCMC implementa-
tion of a hierarchical model with more conventional structure of likelihood, prior and
hyperprior.

To obtain results comparable to the benchmark analysis results, it was also necessary to
investigate how the unit level and general posteriors are formed based on the component
level posterior results.

Also, since the application involves clustered data (similar components in several power
plant units), generalised linear mixed models (GLMM) were considered an applicable



alternative approach for modelling the data. Although developing a completely new model
that could replace the currently used BEB model is not within the scope of this thesis, it
was considered interesting to investigate whether GLMM based model would produce
similar estimates as the BEB model implementation in the benchmark document.

From the point of view of the research project investigating the BEB model and possibly
developing its successor, a model implementation that can replicate the results of the BEB
model could then be used in future work as a comparison to develop alternative models
to estimate component failure rate.

The similar ZEDB and PREB models are discussed only tangentially in this work. In
addition, model comparison for evaluating the fit of the models to the data is reserved for
future endeavours: The comparison in this work is only between the results produced by
the original BEB model as given in the benchmark document and the estimates from the
model implementations proposed in this thesis.

The structure of the thesis is the following. Theoretical aspects of the model are dis-
cussed in chapter 2 and the model implementations in Stan are detailed in chapter 3.
The analysis results from the proposed model implementations are presented in chap-
ter 4. Discussion of the analysis results, literature findings and further work along with
conclusions drawn are included in chapter 5. The appendix contains the benchmark data
sets and analysis results, the Stan models, tabulated modelling results, and additional
figures related to the presented analysis.

The use of Al in the thesis is disclosed on the last main text page 75.

1.4 Data, Models and Scripts

The data, Stan models and R scripts are available for download at zenodo.org with DOI
10.5281/zen0d0.15479410.


https://zenodo.org/
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2. STATISTICAL MODELLING OF FAILURE DATA

In this chapter, the openly available references discussing the detailed structure of the
BEB model are summarised. Based on these references, the structure of the model is
outlined, and the form of the model that is implementable with MCMC is derived along
with some of the equations given in the summary paper [26] and required for the model
implementation.

2.1 The BEB Model

2.1.1 A Summary of the Available References Related to the BEB
Model

As the details of the BEB model and especially its current algorithmic implementation are
proprietary information, there exists relatively few resources of publicly available informa-
tion. This section summarises the content of the references used in the following section
containing more detailed discussion on the mathematical details of the model.

The BEB model was originally developed in Kurt P6rn’s dissertation in 1990 [25]. Bayes
empirical Bayes model reported in [10] and general ideas presented in [18] are referred
to as the basis for the method. In a summary paper [26] of Pérn’s dissertation [25] the
general structure of the model is described, rationale for the chosen gamma mixture
prior distribution & hyperparameter priors are explained and plots of resulting posterior
distributions for the hyperparameters and the failure rate are represented. The analysed
data is a small dataset of centrifugal pumps failure data from the second edition of the
T-Book. Included in the example analysis are '2D BEB’ which is the same model with
the mixture prior replaced by a single gamma distribution i.e. the mixing coefficient ¢ of
the gamma mixture prior is set to zero and also 'PEB’ model which refers to a model
where the hyperparameters are given point estimates only instead of complete hyperprior
distributions. The details of the algorithmic implementation of the model are not disclosed
in the paper.

In Swalings 2006 thesis [30] an overview of the BEB model [25, 26], the ZEDB [7] and
PREB [33] models are given. For the details of the BEB and ZEDB models, the thesis
relies on [7]. In [7] the BEB model is analysed in addition to the ZEDB model. The pa-



per [7] also comments on model proposed by Hofer [16, 15] — also a similar model for
component failure rates. In [16, 15] a similar model with gamma prior for comprising
only of one term i.e. non-mixture prior for the failure rate is employed. The papers de-
scribe evaluation methods of the model concerning the multidimensional integrals and
their evaluation order and whether the integration is performed analytically or numerically
employing Monte Carlo methods.

The Swaling thesis contains interesting details not available in other references. Based
on Swalings two interviews with Kurt Pérn, there seems to be variants of the hyperprior
in the model differing from the distributions given in the summary paper [26]. Also, it is
implied that the mixture prior introduced in Pérn’s publications [25, 26] has been removed
from the model at some point. These details are discussed in the following sections after
the structure of the model is introduced.

In another thesis work by Hége [17] published in 2009, details about computing the unit
level and general posterior based on the component level posteriors obtained from the
BEB model are discussed. The main objective of the thesis [17] is to study the homo-
geneity of components in nuclear power plants. The homogeneity assumption of the
components is taken in the ZEDB method for grouping the components before fitting a
model, whereas the T-Book approach assumes that each component has an unique fail-
ure rate.

2.1.2 Hierarchical Structure of the Model

The basic model structure of the model components as described in [26] can be written
hierarchically as

Xi| i Poisson( itj) = (.t.):—le_t (2.1)
i A=)l | ; )+clo( | o o) (2.2)
p() ((+ =T)™* (2.3)

where X; is the number of failures during observation time t; of component i,

=(; ;c) with ; >0, 0<c<l1 (2.4)

are the hyper parameters of the model and 'p( i | ; ) is the gamma distribution with
pdf



()= Lexp(— ) (2.5)

rc)'!
The first term of the sum in the mixture prior distribution 'p( | ; ) is an informative prior
and the latter term 'p( | o; o) is a non-informative prior distribution. Fixed values are
given for the non-informative gamma parameters o = 1=2 and . The value for ¢is a
small positive constant: in Pérn’s paper [26] and therefore in this work, o = 1is used.

T is the mean observed operation time of the components in the group i.e.

1 X
T=- ti: (2.6)
n .
i=1
The model structure with n observations (components) can be summarised also as a
Directed Acyclic Graph (DAG) shown in figure 2.1.

P()
P( al) pC il ) P nl )
p(xal 1) p(xil i)@ P(n| n)

Figure 2.1. The P6rn model hierarchical structure as a Directed Acyclic Graph (DAG).

The common for all observations i allows the sharing of information between the units
as during fitting of the model the estimate of ; is affected also by the other data points
via the common for all observations.

In this work, index J is used to index the units which may each contain several compo-
nents. For example, the unit B1 indexed by j = 1 has two similar diesel generators (see
the table on page 80) of the total 48 generator components observed.

The model assumes the following independence assumptions that are used in several
step of deriving the model equations in [26]:
 The hyper parameter has density p( )

« Given , the rate parameters { i} are identically and independently distributed (iid)
with density p( | )

- Given and{ i}, the data X; are independent.

Instead of implementing the model simply following the hierarchical structure of equations
(2.1), (2.2), (2.3) (as, for example, in the hierarchical model for the eight schools data in



[12]), the ’empirical’ approach is taken. As outlined in the Porn’s paper [26], first the
marginal likelihood p(x | ) is calculated i.e. the is integrated out from the product

p(x | Ip( | ). Explicitly,

z
px1 )= px]| JpC | )d: (2.7)

Then, the Bayes’s theorem is applied to p(X | ) to obtain expression for p( | X,) result-
ing

% vy
pPC Ix)=  p&il )p()= pil )p()d : (2.8)
i=1 i=1
Since the prior for comprises of a sum with two terms, also both (2.7) and (2.8) are mix-
ture distributions with weights ¢ and 1 — c. The parameter ¢ can be thus interpreted as a
probability of sampled originating from the informative prior 'p( | ; ) with probability
(1 — ¢) and from the non-informative prior Fp( | o; o) with probability c.

Inferences about the failure rate 41 for observation n+1 are made based on a posterior
distribution

YA
PCasn [¥nen) RO ) BConal JpC D)y (29)

likelihood prior

for which the normalisation constant is p(Xn)=p(Xn+1). The 'empirical’ prior is the integral
in equation (2.9) and the Poisson likelihood (2.1) is the multiplicative term. This prior
therefore contains information from the other observations via the ’empirical’ hyper prior
p (| Xn) which mixes the hyper prior (2.3) and the data from the marginal likelihood (2.7).

2.1.3 Variations in the Model Components

Although the choice of mixture prior is discussed at length in Pérn’s paper [26] the Swal-
ing’s thesis [30] implies that the mixture prior was not used in the Pérn’s model as the
following quote (translated from Swedish using Microsoft 365 Copilot Al) explains:

"In their evaluation of Pérn’s method, Cooke et al. (1995) object to the use
of non-informative 'contamination’ together with a non-informative hyperprior
(see below). Cooke et al. seem to argue that the point of assigning a non-
informative hyperprior is lost if it does not have full influence over the prior (the
fact that p2 has fixed parameters means it is not affected by the hyperprior).
Cooke et al. further state that: '[—] if the arguments for introducing non-
informative priors on and carry any weight, then the same arguments



would unmotivate the introduction of [p2]’ (Cooke et al. 1995, pt.2, p. 7).
Cooke et al. thus argue that what Pérn tries to achieve with p2 is the task
of the hyperprior. Additionally, Cooke et al. argue that p2 can be considered
highly informative (Cooke et al. 1995, pt.2, p. 7). Roger Cooke has also
admitted that Porn’s hyperprior is sufficiently flexible for the contamination
to be considered redundant, therefore p2 has subsequently been removed
[P6rn 2]. The current prior is thus p1 according to (7.7)." [p.35][30]

In the above quote p1 and equation 7.7 is the informative prior Tp( | ; ), the reference
[Porn 2] is an interview with Kurt Pérn and the reference Cooke et al. 1995 is Review of
SKI data processing methodology SKI report [9] which seems to be unavailable. The
abbreviation SKI stands for Swedish Nuclear Power Inspectorate which implies to the
reason why the reference is not publicly available.

Another interesting piece of information in the Swalings thesis [30] concerns the form of
the hyperprior (2.3). According to Swaling, there are variants of the hyperprior, both of
which exclude the parameter ¢ further implying that the mixture prior is removed from the
model.

The following quote (translated from Swedish using Microsoft 365 Copilot Al) from the
Swalings thesis discusses a special hyperprior employed in the benchmark analysis:

"In the benchmark, P6rn uses a modified version of his hyperprior. The mod-
ification is made based on the recommendations of Meyer and Hennings
(1999) and provides a proper posterior distribution. The hyperprior has the
following form:

#_
—06 1

p( : ) —1:45 —0:8 1_|__T (210)

(T-book — ZEDB Benchmark, 2004, p. 18). This hyperprior is used only in the
benchmark."[p.47][30]

Pérn comments in [31] that this hyperprior is utilised in a response to discussion con-
cerning the "... the improper feature of the non-informative hyper prior..." (2.3) referring to
the obscure references [9, 23] not available publicly. Pérn states also, that the hyperprior
(2.10) is selected from a class of improper hyperprior distributions that result in proper
posteriors as suggested in [23]. Otherwise, the derivation and detailed justifications for
the special hyperprior (2.10) are left unclear.

Additionally, based on Swaling interviews with Kurt Pérn, for components with zero faults,
a different hyperprior
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pC 5 ) + =T (2.11)

is used [p.36][30].

This approach of modifying the model to alter its response to zero observations was
considered peculiar, since the basic assumption of the BEB model is that the hyperprior
is common to all observations. This fundamental assumption is illustrated in the DAG 2.1
shown also in [26]. Also, in equation (2.8) the hyperprior term p( ) is not multiplied by
the likelihood n times but only once. Therefore, the idea of having different hyperpriors
for each or some of the observations was considered flawed and was not implemented
in this work. More conventional and mathematically justified methods accounting for an
excessive number of zero observations in the context of count data are discussed in the
latter chapters of this work.

2.1.4 Available Details on the Numerical Implementation of the
Model

In the Pérn’s summary paper on the structure of the model [26], no details are disclosed
on the numerical implementation (TCode) of the model. In [7] the following summary on
the algorithmic implementation of the Pérn’s and ZEDB methods is given:

"The computation may be broken into three steps: firstly, truncate the range
of ( ; ) to a finite rectangle. Then identify a range for o which contains
all the ‘plausible’ values. Finally, for every plausible value of g, evaluate
numerically the integrals over and and interpolate to find the 5, 50 and
95 % quantiles.”

In the above quote o denotes the same quantity as 41 in this work and in [26]. A
difficulty in the above implementation based on numerical integration is that

"...a ‘natural’ truncation for and cannot be defined; that is, we cannot
define a finite rectangle for and which contains most of the hyperposterior
mass. In our simulations, these ranges were chosen in a manner similar to
[8], using Porn’s heuristic.” [7]

where [8] is the unavailable reference [9]. In [7] it is stated that different truncation ranges

for and can heavily affect the results: The selected truncation ranges can result

"...differences up to a factor 5" as stated in [7] with a reference to [9]. Different ranges for
and are used for each dataset in the paper [7].

However, this approach was not pursued within the scope of this work any further since
the essential information for selecting the ranges for the parameters ; ; "...using
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Porn’s heuristic” [7] is referred to be found in a non-available technical report [9].

2.2 MCMC Implementable Form of the BEB Model

Generally, the standard approach nowadays — or usually the only possible — when imple-
menting a hierarchical Bayesian model is to employ MCMC simulation. Since the basic
structure of the BEB model summarised by the three equations (2.1), (2.2) and (2.3) is
not implemented directly due to the ’empirical’ hyperprior p (| Xn) of equation (2.8), it
was investigated whether the hierarchical structure can be modified so that p( | X,) is
included in the hierarchy.

Following an example of factorising a hierarchical model in [p. 221 - 225][20], joint poste-
rior for the parameters of the basic hierarchical structure comprised of the three equations
(2.1), (2.2) and (2.3) can be written by applying Bayes’ theorem

PG [ X)p(X)

p(x1y) = o)

and the definition of conditional probability

pPX1y) =p(y)=ply) = p(y) =px|y)p(y)

as
P( ny [Xn) Pl ni )PC ns )
=pXnl n)PC n; )
=pXn| n)PCnl )p(C); (2.12)
where , = b . 2;..1; n)is aparameter v%stor of the j’s for each component i and
PXn| )= T pxi| )andp( | )= “,p(i| )- Since the likelihood is not
directly dependent on we can write above p(Xn | ; ) =pXn | )-

The inclusion of p( | Xn) into the hierarchical structure in the BEB model context was
realised by simply substituting the hyperprior p( ) by the ’empirical’ hyperprior i.e. writing
the above structure as
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Xi| i Poisson( it;) (2.13)
i QA=crC | ; )+clf(C | o o) (2.14)
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Now, replacing the hyperprior p( ) in equation (2.12) by the ’empirical’ hyperprior p( |
Xn) leads to the following factorisation for the joint posterior of the model parameters

PC ni [Xn)  Pn |l n)PC nl )PC | Xn)
PXn | n)PC nl )PKnl )p(); (2.16)

which has exactly the chain of dependencies form demonstrated in [p. 223][20].

We are interested in obtaining posteriors for failure rate ; of each component i. Following
the same notation as in [26], let us assume we have n + 1 components and denote the
number of failures of one of the components by X,+1 and its failure rate by +1. Now,
the marginal posterior for +; can be obtained from (2.16) by integrating with respect to
the n other failure rates |, and the hyperparameters i.e.

27
P( n+t | Xn+1s ) PXn+1 | n+1) P( ner | )PC | Xn+1)d nd
27
= PXn+1 | n+1)PC ner | )PC n | JPC | Xn+1)d nd
27
=pP(Xn+1 | n+1) PC n+1 | )PC nl IPC | Xn+1)d nd
z
PXn+1 | n+1)  PC n+t | )PC [ Xns)d (2.17)

where the last line is exactly the equation (2.9) integrated numerically in the original BEB
model algorithm. Therefore, implementing the model equation (2.16) using an MCMC
sampler results in sampled marginal posteriors for each ; along with posteriors for the
hyper parameters = ( ; ;C).

During preliminary experiments, a model structure
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Xi | Gamma-Poisson( ; ;C)
i | A=0rC | ;5 )+clfC | o o)
p()  ((+ =TT e

was used in an MCMC implementation. This structure led to more erratic behavior of
the models, less similar estimates to the benchmark and MCMC convergence for the
models was more difficult to reach. It was deduced that these problems were due to
a structural error in the above model equations: the chain of dependencies required to
write coherent MCMC implementable factorisation like equation (2.16) is not present in the
above structure. That is, a similar chain of dependencies factorisation as (2.16) cannot
be written for the above structure, at least not easily. The convergence issues were
suspected to arise from the structural property, where the Gamma-Poisson likelihood
depends directly on the hyper parameter instead of and then . Additionally, the
above structure does not appear to implement the hierarchical structure described in [25,
26].

2.2.1 Derivation of the Marginal Likelihood

The marginal likelihood p(x | ) required in the factorisation (2.16) is obtained by inte-
grating p(x | ) with respect to parameter . That s,

yA

px| )= px] IpC | )d
z Z

= p(x| JpaC | )d +  px] Jpo( | )d ; (2.18)

where p;( | ) is the informative first term in the mixed prior (2.2) and po( | ) is the
non-informative second term with parameters ; o giving rationale for the indexing p1
and po.

Considering only the informative term of the mixed prior for and thus neglecting the
parameter ¢ we have
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Since the integrand is the kernel of 'p( + X; + t) we have

Z ( + t) b x+ —1 ex (_ (t + ))d — 1
z TC+x) P B (2.19)
X+ —1 — r( + X) .
exp(— (t— )) = (+0(™
Thus
oy t I +x)

_ I'C +x) t
Cr()r(x+1) +t +t (2.21)

where X! = ['(x+1) is utilised. The last form (2.21) is very close to the negative binomial
distribution (known also as Gamma-Poisson distribution with different parametrisation).
However, parameterising the Poisson distribution with t introduces the variable t in the
equation and thus using the existing standard distribution of negative binomials in soft-
ware packages such as Stan is not directly applicable.

The non-informative gamma distribution has exactly the same form as (2.20) with param-
eters o; o. Thus, the complete marginal likelihood with both mixture terms included can
be written as

BTN o T(e+x)

P =A=D FyF ) ( +0 = O rx+ D) o+ %

(2.22)

2.3 Calculating the Unit Level and General Posteriors

Before fitting the statistical model, the T-Book and ZEDB methods treat the data differently
due to differing assumptions. In T-Book, each component is assumed to have unique
failure characteristics and the model is fitted with each component treated as a statistical
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unit. The model fitting results a posterior distribution for failure rate ; of each component.
These component level posteriors are then combined to produce unit level posteriors by
calculating arithmetic mean of the component level posteriors or further a general level
posterior presenting failure rate of the component group as a whole. The calculation of
the posterior arithmetic mean is described with an illustrating figure in [p. 9, figure 4][17].

The ZEDB method assumes that the components in an unit can be considered homoge-
nous, and thus the observations are pooled: the number of failures and observation times
are summed, and thus each unit is considered a statistical unit. Validity of the homo-
geneity assumption is not investigated in the scope of this thesis, but the valves data is
analysed in both data formats to test whether the data formatting affects the analysis re-
sults. For further information on the homogeneity assumption, the reader is referred to
[17].

Concisely, the grouping of the data by summing the component level observations is
referred to as the ZEDB formatted data and data given on a component level is referred
to as the T-Book formatted data in this work. The diesels and pumps data in appendix A
are examples of the T-Book data formatting and the valves data is tabulated in appendix
A only in the ZEDB format due to large number of components (718 in total).

Since the MCMC method applied in this work result in samples approximating the poste-
riors distributions, a slightly different approach for obtaining similar general posterior as
described in [17] was required. The unit level posterior distributions for each unit j are
created by pooling the samples of the posterior distributions for i’s of each observed
component in that unit and the percentiles and mean are calculated for this composite
unit level posterior. Similarly, posteriors for i’s of all observed components are pooled
to obtain the general posteriors and its percentiles and mean denoted in the following
sections as the unit ‘G’ following the format of the results in the benchmark and T-Book
where the general posterior is referred to by ‘generic rate distribution’ [31].

This posterior averaging approach corresponds to the arithmetic averaging described in
[17] in the sense that the resulting histograms generated by pooling the component level
posterior samples are proportional to the posteriors calculated by the arithmetic aver-
aging. Dividing the histogram bin counts by the number of component would result in
more closely equivalent (instead of proportional) unit or general level posteriors, but this
discrepancy does not affect the mean and percentiles calculation.

2.3.1 Derivation of a General Posterior of an Unobserved New
Component

An alternative approach for computing posterior for a failure rate of a new similar compo-
nent was also developed in the research group. It was interpreted that the practical use
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of the general posterior is to estimate failure rate of similar new components installed to

a plant. We do not have any observations of such new component, but we are interested

in estimating its failure rate based on past experience, i.e. the available failure data of

similar components operated in similar conditions.

Mathematically, assuming that we have data on n other similar components, similarly to

the derivation for (2.17), the failure rate

7
P( news | Xn) = P( news |Xn)d nd
77
= PCrew| IP( n; [Xa)d nd
where
0( IXn)=p(Xn| n )PC ni )
Q. P(Xn)
_ =P | )pCil )p(),
P(Xn) '
Now
Y4
PCnew [ Xn) = PCnew | JPC ni [ Xn)d nd
Z7 Q,
_ i= POG | D) pCil )p() .
- p( newl ) p(Xn) d nd .
For p( | Xj) we can write
L POR )
p( | xi) (s
= B poa apCil)d s
and therefore
Z
p( 1) 2 = pe | (i )d

p( )

new Would be estimated by a marginal posterior

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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Now we can get rid of the integrals with respect to the ’s.

p( new | Xn) = £ p( new | ) (Q?=l p(Xi | I)p( i | )) p( )
o p(>§n)!
_° (1)
- p( new | ) p(Xn)
Qe - v

= =t new i)d :
oo POl 1) 2:31)

d nhd

p( )d

The last line above can be recognised having the same form as equation (2.9), but without
the multiplying likelihood term p (Xn+1 | n+1), since the new component does not have
observed data attached to it. Substituting Xn+1 = 0 to the Poisson likelihood in (2.9) will
reduce (2.9) in to (2.31).

