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ABSTRACT

Since Justin Curry’s pioneering dissertation, sheaf theory has gained more attention in
the field of topological data analysis. In this thesis, we want to offer a new direction for
these methods by applying domain theory. In domain theory, a poset has a number of
topologics associated to it; the Alexandrov and Scott topo]ogics bcing the most signifi—
cant for our investigations. The sheaves on these two topologies and their interplay are
our main objcct of studyi

In topological data analysis, features of the data that have a short “lifespan” are often
seen as a result of noise, and so they are considered less significant. The ephemeral fea-
tures are the most extreme examples of this phenomenon having lifespan zero. Chazal and
his co-authors introduced the notion of an ephemeral module, but they on]y considered
the poset R.

We generalize the notion of ephemerality to continuous posets. We consider the
quotient category of the category of persistence modules by the Serre subcategory of
ephemeral modules and show that it is equivalent to the category of Scott sheaves. We
prove that these categories are further equivalent to the full subcategories of lower and
upper semi-continuous modules. This quotient category has a hereditary torsion asso-
ciated to it. We examine the corresponding torsion functor, observing in particular
that there exists an exact sequence and isomorphisms mimicking the celebrated Serre-
Grothendieck correspondence between sheaf cohomology and local cohomology. Finally,
we study the metric properties of persistence modules and Scott sheaves via the afore-

mentioned equivalence. We also investigate how ephemeral modules fit into this setting.
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TIVISTELMA

Justin Curryn uraauurtavan viitdskirjan ilmestymisen jilkeen lyhdeteoria on hericti-
nyt yhii enemmin huomiota topologiscn data—analyysin tutkimuksessa. Tami tutkiel-
ma yhdistii lyhdeteorian menetelmiin alueteoriaa aivan uudella tavalla. Alueteoriassa
osittain jérjestectyyn joukkoon liittyy lukuisia topologioita, joista merkittivimmirt ovat
Alexandrovin ja Scottin topologiat. Niiden kahden topologian piilli olevien lyhteiden
vuorovaikutus on yksi tdmin tutkimuksen pﬁiikohtcista.

Topologisessa data-analyysissi niitid datan ominaisuuksia, joiden “elinikd” on lyhyt,
pidctiiiin kohinan seurauksena, ja siten vihemmin merkittivini. Niin sanotut lyhytkcs—
toiset ominaisuudet, eli ne joiden eliniki on nolla, ovat diriesimerkkeji cisci ilmiosti.
Chazal miiriceeli yhdessﬁ muiden tutkijoiden kanssa 1yhytkestoisen modulin kisitteen,
mutta vain reaalilukujen tapauksessa.

Tissi tutkielmassa yleistetﬁﬁn lyhytkestoisuuden kisite jatkuvien osittain jarjestecty-
jen joukkojen tapaukseen. Tydssi kiisitelldin persistenssimodulien kategorian lyhytkes-
toisten modulien Serren a]ikategoriaan liittyvﬁﬁ tekijikategoriaa. Kiy ilmi, ettd se on
ckvivalentti Scottin lyhteiden kategorian kanssa. Niiden kahden kategorian osoitetaan
myd0s olevan ekvivalentteja seki yléi— ettd alapuolijatkuvien persistenssimodu]ien tdysien
alikategorioiden kanssa. Tihin tekijiikategoriaan liittyy myéskin perinnéllinen torsio-
teoria. Tyossi tutkitaan sitd vastaavaa torsiofunkcoria. Osoittautuu, etti sithen liiceyy
lyhyt eksakei jono ja isomorfismit, jotka ovat verratravissa lyhdekohomologiaa ja lokaa-
lia kohomologiaa yhdistiviin Serre-Grothendieck -vastaavuuteen. Lopuksi tarkastellaan
persistenssimodulien ja Scottin lyhteiden metrisid ominaisuuksia kilyttien edelld mainic-
tua ckvivalenssia. Erityisesti niitd voidaan kiyttii lyhytkestoisten modulien luonnehti-

miseen.
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1 INTRODUCTION

Topological data analysis studies the shape of data using methods of algebraic topology.
One of the main tools oftopological dara analysis is persistent homology. The fundamen-
tal idea is to study data on different scales simultaneously. More concretely, in persistent
homology, one starts with a noisy data set, transforms it into a filtration of ropo]ogical
spaces

X1 CXo € C Xy,

and then applies homology with coefficients in a field & to obtain a sequence of k-vector

spaces and linear maps for all i € N

This sequence is often called a persistence module, and it keeps track of the information
about how topological features evolve through the filtration. A persistence module has a
unique decomposition into the so-called interval modules. The endpoints of an interval
are interpreted as the birth and death of the associated topological feature. The multiset
of these intervals is also called the barcode, which is a complete and discrete invariant of

the data. This procedure is often summarized by the pipeline ofpersistent homo]ogy:

Data | — ‘ Filtration ‘ — ’ Persistence module ‘ — ‘ Barcode ‘

For some applications, a linear filtration is far too simple to capture all the intricate
behavior of a complex dataset (see, for example, [41]). To mend this flaw, more general
posets (or even pre-orders) are used.

Let k be a commutative ring with unity. More abstractly, a persistence module over
a poset P is a functor P — Mod, where P is the thin category corresponding to P
and Mod the category of k-modules. We denote by Fun(P, Mod) the category of
persistence modules over P. Commonly P is Z™ or R™. Carlsson and Zomorodian [10]
rceognizcd an influential equivalence between the persistence modules over Z" and the

multigraded modules over the polynomial ring of n variables k[ X7, ..., X,,]. In the case
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of P = Z, the polynomia] ring k‘[X] is a principal ideal domain. One can then see that
the interval decomposition corresponds to the structure theorem of finitely generated
modules. This structure theorem does not extend to n > 1, which is a major setback.
In fact, there is no barcode-like complete and discrete invariant for persistence modules
over Z™, when n > 1 ([10]).

Curry introduced sheaf theory to topological data analysis in his dissertation [15] (but
Shepard [58] studied similar objects much earlier). Every poset possesses the so-called
Alexandrov topology. A subset U of a poset P is open with respect to the Alexandrov
topo]ogy if it is an up-set (ie.z € U and y>x imp]y S U). We use the notation P?
for P endowed with the Alexandrov topology, and Sh(P®) for the category of sheaves

on P?% with values in Mod. Curry showed that there is an equiva]ence of categories:
Fun(P,Mod) ~ Sh(P?).

This sheaf-theoretic perspective is very influential. It permits the usage of all classical
sheaf theoretic methods for persistence modules, which has led to fruicful advances (for
example, [4, 32, 44]).

The homologica] features of the data that persist along the filtration are considered
essential. Features that have zero “lifespans” in this sense are called ephemeral. They are
usual]y disrcgardcd in topological dara analysis. The notion ofintcrlcaving gives a way of
measuring distances between persistence modules [2, 8, 59]. A persistence module over R
can be regarded ephememl if its inter]eaving distance from the zero module vanishes. All
this led Chazal e al. [12, 13] to investigate the quotient category of persistence modules by
the Serre subcategory of ephemeral modules, which they called the category of observable
modules. Berkouk and Petit [4] defined ephemeral modules for R™. They utilized the
theory of y-topology and y-sheaves, where v C R™ is a closed proper convex cone with
a non-empty interior. One of the main purposes of this dissertation is to extend these
investigations to more general posets.

Our methods are based on domain theory [1, 21, 24]. Domain theory is a branch of
order theory that formalizes the notions of approximation and convergence in a general
way. Up to now, it has been mostly used in logics and computer science. The way-below
(or approximation) relation is one of the key notions of domain theory, and it is used
throughout this dissertation. One says that x approximates y if, for all directed sets D with
y < sup D, there exists d € D such that x < d. This is often denoted by z < y. An

clement € P is called compact or isolated from below if © < x. A poset can be endowed
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with many different topologics. In domain thcory, the Scort topology is the most used.
We use the notation P? for P endowed with the Scott topology. A subset U C P is
declared to be open in the Scott topology if and only if it is an up-set and DNU # () for
all directed sets D with sup D € U. In particular, the Scott topology is coarser than the
Alexandrov topology, or in other words, the identity map j: P7 — P® is continuous.
Even though the Scott topology can be defined for any poset, it is convenient to restrict
to the so-called continuous posets. In domain theory, aposet is called continuous ifevcry
clement is the directed supremum of the elements approximating it. Continuous posets
include, for example, all discrete posets, as well as R™ and its down-sets. Continuous

posets satisfy a fundamental property that is called interpolation. It says that
for all x < z there exist y € P such that z < y < 2.

Most of the major results of this thesis follow from it in one way or another.

In addition to the persistence modules, sheaves on the Scott topology are our main
objects of study. For brevity, they are called Scott sheaves. The interplay of Scott sheaves
and persistence modules is the central subject in this dissertation. In particular, we show
that the category of Scott sheaves is equivalent to the quotient category of the category
persistence modules by the subcategory of ephemeral modules. On the algebraic side, the Scott
sheaves turn out to correspond to semi-continuous modules. Semi-continuous modules
emerge, for example, in symplectic topology. Some authors (e.g. [50]) go so far as to
restrict their study ofpersistencc modules to semi-continuous modules.

We now explain our results in more detail. Let P be a poset, and let k be a com-
mutative ring with unity. Our main objects of study are persistence modules over P,
which are functors from P interpreted as a thin category to the category of k-modules
Mod. The category of persistence modules over P is denoted by Fun(P, Mod). If P is
a partially ordered abelian group, we often consider a persistence module as a P-graded
k[Up)-module [7, Theorem 2.21]. Here Uy = {x € P | > 0} is a basic up-set. In ad-
dition to persistence modules, we also investigate the categories of sheaves Sh(P*) and
Sh(P7). As stated, we have the Curry’s equivalence Sh(P®) ~ Fun(P,Mod). We
observe in Proposition 4.4 that if P is a continuous poset, then the direct image functor
jx: Sh(P?®) — Sh(P?) has, besides the left adjoint §*, also a right adjoint 5. The

sicuation can be summarized as follows:
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— 7' —
Fun(P, Mod) +=— Sh(P®) —j. » Sh(P?).
T’\ j* —
We introduce five endofunctors ofpersistence modules that are related to the adjoint

triple (5%, ji, j'). For a persistence module M over P and p € P, we set

Mp = @MI and Mp = hgrle
>>p r<p

This gives us two functors @, (=): Fun(P,Mod) — Fun(P,Mod). In the case
of a linearly ordered poset, these functors have been studied, for example, in [12, 56, 57].
When the poset is a real polyhedral group, the persistence modules M and M are also
related to the upper and lower boundaries introduced by Miller in [40, Definitions 3.11
and 11.1] (see Remark 4.8). Given a convex subset I C P, the indicator module k‘[[] assigns
k to every p € I with identity maps on k. Interestingly, it turns out in Proposition 5.11
that in the case of the up-set and down-set indicator modules, the functors (—) and
Q correspond to taking the topological interior and closure (cf. [40, Lemma 3.20]).
The persistence module M is upper semi-continuous (rcsp. lower semi—continuous), if the
canonical morphism M — M (resp. M — M) is an isomorphism. In Lemma 4.9, we
show that M = j'j, M and M = j*j, M for all persistence modules M over P. This
lemma has several consequences. The most important of them is Theorem 4.23, where
we show that the full subcategories of upper semi-continuous modules and lower semi-
continuous modules are both equivalent to the category of Scott sheaves.

An immediate examplc of lower semi-continuity is provided by fmitely Scott encoded
modules (see Proposition 4.24). We call here a persistence module M over P finitely Scott
encoded if there is a Scott-continuous map f: P — F to a finite poset F and a pointwise
finite-dimensional persistence module N over F' (i.e. N, is finite-dimensional for all
x € F)such that M = f*N.

Miller realized in [39] (see especially pages 14-15 for a good introduction) that the
socles and tops of persistence modules can be used to functorially describe deaths and
births of the homological properties of data. We propose new variants for these notions
by defining for a persistence module M over P the Scott-socle and the Scott-top, denoted
by soc? (M) and top? (M), respectively (see Definition 4.28). At p € P, the classical
socle detects the elements of M), that vanish in all internal morphisms M (p < ) with
x > p. In turn, the Scott-socle consists of those element of M), that vanish in internal

morphisms M (p < z) with x > p. For example, consider the indicator module of
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a basic-down set D, = {& € R” | © < p}. The Scott-socle is now the indicator
module k[0Dp)] associated to the topological boundary of D, whereas the usual socle is
the skyscraper module kp (see Proposition 5.15 i)).

We are also interested in their derived functors. In Proposition 4.41, we show that M
is upper semi-continuous if and only if soc? (M) = 0 = R! soc? (M). Similarly, M is
lower semi-continuous if and only if top? (M) = 0 = L; top? (M ). In Theorem 4.40,

We can prove EhC formulas

R'soc” (M) = top? (M) and Lj top? (M) = soc’ (M).
Curiously, if P is also a partially ordered abelian group, then there is an exact sequence

0—soc?”(M) —» M — @F(Int Uo, j+«M(p)) — R'soc” (M) — 0
pEP

and isomorphisms

R soc”(M) = @ H"(Int Uy, .M (p)),
peEP

for all n > 1, mimicking the celebrated Serre-Grothendieck correspondence between
sheafcohomology and local cohomology (see Proposition 4.36 and Remark 4.39). In fact,
by using a result of Jensen, we observe in Proposition 4.38 that the functor R™ soc”
vanishes for n > 1 under mild assumptions.

