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Precoding is an integral part of the transmitter signal processing chain in
wireless communication, allowing to improve signal quality and capacity in
both modern and future generations of telecommunication. The 3rd Genera-
tion Partnership Project (3GPP) technical specification TS 38.214 [1] provides
definitions for Type I single panel and multi-panel codebooks. The codebooks
consist of precoding matrices, which are used for precoding the vector rep-
resenting a cyclic prefix orthogonal frequency-division multiplexed waveform
linearly using the matrix product. The choice of a precoding matrix is carried
out according to precoding matrix indicator, which is a part of channel state
information (CSI) reporting.

This thesis aims to propose an efficient technique to implement 5G Type I
CSI single panel precoding matrices using 4 or 8 antenna ports. This proposal
is of interest for a practical codebook generation, simplifying it in terms of the
memory needed to store the precoding matrices. The proposed algorithm has
been validated and compared against a so called direct implementation, where
the precoding matrices are stored as they are defined in the standard. While
4 and 8 antenna ports cases have been studied more thoroughly, the proposed
algorithm can be extended into cases of more antenna ports. The definition of
NR codebooks presented in the 3GPP standard is revised and analyzed without
loss of generality from signal processing point of view. Optional mathematical
expressions for the codebooks are presented alongside with proofs for their
derivation. The proposed schemes demonstrate that the required memory can
be reduced by approximately 95 % compared to the direct storing of each
precoder. Our proposals thus bring fundamental benefit to precoder generation
systems. Furthermore, with respect to direct precoding using a single matrix
multiplication, the analysis carried out in this thesis indicates that precoding
in parts shows a reduction of up to 87.5 % in number of needed real additions,
and a reduction of up to 37.5 % of needed real multiplications associated with
complex arithmetics. Lastly, further development ideas are presented to gain
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prospective of the impact and potential ideas for extending the algorithm to
more complex cases.
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List of Symbols and Abbreviations

· Arithmetic multiplication operator

ℂ Set of complex numbers

↦→ Element-wise mapping

⊙ Hadamard product

𝜔𝑛 The 𝑛th root of unity 𝑒
−2𝜋 𝑗

𝑛

⊗ Kronecker product

I𝑛 The 𝑛 × 𝑛 identity matrix

M(:, 𝑖) The 𝑖th column of matrix M

M(:, 𝑣) The matrix formed of columns of matrix M as indicated by integer
vector 𝑣

M(𝑖, :) The 𝑖th row of matrix M

M(𝑣, :) The matrix formed of rows of matrix M as indicated by integer vector
𝑣

MT Transpose of matrix M

Arg(𝑧) Argument of a complex number 𝑧

card(𝑆) Cardinality of set 𝑆

ran(𝑥) Range of variable 𝑥

ℤ Set of integers

𝑐𝑛×𝑚 A matrix in ℂ𝑛×𝑚 with all entries equal to 𝑐

𝑗 Imaginary unit

𝑣𝑘
𝑖

𝑘th element of vector 𝑣𝑙

3GPP 3rd generation partnership project

4G 4th Generation

5G 5th Generation
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CC Channel coding

CP Cyclic prefix

CQI Channel quality indicator

CRI CSI-RS resource indicator

CSI Channel state information

CSI-RS CSI reference signal

DFT Discrete Fourier transform

diag(𝑣) The diagonal matrix where the diagonal is 𝑣

FFT Fast Fourier transform

gNB gNodeB

HW Hardware

L1 Layer 1

lcm(a,b) Least common multiplier of integers 𝑎 and 𝑏

LI Layer indicator

LTE Long term evolution

MIMO Multiple-Input Multiple-Output

mMIMO Massive MIMO

MU-MIMO Multi-user MIMO

NR New Radio

OFDM Orthogonal frequency-division multiplexing

OFDMA Orhtogonal frequency-division multiple access

PMI Precoding matrix indicator

QPSK Quadrature phase shift keying

RE Resource element

RI Rank indicator
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RSRP Reference signal received power

SS Synchronization signal

SW Software

UE User equipment
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1 Introduction

The fifth generation (5G) of the cellular network technology was introduced
to meet new and more demanding requirements such as higher transmission
diversity and more reliable transmission. With respect to the preceding com-
munication technologies, studying 5G and standard development has identified
key technologies presented in Figure 1.1 to help meeting these new require-
ments [6]. From consumer point of view, 5G has further enabled entertainment

Figure 1.1. Key technologies in 5G [6].

applications such as enhanced video streaming and virtual reality [26, 27]. Rev-
olutionary applications including self-driving cars and remote controlled oper-
ations have become a possibility as well [6]. To support higher transmission
diversity in comparison to the fourth generation (4G), 5G utilizes the massive
Multiple-Input Multiple-Ouput (mMIMO) systems [4, 5]. The use of multi-
user MIMO (MU-MIMO) is enabled by efficient beam management carried out
by the gNodeB (gNB) to mitigate interference between the users. To support
these applications, the technology used in 4G needs to be updated. For exam-
ple, more base stations are needed to form a larger and more reliable grid to
secure more reliable connectivity and accessing larger radio frequencies. This
requires integration in circuits and semiconductor technologies [6]. Moreover,
efficient signal transmission is an important part of ensuring connectivity and
higher data rates. In the heart of the signal transmission is the physical layer,
which interacts between both the radio frontends and physical interface.

The physical layer is an inseparable part of signal transmission, as it is re-
sponsible of, for example, the choice of modulation, coding schemes, and multi-
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Figure 1.2. Precoding modulated signal x with precoder W re-
sulting in signal y.

antenna transmission modes to ensure the desired coverage and throughput [6].
This can be achieved by processing orthogonal frequency-division multiplexing
(OFDM), scrambling, layer mapping, and precoding. To mitigate memory
overhead and computational complexity, it is essential to look into possibilities
of optimizing the physical layer signal processing. This thesis proposes an im-
plementation to reduce the required memory to store the precoding matrices
with the trade-off of computational complexity needed to retrieve the matrices.
The proposed schemes demonstrate that the memory required can be reduced
by approximately 95 % compared to the direct storing of each precoder. Addi-
tionally, with respect to direct precoding using a single matrix multiplication,
the analysis carried out in this thesis indicates that precoding in parts shows a
reduction of up to 87.5 % in number of needed real additions, and a reduction
of up to 37.5 % of needed real multiplications. This implies that the schemes
bring fundamental benefit to precoder generation systems.

Precoding refers to the linear processing performed prior the OFDM, in
which the signal is mapped with the aim of increasing spectral efficiency in
different single-user (SU) and MU-MIMO schemes [10]. Mathematically, the
signal is processed using linear maps, which further translates into the use of
matrices. These matrices are referred to as precoding matrices or for short
precoders, and they are defined over varying numbers of antenna ports and
transmission layers. An illustration of the mathematical meaning of the pre-
coding is presented in Figure 1.2. A key requirement of precoder design is the
channel state information (CSI) reporting and the use of precoding matrix in-
dicator (PMI). The user equipment (UE), such as a smartphone, uses various
kinds of data. This data may consist of, for example, time and frequency infor-
mation, which the UE uses to report CSI. Through this approach, CSI can be
used to, for example, time and frequency tracking [5]. The CSI report covers
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several factors, one of which is the PMI. To acquire CSI in a frequency divi-
sion duplexing system the CSI reporting is employed [22]. Conversely, in time
domain duplexing networks it is possible exploit the channel reciprocity when
transmission and reception using same number of antennas is possible for the
UE [22]. The PMI corresponds to a codebook index given by table 5.2.2.2.1-1
in [1], indicating the appropriate precoding matrix to be utilized. Based on
the PMI, the gNB can determine a suitable precoder and communicate the
information back to UE.

The precoders are defined for combinations of numbers of antenna ports
and layers, which translate directly into the dimensions of the precoding ma-
trix. For example, in the case of 4 and 8 antenna ports, the maximum numbers
of elements in a single precoder are achieved by 4 and 8 layers which result
in 16 and 64 elements, respectively. As the numbers of used ports and lay-
ers grow, the effort to generate a single matrix grows proportionally to them.
However, as can be learned from other studies, the precoding matrices admit a
mathematical structure allowing representation of the matrices in a more con-
cise manner compared to one given by the 3GPP standards [7, 10, 11]. Since
precoding can be viewed as a matrix multiplication in the scope of this the-
sis, the structural conveniences discussed for example in [7, 10, 11] may allow
to simplify the precoding itself by decomposing to smaller parts and remov-
ing redundant calculations. In contrast to theoretical results, a discussion on
practical implementation and effective codebook generation method has been
carried out in [24, 25], but not in the specific case discussed in this thesis, thus
motivating further studies.

From implementation and hardware (HW) point of view, according to the
best knowledge of the author, the efficiency of NR Type I CSI precoding matrix
generation has not been widely studied, even though it remains an integral
part of the precoding process. The number of coefficients in the precoding
matrices is directly proportional to the used antenna ports and layers, a fact
that leads to essentiality of efficient storing and generation of the codebooks.
Another aspect to consider, is that the number of needed calculations increases
inevitably the more there are signals to be precoded. Because of these factors,
even the slightest of reductions in complexity and memory consumption can
add significant value in the long term.

The aim of this thesis is to propose and analyze an efficient implemen-
tation for retrieving the NR Type I CSI codebooks for the number of ports
𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8} as an option to a direct storing and fetching of the codebooks.
The underlying mathematical background will be presented to demonstrate the
structure and connection the codebooks share to establish a more concise way
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of presenting and retrieving the codebooks. The mathematical ideas presented
especially in, [7, 10, 11] lay a foundation for the study conducted and the ideas
proposed in this thesis. An algorithm to retrieve the codebooks is presented
based on these ideas. Finally, an implementation based on the presented al-
gorithm is proposed and followed by the analysis of the complexity and the
benefits with respect to the direct storing of the precoding matrices.

The proposed implementation and algorithm will cover the retrieval of all
NR Type I CSI precoding matrices for number of ports 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8} and
rank 𝜈 ∈ {1, . . . , 𝑃𝐶𝑆𝐼−𝑅𝑆}. The efficiency of the implementation is then ana-
lyzed from the point of view studying the impact on memory use and computa-
tional complexity. The results are compared against the direct retrieval, where
each precoder matrix has been stored in the memory and then retrieved as is.
Alongside with providing proofs and derivations for some of the key character-
istic of NR Type I CSI precoders from the point of view of this thesis, it will be
shown that the proposed implementation enables a precoder retrieval scheme
allowing a reduction of 95.2 % of the needed bits for the direct implementation.

The remainder of this thesis is organized as follows. Chapter 2 covers a
literature review on the related works and their importance to the thesis. The
current state of art is analyzed and earlier proposals are discussed. In Chapter
3, the theoretical background focusing on the necessary mathematics and NR
precoding is presented. The purpose of this is to provide sufficient preliminary
foundation to understand the topic of the thesis. A mathematical overview
of the codebook generation is presented also in the third chapter. Chapter 4
proposes a retrieval algorithm which has been implemented using Matlab and
in Chapter 5 the proposed implementation is compared against direct precoder
retrieval from the point of view of memory and complexity. Lastly, Chapter
6 discusses further development ideas and potential extensions of the existing
implementation to cover more port-layer combinations.
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2 Related Works

Studies on optimization of NR precoding are focusing on precoder and PMI
selection or search [7, 8, 9, 10, 11, 12, 13, 14], and codebook design [15, 16,
17, 18, 19, 20, 21]. Additionally, patents regarding more efficient codebook
retrieval have been also been published [24, 25]. However, they do not cover
exactly the NR CSI Type I single panel codebook retrieval, nor the problem of
memory overhead related to the corresponding codebook storing.

A solution for the problem of overhead reduction related to precoding has
been presented from several points of view in [7, 8, 9, 10, 11, 12, 13, 14]. The
aim of these studies is to reduce the computational complexity of precoder
search using various methods. The works of [7, 11, 12, 13] focus on Type I
precoder, [8] on Type II, and [9, 10, 14] suggest solutions covering both cases.
These studies suggest, that exploiting the precoder structure proves useful in
optimizing the complexity of the precoder search. The focus is on deriving the
expression W = W1W2 for the precoder. Matrix W1 can be factorized using
for example the Kronecker product [7, 9, 11], allowing to represent the matrix
in terms of simpler matrices. Matrix W2 can be represented using Kathri-Rao
product [7, 11], as a quadrature phase shift keying (QPSK) co-phasing matrix
[9, 10, 13, 14]. The factorization W1W2 is assumed in [7, 8, 9, 11, 13, 14]
whereas [10] is presenting a derivation up to 4 layers in case of 4 antenna
ports. This leaves room for providing a more rigorous proof to gain a better
understanding of the Type I codebook structure. This will be the aim of this
thesis, alongside with the derivation to represent the non-full rank precoders
using the full-rank one is also presented.

Solutions aiming to optimize the precoding scheme by redesigning the pre-
coder have been suggested by [15, 16, 17, 18, 19, 20, 21]. The focus is on
enhancing precoding in NR Type II CSI precoding [15, 16, 17, 21], Type I [18],
and LTE-A [19]. Diverse approaches have been utilized, such as ones based
on artificial intelligence [16], and algorithmic solutions [17, 20, 21]. Further-
more, some of the solutions are based on more mathematical framework, such
as Helmholtz equations [15], singular value decomposition [18], and weighing
the precoder using phase adjustment functions [19]. The integral observation
from these studies is, that the state of the art precoding scheme has room for
improvement based on the amount of studies. Moreover, as the covered studies
examine novel structures and architectures for codebooks and their derivation,
a gap for studying the generation of conventional NR Type I CSI codebooks
remains. Alongside with studying the mathematical derivation of the conven-
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tional NR Type I CSI codebooks, this thesis seeks to address the problem of
efficient storing and generation of these codebooks posed by direct implemen-
tation of the codebooks.