Similarly to the factorisation (2.16) shown above, the above model equation is a marginal
posterior from a model with the following chain of dependencies

P( news | Xn)  P( new | )P(C [ %n) (2.32)
PC new | )PCn | )R(); (2.33)

where the hyper parameters are estimated from the model (2.16) including the likeli-
hood.

Therefore, it was assumed that a posterior for e can be obtained using MCMC simu-
lated model based on equation (2.16) by adding the chain of dependencies of equation
(2.33) to the model implementation.

2.4 Frequentist Clustered Data Model for the Failure Data

The structure of the failure data with similar components located in 14 units implies that
the frequentist data models for clustered data could be an alternative approach to model
the failure data. Therefore, generalised linear mixed effect models (GLMM) were fitted to
the benchmark data for comparison with the BEB models. A reference for the theory of
modelling clustered data and on GLMM’s is for example [chapter 9][1]. In the following,
two GLMM’s, one with Poisson distribution and another with negative binomial distribution
assumption employed for modelling the failure data, are presented.

The general form of a GLMM can be written by adapting the notation in [1] to the current
context as
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gEX; U)=9( i)=Yy +ziju; =150 j=1:014 (2.34)

where X;;j is the response variable, y;j; are the explanatory variables, the coefficents

are called the fixed effects, u; are the random effects assumed to be independent
realisations from a multivariate normal distribution N (O; ), g(:) is the link function and
i is the component index and j the unit index for the 14 units in the benchmark data.

In the current application we do not have any explanatory variables and therefore the
fixed effect part comprises only of the intercept . The response data is count data and
thus possible distribution assumptions for the response variable are Poisson and negative
binomial, which most often employ logarithmic link function. The coefficients z;; for the
random part are zeros or ones: the jth vector has ones corresponding to the observed
components in the unit j with all other elements zero. Also, the observation time during
which the number of failures is recorded is present and can vary from component to
component and thus an offset term [p. 233][1] must be included. Therefore, the GLMM
can be written in the current application as

log( ij=ti) = o+zju;; 1=1::0;n J=1;::1,14 (2.35)

with the distribution assumption for the fixed effect part either Poisson or negative bino-
mial.

Fitting of the model given by (2.35) results in a common estimate for  and separate
estimate u; for each unit j. Thus, the mean estimate for each unit varies around
depending on the estimated u;.

The Poisson GLMM with observation time as the offset can be fit in R using the function
glmer() from library Ime4 as follows

fit.glmm <- glmer(Faults ~ 1 + (1 | Unit),
offset = log(Time),
family = poisson(link="l1og"),
data = diesels

)

The term (1 | Unit) in the model formula above specifies that the designation of an unit in
the data is used as the factor identifying the clusters in the data.

Similarly, the negative binomial GLMM can be fit in R using the function glmer_nb() from
the same library with
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fit.glmm.nb <- glmer.nb(Faults ~ 1 + (1 | Unit),
offset = log(Time),
data = diesels

)

Calculating confidence intervals for the mean estimates from the GLMM'’s does not ap-
pear to be a trivial task when the distribution assumption for the response variable is
other than the normal distribution. Therefore, only the mean estimates are compared to
the BEB model posterior means in the scope of this work. Additionally, the 5 % and 95
% percentiles are not as relevant from the PSA perspective [30, 33], which makes the
mean a suitable statistic for preliminary investigation on whether the GLMM’s are a viable
alternative for the BEB models. However, confidence interval or other measures for the
amount of uncertainty in the estimated mean is required, if the GLMM’s would be used
for modelling the failure rates in practice.

2.5 An Indirect Method for Calculating Posteriors for the
Component Failure Rates

In addition to the MCMC implementation of the ’empirical’ hierarchical model, an approach
that was used in preliminary experiments employing a mixture of analytical and sampled
methods was devised in the research group: a Stan program with the hyper prior (2.3)
the marginal likelihood (2.7) and Poisson likelihood is defined with the hyper parameters

sampled, but the sampled values obtained during a MCMC simulation for are then
used to calculate analytically the mean ~ of the posterior p (| X). As we calculate " for
each sampled triplet ( ; ;c), we eventually obtain a sampled distribution for ~ Required
summary statistics like mean, median or other quantiles can then be calculated from this
distribution.

The mean of is calculated in [26] to demonstrate the models robustness using equations
(10) and (11) of the paper. The form of the ~ seems to be the mean of gamma distribution

= with the 'updated’ or posterior parameters ( + x)=( + T) for both, the informative
and non-informative term of the prior. Expected value of the mixture prior is calculated in
the following subsection to understand the derivation for the “in [26]. This approach is
called the indirect method in this work.

2.5.1 Expected Value for the Failure Rate

The expected value for the failure rate  can be derived by applying the Bayes’ theorem.
An example of this with mixture prior can be found, for example, in [22]. Dropping the
conditioning on ; ;c, thatis, p( | ; ;c¢) = p( ) for a moment, and writing out
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explicitly the steps of applying the Bayes’ theorem results

_ g P1p()
p(x | )p( )d
_n (@=0p(x| Jp:( ) +gpCx] Jpo( )
(L—opCx| pa()d + cp(x| )po( )d
_ (@=op(x| Ipa( ) *+cp(x| Ipo( )
(1 = c)ps(x) + cpo(X)
(1= 0)2Ep(x | Jpa( ) +cEp(x | Ypo( )
- (1= 0)p1(x) + cpo(x)
_ (L =)pa(X)p1( | X) + cpo(X)po( | X)
(1 = c)p(X) + cpo(x)
_ (1-opx)
T @=ome)+epeot 9

pC 1X)

(2.36)

C po(X)
(1 = c)p1(X) + cpo(x)

Po( [X) (2.37)

Denoting

Cy = CPo(X) (2.38)

(1 = c)px(X) + cpo(X)

we have also

CpPo(X)
(1 = c)pa(X) + cpo(X)
_ (1= c)pa(x) + cpo(X) — cpo(X)

(1-C)=1—

(1 — c)p1(X) + cpo(X) (2.39)
= (1 —c)p(X)
(1 = c)pa(x) + cpo(X)
and thus
p( %) =@ —Cp:( | %)+ Cupo( | X); (2.40)

which is the result in [22] but with the notations replaced by the symbols used in [26].

Now, since p(x | ) given by (2.1) and the mixture prior is given by (2.2) we have by
substituting p(x | )p( ) to equation (2.36) and utilising value of the integral in (2.19)
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(L= O)p(x | Jpa( ) +cpex| Ipo( )
(L= Ops(x) + cPo¥)
1-05F ep(— Oy texp(= ) +eSFexp(— Oy “exp(— o)

p(C [x) = (2.41)

X!

X 04x
(1_C)r(t r( +x) +c o B T(o*+X)

X+t F(C o)x! ( o+t) 0+
(2.42)
X _ 0¢x _
-ty Plexp(— (D)o ovlexp(— (o +1)
B _ X [ +x) 0t [( +x)
(1 C) F()x!( +t) +x +C F(0 o)x! ( 0+to) 0+X
(2.43)
The expectation E( | X) is therefore using again the integral result (2.19)
Z
EC [x)=  p( [x)d
e R +x+1—1 o2t R o+x+1—1
_(1_C)W exp — ( +t)d +m exp — (0+t)d
B _ < [( +x) 0t [( o+x)
A=Ormt+n = *Crtoatorn o
N > T +x+1) 0 ( g+x+1)
_ A=0ratrn = St om (o oo (2.44)
- _ < [( +x) 0 [( o+x) '
A =0 rmtT0 = ¥ Sl om (orn o7
Comparing the result to the given equations in [26] where
~ + X 0+ X
E X)= xX)=(01-C + 2.45
(10="09=0-Co— 5 +Cx 5 (2.45)
with
C. = Cpo(x| ) (2.46)
X = .
(L —=c)pu(X| )+cpolx]| )
C OOtX F( 0+X)
_ FCo)x! Cott) 07X (2.47)

o < ( +x) 0 T( o+x)
Q== = T C o or) o

The following observations are evident:

» The expressions for Cy are identical

P
« The versionin[26]seemstoinclude T = = L, t; (the mean of observation/operation
time) but it was deduced that this is an error: T is missing an index i and thus t; is
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actually implied.

Since the derived equation above is clearly more complex, it was deduced, that general
form of the gamma distribution mean = (the posterior mean ( + X;)=( + t;) in this
case) is probably used directly in (2.45) instead of explicit derivation. During preliminary
experiments, the above indirect method was implemented with both the given equation
(2.45) and the derived version (2.44) to test whether these results in similar estimates.
It was found that, despite the differing forms for the expected value, the analysis results
were in practice identical, the derived version being slightly heavier computationally. The
derived version was used in this work for comparison with the other model implementation
in the following chapters.

2.6 A Summary of the Compared Model Variants

Since there appears to be different variants of the BEB model with varying hyperpriors
and uncertainty whether the BEB model used in the benchmark analysis uses the mixture
prior or simple gamma prior, the following model variants were compared in this work. The
GLM models were included to estimating the means. The abbreviations given below
written in verbatim font are used in the following chapters of this work.

BEB Model Variants

In all four model variants below, the data is modelled by Poisson distribution i.e. X;j
Poisson( itj). The abbreviations for the models and the forms of priors and hyperpriors
are the following:

1. Mixture prior model BEB with the original hyperprior:

Prior:p( 1] ) = @=0)To( | ; )+clo( | o o
Hyperprior: p( )  ( ( + =T)) %2 ~1¢71=2

2. Non-mixture prior model BEB_cO with the original hyperprior:

Prior:p( i| ) =Tpo( | ;)
Hyperprior: p( ) ( ( + =T))™*2 1

3. Non-mixture prior model BEB_cO with the special benchmark hyperprior:

Prior:p( i | ) =To( | ;)
—0:6

Hyperprior: p( ) —Las —08 g 4 —
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4. The fourth variant is a mixture model BEB_derived with identical prior and hyper-
prior to the BEB model above but the i’s calculated using equation (2.44) for each
sampled = ( ; ;c).

GLM Models

Abbreviations for the GLM models are

« GLMM Poisson for the Poisson GLMM and
» GLMM NB for the negative-binomial GLMM.

2.7 Quantifying the Modelling Results Comparison to the
Benchmark Results

To quantify the modelling results compared to the given T-Book benchmark results, rela-
tive difference and mean squared error (MSE) were utilised.

The relative difference was calculated using

RD = YY"t . 1000 (2.48)

Yref
where Yy is the mean, 5 %, 50 % or 95 % percentile of an unit (for example O1) and Yyt is
the corresponding benchmark value for the same quantity. This definition is appropriate
as Yrer = 0 always in this context. The interpretation of RD is straight forward: if RD >
0%, the model produces an over estimate, if RD < 0%, the model produces an under
estimate compared to the benchmark result and the improbable situation of RD = 0%
indicates that the model and benchmark produce identical results.

MSE can be used to quantify the overall similarity of the modelling results compared to
the benchmark results. The MSE is defined by

1 X )
MSE = o (Vi = Yirer)™; (2.49)
i=1
where Yj is the models estimate for the mean, 5 %, 50 % or 95 % percentile of the jth
unit and Yj;ref is the corresponding benchmark value for the same quantity.

The MSE quantifies the overall deviation of the models results compared to the bench-
mark — smaller the MSE, smaller the deviations when considering all the units j.

Since during the analysis it was observed that the sensitivity of MSE to singular large de-
viations due to the exponentiation involved in calculating the MSE was causing incoher-



24

ent differences between the models, mean absolute error (MAE) was utilised as another
measure to quantify the similarity of the analysis results to the benchmark. The MAE is
defined by

1 X
MAE = = lyj = Yjrerl 250
i=1

where the notations are defined identically to symbols in the MSE above.
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3. IMPLEMENTATION OF THE MODEL

The main objective of this chapter is to report the implementation of the BEB models
derived in the previous section using MCMC sampling. As an introduction, reasoning for
selecting Stan as the simulation tool and a short summary of general references for the
reader not familiar with the MCMC techniques are provided.

3.1 A Summary of Numerical Methods for Bayesian Statistical
Models

MCMC methods are employed for drawing samples from a probability distribution. The
basic idea behind MCMC algorithms in the Bayesian analysis context is this: the poste-
rior distribution p( | X)  p(xX | )p( ), where is a vector of the model parameters
and X the data, can be sampled without knowledge of the closed form of this distribu-
tion. The sampled posterior approximates the posterior, that can be obtained analytically
in very limited simple cases, but generally is impossible or very difficult to calculate an-
alytically or even using numerical integration due to a large number of dimensions. The
dimensionality problem in numerical integration is also present in the BEB models original
implementation. The MCMC algorithms move around in the parameter space of the model
with differing strategies. For details of the most basic MCMC algorithms, the Metropolis-
Hastings algorithm and its special case the Gibb’s sampler, see [28, 8]. The authoritative
textbook on Bayesian analysis [12] also includes a summary of the MCMC methods and
general ideas of utilising sampling explained. More information and examples on MCMC
sampling and Bayesian analysis can be found for example in [22, 20, 21].

A more recent approach to MCMC simulation is the Hamiltonian Monte Carlo (HMC).
The principles of Hamiltonian Monte Carlo (HMC) are outlined in [3, 32, 4]. Application
of HMC especially for hierarchical models is discussed in [3, 32]. For more rigorous
treatment on the HMC and its theoretical formulation utilising differential geometry see
[5] and its references. A more practical summary of using the HMC can be found in
[2]. In HMC, a fictitious particle with a randomly assigned momentum behaving as per
Hamiltonian dynamics explores the parameter space, as summarised in the Stan user
guide. Stan is a programming language implementing the HMC. The Stan reference
manual also includes a summary of the HMC. A large amount of information on Stan and


https://mc-stan.org/docs/stan-users-guide/problematic-posteriors.html#gibbs-sampling
https://mc-stan.org/docs/stan-users-guide/problematic-posteriors.html#gibbs-sampling
https://mc-stan.org/
https://mc-stan.org/docs/reference-manual/mcmc.html
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Bayesian analysis in general can be found in the Stan documentation [29]. Particular
pages in the documentation are referred to in this chapter by providing direct links to the
related documentation web pages.

The following characteristics of the MCMC methods were considered when choosing a
computational approach to implement the BEB model with MCMC simulation.

Regarding the choice between JAGS (Just Another Gibb’s Sampler, also a widely used
sampler for Bayesian analysis) and Stan the following argument in [12, p. 269] was con-
sidered as an asset for Stan in the hierarchical BEB model context: "BUGS works by
updating one scalar parameter at a time [...], which results in slow convergence when
parameters are strongly dependent, as can occur in hierarchical models." The same ad-
vantages are discussed also in [2] where it is shown, that the Stan algorithm results in low
correlation between the samples compared to the simpler Metropolis-Hastings algorithm,
which increases effective sample size and thus faster model fitting. On the other hand,
Stan is also more tolerant to correlations between the model parameters whereas Gibbs
and Metropolis-Hastings can have problems with correlated parameters. Also, Stan al-
lows definition of custom probability distributions, whereas the same task can be difficult
with JAGS.

The simpler Metropolis-Hastings algorithm can be implemented as a custom script using
any common programming language, but implementing the HMC is not a trivial endeavour
and definitely not in the scope of this work. A practical benefit of using an existing MCMC
sampler is that the software package provides warnings, that alert the user for potential
problems during the model. This is particularly useful if the end user of the model algo-
rithm does not have specialised knowledge on MCMC simulations and Bayesian analysis
in general. Additionally, a widely employed software package has potentially fewer coding
bugs than a custom implementation.

In this work, R was employed as the programming language, since most of the statistical
literature on the subject utilise R. Therefore, there are many examples available and inter-
facing Stan is effortless, especially when using RStudio as the Integrated Development
Environment (IDE) with its functionality to create .stan files. Stan can be interfaced from
R using the rstan library.

Stan has also unofficial interface for MATLAB called MatlabStan which was considered
benefit in the current application since the TVO engineering team use MATLAB.

3.2 Stan Implementation of the Pérn Model

The model equations discussed in the previous chapter were implemented as a Stan
model. The full Stan model files are included in the appendix B starting from page 85


https://mc-stan.org/users/interfaces/matlab-stan.html
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3.2.1 Structure of a Stan Model

The Stan program blocks are explained in depth in Stan Reference Manual. The available
blocks are shown in figure 3.1.

functions {

}
data {

¥

transformed data {

¥

parameters {

¥

transformed parameters {

}
model {

¥

generated quantities {

¥

Figure 3.1. Stan program blocks.

The functions block for custom functions is not necessary but it must be the first block if
user defined functions are required within the Stan model. The data and any constants
involved in the model are defined in the data block. Any unmodelled constants can be also
defined in the transformed data block, so that the constants are not required as an input
in the stan() function call as a parameters. The parameters block is used to define the
model parameters. The transformed parameters block can be used optionally to define
parameters that are defined based on the model parameters.

3.2.2 Data Formatting

The data and the required model constants in the Stan data block are formatted as shown
in figure 3.2 to comply with the Stan model call when using the interfacing library rstan.
All variables defined in the data block of the Stan program must be included in a list that
is given for the stan() function as a data.


https://mc-stan.org/docs/reference-manual/blocks.html
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diesels <- read.table("diesels_data.txt", header = TRUE)
failures <- diesels$Faults

t i <- diesels$Time

n <- length(failures)

n.units <- length(unique(diesels$Unit))

diesels _data <- list(N =n, K =2, y = failures, t = t i,
alpha 0 = 0.5, beta 0 = 1,
alpha_l = l1le-6, alpha_u = le4,
beta | = le-6, beta u = 2*mean(t_i)

)

Figure 3.2. Data formatting for Stan program.

3.2.3 The Model Block — Defining the Model Structure

Syntax for Defining the Model Distributions

The model block is used to define the distributions for the models parameters and data.
The log posterior is incremented during execution as defined by the constructed model.
There are a few different syntaxes to define the distributions. All the variants are not
equivalent but lead to differences when the model is executed.

The most intuitive is the 'distributed as’ syntax following the conventional notation em-
ployed in statistics. A normally distributed variable can be defined in the model block
by

y ~ normal(mu, sigma);

which is a vectorised version of its non-vectorised equivalent

for (1 in 1:n){
y[i] ~ normal(mu, sigma);

}

with the vectorised version executing faster. The 'distributed as’ statement requires a built-
in or user defined distributions. Examples on how to define custom distributions that can
be accessed with the ‘distributed as’ statement can be found for example in [2]. However,
custom distributions can be also utilised directly using the target += syntax discussed
next.

An equivalent vectorised model definition is achieved by using the target += syntax

target += normal _lpdf(y | mu, sigma);

The keyword target refers to the total log probability (log of the joint posterior) initialised
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to zero. The above syntax target += is therefore equivalent to adding a log probability
to the target distribution.

The difference between the target += syntax and the vectorised 'distributed as’ state-
ments are that the latter drops all constant terms from the log probability (and is faster
to execute) whereas the former includes also the constants. An unnormalised versions
of the built-in distributions are also available by replacing the _Ipdf by _lupdf. Cus-
tom distributions — as required in the BEB model for the priors — can be defined by the
target +=syntax simply by writing the log density explicitly

target += -0.5*log(alpha*(alpha + beta/mean(t))) - log(beta)

A more complete example from the Stan Reference Manual is the following model with
prior distributions given for the and of the normally distributed variable y. The model
can be defined equivalently using the distributed as syntax by

y ~ normal(mu, sigma);
mu ~ normal(0, 10);
sigma ~ normal(0, 1);

or using the target+= syntax with

target += normal_lpdf(y | mu, sigma);
target += normal_lpdf(mu | 0, 10);
target += normal_lpdf(sigma | 0, 1);

Implementing the Non-Mixture BEB Models

The BEB_c0 model is used as an example on how the non-mixture models introduced in
the previous chapter were implemented in Stan. The BEB_bmp model is defined otherwise
identically, but the hyperprior is replaced by the special benchmark hyperprior (2.10). The
model block of the BEB_c0 model is shown in the code block below. The complete Stan
model files are shown in appendix B.

The model definition follows the factorised model equation (2.16) from right to left. The
equation is repeated here for convenient reference

PC s IXn) PGl n)PC ol )pCXn | JP():

model {
// Hyperprior p(theta)
target += -0.5*log(alpha*(alpha + beta/mean(t)))


https://mc-stan.org/docs/reference-manual/statements.html#distribution-statements.section
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- log(beta);

for (n in 1:N) {
// p(x_i|theta)
target += log(tgamma(y[n] + alpha)) - log(tgamma(y[n] + 1))
- log(tgamma(alpha)) + alpha * log(beta)
- (y[n] + alpha) * log(beta + t[n])
+ y[n] * log(t[n]);

// Prior for each 1 p(lambda_i | theta, x_1)
target += gamma_lpdf(lambda_mu[n] | alpha, beta);

// Likelihood p(x_i1 | lambda_i)
target += poisson_lpmf(y[n] | lambda mu[n] * t[n]);

lambda ~ gamma(alpha, beta); // lambda new

}

First, natural log of the hyperprior (2.3) (without the parameter ¢ since the mixture is not
included in the model) is added to the target distribution. The incrementing is outside
of the for loop incrementing the N observations, since the hyperprior is common to all
observations. Since the rest %Bterms left from p( ) are products of distributions for each
observationi.e. p(Xn | ) = "1 ,p(Xi| ), they are defined within the for loop. Adding
the log of the negative binomial or Gamma-Poisson distribution (2.21) to the log posterior
target, is equivalent of multiplying in linear scale. Next the target is incremented
for each observation with the gamma prior in log scale and then with the Poisson log
likelihood. Thus, a Stan model for a hierarchical model can be easily defined once the
factored equation with the chain of dependencies is available: the terms multiplied are
added to the target in the specified structure.