A persistence module M is ephemeral it M (p < q) = 0 for all p < ¢ (Definition 5.1).
We give a new characterization for ephemeral modules in terms of meager sets. We call
a subset S C P is meagerif x ¢ Sory ¢ S for all z < y. In Theorem 5.6, we show
that a persistence module M over P is ephemeral if and only if the support supp(m) is
meager for all p € P and m € M,

In Theorem 5.7, we make the crucial observation that over a continuous poset, a per-
sistence module M is ephemeral it and only it j«M = 0. In fact, chis was used as the
defmition of an ephemeral module in [4]. Right away, this implies that the full subcat-
egory of ephemeral modules Eph is a Serre subcategory of the category of persistence
modules. This result, with the general framework of Serre subcategories and the corre-
sponding quotient categories, permits us to define the quotient category of the category

persistence modules by the subcategory of ephemeral modules. ITn Theorem 5.17, we prove that
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this quotient is Cquivalcnt to the category of Scott sheaves. As a consequence, it is also
equivalent to the categories of lower semi-continuous and upper semi-continuous mod-
ules. We observe in Proposition 5.24 that in the case of R™, the indecomposable injectives
of the quotient category are in a one-to-one correspondence with the upward-directed
down-sets that are open with respect to the standard topology.

Finally, we study the interleaving distance of persistence modules and Scott sheaves.
The inter]eaving distance is defined by utilizing a super]inear famiiy of translations. A
superlinear family of translations is a function Ty: [0,00[ — Transp that satisfies
T.oTs <T.ystoralle,d > 0. Here Transp is the set of translations of P, i.e. the set
of order-preserving maps with p < T'(p) for all p € P. Moreover, we require that our

super]inear family satisfy the foiiowing assumptions:

i) T is continuous with respect to the Scott topology for all € > 0;
ii) 717 is an order-isomorphism for all e > 0;
iii) p < Te(p) forallp € Pande > 0;

iv) For every p < ¢ there exist € > 0 such that p < T (p) < ¢.

We also define the intcricaving distance for the Scott sheaves (Definition 6.9). To fuiiy
justify the transition to the quotient category Fun(P, Mod) /Eph, the functor j, should
then be an isometry i.c. do(M,N) = dy(j« M, j.N) for all persistence modules M and
N over P, where d, and d,; are the interleaving distance of persistence modules and the
intcrleaving distance of Scott sheaves, respectivciy. This is proved in Theorem 6.17. The
other functors (5*, j, (=) and (—)) are proven to be isometries, too. We also investigate

how ephemeral modules fit into this setting. In Corollary 6.18, we prove one of the defin-

ing features of ephemeral modules: A persistence module M is ephemeral if and only if

da(M,0) = 0.
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2 PRELIMINARIES ON DOMAIN THEORY

Domain theory is a branch of order theory that studies special posets called domains. Most
commonly, domain thcory has been applicd in 10gics and theoretical computer science.
For topological data analysis, domain theory is a new approach, and therefore, it might be
totally forcign to an average reader. The author is aware of this, which is Why the majority
of the proofs are included in this chapter. Those who are interested in the subject can
read more from [1, 21, 24].

In Section 2.1, we recall some results about posets. Especially, we define the notion of
a continuous poset and prove some necessary results. There are various topologies asso-
ciated to posets. We introduce two of them in Section 2.2, one is called the Alexandrov
topology, and the other the Scott topology. On the other hand, every topological space
induces a preorder that is called the specialization preorder. This is studied in Section

2.3. In Section 2.4, we investigate cones and posets induced by them.

2.1 Continuous Posets

A binary relation < on a set P is called a pre—ordcr if it is reflexive and transicive. The
pair (P, <) is called the pre-ordered set. If < is also antisymmetric, then it is a partial
order relation, and the pair (P, S) is said to be a parcially ordered set or poset for short. A
poset is linearly ordered if all the elements are comparable. Linearly ordered posets are
also sometimes called totally ordered sets or chains. A subset U C P is called an up-set
ifz € Uandz < yin P implyy € U. For every p € P, there is the basic up-set
Up ={z € P |z > p}. Dually, asubset D C P isadown-=setifx € Dandy < z in
P imply y € D. For every p € P, we have the basic down-set D, = {z € P | z < p}.
We say that a subset D C P is (upward)-directed, if it is non-empty, and for all z,y € D
there exists z € D such that 2,y < 2. Dually, a subset D is downward-directed if it is
non-empty and for all z, y € D there exists z € D such that z < z,y. A subset C C P
is convex if £,z € C'and z < y < zin P implies y € C. A subset C' C P is connected
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if, for all z,y € C, there are 2z1,...,2, € C such that 21 = x, 2z, = y and for all
i=1,...,n—1either z; < z;41 or z; > z;11. The connected convex subsets are called

intervals. A mapping f: P — @ between posets is order—preserving ifforallp < p'in P
we also have f(p) < f(p') in Q.

Remark 2.1. Every pre-ordered set P can be interpreted as a small thin category. The
objects are the elements of P. For p,q € P, the set of morphisms Hom(p, g) is just a
singleton, if p < g, and empty otherwise. We denote this category by P. In this language
the order-preserving maps P — @ are precisely the functors P — Q.

In the heart of domain theory, there is the so-called way-below relation.

Definition 2.2. Let P be a poset. For 2,y € P, we say that « is way below y (or y is way
above ) if for all directed sets D with y < sup D (whenever the supremum exists) there
exists d € D such that z < d. Sometimes we say that & approximates y. We write < .

An element z € P is called compact or isolated from below if < .

The way-below relation is fully understood in many posets. Next, we give some simple
examples. Recall here that a poset P is Zocallyﬁnite if the closed interval [p, ] is finite for

all p, ¢ € P. For example, finite posets and Z"™ are locally finite.
Example 2.3.

i) Ina 10cally finite poset, the supremum of a directed set is cthe 1argcst element. This

means that the way-below relation is the normal partial order relation.

ii) Let P = R. By considering the directed sets {x € R | z < p} (p € R), we see
that
rTLyY <= <y (z,y € R).

The way-below relation has the following basic properties. The proofs are so straight-

forward that they are left to the reader.
Lemma 2.4 ([24, Proposition 5.1.4]). Let P be a poset. For all x,y, z € P:

i) ifr Ly, thenz <vy;
i) ifr <yandy < z, thenx < z;
i) ifx < yandy < z, thenw <K 2.

Example 2.5 ([21, Example I-1.3 and Proposition I-1.4]).
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i) Let k be a commutative ring with unity. The set of ideals Id k (ordered by inclu-

sion) is a poset. In this poset, we have for all I, J € Id k
I < J <= I CF CJ for some finitely generated ideal F' € Id k.

In particular, if k is noecherian then the Way—below relation is exactly the inclusion.

ii) Let X be a locally compact topological space. The set of open sets Open(X)

(ordered by inclusion) is a poset. For all open sets U, V' € Open(X), we have

UKV < U C K CYV for some compact subset K C X.

Proposition 2.6. Let P and Q) be posets. Then the way-below relation of P x @ satisfies:
pq) < () = p<pandg<q

forallp,p’ € Pandq,q € Q.

Proof. [24, Proposition 5.1.53]. Let us first suppose that p < p’ and ¢ < ¢/, and let
D C P x @ be adirected set such that (p',¢') < supD. If m1: P x Q — P is the
first coordinate projection, then 71 (D) is a directed set of P with supremum 71 (sup D).
Clearly, p’ < 7y (sup D). Thus, by assumption, p < 71 (dy) for some dj € D. Similarly
q < ma(dg) for some dy € D. Because D is a directed, di and dg have a common upper
bound, and hence (p, ¢) < (p', ¢').

Suppose conversely that (p,q) < (p/,¢'). Let D C P be a directed set such chat
p < sup D. The product D x {¢'} is an directed set of P x Q. Obviously, (p/,¢’) <
sup(D x {q'}). By assumption, (p, q) < (d,q') for some d € D. Therefore, p < p'.
Similarly ¢ < ¢'. ]

Remark 2.7. Let P = R™. In this case, the way-below relation is characterized by the

equivalence
Ty < x; <y foralli=1,...,n (z,y € R").

This follows from the previous proposition and Examplc 2.3 1i).

Example 2.8. The way-below relation of R™ is very nacural. However, it can be much
p y y :

more complicated when restricted to a subposet. One such example is given in [34, Propo-
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sition 5.1]. For Cxamplc, in the case of the positive orthant Rgo, there is an Cquivalcncc
Ty < x;<yjorx;=0foralli=1,...,n.

Thus, (1,0) < (2,0) in RQZO even though (1,0) is not way below (2, 0) in R2. When
we restrict to the positive orthant, a directed set cannot converge to a boundary point
(i.c. point that have zero in at least one coordinate) from outside of the subposet, which
explains the difference. Here we say that a directed set D C P converges to p € P if

sup D = p.
Given a subset S C P, we set

tS={zxecP|lx>pforsomepe S} [S={xecP|x<pforsomepe S}
tS={rePlax>pforsomepe S} [S={recP|x<pforsomepe S}

for S C P. In particular, we use notation

tp={rePlz>p} lp={zeP|z<p}
tp={zxeP|z>p} ip={reP|z<p}

for all p € P. The basic properties of the way-below relation (Lemma 2.4) imply that $p
is an up-set and Tp C Tp. Dually, {p is a down-set, and {p C |p. However, after this
chapter, we will write Uy, and D), for the basic up- and down-sets. With these notations,

we are now ready to define continuous posets.

Definition 2.9. A poset P is continuous, if for all p € P the set {p is upward-directed

with supremum p.

Proposition 2.10. Let P and Q) be continuous posets. Then the product P x @ is also a con-

tinuous poset. In particular, R™ is a continuous poset.

Proof. [24, Proposition 5.1.54]. By Proposition 2.6, we have {(p, ¢) = ({p) x ({¢q) for all
pe Pandq € Q. O

Example 2.11. There are plenty of continuous posets. For example:

« Locally finite posets (see Example 2.3).
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. Lincarly ordered posets: This fact has been asserted in article [62] without a proof.

All depends on the sets |p \ {p}, where p € P. We have three cases:

{r}, if p is the smallest element;
v =1 Ip, if |p \ {p} contains the largest element;
I\ {p}, iflp\ {p} does not contain the largest element.

In all three cases, the set {p is directed as a subset of a linearly ordered poset, and
clearly sup({p) = p.

« The main result of the article [51] (see especial]y p- 110) provides even more ex-
amples of continuous posets. In particular, every down-set of a continuous meet-
semilattice is continuous itself. This also implies that every down-set of R" is

continuous.

The intcrpolation property is highly important for our investigations. Almost all our

results follow from it one way or another.

Theorem 2.12 (Interpolation). Let P be a continuous poset. If v < 2, then < y < % for
somey € P.

Proof. [24, Proposition 5.1.15]. Consider the set
D={weP|w<Ky<K zforsomey € P}.

We start by showing that D is upward-directed. Clearly, it is non-empty since v < 2
and |z is non-empty. Now, ifwl, wy € D, then w < <Kz and wy € Yo K 2 for
some ¥y1,y2 € P. We have y1,92 € |z and |z is directed so that y1,y2 < y for some
y € {z. Inother words, w1, ws € ly. Furthermore, |y is directed, because w1, wy < w
for some w € Ly. Thus,w € D.

Let us then show that z = sup D. Clearly, z is an upper bound of D. Suppose that
we have another upper bound 2’ i.e. w < 2’ for all w € D. This can also be written as
D C |2, On the other hand, we have {y C D for all y < z by the definition of D.
It follows that {y C |2/, Taking the supremum is preserves order, hence y < 2’ for all
y < z. Thus, also

z :supiz = Ssupy S supz' = Z,,
y<Lz YLz

s0 2 is the smallest upper bound of D.
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Now = < z, so we can use the definition of the Way—bclow relation to D. This means
that there exists d € D such that & < d. Thus, x < d < y < z for some y € P, which
completes the proof. ]

Remark 2.13. The notion of a continuous category generalizes that of a continuous poset.
This perspective is Cspccially fascinating, since the functors from a continuous poset are

more interesting for us than the continuous poset itself. For more details, see [30].

2.2 Topologies Determined by a Poset

Proposition 2.14 ([24, Proposition 4.2.11]). Let P be a poset. Then
i) an arbitmry union of up-sets is an up-set;
ii) an arbirmry intersection of up-sets is an up-set.

Proposition 2.14 shows that the collection of the up-sets forms a topology on P, which
is called the Alexandrov topology. In the Alexandrov topology, the closed sets are precisely
the down-sets. The Alexandrov topology is almost always non-Hausdorft. In face, it is
casy to see that Alexandrov topology is Hausdorft if and only if it is discrete. Since the
open sets are closed under all intersections in the Alexandrov topology, the so-called stars
exist. If A € X is a subset of a topological space, we say that the star of A (denoted by
st A) is the smallest open set that contains A. In other words, the star can be interpreted
as the open closure. The basic up-set U, is the star for a point p € P when a poset P
is endowed with the Alexandrov topology. More generally, the star of a subset A is the
union st A = UpEA
a basis of the Alexandrov topology.