The authors of [24, 25] describe an implementation for their proposals in
their respective patent applications. These implementations provide a method
and apparatus for multi-polarized MIMO system codebook generation using
a single-polarized precoder [24], and for codebook generation to provide ele-
ments for a reconfigurable intelligent surface precoding [25]. A detailed de-
scription of the proposed implementation is carried out in both applications.
However, these applications are restricted in specific focal points, namely, multi-
polarization MIMO systems [24] and reconfigurable intelligent surface systems
[25]. This leaves room for studying and implementing the methods and appa-
ratus for NR Type I CSI codebook generation at a more general level, which is
the aim of this thesis.

Pertinent to this thesis is to study and implement an algorithm for Type
I CSI single panel precoder generation and retrieval. The contribution of
this thesis crystallizes in the detailed description of the proposed algorithm
and derivation of the mathematical structural properties, such as the formula
W = W1W2, of the NR CSI Type I precoders for numbers of ports 4 and 8,
which form and underlying basis of the algorithm proposed in this thesis. The
proposed algorithm alongside with implementation for codebook generation
and retrieval shares some of the mathematical aspects presented particularly
in [7, 10, 11, 24]. The approaches exploiting the NR codebook structure serve
as a foundation for the contributions of this thesis, highlighting the implemen-
tation of an algorithm and mathematical proofs. The emphasis in the proposed
implementation is on reducing the memory overhead in comparison to the direct
implementation of precoder generation.
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3 Background

In this chapter, the underlying aspects of 5G physical layer processing and
precoding are discussed. We will also cover the core elements of NR Type I
CSI reporting and single panel PMI in Section 3.2, following mostly the work
of [6]. The key structural attributes of the NR Type I single panel codebooks
are described from the perspective of this thesis. The underlying mathematical
results are derived and presented, covering all the cases discussed in this thesis.
Lastly, we will describe an NR Type I single panel CSI codebook generation
algorithm.

The lowest layer interacting with the digital and analog frontends and the
physical media is referred to as the physical layer and it is responsible of multi-
ple processing steps of the transmitted signal [6]. In transmission, the physical
layer input data consists of transport blocks, whereas the output is an OFDM
signal [6]. On the high level, NR downlink physical layer processing includes

Figure 3.1. An overview of the downlink physical layer processing
steps adapted from [23]

channel coding, rate matching, scrambling, modulation, layer mapping, precod-
ing, resource mapping, beamforming port extension, and OFDM modulation
and cyclic prefix (CP) addition [23]. In the scope of this thesis, we are inter-
ested in the precoding stage of the downlink physical layer. An illustration of
the simplified overview of the physical layer processing is presented in Figure
3.1.

3.1 Precoding in Physical Layer Signal Processing Chain

Precoding enables reduction of feedback complexity and overhead in 5G sys-
tems [7]. By spatial filtering in MIMO systems, precoding enables sending
multiple data streams [10]. In order to understand the data processing of pre-
coding, we will first discuss the data flow in downlink physical layer processing.

A point of interest in our case is to look into the downlink broadcast chan-
nel, where the data is coded in multiple steps. These steps include payload
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generation, scrambling, transport block cyclic redundancy check attachment to
enable detecting errors, channel coding (CC), and rate matching [2]. Delving
into CC, the input data is encoded using polar code and the codeword data
is then rate matched according to technical specification TS 38.212 Sections
7.1.4-7.1.5 [2]. The encoded and rate matched data is then scrambled, modu-
lated and layer mapped according to technical specification TS 38.211 Sections
7.3.3.1-7.3.3.3 [3]. At this stage, the data can be viewed as a complex vector
x ∈ ℂ𝜈, where 𝜈 is the number of spatial layers. This data is the precoder
input.

Let 𝑁1 and 𝑁2 be the numbers of MIMO transmission antenna ports in
horizontal and vertical dimensions, respectively, and let 𝑃𝐶𝑆𝐼−𝑅𝑆 = 2𝑁1𝑁2 [10].
Assuming a UE has 𝑁𝑅 receiver antennas, the signal y ∈ ℂ𝑁𝑅 observed by the
UE can be expressed as

y = HPx + n. (3.1)

Here H ∈ ℂ𝑁𝑅×𝑃𝐶𝑆𝐼−𝑅𝑆 is the downlink channel estimation matrix, P ∈ ℂ𝑃𝐶𝑆𝐼−𝑅𝑆×𝜈

is the precoder, n ∈ ℂ𝑁𝑅 is white noise, and x ∈ ℂ𝜈 is the input to the precoder
[10]. In terms of codebook based MIMO linear precoding, it can be modelled
as the matrix multiplication Px of (3.1). In order to satisfy (3.1), the channel
conditions experienced by the UE need to be estimated with H, and P needs
to be chosen carefully based on the estimation. The matrix P can be chosen
according to the CSI, which is based on the report on channel state by the UE.

3.2 CSI

To estimate the prevalent channel conditions, the base station uses CSI. It
contains information on the wireless telecommunication channel such as signal
scattering, fading, and attenuation. CSI enables adaptation of the transmitted
waveform to the surrounding conditions. In many cases, CSI is estimated at
the receiver and reported to the transmitter. In summary, it allows the UE to
adapt into varying channel conditions while maintaining good user experience.

On a high level, CSI can be divided into two sub-categories based on the use-
case, the instantaneous and the statistical CSI. The instantaneous CSI is useful
in situations where the channel conditions are more stable and known whereas
the statistical CSI fits more in rapidly varying conditions [6]. In a general case,
a suitable combination of both CSI types is used [6]. More detailed information
on CSI configuration is determined by NR CSI framework [1].

The CSI framework enables selecting CSI reporting setting, CSI reference
signal (CSI-RS) resource setting, and measurement setting based on the CSI
requirements [22]. Fine-tuning the CSI configuration is fundamental as the
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suitable use of statistical and instantaneous CSI is crucial to be taken into ac-
count in the reporting. CSI-RS can be used for beam management by using
CSI-RS to indicate the resourcing and allocation of transmitted beams in a
multi-UE situation [22]. More specifically, the gNB decides based on the UE
measurements on received beams and beam quality reports, the beams assigna-
tion to the UE. This assignment can be conducted adaptively under dynamic
conditions [22]. Furthermore, CSI-RS is used to carry the information of CSI
reporting between the gNB and the UE.

The gNB controls the setting for CSI reporting, which is then conveyed by
CSI-RS to the UE. The UE then interprets the report setting to report the
desired CSI to the gNB. A high level description of the process of CSI acqui-
sition is depicted in Figure 3.3. The CSI may carry information on channel
quality indicator (CQI), PMI, CSI-RS resource indicator (CRI), synchroniza-
tion signal (SS) block resource indicator, layer indicator (LI), rank indicator
(RI) and/or layer 1 reference signal received power (L1-RSRP) measurements
[1]. The components that the CSI may contain are illustrated in Figure 3.2.
The UE is configured with more than one reporting settings CSI-ReportConfig
and resource settings CSI-ResourceConfig for reporting and measuring all com-
ponents but SS-block resource indicator [6]. Based on the CSI, the gNB is able
to approximate the channel conditions. This allows gNB to, for example, effi-
ciently control channel dependent scheduling and precoding matrix assignation
[6].

The most suitable codebook and further the precoder are selected based
on the reported PMI value. The UE calculates the value of PMI based on
the reported values of RI and CRI [1]. In NR, high-resolution spatial channel
information can be provided using precoding involving selection of subbands
and channel eigenvector approximations. Through this approach, the UE will
know which transmission scheme to use for data transmission. This knowledge
allows choosing the optimal precoding matrix, which is instrumental in securing
an efficient transmission [6]. An important factor to take into account in the
transmission is the number of users. As NR supports both SU-MIMO and
MU-MIMO, the CSI is divided into Type I and Type II CSI to meet respective
needs [1, 13].

The configuration parameters for either Type I or Type II CSI are con-
tained in CodebookConfig, which can be CSI-ReportConfig [1]. Type I, or the
standarad resolution, CSI can be applied for use-cases where the number of re-
ceived layers is smaller than the number of receiver antennas. Conversely, the
high-resolution, i.e., Type II CSI is needed in for example MU-MIMO cases.
In these use-cases, Type II CSI enables beamforming or precoding used for
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Figure 3.2. Possible components of CSI [1].

inter-UE interference suppression [13].

3.3 NR Precoding Matrix

In conditions for which the standard resolution CSI is sufficient, Type I CSI
codebook is applicable. The codebook consists of precoders of form W =

W1W2, where W1 is a wideband matrix common for all subbands and W2

is a subband matrix representing the fast fading properties. This structure
allows viewing precoding as a two stage procedure. An illustration of the effect
of W1 and W2 in beam selection is presented in Figure 3.4. Type I supports up
to 8 layers and 32 antenna ports implying that the largest precoding matrices
can reach up to 8 × 32-matrices. This highlights the importance of efficient
matrix generation and retrieval in HW and software (SW). Based on the ideas
in [7, 11, 10], the DFT structure of the precoders offers a basis for optimizing
the generation.

Matrix W1 is constructed using DFT matrices and reported for the complete
bandwidth. In particular, W1 can be presented in form I2 ⊗ D, where D is a
diagonal matrix with a DFT vector as the main diagonal [7]. Contrarily, matrix
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Figure 3.3. Overview of the CSI reporting: The gNB controls
the resourcing and reporting configurations which the UE uses to
measure the channel conditions. Based on the measurements, the
UE reports the CSI back to the gNB.

W2 acts as a selector for the DFT vectors within W1 enabling representation
of the short-term frequency-dependent characteristics [15]. In practice, W1

indicates the beam direction with the structure corresponding to two possible
polarizations and W2 handles the choice of beam. Finally, the PMI carries
the necessary info for W1 and W2 aiming to approximate the CSI. In Type I
single panel precoding, W2 performs quadrature phase-shift key (QPSK) co-
phasing on two polarizations [9]. It is also possible, that a device is subsequently
selecting CQI with the assumption of randomly selected W2 on a physical
resource block basis [6]. In this case, it is not necessary to report W2.

As defined in Section 3.1, 𝑁1 and 𝑁2 correspond, respectively, to the hor-

Figure 3.4. Illustration of Type I CSI precoder effect adapted
from [6]. Matrix W1 selects a subset of subbands. Matrix W2 acts
as a beam selector and adds cophasing resulting in W.
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izontal and vertical dimensions of the antenna panel [10]. The number of
antenna ports is defined as 𝑃𝐶𝑆𝐼−𝑅𝑆 = 2𝑁1𝑁2. Additionally, indices 𝑂1 and
𝑂2 have been defined in [1]. They correspond respectively to the horizontal
and vertical dimension over-sampling factors [7]. In the scope of thesis, cases
𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8} will be studied. The configurations for (𝑁1, 𝑁2) and (𝑁1, 𝑁2)
defined in these cases are listed in Table 3.1. They are used to determine the
ranges for indices that relate to PMI.

Technical specification TS 38.214 defines precoders for two codebook modes,
1 and 2, but in the scope of this thesis, codebook mode 2 is not covered sep-
arately. This is due to the definitions indicating that codebook mode 2 dif-
ferentiates from codebook mode 1 by the indexing order of the precoders [1].
Therefore, the proposed algorithm covers both codebook modes regardless of
which one is used to its derivation.

Table 3.1. Values for 𝑁1, 𝑁2, 𝑂1, 𝑂2 when 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8} defined
in [1].

𝑃𝐶𝑆𝐼−𝑅𝑆 (𝑁1, 𝑁2) (𝑂1, 𝑂2)
4 (2, 1) (4, 1)
8 (2, 2) (4, 4)
8 (4, 1) (4, 1)

In Type I single panel precoding, each PMI value corresponds to an index
triplet

(︁
𝑖1,1, 𝑖1,2, 𝑖2

)︁
for rank 𝜈 ∉ {2, 3, 4} [1]. Inversely, PMI is associated with

an index tuple
(︁
𝑖1,1, 𝑖1,2, 𝑖1,3, 𝑖2

)︁
, where index 𝑖1,3 is further mapped into a pair

(𝑘1, 𝑘2) [1]. The mapping of 𝑖1,3 into (𝑘1, 𝑘2) is presented in Tables 3.2-3.3.
Index 𝑖1,2 is mapped into 𝑙, 𝑙′, 𝑙′′, 𝑙′′′, 𝑖1,2 into 𝑚, 𝑚′, 𝑚′′, 𝑚′′′, and 𝑖2 into 𝑛. For
𝜈 ∈ {2, 3, 4}, 𝑖1,3 will contribute to 𝑙′ and 𝑚′.

We begin by defining the mappings and index ranges for full rank precoders.
The ranges for indices 𝑖1,1, 𝑖1,2, 𝑖2 in the full rank case are defined in the Table
3.4. Later on, we will prove that the non-full rank precoders can be extracted
from the full rank one. For 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8 and 𝜈 = 8, indices 𝑖1,1, 𝑖1,2, 𝑖2 are
mapped according to 𝑁1 into index tuples 𝐼1 and 𝐼2 as follows⎧⎪⎪⎨⎪⎪⎩

(︁
𝑖1,1, 𝑖1,2, 𝑖2

)︁
↦→ 𝐼1, 𝑁2 = 1(︁

𝑖1,1, 𝑖1,2, 𝑖2
)︁
↦→ 𝐼2, 𝑁2 > 1,

(3.2)

where ↦→ denotes element-wise mapping, and 𝐼1 and 𝐼2 have been defined as

𝐼1 = (𝑖1,1, 𝑖1,1 +𝑂1, 𝑖1,1 + 2𝑂1, 𝑖1,1 + 3𝑂1, 0, 0, 0, 0, 𝑖2)
𝐼2 = (𝑖1,1, 𝑖1,1 +𝑂1, 𝑖1,1, 𝑖1,1 +𝑂1, 𝑖1,2, 𝑖1,2𝑖1,2 +𝑂2, 𝑖1,2 +𝑂2, 𝑖2).