Incorporating the e parameter to the model is less conventional, since there is no
direct connection to the likelihood. The definition is accomplished by using the ‘distributed
as’ syntax by telling Stan that this parameter is gamma distributed with the parameters
alpha,beta from the hyperprior.

Mixture Models in Stan

For the mixture model, the basic structure represented in the Stan User’s Guide dis-
cussing finite mixtures was employed. A skeleton of the mixture model syntax is the fol-


https://mc-stan.org/docs/stan-users-guide/finite-mixtures.html
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lowing (the complete code can be seen in appendix B.1 where listings of the Stan mixture
models are shown):

model{
// Prior
target += -0.5*log(alpha*(alpha + beta/mean(t)))
- log(beta) - 0.5*log(c);

vector[K] log_c = log(c); // cache for log(c)
for (n in 1:N) {

// p(x_i1|theta)

vector[K] Ips = log _c;

Ips[1] += log(pl)
Ips[2] += log(p0);

target += log_sum_exp(lps);

}

In the above code snippet only the hyperprior and the next term p(X, | ) — mixture term
in this case — involving the Gamma-Poisson likelihood is shown. pl refers to the infor-
mative term of the mixture prior and p0 to the non-informative term. The target is first
incremented by the hyper prior in vectorised form. Then the marginal mixture likelihood is
constructed by using the temporary variable Ips and a two dimensional vector with log-
arithm of the mixture coefficient ¢ as its components. Initially, the parameter ¢ is defined
in the parameters block as a simplex, which is a vector with its components summing to
1. Therefore, c[1] is the coefficient (1 — ¢) and c[2] is the coefficient ¢ in the mixture
prior (2.2). Adding log(pl) to the first component of the temporary vector Ips with log of
the parameter ¢ already as its first component, is equivalent of multiplying the informative
term with (1 — ¢) in the linear scale. Similar addition is done for the second component.
The sum of the two components is then added to target using log_sum_exp() function,
which ensures that the addition in log scale does not cause overflow or underflow issues.
In the linear scale this incrementation of the target is equivalent to the multiplication of
the hyperprior p( ) and the marginal likelihood p(X, | ). The same idea is repeated for
all mixture components, as shown by the full Stan model file in appendix B.
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Implementing the Indirect Model

As the ’s are not directly sampled in the indirect method, the calculation of the Ai is
done in the transformed parameters block which are evaluated once per log probability
and gradient evaluation. Thus, for each sampled we obtain a corresponding sample
from the posterior of Ai. The Stan model file is shown in appendix B.

3.2.4 Generated Quantities

To obtain a pointwise log-likelihood of the Stan model, the generated quantities block
can be utilised as adviced in the Stan documentation for function extract_log_lik()
from the library 100, which "...allows users to compute efficient approximate leave-one-
out cross-validation for fitted Bayesian models" [35]. Although the model comparison is
not included in the scope of this work, the log-likelihood was included for allowing model
comparison in following investigations.

3.2.5 Model Fitting and Results

The model is fitted with the command stan() as shown below.

The initial values must be given as a list of list. This is done below using the custom
function Initf and R-function lapply(). The initial value for is given as the sample
mean of the failures data and for as the sample mean of the observation times.

The stan() function options utilised below are: File is file name of the Stan program
containing the model specification described above and saved on disc. A seed value for
the random number generators is given using the option seed for making the model fit
repeatable. The number of iterations and length of warm-up (number of samples dis-
carded from the beginning of the sampled chain) can be given with the iter and warmup
options, respectively. The control option can be used to control the sampler options. In
this case the step size is adjusted slightly from the default value of 0.80 using the reserved
wordadapt_delta.

initf <- function(chain_id = 1) {
list(alpha = mean(failures), beta = mean(t_i))

}

n_chains <- 3
mnit_I1 <- lapply(1:n_chains, function(id) initf(chain_id = id))


https://mc-stan.org/loo/reference/extract_log_lik.html
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fit.diesels <- stan(file = "beb.stan", data = diesels_data,
chains = n_chains, iter = 5000, warmup = 2000,
init = init 11, seed = 1234,
control=list(adapt_delta=0.85)

)

# Save the model object to disc

save(fit.diesels, file = "fit_diesels.RData')

Warnings for the User

Useful warnings related to model convergence from stan() are summarised in Stan
documentation.


https://mc-stan.org/learn-stan/diagnostics-warnings.html
https://mc-stan.org/learn-stan/diagnostics-warnings.html
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4. RESULTS OF THE BENCHMARK DATA ANALYSIS
AND COMPARISON OF THE BEB AND GLMM
MODELS TO THE BENCHMARK

In this chapter, analysis results produced by the MCMC implemented BEB model variants
are compared to the benchmark [31]. The differences in the compared BEB models along
with their abbreviations used in this work are repeated below from the theory chapter on
page 22 for convenience.

The models were fit using a HP EliteBook 840 G8 laptop with i7-1165G7 four core pro-
cessor resulting execution times from few seconds to several minutes depending on the
model variant, the data properties and adapt_delta settings. Thus, the required com-
putation resources for the model fitting can be considered very modest.

The data is modelled with the Poisson likelihood (2.1) and the priors and hyperpriors are
defined for each model as follows:

 Mixture prior model BEB with the original hyperprior:

Prior: p( i| ) = @—=¢)Io( | ; )+clo( | o o)
Hyperprior: p( )  ( ( + =T))™¥2 1%

» Non-mixture prior model BEB_cO with the original hyperprior:

Prior: p( i] ) =To( | ;)
Hyperprior:p( ) ( ( + =T)) ¥ 1

+ Non-mixture prior model BEB_cO with the special benchmark hyperprior:

Prior:p( i| ) =To( | ;)

n #_1
—0:6
—1:45 —-0:8 1+

Hyperprior: p( ) T

« The fourth variant is a mixture model BEB_derived with identical prior and hyper-
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prior to the BEB model above but the i’s calculated using equation (2.44) for each
sampled =( ; ;c).

« GLMM Poisson is the Poisson GLMM and
* GLMM NB is the negative-binomial GLMM

* In the absolute value bar plots abbreviation "TBook’ refers to the benchmark refer-
ence results.

The comparison of analysis results for the three component groups (with valves results
presented for both ZEDB and T-Book data format) are visualised using barplots shown in
figures 4.1, 4.6, 4.9 & 4.12. The bars show the relative difference (2.48) of the modelling
results with the percentiles and mean of the T-Book benchmark results for each unit as
the reference yrer. The bar plots were employed for the visualisation since the overall
behaviour of several models for quite large number of units can be shown in one figure
and any trends of how the model results vary from the benchmark are clearly visible.
Versions of the bar graphs showing the absolute values are included in the appendix in
figures E.7, E.15, E.23 and E.29. The numerical results are given also in a table format
in appendix C starting from page 92. The shown quantities in the subfigures are the
estimated mean and 5 %, 50 % & 95 % percentiles of the posterior distribution for ; for
each unit J following the results format of the T-Book.

4.1 Diesels

The results of the analysis for the diesel data are presented in this section.

4.1.1 Model Fit Details and Analysis for Fitted Models with the
Diesels Data

All the BEB models were fit by setting the number of samples to 5000 with 2000 sam-
ple burn-in period using three chains. Simulator setting adapt_delta=0.8 was used
for all model variants BEB, BEB_derived, BEB_cO, and BEB_bmp to obtain divergence
free sampling results. The execution times (mean elapsed time in seconds of three
simulation chains) including burn-in period for the model fits were 15:09 s (BEB), 7:92
s (BEB_derived), 5:08 s (BEB_c0) and 5:6 s for (BEB_bmp) model.

Although Stan did not throw any warnings on divergences, the ey parameter (which is
defined as lambda in the Stan model) in the BEB model had few small divergences that
could not be removed by adjusting the adapt_delta setting. The trace plots for the BEB
model are shown in figure E.1. The other models did not have the same phenomenon:
the trace plots for ew Were divergence free as shown in figure E.2 for the three other
BEB model variants.
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The autocorrelation plots for the model parameters are shown in the appendix in figures
E.3, E.4, E.5 and E.6. The amount of correlation shown in the plots was considered
acceptable with only parameters ; for all models and with  for the BEB model having
any discernible correlation.

4.1.2 Relative Difference from the Benchmark Results for the
Diesels Data

The relative differences results of the mean and 5 %, 50 % & 95 % percentiles of the

j posteriors for the diesels data are shown in figure 4.1. The results are also given in
absolute value bar graphs in the appendix in figure E.7 and in tabular format in tables
C.2, C.4, C.6 and C.8 starting from page 92. The GLMM model results are commented in
detail in a sub-section below starting from page 43.

The following conclusions can be drawn visually from the relative difference plots.

The models BEB, BEB_c0 and BEB_bmp produce results that are quite consistent with each
other from unit to unit for the mean and all percentiles: for most units, the BEB_bmp model
obtains the closest estimate to the benchmark, the BEB_c0 model is the second in repli-
cation accuracy, and the BEB model produces the largest deviation from the benchmark
when comparing the sampled BEB models.

The BEB_derived model with the calculated ’s follows the benchmark results and the
sampled model estimates quite well for the mean and 50 % percentile but for the 5 % and
95 % percentiles the results deviate more significantly from the sampled model estimates
and also from the benchmark. It can be deduced from the consistently overestimated 5 %
percentiles and underestimated 95 % percentiles for almost all units, that the non-sampled
model under estimates the variance of the posterior. That is, the posterior from the model
BEB_derived with the j’s calculated, has ’lighter’ tails compared to the sampled model
posteriors.

Conversely to the BEB_derived model, the sampled models underestimate the 5 % per-
centiles and overestimate the 95 % percentiles for almost all units, which implies that
the sampled models BEB, BEB_c0 and BEB_bmp have 'thicker’ posterior distribution tails
than the original model implementation produces. However, the BEB_bmp model appears
to result in very similar posterior tails as the benchmark, since its estimates for the tail
percentiles are very close to the benchmark for most of the units including the general
posterior denoted by 'G’.

For the mean and especially the 50 % percentile, the units F1, O1 and T1 seem to cause
visually more distinct deviations from the benchmark results. The deviation for unit O1
was hypothesised to follow from very different observation times with the same number of
failures for the two components in unit O1: from the table for the diesels data in appendix
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Figure 4.1. Comparison of the BEB model estimates to the benchmark for the diesels
data. The GLMM estimates are included for the mean. The bar plots show the relative
difference from the benchmark results for the mean and 5 %, 50 % & 95 % percentiles of
the posterior distribution for j of each unit j.

A, component 1 has 5 failures in 101870 hours and component 2 has 5 failures in 1000
hours. This explains the very small estimated failure rate ; for component 1 compared
to component 2 . For units F1 and T1, there are quite few failures observed, which
implies that the BEB models implemented in this work are not as robust as the original
BEB model when the observed number of failures is zero or close to zero. For the 50 %
percentile, the BEB_derived model exhibits a more robust performance for several of the
units where the BEB models underestimate the benchmark. This is surprising, since the 5
% and 95 % percentiles are underestimated or overestimated by the BEB_derived model
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more severely than the sampled BEB models. However, the behavior of the BEB_derived
model seems more erratic and therefore the few units with better estimates can be present
only due to change.

The visually consistent behavior of the BEB, BEB_c0O and BEB_bmp models is reflected
in the the posterior means for the hyper parameters = (' ; ;c) shown in the table
4.1 for all BEB models compared. As the mean of the parameter ¢ is very small, the
non-informative term of mixture model prior in the BEB model does not have significant
effect compared to the the otherwise similar model BEB_cO where the parameter C is set
to zero. Therefore the means for the parameters ; are similar in magnitude for the
BEB and BEB_cO models. The BEB_bmp model with the differing hyperprior from the BEB
and BEB_c0 models, results in slightly larger means for the parameters ; . Therefore,
the visually discernible differences between the models BEB and BEB_cO in the relative
difference plots are due to the ¢ = 0 in the former model. The larger difference in the
BEB_bmp model estimates compared to the BEB and BEB_c0 models can be deduced to
be resulting from the differing hyperprior employed in the BEB_bmp model.

The ’lighter’  posterior tails from the the model BEB_derived with the ;’s calculated
are reflected in the standard deviations of the hyperparameter posteriors as shown in
table 4.2. The BEB_derived models standard deviation for the parameter is 0:57 and
for parameter  0:55 times the corresponding statistic for the sampled mixture model BEB
despite the hyperparameter means being very close to each other for the mixture models.
In other words, it seems that the means and 50 % percentile can be estimated quite
reliably by calculating the j’s based on the sampled hyperparameters but the uncertainty
is underestimated compared to the sampled models.

alpha beta c
BEB 1.0102E+00 | 4.6644E+02 | 6.1317E-03
BEB_derived | 5.1515E-01 | 2.1276E+02 | 1.2269E-02
BEB c0 1.1292E+00 | 5.3662E+02 | NA
BEB_bmp 1.4872E+00 | 7.4917E+02 | NA

Table 4.1. The posterior means for the hyper parameters ; ;¢ of the compared models
with diesels data.

Especially estimates for the mean and 50 % & 95 % percentiles for the general posterior
denoted by 'G’ in the relative difference plots differ very little from the results produced by
the benchmark model implementation. The numerical values for the general posteriors
relative differences are tabulated in table 4.3 for comparison with the same statistics from
the alternative ey posterior.



alpha beta C
BEB 2.3959E-01 | 1.3847E+02 | 8.8266E-03
BEB_derived | 1.3537E-01 | 7.6693E+01 | 1.7302E-02
BEB c0 2.7003E-01 | 1.5741E+02 | NA
BEB_bmp 3.8250E-01 | 2.3028E+02 | NA

Table 4.2. The posterior standard deviations for the hyper parameters ;
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; ¢ of the com-

pared models with diesels data.

4.1.3 Full General Posterior Comparison with the Diesels Data

For the pooled posterior results corresponding to the unit 'G’, all of the models including
the BEB_derived deviate very little from the benchmark for the mean and 50 % per-
centile. Therefore, it is interesting to compare the full posterior shapes produced by the
models with the general posterior plot available in the benchmark document [31]. The
full general posterior distributions for ¢ from the models BEB, BEB_derived, BEB c0 &
BEB_bmp are shown in figure 4.2. The reference plot of the benchmark posterior from [31]
is shown in figure 4.3.

Visually, the right tails for the ¢ posteriors from the sampled BEB models in figure 4.2
are almost identical to the benchmark posterior in figure 4.3. The sampled models BEB
and BEB_cO result also otherwise similar shape as the benchmark posterior, but the left
side near value zero has more mass than the reference in the posteriors of these models.
The BEB_bmp model results a posterior that has very similar shape to the benchmark
also for the left tail. This is supported also by the 5 % percentile results above, since
the estimate for the 5 % percentile for unit 'G’ are slightly closer to the benchmark than
the other sampled BEB models. Despite the even more similar estimates achieved for
the general posterior mean and percentiles compared to the sampled BEB models, the
BEB_derived model with calculated j’s produces distinctly multimodal distribution.

The modes seen in figures 4.2b are due to the differing locations and shapes in the
posteriors for each observed component. The pooled posterior thus contains a 'sum’ of
these differing distributions producing the modes. The general posterior from the non-
mixture model BEB_cO 4.2c is visually almost identical to the BEB model posterior 4.2a
which is in line with the above observation that small estimate for the parameter c in the
mixture model results in very similar model as the non-mixture model BEB_cO withc =0
by definition.

As an example of the process leading to the multimodal general posterior from the BEB_derived
model, the unit level posteriors for unit R2 from the models BEB_derived and BEB are
shown in figure 4.4 and component level posteriors for the same unit for each model are
shown in figure 4.5.
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Figure 4.2. The general posterior distribution for ¢ for diesels from the Stan models (a)
BEB (b) BEB_derived, (c) BEB_cO0, (d) BEB_bmp.

The distinct modes in figure 4.4a originate from the distinctly located component level pos-
teriors with small variance or standard deviation (compared to sampled models) shown
in the left column of figures in figure 4.4 produced by the BEB_derived model. The right
column of figures in 4.4 shows the corresponding component level posteriors from the
sampled mixture model BEB with similarly located component level posterior but much
larger standard deviation or variance implied by the greatly wider shape of the posteriors.
The similar difference in standard deviation was discussed above regarding the standard
deviations of hyper parameter posteriors shown in table 4.2.

This difference in the resulting uncertainty when comparing the sampled mixture model
BEB to the mixture model BEB_derived with calculated i’'s explains the multiple modes



41

TUD-diesel

Generic Rate Distribution

400

o 0.003 0.006 0,009 0.012
Rate of occurrence

Figure 4.3. The general posterior distribution for for diesels from [31] produced by the
TCode algorithm.
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Figure 4.4. The posterior distribution for unit R2 in figure (a) from BEB_derived model
and for the same unit R2 in figure (b) from the BEB model.

seen in the pooled posterior of the latter: pooling the much wider component level poste-
riors from the sampled models results 'smoother’ general posterior than the more peaked
component level posteriors from the BEB_derived model.

4.1.4 Comparison of Pooled General Posterior and New Component
Posterior Results with the Diesels Data

The alternative approach for obtaining a posterior for a ‘general’ component by using
the new parameter was compared to the pooled general posterior more similar to the
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Figure 4.5. The posterior distributions for unit R2 diesel components. The component
level posteriors from BEB_derived model are shown in the left column of figures (a), (c),
(e) and (g) & the corresponding posteriors from the sampled mixture model BEB in the
right column of figures (b), (d), (f) and (h).

arithmetic averaging described in [17] in table 4.3, where the relative difference from the
benchmark is tabulated for both approaches. The pooled general posterior is denoted by
‘G’ and the nhew posterior by 'lambda_new’ in the column ’Unit’ in the table. The BEB
models used to obtain the posterior summaries on each row of the table are specified by
the same model abbreviations as utilised in the relative difference plots, and in this work
generally, in the column 'dat’.
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The mean and the percentiles are very similar for ey and pooled general posterior
for the non-mixture models BEB_cO and BEB_bmp. However, the mixture models have
larger differences observable: the e posterior from the sampled BEB model estimates
the mean an order of magnitude larger than the pooled general posterior from the same
model. The same applies to 95 % percentile. Also, the BEB_derived model overes-
timates the benchmark 5 % percentile by 250 % whereas the pooled posterior under-
estimates it only by -39 %. Therefore, at least for the diesels data, the pooled general
posterior replicates the benchmark results more reliably when considering the mixture
models but for the non-mixture models both approaches could be applicable in practice

as the differences are very small.

dat Unit a5 q50 q95 Mean
BEB G -8.35E+01 | -1.26E+01 | 7.89E+00 | -3.80E+00
BEB lambda_new | -7.98E+01 | -1.81E+01 | 2.16E+01 | 6.88E+01
BEB_derived | G -3.91E+01 | 6.25E+00 | -5.01E+00 | 2.28E+00
BEB derived | lambda_new | 2.57E+02 | 3.57E+01 | -3.59E+01 | 1.35E+01
BEB_c0 G -8.02E+01 | -1.21E+01 | 2.84E+00 | -5.71E+00
BEB_c0 lambda_new | -7.56E+01 | -1.60E+01 | 1.14E+01 | -3.96E+00
BEB_bmp G -6.93E+01 | -1.11E+01 | -6.70E+00 | -9.52E+00
BEB bmp lambda_new | -5.97E+01 | -1.49E+01 | -8.42E+00 | -1.12E+01

Table 4.3. Comparison of the general posterior mean and percentiles from the pooled
general posterior and new posterior with the diesels data.

4.1.5 BEB and GLMM Models Comparison with the Diesels Data

The relative differences from the benchmark for the GLMM’s are included in the figure
41a.

Visually, the Poisson GLMM produces the most widely differing estimates from the bench-
mark. Especially the unit O1 data with 5 failures for the two components in the unit but
widely differing observation times — 101870 hours for the component 1 and only 1000
hours for component 2 — seems to be the source of problematic fit for the Poisson GLMM.

The negative binomial GLMM results in estimates for the mean that under estimate the
slightly the benchmark. The unit O1 causes larger under estimate for the negative bino-
mial GLMM than the BEB models but performs more similarly to the benchmark than the
Poisson GLMM. Although, the negative binomial is more consistent when compared to
the Poisson GLMM, the performance seems visually less similar to the benchmark than
the BEB models.

The mean for the general posterior is estimated most accurately by the mixture model
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BEB_derived with the sampled BEB models producing very similar results and the GLMM'’s
produce the worst compliance to the benchmark.

4.1.6 MSE’s and MAE'’s for the Diesels Analysis Results

The overall performance of the models was also quantified using MSE (2.49) and MAE
(2.50) with the benchmark estimates (tabulated in appendix D starting from page 101)
used as a reference. The MSE’s of ¢ posterior means and percentiles for all of the
models are shown in table 4.4 and MAE’s in table 4.5. For the GLMM’s MSE and MAE is
given only for the mean since the confidence intervals were not calculated.