Up. This fact also implies that the collection of the basic up-sets is

The second important topology is the Scott topology.
Definition 2.15. Let P be a poset. A subset U C P is called Scott-open, if
i) U is an up-set;

ii) for every directed subset D, the intersection DN U is non-empty whenever sup D

exists and is in U.
Example 2.16.

i) Let P be a finite poset. Every directed set of P has a largest element, implying that
the condition ii) of Definition 2.15 is true for all up-sets. Therefore, the Scott-open

sets of P are exactly the up-sets.
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ii) Let P = R. A proper non-empty up-set of R is either an open interval la, oo]
or a closed interval [a, 0o[ (a € R). Note that [a, 00] is not Scott-open, because
ii) does not hold for the directed set ] — 00, a[. On the other hand7 the open
up-set ]a, 0o[ is Scott-open, since the order of R is dense. Therefore, the proper

non-empty Scott-open sets of R are the open intervals ]a, oo[ (a € R).
Proposition 2.17. Let Pbea poset. The collection of the Scotr-open sets of P forms a topology.

Proof. [24, Proposition 4.2.18]. The empty set and P are obviously Scott-open. We
leave the case of union to the reader, and consider finite intersections. Suppose that
Vi,..., Vi € P are Scott-open sets. Their intersection is an up-set by Proposition
2.14 ii). Assume then that D is a directed subset such that sup D € (), Vi. Thus,
sup D € V; for all @. Since every V; is Scott-open, there exists z; € D NV for all ¢. The
set D being directed, there exists an upper bound y € D such thaty > x1, ..., zp. The
V; are up-sets, so y € D N ()., Vi, which proves ii). O

Proposition 2.17 shows that the Scott-open sets of P form a topology on P, which
is called the Scott topology of P. A subset 7 C P is closed with respect to the Scott
topology if and only if it is a down-set and closed under directed supremums (i.c. if D is

directed and D C F', then sup D € F whenever the supremum exists).

Example 2.18 ([21, Remark [1-1.4]). Let P bea poset. For everyp € P, the basic down-set
D, is Scott-closed. To see this, note first that, if D is directed set with D C Dy, then
d < pforalld € D. Therefore, sup D < p, or in other words, sup D € D,

We now have two topologies on a poset P. We use the notations P* and P? for
P endowed with the Alexandrov topology and the Scott topology, respectively. As the
Alexandrov topology is finer than the Scott topology, the identity map j: P* — P7 is
continuous. Even though the Scott topology can be defined for any poset, it is convenient
to restrict to the continuous posets. The interpolation property implies the fol]owing two

propositions.

Proposition 2.19. If P is a continuous poset, then with respect to the Scott topology, Int(1p) =
tp forallp € P.

Proof. [24, Proposition 5.1.35]. Let us first show that p is open with respect to the Scott
topology. By Lemma 2.4 iii), 1p is an up-set. Now, let D C P be a directed set with
sup D € 1p. In other words, p < sup D. By the interpolation property, p < y <
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sup D for some y € P. Hence, by the definition of the Way—bclow relation, there exists
d € D such that y < d. This gives p < d, which shows that d € fp.

Now that 1p is open, we have p = Int(fp) C Int(Tp). For the other inclusion,
assume that U C 1p for a Scott-open set U C P. It is enough to show an inclusion
U C fp. Let x € U. Since P is continuous, the set {2 is directed with supremum z.
The set U is Scott-open, hence & N U is non-empty i.c. y < @ for some y € U. From
this we get y > p, because U C Tp. It follows that € 1p by utilizing Lemma 2.4
ii). O

Proposition 2.20. If P is a continuous poset, then U = |,y T for all Scott-open sets

U C P. In particular, the collection {$p}pe p is a basis of the Scott topology.

Proof. [24, Theorem 5.1.17]. Assume that € U. Since P is continuous, the set Lz is
directed with supremum 2. Thus, {£NU is non-empty, since U is Scott-open. Therefore,
y < x for some y € U. Equivalently, x € Ty for some y € U. The other inclusion is

obvious. O

Example 2.21. Let P = R". It is casy to see that by the previous proposition a set is open
in the Scott topology of R™ if and only if it is open in both the Alexandrov topology and

the standard topology.

Remark 2.22. Let P = R™. For the sake of clarity, we will in this remark denote the
interiors with respect to the Scott topology and the standard topology by Int? and Int®,
respectively. By Proposition 2.20, we have Int® U = 1U for all up-sets U C R™. This set
is open with respect to the standard topology by Example 2.21. In particular, Int” U C
Int® U. The converse inclusion is also true, because the set T B(&, 1) is open with respect
to the Scott topology for all z € R™ and > 0. Note that we also have Int* D = | D
for all down-sets D C R™.

Similar results exist for the closures. For example, ¢l D = cl® D for all down-sets
D C R™ Here cl? and cl® are the closures with respect to the Scott topology and

standard tO‘pOlOgy7 rcspcctively.

Remark 2.23. Let P = R™. Observe that the interpolation property gives the formulas
tU =1U and |D = |D.

for all up-sets U € R™ and down-sets D C R™, where the closures are taken with respect

to the standard topology. Thus, for the boundaries with respect to the standard topology,
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we havc

OU=U\1U and 0D =D\ |D.

[t is also worth noting that
OU=U\tU=U\1U=0U and OD=D\|D=D\|D=0D.

Next, we consider maps between posets that are continuous with respect to these

topologies.

Proposition 2.24 ([7, Lemma 2.4]). Amap f: P — Q between posets is order-preserving if
and only if the corresponding map f@: P* — Q% is continuous with respect to the Alexandrov

Eopologies.

Definition 2.25. A map f: P — @ between posets is Scott-continuous, if it is order-
preserving and for all directed subsets D C P we have f(sup D) = sup f(D) whenever

the supremum sup D exists.

Proposition 2.26. A map f: P — Q between posets is Scott-continuous if and only if the

corresponding map % : P% — Q7 is continuous with respect to the Scott topologies.
p g map g

Proof. [24, Proposition 43.5]. Let us first assume that f is Scott-continuous, and let U C
@ be a Scott-open set. Since f is order-preserving, the preimage fﬁl(U) is an up-set.
Now, let D C P be a directed set such that sup D € f~1(U). The image f(D) is a
directed set of @ with supremum sup f(D) = f(sup D). It follows that there exists an
clementd’ € f(D)NU. This element has a preimage d € P such thard € DN f~1(U).
Thus, f~1(U) is Scott-open, and hence, f is continuous.

Let us then suppose that f7 is continuous between the Scott-topologies. We first
show that it is order-preserving. Assume that p < p’ in P. Now Dy is a closed set in
Q° by Example 2.18. Since f is continuous, the preimage f~ (D () is closed in P
In particular, it is a down-set. The point p’ is in f_l(Df(p/)) so that p € f_l(Df(p/))
showing that f(p) < f(p').

Let D C P be a directed set that has a supremum in P. Since f is order-preserving,
we have f(d) < f(sup D) for all d € D. So, f(sup D) is an upper bound of f(D).
To show that it is the smallest upper bound, let s be another upper bound of f(D).
The down-set Dy is Scott-closed in @, therefore, the continuity implies that f~1(Dy)
is Scott-closed in P. Obviously, D C f~Y(Ds). Thus, sup D € f~1(Dy), which is
equivalent to f(sup D) < s. This shows that f(sup D) = sup f(D). O
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Remark 2.27. Let X be a topological space, and let R* = RU{00, —00} be the extended
real line. A map f: X — R* is lower semi-concinuous if f~1(]t, 00]) is open in X for all
t € R. But this means that f is continuous with respect to the Scott topology of R*. For

more details, see [21, Section I1-1].

Example 2.28. [24, Example 4.3.7] The usual addition +: R x R — R and the multipli-

cation -: Ryg X Rsg — R are Scott-continuous.

Example 2.29. Let P be a linearly ordered poset. The maximum (resp. minimum) func-
tion PxP — P, (p,p") — max(p,p’) (resp. (p,p’) +— min(p, p’)) is Scott-continuous.
In a lack of suitable reference, we provide a short proof. Every linearly ordered poset is
continuous, so it is enough to show that the preimage of 1p is Scott-open for all p € P.

Now, for the maximum-function

max~ ' (1p) = {(z,y) € P* | max(z,y) € tp}
= {(z,y) € P? | p < max(z,y)}
={(z,y) e P*|p<zorp <y}
= (P x (tp)) U ((1p) x P),

which is Scott-open in P x P. Similarly, for the minimum-function

min~" (1p) = {(z,y) € P? | min(z,y) € 1p}
= {(z,y) € P*| p < min(z,y)}

(z,y) € P* | p < a,y}

= (Tp) x (1p).

Example 2.30. The ceiling function R — Z is Scott-continuous. To sece this, note that
for all n € Z, the preimage of U,, = {z € Z | © > n} is Jn — 1,00, which is open
with respect to the Scott topology of R. On the other hand, the floor function is not

Scott-continuous. For example, if D = {z € R | 2 < 0}, then
|supD| =0# —1 =sup|D].
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2.3 A Poset Determined by a Topological Space

In this section, we introduce the specialization order. The specialization order is also used

often in Chapter 6. Recall first that a topological space X is

« Ty, if for any two distinct points there is an open set that contains one of the points

le'ld not thC OthCI‘;

« T, if any two distinct points have a neighbourhood that does not contain the other

point.

Definition 2.31. Let X be a topological space. The specialization order is a prc—ordcr <s

on X defined by the equivalence
r<sy <= ax€{y} (x,y € X).
Remark 2.32. Observe that the specialization order could also be defined by setting
r <gy <= yis contained in all open neighbourhoods of x (z,y € X).
Proposition 2.33 ([24, Proposition 4.2.3]). Let X be a topological space, and let <g be its
spccialization order.
i) If X is Ty, then < is a partial order;

it) If X is T, then <j is equality.

Proposition 2.34. Let f: X — Y be a continuous map between topological spaces. Then f is

order-preserving with respect to the specialization orders.

Proof. [24, Proposition 439 Letx <g 2'in X. If V is an open neighbourhood off(:n),
then f71(V) is an open neighbourhood of . It follows that 2/ € f=1(V), and furcher-
more f(z') € V, which proves the claim. O

Remark 2.35. Let P be a poset. It is easy to see that the specialization order of the space

P is the poset P itself. Similarly, by Example 2.18, the specialization order of P is P.

24  Cones

Berkouk and Petit invcstigatcd in their article [4] partia] orders of R™ induced by cones.

Therefore, we want to point out in the following that these posets are continuous. For a
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general reference about cones, see, for example, [55].

We say that a subset v C R™ is a cone if 0 € v and R~¢y C 7. A cone 7 is convex if
and only if it is closed under sums. We denote by ’ya the opposite (or antipodal) cone —7.
A convex cone 7 is proper if ¥ N y* = {0}. Note the formulas y 4+ Inty = Int~y and
m = 7, for a closed proper convex cone 7y with a non-empty interior. Here, and in
the sequel, Int y denotes the interior of y with respect to the standard topology. Observe
that Int yU {0} is a cone, which is convex if 7y is convex. Therefore, Int v U {0} is closed
under sums and positive scalar multiplication, when 7 is a convex cone. Given a closed

proper cone ’Y, Ww¢e can dCﬁHC a partial order on Rn by SCttiI’lg
<,y < y+y7Cx+y <<= y—-xcy

for all z,y € R™ Ity C R" is a closed convex cone, then one says that A C R" is
v-invariant, it A + vy = A. The collection of open 7y-invariant sets defines a topology of
R™, which is called the y-topology (see [32, Subsection 1.2]). When v = RZ, it is casy to
see that the y-topology coincides with the Scott topology. B

First, we require a simple lemma. In a lack of a suitable reference, we provide a proof

fOI' tl’lC convenience O{: tl’lC rcadcr.

Lemma 2.36. Let v C R"™ be a closed proper convex cone with a non-empry interior. [f R™ is

endowed with the partial order <., then the set Int y is downward directed with infimum O.

Proof. Letx,y € Int~y. Thereexistse > Osuch that B(z, ), B(y, ) C 7. We can find
even smaller &’ > 0 such thatx — ¢'(x + y) € B(x,¢) andy — &'(x + y) € B(y,¢).
Hence, &'(x + y) <y & and £'(x + y) <, y. Note that &’(z + y) € Int~y, because
Int v U {0} is a convex cone. Therefore, &/(x + y) is a lower bound of & and y.
Clearly, 0 is a lower bound of Int 7. To show that it is the largest one, assume that
I € R™ is another lower bound. Thus, I <, @ for all & € Int v or equivalently, Int v C
I + . By taking the closure, we get v C 1 + 7y ie. I <, 0, as wanted. O

The following result is stated without a proof in [34].
Proposition 2.37. Let v € R™ be a closed proper convex cone with a non-empty interior. Then
T,y &< y—xclInty.

In particular, (R™, <.) is a continuous poset.
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Proof. Suppose first that y — € Inty and D C R" is a directed subset such that
y <, sup D (i.e.sup D — y € 7). This gives

supD —x = (supD —y)+ (y —x) € v+ Inty = Int~,

or equivalently, sup D € @ + Int . Thus, there exists € > 0 such that B(sup D, ¢) C
x + . If this open ball contains some d € D thend €  + v and hence ¢ < d.
This would prove & < y. Therefore, we just have to show that there exists d € D N
B(sup D, ¢). Let m;: R™ — R be the ith coordinate projection. When R is ordered
by the cone 7;(7), the coordinate projections are order- and supremum-preserving (i.e.
Scott-continuous). Hence, we can find d; € D such that |m;(sup D) — m;(d;)| < /n.
The set D being directed, the elements d; have a common upper bound d € D. This
upper bound is in the open ball B(sup D, ¢), since

Isup D — d|| <> |mi(sup D) — mi(d)|
=1

< |mi(sup D) — mi(dy)|

i=1
n

< Ze/n =e.
i=1

Assume then that € <, y. In the previous lemma, we showed that Int 7y is downward
directed with infimum 0, so y + Int y* is directed with supremum y. Therefore, by the
definition of the way-below relation, there exists d € y + Inty? such that ¢ <, d.
Equivalently, y —d € Inty and d — @ € . The identity 7 4 Int v = Int vy now gives
y—x € Int.