(3.3)
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Table 3.2. Mapping of 𝑖1,3 into (𝑘1, 𝑘2) when 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8},
𝜈 = 2. Adapted from [1].

𝑖1,3
𝑁1 = 2, 𝑁2 = 1 𝑁1 = 4, 𝑁2 = 1 𝑁1 = 2, 𝑁2 = 2

(𝑘1, 𝑘2) (𝑘1, 𝑘2) (𝑘1, 𝑘2)
0 (0, 0) (0, 0) (0, 0)
1 (𝑂1, 0) (𝑂1, 0) (𝑂1, 0)
2 (2𝑂1, 0) (0, 𝑂2)
3 (3𝑂1, 0) (𝑂1, 𝑂2)

Table 3.3. Mapping of 𝑖1,3 into (𝑘1, 𝑘2) when 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8},
𝜈 ∈ {3, 4}. Adapted from [1].

𝑖1,3
𝑁1 = 2, 𝑁2 = 1 𝑁1 = 4, 𝑁2 = 1 𝑁1 = 2, 𝑁2 = 2

(𝑘1, 𝑘2) (𝑘1, 𝑘2) (𝑘1, 𝑘2)
0 (𝑂1, 0) (𝑂1, 0) (𝑂1, 0)
1 (2𝑂1, 0) (0, 𝑂2)
2 (3𝑂1, 0) (𝑂1, 𝑂2)

Table 3.4. The ranges for 𝑖1,1, 𝑖1,2, 𝑖2 for 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8}. Adapted
from [1].

𝑁1 = 2, 𝑁2 = 1 𝑁1 = 4, 𝑁2 = 1 𝑁1 = 2, 𝑁2 = 2
𝑖1,1 0, . . . , 𝑁1𝑂1 − 1 0, . . . , 𝑁1𝑂1

2 − 1 0, . . . , 𝑁1𝑂1 − 1
𝑖1,2 0, . . . , 𝑁2𝑂2 − 1 0 0, . . . , 𝑁2𝑂2 − 1
𝑖2 0,1 0, 1 0, 1

Every precoder is associated with a unique index tuple 𝐼 defined as

𝐼 = (𝑙, 𝑙′, 𝑙′′, 𝑙′′′, 𝑚, 𝑚′, 𝑚′′, 𝑚′′′, 𝑛) =
⎧⎪⎪⎨⎪⎪⎩
𝐼1, 𝑁2 = 1
𝐼2, 𝑁2 > 1.

(3.4)

For 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4 and 𝜈 = 4, we define tuple 𝐼3 as

𝐼3 = (𝑙, 𝑙′, 𝑚, 𝑚′, 𝑛) =
(︁
𝑖1,1, 𝑖1,1 + 𝑘1, 𝑖1,2, 𝑖1,2 + 𝑘2, 𝑖2

)︁
, (3.5)

where 𝑘1 and 𝑘2 are determined according to Table 3.3. To avoid using extra
indices in the text, 𝐼 is used to refer to 𝐼3 whenever we are discussing the case
𝑃𝐶𝑆𝐼−𝑅𝑆 = 4.
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The entries of 𝐼1, 𝐼2 and 𝐼3 determine the DFT vectors which in turn con-
struct the precoder matrix. Let ⊗ be the Kronecker product, ℤ the set of
integers, and 𝜔𝑘 = 𝑒2𝜋 𝑗/𝑘 , with 𝑘 ∈ ℤ, the 𝑘th root of unity. The determining
DFT vectors are defined as follows

𝑢𝑚 =

[︂
1 𝜔𝑚

𝑂2𝑁2
· · · 𝜔

𝑚(𝑁2−1)
𝑂2𝑁2

]︂
,

𝑣𝑙 =

[︂
1 𝜔𝑙

𝑂1𝑁1
· · · 𝜔

𝑙 (𝑁1−1)
𝑂1𝑁1

]︂
,

𝑣𝑙,𝑚 =

[︂
𝑢𝑚 𝜔𝑙

𝑂1𝑁1
𝑢𝑚 · · · 𝜔

𝑙 (𝑁1−1)
𝑂1𝑁1

𝑢𝑚

]︂
= 𝑣𝑙 ⊗ 𝑢𝑚,

(3.6)

alongside with the co-phasing factor 𝜙𝑛 = 𝑒 𝑗𝜋𝑛/2 [1]. Letting ⊙ be the element-
wise matrix product, or the Hadamard product, the full rank precoding matrix
for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8 is defined as

W(8)
𝐼

=
1

√
8𝑃𝐶𝑆𝐼−𝑅𝑆

[︄
𝑣𝑙,𝑚 𝑣𝑙,𝑚 𝑣𝑙′,𝑚′ 𝑣𝑙′,𝑚′ 𝑣𝑙′′,𝑚′′ 𝑣𝑙′′,𝑚′′ 𝑣𝑙′′′,𝑚′′′ 𝑣𝑙′′′,𝑚′′′

𝜙𝑛𝑣𝑙,𝑚 −𝜙𝑛𝑣𝑙,𝑚 𝜙𝑛𝑣𝑙′,𝑚′ −𝜙𝑛𝑣𝑙′,𝑚′ 𝑣𝑙′′,𝑚′′ −𝑣𝑙′′,𝑚′′ 𝑣𝑙′′′,𝑚′′′ −𝑣𝑙′′′,𝑚′′′

]︄
=

1
√

8𝑃𝐶𝑆𝐼−𝑅𝑆

(︂(︂
12×1 ⊗

[︂
𝑣𝑙,𝑚 𝑣𝑙′,𝑚′ 𝑣𝑙′′,𝑚′′ 𝑣𝑙′′′,𝑚′′′

]︂ )︂
⊗ 11×2

)︂
⊙ Φ𝑛,

(3.7)

and for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4 as

W(4)
𝐼

=
1

√
4𝑃𝐶𝑆𝐼−𝑅𝑆

[︄
𝑣𝑙,𝑚 𝑣𝑙′,𝑚′ 𝑣𝑙,𝑚 𝑣𝑙′,𝑚′

𝜙𝑛𝑣𝑙,𝑚 𝜙𝑛𝑣𝑙′,𝑚′ −𝜙𝑛𝑣𝑙,𝑚 −𝜙𝑛𝑣𝑙′,𝑚′

]︄
=

1
√

4𝑃𝐶𝑆𝐼−𝑅𝑆

(︂
12×2 ⊗

[︂
𝑣𝑙,𝑚 𝑣𝑙′,𝑚′

]︂ )︂
⊙ Φ𝑛

(︂
:,
[︂
1 3 2 4

]︂ )︂
,

(3.8)

where 11×2,12×1, and 12×2 are 1 × 2, 2 × 1,2 × 2 matrices, respectively, with all
entries equal to 1, Φ𝑛 is defined as

Φ𝑛 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1

𝜙𝑛 −𝜙𝑛 𝜙𝑛 −𝜙𝑛 1 −1 1 −1
𝜙𝑛 −𝜙𝑛 𝜙𝑛 −𝜙𝑛 1 −1 1 −1
𝜙𝑛 −𝜙𝑛 𝜙𝑛 −𝜙𝑛 1 −1 1 −1
𝜙𝑛 −𝜙𝑛 𝜙𝑛 −𝜙𝑛 1 −1 1 −1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3.9)

and (:, 𝑣) is a column selector operator choosing the columns of a matrix in-
dicated by vector 𝑣. Without loss of generality, we omit the multiplication by
scalars 1√

8𝑃𝐶𝑆𝐼−𝑅𝑆
and 1√

4𝑃𝐶𝑆𝐼−𝑅𝑆
. This is due to the fact that the scalar multi-

plication can be carried out once W is recovered, and it does not thus impact
the algorithm for the generation of W.
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As discussed in Section 3.2, a Type I single panel CSI precoder can be
decomposed as W = W1W2. With respect to the implementation of codebook
generation, this is an important property, as it introduces the possibility of
representing W using potentially simpler matrices. We will prove that W1 will
be characteristic for each index pair

(︁
𝑖1,1, 𝑖1,2

)︁
, and that W2 can be viewed as

a generator matrices for the codebooks. More importantly, we will prove that
W = W1W2 holds for precoders when 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8}.
Problem statement. For each NR CSI Type I single-panel precoder W there
exist such matrices W1 and W2 that

W = W1W2

for defined configurations of 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8}.

Proof. Starting from a more fundamental result, if 𝑝 ∈ {0, 𝑂1, 2𝑂1, 3𝑂2} and
𝑞 ∈ {0, 𝑂2}, from the definitions of 𝑣𝑙 and 𝑢𝑚 it follows that⎧⎪⎪⎨⎪⎪⎩

𝑣𝑙+𝑝 = 𝑣𝑙 ⊙ 𝑣𝑝

𝑢𝑚+𝑞 = 𝑢𝑚 ⊙ 𝑢𝑞

(3.10)

as is stated in [7]. Then by the mixed product property of Kronecker and
element-wise products we have

𝑣𝑙+𝑝,𝑚+𝑞 = 𝑣𝑙+𝑝 ⊗ 𝑢𝑚+𝑞

= (𝑣𝑙 ⊙ 𝑣𝑝) ⊗ (𝑢𝑚 ⊙ 𝑢𝑞)
= (𝑣𝑙 ⊗ 𝑢𝑚) ⊙ (𝑣𝑝 ⊗ 𝑢𝑞)
= 𝑣𝑙,𝑚 ⊙ 𝑣𝑝,𝑞 . (3.11)

To derive W = W1W2, we start by finding an expression for W1. Initially, we
find W1. Later on we will demonstrate that this matrix is unique up to pair(︁
𝜈, 𝑖1,3

)︁
. Let us define a diagonal matrix D(𝑃𝐶𝑆𝐼−𝑅𝑆)

𝑙,𝑚
as

D(𝑃𝐶𝑆𝐼−𝑅𝑆)
𝑙,𝑚

= I2 ⊗ diag(𝑣𝑙,𝑚)

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑙,𝑚

0 . . . 0
0 . . .

𝑣
𝑃𝐶𝑆𝐼−𝑅𝑆/2
𝑙,𝑚

...
... 𝑣1

𝑙,𝑚
. . . 0

0 . . . 0 𝑣
𝑃𝐶𝑆𝐼−𝑅𝑆/2
𝑙,𝑚

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(3.12)

where I2 is the 2 × 2 identity matrix, and diag(.) is the operator mapping
a vector into a diagonal matrix with the input as its main diagonal. The
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left-multiplication of a matrix by a diagonal matrix is equivalent to element-
wise multiplication of each column of the same matrix by the diagonal. Let
𝑝1, 𝑝2, 𝑝3 ∈ {0, 𝑂1, 2𝑂1, 3𝑂1} and 𝑞1, 𝑞2, 𝑞3 ∈ {0, 𝑂2}, and set⎧⎪⎪⎨⎪⎪⎩

𝑙′ = 𝑙 + 𝑝1, 𝑙
′′ = 𝑙 + 𝑝2, 𝑙

′′′ = 𝑙 + 𝑝3

𝑚′ = 𝑚 + 𝑞1, 𝑚
′′ = 𝑚 + 𝑞2, 𝑚

′′′ = 𝑚 + 𝑞3.
(3.13)

The values of 𝑝1, 𝑝2, 𝑝3, 𝑞1, 𝑞2, 𝑞3 depend on 𝑁1 according to (3.2), (3.3), and
(3.4). By (3.11) and (3.13) we have[︂

𝑣𝑙,𝑚 𝑣𝑙′,𝑚′ 𝑣𝑙′′,𝑚′′ 𝑣𝑙′′′,𝑚′′′

]︂
=

[︂
𝑣𝑙,𝑚 𝑣𝑙+𝑝1,𝑚+𝑞1 𝑣𝑙+𝑝2,𝑚+𝑞2 𝑣𝑙+𝑝3,𝑚+𝑞3

]︂
= diag(𝑣𝑙,𝑚)

[︂
𝑣0,0 𝑣𝑝1,𝑞1 𝑣𝑝2,𝑞2 𝑣𝑝3,𝑞3

]︂
(3.14)

for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, and similarly for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4 we have[︂
𝑣𝑙,𝑚 𝑣𝑙′,𝑚′

]︂
= diag(𝑣𝑙,𝑚)

[︂
𝑣0,0 𝑣𝑝1,𝑞1

]︂
. (3.15)

Furthermore, by Kronecker product properties we have

12×1 ⊗
(︂
diag(𝑣𝑙,𝑚)

[︂
𝑣0,0 𝑣𝑝1,𝑞1 𝑣𝑝2,𝑞2 𝑣𝑝3,𝑞3

]︂ )︂
= (I212×1) ⊗

(︂
diag(𝑣𝑙,𝑚)

[︂
𝑣0,0 𝑣𝑝1,𝑞1 𝑣𝑝2,𝑞2 𝑣𝑝3,𝑞3

]︂ )︂
=
(︁
I2 ⊗ diag(𝑣𝑙,𝑚)

)︁ (︂
12×1 ⊗

[︂
𝑣0,0 𝑣𝑝1,𝑞1 𝑣𝑝2,𝑞2 𝑣𝑝3,𝑞3

]︂ )︂
= D(8)

𝑙,𝑚

(︂
12×1 ⊗

[︂
𝑣0,0 𝑣𝑝1,𝑞1 𝑣𝑝2,𝑞2 𝑣𝑝3,𝑞3

]︂ )︂
(3.16)

for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8 and

12×2 ⊗
(︂
diag(𝑣𝑙,𝑚)

[︂
𝑣0,0 𝑣𝑝1,𝑞1

]︂ )︂
= (I212×4) ⊗

(︂
diag(𝑣𝑙,𝑚)

[︂
𝑣0,0 𝑣𝑝1,𝑞1

]︂ )︂
=
(︁
I2 ⊗ diag(𝑣𝑙,𝑚)

)︁ (︂
12×2 ⊗

[︂
𝑣0,0 𝑣𝑝1,𝑞1

]︂ )︂
= D(4)