The quantified performance is in line with the visual observations above. The MSE and
MAE results differ slightly from each other. Based on the MSE’s, the BEB_cO performs
most similarly to the benchmark. The BEB_bmp model has the smallest MAE’s compared
to all other BEB models excluding the mean, for which the BEB_c0 model results in the
smallest MAE. The BEB_derived model obtains smallest MSE for the 50 % percentile
despite the multimodality and otherwise non-satisfactory performance but the MAE is
largest for the BEB_derived model. These results probably reflect the erratic estimates
of the BEB_derived model observed in figure 4.1b.

5% 50 % 95 % Mean
BEB_derived 8.293E-07 | 4.819E-07 | 1.670E-06 | 3.769E-07
BEB 2.260E-07 | 7.576E-07 | 3.789E-07 | 2.162E-07
BEB_c0 2.175E-07 | 7.124E-07 | 1.317E-07 | 2.119E-07
BEB_bmp 2.033E-07 | 7.204E-07 | 1.447E-07 | 2.460E-07
GLMM Poisson | NA NA NA 1.351E-06
GLMM NB NA NA NA 3.177E-07

Table 4.4. MSE's for the diesels.

The Poisson GLMM performs overall least similarly to the benchmark as the MSE for the
mean is an order of magnitude larger than for the BEB models. Also, the negative binomial
GLMM results in larger MSE and MAE for the mean than the sampled BEB models, but
smaller than the BEB_derived model.

4.1.7 Diesel Analysis Results Summary

In summary, evaluated visually from the relative difference bar graphs 4.1 and based on
the MSE’s 4.4 & MAE’s 4.4 the BEB_bmp model seems to perform overall most similarly
to the benchmark results.

The BEB_derived model overestimates the 5 % percentile and underestimates the 95 %



5% 50 % 95 % Mean
BEB_derived 6.571E-04 | 5.122E-04 | 1.216E-03 | 4.654E-04
BEB 2.747E-04 | 3.866E-04 | 5.202E-04 | 2.555E-04
BEB _c0 2.504E-04 | 3.638E-04 | 3.190E-04 | 2.155E-04
BEB_bmp 1.985E-04 | 3.367E-04 | 2.222E-04 | 2.407E-04
GLMM Poisson | NA NA NA 7.321E-04
GLMM NB NA NA NA 3.397E-04
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Table 4.5. MAE's for the diesels.

percentile more than the fully sampled models, since the variance is underestimated for
the model parameters when the estimates for the i’s are calculated based on sampled
= ( ; ;c) instead of sampling also the j’s. The underestimated variance leads to
a multimodal general posterior, that differs from the benchmark reference posterior and
the corresponding posteriors for the other BEB models. However, the mean and per-
centiles for the pooled general posterior are quite similar to the benchmark despite the

multimodality.

The GLMM mean estimates deviate more from the benchmark results than the sampled
BEB models.

4.2 Pumps

The results of the analysis for the pumps data are presented in this section.

4.2.1 Model Fit Details and Analysis for Fitted Models with the
Pumps Data

Convergent BEB model simulations were obtained for the pumps data with identical sim-
ulator settings as for the diesels data detailed in the previous section but with the follow-
ing adapt_delta settings: adapt_delta = 0.8 was used for all model variants except
BEB_derived required adapt_delta = 0.85 for divergence free sampling results. The
mean execution times for the three chains including burn-in period for the model fits were
7:55 s (BEB), 5:05 s (BEB_derived), 3:09 s (BEB_c0) and 3:53 s for (BEB_bmp) model.

Similarly to the diesels, without Stan throwing any warnings on divergences, the ew
parameter (defined as lambda in the Stan model) in the BEB model had one divergent
transition, which could not be avoided by changing the adapt_delta setting. All other
parameters converged for the BEB model as shown in figure E.8. The trace plots for

new Were almost divergence free (small divergent transitions can be seen in all models,
implying that convergence for the parameter is more difficult to achieve with the pumps
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data than the diesels data) as shown in figure E.9 for the three other BEB model variants.

The autocorrelation plots for the model parameters are shown in the appendix in figures
E.10, E.11, E.12 and E.13. The amount of correlation shown in the plots was considered
acceptable with only parameters ; having any discernible correlation.

With the pumps data, the negative binomial GLM model fit resulted a boundary (singular)
fit for unknown reasons.

fit.glmm.nb <- glmer.nb(Faults ~ 1 + (1 | Unit),
offset = log(Time),
data = pumps

)
## boundary (singular) fit: see help(”isSingular?)

This produces zeros for the random effect part and thus a common estimate for the mean
for all units for the negative binomial model. For this reason the relative difference results
for the pumps shown in figure 4.6a are only due to the difference of the common value for
all units from the benchmark for each unit.

4.2.2 Relative Difference from the Benchmark Results for the Pumps
Data

The relative differences results of the mean and 5 %, 50 % & 95 % percentiles of the
posteriors for the pumps data are shown in figure 4.6. The results are also given in abso-
lute value bar graphs in the appendix in figure E.15 and in tabular format in tables C.10,
C.12, C.14 and C.16 starting from page 92. The GLMM model results are commented in
detail in a sub-section below starting from page 51.

The visual observations are very similar to the diesels discussed above. For most units,
the BEB_bmp model results in closest estimates to the benchmark compared to BEB and
BEB_c0. However, the deviations from the benchmark are slightly larger with the pumps
data than with the diesels data especially for the mean and 50 % percentile. The data
from units B2, F3, O3 & R4 seems to lead to especially discernible deviations from the
benchmark. The BEB_derived model behaves similarly to BEB and BEB_cO models when
estimating the mean, but exhibits controversial performance for the percentiles. For the
95 % percentile, the BEB_derived model results in comparable estimates to the BEB_bmp
model for some units (F2, T1 & T2), but also the largest underestimates for many of the
other units including the units B2, F3, O3 & R4, which cause difficulties for all models as
well when considering the mean and 50 % & 95 % percentiles.

The BEB_derived model overestimates the 5 % percentile even more severely with the
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Figure 4.6. Comparison of the BEB model estimates to the benchmark for the pumps
data. The GLMM estimates are included for the mean. The bar plots show the relative
difference from the benchmark results for the mean and 5 %, 50 % & 95 % percentiles of
the posterior distribution for j of each unit j.

pumps data compared to the diesels data as shown in figure 4.6d (the figure is scaled to
show relative differences of the other models more clearly but excluding the BEB_derived
results). The BEB_derived model overestimates the 5 % percentile by 900 - 1000 % for
the units B2, F3 & O3 and by approximately 250 % for most of the other units.

Similar to the diesels, the 5 % percentiles are underestimated consistently by the sampled
BEB models for almost all units implying more mass on the lower tails of the posteriors
than the benchmark posteriors. However, the BEB_bmp model estimates also the 5 %
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percentiles very similarly to the benchmark.

Reason for the underestimates for the mean and 50 % percentiles (also less pronounced
underestimates are discernible for the 95 % percentile) in units B2, F3, O3 & R4 seems
to be, that all these units have zero failures observed in each unit. This implies, that
excessive number of zeros in the failure data poses difficulties for the models. In the
diesels data case above, the units F1 and T1 with small number of failures observed (zero
or 1 in the diesels case) caused the largest underestimates from the benchmark. These
results imply that the well known phenomenon of zero-inflation [p. 250][1] related to count
data modelled with Poisson distribution may play a role here. The fundamental reason for
the zero-inflation problem is the property of the Poisson distribution that the expectation
and variance of a Poisson distributed random variable X are equal i.e. E(X) = =
V ar(X).

Additionally, estimation problems that were hypothesised to be arising from largely dif-
ferent observation times with same number of failures discussed above for the unit O1
with the diesels data seems to gather more evidence here: the unit R4 has very different
observation times for its two component — 50110 hours for the component 1 and 5011072
for the component 2 — with zero failures observed for both. As a result, the mean and
percentiles for R4 are underestimated significantly compared to the other units. The less
than 100 % underestimates are however acceptable when compared to the potentially
500 % differences resulting from the choice of integration limits in the numerical integra-
tion approach [7].

Consistency in the obtained results between the sampled BEB model variants are re-
flected also with the pumps data in the posterior means for the hyper parameters ; ;cC
shown in table 4.6 for all the compared BEB models with the pumps data. The BEB_cO
model results in similar posterior means as the sampled mixture model BEB, which is
logical since the hyperpriors are the same in the two models, but the BEB_cO model is
missing the non-informative mixture prior term. Similar results are thus expected from
these models. Due to differing hyperprior, the BEB_bmp model obtains in this case also
clearly larger hyper parameter means than the BEB and BEB_c0 models.

Also similarly to the diesels data case, the ’lighter’  posterior tails from the BEB_derived
model with the j’s calculated are reflected in the standard deviations of the hyperparam-
eter posteriors as shown in table 4.7. The BEB_derived models standard deviation for
the parameter is 0:57 and for parameter 0:61 times the corresponding statistic for the
sampled mixture model BEB.

The mean and 50 % & 95 % percentiles for the general posterior denoted by G’ in the
relative difference plots differ very little from the benchmark with the pumps data. All
models result in estimates for the mean that are at maximum 12 % from the benchmark.
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alpha beta C
BEB 5.0975E-01 | 2.7415E+04 | 7.1667E-03
BEB_derived | 2.4926E-01 | 1.1557E+04 | 1.4647E-02
BEB_c0 6.0260E-01 | 3.4107E+04 | NA
BEB_bmp 8.9111E-01 | 5.4728E+04 | NA

Table 4.6. The posterior means for the hyper parameters

with pumps data.

; C of the compared models

alpha beta C
BEB 1.5119E-01 | 1.0593E+04 | 9.9981E-03
BEB_derived | 8.6409E-02 | 6.5119E+03 | 2.0946E-02
BEB c0 1.7639E-01 | 1.2400E+04 | NA
BEB_bmp 2.7245E-01 | 1.9938E+04 | NA

Table 4.7. The posterior standard deviations for the hyper parameters
pared models with pumps data.

: ¢ of the com-

4.2.3 Full General Posterior Comparison with the Pumps Data

The full general posterior distributions for g from the models BEB, BEB_derived, BEB_cO
& BEB_bmp are shown in figure 4.7. The reference plot of the benchmark posterior from
[31] is shown in figure 4.8. As with the diesels, the shapes of the posteriors from the
sampled BEB models are very similar to the benchmark generic posterior. The posteriors
from BEB, BEB_cO and BEB_bmp are very similar to the benchmark distribution shown
in figure 4.8. Visually it is difficult to evaluate the similarity, but the middle part of the
posteriors is probably most similar to the benchmark in the BEB_bmp model posterior in
figure 4.7d.

The posterior from the BEB_derived model shown in figure 4.7b has the same mul-
timodality present as was observed with the diesels data. The mechanism producing
such general posterior is exactly the same as described above using the unit R2 in the
diesels case as an example: the larger standard deviation of the sampled models result
in smoother pooled posteriors whereas the peaked component level posteriors from the
BEB_derived model leads to the observed multimodality.

4.2.4 Comparison of Pooled General Posterior and New Component
Posterior Results with the Pumps Data

The mean and percentiles calculated from the pooled general posterior included in the
relative difference bar graphs in figure 4.6 as the unit G and the same summary statistics
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Figure 4.7. The general posterior distribution for g for pumps from the Stan models (a)
BEB (b) BEB_derived, (c) BEB_cO0, (d) BEB_bmp.

from the posterior new parameter are compared in table 4.8.

The differences between the pooled general posterior and ey are also almost iden-
tical to the diesels data case: the mean for the BEB model and 5 % percentile for the
BEB_derived model are overestimated greatly when calculated from the e posterior
compared to the pooled general posterior. Otherwise the pooled posterior results in esti-
mates closer to the benchmark than the new approach. For the non-mixture models, the
differences are so small that both approaches could be used in practice to emulate the
original BEB model.
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Figure 4.8. The general posterior distribution for
TCode algorithm.

for pumps from [31] produced by the

dat Unit a5 50 q95 Mean

BEB G -9.32E+01 | -2.51E+01 | 1.55E+01 | -5.59E+00
BEB lambda_new | -9.04E+01 | -83.41E+01 | 3.17E+01 | 9.73E+02
BEB_derived | G 1.74E+02 | -3.24E+00 | 1.92E+01 | -1.45E+00
BEB derived | lambda_new | 2.10E+03 | 7.73E+01 | -1.27E+01 | 3.78E+01
BEB_c0 G -8.68E+01 | -2.20E+01 | 8.69E+00 | -7.85E+00
BEB_c0 lambda_new | -8.17E+01 | -3.17E+01 | 1.41E+01 | -5.64E+00
BEB_bmp G -5.53E+01 | -1.43E+01 | -5.11E+00 | -1.16E+01
BEB_bmp lambda_new | -1.93E+01 | -1.75E+01 | -9.54E+00 | -1.38E+01

Table 4.8. Comparison of the general posterior mean and percentiles from the pooled
general posterior and new posterior with the pumps data.

4.2.5 BEB and GLMM Models Comparison with the Pumps Data

The relative differences from the benchmark for the GLMM'’s are included in the figure
4.6a

As discussed above, the negative binomial GLM model fit resulted a singular fit, which
produces zeros for the random effect part and thus a common estimate for the mean
for all units for the negative binomial model. This is seen clearly in the absolute value
bar graph in figure E.15a. Therefore, the behaviour of the negative binomial GLMM in
the relative differences plot in figure 4.6a does not convey any useful information on the
models performance.

The Poisson GLMM underestimates the benchmark for most of the units and reacts even
more aggressively to the unit R4 data than the BEB models, but on the other hand obtains
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also the closest estimate to the benchmark for the unit F2. The overall behaviour however
seems erratic and the models estimate for the general mean deviates more from the
benchmark than the other models.

The results for the pumps data imply, that similar estimates to the original BEB model are
not achievable with the GLMM’s.

4.2.6 MSE’s and MAE’s for the Pumps Analysis Results

The MSE’s for all of the models and posterior summary statistics for the pumps are shown
in table 4.9 and the MAE’s in table 4.10 . The MSE’s and MAE'’s reflect the visually
observed performance: the BEB_bmp model results in the smallest MSE and MAE for
all statistics, although MAE for the mean is very slightly smaller for the BEB_cO model.
Overall, the BEB_bmp model seems to perform most similarly to the benchmark model
implementation.

The BEB_derived model has the largest MSE’s ans MAE’s from the BEB models, al-
though MAE for the 50 % percentile is slightly less than MAE for the sampled mixture
model BEB.

The MSE for the negative binomial GLMM mean estimate is two orders of magnitude
larger than the other models, since the singular model fit resulted in a common mean es-
timate for all units. The Poisson GLMM mean estimate deviates more from the benchmark
than the BEB models including the BEB_derived model.

5% 50 % 95 % Mean
BEB_derived 4 225E-11 | 1.186E-11 | 2.813E-10 | 2.342E-11
BEB 5.499E-13 | 9.978E-12 | 6.930E-11 | 6.948E-12
BEB_c0 3.834E-13 | 7.653E-12 | 2.677E-11 | 4.381E-12
BEB_bmp 1.261E-13 | 3.935E-12 | 1.564E-11 | 3.972E-12
GLMM Poisson | NA NA NA 3.714E-11
GLMM NB NA NA NA 1.024E-10

Table 4.9. MSE'’s for the pumps.

4.2.7 Pumps Analysis Results Summary

The main observation for the pumps modelling results is that based on the MSE’s 4.9 and
MAE’s 4.10 and visual observations from the relative difference bar plots in figure 4.6 the
non-mixture model BEB_bmp with the special hyperprior used in the benchmark analysis
produces the most similar results to the benchmark document model implementation.

The multimodal general posterior resulted from the BEB_derived model similarly to the



5 % 50 % 95 % Mean
BEB_derived 4.190E-06 | 2.761E-06 | 1.619E-05 | 4.043E-06
BEB 6.264E-07 | 2.882E-06 | 7.205E-06 | 2.149E-06
BEB_c0 5.207E-07 | 2.465E-06 | 4.445E-06 | 1.561E-06
BEB_bmp 2.463E-07 | 1.507E-06 | 2.859E-06 | 1.576E-06
GLMM Poisson | NA NA NA 5.373E-06
GLMM NB NA NA NA 7.386E-06

53

Table 4.10. MAE's for the pumps.

diesels data case due to underestimated variance of the component level posteriors for
i's.

The negative binomial GLMM did not produce useful information, since the pumps data
lead to a singular model fit due to reasons that were not understood. The Poisson GLMM
resulted in mean estimate that deviated more from the benchmark than the BEB models.

4.3 Valves Data in ZEDB Format

The results of the analysis for the valves data in ZEDB format are presented in this sec-
tion.

4.3.1 Model Fit Details and Analysis for Fitted Models with the
Valves Data in ZEDB Format

For valves in ZEDB data format convergent simulations were obtained with otherwise
identical simulator settings as for the diesels and pumps data detailed in the previous
section, but with the following adapt_delta settings: adapt_delta = 0.8 was used
for the non-mixture models and BEB required adapt_delta = 0.99 & BEB_derived
adapt_delta = 0.95 for divergence free sampling results.

For the mixture model BEB_derived, the
ble in the trace plot shown in figure E.17. However, Stan did not throw any warnings on

parameter had still divergences that are visi-

divergences, which implies that the amplitude of the divergences are such that the thresh-
old for a warning was not exceeded similarly to the pew Simulation chains for some of
the models with the diesels and pumps data. The lambda parameter in the Stan models
corresponding to new had also these under the threshold divergences visible in the trace
plots in figure E.16 for the BEB model. The BEB_cO model also had small divergences for

new but BEB model did not as illustrated in figure E.18.

Changing settings of the sampler did not resolve the convergence problem of the param-
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eter for the non-sampled mixture model. It was hypothesised that the cause of these
divergences could be difficulties in reaching a fit due to the fact that there are 8 from the
14 units with zero failures. It was also suspected that the valves data with ZEDB data
format with only one observation per unit could lead to to difficulties in reaching a conver-
gent fit. This was also a motive to repeat the model fitting for the valves data with data in
T-Book format i.e. with data formatted on component level with several observed compo-
nents for each unit. Results of this experiment are discussed in the following subsection
starting from page 61. On the other hand, the simpler non-mixture models BEB_c0 and
BEB_bmp fitted without convergence issues for the parameter  using the same simulator
settings as for the diesels and pumps data.

The mean execution times for the three chains including burn-in period for the model fits
were 13:48 s (BEB), 2:25 s (BEB_derived), 1:54 s (BEB_c0) and 0:94 s for (BEB_bmp)
model.

The autocorrelation plots for the model parameters are shown in the appendix in figures
E.19, E.20, E.21 and E.22. With the valves data in ZEDB format, the amount of corre-
lation shown in the plots was considered acceptable with only parameters ; having
any discernible correlation for most of the models. The BEB_cO model resulted in slightly
more correlation for the parameters ; than with the diesels and pumps data. Also, the
BEB model has suspicious correlation for the e parameter.

4.3.2 Relative Difference from the Benchmark Results for the Valves
Data in ZEDB Format

The convergence issues due to small number of divergences probably affected the analy-
sis results slightly for the mixture models BEB and BEB_derived but the comparison was
considered nevertheless viable.

The relative difference bar plots for the valves data are shown in figure 4.9. The results
are also given in absolute value bar graphs in the appendix in figure E.23 and in tabular
format in tables C.18, C.20, C.22 and C.24 starting from page 92.

Visually, it is clear especially from the 5 % 4.9d and 50 % 4.9b percentile results, that the
BEB model implementations proposed in this work do not produce sensible results for the
valves data in ZEDB format. The best estimates not clearly visible in figure 4.9d are in
the magnitude of 1E21 % from the benchmark results. For the 50 % percentile in figure
4.9b, the best estimates are in the magnitude of 1E07 % from the benchmark. The mean
4.9a and 95 % percentile results 4.9c are more acceptable, since the estimates are for
most units within a 100 % difference from the benchmark.

The 95 % percentiles are underestimated compared to the benchmark results consis-
tently. This implies that the upper tails of the unit level posteriors have less mass than the
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Figure 4.9. Comparison of the BEB model estimates to the benchmark for the valves
data in ZEDB format. The GLMM estimates are included for the mean. The bar plots
show the relative difference from the benchmark results for the mean and 5 %, 50 % & 95
% percentiles of the posterior distribution for j of each unit j.

results produced by the benchmark model implementation. The very large overestimates
for the 5 % and 50 % percentiles imply that the lower tail of the posteriors have less mass
than the benchmark posteriors.

Considering the relative differences from the benchmark mean, BEB_bmp and BEB_c0
seems to stand out again from the other BEB models, although the performance is more
varying from unit to unit than with the diesels and pumps data. The zero-inflation phe-
nomenon seems to be present also here, but the response of the models to the units with
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zero failures observed (units B1, F3, O1, 02, O3, R3, R4 and T1) is less systematic than
with the pumps data. The large underestimates of the BEB_derived model marks these
units but the sampled models either underestimate, overestimate or result in quite similar
estimates as the benchmark.

Despite the lack of systematic behavior in the mean estimates, the the 5 % and 50 %
percentile results imply, that the zero-inflated data causes serious difficulties for the BEB
models.

The consistent behaviour of the BEB, BEB_cO and BEB_bmp observed with the diesels
and pumps data is not visually discernible from the relative difference bar plot in figure
4.9a. The posterior means for the hyper parameter shown in table 4.11, imply that such
consistency is not present in the models, since the hyper parameter estimates are more
scattered for the models.

alpha beta c
BEB 2.7522E-01 | 2.8060E+05 | 1.7521E-02
BEB derived | 8.7319E-03 | 5.8325E-11 | 3.5430E-02
BEB c0 6.7699E-01 | 1.0489E+06 | NA
BEB_bmp 1.5505E+00 | 2.3934E+06 | NA

Table 4.11. The posterior means for the hyper parameters
with valves data in ZEDB format.