To prove the last statement, note that we now know that {y = y + Int® for all

y € R™ By Lemma 2.36 this set is directed with supremum y. O
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3  PRELIMINARIES ON ABELIAN CATEGORIES

Abelian categories were introduced by Alexander Grothendieck to unify several coho-
mology theories. This rcvolutionary notion first appcarcd in the lcgcndary Tohoku paper
[25]. The reader is expected to know the basics of abelian categories. For a general refer-
ence, see [52, 61].

In this chapter, we recap basics of abelian categories that we use extensively in this
thesis. We bcgin by examining the gcncral thcory of abelian categories in Section 3.1,
Next, we look at some concrete examples relevant to us. They are persistence modules
(Section 3.2), gradcd modules (Section 3.3), sheaves (Section 3.4), and cosheaves (Section

3.5).

3.1 Abelian Categories

We denote by Ab the category of abelian groups.

Let A be an abelian category. If an objcct X has only the trivial subobjects, it is
called simple. Similarly, X is called indecomposable if every direct sum decomposition X =
X' ® X" is trivial. An object X € A is projective if the functor Hom(X, —): A — Ab
is exact. The abelian category A has enough projectives if for all objects X € A there
exists an epimorphism P — X, where P is a projective object P € A. If A has enough

projectives, then every object X has a projective resolution. That is an exact sequence
o> P> F— X —0,

where every P, (1 € N)isa projective objcct. Let ': A — Bbea right—cxact func-
tor between abelian categories. If' A has enough projectives, then F' has the left derived
functors Ly F': A — B (n € N). If P, = X — 0 is a projective resolution of X, then
(L, F')(X) is the nth homology Hy, (F P,). Note that this does not depend on the choice
of the projective resolution.

Dually, an object X is injective if the functor Hom(—, X): A — Ab is exact. The

33



abelian category Ahas enough injectives if for all objects X € A there is a monomorphism
X — I, where I € Ais an injective object. A monomorphism ¢: X — Y is essential
if any morphism a: Y — Y'isa monomorphism if and only if the composition agp
is a monomorphism. A monomorphism ¢: X — I is an injective envelope of X if I is
injective and ¢ is essential monomorphism. The injective envelope of X is unique up to
isomorphism. We denote it by E(X). The category A is said to have injective envelopes if
every objcct X has an injective envelopc If A has enough injectives, then every object

X has an injective resolution. That is an exact sequence
05X 1071 — ...

where every I' (i € N)is an injective Objcct. Let F': A — B be a left-exact functor
between abelian categories. If A has enough injectives, then F has the right derived func-
tors RPF: A — B(n € N). Ift0 = X — I°®is an injective resolution of X, then
(R"F)(X) is the nth cohomology H™(FI°®).

For a general reference for quotient categories, see for example, [52]. Let A be an
abelian category, and let C be a full subcategory of A. One calls C a Serre subcategory if
for all short exact sequences 0 — X' — X — X" — 0, there is an equivalence:

XelC < X', X"eC.

If F: A — B is an exact functor between abelian categories, then the kernel Ker(F') =
{X € A| F(X) = 0} is a Serre subcategory of A.

For a Serre subcategory C of an abelian category A, the quotient category A/C is de-
fined. The quotient category comes with the quotient functor @: A — A/C. It is an
essentially surjective exact functor with Ker @ = C. The quotient category A/C has the
following universal property: For any exact functor F': A — B such that C C Ker(F),
there exists a factorization F' = H o @ for a unique exact functor H: A/C — B.

The concrete structure is defined as follows. The objects coincides with the ob-
jects of A, Obj(A/C) = Obj(A). For X,Y € Obj(A/C), the set of morphisms is
HomA/C(X,Y) = liﬂHomA(X/a Y/Y"), where X' C X, Y CYand X/X'Y' €
C. The quotient functor is identity on the objects.

If C is a Serre subcatcgory of an abelian category A, then the full subcatcgorics

Ct={M e A|Hom(X, M) =0=Ext! (X, M) forall X € C}
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and
LC={M e A|Hom(M, X) =0 = Ext' (M, X) forall X € C}

are called the right and left perpendicular category, respectively. Here we have to regard
Ext!(A, B) as the group of the equivalence classes of all extensions of A by B in the
sense of Yoneda. Now Ext!(A, B) = 0 if and only if every extension of A by B splits.
For more details, see [46, Chapter VII].

It F: A — Bis a functor, then its essential image Im(F’) is the full subcategory of
B consisting of objects B € B such that there is an isomorphism B = F(A) for some
A € A. The next theorem can be used to find an equivalent, and occasionally a simpler,

expression for the quotient category.

Theorem 3.1 ([9, Theorem 2.1]). Let G: A — B be an exact functor between abelian
categories with a right adjoint (vesp. left adjoint) F': B — A. If the natural transformation
G o F — idg (resp. idg — G o F) is an isomorphism and C = Ker G, then

i) G induces an equivalence between A/C and B;

i) F is full embedding and its essential image Im(F") coincides with cL (resp. 1C0).
particular, B is equivalent to ct (resp. o).

A Serre subcategory C is called localizing (resp. colocalizing) if the quotient funcror A —
A/C has aright adjoint (resp. left adjoint). In this case, the quotient functor is called the
localization (resp. colocalization) and the right adjoint (resp. left adjoint) the section (resp.
cosection). We denote by loc and sec (resp. coloc and cosec) the localization and the
section (resp. colocalization and cosection) functors. A Serre subcategory is bilocalizing if
it is both localizing and colocalizing. Therefore, a bilocalizing subcategory has a natural
adjoint triple (cosec, loc, sec) associated to it. One has the following easy criteria for

localization and bilocalization.

Proposition 3.2 ([31, Proposition 2.13]). Let C be a Serre subcategory of a Grothendieck cate-
gory A. Then C is a localizing (resp. bilocalizing) subcategory if and only if it is closed under all

direct sums (resp. direct sums and products).

I\ICXK7 we rccall thC notions ofa torsion EhCOI‘y and a recollement that are related to

quotient categories. For more details, we refer to [60] and [53].

Definition 3.3. Let A be an abelian category that is complete and cocomplete. A torsion

theory of A is a pair (T, F) of classes of objects of A satistying:
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i) Hom(T,F) =0forall T € T and F € F;
ii) If X € Asuch that Hom(X, F) =0forall FF € F, then X € T;
iii) It X € A such that Hom(7, X) =0forall T € T, then X € F.

The class T is called the torsion class and its objects are torsion objects, while the class is F

the torsion-free class consisting of torsion-free objects.

Observe then that the torsion class and the torsion-free class determine each other in

a way that

T={X € A|Hom(X,F)=0forall F € F},
F={Xe€eA|Hom(T,X)=0forallT € T}.

Let X € A. Ift(X) denotes the sum of all the subobjects of X belonging to 7, then
also t(X) € T. Hence, every object X contains a largest subobject ¢(X) belonging in
T, called the torsion part of X. For all morphisms X — Y, the image of the morphism
t(X) = X — Yisin T, and hence factors through £(Y"). Therefore, one can define the
so-called torsion functor t: A — T, which also can be seen as a subfunctor of the identity
functor of A. In terms of the torsion functor, an object X € A is torsion if and only if
t(X) = X. Dually, X is torsion-free if and only it ¢(X') = 0, because X € F if'and only
if Hom(7, X) = 0 forall T € T. The quotient X/¢(X) is now torsion-free. In fact,
X/t(X) is the largest quotient object of X belonging to F. This leads to the definition
of the torsion-free functor f: A — F, X — X/t(X). The functors ¢ and f are now the
right and left adjoints to the inclusions 7 — A and F — A, rcspcctivc]y. A torsion
theory (T, F) is called hereditary if the torsion class 7 is closed under subobjects, and
cohereditary if the torsion-free class F is closed under quotients.

Note also that a class of objects is a torsion (resp. torsion-free) class for some torsion
theory if and only if it is closed under quotient objects, direct sums and extensions (rcsp.
subobjects, products and extensions). Here a class C is said to closed under extensions, if

for all short exact sequences 0 — X' — X — X" — 0, there is an implication
X' . X"eC = XeC.

We next explain how torsion theories are related to bilocalization. Let C be a bilocal-
izing subcategory of a Grothendieck category A. By Proposition 3.2, it is closed under

direct sums and products. We now see that C has two torsion theories associated with it:
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in one of them C is the torsion class, and in the other the torsion-free class. Let us denote
these two torsion theories by (C, F) and (7 ,C), respectively. The triple (7,C, F) is
also known as a torsion, torsion-free triple, or TTF-triple, for short. See also [3, Section 1.1].

In the case of the first torsion theory, the torsion part of X € A is given by

t(X) = Ker(X — secloc X),

because it is a largest subobject of X in C. Indeed, Ker(X — secloc X)) € C by [52,
Section 4.4, Proposition 4.3]. Secondly, it is a largest, since for all subobjects T € C of
X, we have aloc T = 0, which implies that Ker(T' — seclocT’) = T'. Therefore, the
monomorphism 7" — X factors through Ker(X — secloc X). For the second torsion
theory, we get dually

f(X) = Coker(cosecloc X — X).

Next, we characterize the injective objects of the right perpendicular category Cl,
which is equivalent to the quotient category A /C by Theorem 3.1. We denote by Inj A

the class ofinjective olojects of an abelian category A.

Proposition 3.4 ([35, Corollary 2.215]). Let A be a Grothendieck category, and let C be a
localizing subcategory of A. Then we have Inj C+ = C*+ N Inj A.

Remark 3.5. In fact, the injective objects of Ct are exactly the torsion-free injective ob-
jects of A. To see this, note first that if E € A is an injective object, then Ext!(X, F) =
0 for all X € A. Therefore, E € Ct if and only if Hom(7, E) = 0 forall T € C if and

only if E is torsion-free.

Definition 3.6. A recollement of an abelian category A by abelian categories B and C is a

diagram of additive functors

J
r\ /

VE

C

i*
T~
B /i* > A
i
satisfying:
D) (j1, 5%, jx) and (i*, i, i') are adjoint triples;

ii) The functors 4y, j1, j« are fully faichful;

iii) Imi, = Ker j*.
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Proposition 3.7 ([53, Proposition 2.7]). The following holds for the recollement of Definition
3.6:

i) The functors ix and j* are exact;
i) %51 = 0= 1'%y, 7*j1 = ide = ¥ and i'i, = idg = i*iy;

iti) The category B is a Serre subcategory of A and the functor j* is corresponds to the quotient

functor A — A/B. In particular, C ~ A/B and B is localizing.

3.2  Persistence Modules

Let k be a commutative ring with unity, and let Mod denote the category of k-modules.

Definition 3.8. Let P be a poset. The (covariant) functors M : P — Mod are called
persistence modules. Thus, for every p € P, there is a k-module M, and for every relation
p < g, there is a k-homomorphism M (p < ¢): M, — My, which is called an internal
morphism. These morphisms satisfy

M(p<p)=id and M(g<r)oM(p<q)=M({p<r)

forallp < g <rinP.

The persistence modules form a category, where the morphisms are just natural trans-
formations. A natural transformation f: M — N between persistence modules is a

family of k-homomorphisms (fp)pep that makes the diagram
M, Mp=q) M,
|7 |#

N, N(p<q) N,

commute for all p < g in P. We denote by Fun(P, Mod) the category of persistence
modules. A morphism ofpersistence modules f: M — Nisa monomorphism (resp.
epimorphism) if and only if every f,: M), — N, is a monomorphism (resp. epimor-
phism) for all p € P. Similarly, all the important objects (kernels, cokernels, images,
products, direct sums) are defined pointwise. For example, the kernel of a morphism
f: M — N is a persistence module Ker f with (Ker f), = Ker f, forall p € P. The
support of a persistence module M is the set supp M = {p € P | M,, # 0}.
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Remark 3.9. Some authors (for Cxamplc [7]) define persistence modules as functors de-
fined in a pre-ordered set instead of a poset. However, the difference is insignificant. Let

P bC a prc—ordcrcd sct. WC havc an Cquivalcncc rc]ation
p~q < p<qgandg<p  (p,q€P)

in P. The quotient set P/~ has natural partial order relation, and there is an equivalence

of categories

Fun(P,Mod) ~ Fun(P/~,Mod).
For more details, see [49, Lemma 2.2].

Theorem 3.10 ([7, Proposition 2.23]). Let P be a poset. The category Fun(P, Mod) is a

Grothendieck category. In addition, it has enough projectives and injectives.

Example 3.11. Let P be a poset, let I C P be a convex set, and let M be a k-module.

The indicator module M[I] is the persistence module defined by setting

M, ifpel;
M[I]p:

0, otherwise.

The internal morphism M [I](p < ¢) is the identity if p,q € I, and zero otherwise.
When I = {p}, we write k), instead of k[{p}], and call it a skyscraper module. In addition,
in the case of an interval on R, for brevity, we do not write the extra brackets. For
example, if p,q € R, we will write k[p, q] instead of k[[p, ¢]] for the interval module

associated to the closed interval [p, q].