𝑙,𝑚

(︂
12×1 ⊗

[︂
𝑣0,0 𝑣𝑝1,𝑞1

]︂ )︂
(3.17)

for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4. Finally, using (3.14), (3.16) and (3.7) can be reformulated as

W(8)
𝐼

=

(︂(︂
12×1 ⊗

[︂
𝑣𝑙,𝑚 𝑣𝑙′,𝑚′ 𝑣𝑙′′,𝑚′′ 𝑣𝑙′′′,𝑚′′′

]︂ )︂
⊗ 11×2

)︂
⊙ Φ𝑛

= D(8)
𝑙,𝑚

(︂(︂(︂
12×1 ⊗

[︂
𝑣0,0 𝑣𝑝1,𝑞1 𝑣𝑝2,𝑞2 𝑣𝑝3,𝑞3

]︂ )︂
⊗ 11×2

)︂
⊙ Φ𝑛

)︂
. (3.18)

By setting

G(8)
𝐼

=

(︂(︂
12×1 ⊗

[︂
𝑣0,0 𝑣𝑝1,𝑞1 𝑣𝑝2,𝑞2 𝑣𝑝3,𝑞3

]︂ )︂
⊗ 11×2

)︂
⊙ Φ𝑛, (3.19)
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and substituting into (3.18), we have

W(8)
𝐼

= D(8)
𝑙,𝑚

G(8)
𝐼

(3.20)

for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8. Similarly, using (3.17), (3.8) can be reformulated as

W(4)
𝐼

= D(4)
𝑙,𝑚

(︂(︂
12×2 ⊗

[︂
𝑣0,0 𝑣𝑝1,𝑞1

]︂ )︂
⊙ Φ𝑛

(︂
:,
[︂
1 3 2 4

]︂ )︂)︂
. (3.21)

By setting

G(4)
𝐼

=

(︂
12×2 ⊗

[︂
𝑣0,0 𝑣𝑝1,𝑞1

]︂ )︂
⊙ Φ𝑛

(︂
:,
[︂
1 3 2 4

]︂ )︂
, (3.22)

and substituting into (3.21), we have

W(4)
𝐼

= D(4)
𝑙,𝑚

G(4)
𝐼

(3.23)

for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4.
□

Throughout this thesis, the diagonal matrix D(𝑃𝐶𝑆𝐼−𝑅𝑆)
𝑙,𝑚

will be referred to as
the characteristic matrix and G(𝑃𝐶𝑆𝐼−𝑅𝑆)

𝐼
as the generator matrix. To simplify

notation, we will omit the exponent (𝑃𝐶𝑆𝐼−𝑅𝑆) from the diagonal and generator
matrices for the remainder of the thesis.

The choice of 𝐼 is governed by 𝑁1 according to (3.4). Given 𝐼, parameters
𝑝1, 𝑝2, 𝑝3, 𝑞1, 𝑞2, 𝑞3 are determined according to (3.13), and will be the input of
(3.4). The value of 𝑛 in turn defines Φ𝑛 according to (3.9). Once 𝐼 is completely
determined, G𝐼 is computed according to (3.19). An illustration of the process
is presented in Figure 3.5.

Figure 3.5. Retrieving G𝐼 based on the configurations for
𝑃𝐶𝑆𝐼−𝑅𝑆 = 8.

The retrieval of G𝐼 is simpler for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4 than for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, since the
it is determined by 𝑣0,0 and 𝑣𝑂1,0 regardless of 𝑁2. Moreover, it is Kronecker-
multiplied with 12×2 and Hadamard-multiplied by a permutation of first rows
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of 𝛷𝑛. Apart from these differences, the retrieval closely resembles the case
in 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8. The process is depicted in Figure 3.6. When it comes to the

Figure 3.6. Retrieving G𝐼 based on the configurations for
𝑃𝐶𝑆𝐼−𝑅𝑆 = 4.

characteristic matrix D𝑙,𝑚, configuration (𝑁1, 𝑁2, 𝑂1, 𝑂2) dictates the used 𝑙, 𝑚

together with 𝐼. First, 𝑁1, 𝑂1, 𝑙, and 𝑁2, 𝑂2, 𝑚 determine the entries of 𝑣𝑙 and
𝑢𝑚, respectively, according to (3.6). The Kronecker product of 𝑣𝑙 and 𝑢𝑚 yields
𝑣𝑙,𝑚, which is then mapped into a diagonal matrix diag(𝑣𝑙,𝑚). Finally, this
matrix is Kronecker multiplied from the left by I2 resulting in D𝑙,𝑚. Figure 3.7
illustrates the process of generating D𝑙,𝑚.

Figure 3.7. A depiction of the process of retrieving D𝑙,𝑚 based on
𝑁1, 𝑁2, 𝑂1, 𝑂2, 𝑙, 𝑚.

For the non-full rank case, we will prove that the rank 𝜈 precoder W(𝜈)
𝐼

can be extracted from full-rank matrix W(𝑃𝐶𝑆𝐼−𝑅𝑆)
𝐼

. As mentioned before, index
𝑖1,3 also will now have an impact on the precoder for 𝜈 = 2, 3, 4. This effect
will be taken into account in the form of coefficient matrices and permutation
matrices.
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Problem statement. For each NR CSI Type I single-panel precoder W(𝜈), where
𝜈 ≤ 𝑃𝐶𝑆𝐼−𝑅𝑆, there exist such matrices W(𝜈)

1 and W(𝜈)
2 that

W(𝜈) = W(𝜈)
1 W(𝜈)

2

for defined configurations of 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8}. Moreover, for each W(𝜈)
2 there

exist such matrices P and C that

W(𝜈)
2 =

(︂
W(𝑃𝐶𝑆𝐼−𝑅𝑆)

2 P
)︂
⊙ C

for all 𝜈 < 𝑃𝐶𝑆𝐼−𝑅𝑆.

Proof. We begin by looking into the case 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, and defining a coefficient
matrix C(𝜈)

𝑖1,3
as

C(𝜈)
𝑖1,3

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎣
1 1 1 1 1
1 1 𝜙𝑛 𝜙𝑛 1

⎤⎥⎥⎥⎥⎦ ⊗ 14×1, 𝜈 = 5⎡⎢⎢⎢⎢⎣
1 1 1 1
1 𝜙𝑛 1 𝜙𝑛

⎤⎥⎥⎥⎥⎦ ⊗ 14×1, 𝜈 = 4, 𝑖1,3 = 1, 2⎡⎢⎢⎢⎢⎣
1 1 1
1 𝜙𝑛 1

⎤⎥⎥⎥⎥⎦ ⊗ 14×1, 𝜈 = 3, 𝑖1,3 = 1, 2⎡⎢⎢⎢⎢⎣
1 1
1 𝜙𝑛

⎤⎥⎥⎥⎥⎦ ⊗ 14×1, 𝜈 = 2, 𝑖1,3 = 2, 3

18×𝜈, otherwise.

(3.24)

We also need a set of permutation matrices P(𝜈), which can be viewed as a
matrix formed by a subset 𝑐 of columns of I8. The permutation matrices are
listed in Table 3.5 for 𝜈 ≠ 2, 3, 4, and in Table 3.6 for 𝜈 = 2, 3, 4.

Using P(𝜈) and C(𝜈)
𝑖1,3

, we will prove that W(𝜈)
𝐼

can be extracted from W(8)

as follows
W(𝜈)

𝐼
=

(︂
W(8)

𝐼
P(𝜈)

)︂
⊙ C(𝜈)

𝑖1,3
, (3.25)

where W(𝜈)
𝐼

is defined according to Tables 5.2.2.2.1-5 - 5.2.2.2.1-11 of [1].
The idea is to use rank 𝜈, configuration (𝑁1, 𝑁2, 𝑂1, 𝑂2), and the indices
𝑖1,1, 𝑖1,2, 𝑖1,3, 𝑖2 to first retrieve the full rank precoder, permutation matrix and
coefficient matrix. These matrices are then used according to (3.25). An illus-
tration of the non-full rank precoder retrieval based on (3.25) is presented in
Figure 3.8.

Let us prove (3.25) for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8. The factor 1√
𝜈𝑃𝐶𝑆𝐼−𝑅𝑆

is neglected
without loss of generality.
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Figure 3.8. Non-full rank precoding matrix retrieval based on the
set of indices.

Table 3.5. Permutation matrices for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, 𝜈 ≠ 2, 3, 4.

P(𝜈) = I8(:, 𝑐)
𝜈 = 1, 𝑖2 = 0, 1 𝑐 = 1
𝜈 = 1, 𝑖2 = 2, 3 𝑐 = 2
𝜈 = 5, 𝑁2 = 1 𝑐 =

[︂
1 2 3 4 7

]︂
𝜈 = 5, 𝑁2 > 1 𝑐 =

[︂
1 2 3 4 5

]︂
𝜈 = 6, 𝑁2 = 1 𝑐 =

[︂
1 2 3 4 7 8

]︂
𝜈 = 6, 𝑁2 > 1 𝑐 =

[︂
1 2 3 4 5 6

]︂
𝜈 = 7 𝑐 =

[︂
1 2 3 5 6 7 8

]︂
Table 3.6. Permutation matrices for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, 𝜈 = 2, 3, 4.

P(𝜈) = I8(:, 𝑐)
𝜈 = 2, 𝑖1,3 = 0, 1, 2, 3 𝑐 =

[︂
1 2 + 2𝑖1,3

]︂
𝜈 = 3, 𝑖1,3 = 0, 1, 2 𝑐 =

[︂
1 3 + 2𝑖1,3 2

]︂
𝜈 = 4, 𝑖1,3 = 0, 1, 2 𝑐 =

[︂
1 3 + 2𝑖1,3 2 4 + 2𝑖1,3

]︂
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For 𝜈 = 1, according to Table 5.2.2.2.1-5 [1], we have 𝑙 = 𝑖1,1, 𝑚 = 𝑖1,2, 𝑛 = 𝑖2,
and 𝐼 = (𝑙, 𝑚, 𝑛). Then by Tables 3.5 and 3.6, and by (3.24) and (3.25), it
follows that

(W(8)
𝐼

P(1)) ⊙ C(1)
𝑖1,3

=

⎧⎪⎪⎨⎪⎪⎩
W(8)

𝐼
(:, 1), 𝑛 = 0, 1

W(8)
𝐼

(:, 2), 𝑛 = 2, 3

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚

𝜙𝑛𝑣𝑙,𝑚

⎤⎥⎥⎥⎥⎦ , 𝑛 = 0, 1⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚

−𝜙𝑛𝑣𝑙,𝑚

⎤⎥⎥⎥⎥⎦ , 𝑛 = 2, 3

= W(1)
𝐼
.

For 𝜈 = 2, according to Table 5.2.2.2.1-6 of [1] 𝑙 = 𝑖1,1, 𝑙
′ = 𝑖1,1+ 𝑘1, 𝑚 = 𝑖1,2, 𝑚

′ =

𝑖1,2 + 𝑘2 and 𝑛 = 𝑖2. Then by Tables 3.5 and 3.6, and by (3.24) and (3.25), it
follows that

(W(8)
𝐼

P(2)) ⊙ C(2)
𝑖1,3

= W(8)
𝐼

(︂
:,
[︂
1 2 + 2𝑖1,3

]︂ )︂
⊙ C(2)

𝑖1,3

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚 𝑣𝑙,𝑚

𝜙𝑛𝑣𝑙,𝑚 −𝜙𝑛𝑣𝑙,𝑚

⎤⎥⎥⎥⎥⎦ , 𝑖1,3 = 0⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚 𝑣𝑙′,𝑚′

𝜙𝑛𝑣𝑙,𝑚 −𝜙𝑛𝑣𝑙′,𝑚′

⎤⎥⎥⎥⎥⎦ , 𝑖1,3 = 1⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚 𝑣𝑙′′,𝑚′′

−𝜙𝑛𝑣𝑙,𝑚 −𝑣𝑙′′,𝑚′′

⎤⎥⎥⎥⎥⎦ , 𝑖1,3 = 2⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚 𝑣𝑙′′′,𝑚′′′

−𝜙𝑛𝑣𝑙,𝑚 −𝑣𝑙′′′,𝑚′′′

⎤⎥⎥⎥⎥⎦ , 𝑖1,3 = 3

= W(2)
𝐼

.

For case 𝜈 = 3, 𝑖1,3 = 0, 1, 2. Then by Tables 3.5, 3.6, and by (3.24) and (3.25),
we have

(W(8)
𝐼

P(3)) ⊙ C(3)
𝑖1,3

= W(8)
𝐼

(︂
:,
[︂
1 3 + 2𝑖1,3 2

]︂ )︂
⊙ C(3)

𝑖1,3

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚 𝑣𝑙′,𝑚′ 𝑣𝑙,𝑚

𝜙𝑛𝑣𝑙,𝑚 𝑣𝑙′,𝑚′ −𝜙𝑛𝑣𝑙,𝑚

⎤⎥⎥⎥⎥⎦ , 𝑖1,3 = 0⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚 𝑣𝑙′′,𝑚′′ 𝑣𝑙,𝑚

𝜙𝑛𝑣𝑙,𝑚 𝑣𝑙′′,𝑚′′ −𝜙𝑛𝑣𝑙,𝑚

⎤⎥⎥⎥⎥⎦ , 𝑖1,3 = 1⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚 𝑣𝑙′′′,𝑚′′′ 𝑣𝑙,𝑚

𝜙𝑛𝑣𝑙,𝑚 𝑣𝑙′′′,𝑚′′′ −𝜙𝑛𝑣𝑙,𝑚

⎤⎥⎥⎥⎥⎦ , 𝑖1,3 = 2
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= W(3)
𝐼

.