; ¢ of the compared models

alpha beta C
BEB 1.8616E-01 | 3.2723E+05 | 2.4184E-02
BEB_derived | 3.9715E-03 | 1.8549E-09 | 4.9737E-02
BEB c0 4.0077E-01 | 7.3135E+05 | NA
BEB_bmp 4.7117E-01 | 4.9573E+05 | NA

Table 4.12. The posterior standard deviations for the hyper parameters ; ;c of the

compared models with valves data in ZEDB format.

4.3.3 Full General Posterior Comparison with the Valves Data in
ZEDB Format

Since the percentile results differ greatly from the benchmark in this case, it was consid-
ered interesting to compare the full general posteriors to the corresponding distribution
given in the benchmark document. The full general posterior distributions for g from the
models BEB, BEB_derived, BEB_cO & BEB_bmp are shown in figure 4.10. The reference
plot of the benchmark posterior from [31] is shown in figure 4.11.
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Figure 4.10. The general posterior distribution for ¢ for the valves data in ZEDB format
from the Stan models (a) BEB (b) BEB_derived, (c) BEB_cO, (d) BEB_bmp.

For the valves data in ZEDB format, the posteriors from the BEB in figure 4.10a, BEB_c0
in figure 4.10c and in figure 4.10d differ significantly from the benchmark posterior 4.11.
All three BEB models places the posterior mass on higher values of ¢ than the original
BEB model. This explains the very large deviations of the 5 % and 50 % percentiles in
the relative difference plots 4.9d and 4.9b.

The multimodality issue with the BEB_derived model results in quite discontinuous pos-
terior histogram as shown in figure 4.10b. Note, that the x-axis in figure 4.10b has differing
upper limit than in the other three models and the reference in figure 4.11.
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Figure 4.11. The general posterior distribution for  for valves from [31] produced by the
TCode algorithm.

4.3.4 Comparison of Pooled General Posterior and New Component
Posterior Results with the Valves Data in ZEDB Format

The mean and percentiles calculated from the pooled general posterior included in the
relative difference bar graphs in figure 4.9 as unit the ‘G’ and the same summary statistics
from the posterior new parameter are compared in table 4.13.

dat Unit a5 50 q95 Mean

BEB G 4.33E+28 | 1.88E+12 | 1.31E+02 | 8.36E+01
BEB lambda_new | 1.41E+28 | 1.68E+12 | 8.06E+02 | 2.74E+06
BEB_derived | G 4.05E+31 | 3.05E+11 | 7.09E+02 | 1.54E+02
BEB derived | lambda_new | 4.82E+48 | 2.51E+28 | 5.46E+17 | 7.04E+17
BEB c0 G 3.81E+31 | 2.83E+12 | 2.72E+01 | 2.74E+01
BEB c0 lambda_new | 3.70E+31 | 2.77E+12 | 5.27E+01 | 4.07E+01
BEB _bmp G 1.16E+33 | 3.75E+12 | -1.19E+01 | 1.04E+01
BEB_bmp lambda_new | 1.20E+33 | 3.97E+12 | -6.84E+00 | 1.66E+01

Table 4.13. Comparison of the general posterior mean and percentiles from the pooled
general posterior and ey posterior with the valves data in ZEDB format.

For the valves data in ZEDB format, the BEB_bmp model results in general posterior esti-
mates for the mean and 95 % percentile that are closest to the benchmark. The mean and
some of the percentile estimates from the mixture models are even more overestimated
than using the pooled general posteriors, especially from the BEB_derived model. For
the non-mixture models the results are practically identical for both approaches. There-
fore, the new Seems viable alternative also in this case for the non-mixture models.



59

4.3.5 BEB and GLMM Models Comparison with the Valves Data in
ZEDB Format

Relative differences from the benchmark mean comparing the performance of BEB and
GLM models for the valves in ZEDB data format are included in the figure 4.9a.

Interestingly, the relative difference results for the mean estimates visualised in figure
4.9a imply that the GLMM models seem to perform better than the BEB models in the
valves case. Reason for this was hypothesised to be related to how the models perform
with zero-inflated data: The GLMM’s might be more tolerant for the excessive number of
zeros.

Another peculiar result is that the Poisson and negative binomial GLMM’s produce iden-
tical results with the valves data in ZEDB format. The reason for this was not understood
thoroughly, but it was hypothesised that having only one observation per unit in the ZEDB
data format interferes with the clustering assumption somehow. In other words, if the
clusters contain only one observation, modelling of the clusters with GLMM’s does not
work as intended. The rationale for this was investigated further in the scope of this work,
since the GLMM'’s are not the core content of the thesis.

4.3.6 MSE’s and MAE'’s for the Valves in ZEDB Format Analysis
Results

The MSE’s for all of the models and their posterior summary quantities for the valves data
in ZEDB format are shown in table 4.14 and the MAE’s in table 4.15.

The BEB model results in the smallest MSE for the mean estimate by an order of magni-
tude when compared to the other BEB models. The large MSE for visually well perform-
ing BEB_bmp model mean estimates seems to be caused by the large deviations from the
benchmark for units R2, R3, R4. However, the MAE for the same statistic is the second
largest for BEB_bmp model, which implies that the outliers affecting the MSE is not the
most fundamental explanation. The BEB_bmp seems to generally overestimate the failure
rate most severely with zero-inflated data.

The MSE’s and MAE’s for the GLMM'’s are almost identical for the ZEDB data format as
expected by the visual observation of their similarity in figure 4.9a.

In general, the MSE’s and MAE’s appear to be less informative for comparing the models
in the valves data case. The full posteriors and their summaries indicate more clearly
what is happening. As already discussed above, more mass is placed on the posteriors
to higher values of ’s when analysing the data with the BEB models proposed in this
work. Since the valves data contains the largest proportion of zero observed failures, the
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main reason behind the dramatically differing results compared to the benchmark appears
to be the zero-inflated data.

5% 50 % 95 % Mean
BEB_derived 1.587E-11 | 1.599E-11 | 7.360E-11 | 4.745E-12
BEB 9.127E-14 | 2.432E-12 | 4.207E-11 | 1.008E-13
BEB_c0 3.171E-14 | 5.296E-13 | 8.775E-11 | 9.964E-13
BEB_bmp 2.900E-14 | 3.497E-13 | 1.206E-10 | 2.102E-12
GLMM Poisson | NA NA NA 5.083E-13
GLMM NB NA NA NA 5.073E-13

Table 4.14. MSE's for the valves data in ZEDB data format.

5 % 50 % 95 % Mean
BEB_derived 1.329E-06 | 1.341E-06 | 4.006E-06 | 8.788E-07
BEB 1.244E-07 | 6.745E-07 | 2.332E-06 | 2.611E-07
BEB_c0 9.074E-08 | 4.935E-07 | 2.877E-06 | 3.857E-07
BEB_bmp 1.196E-07 | 5.238E-07 | 3.292E-06 | 4.732E-07
GLMM Poisson | NA NA NA 3.015E-07
GLMM NB NA NA NA 3.014E-07

Table 4.15. MAE's for the valves data in ZEDB data format.

4.3.7 Valves in ZEDB Format Analysis Results Summary

Performance of the models with the valves data was found to be quite disappointing com-
pared to the analysis results for the diesels and pumps. The consistency between the
models observed with the diesels and pumps data was not present in the valves data
case.

The estimates for the 5 % and 50 % percentiles deviate radically from the benchmark
results for all BEB models. Similar deviations from the benchmark as with diesels and
pumps data, that were deduced to be caused by the zero-inflated data, are present also
with the valves data, but the largest deviations for the 5 % and 50 % percentiles do not
seem to arise from the units with zero failures observed. Although, the results were
more difficult to interpret in the valves data case, it was deduced that, since the valves
data contains the largest proportion of zero observed failures, the main reason behind
the dramatically differing results compared to the benchmark arise from the zero-inflated
data.

Overall, similarly to the diesels and pumps, the pooled general posterior resulted in more

similar estimates to the benchmark than the ¢ approach for the valves data in ZEDB
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format.

The BEB_derived model produced multimodal general posterior also with the valves
data.

Surprisingly, the GLMM'’s seem to produce for most units more similar estimates to the
benchmark than the BEB models excluding the general posterior. It was hypothesised
that the GLMM’s cope better with heavily zero-inflated data, such as the valves data.

4.4 Valves Data in T-Book Format

The results of the analysis for the valves data in T-Book format are presented in this
section.

4.4.1 Model Fit Details and Analysis for Fitted Models with the
Valves Data in T-Book Format

Fitting of the models using the T-Book data format took considerably longer as the num-
ber of observations is 718 instead of 14 in the ZEDB format, where the number of failures
and observation times are summed for each unit before model fitting. To obtain diver-
gence free sampling, adapt_delta=0.99 was required for the BEB_derived model but
all other models converged with the default adapt_delta=0.8. However, similarly to the
ZEDB formatted data, the trace plots for parameter for the model BEB_derived showed
still small number of divergent transitions although Stan did not throw any warnings for
divergences. The trace plots for the BEB_derived model are shown in figure E.24.

The mean execution times for the three chains including burn-in period for the model fits
were 13 min. 41 s (BEB), 3 min. 26 s (BEB_derived), 4 min. 25 s (BEB_c0) and 4 min.
20 s for (BEB_bmp) model.

The autocorrelation plots for the model parameters are shown in the appendix in figures
E.25, E.26, E.27 and E.28. Similarly to the diesels and pumps data, the amount of cor-
relation shown in the plots was considered acceptable with only parameters ; having
any discernible correlation. The BEB_c0 model resulted in slightly more correlation for the
parameters ; than the other models.

4.4.2 Relative Difference from the Benchmark Results for the Valves
Data in T-Book Format

The relative difference bar plots for the valves data are shown in figure 4.12. The results
are also given in absolute value bar graphs in the appendix in figure E.29 and in tabular
format in tables C.26, C.28, C.30 and C.32 starting from page 92.
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Similarly to the analysis with data in ZEDB format, the estimates for 5 % E.29d and 50
% E.29b percentiles differ radically from the benchmark. The deviations are slightly less
severe with the T-Book data format, but the estimates are still very different from the
benchmark. For the 5 % percentiles the BEB_derived model results in such extreme
overestimates (shown in the absolute value bar graph in the appendix in figure E.29d)
that the model is excluded from the relative difference bar plot in figure 4.12d to allow the
comparison between the other models.

Although the results from the sampled BEB the mean and 95 % percentile are more
consistent with each other with the T-Book formatted data than with the ZEDB format,
the estimates deviate much more from the benchmark than the corresponding estimates
with the ZEDB data. This is unexpected, since the benchmark results are obtained with
the data in T-Book format. Since zero-inflated data seem to be problematic for the BEB
models, it was deduced that more severe zero-inflation of the T-Book data causes the
observed result. That is, the T-Book formatted valves data have from a total of 718 ob-
servations 710 observations with zero failures, whereas the ZEDB formatted data have
zero failures observed for 8 units from a total of 14 units. Therefore, the zero-inflation
problem is exacerbated with the T-Book formatted data despite the fact that it is used in
the benchmark used as a reference.

However, it was considered peculiar that zero-inflated data was deduced to result in the
large underestimates observed with the pumps data in figure 4.6a, but the above hy-
pothesis tries to explain the large overestimates observed with valves in T-Book format
compared to ZEDB format with the same zero-inflation argument. It is possible that zero-
inflation can lead to bad estimates in either direction depending on other properties of the
data, but the exact rationale for this was not understood.

The posterior means for the hyper parameters ; ;c with the valves data in T-Book for-
mat are shown in the table 4.16. The hyperparameter estimates differ greatly for the
parameter in the BEB model depending on the data formatting. Also, the estimates
for the parameter ¢ are two orders of magnitude smaller for the T-Book formatted data
compared to ZEDB formatting. However, the rationale (if there is any) that leads to these

differences was not understood thoroughly.

alpha beta C
BEB 1.1807E-01 | 5.6918E+04 | 3.4666E-04
BEB derived | 2.5773E-04 | 4.3947E-11 | 8.4674E-04
BEB c0 1.1823E-01 | 5.6962E+04 | NA
BEB_bmp 1.1964E-01 | 5.7069E+04 | NA

Table 4.16. The posterior means for the hyper parameters
with valves data in T-Book format.

; ¢ of the compared models
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Even the general posterior mean — which has been very similarly estimated to the bench-
mark by the BEB_bmp model for the diesels, pumps and valves data in the ZEDB format —
is overestimated with the T-Book formatted valves data by more than 150 % compared to
the benchmark. However, keeping in mind the 500 % differences caused by the heuristic
selection of the integration ranges in the original algorithm [7, 9], the maximum deviations
of 350 % can be considered to be within acceptable accuracy.

Estimates for the 95 % percentile exceed the 500 % ’limit’ for several units.
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Figure 4.12. Comparison of the BEB model estimates to the benchmark for the valves
data in T-Book format. The GLMM estimates are included for the mean. The bar plots
show the relative difference from the benchmark results for the mean and 5 %, 50 % & 95
% percentiles of the posterior distribution for j of each unit j.
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4.4.3 Full General Posterior Comparison with the Valves Data in
T-Book Format

The full general posterior distributions for ¢ with the valves data in T-Book format from
the models BEB, BEB_derived, BEB_cO & BEB_bmp are shown in figure 4.13. The ref-
erence plot of the benchmark posterior from [31] is shown in figure 4.11 in the previous
section.

-
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Figure 4.13. The general posterior distribution for ¢ for the valves data in T-Book format
from the Stan models (a) BEB (b) BEB_derived, (c) BEB_c0, (d) BEB_bmp.

The general posteriors from the sampled BEB model BEB (figure 4.13a), BEB_cO (figure
4.13c) and BEB_bmp (figure 4.13d) with the valves data in T-Book format are more sim-
ilar to the corresponding benchmark distribution in figure 4.11 than the posteriors using
ZEDB formatted valves data in figure 4.10. Also, the BEB_derived model now results in
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posterior without multimodality. The posteriors from the sampled BEB models are almost
identical without visually discernible differences, whereas the general posterior from the
BEB_derived model is 'narrower’ in shape — it has even less mass on the upper tail. This
reflects the underestimated variance of the non-sampled model as observed above with
the other component groups.

4.4.4 Comparison of Pooled General Posterior and New Component
Posterior Results with the Valves Data in T-Book Format

The mean and percentiles calculated from the pooled general posterior included in the
relative difference bar graphs in figure 4.12 as unit ‘G’ and the same summary statistics
from the posterior new parameter are compared in table 4.13.

dat Unit a5 50 q95 Mean

BEB G 1.66E+25 | 2.01E+11 | 3.69E+02 | 1.77E+02
BEB lambda_new | 1.37E+25 | 2.79E+11 | 5.36E+02 | 2.69E+02
BEB_derived | G 8.00E+31 | 6.52E+10 | -9.76E+01 | -1.55E+01
BEB derived | lambda_new | 9.72E+46 | 7.16E+26 | 1.50E+16 | 1.98E+16
BEB_c0 G 1.67E+25 | 2.08E+11 | 3.70E+02 | 1.78E+02
BEB_c0 lambda_new | 1.70E+25 | 2.38E+11 | 4.97E+02 | 2.63E+02
BEB bmp G 2.01E+25 | 2.14E+11 | 3.73E+02 | 1.80E+02
BEB _bmp lambda_new | 4.81E+25 | 4.10E+11 | 5.07E+02 | 2.66E+02

Table 4.17. Comparison of the general posterior mean and percentiles from the pooled
general posterior and e posterior with the valves data in T-Book format.

For the sampled BEB models the pooled general posterior and e posterior results are
practically identical. However, since both approaches for the general posterior estimate
the 5 % and 50 % percentiles dramatically differently than the original BEB model imple-
mentation, the results do not provide any evidence to support either approach. For the
BEB_derived model, the ey approach results in extreme overestimates.

For the general posterior, the BEB_derived model provides surprisingly the closest es-
timates to the benchmark for mean and 50 % and 95 % percentiles. However, general
conclusions about the performance of the model cannot be drawn on the basis of re-
sults concerning one data set. For the 5 % percentile, the BEB_derived model results in
extreme overestimates.

Generally, since the general posteriors and their summaries are radically different from
the benchmark for all BEB models, any generally applicable conclusions cannot be made.
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4.4.5 BEB and GLMM Models Comparison with the Valves Data in
T-Book Format

Relative differences from the benchmark mean comparing the performance of BEB and
GLM models for the valves in T-Book data format are included in the figure 4.12a.

By visual inspection, the GLMM’s seem to result in much more similar results to the
benchmark than the BEB models for the valves data in T-Book format. Especially the
negative binomial GLMM produces mean estimates that are most similar to the bench-
mark for most of the units. The GLMM'’s similarity with the benchmark applies also to the
general posterior mean estimates.

4.4.6 MSE’s and MAE’s for the Valves in T-Book Format Analysis
Results

The MSE’s for all of the models and their posterior summary quantities for the valves data
in T-Book format are shown in table 4.18 and MAE’s in table 4.19.

5 % 50 % 95 % Mean
BEB_derived 4.549E-17 | 1.981E-16 | 6.721E-11 | 4.647E-12
BEB 1.089E-30 | 2.140E-15 | 5.602E-11 | 1.136E-12
BEB_c0 1.078E-30 | 2.007E-15 | 5.572E-11 | 1.130E-12
BEB_bmp 1.605E-30 | 2.131E-15 | 5.689E-11 | 1.160E-12
GLMM Poisson | NA NA NA 5.084E-13
GLMM NB NA NA NA 2.621E-12

Table 4.18. MSE's for the valves data in T-Book data format.

Similarly to the MSE’s calculated for the valves data in ZEDB format, the visual obser-
vations and the MSE’s seem to be detached from each other: the smallest MSE for the
mean is achieved by the Poisson GLMM instead of the negative binomial GLMM, which
seemed to obtain more similar estimates to the benchmark when evaluated visually from
figure 4.12a. It was deduced that the unexpectedly large MSE for the negative binomial
GLMM was caused by the large deviations from the benchmark compared to the Poisson
GLMM for the units B2 and R2.

The MAE'’s in table 4.19 was therefore expected to result in different ordering of the mod-
els. However, the Poisson GLMM obtains also the smallest MAE and was therefore con-
cluded to estimate the mean most similarly to the benchmark.

Similarly to the visual difference seen in the relative difference plots, the MSE’s and MAE’s
indicate that the BEB and BEB_cO estimate the percentiles most similarly to the bench-



5% 50 % 95 % Mean
BEB_derived 5.133E-09 | 1.080E-08 | 3.611E-06 | 8.257E-07
BEB 9.237E-16 | 3.411E-08 | 7.388E-06 | 1.059E-06
BEB_c0 9.443E-16 | 3.384E-08 | 7.371E-06 | 1.056E-06
BEB_bmp 1.149E-15 | 3.550E-08 | 7.441E-06 | 1.069E-06
GLMM Poisson | NA NA NA 3.015E-07
GLMM NB NA NA NA 5.019E-07
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Table 4.19. MAE's for the valves data in T-Book data format.

mark. Since the percentiles result are dramatically overestimated, detailed comparison
between the models was not considered fruitful.

4.5 Summary and Comparison of the Analysis Results with Valves
Data in T-Book and ZEDB Format

Interestingly, the GLMM models seem to perform better than the BEB models in the valves
case as shown in 4.9a & 4.12a and supported by the MSE’s and MAE’s. This applies to
both ZEDB and T-Book formatting of the valves data. For some units the GLMM’s result
even closer estimates to the benchmark than the BEB_bmp and BEB_cO models, which
resulted in the most similar estimates to the benchmark for the diesels and pumps data.

Another interesting observation is that the data format leads to visually differing perfor-
mance for all models, as evident by comparing the relative difference plots with ZEDB data
format in figure 4.9 and with T-Book data format in figure 4.12. Although the results were
slightly more similar to the benchmark for the 5 % and 50 % percentiles when analysing
the valves data in T-Book format used also in the benchmark analysis, it was surprising
that the mean and 95 % percentile were estimated especially by the BEB_bmp and BEB_cO
models more similarly to the benchmark using the ZEDB formatted data. This is reflected
also in MSE’s and MAE’s with both quantities smaller for the BEB_bmp and BEB_c0 mod-
els with the data in ZEDB format. This was deduced to be caused by the more severe
zero-inflation of the data in the T-Book format: 710 zeros from 718 observations in the
T-Book format versus 8 zeros from 14 observations in the ZEDB format.

For the GLMM’s, the ZEDB data format leads to a peculiar result: the Poisson and neg-
ative binomial GLMM'’s produce identical results. In comparison, with the T-Book data
format the negative binomial model produces estimates much closer to the benchmark
for several units when evaluated visually using the relative difference bar plots. Based
on the MSE’s and MAE’s, the Poisson GLMM performs more similarly to the benchmark
in overall. It was deduced that only one observation per cluster (unit) in the ZEDB data
format causes the identical results. The details of this conclusion were not investigated
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further in the scope of this work as the GLMM'’s are not core content of this thesis.

The general posterior mean estimate with the ZEDB data format is closest to the bench-
mark from the BEB_bmp model. With the T-Book data format, all sampled BEB models
produce almost identical estimates deviating more than 150 % from the benchmark.

The BEB_c0 models results in the smallest MSE and MAE for the mean among the BEB
models with both data formats. The MSE’s and MAE'’s for the GLMM’s are almost identical
for the ZEDB data format as expected by the visual observation of their similarity. With
both data formats, the GLMM'’s obtain even smaller MSE and MAE than the BEB_c0
model.