Example 3.12. Let Pbea poset. A persistence module M over P is constant if an internal

morphism M (p < ¢) is the isomorphism for all p < ¢ in P.
Proposition 3.13. Let P be a poset, and let M be a k-module. Then
i) an interval module M [Up) is projective if M is a projective k-module and p € P;

ii) an interval module M [D] is injective if M is an injective k-module and D C P an

upward-directed down-set.
If k is a field, then

iti) a persistence module is an indecomposable projective if and only if it is of the form k[Up)]

for some p € P;
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iv) a persistence module is an indecomposable injective ifand only ifit is of the form k[D] for

some upward-directed down-set D C P.
Proof. This follows from [27, Proposition 5] and [26, Proposition 1.1]. O

In topological data analysis, all persistence modules are almost always “came” in some
way. There are (at least) two reasons for this: Firstly, all persistence modules are obtained
from a finite dataset with a simp]e procedure. Secondly, from the perspective ofcompu—
tation, persistence modules must have an expression that is suitable for computers. In

Definitions 3.14 and 3.15 we give some examples of “came” persistence modules.
Definition 3.14. Let P be a poset. A persistence module M over P is

* pointwise ﬁnitely genemted if M, is a ﬁnitely generated k-module for all p € P;

« finitely generated if there is an exact sequence ' — M — 0 for some persistence

module F'over P that is isomorphic to a finite direct sum of basic up-set indicator

modules k[U,| (x € P);

« finitely co-generated if there is an exact sequence 0 — M — FE for some persis-
tence module E over P that is isomorphic to a finite direct sum of basic down-set

indicator modules k[D,] (z € P).

Definition 3.15. Let P be a poset. A persistence module M over P is called finitely en-
coded, if there exists a finite poset F, an order-preserving map f: P — F, and a point-
wise finitely generated persistence module N over F such that M = f*N. We say
that persistence module M is finitely Scott encoded if the map f: P — F is also Scott-
continuous.

Over Z™, the convex projection of an interval [a, b] C Z™ is the order-preserving map
7: Z"™ — [a, b] that takes every point in Z™ to its closest point in the box [a, b]. In other

words, convex projection is given by formula 7T(:1:) = (7r1 (CL‘l), e, T (mn)), where
mi(x;) = max(a;, min(x;, b;))

foralli=1,...,n.
Over R™, the convex projection of an interval [@, b] € R™ is defined by formula () =

(m1(x1), ..., Tn(2n)), where
mi(x;) = max(a;, min([x;], b;))

40



foralli =1,...,n. Now the codomain of the convex projection is [a, b] NnZ".
Persistence module over Z™ or R™ is finitely determined if it is finitely encoded by a

convex projection. See more details about ﬁnitcly determined Z"™-modules in [42].

Remark 3.16. Note that over R” there is no “canonical” convex projection. For example,
we could use the floor-function instead of the ceiling-function. But we choose the ceiling

function, because it is Scott-continuous.

We now recall the definition of tensor product. For more details, see, for example [54,

Chaptcr 15].

Definition 3.17. Let P be a poset, and let N: P°® — Mod and M : P — Mod be
persistence modules. Their tensor product is the k-module N ®p M that is defined as the

quotient

@N ®kM/< (z<y)n)@m-—n® Mz <y)(m) nENy,mEMx>.
peP

This operation defines a bifunctor
— ®p —: Fun(P° Mod) x Fun(P,Mod) — Mod.
Note that the following formulas hold for the tensor product:
kD, ®@p M =M, and N ®p k[Uy] =N,
for all p € P. Here k[D,)] is the indicator module over P°P with support D,

We also have a tensor-hom adjunction. If N: P°® — Mod and M : P — Mod

are persistence modules, then there exist a canonical k-isomorphism
Homy (N ®@p M, L) = Hom(M,hom(N, L))

for all k-modules L. Here on the right, hom(N, L) is a persistence module over P de-
fined by hom(N, L),, = Homy (N, L) for all p € P.

Proposition 3.18 ([48, Theorem 3.3]). Let P be a poset, and lec N: P°? — Mod and
M : P — Mod be persistence modules. Then N @p — and —®@p M are right-exact functors.
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As the functors N ®@p — and — ®p M are right—cxact by the previous proposition
they have left derived functors. We denote them by Tor,, (N, —) and Tor,,(—, M), re-
spcctivcly.

We have the following duality, which has also been stated in [17, Lemma 2.7]:

Proposition 3.19. Let P be a poset, and let N: P°? — Mod and M : P — Mod be

persistence modules, and let E be an injective k-module. Then there is a canonical k—isomorphism
Homy(Tor, (N, M), E) = Ext" (M, hom(N, E))

foralln € N,

Proof. Let Fo — M — 0 be a projective resolution of M. Thus,

Homy,(Tor, (N, M), E) = Homy(H,(N ®p F,), E)
= H" Homy(N ®p Fo, E)
= H" Hom(F,,hom(N, E))
= Ext"(M,hom(N, E)).

3.3  Graded Modules

Graded rings and graded modules are basic concepts of commutative algebra (22, 23].
Carlsson and Zomorodian [10] showed their importance for topological data analysis in
a form of equivalence between the category of persistence module and the category of
graded modules. We also use this interpretation to deepen our knowledge about the

main objects of study.

Definition 3.20. Let S be a commurative ring with unity, and let G be a monoid. The

ring S is G-graded, if there are abelian groups Sy, for @ € G such that

S-@s.
aeG
and S35, € Sy forall a, b € G.
Let S be a G-graded ring. An S-module M is G-graded, if there are abelian groups
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M, for a € G such that

M =P M.,

acG
and Sy My C My, for all a,b € G. A non-zero element m € M, is called homogeneous
of degree a. We also set degm = a.
Let S be a G-graded ring, and let M and N be G-graded S-modules. An S-homomor-
phism f: M — N is a homomorphism of G-graded S-modules, if f(M,) C N, for all
a € G. The G-graded modules form a category that is denoted by G8"-S-Mod.

Example 3.21. Let G be a monoid, and let £ be a commutative ring with unity. The

monoid ring k[G] is a G-graded ring.

Let G be amonoid, let S be a G-graded ring, and let M be a G-graded S-module. The
shift of M by g € G is the G-graded S-module M (g) that has components M(g), =
Myig foralla € G. Let N be another G-graded S-module. The graded Hom is the
G-graded S-module Hom g (N, M) with components

Homg (N, M), = Hom(N, M(a))

for alla € G''. The functor Homg (N, —) is covariant and the functor Homg(—, M)
is contravariant. Both functors are left-exact. Thus, they have right derived functors.
As usual, they are denoted by Ext's(N, —) and Ext's(—, M) (n € N), respectively.
Observe that

Ext2(N, M), = Ext" (N, M(a).

foralla € Gandn € N.
Let M and N be G-graded S-modules. The tensor product N ® g M is an S-module.
It is naturally G—gradcd. The grading is given by

(N ®s M), = (n®m | n,m homogencous and degn + degm = a).

for all a € G. In this case, we denote by N ®g M the graded tensor product. It is casy

to see that the tensor product commutes with shifts. In other words,

(N ®s M)(g) = N(g9) ®s M =N @5 M(g)

'If G is an abelian group, then we also have Hom g (N, M), = Hom(N(—a), M) foralla € G
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forall g € G. Both N ®g — and — ®g M are right—cxact functors. Hence, thcy have
the left derived functors, which are denoted by Tor? (N, —) and Tor? (—, M) (n € N),
respectively. A G-graded S-module F is flat if the functor — ®g F is exact. Now, F is
flat if and only ifm*lg(—, F)=0.
Recall that a tuplc (P, <+, O) is called a partially ordered abelian group, if
« the pair (P, <) is a poset;
« the triple (P, +,0) is an abelian group;
« z <yimpliesz +2 <y+ zforallz,y,z € P.
For this dissertation, Z™ and R" (n € Z) are the most important examples ofpartia]ly
ordered abelian groups.
For a partial]y ordered abelian group P, the basic up-set Uy is a submonoid, and

hence, it defines a monoid ring k[Up]. This monoid ring is not just Up-graded, but also

P-graded. The components outside of Uy are zero:

k, ifa € Uy;
k[Uola =

0, otherwise.

Theorem 3.22 ([7, Theorem 2.21]). Let (P, <,4,0) be a partially ordered abelian group.

There is an isomorphism
P8 k[Up]-Mod = Fun(P, Mod).
This isomorphism is given by the functors:

&: PE"_k[Up-Mod — Fun(P, Mod), @(@ Mp) — M,;
peP ’
U: Fun(P,Mod) — P& -k[Ug]-Mod, ¥(M) =D M,.
peEP

Remark 3.23. Let (P, <,+,0) bea partially ordered abelian group. Due to the previous
isomorphism of categories, we identify a persistence module M over P with the corre-
sponding P-graded k[Up]-module. In particular, we will not use the functors ® and W

explicitly in the future.

Let P be a partially ordered abelian group, and let N be a P-graded k[Up]-module.

We write N°P for the persistence module over PP such that NP = N_j, forall p €
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P. The following Proposition 3.24 connects the gradcd tensor product and the tensor

product of functors.

Proposition 3.24. Let (P, <,+,0) be a partially ordered abelian group. Then for all P-graded
k[Uo|-modules M and N,

(N ®gjug) M)p = NP @p M(p) = N°P(—p) @p M.
In particular,
Torf"} (N, M), = Tor, (N, M(p)) = Tor, (N (—p), M)
foralln €N,

Proof. Let us first consider the case M = k[U,], where z € P. We now have

(N @] k[Uz])p = (N @) kU] (—))p
= (N @) klUo])p—s
= Np—o = N2,
= NP @p k[Uz—p]
= N°P @p k[U.](p).

For the general case, let o — F; — M — 0 be a free presentation of M. In this

prcscntation, we have

Fy = PEU,]") and F = @D k[UL)™)

zeP reP

for some cardinal numbers n, and m, (z € P). Since both tensor products are right-

exact functors, thC Tows OF EhC commutative dlagram

(N @] F2)p —— (N Qppug) F1)p —— (N @pjyg) M)p —— 0

J | |

N @p F5(p) —— N® ®@p Fi(p) —— N ®p M(p) —— 0

are exact. By the five lemma, (V Qk[Uo] M), = N°°®@p M (p). The other case is proven
similarly. O
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Let P be a partially ordered abelian group, and let E be an injective cogenerator of

the category of k-modules. One choice for E is the injective envelope
E <@ k /m) ,
m

where the direct sum goes over all maximal ideals m C k [36]. When k is a field, this is
of course k. The Matlis dual (with respect to E) of a P-graded k[Up]-module M is the
P-graded k[Up]-module MY defined by

(M), = Homy(M_p, E)

for all p € P. Observe that if we denote by E[Dy] the P-graded module k[Up]-module

that ac p€ Dyis B and elsewhere ZeTr0, then we have
MY = mk[Uo](Mv E[Do))

for all P-graded k[Up]-modules M. Therefore, we can see that the Matlis-duality defines
a contravariant functor (—)V: G8-k[Up]-Mod — G& -k[Up]-Mod. This functor is
also exact, because E[Dy] is injective by Proposition 3.13 ii). In addition, a sequence
M — N — L of G-graded modules is exact if and only if LY — NV — MY is exact.

Some basic properties of Matlis dual are collected to the next proposition.

Proposition 3.25. Let (P, <, +,0) be a partially ordered abelian group, and let k be a field. If
M and N are P-graded k[Up)-modules, then

i) 7H0mk[Uo] (Mv Nv) = (M ®k[Uo] N)\/;
i) (MY)V is nacurally isomorphic to M, when M is pointwise finite-dimensional;
iii) MY is injective if and only if M is fla.
Proof. See [45, Lemma 11.16, Definition 11.15 and Lemma 11.23]. O

More details about the Matlis dual can be found, for example, in [40, Subsection 2.5].

3.4  Sheaves

Shcaf tl’lCOI’y is thC framcwork fOI’ thC 10C2{1—t0—g10b211 —problcms in mathcmatics. Due

to the prevalence of these problems, sheaf theory has been applied in many fields, from

46



algcbraic geometry to 10gic54 In this section, we recall some basic definitions of sheaf
theory. More details can be found, for example, in [28, 33].

Let X be a topological space, and let Open(X) be the poset of its open sets.

Definition 3.26. The contravariant functors F: Open(X) — Mod are called presheaves.
Thus, for every open set U, there is a section module F (U'), and for every inclusion U C V
there is a restriction morphism resy, iy : F (V') — F(U). These restriction morphisms sat-
isfy

resyy = id and resyy oreswy = resyu

for all opensets U C V C W. If's € F(V), then we usually write s|py = resy 7(s) for
all U C V. The section module over an open set U of presheaf F is sometimes written
as I'(U, F).

A presheaf F is a sheaf, if the sequence

0= F(U) = [[Fw) = [[ Fwinuy)
el i,j€I

is exact for all open U C X and its open covers (U;)ier. Often, sheaves are defined
by using the gluing condition instead: For every open set U, its open cover {U; }ics and
a family of compatible sections (si € F(Uy))ier (ie. Si‘UmUj = Sj‘UmUj for all 4, j§),
there exist a unique section s € F(U) such that s|y, = s; for all i € I. We denote by
Sh(X) the full subcategory of sheaves.