For case 𝜈 = 4, 𝑖1,3 = 0, 1, 2. By Tables 3.5 and 3.6, and by (3.24) and (3.25),
we have

(W(8)
𝐼

P(4)) ⊙ C(4)
𝑖1,3

= W(8)
𝐼

(︂
:,
[︂
1 3 + 2𝑖1,3 2 4 + 2𝑖1,3

]︂ )︂
⊙ C(4)

𝑖1,3

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚 𝑣𝑙′,𝑚′ 𝑣𝑙,𝑚 𝑣𝑙′,𝑚′

𝜙𝑛𝑣𝑙,𝑚 𝜙𝑛𝑣𝑙′,𝑚′ −𝜙𝑛𝑣𝑙,𝑚 −𝜙𝑛𝑣𝑙′,𝑚′

⎤⎥⎥⎥⎥⎦ , 𝑖1,3 = 0⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚 𝑣𝑙′′,𝑚′′ 𝑣𝑙,𝑚 𝑣𝑙′′,𝑚′′

𝜙𝑛𝑣𝑙,𝑚 𝑣𝑙′′,𝑚′′ −𝜙𝑛𝑣𝑙,𝑚 −𝑣𝑙′′,𝑚′′

⎤⎥⎥⎥⎥⎦ , 𝑖1,3 = 1⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚 𝑣𝑙′′′,𝑚′′′ 𝑣𝑙,𝑚 𝑣𝑙′′′,𝑚′′′

𝜙𝑛𝑣𝑙,𝑚 𝑣𝑙′′′,𝑚′′′ −𝜙𝑛𝑣𝑙,𝑚 −𝑣𝑙′′′,𝑚′′′

⎤⎥⎥⎥⎥⎦ , 𝑖1,3 = 2

= W(4)
𝐼

.

For case 𝜈 = 5, 𝑖1,3 = 0, 1, 2. By Tables 3.5 and 3.6, and by (3.24) and (3.25), it
follows that

(W(8)
𝐼

P(5)) ⊙ C(5)
𝑖1,3

= W(8)
𝐼

(︂
:,
[︂
1 2 3 4 7

]︂ )︂
⊙ C(5)

𝑖1,3

=

[︄
𝑣𝑙,𝑚 𝑣𝑙,𝑚 𝑣𝑙′,𝑚′ 𝑣𝑙′,𝑚′ 𝑣𝑙′′,𝑚′′

𝜙𝑛𝑣𝑙,𝑚 −𝜙𝑛𝑣𝑙,𝑚 𝜙𝑛𝑣𝑙′,𝑚′ −𝜙𝑛𝑣𝑙′,𝑚′ 𝑣𝑙′′,𝑚′′

]︄
= W(5)

𝐼
.

For case 𝜈 = 6, 𝑖1,3 = 0, 1, 2. By Tables 3.5 and 3.6, and by (3.24) and (3.25), it
follows that

(W(8)
𝐼

P(6)) ⊙ C(6)
𝑖1,3

= W(8)
𝐼

(︂
:,
[︂
1 2 3 4 5 6

]︂ )︂
=

[︄
𝑣𝑙,𝑚 𝑣𝑙,𝑚 𝑣𝑙′,𝑚′ 𝑣𝑙′,𝑚′ 𝑣𝑙′′,𝑚′′ 𝑣𝑙′′,𝑚′′

𝜙𝑛𝑣𝑙,𝑚 −𝜙𝑛𝑣𝑙,𝑚 𝜙𝑛𝑣𝑙′,𝑚′ −𝜙𝑛𝑣𝑙′,𝑚′ 𝑣𝑙′′,𝑚′′ −𝑣𝑙′′,𝑚′′

]︄
= W(6)

𝐼
.

For case 𝜈 = 7, 𝑖1,3 = 0, 1, 2. By Tables 3.5 and 3.6, and by (3.24) and (3.25), it
follows that

(W(8)P(7)) ⊙ C(7)
𝑖1,3

= W(8)
𝐼

(︂
:,
[︂
1 2 3 5 6 7 8

]︂ )︂
=

[︄
𝑣𝑙,𝑚 𝑣𝑙,𝑚 𝑣𝑙′,𝑚′ 𝑣𝑙′′,𝑚′′ 𝑣𝑙′′,𝑚′′ 𝑣𝑙′′′,𝑚′′′ 𝑣𝑙′′′,𝑚′′′

𝜙𝑛𝑣𝑙,𝑚 −𝜙𝑛𝑣𝑙,𝑚 𝜙𝑛𝑣𝑙′,𝑚′ 𝑣𝑙′′,𝑚′′ −𝑣𝑙′′,𝑚′′ 𝑣𝑙′′′,𝑚′′′ −𝑣𝑙′′′,𝑚′′′

]︄
= W(7)

𝐼
.

Comparing the results expressions in the above equations with the ones pre-
sented in Tables 5.2.2.2.1-5 - 5.2.2.2.1-11 [1], they can be seen to coincide. As
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the choice of 𝐼 was arbitrary, (3.25) holds for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8 for ranks 𝜈 = 1, . . . , 7.
By setting P(8) = I8, (3.25) holds for 𝜈 = 8 as well.

Substituting (3.20) in (3.25) yields

W(𝜈)
𝐼

=

(︂
D𝑙,𝑚

(︂
G𝐼P(𝜈)

)︂)︂
⊙ C(𝜈)

𝑖1,3
= D𝑙,𝑚

(︂(︂
G𝐼P(𝜈)

)︂
⊙ C(𝜈)

𝑖1,3

)︂
=: D𝑙,𝑚G(𝜈)

𝐼,𝑖1,3
,

(3.26)
where G(𝜈)

𝐼,𝑖1,3
can be viewed as the 𝜈-layer generator matrix.

For 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4, the permutation matrices P(𝜈) are defined in Table 3.7.
The coefficient matrices are defined as C(𝜈)

𝑖1,3
= 14×𝜈 for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4.

Table 3.7. Permutation matrices for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4.

P(𝜈) = I4(:, 𝑐)
𝜈 = 1, 𝑖2 = 0, 1 𝑐 = 1
𝜈 = 1, 𝑖2 = 2, 3 𝑐 = 2
𝜈 = 2, 𝑖1,3 = 0 𝑐 =

[︂
1 3

]︂
𝜈 = 2, 𝑖1,3 = 1 𝑐 =

[︂
1 4

]︂
𝜈 = 3 𝑐 =

[︂
1 2 3

]︂
For 𝜈 = 1, we have

(W(4)
𝐼

P(1)) =
⎧⎪⎪⎨⎪⎪⎩

W(8)
𝐼

(:, 1), 𝑛 = 0, 1
W(8)

𝐼
(:, 2), 𝑛 = 2, 3

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚

𝜙𝑛𝑣𝑙,𝑚

⎤⎥⎥⎥⎥⎦ , 𝑛 = 0, 1⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚

−𝜙𝑛𝑣𝑙,𝑚

⎤⎥⎥⎥⎥⎦ , 𝑛 = 2, 3

= W(1)
𝐼
.

For 𝜈 = 2, according to Table 5.2.2.2.1-6 of [1] 𝑙 = 𝑖1,1, 𝑙
′ = 𝑖1,1+ 𝑘1, 𝑚 = 𝑖1,2, 𝑚

′ =

𝑖1,2 + 𝑘2 and 𝑛 = 𝑖2

(W(4)
𝐼

P(2)) =
⎧⎪⎪⎨⎪⎪⎩

W(4)
(︂
:,
[︂
1 3

]︂ )︂
, 𝑖1,3 = 0

W(4)
(︂
:,
[︂
1 4

]︂ )︂
, 𝑖1,3 = 0

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚 𝑣𝑙,𝑚

𝜙𝑛𝑣𝑙,𝑚 −𝜙𝑛𝑣𝑙,𝑚

⎤⎥⎥⎥⎥⎦ , 𝑖1,3 = 0⎡⎢⎢⎢⎢⎣
𝑣𝑙,𝑚 𝑣𝑙′,𝑚′

𝜙𝑛𝑣𝑙,𝑚 −𝜙𝑛𝑣𝑙′,𝑚′

⎤⎥⎥⎥⎥⎦ , 𝑖1,3 = 1
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= W(2)
𝐼

.

For case 𝜈 = 3, 𝑖1,3 = 0, 1, 2 we have

(W(4)
𝐼

P(2)) ⊙ C = W(4)
(︂
:,
[︂
1 3

]︂ )︂
=

[︄
𝑣𝑙,𝑚 𝑣𝑙′,𝑚′ 𝑣𝑙,𝑚

𝜙𝑛𝑣𝑙,𝑚 𝑣𝑙′,𝑚′ −𝜙𝑛𝑣𝑙,𝑚

]︄
= W(3)

𝐼
.

Since the derived formulae coincide with the ones presented in Tables 5.2.2.2.1-5
- 5.2.2.2.1-7 [1], (3.26) can be concluded to hold for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4 as well.

□

A consequence of (3.26) is that the characteristic matrix D𝑙,𝑚 is unique up
to pair (𝜈, 𝑖1,3), since the each pair (𝑙, 𝑚) corresponds to a unique vector 𝑣𝑙,𝑚.
On the other hand, the fact that the characteristic matrices coincide over all
ranks proves to be useful in terms of memory consumption when implementing
an algorithm based on (3.26).

As an example, let’s consider a case where 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, 𝜈 = 7, (𝑁1, 𝑁2) =

(2, 2) and (𝑖1,1, 𝑖1,2, 𝑖2) = (0, 0, 1). We have 𝐼 = 𝐼2 and 𝑙 = 𝑖1,1, 𝑚 = 1, 2. By
(3.12) and (3.19) we have

D0,0 = I2×2 ⊗ diag(𝑣0,0) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= I8

and

G𝐼 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 1 1 1 1
1 1 1 1 −1 −1 −1 −1
1 1 −1 −1 1 1 −1 −1
1 1 −1 −1 −1 −1 1 1
𝑗 − 𝑗 𝑗 − 𝑗 −1 1 −1 1
𝑗 − 𝑗 𝑗 − 𝑗 1 −1 1 −1
𝑗 − 𝑗 − 𝑗 𝑗 −1 1 1 −1
𝑗 − 𝑗 − 𝑗 𝑗 1 −1 −1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

From Table 3.5 and by (3.18) we further have

C(7)
𝑖1,3

= 18×7, P(7) = I8
(︂
:,
[︂
1 2 3 5 6 7 8

]︂ )︂

32



which eventually yields by (3.20)

W(7)
𝐼

=

(︂
(D0,0G𝐼)P(7)

)︂
⊙ C(7)

𝑖1,3

= G𝐼P(7)

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 1 1 1
1 1 1 −1 −1 −1 −1
1 1 −1 1 1 −1 −1
1 1 −1 −1 −1 1 1
𝑗 − 𝑗 𝑗 −1 1 −1 1
𝑗 − 𝑗 𝑗 1 −1 1 −1
𝑗 − 𝑗 − 𝑗 −1 1 1 −1
𝑗 − 𝑗 − 𝑗 1 −1 −1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

[︄
𝑣0,0 𝑣0,0 𝑣𝑂1,0 𝑣0,𝑂2 𝑣0,𝑂2 𝑣𝑂1,𝑂2 𝑣𝑂1,𝑂2

𝜙1𝑣0,0 −𝜙1𝑣0,0 𝜙1𝑣𝑂1,0 𝑣0,𝑂2 −𝑣0,𝑂2 𝑣𝑂1,𝑂2 −𝑣𝑂1,𝑂2

]︄
.

The mathematical structure of the codebooks enables representation of the
precoders in terms of characteristic matrices and generator matrices. The di-
agonal matrix acts as an identifier up to pair

(︁
𝜈, 𝑖1,3

)︁
, as same characteristic

matrices are used for full rank and non-full rank cases. In comparison to the
precoder, the corresponding characteristic matrix has 𝜈 times fewer non-zero
elements. Storing the characteristic matrices and generator matrices allows re-
ducing memory overhead in comparison to a direct implementation, where the
precoders would be stored unchanged. With the aim of presenting an imple-
mentation based on this observation, we will describe an algorithm justified by
the mathematical work presented in this section and by reductions in memory
consumption.

3.4 Transforming Precoders Into Binaries And Binaries
Into Precoders

Representing W(𝜈)
𝐼

in terms of D𝑙,𝑚 and G(𝜈)
𝐼,𝑖1,3

is enabled by (3.26). In the heart
of the algorithm is to exploit (3.26) to save memory by storing the characteristic
matrices and the generator matrices instead of the full precoder. On a high
level, D𝑙,𝑚 and G(𝜈)

𝐼,𝑖1,3
will be algorithmically encoded into binaries, which can

then conversely be used to retrieve the precoder W(𝜈)
𝐼

. In this thesis, the
generator matrices will be stored, and only an implementation for retrieving
a characteristic matrix from a binary number will be presented. Figure 3.9
presents a high level illustration of this procedure.

The core idea of the algorithm is to retrieve the characteristic matrix of a
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Figure 3.9. Flowchart of the binary encoding.

precoder by using a binary number identified with it. The characteristic matrix
is determined by 𝑣𝑙,𝑚 according to (3.12). Furthermore, we have 𝑣𝑙,𝑚 = 𝑣𝑙⊗𝑢𝑚 by
(3.6). Since the entries of 𝑣𝑙 and 𝑢𝑚 are of form 𝜔

𝑛1
𝑁1𝑂1

and 𝜔
𝑛2
𝑁2𝑂2

, respectively,
where 𝑛1, 𝑛2 ∈ ℤ, a product of their entries will be a power of a root of unity.
Particularly, the entries of 𝑣𝑙,𝑚 are powers of 𝜔𝑀 , where 𝑀 is the least common
multiple of 𝑁1𝑂1, 𝑁2𝑂2, lcm(𝑁1𝑂1, 𝑁2𝑂2). In fact, for 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8}, we
have

𝑀 = lcm(𝑁1𝑂1, 𝑁2𝑂2) = max(𝑁1𝑂1, 𝑁2𝑂2), (3.27)

because of both products being powers of 2 based on (3.1). The practical
consequence of (3.6) is, that the entries of 𝑣𝑙,𝑚 can be expressed in terms of
the exponents of 𝜔𝑀 . More formally, the elements of 𝑣𝑙,𝑚 will be mapped into
integers according to

𝑧 ↦→ −𝑀
2𝜋 Arg(𝑧), (3.28)

where 𝑧 is a complex number, and Arg(.) returns the argument of a complex
number. The range of these exponents will be 0, . . . , 𝑀 = max(𝑁1𝑂1, 𝑁2𝑂2),
implying the number of needed bits per exponent is log2(𝑀). Together with
(3.12), this implies that D𝑙,𝑚 can be completely stored into memory using

log2(max(𝑁1𝑂1, 𝑁2𝑂2)) · number of entries in 𝑣𝑙,𝑚 (3.29)

bits, where ” ·” is the multiplication of real numbers. Concatenating the binary
numbers corresponding to each exponent, we can identify D𝑙,𝑚 with a single
binary number.