The zero-inflated valves data appeared to cause problems for the BEB models in both
data formats. However, the full posteriors resemble the benchmark much more closely
when using the T-Book format. On the other hand, the mean estimates are more similar
to the benchmark with ZEDB data. Therefore, more fruitful comparison on the effects
of the data format should be done with models including modifications for dealing with
zero-inflated data.
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5. DISCUSSION AND CONCLUSIONS

In this chapter the main results are summarised. Also, challenges related to further de-
velopment of models for the PRA application are discussed in this final chapter.

5.1 The BEB Model Structure

A fundamental line of investigation was aimed at establishing the structure of the BEB
model. The hierarchical structure of the model was deduced based on the information
given in Pérn’s summary paper [26] on the BEB model. The 'empirical’ hyperprior distin-
guishes the model from more conventional Bayesian hierarchical models where a model
structure consisting of a likelihood, prior and hyperprior is implemented directly. Modifying
the hyperprior p( ) by replacing it by the ’empirical’ hyperprior p( | Xp) = p(Xn | )pP( )
results in the BEB model utilised by TUD. A hierarchical factorisation for the joint posterior,
similar to conventional hierarchical models with simple hyperprior, can be therefore for-
mulated that is implementable by MCMC methods. Equation (2.9) for p ( n+1 | Xn+1) was
deduced to represent the marginal distribution for ; given the data. An approximation of
this marginal distribution can be obtained without any additional numerical integration,
when applying MCMC methods to implement the hierarchical model.

The Swalings thesis [p.35][30] implies that the non-informative term M'p( | o; o) of
the mixture prior has been removed from the BEB model due to criticism on its role in
the model. The analysis results in this work also imply that the BEB model implemen-
tation used in the benchmark document does not contain the mixture prior, since the
non-mixture models result in more similar estimates to the benchmark with all three com-
ponent groups.

Additional details on the hyperpriors not discussed in the Pérn’s summary paper [26] on
the BEB model were also found in the Swalings thesis [30]. Based on [p. 47][30] and
P6rn’s comments in the benchmark report [31], the special hyperprior (2.10) is utilised in
the benchmark analysis. The results in this work also imply this, as the BEB_bmp model
performs most similarly to the benchmark BEB model.

Swalings thesis also includes the claim that yet another variant of the hyperprior (2.11) is
used for observations with zero failures. This was considered a flawed idea to deal with
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zero-inflated data, since the basic assumption of the BEB model is a common hyperprior
for all observations. This assumption is r&flected in the mathematical form of the model
equations, where the marginal likelihood ~7 p (X; | ) is multiplied by the hyperprior p( )
instead of multiplying each term in the product by the hyperprior or hyperpriors with vary-
ing forms. Therefore, this approach was not considered applicable and its implementation
was not pursued.

Due to the conflicting information and incongruous ideas on the form of the hyperprior,
and since the comparison in this work is based on results obtained with the BEB model
implementation from 2004, a question remains: What is the hyperprior used in the BEB
model producing the current T-Book results?

5.2 Posterior Averaging and New Component Posteriors

Unit level and general posteriors were obtained by simply pooling the samples of the
posteriors for individual components. An unit level posterior combines the samples of the
i posteriors for components in that particular unit. For the general posterior, all samples
of the component level posteriors are pooled. This approach results in posteriors that are
proportional to the arithmetic averaging of component level posteriors described in [17].

The summary statistics of the pooled general posteriors were also compared to the new
posteriors proposed in this work for modelling the failure rate of a new component. Es-
timates from the e posteriors were found to be very similar to the pooled general
posteriors for the non-mixture models, but for the sampled mixture model and the mixture
model with the ;’s calculated based on the sampled ; the pooled general posterior
resulted in more similar estimates to the benchmark than the e approach. A caveat
of the nhew approach is that MCMC convergence for the e parameter was found to
be the most difficult reach. It was hypothesised that since the ey does not have di-
rect hierarchical connection to the likelihood (the likelihood depends on i’s, noton pew)
in the current Stan model implementation, this could be the reason for the convergence
problems. Due to the convergence issues and the lack of structural coherence of the ew
approach, it was suspected that there might be something fundamentally incorrect in the
idea.

Quick experiments were done to define separate Stan model with common = ., for
all components, but the resulting posteriors were found to be very different from the pos-
teriors obtained from the current Stan models. Further investigations with this variation for

new Was not within the scope of this work, but this idea could be an interesting starting
point for further work.
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5.3 Performance of the GLM Models

The validity of applying GLM models to the data with the units as the modelled clusters
was investigated by comparing the mean estimates from the GLMM’s to the benchmark
and the BEB models proposed in this work. For the diesels and pumps data, the mean es-
timates from the GLMM'’s deviated more from the benchmark than the BEB models. With
the valves data, the GLMM'’s resulted in more similar estimates in both ZEDB and T-Book
data formats than the BEB models, which seemed to suffer from the zero-inflated data.
Since this work only compared the similarity of the proposed models to the benchmark,
model comparison on what is the best model fit to the modelled data (and which model
comparison approaches are most suited for the BEB and GLM models) is an important
research question for future work. Therefore, irrespective of the results presented in this
work, GLMM'’s can be considered an interesting option for further model development.

5.4 General Observations from the Analysis Results

Modelling results from the sampled BEB models for the 5 % percentile for all component
groups deviate the most from the benchmark results. For the diesels and pumps data, the
5 % percentile is quite systematically underestimated for most units by 100 % relative to
the benchmark results. For valves in both data formats, the 5 % percentile is dramatically
overestimated. This probably due to the BEB models reacting to the zero-inflated data
and cannot be used to draw any generalising conclusions. However, when evaluating
model performance in general, the 5 % percentile is the least crucial summary statistic as
in [p. 52][30] and [33] it is commented that the 5 % percentile is rarely or never used as a
decision basis in PSA.

The BEB_derived model overestimates the 5 % percentile and underestimates the 95 %
percentile more than the fully sampled models, since the variance is underestimated for
the model parameters when the estimates for the i’s are calculated based on sampled

= ( ; ;c) instead of sampling also the i’s. The underestimated variance leads to
multimodal general posteriors.

The unit level mean estimates from the most similarly performing BEB_bmp model deviate
from the benchmark results for the diesels, pumps and valves in ZEDB & T-Book formats
less than 49:3 % (on average 9:1 %, 10:6 %, 31:6 % and 249.2 %, respectively, for
the three component groups), which can be considered an excellent result. The mean
estimates for the general posterior for the same component groups denoted by unit 'G’ in
the relative difference bar plots deviate 9:5 %, 11:6 %, 10:4 % and 180.1 %, respectively,
for the same three component groups, from the benchmark.

The BEB models produced consistently behaving estimates from each other for the diesels
and pumps data. The differences between the models were deduced to reflect the differ-
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ing hyperpriors or mixture versus non-mixture form of the models based on the differences
in posterior mean estimates for the hyper parameters . This was considered to imply that
the models are implemented correctly in structural sense and also in Stan.

The observations on the similarity of the models to benchmark from the relative difference
were confirmed quantitatively by the MSE’s and MAE'’s, although in few cases the visual
interpretations on the results and the MSE’s and MAE’s did not seem to match. The
MAE’s were found slightly more robust to few large deviations than the MSE’s. However,
it depends on how much weight is placed on singular large deviations when evaluating a
model performance, which is considered more appropriate metric.

5.5 Implementing the Model with MCMC Sampling

The problems observed with the the zero-inflated data were considered to be a issue
caused by the current model structure, or rather the form of the likelihood, not the MCMC
approach to implement the model. Implementing the model with MCMC provides sub-
stantial advantages over the original method of numerical integration described in [7].

The problems related to the heuristical selection of integration limits discussed at length
in [7, 16, 15] with differing choices leading to large differences in the resulting posteriors
are circumvented completely, since the sampled posteriors for each parameter from a
MCMC simulation are available immediately without the marginalisation (the multidimen-
sional integral to solve for p( n+1 | Xn+1) required in the original BEB method. Also, a
motive for developing simpler models — for example the PREB model in the past — has
been to avoid the complexity of the high dimensional numerical integration required in the
BEB model approach [33]. Employing MCMC methods to Bayesian hierarchical models
such as the BEB model using established software packages like Stan avoids these com-
plexities allowing the model developer to concentrate on the modelling issues instead of
computational problem solving.

One might ask then, why aren’t the MCMC methods used in the Pérn’s original BEB
algorithm and other similar models of the same era? Although the fundamental ideas
of MCMC techniques have been around from the 1950’s, employing MCMC methods in
statistics started to gain momentum starting from a seminal paper [11] published in 1990,
as outlined in [27] discussing historical developments of MCMC in statistics. Pérn’s work
for development of the model was done during the late 80’s deducing from the fact that
his dissertation was published in 1990 — just before the revolution of Bayesian methods
and application of MCMC by mainstream statisticians. This explains why the presenta-
tion of the model in [26] is quite different compared to how such Bayesian hierarchical
model and its solving strategy would be presented today, 35 years later with the current
understanding of Bayesian modelling and MCMC simulation.
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As a caveat, MCMC convergence issues can cause difficulties for the end user of a model
implementation without detailed knowledge on MCMC model fitting. However, the non-
mixture BEB models studied in this work converged reliably using Stan with the default
sampler setting even with the zero-inflated valves data. Therefore, once a structurally
coherent model has been implemented, serious issues with the convergence are not
expected based on experiences during this work. Additionally, Stan warns the user when
convergence issues are detected and thus potential problems with the model fit do not go
unnoticed.

5.6 Evaluating the Model Fit And Further Model Development

Since we do not have access to the original BEB models log-likelihood and other details of
the model fit, we face a problem when quantitatively evaluating the fit of potential models
— including the original BEB model — to the data. We have the results from the original
BEB model implementation model as the given mean and percentiles, but we do not
have access to the details that would allow evaluating the original BEB model fit to the
data using conventional model comparison methods such as the Bayes factors, BIC’s or
WAIC [183, 34, 35]. That is unless a model implementation is realised, that replicates the
original results so well that it can be considered equivalent in practical sense to the original
BEB model. However, spending unlimited amount of time and resources to replicate the
original model is not probably justified, since developing a model that obtains acceptable
fit to the data and has similar properties as the BEB model, such as robustness to outliers,
would fulfill the practical requirements as well or better as the BEB model used since the
90’s. Additionally, the publications discussing the BEB model do not contain any results
on how the model fits the data, and therefore we do not have any evidence on how ’good’
or ’correct’ the original model is.

As already noted above, data with large number of zero observed failures — as the valves
data in T-Book data format in the benchmark data context — causes the greatest chal-
lenge for the MCMC models proposed in this work. This is not unexpected as the zero-
inflation is a widely known problem when modelling count data [p. 250][1]. For modelling
zero-inflated data, zero-inflated Poisson (ZIP) [p. 251][1], zero-inflated negative binomial
(ZINB) [p. 252][1] or hurdle models [p. 252][1] are employed in frequentist inference. Also,
discrete Weibull distribution has been suggested for zero-inflated data [36]. In ecological
modelling a log normal Poisson [p. 61][24] has been employed in hierarchical Bayesian
context successfully for zero-inflated data and could be an approach worth investigating
for modelling failure data that can potentially contain components with failures realising
rarely.

In the form proposed in this work, the model does not include any measures for dealing
with zero-inflated data. Investigating whether combining the ZIP, ZINB or hurdle models
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on the likelihood level to the Bayesian hierarchical model framework employed in this work
could be an interesting idea towards a model that can be used more reliably for analysing
failure data including components such as the valves in the benchmark data. Since the
ZEDB approach uses Poisson likelihood but a log normal prior [7] instead of gamma in its
otherwise similar hierarchical model, investigating applicability of the log normal Poisson
likelihood as in [24] seems appealing.

5.7 Final Conclusions

In summary, the MCMC implemented BEB model with the non-mixture gamma prior and
the special hyperprior utilised in the benchmark document resulted in very similar mean
and percentile results as the benchmark document analysis when applied to failure data
such as the diesels and pumps in the benchmark data set. However, zero-inflated data —
such as the valves data in the benchmark data set — was not modelled successfully, since
the implemented model structure does not include any countermeasures to adjust for the
shortcomings of the Poisson distribution with zero-inflated data. The robustness of the
original BEB model implementation was not achieved either, but it was concluded based
on the analysis results in this work, that the main reason causing the lack of robustness
is due to the zero-inflation issue. This conclusion was made based on the finding, that
the largest deviations from the benchmark results was repeatedly observed for units with
large number of zero failures observed. Therefore, it was deduced that modifying the like-
lihood of the model to tolerate better zero-inflated data would also resolve the robustness
issue. Due to limited information available publicly, the structure of the BEB model imple-
mented currently by TUD remains unknown, since the comparison in this work is based
on BEB model implementation from 2004. The most interesting unclear details include
the form of the hyperprior and the method for dealing with zero-inflated data.
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6. USE OF Al IN THESIS

| have utilised Al tools in my thesis (yes/no): Yes
The Al tools utilised in my thesis and their purposes are described below:

Names and versions of Al tools: Microsoft 365 Copilot Al powered by OpenAl's GPT-4-
turbo model

Purpose of using Al tools: Copilot Al was used to translate text from swedish to english.

Sections where Al tools were used: The Copilot was used for translation of two passages
in section 2.1.3. The translated citations are preceded by a note of the Al usage.

| acknowledge that | am fully responsible for the entire content of my thesis, including the
parts generated by Al, and accept accountability for any violations of ethical standards in
publications.
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APPENDIX A: BENCHMARK DATA

A.1 Diesels benchmark data

Unit | Component | Faults Time
B1 661G1 3 621
B1 661G2 1 621
B2 | 661G1 2 589
B2 | 661G2 1 649
F1 | 0651G101 0 1023
F1 | 0651G201 0 1031
F1 | 0651G301 1 1041
F1 | 0651G401 1 995
F2 | 0651G101 1 823
F2 | 0651G201 0 901
F2 | 0651G301 1 918
F2 | 0651G401 2 859
F3 0651MAQ01 2 877
F3 | 0651MB002 1 1190
F3 | 0651MC003 0 1204
F3 0651MDO004 2 927
O1 | 660DG111 51101870
O1 | 660DG112 5 1000
02 | 661DG211 3 757
02 | 661DG212 4 743
O3 | 651MA1 1 490
O3 | 651MB1 2 489




(continued)

Unit | Component | Faults Time
O3 | 651MCH1 2 510
O3 | 651MD1 1 619
R1 0651DG110 2 412
R1 0651DG120 1 371
R1 0651DG130 2 419
R1 0651DG140 0 409
R2 | 0651DG210 2 429
R2 | 0651DG220 5 334
R2 | 0651DG230 3 392
R2 | 0651DG240 0 332
R3 | 0651DG310 2 438
R3 | 0651DG320 1 475
R3 | 0651DG330 1 394
R3 | 0651DG340 3 839
R4 | 0651DG410 1 325
R4 | 0651DG420 3 423
R4 | 0651DG430 0 374
R4 | 0651DG440 0 399
T1 651G101 0 1096
T1 651G201 1 1130
T1 651G301 0 1198
T1 651G401 0 1216
T2 651G101 1 540
T2 | 651G201 1 1076
T2 | 651G301 0 1223
T2 | 651G401 0 1151

81



A.2 Pumps benchmark data

Unit | Component Faults Time
B1 | 324P1 2 70666
B1 | 324P2 0 58119
B2 | 324P1 0 69417
B2 | 324P2 0 40159
F1 | 0324P001 4 70304
F1 | 0324P002 2 69363
F2 | 0324P001 4 55259
F2 | 0324P002 1 85837
F3 0324PA001 0 43294
F3 | 0324PC001 0 56778
O1 | 324P1 1 49311
O1 | 324P2 0| 148853
02 | 324P1 2 97437
02 | 324P2 2 90815
O3 | 324PA1 0 49309
O3 | 324PC1 0 52690
R1 | 0324P001 9 87100
R1 0324P002 1 88229
R2 | 0334CSAPBA-01 1 68375
R2 | 0334CSAPBA-02 0 68375
R2 | 0761P401 2 83462
R2 | 0761P402 1 85069
R3 | 0334CSAPBA-01 0 53778
R3 | 0334CSAPBA-02 1 53778
R4 | 0334CSAPBA-01 0 50110
R4 | 0334CSAPBA-02 0| 5011072
T1 324P1 0 11750
T1 | 324P2 2 20688
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(continued)

Unit | Component Faults Time
T1 763P11 1 65299
T1 763P12 0 63569
T2 | 324P1 1 12679
T2 | 324P2 0 22255
T2 763P11 1 61145
T2 | 763P12 0 66603
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A.3 Valves benchmark data

Unit | Component | Faults Time
B1 29 0 | 805446
B2 29 1 742632
F1 70 1| 2297120
F2 70 3 | 2248330
F3 126 0 | 4123980
o1 57 0| 322221
02 60 0 | 1610400
(OK] 67 0 | 2102862
R1 70 1 | 2080890
R2 5 2| 131380
R3 7 0| 212268
R4 8 0| 249616
T1 60 0 | 2016240
T2 60 2 | 1989060
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APPENDIX B: STAN MODELS

B.1 BEB mixture Models

Below is the Stan file content for the BEB mixture model with sampled ’s.

data {
int<lower=0> N;
int<lower=1> K; // number of mixture components
real alpha I, alpha u, beta I, beta u;
real<lower=0.1> alpha 0, beta O;
vector[N] t;
array[N] int<lower=0> y;

parameters {
real<lower=alpha_l, upper=alpha_u> alpha;
real<lower=beta_l, upper=beta _u> beta;
real<lower=1e-20> lambda; // lambda_new
array[N] real<lower=1e-20> lambda_mu; // Component level
simplex[K] c;

transformed parameters {
real<lower=0> mu, v;
mu = alpha/beta;
v = 1/sgrt(alpha);

}

model {
// Hyperprior p(theta)

lambda_i
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target += -0.5*log(alpha*(alpha + beta/mean(t)))
- log(beta) - 0.5*log(c);

// Prior

vector[K] log _c = log(c); // cache log calculation
vector[K] temp_p = log_c;

temp_p[1] += gamma_lpdf(lambda | alpha, beta);
temp_p[2] += gamma_lpdf(lambda | alpha 0, beta 0);
target += log_sum_exp(temp_p);

for (n in 1:N) {

// p(x_i|theta)

vector[K] temp_hp = log_c;

temp_hp[1] += log(tgamma(y[n] + alpha)) - log(tgamma(y[n] + 1))
- log(tgamma(alpha)) + alpha * log(beta)
- (y[n] + alpha) * log(beta + t[n])
+ y[n] * log(t[n]);

temp_hp[2] += log(tgamma(y[n] + alpha_0)) - log(tgamma(y[n] + 1))
- log(tgamma(alpha_0)) + alpha 0 * log(beta 0)
- (y[n] + alpha_0) * log(beta 0 + t[n])
+ y[n] * log(t[n]);

target += log_sum_exp(temp_hp);

// Prior lambda_mu for each 1 p(lambda_i | theta, x_1)
vector[K] temp p2 = log_c;

temp_p2[1] += gamma_lpdf(lambda_mu[n] | alpha, beta);
temp_p2[2] += gamma_lpdf(lambda_mu[n] | alpha_0, beta 0);
target += log_sum_exp(temp_p2);

// Likelithood p(x_1 | lambda_i)
target += poisson_lpmf(y[n] | lambda_mu[n] * t[n]);

generated quantities{
array[N] real log lik;
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for (n in 1:N){
log_lik[n] = poisson_Ipmf(y[n] | lambda_mu[n]*t[n]);
}
¥

Below is the Stan file content for the BEB_derived is implementation of the model utilising
the results derived in the previous chapter of this thesis.

data {
int<lower=0> N;
int<lower=1> K; // number of mixture components
real alpha I, alpha u, beta I, beta u;
real<lower=0.1> alpha_0, beta O;
vector|[N] t;
array[N] int<lower=0> y;

parameters {
real<lower=alpha_l, upper=alpha_u> alpha;
real<lower=beta_l, upper=beta _u> beta;
simplex[K] c;

}

transformed parameters {
real<lower=0> mu, v; // must allow small values for v
vector[N] lambda_mu; // lambda_i for each component
real<lower=1e-20> lambda; // lambda_new
mu = alpha/beta;
v = 1/sgrt(alpha);

lambda = alpha/beta;
for (1 in 1:N) {
lambda_mu[1] = ((c[1] * ((pow(beta,alpha) * pow(t[i],y[1]))
/(tgamma(alpha) * tgamma(y[i] + 1)))
* (tgamma(alpha + y[i1] + 1)
/pow((beta + t[i1]),(alpha + y[i] + 1)))
)
+ (c[2] * ((pow(beta_0,alpha_0) * pow(t[i],y[i]))
/(tgamma(alpha_0) * tgamma(y[i] + 1)))
* (tgamma(alpha 0 + y[1] + 1)
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/pow((beta_ 0 + t[i]),(alpha 0 + y[i] + 1)))
)
)
/ ((c[1] * ((pow(beta,alpha) * pow(t[i].y[i]))
/(tgamma(alpha) * tgamma(y[i] + 1)))
* (tgamma(alpha + y[i])
/pow((beta + t[i]),(alpha + y[i])))
)
+ (c[2] * ((pow(beta_0,alpha_0) * pow(t[i],y[i]))
/(tgamma(alpha_0) * tgamma(y[i] + 1)))
* (tgamma(alpha 0 + y[i1])
/pow((beta_ 0 + t[i1]),(alpha 0 + y[i])))
);