Definition 3.27. Let f: X — Y be a continuous map between topological spaces. If
F is a sheat on X, then the direcr image of F (along f) is the sheaf fuF on'Y such that
(feF)V) = F(f~1(V)) for all open V' C Y. If G is a sheaf on Y, then the inverse
image of G (along f) is the sheaf f*G on X that is the sheafification of the presheaf

U~ hgvgf(U) G(V). These operations define functors
fx: Sh(X) = Sh(Y) and f*: Sh(Y) — Sh(X),
giving an adjoint pair (f*, fi).

Definition 3.28. Let X be a topological space, and let F be a sheaf on X. The support of
F is the set
supp(F) = {z € X [ 7, # 0}.
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If's € F(U) is a section over an open set U C X, then its support is the set

supp(s) = {z € U | s, # 0}.

Definition 3.29. Let X be a topological space with a basis B. A contravariant functor
F: B — Mod is a B-sheaf, if it satisfies the following gluing condition: Given any
B € B, an open cover (B; € B)ier with B = J;c; Bi, and a family of compatible
sections (s; € F(By))ier (ie. silpr = sj|p for all B’ € B with B' C B; N Bj), then

there exist a unique section s € F(B) such that s|p, = s; foralli € I.

Sheaves and B-sheaves are essentially the same thing. Firstly, every sheaf defines a B-
sheaf by forgetting all the unnecessary sections. Conversely, a B-sheaf F defines a unique

sheaf (also denoted by F), whose section modules are defined by the inverse limits

FU)= lim F(B),
B>BCU

for an open subset U C X See, for example, [19, Proposition I-12]. Many arguments in
this thesis are based on the notion of a B-sheaf.
Curry showed in his dissertation [15] that the category of persistence modules over a

pOSCt Pis equivalent to the category Of sheaves on the A]exandrov tOpOlOgy.

Theorem 3.30 ([15, Theorem 4.2.10]). Let P be a poset. There is an equivalence
Sh(P*) ~ Fun(P,Mod).
This equivalence is given by the functors:
(=)": Fun(P,Mod) — Sh(P?) and ®: Sh(P?%) — Fun(P,Mod)

that satisfy

=]

(MNY(U) = lim M, and (®(F)), = F(U,)

:

U

8
m

forall up-sets U C P andp € P.

Remark 3.31. Note that by using the concrete structure of the limit of k-modules, we get

M(z < y)(ma) = my}-



We will use the equivalence of Theorem 3.30 frequently, and without a specific mention.

This means that we see every persistence module as a sheaf, and for brevity write M (U)

instead ofMT(U).

The section modules of MT can also be defined by utilizing the Hom-functor. This

fact has also been stated in [6, Remark 7.2].
Proposition 3.32. Let P be a poset. Then MT(U) = Hom(k[U], M) for all up-sets U C P.

Proof. By Remark 3.31, this follows directly from the definitions. O

3.5 Cosheaves

Cosheaves are a dual concept to that of sheaves. Although all the basic definitions are
similar, there are results that differ greatly. Read more about general cosheaves from [5]
and cosheaves in the Alexandrov topology from [15].

Let X be a topological space, and let Open(X') be the poset of its open sets.

Definition 3.33. The covariant functors F : Open(X) — Mod are called precosheaves.
Thus, for every open set U, there is a cosection module F (U), and for every inclusion U C
V, there is an extension morphism ey : F(U) = F(V). These extension morphisms
satisfy

EUU = id and EV\W O EUV = EUW

for all open sets U € V' C W. The cosections over an open set U of precosheaf F is
sometimes written as L(U, F).

A precosheaf\f is a cosheaf, if the sequence

P Fwinu) - PFU) = FU) =0

ijel iel

is exact for all open U € X and its open covers (U; );er. The full subcategory of cosheaves
is denoted by CoSh(X).

A (pre)cosheaves F have costalks, Fp, = fm, FU) for all x € X. It is well-
known that the inverse limit is not gcncrally an exact ﬁmctor7 which also means that the
costalks are not exact. This is one of the difficulties with cosheaves. Another problem is
the non-existence of a gcncral cosheafification. However, a cosheafification exists in the

case of cosheaves with values in the k-vector spaces [15, Corollary 2.5.21].

49



Definition 3.34. Let f: X — Y be a continuous map between topological spaces, and
let F be a (pre)cosheaf on X. The direct image (along f) is the (pre)cosheaf\f*]? onY such
that (f*]?)(U) = ﬁ(f_l(U)) for all open U C Y. This operation defines a functor
f«: CoSh(X) — CoSh(Y).

For our purposes, it is enough to assume that the topological space is a poset equipped

with the Alexandrov topology.

Theorem 3.35 ([15, Theorem 4.2.10]). Let P be a poset. There is an equivalence
CoSh(P°) = Fun(P,Mod).
This equivalence is given by the functors
(;): Fun(P,Mod) — CoSh(P°?) and &: CoSh(P°?) — Fun(P,Mod)

that satisfy

M(D) = lim M, and (®(F)), = F(Dy)
zeD

for all down-sets D C P andp € P.

Proposition 3.36. Let P be a poset. Then M (D) = k[D] ®p M for all down-sets D C P.

Here k[ D] denotes the indicator module over PP with the support D.

Proof. By definition, the tensor product k[D] Qp M is the quotient

@Mp / <my — M(z <y)(mg) | my € My, my € My>.
peD

But this is exactly the concrete structure of the colimit hg M,. ]
xzeD
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4 SEMI-CONTINUOUS MODULES AND SCOTT
SHEAVES

In this chapter we investigate semi-continuous modules and their relationship to Scott
sheaves. There are two definitions for the semi-continuous modules over R: one topo-
logical and one categorical. In [50, p. 33], a persistence module M over R is (lower)
semi-continuous if for all p € R there is € > 0 such that M (x < y) is an isomorphism
forallp —e < & <y < p. On the other hand, several authors (for example [12, 56, 57])

say that M is lower semi-continuous if the canonical morphism

liﬂ M, — M,

x<p
is an isomorphism for all p € R. By utilizing the decomposition of M into interval
modules [14], one can see that these definitions coincide in the case ofpointwisc finite-
dimensional persistence modules (see Remark 4.18). In this chapter, we follow the latter
definition to gcneralizc the notion of semi-continuity to more general posets. This is
done by replacing the strict partial order relation with the way-below relation.

We start this chapter by investigating the adjoint triple (j*,j*,]') induced by the
identity map j: P* — P7. In Section 4.2, we introduce semi-continuous modules and
show how they are related to the above-mentioned adjoint triple. Moreover, we define
the so-called Scott-radical, Scott-socle, and Scott-top in Section 4.3. We continue investi-
gating their homologica] properties in Section 4.4. We also point out how the Scott-socle
behaves a lot like the local cohomology, as Int Uy fills the role of Proj of a graded ring
in an exact sequence and an isomorphism analogous to those in the Serre-Grothendieck

correspondence of sheaf cohomology and local cohomology.
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41 Adjoint Triple (j*, j., ")

Let P be a continuous poset. We use notations P® and P? for the poset P endowed
with the Alexandrov topology and the Scott topology, respectively. The Scott topology
is coarser than the Alexandrov topology. Therefore, the identity map j: P* — P7 is

continuous. This continuous map induces classical direct and inverse images
Jx: Sh(P*) — Sh(P°) and j*: Sh(P?) — Sh(P?).
Note that these functors satisfy formulas
(3+M)(IntU,) = M(IntU,) and (j*F), = Fp

for all p € P. Due to the equivalence of persistence modules and Alexandrov sheaves

(Theorem 3.30), we also think 7, and j* as functors
J«: Fun(P,Mod) — Sh(P?) and j*: Sh(P?) — Fun(P,Mod)

for the corresponding functors. We will now define a third functor, which turns out to

be the right adjoint of Jx.

Definition 4.1. Let P be a continuous poset. We define a functor
j': Sh(P?) — Fun(P, Mod)

by serting
(j!f)p = F(Int Up)

for all Scott sheaves F and p € P. The internal morphisms of 5'F are just restrictions.

Proposition 4.2. Let P be a continuous poset. The functor j': Sh(P?) — Fun(P, Mod)

is left-exact.

Proof. At every point p € P the value (j!]:)p is a section module of a Scortt sheaf F.
The section functors I'(Int Uy, —) are left-exact functors by classical sheaf theory ([28,

p. 92]). O
We can describe the sections of j'F as follows:
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Proposition 4.3. Let P be a continuous poset. For every Scott sheaf F on P? and every up-set

U C P, we have (j*F)(U) = F(Int U).

Proof. By Proposition 2.20 the collection {Int Uy, }pep is a basis of the Scott topology.

Now we obrtain our claim

(' F)(U) = lim (' F) = lim F(Int Uy) = F(Int U).
zelU zelU

O

In Propositions 4.4 and 4.5, we establish some basic properties concerning the func-

tors j*, jx, and j'. In consequence, we obtain an adjoine triple (5*, ., j').

Proposition 4.4. Let P be a continuous poset. Then
i) the pair (js, j') is an adjoint pair;
i) juj' = id;
iii) the functor §* is fully faichful
In particular, j is exact.

Proof. i) Let M € Fun(P,Mod) and F € Sh(P7). It is easy to define a map
Hom(j, M, F) — Hom(M, j' F)

by mapping a morphism ¢: j,M — F to the morphism, which at p is the composition

res

M, = M(U,) % M(IntU,) % F(Int U,,).

In order to define the inverse, we need gluing. A morphism f: M — j!]: gives k-
homomorphisms fp: M, — F(IntU,) forallp € P. If s € M(IntUp) then the
restrictions sy, are mapped to F(Int U,) for all z € Int(U),). These images are com-
patible, so we can glue them together, and get a unique section over Ux>>p Int U,. But
this union is Int U, by Proposition 2.20, because P is continuous. This defines the in-
verse, proving i).

ii) Now
(jug F)(Int U,) = (' F)(Int U,) = F(Int Int U,) = F(Int U,)
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for all ¥ € Sh(P?) and p € P. Since the collection {Int(Up)}pep is a basis of the
Scott topology, we have J«j'F = F, and hence, j,j' = id.

iii) By gcncral category thcory, the right adjoint j! is fully faithful if and only if che
counit morphism is an isomorphism [38, IV.3, Theorem 1], which proves iii).

The Jx 18 right exact, as it is a left adjoint. ]
Proposition 4.5. Let P be a continuous poset. Then
i) the pair (j*, j«) is an adjoint pair;
ii) Juj* =1id;
iti) the functor 3% is fully faichful.

Proof. i) This is standard sheaf theory. See, for example [28, p. 98].

ii) Now by the previous proposition, we have
Hom(j.j*F,G) = Hom(j*F, j'G) = Hom(F, j.j'G) = Hom(F, ).

for all 7,G € Sh(P7). By Yoneda’s lemma j,j*F = F, and hence, j,j* = id.

iii) This follows from i) and ii), just as in the previous proposition. O
Definition 4.6. Let P be a poset, and let M be a persistence module over P. Set

M, = @Mx and Mp: hﬂMx
>p T<p
for all p € P. These operations actually define persistence modules: The internal mor-
phisms are given by the universal properties of the limit and the colimit. Thus, we obtain

endofuncrors

(—), (-): Fun(P,Mod) — Fun(P, Mod).

Remark 4.7. Let M be a persistence module over a poset P, and let p € P. The module
Mp is now the module of sections M (Int Up). In contrast, the module Mp coincides

with the module of cosections M(ip)

Remark 4.8. It is easy to see that our definition is a natural extension of the definitions
given in [12, Defmition 2.8 and Remark 2.10], [56, Definition 1.1], and [57, Definition
2.6.9]. Definition 4.6 is also related to che upper and lower boundary functors introduced

by Miller in [40, Definitions 3.11 and 11.1]. Given a polyhedral closed proper convex cone
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v € R™ with a non-empty interior and a face 7 of y, Miller defined the upper boundary

atop and the lower boundary beneath the interior of 7 by the formulas

(0"M)p = hﬂ Mz and (0"M), = gn M,
xep—Int T xep+Int 7

for all p € R™. In the case 7 =y, Miller’s 7 M and 07 M are now exactly M and M,
respectively, since the indexing sets are the same by Proposition 2.37.
The following Lemma 4.9 connects the adjoint triple (5%, ji, j') to the functors in-

troduced in Definition 4.6. It will play a crucial role in the sequel. For example, it is used

often in Chapter 6.

Lemma 4.9. Let P be a continuous poset. Then for all persistence modules M over P
i) M = j'j.M;
i) M = j*j.M.

. . . . . . .l . .
In particular, the unit and the counit of the adjunctions (jx, j°) and (j*, j«) correspond to the

canonical morphisms M — M and M — M, respectively.

Proof. 1) Simply

('3 M)y = (juM)(Int U,) = M(Int U,) = lim M, = M,
Tr>>p

forallp € P.

ii) Since the collection {Int U, }pep forms a basis of the Scott topology, we have

(73 M)p = (GuM)p = hﬂ J«M(Int Uy) = hg M (Int Uy).
pE€Int(Uy) z<p

for any p € P. On the other hand,

M, = lig M, = lig M(U,).
r<p T<p
Let us show that these direct limits are isomorphic. Firstly, the restrictions M (Uy) —
M (Int Uy) induce a morphism M, — (5*j.M),. The inverse is constructed similarly.
For every ¢ < p, we have 2 < y < p for some y. Hence, we have the restriction
morphism M (Int U,) — M (U,). These induce the morphism (j*5.M), — M,. O
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Lemma 4.10. Let P be a continuous poset. Then for all persistence modules M and N over P,

we have

Hom(N, M) = Hom(j. N, j, M) = Hom(N, M).
Proof. This follows from Proposition 4.4, 4.5 and 4.9,

Hom(N, M) = Hom(j*j.N, M) = Hom(j,N, j. M)
= Hom(N, j'j.M) = Hom(N, M).