Reversing the process yields an algorithm to retrieve D𝑙,𝑚 using a charac-
teristic binary number 𝑏. First, binary number 𝑏 will be split into smaller
binaries by taking the log2(𝑀) leftmost bits as one binary, and moving on to
the next log2(𝑀) bits until the end of 𝑏. For example, in the case 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4
we have 𝑀 = 2 · 4 = 8, and thus, a single sub-binary length being log2(8) = 3
bits. A high-level illustration of the binary split is presented in Figure 3.10.
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Figure 3.10. Splitting the characteristic binary into exponents.

The next step is to transform the sub-binaries into integer exponents. Using
the exponents and information on 𝑁1, 𝑁2, 𝑂1, 𝑂2, the powers of the roots of
unity can be computed by reversing (3.28) as follows

𝑘 ↦→ 𝜔𝑘
𝑀 , (3.30)

where 𝑘 ∈ ℤ. The output corresponds to the values of 𝑣𝑙,𝑚, allowing to compute
D𝑙,𝑚 according to (3.12). Lastly, 𝑁1, 𝑁2, 𝑂1, 𝑂2, 𝜈, and 𝐼 are used to retrieve
corresponding G(𝜈)

𝐼,𝑖1,3
, which can be used with D𝑙,𝑚 according to (3.26) to com-

pute W(𝜈)
𝐼

. Figure 3.11 illustrates the retrieval of the precoder on the high
level.

Figure 3.11. Flowchart of retrieving W(𝜈)
𝐼

based on 𝐼, 𝜈, and
binary 𝑏.

One of the advantages of the proposed algorithm is the reduction of memory
with the cost of computational complexity. From a hardware point of view,
D𝑙,𝑚 is more efficient to store in memory than the corresponding W(𝜈)

𝐼
, since

W(𝜈)
𝐼

has 8 · 𝜈 non-zero elements to be stored. On the other hand, the number
of needed generators per 𝜈, 𝑁1, 𝑁2, 𝑂1, 𝑂2 is also smaller than the size of the
full codebook. For example, the number of generators is 2 when (𝑁1, 𝑁2) =

(4, 1) and 𝑃𝐶𝑆𝐼−𝑅𝑆 = 𝜈 = 8, since according to (3.3) and (3.19) there is one
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generator per 𝑛, and by Table 3.4, the range of 𝑛 in this case is {0, 1}. For
every configuration, each generator matrix and characteristic matrix determine
a unique precoder, implying that the number of characteristic matrices is the
number of precoders divided by the number of generators. This highlights
the potential of the algorithm in mitigating memory use, and advocates the
algorithm worth implementing in practice.
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4 Proposed Implementation

This chapter discusses the implementation of the generation algorithm de-
scribed in Chapter 3 and the process of retrieving the precoding matrices using
characteristic binaries in an efficient way. We will present a description of the
generic definition of the matrices, followed by discussing the implementation of
the algorithm. Moreover, the algorithm is validated by comparing the precod-
ing results achieved by the proposed algorithm and by directly implemented ma-
trices. An implementation and tests were conducted for cases 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8},
covering all respective configurations of (𝑁1, 𝑁2, 𝑂1, 𝑂2) presented in [1]. Addi-
tionally, the implementation covers all cases 𝜈 = 1, . . . , 𝑃𝐶𝑆𝐼−𝑅𝑆 for all configu-
rations. The number of precoders depends on the ranges of 𝑖1,1, 𝑖1,1, 𝑖1,3, and 𝑖2

as follows

𝑁 = card(range(𝑖1,1)) ·card(range(𝑖1,2)) ·card(range(𝑖1,3)) ·card(ran(𝑖2)), (4.1)

where ran(.) is the range of a variable and card(.) is the cardinality of a set.
The numbers of precoders for each configuration are listed in Table 4.1. Table
4.1 shows the codebook sizes being large for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, and 𝜈 ∈ {2, 3, 4},
which is due to the varying values of 𝑖1,3. However, as presented in (3.26), the
non-full rank matrices can be extracted from the full rank precoder using a
permutation matrix and a coefficient matrix. Another implication of (3.26) is
that the characteristic matrix is the same regardless of the value of 𝑖1,3 for all
𝜈 ∈ {2, 3, 4}. According to (3.26), generator G(𝜈)

𝐼,𝑖1,3
can be used to represent the

effect of the permutation and coefficient matrices. Consequently, it is sufficient
to store these generators and characteristic matrices for each configuration,
which proves to be significantly more efficient in terms of memory compared
to storing all precoders.

Recall that Section 3.4 describes an algorithm for generating precoding ma-
trices based on (3.26). As discussed in the same section, the diagonal elements
of D𝑙,𝑚 can be encoded by mapping them to their respective exponents. These
exponents can further be transformed into binary numbers using log2(𝑀) bits,
where 𝑀 is defined as in (3.27). The algorithm description of Section 3.4 acts
as a foundation for the proposed implementation of this thesis.

4.1 Preparation

Considering a common method to reduce complexity in practical systems, we
apply look-up tables to retrieve some necessary variables. The values of 𝜔𝑘

𝑀
,
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Table 4.1. Numbers of precoders per configuration

(𝑁1, 𝑁2, 𝑂1, 𝑂2, 𝜈) Number of Precoders (𝑁)
(2, 1, 4, 1, 1) 32
(2, 1, 4, 1, 2) 32
(2, 1, 4, 1, 3) 16
(2, 1, 4, 1, 4) 16
(2, 2, 4, 4, 1) 256
(2, 2, 4, 4, 2) 512
(2, 2, 4, 4, 3) 384
(2, 2, 4, 4, 4) 384
(2, 2, 4, 4, 5) 128
(2, 2, 4, 4, 6) 128
(2, 2, 4, 4, 7) 128
(2, 2, 4, 4, 8) 128
(4, 1, 4, 1, 1) 64
(4, 1, 4, 1, 2) 128
(4, 1, 4, 1, 3) 96
(4, 1, 4, 1, 4) 96
(4, 1, 4, 1, 5) 32
(4, 1, 4, 1, 6) 32
(4, 1, 4, 1, 7) 16
(4, 1, 4, 1, 8) 16

𝑘 = 0, . . . , 𝑀 − 1, the generators G(𝜈)
𝐼,𝑖1,3

, and the binaries of the diagonal matrix
D𝑙,𝑚 are all stored in memory.

The powers 𝜔𝑘
𝑀
, 𝑀 ∈ {8, 16}, are stored into vector containers Powers8 and

Powers16, according to the value of 𝑀. In the containers, 𝜔𝑘
𝑀

is assigned as
the (𝑘 + 1)th element of the vector. The diagonal matrix D𝑙,𝑚 can be identified
with the vector 𝑣𝑙,𝑚 according to (3.12). The elements of 𝑣𝑙,𝑚 can be mapped
into an integer-valued according to (3.28). The flowchart of transforming the
diagonal matrix into a binary is presented in Figure 4.1. Since there will be a
unique D𝑙,𝑚 for each pair (𝑖1,1, 𝑖1,2) up to 𝜈, the binaries can be ordered based
on an integer index instead of an index tuple according to the mapping

(𝑖1,1, 𝑖1,2) ↦→ 𝑖1,1 · 𝑙 (𝑖1,2) + 𝑖1,2 + 1, (4.2)

where the term 1 is added for Matlab indexing. The binaries are stored in Bina-
ries4 for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4 and for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8 in Binaries8_8 and Binaries8_16 for
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Figure 4.1. Flowchart of the binary encoding.

𝑁1 = 2 and 𝑁1 = 4, respectively. The generator matrices G(𝜈)
𝐼,𝑖1,3

are stored in a
hash table GMatrices. The hash table uses configuration

(︁
𝑃𝐶𝑆𝐼−𝑅𝑆, 𝜈, 𝑁2, 𝑖1,3, 𝑛

)︁
as a key and matrix G(𝜈)

𝐼,𝑖1,3
is assigned as the corresponding value, that will be

returned by the hash table when a key is used. Following the possible com-
binations of 𝜈 and 𝑃𝐶𝑆𝐼−𝑅𝑆, the numbers of integrated generators in each case
have been listed in Table 4.2. Formula (3.26) implies that the precoders can
be completely covered by storing the diagonal matrices D𝑙,𝑚 and total of 76
generator matrices G(𝜈)

𝐼,𝑖1,3
. Moreover, storing the integrated generators enables

avoiding some extra computational steps involved with using the coefficient
and permutation matrices.

According to Table 4.1 the total number of precoding matrices is 2624. On
the other hand, there are a total of 76 generators G(𝜈)

𝐼,𝑖1,3
as listed in Table

4.2, implying that generating the codebooks using the generators and diagonal
matrices corresponding to pair (𝑙, 𝑚) defined for 𝜈 = 𝑃𝐶𝑆𝐼−𝑅𝑆 allows significant
reduction of memory use.

4.2 Implementation

The PMI acts as the key to retrieve the necessary matrices for generating the
precoder according to (3.26) because it is used to retrieve the precoder directly
in [1]. The implementation proposed in this thesis is based on the idea of
reversing the binary encoding process of 𝐷 𝑙,𝑚 and retrieving the correct gener-
ator for PMI. To determine G(𝜈)

𝐼,𝑖1,3
one needs the index tuple (𝑁2, 𝑂1, 𝑂2, 𝑖2, 𝑖1,3)
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Table 4.2. Number of G(𝜈)
𝐼,𝑖1,3

for each layer-port pair.

𝑃𝐶𝑆𝐼−𝑅𝑆 =

4
𝑃𝐶𝑆𝐼−𝑅𝑆 =

8
𝑃𝐶𝑆𝐼−𝑅𝑆 =

8
𝜈 = 1 4 4 4
𝜈 = 2 4 8 8
𝜈 = 3 2 6 6
𝜈 = 4 2 6 6
𝜈 = 5 2 2
𝜈 = 6 2 2
𝜈 = 7 2 2
𝜈 = 8 2 2
Total 12 32 32

and to determine D𝑙,𝑚 one needs (𝑖1,1, 𝑖1,2, 𝑁1, 𝑁2, 𝑂1, 𝑂2). Therefore, a single
codebook can be identified with index tuple

(︁
𝑁1, 𝑁2, 𝑂1, 𝑂2, 𝑖1,1, 𝑖1,2, 𝑖1,3, 𝑖2, 𝜈

)︁
.

For each 𝜈, the sets of values for 𝑖1,1, 𝑖1,2, 𝑖1,3, 𝑖2 are retrieved on each loop
according to 𝜈 and the configuration (𝑁1, 𝑁2, 𝑂1, 𝑂2). The function will return
a set of indices from which combinations will be formed based on the PMI
mapping in [1]. The index ranges in each respective case can be found from
Tables 4.3 - 4.5.

For a given precoding matrix W(𝜈)
𝐼

and configuration (𝑁1, 𝑁2, 𝑂1, 𝑂2) the
index pair (𝑖1,1, 𝑖1,2) is mapped according to (4.2) into an integer number, which
is then used to retrieve binary number corresponding to D𝑙,𝑚 associated with
W(𝜈)

𝐼
. For each covered case, the binary will be divided into sub-binaries cor-

responding to integer exponents of a root of unity. These powers are then
concatenated into a vector that is diagonalized using Matlab function diag(.)
and the resulting matrix will be mapped into D𝑙,𝑚 by left Kronecker-product
with I2. Finally the desired G(𝜈)

𝐼,𝑖1,3
is retrieved from a lookup table allowing the

use of (3.26) to compute the desired precoding matrix. We start by proposing
an implementation for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4.

4.2.1 Implementation for Four Antenna Ports

For 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4 there is only one configuration, that is, (𝑁1, 𝑁2, 𝑂1, 𝑂2) =

(2, 1, 4, 1). Since 𝑀 = 𝑚𝑎𝑥(𝑂1𝑁1, 𝑂2𝑁2) = 8, lookup table 𝑃𝑜𝑤𝑒𝑟𝑠8 is used to
retrieve the powers of 𝜔8. Furthermore, lookup tables GMatrices and Binaries4
are used to retrieve the desired generator matrices and corresponding exponents
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Figure 4.2. Retrieving 𝑘1 and 𝑘2 based on the pair (𝑙, 𝑚).

to determine D𝑙,𝑚. The ranges for each determining index are listed in Table
4.3.

Table 4.3. Index ranges per layer for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4.