}

model {
// Hyperprior p(theta)
target += -0.5*log(alpha*(alpha + beta/mean(t)))
- log(beta) - 0.5*log(c);

vector[K] log _c = log(c); // cache log calculation

for (n in 1:N) {

// p(x_i|theta)

vector[K] temp _hp = log_c;

temp_hp[1] += log(tgamma(y[n] + alpha)) - log(tgamma(y[n] + 1))
- log(tgamma(alpha)) + alpha * log(beta)
- (y[n] + alpha) * log(beta + t[n])
+ y[n] * log(t[n]);

temp_hp[2] += log(tgamma(y[n] + alpha_0)) - log(tgamma(y[n] + 1))
- log(tgamma(alpha_0)) + alpha 0 * log(beta_0)
- (y[n] + alpha_0) * log(beta_ 0 + t[n])
+ y[n] * log(t[n]);

target += log_sum_exp(temp_hp);

// Likelihood p(x_i | lambda_i)
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target += poisson_lpmf(y[n] | lambda_mu[n] * t[n]);

B.2 BEB non-mixture models

Below is the Stan file content for the BEB_cO is the model with ¢ = 0 i.e. the non-
informative prior component of the mixture prior removed from the model.

data {
int<lower=0> N;
int<lower=1> K; // number of mixture components
real alpha I, alpha u, beta I, beta u;
vector[N] t;
array[N] int<lower=0> y;

parameters {
real<lower=alpha_l, upper=alpha_u> alpha;
real<lower=beta_Il, upper=beta_u> beta;
real<lower=1e-20> lambda; // lambda new for general lambda
array[N] real<lower=1e-20> lambda_mu; // Component level lambda i

transformed parameters {
real<lower=0> mu, v; // must allow small values for v
mu = alpha/beta;
v = 1/sgrt(alpha);

}

model {
// Hyperprior p(theta)
target += -0.5*log(alpha*(alpha + beta/mean(t)))
- log(beta);

for (n in 1:N) {
// p(x_i|theta)
target += log(tgamma(y[n] + alpha)) - log(tgamma(y[n] + 1))
- log(tgamma(alpha)) + alpha * log(beta)
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- (y[n] + alpha) * log(beta + t[n])
+ y[n] * log(tIn]);

// Prior lambda _mu for each i p(lambda_i | theta, X i)
target += gamma_lpdf(lambda _mu[n] | alpha, beta);

// Likelihood p(x_i1 | lambda_i)
target += poisson_lpmf(y[n] | lambda mu[n] * t[n]);

lambda ~ gamma(alpha, beta); // lambda new

generated quantities{
array[N] real log_lik;

for (n in 1:N){
log_lik[n] = poisson_lpmf(y[n] | lambda_mu[n]*t[n]);
}
¥

Below is the Stan file content for the BEB_bmp implements the same model as BEB_cO but
with the prior given by (2.10).

data {
int<lower=0> N;
int<lower=1> K; // number of mixture components
real alpha I, alpha u, beta I, beta u;
vector|[N] t;
array[N] int<lower=0> y;

parameters {
real<lower=alpha_l, upper=alpha_u> alpha;
real<lower=beta_I, upper=beta_u> beta;
real<lower=1e-20> lambda; // lambda new for general lambda
array[N] real<lower=1e-20> lambda_mu; // Component level lambda i
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transformed parameters {
real<lower=0> mu, v; // must allow small values for v
mu = alpha/beta;
v = 1/sgrt(alpha);

}

model {
// Hyperprior p(theta)
target += -log( pow(alpha,-1.45) * pow(beta,-0.8)
* pow(1l + (beta/mean(t)*alpha), -0.6) );

for (n in 1:N) {
// p(x_i|theta)
target += log(tgamma(y[n] + alpha)) - log(tgamma(y[n] + 1))
- log(tgamma(alpha)) + alpha * log(beta)
- (y[n] + alpha) * log(beta + t[n])
+ y[n] * log(t[n]);

// Prior lambda_mu for each 1 p(lambda_i | theta, x_1)
target += gamma_lpdf(lambda_mu[n] | alpha, beta);

// Likelihood p(x_i1 | lambda_1)
target += poisson_lpmf(y[n] | lambda mu[n] * t[n]);

lambda ~ gamma(alpha, beta); // lambda new

generated quantities{
array[N] real log_ lik;

for (n in 1:N){
log_lik[n] = poisson_lpmf(y[n] | lambda_mu[n]*t[n]);
}
}



APPENDIX C: BEB MODELLING RESULTS IN TABLE
FORMAT

modelling results for the diesels, pumps and valves data from BEB, BEB_derived,
BEB_c0 and BEB_bmp models.
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Unit | g5 50 q95 Mean

B1 45771E-04 | 2.3947E-03 | 6.3993E-03 | 2.7746E-03
B2 | 4.3059E-04 | 2.0043E-03 | 5.4060E-03 | 2.3396E-03
F1 | 5.9388E-05 | 7.7093E-04 | 2.8236E-03 | 1.0162E-03
F2 | 1.2432E-04 | 1.2202E-03 | 3.8471E-03 | 1.5040E-03
F3 | 1.1422E-04 | 1.2642E-03 | 3.9884E-03 | 1.5562E-03
O1 | 3.0587E-05 | 2.5146E-04 | 6.3572E-03 | 2.0897E-03
02 | 1.2868E-03 | 3.4200E-03 | 7.2730E-03 | 3.7422E-03
O3 | 4.8131E-04 | 2.1845E-03 | 5.9920E-03 | 2.5696E-03
R1 2.1105E-04 | 2.2087E-03 | 6.5230E-03 | 2.6204E-03
R2 | 2.7747E-04 | 3.5811E-03 | 1.0756E-02 | 4.2969E-03
R3 | 5.4802E-04 | 2.3876E-03 | 6.1570E-03 | 2.7501E-03
R4 | 1.0535E-04 | 1.7257E-03 | 6.8356E-03 | 2.3851E-03
T1 | 3.4848E-05 | 5.4719E-04 | 2.2943E-03 | 7.7608E-04
T2 | 5.4268E-05 | 7.9620E-04 | 3.3706E-03 | 1.1293E-03
G 8.0617E-05 | 1.5924E-03 | 6.2059E-03 | 2.1731E-03

Table C.2. Analysis results of BEB model for diesels.

Unit | g5 50 q95 Mean

B1 1.6898E-03 | 2.7197E-03 | 4.5719E-03 | 3.0318E-03
B2 | 1.6369E-03 | 2.2813E-03 | 3.3893E-03 | 2.4579E-03
F1 3.0466E-04 | 9.2592E-04 | 1.3235E-03 | 8.2157E-04
F2 | 3.7625E-04 | 1.3982E-03 | 2.4358E-03 | 1.4036E-03
F3 | 2.9303E-04 | 1.5997E-03 | 2.3983E-03 | 1.4911E-03
O1 | 5.2517E-05 | 1.8776E-03 | 4.8079E-03 | 2.3081E-03
02 | 3.3941E-03 | 4.0304E-03 | 5.0787E-03 | 4.1941E-03
O3 | 1.7394E-03 | 2.6344E-03 | 3.8766E-03 | 2.7772E-03
R1 | 6.9593E-04 | 3.1049E-03 | 4.4642E-03 | 2.8820E-03
R2 | 8.0038E-04 | 4.6162E-03 | 1.1309E-02 | 5.2802E-03
R3 | 2.0880E-03 | 2.9300E-03 | 4.1614E-03 | 2.9962E-03
R4 | 6.6281E-04 | 1.7359E-03 | 6.0116E-03 | 2.5369E-03
TH1 2.5653E-04 | 3.9968E-04 | 1.1787E-03 | 5.5952E-04
T2 | 2.6786E-04 | 8.8126E-04 | 2.1221E-03 | 9.8143E-04
G 2.9772E-04 | 1.9348E-03 | 5.4637E-03 | 2.3105E-03

Table C.4. Analysis results of BEB_derived model for diesels.
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Unit | g5 50 q95 Mean

B1 | 4.9660E-04 | 2.3535E-03 | 6.0995E-03 | 2.7079E-03
B2 | 4.7279E-04 | 1.9728E-03 | 5.2017E-03 | 2.2986E-03
F1 | 7.7844E-05 | 8.1246E-04 | 2.7875E-03 | 1.0405E-03
F2 | 1.5296E-04 | 1.2494E-03 | 3.7941E-03 | 1.5145E-03
F3 | 1.3923E-04 | 1.2820E-03 | 3.9423E-03 | 1.5611E-03
O1 | 3.1473E-05 | 3.2788E-04 | 6.2409E-03 | 2.0368E-03
02 | 1.2909E-03 | 3.3538E-03 | 6.9669E-03 | 3.6275E-03
O3 | 5.0423E-04 | 2.1516E-03 | 5.7114E-03 | 2.5082E-03
R1 2.4210E-04 | 2.1391E-03 | 6.2155E-03 | 2.5474E-03
R2 | 3.0854E-04 | 3.4713E-03 | 1.0044E-02 | 4.0786E-03
R3 | 5.9043E-04 | 2.3667E-03 | 5.8568E-03 | 2.6846E-03
R4 | 1.3530E-04 | 1.7220E-03 | 6.5113E-03 | 2.3215E-03
T1 | 4.9299E-05 | 5.9981E-04 | 2.3014E-03 | 8.1441E-04
T2 | 7.1941E-05 | 8.4214E-04 | 3.3311E-03 | 1.1538E-03
G 9.6748E-05 | 1.6013E-03 | 5.9153E-03 | 2.1300E-03

Table C.6. Analysis results of BEB_c0 model for diesels.

Unit | g5 50 q95 Mean

B1 | 5.6421E-04 | 2.2529E-03 | 5.6317E-03 | 2.5692E-03
B2 | 4.9852E-04 | 1.9436E-03 | 4.7912E-03 | 2.2117E-03
F1 1.3007E-04 | 9.1437E-04 | 2.7667E-03 | 1.1144E-03
F2 | 2.2122E-04 | 1.3052E-03 | 3.6310E-03 | 1.5332E-03
F3 | 2.0877E-04 | 1.3417E-03 | 3.7205E-03 | 1.5717E-03
O1 | 3.3835E-05 | 2.7580E-04 | 5.7077E-03 | 1.9030E-03
02 | 1.2642E-03 | 3.1155E-03 | 6.3499E-03 | 3.3740E-03
O3 | 5.5753E-04 | 2.0828E-03 | 5.2089E-03 | 2.3791E-03
R1 | 3.3692E-04 | 2.0788E-03 | 5.6392E-03 | 2.4083E-03
R2 | 4.1241E-04 | 3.1506E-03 | 8.5998E-03 | 3.6542E-03
R3 | 6.3184E-04 | 2.2356E-03 | 5.3929E-03 | 2.5214E-03
R4 | 2.2009E-04 | 1.7461E-03 | 5.7818E-03 | 2.2115E-03
TH1 8.9075E-05 | 7.1656E-04 | 2.3408E-03 | 9.0594E-04
T2 | 1.2038E-04 | 9.4498E-04 | 3.1613E-03 | 1.1982E-03
G 1.5030E-04 | 1.6194E-03 | 5.3669E-03 | 2.0439E-03

Table C.8. Analysis results of BEB_bmp model for diesels.

94



Unit | g5 50 q95 Mean

B1 | 6.9459E-08 | 1.1039E-05 | 4.7961E-05 | 1.5737E-05
B2 | 9.6670E-09 | 2.7553E-06 | 2.4586E-05 | 6.2794E-06
F1 | 7.8740E-06 | 3.2144E-05 | 7.8442E-05 | 3.6377E-05
F2 | 2.6238E-06 | 2.6498E-05 | 8.9920E-05 | 3.4140E-05
F3 | 1.1909E-08 | 2.8605E-06 | 2.5405E-05 | 6.5275E-06
O1 | 3.5494E-08 | 5.7193E-06 | 4.0905E-05 | 1.1402E-05
02 | 4.7927E-06 | 1.8206E-05 | 4.6757E-05 | 2.0941E-05
O3 | 1.3868E-08 | 2.9240E-06 | 2.4321E-05 | 6.3575E-06
R1 2.4737E-06 | 3.8847E-05 | 1.2151E-04 | 4.8508E-05
R2 | 2.4629E-07 | 1.0635E-05 | 4.0409E-05 | 1.4227E-05
R3 | 6.5534E-08 | 7.8134E-06 | 4.0596E-05 | 1.2410E-05
R4 | 5.8500E-10 | 2.0050E-07 | 1.7350E-05 | 3.2518E-06
T1 | 8.9291E-08 | 1.1503E-05 | 8.0501E-05 | 2.2285E-05
T2 | 8.1565E-08 | 9.7352E-06 | 6.5529E-05 | 1.8201E-05
G 3.9673E-08 | 9.7641E-06 | 6.8407E-05 | 1.8315E-05

Table C.10. Analysis results of BEB model for pumps.

Unit | g5 50 q95 Mean

B1 | 2.3144E-06 | 1.4551E-05 | 2.9200E-05 | 1.5494E-05
B2 | 1.9632E-06 | 3.7010E-06 | 6.4480E-06 | 3.8924E-06
F1 2.5839E-05 | 3.5067E-05 | 5.6004E-05 | 4.0036E-05
F2 | 1.2077E-05 | 2.9736E-05 | 7.0138E-05 | 3.8462E-05
F3 | 2.2897E-06 | 3.9120E-06 | 6.1996E-06 | 4.0359E-06
O1 | 9.6018E-07 | 9.2922E-06 | 2.2357E-05 | 1.1091E-05
02 | 1.9512E-05 | 2.1321E-05 | 2.3095E-05 | 2.1347E-05
O3 | 2.3158E-06 | 3.8242E-06 | 5.9153E-06 | 3.9292E-06
R1 | 1.1797E-05 | 4.2947E-05 | 1.0036E-04 | 5.3324E-05
R2 | 2.3124E-06 | 1.4096E-05 | 2.4661E-05 | 1.3856E-05
R3 | 2.4795E-06 | 1.1429E-05 | 2.0693E-05 | 1.1485E-05
R4 | 2.9640E-08 | 6.9545E-07 | 5.4593E-06 | 2.0162E-06
TH1 2.4678E-06 | 1.4875E-05 | 8.2542E-05 | 2.5585E-05
T2 | 2.3665E-06 | 1.3530E-05 | 6.4298E-05 | 2.0506E-05
G 1.5864E-06 | 1.2618E-05 | 7.0613E-05 | 1.9118E-05

Table C.12. Analysis results of BEB_derived model for pumps.
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Unit | g5 50 q95 Mean

B1 1.3156E-07 | 1.1404E-05 | 4.6489E-05 | 1.5751E-05
B2 | 2.8833E-08 | 3.4487E-06 | 2.5086E-05 | 6.8484E-06
F1 | 8.4151E-06 | 3.0879E-05 | 7.3997E-05 | 3.4761E-05
F2 | 2.7148E-06 | 2.5907E-05 | 8.5263E-05 | 3.2712E-05
F3 | 3.5547E-08 | 3.6399E-06 | 2.5677E-05 | 7.0861E-06
O1 | 6.4187E-08 | 6.0092E-06 | 4.0028E-05 | 1.1287E-05
02 | 4.8917E-06 | 1.7695E-05 | 4.4700E-05 | 2.0358E-05
O3 | 3.1029E-08 | 3.4343E-06 | 2.5297E-05 | 6.9666E-06
R1 2.6769E-06 | 3.8800E-05 | 1.1482E-04 | 4.6446E-05
R2 | 4.3188E-07 | 1.0910E-05 | 3.9980E-05 | 1.4318E-05
R3 | 1.3728E-07 | 8.3408E-06 | 3.8994E-05 | 1.2487E-05
R4 | 1.6933E-09 | 2.6092E-07 | 1.8546E-05 | 3.5882E-06
T1 1.8995E-07 | 1.1846E-05 | 7.4674E-05 | 2.1200E-05
T2 | 1.8553E-07 | 1.0007E-05 | 5.9168E-05 | 1.7288E-05
G 7.6630E-08 | 1.0168E-05 | 6.4377E-05 | 1.7877E-05

Table C.14. Analysis results of BEB_c0 model for pumps.

Unit | g5 50 q95 Mean

B1 | 5.5092E-07 | 1.2153E-05 | 4.2443E-05 | 1.5555E-05
B2 | 1.7452E-07 | 5.1963E-06 | 2.6048E-05 | 8.1523E-06
F1 8.4090E-06 | 2.8558E-05 | 6.6369E-05 | 3.1731E-05
F2 | 3.2163E-06 | 2.3874E-05 | 7.5363E-05 | 2.9683E-05
F3 | 2.1883E-07 | 5.4974E-06 | 2.6678E-05 | 8.4192E-06
O1 | 2.7975E-07 | 7.0474E-06 | 3.7012E-05 | 1.1349E-05
02 | 5.0249E-06 | 1.7160E-05 | 4.1773E-05 | 1.9490E-05
O3 | 1.9587E-07 | 5.3122E-06 | 2.6287E-05 | 8.2915E-06
R1 | 3.2013E-06 | 3.5117E-05 | 1.0293E-04 | 4.2120E-05
R2 | 1.0250E-06 | 1.1669E-05 | 3.6845E-05 | 1.4305E-05
R3 | 4.8772E-07 | 9.4269E-06 | 3.7010E-05 | 1.2895E-05
R4 | 9.4915E-09 | 4.5572E-07 | 1.9898E-05 | 4.2715E-06
TH1 6.3085E-07 | 1.2724E-05 | 6.0912E-05 | 1.9276E-05
T2 | 5.5063E-07 | 1.1091E-05 | 4.8806E-05 | 1.6156E-05
G 2.5898E-07 | 1.1171E-05 | 5.6204E-05 | 1.7143E-05

Table C.16. Analysis results of BEB_bmp model for pumps.
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Unit | g5 50 q95 Mean

B1 1.1680E-13 | 4.0695E-08 | 1.1031E-06 | 2.3405E-07
B2 1.1212E-07 | 9.6606E-07 | 3.6707E-06 | 1.3120E-06
F1 | 4.0743E-08 | 3.6683E-07 | 1.3905E-06 | 4.9168E-07
F2 | 3.8292E-07 | 1.1808E-06 | 2.6910E-06 | 1.3111E-06
F3 | 1.7804E-14 | 1.0079E-08 | 2.9273E-07 | 6.1001E-08
O1 | 1.2650E-13 | 6.5107E-08 | 2.0966E-06 | 4.3126E-07
02 | 7.0741E-14 | 2.2312E-08 | 6.7468E-07 | 1.4086E-07
O3 | 4.4687E-14 | 1.6247E-08 | 5.4115E-07 | 1.1029E-07
R1 4.4756E-08 | 4.0454E-07 | 1.5149E-06 | 5.4341E-07
R2 | 1.0784E-06 | 5.7457E-06 | 2.0676E-05 | 7.6796E-06
R3 | 1.9424E-13 | 9.1925E-08 | 2.8090E-06 | 5.7692E-07
R4 | 1.5169E-13 | 7.5788E-08 | 2.4874E-06 | 5.1137E-07
T1 | 6.0251E-14 | 1.7578E-08 | 5.4527E-07 | 1.1290E-07
T2 | 2.0761E-07 | 8.7254E-07 | 2.3737E-06 | 1.0136E-06
G 2.0939E-12 | 2.4141E-07 | 4.3693E-06 | 1.0379E-06

Table C.18. Analysis results of BEB model for valves in ZEDB data format.

Unit | g5 50 q95 Mean

B1 | 4.2512E-09 | 1.0175E-08 | 1.9989E-08 | 1.0880E-08
B2 | 1.3528E-06 | 1.3602E-06 | 1.3731E-06 | 1.3613E-06
F1 4.3723E-07 | 4.3940E-07 | 4.4295E-07 | 4.3968E-07
F2 | 1.3364E-06 | 1.3389E-06 | 1.3433E-06 | 1.3393E-06
F3 | 8.2752E-10 | 1.9833E-09 | 3.9009E-09 | 2.1207E-09
O1 | 1.0686E-08 | 2.5504E-08 | 5.0042E-08 | 2.7251E-08
02 | 2.1231E-09 | 5.0814E-09 | 9.9904E-09 | 5.4360E-09
O3 | 1.6244E-09 | 3.8907E-09 | 7.6506E-09 | 4.1617E-09
R1 | 4.8268E-07 | 4.8509E-07 | 4.8905E-07 | 4.8540E-07
R2 | 1.5264E-05 | 1.5321E-05 | 1.5503E-05 | 1.5345E-05
R3 | 1.6228E-08 | 3.8737E-08 | 7.6071E-08 | 4.1419E-08
R4 | 1.3798E-08 | 3.2939E-08 | 6.4650E-08 | 3.5204E-08
TH1 1.6944E-09 | 4.0580E-09 | 7.9793E-09 | 4.3406E-09
T2 | 1.0078E-06 | 1.0105E-06 | 1.0152E-06 | 1.0109E-06
G 1.9592E-09 | 3.9116E-08 | 1.5298E-05 | 1.4366E-06

Table C.20. Analysis results of BEB_derived model for valves in ZEDB data format.
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Unit | g5 50 q95 Mean

B1 5.0018E-10 | 1.8738E-07 | 1.2708E-06 | 3.5544E-07
B2 1.2650E-07 | 7.8481E-07 | 2.6997E-06 | 1.0183E-06
F1 | 6.5076E-08 | 4.0486E-07 | 1.2739E-06 | 5.0449E-07
F2 | 3.6271E-07 | 1.0318E-06 | 2.3060E-06 | 1.1428E-06
F3 | 1.0509E-10 | 6.1830E-08 | 4.7814E-07 | 1.2606E-07
O1 7.8675E-10 | 2.5737E-07 | 1.8725E-06 | 5.0652E-07
02 | 2.2803E-10 | 1.2855E-07 | 8.7299E-07 | 2.4320E-07
O3 | 2.3237E-10 | 1.0129E-07 | 7.5226E-07 | 2.0491E-07
R1 6.3578E-08 | 4.2864E-07 | 1.3877E-06 | 5.4320E-07
R2 | 5.2303E-07 | 2.2073E-06 | 9.3118E-06 | 3.2296E-06
R3 | 7.5055E-10 | 2.8769E-07 | 2.0529E-06 | 5.5905E-07
R4 | 4.0701E-10 | 2.6127E-07 | 1.9900E-06 | 5.3616E-07
T1 1.8631E-10 | 1.1025E-07 | 7.3259E-07 | 2.0732E-07
T2 | 2.1514E-07 | 7.8579E-07 | 2.0040E-06 | 9.0738E-07
G 1.8409E-09 | 3.6301E-07 | 2.4075E-06 | 7.2031E-07

Table C.22. Analysis results of BEB_c0 model for valves in ZEDB data format.