O]

For continuous pOSGtS that are also partially ordered abelian groups, the functors (—)

and (—) of Definition 4.6 commute with the graded Hom and the tensor product:

Proposition 4.11. Let P be a continuous poset that is also a partially ordered abelian group, and

let M and N be persistence modules over P. Then

l) Homk[UO] (N, M) = Homk[Uo} (N, M) = Homk[Uo} (N, M),

ii) N ®k[U0] M=N ®k[U0] M = N®HU0} M.
Proof. i) Now forallp € P

Homy, g, (N, M) = lim Homy, 11 (N, M), = lim Hom(N, M(z))
>p T>p
= Hom(N, lim M(x)) = Hom(N, M(p))
z>p
= @k[Uo] (N, M),.

On the other hand,

Homy, (N, M) = Jim Homy, (N, M), = Jim Hom(N(—zx), M)
P >p T>p

= Hom(ligl N(—z), M) = Hom(N(—p), M)
>p

= Homyy) (N, M),

ii) As a left adjoint, the tensor product commutes with direct limits. In particular, by
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utilizing Proposition 3.24 we have for all p € P

(N @rjvg) M)p = lm (N ®pp) M)z = lim (N @p M(z))

r<p r<p
= N op lim M(@) = N &p TT(p)
r<p
= (N @i M)p.
The other equality follows from the commutativity of the tensor product. OJ

Proposition 4.12. Let P be a continuous poset that is also a partially ordered abelian group.

Then for all persistence modules M there is a Matlis duality:
M =M.
Proof. Simply by the previous proposition

M" = Homyy, (M, E[Do]) = Homyr, (M, E[Do]) = M.

4.2  Semi-continuous Modules

Definition 4.13. Let P be a continuous poset. A persistence module M over P is called
upper semi-continuous, if the canonical morphism M — M is an isomorphism. Dually,
M is lower semi-continuous, if the canonical morphism M — M is an isomorphism.

We denote the full subcategories of upper semi-continuous modules and lower semi-

continuous modules by Fun®(P, Mod) and Fun.(P, Mod), respectively.

Remark 4.14. Let P be a poset, and let M be a persistence module over P. If p € P is

an COIanlCt element, then

M, =lim M, = M, and M, = lig M, = M,.
z>>p zp

Now, consider a poset P, where every element is compact (for example, a locally finite
poset), so that M = M = M. Therefore, in this case, every persistence module over

P is both upper and lower semi-continuous. Sometimes we restrict our investigations to
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posets P in which p & p for all p € P (see Propositions 4.19 and 4.31).

Proposition 4.15. Let P be a continuous poset. Then a persistence module M over P is lower
semi-continuous, if for all p € P there exists ¢ < p such that M restricted to the interval lq, p]
is a constant module.

In parricular, the interval modules k‘[D] and k‘[U ] are lower semi-continuous for all Scort-

closed D C P and Scott-open U C P.

Proof. The direct limit can be computed from a cofinal subset. Thus, for all p € P,

M, =lim M, = lim M, = M,,
z<p I<LrLp

which shows the lower semi-continuity of M. O

Proposition 4.16. Let P be a continuous poset such that the sets Int U, are downward-directed
forallp € P. Then a persistence module M over P is upper semi-continuous, if for all p € P,
there exists ¢ >> p such that M restricted to the interval [p, q] is a constant module.

In particular, the interval modules k[D] and k[U] are upper semi-continuous for all open
down-sets D C R™ and closed up-sets U C R™.

Proof. This is proven as Proposition 4.15. If Int U, = 1p is downward-directed, then the
coinitial subset { € P | p < o < ¢} is connected so that the limit mp<z<<q M,
coincides with M,,. [

Remark 4.17. The extra assumption about the sets Int U, is necessary in Proposition 4.16.
To see this, let us consider the poset R* = RU {a, b, ¢}, wherea < b,a < candz < a
for all x € R. As a constant persistence module k[R*] trivially satisfies the criterion of
Proposition 4.16. However, it is not upper semi-continuous: Since Int U, = {b, ¢}, we
have

ERY, = lim kR, =k® # &k = k[R,.
x€Int U,

This additional assumption is, of course, satisfied in partially ordered abelian groups like

R™.

Remark 4.18. Let k be a field. In [50, p. 33], a persistence module M is defined to be
(lower) semi-continuous if for all p € R there is € > 0 such that M(z < y) is an
isomorphism forall p —e < x <y < p. If M is pointwise finite-dimensional, then

this notion coincides with the lower semi-continuity of Definition 4.13. To see this, note
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that M has a dccomposition into interval modules by [14]. The interval modules are of
the form k[p, q|, k[p, q], k]p, q] or k]p, q[, where p, ¢ € Rand p = —o0 and ¢ = o0 are
allowed for the open endpoints. Out of these indicator modules only k|p, ¢] and constant
persistence module k[R] itself are lower semi-continuous in both terminologies. Thus, a
pointwise finite-dimensional is lower semi-continuous if and on]y if'it is a finite direct
sum of interval modules of these type if and only if it is lower semi-continuous in the

language of [50].

Proposition 4.19. Let P be a continuous poset withp & p for all p € P, and let M be a

persistence module over P. Then

i) M is not lower semi-continuous if supp M contains a minimal element with respect to

the way-below relation;

ii) M is not upper semi-continuous ifsupp M contains a maximal element with respect to

the way—below relation.
In particular,
iii) a non-zero ﬁnitely gencmted persistence module is not lower semi-continuous;
iv) a non-zero finitely co-generated persistence module is not upper semi-continuous.

In this proposition, an element p € P is called a minimal (resp. maximal) element of
a subset S C P with respect to the way—bclow relation, it p € S and SN {p C {p} (resp.
SN tp € {p}). Note that any minimal element is also minimal with respect to the

way-below relation, since {p C D), for allp € P.

Proof. 1) Let p € supp M be a minimal element with respect to the way-below relation.
In other words, supp M N {p C {p}. Since p € p, we have supp M N {p = (). Thus,

M, = lim M, =0 # M,.
zLp

ii) This is proven as 1).

iii) If M is finitely generated, then there exist an exact sequence @ k[U,,] —

M — 0withz; € P (i = 1,...,n). By removing the unnecessary summands, we
can assume that the set {1,..., 2y} is minimal. Moreover, it cannot be empty, since
M is non-zero. Therefore, {x1,...,2,} is a non-empty finite subset of supp M. Thus,

it contains a minimal element, which is also a minimal element of supp M. By i), we

conclude that M is not lower semi-continuous.
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iv) This is proven as iii). O
Lemma 4.9 has three simple consequences.
Proposition 4.20. Let P be a continuous poset. Then

i) lower semi-continuous modules are closed under all direct sums;

it) upper semi-continuous modules are closed under all products.

Proof. i) Let M; (i € I) be lower semi-continuous modules over P. By Lemma 4.9,
P M =i P M = PitiMi = P M = P M,
el el el el el

since left adjoints commute with colimits, in particular, direct sums.

ii) This is proven as i). ]

Proposition 4.21. Let P be a continuous poset, and let M be a persistence module over P. Then

In particular, the persistence module M (resp. M) is upper semi-continuous (resp. lower semi-

continuous).

Proof. All items follow from Lemma 4.9 using Propositions 4.4 and 4.5. O

Recall that if F': A — B is a functor, then its essential image Im(F’) is the full sub-
category of B consisting ofobjccts B € B such that there is an isomorphism B = F(A)
for some A € A.

Proposition 4.22. Let P be a continuous poset. Then

i) Im(j') = Fun®(P, Mod);
ii) Im(j*) = Fun.(P,Mod).
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Proof. The proofs are similar, so we only prove i). Note first that Fun®(P, Mod) is
closed with respect to isomorphic objects. 1f F € Sh(P?), then j'F is upper semi-
continuous, since by Lemma 4.9 i) and Proposition 4.4 iii), ]'i = j'5.j'F = §'F
On the other hand, if M is an upper semi-continuous module, then M — M is an

isomorphism. Thus, by Lemma 4.9 1), M is isomorphic to j'j*M ]

Our next goal is to show that there exist equivalences between the category of Scott
sheaves and the categories of semi-continuous modules of both types. The groundwork

has already been laid in Propositions 4.4, 4.5, and Lemma 4.9.
Theorem 4.23. Let P be a continuous poset. Then following categories are equivalent:

« the category of Scott sheaves;
« the full subcategory of upper semi-continuous modules;

. thefull subcategory Of lower semi-continuous modules.

These equivalences are given by the functors

Fun(P, Mod) == Sh(P’) == Fun.(P, Mod)
J 7

It follows, in particular, that Fun®(P, Mod) and Fun.(P, Mod) are abelian categories.

Proof. We only show the equivalence between the Scott sheaves and the upper semi-
continuous modules. The case of lower semi-continuous modules is proved similarly. By
Proposition 4.4 ii), Gtis fully faithful, and every fully faithful functor induces an equiv-
alence from its domain to the essential image (see, for example7 [38, IV.4, Theorem 1]).
Thus, the category of Scott sheaves is equivalent to the full subcategory of upper semi-

continuous persistence modules by Proposition 4.22 1). O

Proposition 4.24. Let P be a continuous poset. A finitely Scott encoded persistence module M

is lower semi-continuous.

Proof. There is a Scott-continuous map f: P — F to a finite poset F' and a pointwise
finitely generated persistence module N over F' such that M = f*N. Since the map
f is Scott-continuous, the map f¢ factors as P* dy po & po = pa Therefore,
also the inverse image factors, and we get M = (f%)*N = j*f*N. Now M is lower

semi-continuous by Proposition 4.22 ii). O
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Example 4.25. The so-called finitely determined modules over the poset R™ are good
examples of finitely Scott encoded modules. Following [39, Example 2.8], a persistence
module isﬁnitely determined if it is ﬁnitcly encoded by some convex projection. For a, be
Z", we denote by [a, b] the corresponding closed interval in Z™. The convex projection

m: R" — [a, b] is defined by the formula 7(x) = (m1(21), ..., ™ (2y)), where
mi(x;) = max(a;, min([x;], b;))

foralli = 1,...,n. Note that the restriction Z™ — [a, b] maps a point to the closest
point in the box [a, b]. The max-function, the min-function, and the ceiling function
are Scott-continuous by Examples 2.29 and 2.30 Thus, convex projections are Scott con-
tinuous as a tuplc of Scott-continuous maps. It therefore follows from Proposition 4.24

that every finitely determined module is lower semi-continuous.

In EhC next two proposition, we ShOW that thC gradcd Hom and thC tensor product

are compatible with semi-continuous modules.

Proposition 4.26. Let P be a continuous poset that is also a partially ordered abelian group. Let

M and N be a persistence modules over P. Then

i) Homy gy, (N, M) is upper semi-concinuous if N is upper semi-continuous or M is lower

semi-continuous;

ii) N Rk[Uo] M is lower semi-continuous if N or M is lower semi-continuous.

Proof. 1) If M is upper semi-continuous, then by Proposition 4.11 i),

mk[Uo} (N, M) = @k[UO] (N, M) = mk[Uo} (N, M)

On the other hand, if IV is lower semi-continuous, then

@k[UO](Nv M) = mk[Ug] (N, M) = @k[Uo](N» M)

ii) This is shown similarly but by using Proposition 4.11 ii). O

Proposition 4.27. Let P be a continuous poset that is also a partially ordered abelian group.
Then a persistence module M is lower semi-continuous if and only if the Matlis dual M Vs

upper semi-continuous.
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Proof. By Proposition 4.12,

MY is upper semi-continuous <= MY — MY is an isomorphism
—V . . )

— MY = M isan isomorphism
<= M — M is an isomorphism

<= M is lower semi-continuous.

4.3  Radical, Socle and Top

The radical, socle, and top of a module are well-known notions in commutative algebra
and representation thcory. Thcy have also found cheir placc in the thcory of topo]ogical

data analysis [39, Definitions 6.22 and 12.10]. We give our variants in the following

Definition 4.28. Let P be a continuous poset. The Scott-radical of a persistence module M
is the submodule rad? (M) = Im(M — M), the Scott-socle the submodule soc? (M) =
Ker(M — M), and the Scott-top the quotient module top? (M) = M/ rad’ (M ). More
explicitly

rad’ (M), = U ImM(xz <p) and soc’ (M), = ﬂ Ker M(p < )
T<p >p

for all p € P. Note that the index set in the formula for the Scott-radical is | p, which is
directed, since the poset is continuous. Therefore, the union of images is a well-defined

submodule.

Example 4.29. Let P be a continuous poset. It follows immediately from the above for-

mulas and the basic properties of the way-below relation that for all up-sets U C P and
down-sets D C P:

i) rad?(k[U]) = k[Int U]; ii) rad?(k[D]) = k[D];
iii) soc? (k[U]) = k[UT]; iv) soc?(k[D]) = k[D\ {DJ;
v) top?(k[U]) = k[U \ Int U]; vi) top?(k[D]) = 0;

where iniii), Ul = {z € U | 2 = 0}.
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We now express the Scott-socle and che Scott-top in terms of the Hom and tensor

product, respectively:

Proposition 4.30. Let P be a continuous poset, and let M be a persistence module over P. Then
the following formulas hold for all p € P:

i) soc?(M), = Hom(k[U,|/k[Int Up|, M);
i) top” (M), = (K[Dp]/k[ip]) @p M.