𝜈 = 1 𝜈 = 2 𝜈 = 3 𝜈 = 4
𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7
𝑖1,2 = 0 𝑖1,2 = 0 𝑖1,2 = 0 𝑖1,2 = 0
𝑖2 = 0, . . . , 3 𝑖2 = 0, . . . , 1 𝑖2 = 0, . . . , 1 𝑖2 = 0, . . . , 1
- 𝑖1,3 = 0, 1 𝑖1,3 = 0 𝑖1,3 = 0

Starting from retrieving D𝑙,𝑚, the index pair (𝑙, 𝑚) = (𝑖1,1, 𝑖1,2) will be
mapped according to (4.2) giving us total of 8 binaries to be decoded into
diagonal matrices. The index 𝑖𝑏 will be used to retrieve the correct binary
𝑏 from the lookup table Binaries4. Once 𝑏 is known, it will be decomposed
into 2 sub-binaries 𝑏1 and 𝑏2. This is carried out by setting the string of
log2(𝑀) = log2(8) = 3 bits as 𝑏1, and then moving to the next string of log2(𝑀)
bits, which will be set as 𝑏2. The binary numbers 𝑏1 and 𝑏2 are converted into
integers 𝑘1 and 𝑘2. The retrieval flow of 𝑘1 and 𝑘2 is illustrated in Figure 4.2.
Using 𝑘1 and 𝑘2, the powers 𝜔𝑘1

8 and 𝜔
𝑘2
8 are retrieved using Powers8. Finally,
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D𝑙,𝑚 is computed as

D𝑙,𝑚 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣
𝜔

𝑘1
8 0 0 0
0 𝜔

𝑘2
8 0 0

0 0 𝜔
𝑘1
8 0

0 0 0 𝜔
𝑘2
8

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

Figure 4.3 describes the process of mapping 𝑘1 and 𝑘2 into D𝑙,𝑚. Retrieval of
G(𝜈)

𝐼,𝑖1,3
is realized by using look up table GMatrices and key (𝑃𝐶𝑆𝐼−𝑅𝑆, 𝜈, 𝑁2, 𝑖1,3, 𝑖2).

The precoder W(𝜈)
𝐼

can be computed by D𝑙,𝑚G(𝜈)
𝐼,𝑖1,3

according to (3.26).

Figure 4.3. Converting 𝑘1 and 𝑘2 into D𝑙,𝑚.

4.2.2 Implementation for Eight Antenna Ports

For 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, there are two configurations to cover, namely, (𝑁1, 𝑁2, 𝑂1, 𝑂2) =
(4, 1, 4, 1) and (2, 2, 4, 4). The implementation to generate all the precoders
and validate them is aligned in both cases with the exception of using separate
lookup tables for powers of 𝜔𝑀 and associated binaries. For (𝑁1, 𝑁2, 𝑂1, 𝑂2) =
(4, 1, 4, 1), we have 𝑀 = max(𝑂1𝑁1, 𝑂2𝑁2) = 16, and thus Powers16 and
Binaries8_16 are used, whereas for (𝑁1, 𝑁2, 𝑂1, 𝑂2) = (2, 2, 4, 4) we have
𝑀 = max(𝑂1𝑁1, 𝑂2𝑁2) = 8 and the lookup tables Powers8 and Binaries8_8
are used. The lookup table GMatrices for the generators is common in both
cases. The index ranges for 𝑖1,1, 𝑖1,2, 𝑖1,3, 𝑖2 for each 𝜈 for both configurations are
listed in Tables 4.4 and 4.5. We begin describing the proposed implementation
for (𝑁1, 𝑁2, 𝑂1, 𝑂2) = (2, 2, 4, 4) .
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Table 4.4. Index ranges for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, 𝑁1 = 2 for codebook
mode 1.

𝜈 = 1 𝜈 = 2 𝜈 = 3 𝜈 = 4
𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7
𝑖1,2 = 0, . . . , 7 𝑖1,2 = 0, . . . , 7 𝑖1,2 = 0, . . . , 7 𝑖1,2 = 0, . . . , 7
𝑖2 = 0, . . . , 3 𝑖2 = 0, 1 𝑖2 = 0, 1 𝑖2 = 0, 1
- 𝑖1,3 = 0, . . . , 3 𝑖1,3 = 0, 1, 2 𝑖1,3 = 0, 1, 2
𝜈 = 5 𝜈 = 6 𝜈 = 7 𝜈 = 8
𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7
𝑖1,2 = 0, . . . , 7 𝑖1,2 = 0, . . . , 7 𝑖1,2 = 0, . . . , 7 𝑖1,2 = 0, . . . , 7
𝑖2 = 0, 1 𝑖2 = 0, 1 𝑖2 = 0, 1 𝑖2 = 0, 1

Figure 4.4. Retrieving 𝑘1 and 𝑘2 based on the pair (𝑙, 𝑚).

Retrieval of D𝑙,𝑚 is implemented in a similar manner as for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4 and
follows the flow chart presented in Figure 4.4. The pair (𝑙, 𝑚) = (𝑖1,1, 𝑖1,2) is
mapped according to (4.2) in this case resulting in a total of 64 unique binaries.
A binary number is extracted from the lookup table Binaries4 based on 𝑖𝑏. It
is then decomposed into sub-binaries by looping over its bits using step size of
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Figure 4.5. Converting 𝑘1 and 𝑘2 into D𝑙,𝑚 when 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8 and
𝑁2 = 2.

log2(8) = 3 bits. giving us 4 sub-binaries 𝑏1, . . . , 𝑏4 of 3 bits.
Once the sub-binaries are extracted, they will be converted into four respec-

tive exponents 𝑘1, . . . , 𝑘4. The exponents are used to extract the powers of 𝜔8

from Powers8, which are then concatenated into a vector [𝜔𝑘1
8 . . . 𝜔

𝑘4
8 ]. This

vector is diagonalized using Matlab’s diag(.) function and further mapped into
D𝑙,𝑚 by left-Kronecker product with I2. The flow chart of the process is pre-
sented in Figure 4.5. The retrieval of G(𝜈)

𝐼,𝑖1,3
is performed similarly as it was for

𝑃𝐶𝑆𝐼−𝑅𝑆 by retrieving the matrix corresponding to the key (𝑃𝐶𝑆𝐼−𝑅𝑆, 𝜈, 𝑁2, 𝑖1,3, 𝑖2)
from GMatrices finally allowing computation of the precoder W(𝜈)

𝐼
using (3.26).

Finally, covering the configuration (𝑁1, 𝑁2, 𝑂1, 𝑂2) = (4, 1, 4, 1) for 𝑃𝐶𝑆𝐼−𝑅𝑆 =

8, the steps of computing D𝑙,𝑚 are similar to the scenarios covered previously.
Table 4.5 lists the ranges for 𝑖1,1, 𝑖1,2, 𝑖1,3, and 𝑖2. A key difference to previous
cases is 𝑀 = max(𝑁1𝑂1, 𝑁2𝑂2) = 16, implying the number of needed bits per
sub-binary is log2(16) = 4.

Figure 4.6 presents a flow chart of the process of mapping the pair (𝑙, 𝑚)
into exponents 𝑘1, . . . , 𝑘4. The pair (𝑙, 𝑚) = (𝑖1,1, 𝑖1,2) is mapped into 𝑖𝑏 using
(4.2) which yields a total of 16 unique binary representations of D𝑙,𝑚. The
retrieved index 𝑖𝑏 is used to extract the correct 16-bit binary 𝑏 from Bina-
ries8_16 breaking down 𝑏 into 4-bit sub-binaries 𝑏1, . . . , 𝑏4 which in turn can
be converted into exponents 𝑘1, . . . , 𝑘4.
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Table 4.5. Index ranges for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, 𝑁2 = 1.

𝜈 = 1 𝜈 = 2 𝜈 = 3 𝜈 = 4
𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7

𝑖1,2 = 0 𝑖1,2 = 0 𝑖1,2 = 0 𝑖1,2 = 0
𝑖2 = 0, . . . , 3 𝑖2 = 0, 1 𝑖2 = 0, 1 𝑖2 = 0, 1

- 𝑖1,3 = 0, . . . , 3 𝑖1,3 = 0, 1, 2 𝑖1,3 = 0, 1, 2
𝜈 = 5 𝜈 = 6 𝜈 = 7 𝜈 = 8

𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7 𝑖1,1 = 0, . . . , 7
𝑖1,2 = 0 𝑖1,2 = 0 𝑖1,2 = 0 𝑖1,2 = 0
𝑖2 = 0, 1 𝑖2 = 0, 1 𝑖2 = 0, 1 𝑖2 = 0, 1

Figure 4.6. Retrieving 𝑘1 and 𝑘2 based on the pair (𝑙, 𝑚).

The exponents are then further mapped into powers of 𝜔16 using Powers16
and the powers are concatenated into a vector [𝜔𝑘1

16𝜔
𝑘2
16𝜔

𝑘3
16𝜔

𝑘4
16]. The vector is

diagonalized using the Matlab function diag(.) yielding a diagonal vector that
is Kronecker-multiplied from the left side by I2 finally yielding D𝑙,𝑚. This stage
of the algorithm is presented in Figure 4.7. Lastly, the corresponding G(𝜈)

𝐼,𝑖1,3
is

extracted from GMatrices the key (𝑃𝐶𝑆𝐼−𝑅𝑆, 𝜈, 𝑁2, 𝑖1,3, 𝑖2) and the precoder is
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Figure 4.7. Converting 𝑘1 and 𝑘2 into D𝑙,𝑚 when 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8 and
𝑁2 = 1.

computed using (3.26).
In this chapter we have presented an implementation to generate NR Type

I CSI precoders. The aim of the proposed implementation is to improve the
use of memory comparing to the direct implementation of the codebooks. The
proposed algorithm enables computing and retrieving D𝑙,𝑚 and G(𝜈)

𝐼,𝑖1,3
using

limited data, where only generators, look-up tables and binaries corresponding
to a specific diagonal matrix need to be accessed from the memory. However,
the efficiency of the proposed algorithm in terms of memory and computational
complexity needs to be studied carefully to gain thorough understanding of the
algorithm’s potential. In Chapter 5 we discuss and assess the complexity and
memory use of the proposed algorithm in detail.
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5 Efficiency Analysis of the Proposed
Algorithm

In this chapter the efficiency of the proposed algorithm is discussed. The com-
plexity of the algorithm is analyzed in terms of multiplication and addition of
complex numbers. These operations further compose of real additions and real
multiplications. The amount of memory required to store all the binary num-
bers associated with the characteristic matrices, and the generator matrices is
also analyzed in terms of bits. The complexity of the two stage precoding with
D𝑙,𝑚 and G(𝜈)

𝐼,𝑖1,3
is also analyzed. The memory overhead and complexity of the

proposed algorithm is compared against those of direct implementation of the
precoders. In terms of memory, we assume that the elements of a precoder are
stored and retrieved using similar look-up table approach as for the characteris-
tic matrix entries in the proposed algorithm. We will show, that the algorithm
enables implementing the precoder generation with less needed memory than
by directly storing each precoder.

5.1 Complexity

The complexity of the algorithm shall be determined by the number of compu-
tations, i.e., the real additions and multiplications needed in order to retrieve
the precoding matrix. We assume the natural definition of complex multipli-
cation, that is,

(𝑎 + 𝑗 𝑏) (𝑐 + 𝑗 𝑏) = 𝑎𝑐 − 𝑏𝑑 + 𝑗 (𝑎𝑏 + 𝑐𝑑),

which then has four real multiplications and two real additions. The analysis is
also based on the assumption of using lookup tables for calculating the powers
of 𝜔𝑛 and retrieving G(𝜈)

𝐼,𝑖1,3
. Storing these, will in turn have an impact on

needed memory, which will be discussed in this chapter.
To retrieve a precoding matrix decomposition for index tuple (𝑖1,1, 𝑖1,2, 𝑖2, 𝑖1,3)

with the configuration (𝑁1, 𝑁2, 𝑂1, 𝑂2), the indices are first mapped into a sin-
gle index 𝑖𝑏 according to (4.1) to retrieve the binary numbers representing the
given configuration, which adds up to three additions and 3 multiplications.
Once the binary is known, the number of needed bits for each diagonal element
is calculated by 𝑁1 · 𝑂1, which results in one more multiplication. This is fol-
lowed by looping over the number of ports to retrieve the exponents of 𝜔 out of
the binary. At each step RotId, the position of starting bit for each exponent
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is calculated as
(RotId − 1) · 𝑁1𝑂1

adding one 𝑃𝐶𝑆𝐼−𝑅𝑆 multiplications. Knowing the length of each binary repre-
senting one power, the binaries are transformed into decimals. Finally, using the
lookup table for 𝜔𝑘

𝑀
defined in Section 4.1, the exponents are used to retrieve

the first half diagonal of D𝑙,𝑚, which is sufficient to determine D𝑙,𝑚 completely
as demonstrated in (3.12), and the configurations are used to extract G(𝜈)

𝐼,𝑖1,3

from the look-up table.
Once the decomposition matrices are computed, the precoder W(𝜈)

𝐼
is cal-

culated according to (3.26). The calculation involves one matrix multiplication
between D𝑙,𝑚 and G(𝜈)

𝐼,𝑖1,3
. As D𝑙,𝑚 is a diagonal matrix, a left multiplication by

it translates to taking the element-wise product of each column of G(𝜈)
𝐼,𝑖1,3

and
the diagonal of D𝑙,𝑚. Thus, there is a total of 𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈 · 4 real multiplications
and 𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈 · 2 real additions. In summary, all the computations involved
in the matrix multiplication and the binary mapping and decomposition result
in a total of 5 · 𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈 + 4 real multiplications and 2 · 𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈 + 4 real
additions. The needed numbers of computations have been listed in Table 5.1.

Table 5.1. Number of real computations.