Unit | g5 50 q95 Mean

B1 | 4.4758E-08 | 3.7831E-07 | 1.2568E-06 | 4.7912E-07
B2 | 1.8030E-07 | 7.0541E-07 | 1.8548E-06 | 8.2260E-07
F1 1.1671E-07 | 4.6978E-07 | 1.2109E-06 | 5.4267E-07
F2 | 3.5309E-07 | 9.0735E-07 | 1.8729E-06 | 9.8671E-07
F3 | 1.9499E-08 | 1.8591E-07 | 6.1731E-07 | 2.3471E-07
O1 | 4.7991E-08 | 4.4313E-07 | 1.5010E-06 | 5.6690E-07
02 | 3.2893E-08 | 3.0482E-07 | 1.0122E-06 | 3.8294E-07
O3 | 2.9568E-08 | 2.6815E-07 | 8.9868E-07 | 3.4245E-07
R1 | 1.2130E-07 | 4.9539E-07 | 1.2788E-06 | 5.6834E-07
R2 | 4.2104E-07 | 1.2808E-06 | 3.0561E-06 | 1.4535E-06
R3 | 4.9172E-08 | 4.5922E-07 | 1.6165E-06 | 5.9738E-07
R4 | 5.3113E-08 | 4.7243E-07 | 1.5492E-06 | 5.9294E-07
TH1 3.1612E-08 | 2.6867E-07 | 9.3360E-07 | 3.4826E-07
T2 | 2.3697E-07 | 7.3612E-07 | 1.6665E-06 | 8.1595E-07
G 5.6282E-08 | 4.8079E-07 | 1.6659E-06 | 6.2389E-07

Table C.24. Analysis results of BEB_bmp model for valves in ZEDB data format.



Unit | g5 50 q95 Mean

B1 | 8.1820E-16 | 2.3764E-08 | 8.0525E-06 | 1.4078E-06
B2 | 9.2090E-16 | 3.1989E-08 | 1.0894E-05 | 1.8925E-06
F1 | 8.4831E-16 | 2.5630E-08 | 8.5263E-06 | 1.4976E-06
F2 | 9.0139E-16 | 2.9084E-08 | 1.0439E-05 | 1.8292E-06
F3 | 6.9765E-16 | 2.2278E-08 | 7.5954E-06 | 1.3383E-06
O1 | 8.9196E-16 | 3.1649E-08 | 1.0849E-05 | 1.9135E-06
02 | 7.3031E-16 | 2.4323E-08 | 8.2397E-06 | 1.4408E-06
O3 | 8.1692E-16 | 2.3048E-08 | 7.7454E-06 | 1.3587E-06
R1 7.5925E-16 | 2.5711E-08 | 8.8748E-06 | 1.5474E-06
R2 | 2.7097E-15 | 1.5040E-07 | 3.4349E-05 | 6.2247E-06
R3 | 5.4869E-16 | 2.2529E-08 | 8.0122E-06 | 1.4113E-06
R4 | 7.5450E-16 | 2.3750E-08 | 7.6960E-06 | 1.3766E-06
T1 | 7.7978E-16 | 2.2377E-08 | 7.5759E-06 | 1.3223E-06
T2 | 8.7427E-16 | 2.9435E-08 | 9.7290E-06 | 1.6951E-06
G 8.0298E-16 | 2.5731E-08 | 8.8698E-06 | 1.5671E-06

Table C.26. Analysis results of BEB model for valves in T-Book format.

Unit | g5 50 q95 Mean

B1 | 4.2696E-09 | 8.9409E-09 | 1.6084E-08 | 9.3720E-09
B2 | 4.6747E-09 | 9.8846E-09 | 2.0472E-08 | 1.3649E-06
F1 3.6182E-09 | 7.6200E-09 | 1.4260E-08 | 4.4561E-07
F2 | 3.7073E-09 | 7.8458E-09 | 1.5660E-08 | 1.3484E-06
F3 | 3.6183E-09 | 7.5813E-09 | 1.3644E-08 | 7.9467E-09
O1 | 2.1443E-08 | 4.4404E-08 | 7.9471E-08 | 4.6598E-08
02 | 4.4195E-09 | 9.2533E-09 | 1.6646E-08 | 9.6998E-09
O3 | 3.7749E-09 | 7.9080E-09 | 1.4230E-08 | 8.2886E-09
R1 | 3.9992E-09 | 8.4142E-09 | 1.5744E-08 | 4.9204E-07
R2 | 4.7694E-09 | 1.0660E-08 | 7.6552E-05 | 1.5300E-05
R3 | 3.9078E-09 | 8.1856E-09 | 1.4731E-08 | 8.5803E-09
R4 | 3.7972E-09 | 7.9547E-09 | 1.4315E-08 | 8.3377E-09
TH1 3.5235E-09 | 7.3834E-09 | 1.3289E-08 | 7.7391E-09
T2 | 3.6003E-09 | 7.6222E-09 | 1.5731E-08 | 1.0188E-06
G 3.8685E-09 | 8.3636E-09 | 4.4896E-08 | 4.7756E-07

Table C.28. Analysis results of BEB_derived model for valves in T-Book format.



Unit | g5 50 q95 Mean

B1 8.3148E-16 | 2.3664E-08 | 8.0315E-06 | 1.4161E-06
B2 | 9.4390E-16 | 3.1789E-08 | 1.0795E-05 | 1.8769E-06
F1 | 7.7941E-16 | 2.4814E-08 | 8.5950E-06 | 1.5020E-06
F2 | 9.2089E-16 | 2.9540E-08 | 1.0276E-05 | 1.8246E-06
F3 | 6.8513E-16 | 2.2649E-08 | 7.6327E-06 | 1.3430E-06
O1 | 1.0201E-15 | 3.2258E-08 | 1.0864E-05 | 1.9081E-06
02 | 8.4159E-16 | 2.5061E-08 | 8.1505E-06 | 1.4318E-06
O3 | 7.2838E-16 | 2.3088E-08 | 7.8408E-06 | 1.3693E-06
R1 | 7.6627E-16 | 2.6780E-08 | 8.8553E-06 | 1.5558E-06
R2 | 2.5145E-15 | 1.4304E-07 | 3.4442E-05 | 6.2384E-06
R3 1.0239E-15 | 2.4258E-08 | 7.8464E-06 | 1.3917E-06
R4 | 7.2969E-16 | 2.2203E-08 | 7.7966E-06 | 1.3509E-06
T1 | 7.1999E-16 | 2.2647E-08 | 7.5595E-06 | 1.3242E-06
T2 | 8.5326E-16 | 2.9749E-08 | 9.8024E-06 | 1.7034E-06
G 8.0577E-16 | 2.6020E-08 | 8.8839E-06 | 1.5687E-06

Table C.30. Analysis results of BEB_c0 model for valves in T-Book format.

Unit | g5 50 q95 Mean

B1 | 9.6981E-16 | 2.5173E-08 | 8.0993E-06 | 1.4265E-06
B2 | 1.0172E-15 | 3.4600E-08 | 1.0819E-05 | 1.8917E-06
F1 8.7218E-16 | 2.5920E-08 | 8.6150E-06 | 1.5079E-06
F2 | 1.0837E-15 | 3.1080E-08 | 1.0464E-05 | 1.8562E-06
F3 | 7.9279E-16 | 2.3684E-08 | 7.7110E-06 | 1.3554E-06
O1 | 1.2431E-15 | 3.4504E-08 | 1.1053E-05 | 1.9353E-06
02 | 9.1591E-16 | 2.5918E-08 | 8.2057E-06 | 1.4500E-06
O3 | 8.8032E-16 | 2.4261E-08 | 7.8126E-06 | 1.3687E-06
R1 | 1.0604E-15 | 2.8366E-08 | 8.9101E-06 | 1.5694E-06
R2 | 3.0815E-15 | 1.4508E-07 | 3.4208E-05 | 6.2337E-06
R3 | 1.2582E-15 | 2.6810E-08 | 7.8647E-06 | 1.3895E-06
R4 | 9.2525E-16 | 2.3845E-08 | 7.7523E-06 | 1.3825E-06
TH1 9.3867E-16 | 2.4019E-08 | 7.6414E-06 | 1.3397E-06
T2 | 1.2195E-15 | 3.1710E-08 | 9.8450E-06 | 1.7132E-06
G 9.7330E-16 | 2.7487E-08 | 8.9549E-06 | 1.5829E-06

Table C.32. Analysis results of BEB_bmp model for valves in T-Book format.
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APPENDIX D: BENCHMARK ANALYSIS RESULTS

The analysis results for the benchmark data from the T-Book algorithm in [31] used as a
reference in this work are given in the tables below.



Unit | g5 50 q95 Mean

B1 | 6.7360E-04 | 2.3690E-03 | 5.6890E-03 | 2.6640E-03
B2 | 6.1810E-04 | 2.0630E-03 | 4.8620E-03 | 2.3140E-03
F1 1.5190E-04 | 1.0650E-03 | 2.9120E-03 | 1.2370E-03
F2 | 2.7070E-04 | 1.4600E-03 | 3.6990E-03 | 1.6540E-03
F3 | 2.3760E-04 | 1.4720E-03 | 3.7790E-03 | 1.6690E-03
O1 | 1.7200E-03 | 3.5240E-03 | 6.5520E-03 | 3.7540E-03
02 | 1.3400E-03 | 3.1420E-03 | 6.4070E-03 | 3.4150E-03
O3 | 6.6340E-04 | 2.2010E-03 | 5.2670E-03 | 2.4820E-03
R1 | 4.4680E-04 | 2.2080E-03 | 5.6860E-03 | 2.5210E-03
R2 | 5.4520E-04 | 3.2390E-03 | 9.6940E-03 | 3.9310E-03
R3 | 7.3650E-04 | 2.3470E-03 | 5.4010E-03 | 2.6170E-03
R4 | 2.8610E-04 | 1.9350E-03 | 5.9200E-03 | 2.3620E-03
T1 | 9.8940E-05 | 8.4170E-04 | 2.5100E-03 | 1.0120E-03
T2 | 1.3880E-04 | 1.0870E-03 | 3.2930E-03 | 1.3190E-03
G 4.8890E-04 | 1.8210E-03 | 5.7520E-03 | 2.2590E-03

Table D.2. Benchmark analysis results for the diesels data.

Unit | g5 50 q95 Mean

B1 | 5.7100E-07 | 1.3270E-05 | 4.3210E-05 | 1.6360E-05
B2 | 1.9940E-07 | 6.3480E-06 | 2.7940E-05 | 9.2000E-06
F1 8.9030E-06 | 2.8890E-05 | 6.8890E-05 | 3.2540E-05
F2 | 3.9400E-06 | 2.4720E-05 | 7.9060E-05 | 3.1040E-05
F3 | 2.1440E-07 | 6.6300E-06 | 2.8600E-05 | 9.4960E-06
O1 | 2.3210E-07 | 8.0500E-06 | 3.7330E-05 | 1.2060E-05
02 | 5.7040E-06 | 1.8040E-05 | 4.1960E-05 | 2.0200E-05
O3 | 2.1120E-07 | 6.5540E-06 | 2.8180E-05 | 9.3700E-06
R1 | 3.8740E-06 | 3.6640E-05 | 1.1270E-04 | 4.5820E-05
R2 | 1.1840E-06 | 1.2700E-05 | 3.7680E-05 | 1.5180E-05
R3 | 5.8320E-07 | 1.0820E-05 | 3.7740E-05 | 1.3870E-05
R4 | 2.1410E-07 | 6.6140E-06 | 2.8410E-05 | 9.4490E-06
TH1 7.4510E-07 | 1.4200E-05 | 6.5180E-05 | 2.0920E-05
T2 | 6.6830E-07 | 1.2540E-05 | 5.1350E-05 | 1.7570E-05
G 5.8000E-07 | 1.3040E-05 | 5.9230E-05 | 1.9400E-05

Table D.4. Benchmark analysis results for the pumps data.
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Unit | 95 50 q95 Mean

B1 | 4.7770E-39 | 7.7070E-18 | 1.0980E-06 | 3.2560E-07
B2 | 4.9510E-39 | 3.4900E-17 | 3.3970E-06 | 8.1560E-07
F1 4.8390E-39 | 1.3320E-17 | 1.9220E-06 | 4.7940E-07
F2 | 4.9110E-39 | 1.9900E-17 | 2.9790E-06 | 9.0430E-07
F3 | 4.7700E-39 | 7.0270E-18 | 1.0500E-06 | 3.0570E-07
Of 4.8190E-39 | 1.1490E-17 | 1.6880E-06 | 4.8220E-07
02 | 4.7790E-39 | 7.8400E-18 | 1.1190E-06 | 3.2970E-07
03 | 4.7720E-39 | 7.2070E-18 | 1.0600E-06 | 3.1080E-07
R1 4.8430E-39 | 1.3740E-17 | 1.9860E-06 | 5.0120E-07
R2 | 5.9750E-39 | 1.3200E-13 | 4.5530E-05 | 7.0440E-06
R3 | 4.7730E-39 | 7.3520E-18 | 1.0680E-06 | 3.1500E-07
R4 | 4.7720E-39 | 7.2320E-18 | 1.0620E-06 | 3.1150E-07
T1 4.7690E-39 | 6.9120E-18 | 1.0440E-06 | 3.0240E-07
T2 | 4.8500E-39 | 1.4360E-17 | 2.0940E-06 | 5.9020E-07
G 4.8330E-39 | 1.2820E-17 | 1.8920E-06 | 5.6520E-07

Table D.6. Benchmark analysis results for the valves data.
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APPENDIX E: ADDITIONAL FIGURES AND MATERIALS

E.1 Diesels

This section includes the additional figures referred to in the main text section 4.1 starting

from page 35.

E.1.1 Trace Plots for the Diesels Data Model Fits

The trace plots for the diesels data model fits are shown in figures E.1 and E.2 referred

to in the main text on page 35.
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Figure E.1. Traces plots for the BEB model parameters with the diesels data.
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Figure E.2. Traces plots for the parameter ey for the BEB_derived, BEB c0 and
BEB_bmp models with the diesels data.
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E.1.2 MCMC Autocorrelation for the Diesels Data Model Fits

The MCMC autocorrelation plots for the four BEB model variants with the diesels data are
shown in figures E.3, E.4, E.5 and E.6 referred to in the main text in section 4.1.1 on page
35.
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Figure E.3. MCMC autocorrelation plots for the BEB model with the diesels data.
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Figure E.4. MCMC autocorrelation plots for the BEB_derived model with the diesels data.
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Figure E.5. MCMC autocorrelation plots for the BEB_c0 model with the diesels data.
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Figure E.6. MCMC autocorrelation plots for the BEB_bmp model with the diesels data.



E.1.3 Absolute Value Bar Graphs for the Diesels Data
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The absolute value bar graphs for the diesels data are shown in figure E.7 referred to in
the main text in section 4.1.2 on page 36.
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Figure E.7. Comparison of the BEB models for the diesels data. The bar plots show the
absolute estimated values from the fitted models and from the benchmark document for
the mean and 5 %, 50 % & 95 % percentiles of the posterior distribution for ; of each

unit J and the general posterior denoted by G.
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E.2 Pumps

This section includes the additional figures referred to in the main text section 4.2 starting
from page 45.

E.2.1 Trace Plots for the Pumps Data Model Fits

The trace plots for the pumps data model fits are shown in the figures E.8 and E.9 referred

to in the main text on page 45.
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Figure E.8. Traces plots for the BEB model parameters with the pumps data.
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Figure E.9. Traces plots for the parameter ., for the BEB_derived, BEB_c0 and
BEB_bmp models with the pumps data.
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E.2.2 MCMC Autocorrelation for the Pumps Data Model Fits

The MCMC autocorrelation plots for the four BEB model variants with the pumps data are
shown in figures E.10, E.11, E.12 and E.13 referred to in the main text in section 4.2.1 on
page 45.
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Figure E.10. MCMC autocorrelation plots for the BEB model with the pumps data.
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Figure E.11. MCMC autocorrelation plots for the BEB_derived model with the pumps
data.
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Figure E.12. MCMC autocorrelation plots for the BEB_c0 model with the pumps data.
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E.2.3 Complete Relative Difference Bar Graph for 5 % Percentile with

Pumps Data

The relative difference plot referred to in the main text on page 46 for the 5 % percentile
with the pumps data including in full scale the BEB_derived modelling results is shown
in figure E.14.
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Figure E.14. The relative difference plot for the 5 % percentile with the pumps data in full
scale.
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E.2.4 Absolute Value Bar Graphs for the Pumps Data

The absolute value bar graphs for the pumps data are shown in figure E.15 referred to in

the main text in section 4.2.2 on page 46.
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Figure E.15. Comparison of the BEB models for pumps data. The bar plots show the
absolute estimated values from the fitted models and from the benchmark document for
the mean and 5 %, 50 % & 95 % percentiles of the posterior distribution for ; of each

unit J and the general posterior denoted by G.
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E.3 Valves in ZEDB Data Format

This section includes the additional figures referred to in the main text section 4.3 starting
from page 53.

E.3.1 Trace Plots for the Model Fits with the Valves Data in ZEDB
Format
The trace plots for the ZEDB formatted valves data model fits are shown in the figures

E.16 for the BEB model and E.17 for the BEB_derived model referred to in the main text
on page 53.
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Figure E.16. Traces plots for the BEB model parameters with the valves data in ZEDB
format.
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Figure E.17. Traces plots for the BEB_derived model parameters with the valves data in
ZEDB format.
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Figure E.18. Traces plots for the parameter e for the BEB_c0 and BEB_bmp models
with the valves data in ZEDB format.

E.3.2 MCMC Autocorrelation for the Model Fits with the Valves Data
in ZEDB Format

The MCMC autocorrelation plots for the four BEB model variants with the valves data in
ZEDB format are shown in figures E.19, E.20, E.21 and E.22 referred to in the main text
in section 4.3.1 on page ??.
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Figure E.19. MCMC autocorrelation plots for the BEB model with the valves data in ZEDB

format.
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Figure E.20. MCMC autocorrelation plots for the BEB_derived model with the valves data
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Figure E.21. MCMC autocorrelation plots for the BEB_c0 model with the valves data in
ZEDB format.
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Figure E.22. MCMC autocorrelation plots for the BEB_bmp model with the valves data in
ZEDB format.
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E.3.3 Absolute Value Bar Graphs for the Valves Data in ZEDB Format

The absolute value bar graphs for the valves data in ZEDB format are shown in figure
E.23 referred to in the main text in section 4.3.2 on page 54.
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Figure E.23. Comparison of the BEB models for the valves data in ZEDB format. The bar
plots show the absolute estimated values from the fitted models and from the benchmark
document for the mean and 5 %, 50 % & 95 % percentiles of the posterior distribution for

j of each unit j and the general posterior denoted by G.



E.4 Valves in T-Book Data Format

119

This section includes the additional figures referred to in the main text section 4.4 starting

from page 61.

E.4.1 Trace Plots for the Model Fits with the Valves Data in T-Book

Format

The trace plots for the T-Book formatted valves data model fits are shown in the figure
E.24 for the BEB_derived model referred to in the main text on page 61.
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Figure E.24. Traces plots for the BEB_derived model parameters with the valves data in

T-Book format.
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E.4.2 MCMC Autocorrelation for the Model Fits with the Valves Data
in T-Book Format

The MCMC autocorrelation plots for the four BEB model variants with the valves data in
T-Book format are shown in figures E.25, E.26, E.27 and E.28 referred to in the main text

in section 4.4.1 on page 61.

Figure E.25. MCMC autocorrelation plots for the BEB model with the valves data in T-
Book format.

Figure E.26. MCMC autocorrelation plots for the BEB_derived model with the valves data
in T-Book format.
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|

Figure E.27. MCMC autocorrelation plots for the BEB_c0 model with the valves data in
T-Book format.

IS

Figure E.28. MCMC autocorrelation plots for the BEB_bmp model with the valves data in
T-Book format.
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E.4.3 Absolute Value Bar Graphs with the Valves Data in T-Book

Format

The absolute value bar graphs for the valves data in T-Book format are shown in figure

E.29 referred to in the main text in section 4.4.2 on page 61.
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Figure E.29. Comparison of the BEB models for valves data in T-Book format. The bar

plots show the absolute estimated values from the fitted models and from the benchmark

document for the mean and 5 %, 50 % & 95 % percentiles of the posterior distribution for
j of each unit j and the general posterior denoted by G.
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