Computations
Mapping the configuration into a
correct binary and binary decom-
position

4 + 𝑃𝐶𝑆𝐼−𝑅𝑆 multiplications, 4 ad-
ditions

Left multiplication by D𝑙,𝑚

4 · 𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈 multiplications, 2 ·
𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈 additions

Total
5 · 𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈 + 4 multiplications,
2 · 𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈 + 4 additions

From the precoding point of view, the matrix composition and the asso-
ciativity of the matrix multiplication allows a simplification in the precoding
according to (3.26) as

W(𝜈)
𝐼

x =

(︂
D𝑙,𝑚G(𝜈)

𝐼,𝑖1,3

)︂
x = D𝑙,𝑚

(︂
G(𝜈)

𝐼,𝑖1,3
x
)︂
,

where x is a signal vector. Since the elements of G(𝜈)
𝐼,𝑖1,3

are in {1,−1, 𝑗 ,− 𝑗}, there
are 𝑃𝐶𝑆𝐼−𝑅𝑆 ·𝜈 ·2 in the multiplication G(𝜈)

𝐼,𝑖1,3
x. Right-multiplying the product by

D𝑙,𝑚 has 𝑃𝐶𝑆𝐼−𝑅𝑆 complex multiplications, i.e., 4 · 𝑃𝐶𝑆𝐼−𝑅𝑆 real multiplications
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and 3 · 𝑃𝐶𝑆𝐼−𝑅𝑆 additions. In contrast, the direct multiplication of x by W(𝜈)
𝐼

has 𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈 complex multiplications, or 4 · 𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈 real multiplications
and 3 · 𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈 additions. The numbers of needed computations have been
listed in Table 5.2.

Table 5.2. Number of real computations in different schemes of
precoding.

Computations

Direct precoding by
W(𝜈)

𝐼

4 · 𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈 multipli-
cations, 3 · 𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈
additions

Precoding in parts
(2 ·𝜈+4) ·𝑃𝐶𝑆𝐼−𝑅𝑆 mul-
tiplications, 3·𝑃𝐶𝑆𝐼−𝑅𝑆

additions
Precoding in parts

Direct Precoding by W(𝜈)
𝐼

Multiplications: 1
2 +

1
𝜈
,

Additions: 1
𝜈

It is worth noting, that when 𝜈 = 1, the number of real multiplications
is actually larger in precoding in parts than in direct multiplication by W(𝜈)

𝐼
.

However, since the multiplication by G(𝜈)
𝐼,𝑖1,3

is multiplying the elements of x
by either ±1 or ± 𝑗 , the factor 2𝜈 is not significant in terms of computations.
As 𝜈 increases, the number of computations in precoding directly with W(𝜈)

𝐼
.

This means, that the precoding in parts offers the highest improvement, when
𝜈 = 𝑃𝐶𝑆𝐼−𝑅𝑆. In this case, the number of needed real additions is 12.5 % of
of the number of those needed in direct precoding, and the number of needed
multiplications is 62.5 % of the number of those needed in direct precoding.

5.2 Memory

The proposed algorithm increases the complexity in terms of real additions
and multiplications with the trade-off of reducing the number of needed bits
to store the codebooks. As the sizes of the codebooks increases, the number of
possible precoders increases accordingly. Furthermore, various combinations of
𝑃𝐶𝑆𝐼−𝑅𝑆 and 𝜈 also increases the number of unique precoders as presented in
Table 4.1, rendering the optimization in memory consumption crucial.

In the implementation proposed in Chapter 4, one needs to store the binary
number associated with the characteristic matrix D𝑙,𝑚 for each precoder having
𝜈 = 𝑃𝐶𝑆𝐼−𝑅𝑆 along with generator matrices G𝐼 . According to Table 4.1 we have
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16 diagonal matrices for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4, and 128 + 16 = 144 diagonal matrices
for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8. Based on (3.12), for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4, the number of elements in
D𝑙,𝑚 that needed for storing is 2, and for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, it is 4. Furthermore,
the number of needed bits to represent one diagonal element of D𝑙,𝑚 in case
of 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4 is 3 as it is for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, (𝑁1, 𝑁2) = (2, 2). For 𝑃𝐶𝑆𝐼−𝑅𝑆 =

8, (𝑁1, 𝑁2) = (4, 1), the number of needed bits per element is 4. Therefore, the
total number of needed bits for the characteristic matrices is 128 · 4 · 3 + 16 · 2 ·
3 + 16 · 4 · 4 = 1888 bits, since storing the zeros is redundant.

In the case of generator matrices, it is sufficient to store the integrated
generator G(𝜈)

𝐼,𝑖1,3
, adding up to a total of 76 matrices to be stored. However,

elements of G(𝜈)
𝐼,𝑖1,3

are in the set {1,−1, 𝑗 ,− 𝑗}, implying they can be represented
using 2 bits per element. The number of bits needed to represent the generator
matrices for each each port and rank is calculated as

Number of G(𝜈)
𝐼,𝑖1,3

· 𝑃𝐶𝑆𝐼−𝑅𝑆 · 𝜈 · 2. (5.1)

In Table 5.3, the numbers of needed bits have been listed for each configuration
having taken into account the multiplicity of different 𝑃𝐶𝑆𝐼−𝑅𝑆 cases. Adding
together the number of bits calculated using (5.1) based on the data of Table
5.3, the total number of needed bits to store all generators is 3856 bits. Thus,
the total memory needed for storing the needed matrix composition matrices
is 5744 bits.

In contrast, storing matrices individually for each covered configuration
consumes significantly more memory. With the assumption of retrieving the
powers of root of unity using similar look-up table as for the proposed algorithm,
the number of needed bits per configuration can be calculated as

Number of W(𝜈)
𝐼

· Number of Elements in W(𝜈)
𝐼

· log2(𝑀). (5.2)

The results in each case are listed in Table 5.4. For 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4 cases, the sum of
the corresponding numbers of bits as listed in Table 5.4 is 2496 bits. The sums
for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, (𝑁1, 𝑁2) = (2, 2) and 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, (𝑁1, 𝑁2) = (4, 1) are 87552
bits and 25344 bits, respectively. In summary, a total 2496 + 25344 + 87552 =

115392 bits is needed to cover all the precoders. Comparing this number with
the number of bits needed for the proposed algorithm, the algorithm requires

5744
115392 · 100% = 4.9778% ≈ 4.98%

of the bits needed when storing all the precoders directly. This indicates that
the proposed scheme requires approximately 95.2% less memory compared to
the direct implementation.
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Table 5.3. Numbers of needed bits to store each generator for
different sizes.

𝑃𝐶𝑆𝐼−𝑅𝑆, 𝜈 Number of matrices Number of needed bits
4, 1 4 32
4, 2 4 64
4, 3 2 48
4, 4 2 64
8, 1 8 128
8, 2 16 512
8, 3 12 576
8, 4 12 768
8, 5 4 320
8, 6 4 384
8, 7 4 448
8, 8 4 512
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Table 5.4. Needed numbers of bits to store all codebooks.

𝑃𝐶𝑆𝐼−𝑅𝑆 , 𝜈, log2 (𝑀) Number of precoders (𝑁)
Number of needed bits

according to (5.2)

4, 1, 3 32 384
4, 2, 3 32 768
4, 3, 3 16 576
4, 4, 3 16 768
8, 1, 3 256 3072
8, 2, 3 512 12288
8, 3, 3 384 13824
8, 4, 3 384 18432
8, 5, 3 128 7680
8, 6, 3 128 9216
8, 7, 3 128 10752
8, 8, 3 128 12288
8, 1, 4 64 1024
8, 2, 4 128 4096
8, 3, 4 96 4608
8, 4, 4 96 6144
8, 5, 4 32 2560
8, 6, 4 32 3072
8, 7, 4 16 1792
8, 8, 4 16 2048
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6 Discussion and Conclusions

The generation algorithm can be extended further from 8 ports case into other
cases supported by 3GPP by using the approach of diagonal and generator
matrices. For case 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {12, 16, 24, 32}, formulae (3.12) and (3.26) lay
a foundation to use similar generative approach as for cases 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8}.
This can be achieved by finding 𝑃𝐶𝑆𝐼−𝑅𝑆 × 𝜈 generator matrices G(𝜈)

𝐼,𝑖1,3
while

sustaining the concept of having a diagonal matrix D𝑙,𝑚 for 𝜈 = 8. Significant
differences rise in the form of extended need of memory and computations,
which is expected due to the grown size of the precoders and number of needed
bits as function of max(𝑁1𝑂1, 𝑁2𝑂2) with respect to cases 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8}.
One important detail for larger number of antenna ports is that the number of
needed bits per element is ⌈(log2(max(𝑁1𝑂1, 𝑁2𝑂2)))⌉, where ⌈.⌉ is the ceiling
function. The ceiling function is needed, as for example for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 12 and
(𝑁1, 𝑁2, 𝑂1, 𝑂2) = (6, 1, 4, 1), we have max(𝑁1𝑂1, 𝑁2𝑂2) = 24, which is not an
integer power of 2.

For the sake of an example, in case 𝑃𝐶𝑆𝐼−𝑅𝑆 = 32 and (𝑁1, 𝑁2, 𝑂1, 𝑂2) =

(4, 4, 4, 4), there is a total of 256 unique 32 × 32 diagonal matrices D𝑙,𝑚 and
two 32 × 8 generator matrices G(8)

𝐼
. Since max(𝑁1𝑂1, 𝑁2𝑂2) = 16, the needed

bits per element of D𝑙,𝑚 is 4. Following the ideas of the proposed algorithm,
it is sufficient to store the integer exponents of entries of 𝑣𝑙,𝑚 giving a total
16 · 4 = 64 needed bits per D𝑙,𝑚 and 256 · 64 = 16384 bits to cover all D𝑙,𝑚.
The generators G(8)

𝐼,𝑖1,3
can be shown to be a QPSK matrix and there are two

of them in this case. A single generator in needs 32 · 8 · 2 = 512 bits meaning
1024 bits are needed to cover all the generators for 𝜈 = 8 and 17408 bits to
cover the precoders completely. In contrast, if all the precoding matrices were
stored individually, the number of needed bits would be 512 · 32 · 8 · 4 = 524288
implying that the algorithm allows a reduction of(︃

1 − 17408
524288

)︃
· 100% ≈ 96.7%

of memory needed to cover the matrices.
Another application to study is the extensibility to cover Type I multi-

panel cases, where only 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, 16, 32 and 𝜈 = 1, . . . , 4 are defined. The
configurations are also different, since 𝑁𝑔 has been added as an extra parameter.
For example, the case 𝑃𝐶𝑆𝐼−𝑅𝑆 = 8, (𝑁𝑔, 𝑁1, 𝑁2, 𝑂1, 𝑂2) = (2, 2, 1, 4, 1) utilizes
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matrices

W1,𝑁𝑔,1
𝑙,𝑚,𝑝,𝑛

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣
𝑣𝑙,𝑚

𝜙𝑛𝑣𝑙,𝑚

𝜙𝑝1𝑣𝑙,𝑚

𝜙𝑛𝜙𝑝1𝑣𝑙,𝑚

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,W2,𝑁𝑔,1

𝑙,𝑚,𝑝,𝑛
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣
𝑣𝑙,𝑚

−𝜙𝑛𝑣𝑙,𝑚
𝜙𝑝1𝑣𝑙,𝑚

−𝜙𝑛𝜙𝑝1𝑣𝑙,𝑚

⎤⎥⎥⎥⎥⎥⎥⎥⎦
to define the 𝜈 = 4 precoder as

W(4)
𝑙,𝑙′,𝑚,𝑚′,𝑝,𝑛 =

[︂
W1,2,1

𝑙,𝑚,𝑝,𝑛
W1,2,1

𝑙′,𝑚′,𝑝,𝑛 W2,2,1
𝑙,𝑚,𝑝,𝑛

W2,2,1
𝑙′,𝑚′,𝑝,𝑛

]︂
.

From the definitions it can be seen, that precoders for 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4,
(𝑁1, 𝑁2, 𝑂1, 𝑂2) = (2, 1, 4, 1) are integrated within the multi-panel matrix both
as is and by multiplying the single panel matrix by 𝜙𝑝1 . Since the proposed
algorithm covers the case 𝑃𝐶𝑆𝐼−𝑅𝑆 = 4, 𝜈 = 4, these observations argue the
necessity to study extending the algorithm over Type I multi-panel case as well.
The investigation undertaken in this thesis further suggests the possibility of
using similar algorithmic approach to cover the remaining cases of Type I single
panel CSI codebooks. However, this alongside with the extension to multi-panel
and Type II codebook generation, requires further research. Another critical
factor is to look into different mathematical tools that could be exploited in
the generation algorithm.

In summary, this thesis proposes an algorithm and an implementation to
cover the generation of NR CSI Type I single panel codebooks for number of
ports 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8}. The proposed scheme is compared against the direct
implementation, where the codebooks are stored directly and then retrieved.
The mathematical structure admitted by the codebooks serves as the basis for
deriving a generation algorithm, enabling a representation of a precoder W(𝜈)

𝐼

as a product D𝑙,𝑚G(𝜈)
𝐼,𝑖1,3

, where D𝑙,𝑚 is a characteristic matrix and G(𝜈)
𝐼,𝑖1,3

is a
generator matrix. The characteristic matrix is unique up to the pair

(︁
𝜈, 𝑖1,3

)︁
,

allowing the identification of precoders up to
(︁
𝜈, 𝑖1,3

)︁
using the characteristic

matrices. The generator matrices G(𝜈)
𝐼,𝑖1,3

are defined over the rank 𝜈, index tuple
𝐼 and index 𝑖1,3 while serving as a generator for multiple precoders. This allows
to store the characteristic matrices and generator matrices instead of the pre-
coders, which we have proven to save memory. With the cost of computational
complexity, the proposed algorithm enables using 95.2 % less memory than in
the direct implementation, as discussed in more detail in Chapter 5. Further-
more, in comparison with performing precoding directly with a precoder W(𝜈)

𝐼
,

the two stage matrix multiplication with D𝑙,𝑚 and G(𝜈)
𝐼,𝑖1,3

enables a reduction of
87.5 % in the number of real additions and 37.5 % in the number of real mul-
tiplications in the case of 𝑃𝐶𝑆𝐼−𝑅𝑆 ∈ {4, 8}. While more investigation is needed
in comparing the proposed scheme against other codebook generation meth-
ods to assess more carefully the benefits of the scheme, it can be nonetheless
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concluded that the proposed algorithm and implementation enable significant
improvements with respect to the direct storing and retrieval of precoders.
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