Proof. i) Consider the short exact sequence
0 — k[Int Up] — k[U,] — k[Up]/k[Int U,] — 0.
An application of the functor Hom(—, M) yields the exact sequence
0 — Hom(k[Up|/k[Int Up], M) — Hom(k[U,|, M) — Hom(k[Int U], M).
By Proposition 3.32, we have
Hom(k[U,], M) = M(U,) = M, and Hom(k[Int U,), M) = M (Int U,)
Thus,

Hom(k[Up]/k[Int Uy, M) = Ker(Hom(k[Up], M) — Hom(k[Int U,], M))
= Ker(M(Up) - M(Int Up))
= soc? (M),.

ii) This is proven simi]arly, but by using the formula

M(D) = lim M, = k[D] @p M,
zeD

of Lemma 3.36, and the exact sequence
0 — k[{p] = k[Dp] — k[Dp]/k[Lp] — 0

over the opposite poset PP. O]
We can now prove a variant of Nakayama’s lemma and its dual.
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Proposition 4.31. Let P be a continuous poset with p & p for all p € P, and let M be a

persistence module over P.
i) If M is finitely generated and top? (M) = 0, then M = 0.
ii) If M is finitely co-generated and soc® (M) = 0, then M = 0;

Proof. We only show ii), the proof for i) being similar. Observe first that Int U, C U, \
{p}, since p & p. The proof'is done by contradiction. If M # 0, then, by mirroring the

proof of Proposition 4.19, the support supp M has a maximal element pg. Thus,

soc” (M)p, = ﬂ Ker M (po < x)

x>po
2 ﬂ Ker M (py < x)
T>po
= m My, = My, # 0,
T>po
which is a contradiction. O

Remark 4.32. The assumption p & p is essential for the previous proposition. For ex-

ample, over Z™ the Scott-top is the zero functor, since rad”? (M) = M for all persistence

modules M over Z™.

Remark 4.33. Let P be a continuous poset that is also a partially ordered abelian group.
Recall that there is an isomorphism between persistence modules over P and P-graded
k[Up]-modules (see Theorem 3.22). Now k[Int Up| is a homogeneous ideal of k[Up). Let
M be a P-graded k[Up]-module. It follows directly from the definitions that the Scott-

radical of M is now the submodule k[Int Up] M, and the Scott-socle the annihilator
soc? (M) = Annps(k[Int Up)) = {m € M | k[Int Up]m = 0}.

On the other hand, the Scott-socle and the Scott-top can be written in terms of the

graded Hom and tensor product:

i) soc?(M) = Homy,y, (k[Uo]/k[Int U], M);
ii) top?(M) = (k[Uo]/k[Int Uo]) @gjur,] M.

Both items follow straight from Proposition 4.30 and the formulas k[U,] = k[Up|(—p)
and k[Int U,] = k[Int Up](—p), where p € P. For item ii), note also that by reversing
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(k[Uo]/k[Int Uo])°® = k[Do]/k[10].
These formulas also imply a Matlis duality.

Proposition 4.34. Let P be a continuous poset that is also a partially ordered abelian group,
and let k be a field. Then for a persistence modules M over P,

soc? (M) = top” (M)",
Proof. By Proposition and 3.25 i) and the previous remark,

soc? (M) = Homy 17,1 (k[Uo]/k[Int Uy, MY)
= (k[Uo]/k[Int Uo] @pjug) M)"
= top” (M)".

4.4  Homological Properties

We now move to investigate the derived functors of the Scott-socle and the Scott-top.

Lemma 4.35. Let P be a continuous poset, and lec M be a persistence module M over P. Then
foralln € N, p € P, up-sets U C P, and down-sets D C P
i) R"soc? (M), = Ext™(k[Up|/k[Int U,], M);
i) H"(U, M1) = Ext™(k[U], M);
iii) Ly top? (M), = Torn (k[Dp]/k[{p], M);
iv) Hy,(D, M) = Tor, (k[D], M).
Proof. By the universality of derived functors, all items follow from the formulas
i) soc? (M), = Hom(k[U,|/k[Int U,|, M),
i) T'(U, MT) = Hom(k[U], M);
iii) top” (M), = (K[Dpl/k[ip]) @p M;
iv) L(D, M) = k[D] ®p M
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that we showed in Propositions 4.30, 3.32, 4.30, and 3.36. ]

The next two propositions are based on the formulas of Lemma 4.35.

Proposition 4.36. Let P be a continuous poset, and let M be a persistence module over P. Then

there exist

i) an exact sequence 0 — soc® (M) — M — M — R'soc? (M) — 0;

ii) an isomorphism R lsoc? (M), = H"(Int Up, MT) foralln > 1andp € P.

Proof. Note first that by Remark 4.7, M, = I'(Int Up, MT) for all p € P. Now consider

the short exact sequence
0 — k[Int Up] — k[U,] — k[Up]/k[Int U,] — 0.

By Proposition 3.13 i), k[Up] is projective, implying that Ext"(k[U,|, —) vanishes for

n > 1. Now the long exact sequence of Hom(—, M) i.e. the sequence

oo Ext" 1 (k[Int U,), M) j

[» Ext"(k[U,]/k[Int U,], M) —s Ext™(k[U,], M) — Ext™(k[Int U], M) U

[» Ext" T (k[U,]/k[Int Up], M) —— ...

yields the desired exact sequence and the isomorphism. O

Proposition 4.37. Let P be a continuous poset, and let M be a persistence module over P. Then

the following hold:

i) there exist an exact sequence 0 — Ly top® (M) — M — M — top® (M) — 0;
ii) Ly top? (M) =0 foralln > 2.
Proof. As in the proof of Proposition 4.36, we get the exact sequence of i) and an isomor-

phism
Ln+1 tOpU(M)p = Hn(ipv M)

forallm > 1 and p € P. By Remark 4.7, the cosection module M(ip) is the colimirt
ligl M. The direct limit is an exact functor (see [61, Theorem 2.6.15]), which shows
TLp
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that

H,(4p, M) = Ly lig M, =0
Tx<p

foralln > 1. ]

We point out that the higher right derived functors of the Scott-socle often vanish.
We call a persistence module M over a poset Pis pointwise noetherian (rcsp. artinian) if

M), is noetherian (resp. artinian) for all p € P.

Proposition 4.38. Let P be a continuous poset such that Int U, is downward directed for all
p € P, and let M be a pointwise artinian persistence module over P. If k is a noetherian ring

or M is pointwise noetherian, then
R"soc’ (M) =0

foralln > 2.

Proof. Since Int U), = 1p is downward-directed, we can use a result of Jensen [29, Propo-
sition 1.1], which says that the derived functors R" @x>p M, vanish for alln > 1. The

isomorphism of Proposition 4.36 now gives
p P g

R so¢” (M), = H"(Int Uy, M) = R" lim M, =0
Tr>>p

foralln > 1andp € P. O

Remark 4.39. Lec Pbea partially ordered abelian group. In the exact sequence OfPropo—
sition 4.36 i), we can replace M by the P-graded k[Up]-module

P (It Vo, j. M (p)).

peEP

Indeed,

[(Int Uy, .M (p)) = T(Int Uy, M(p)") = lim M(p), = lim M, = T(Int U,, M")
>0 r>p

for all p € P. Similarly, the isomorphism of ii) can be written as

R soc” (M) = @ H™(Int Uy, j. M (p)).
peP
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We can now see Proposition 4.36 as an analogue of the Serre-Grothendieck correspon-
dence between sheaf cohomology and local cohomology [18, Theorem A4.1]. Proposition
4.38 then also implies the vanishing of sheaf cohomology modules H™ (Int Uy, 5. M (p))
forn>1andp € P.

The Scott-socle, the Scott-top, and their first derived functors are related in the fol-

lowing way:
Theorem 4.40. Let P be a continuous poset, and let M be a persistence module over P. Then
i) R'soc?(M) = top? (M);
ii) Ly top® (M) = soc(M).
Proof. By Proposition 4.21, the exact sequence of Proposition 4.36 1) for M takes the form
0 — soc” (M) — M — M — R'soc” (M) — 0.
Similarly, Proposition 4.36 ii) gives the exact sequence

0 — Ly top” (M) — M — M — top? (M) — 0.

[t is easy to see that in both exact sequences, the morphism M — M is the composition

of the canonical morphisms M — M and M — M, which proves the claim. O
Propositions 4.36 and 4.37 lead to criteria for semi-continuity.

Proposition 4.41. Let P be a continuous poset, and let M be a persistence module over P. Then
i) M is upper semi-continuous if and only if R™ soc® (M) =0 forn =0, 1;
it) M is lower semi-continuous if and only if Ly, top® (M) = 0 forn = 0, 1.

There is also a cohomologica] criterion for lower semi-continuity. In the next propo-
sition 4.42, E denotes an injective cogenerator of the category of k-modules. Note that

thC ﬁ,ll’lCtOI

Mod — Mod, M — M* =Homy(M, E)

is contravariant, exact, and faithful. In addition, a k-module M is zero if and only if M*
is zero. It follows that for k-modules M and IV, a k-homomorphism f: M — N is an
isomorphism if and only if f*: N* — M™ is an isomorphism.
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Proposition 4.42. Let P be a continuous poset, and let M be a persistence module over P.
Then M is lower semi-continuous if and only if Ext™ (M, E[Dy, \ {p]) = 0 forallp € P and
n=20,1.

Proof. The idea of the proofis to ucilize Proposition 3.19. But first note that for all convex
subsets I C P, k-modules IV, and p € P, we have

hom(k[1], ), = Homy (K{I],, N)
Homy(k, N), ifpe I;
Homy (0, N), otherwise

N, ifpel,;
0, otherwise

= N[I]p.
This implies an isomorphism hom(k[I], N) = N[I]. It follows that

Homy (L, top”(M),, E) = Homy (Tory, (k[D,]/k[Lp], M), E))
— Ext"(M, hom(k[D,) /k{\p], E))
— Ext"(M, E[D, \ 1p)).

forallm € Nand p € P.

By Proposition 4.37, there is an exact sequence
0 — Ly top? (M), — M, — M, — top®(M), — 0

for all p € P. An application of the functor Homy,(—, F) yields a new exact sequence.

The leftmost and rightmost objects in this new exact sequence, are the k-modules
top? (M),, = Homy,(top” (M), E) = Hom (M, E[D, \ {p])
and
Ly top? (M)} = Homy,(Ly top” (M), E) = Ext' (M, E[Dj \ 1p]).
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Now by Proposition 4.41,

M is lower semi-continuous
<= Lytop’ (M), =0forallp e Pandn =0,1
<= Ly top? (M), =0forallp € Pandn =0,1
<= Ext"(M, E[D, \ {p]) =0forallp € Pandn =0, 1.
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5  EPHEMERAL MODULES

One of the main purposes of this thesis is to generalize the notion of an ephemeral module
to the case of continuous posets. Ephcmcrality was first defined by Chazal et al. in [12,
13] for linearly ordered posets. The ephemeral modules are also well-understood over R™
[4]. Ephemeral modules turn out to be closely related to the so-called meager sets and
semi-continuous modules. Both of these perspectives are studied in this chapter.

We define the notion of an Cphcmcral module in Section 5.1. This enables further
investigations of the functors introduced in the previous chapter. Especially, we exam-
ine how they act with the indicator modules in Section 5.2. We consider the quotient
category of persistence modules by the subcategory of ephemeral modules in Section 5.3. In

particular, we show that it is Cquivalent to the category of Scott sheaves.

5.1  Ephemeral Modules and Meager Sets

Definition 5.1. Let P be a continuous poset. A persistence module M over P is called
ephemeral if M (p < q) = 0 for all p < g. The full subcategory of ephemeral modules is
denoted by Eph(P) or just Eph if the poset is obvious from the context.

Remark 5.2. As the Way—bc]ow relation in R is the normal strict order relation, our
definition of ephemeral modules extends the definition given in [12, p. 4]. However, our
definition differs slightly in the case of a more gcncral dense lincarly ordered poset. It
follows from the definition of the way-below relation that if'a poset P contains a smallest
clement 0, then 0 < p for all p € P. In particular, 0 < 0. Therefore, in this case, the
way-below relation is not the strict order relation. This difference will not lead to any

relevant deviation.
To geta better grasp on Cphcmcral modules, we introduce the notion of a meager set.

Definition 5.3. Let P be a continuous poset. A subset S C Pis meager if the elements of

S are incomparable in the way-below relation. That is, if 2 < y, thenx & Sory € S.
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Proposition 5.4. If P is a continuous poset, then

i) the set U \ Int U is meager for all up-sets U C P;

it) every meager set S is a subset of U \ Int U for some up-set U C P.
In other words, the maximal meager sets are of the form U \ Int U, where U C P is an up-set.

Proof. i) Assume that z < y. Itz € U, theny € Int U so thaty ¢ U \ Int U.

ii) We sec U = UacES U, for a given meager set S. By Proposition 2.20, Int U =
UzegInt Uy, If p € S, then of course p € U. We have to show that p ¢ IntU.
Assuming the contrary, itp € Int U, then p > x for some x € S. Since S'is meager, we

have p € S, which is a contradiction. O

Example 5.5. Let V' C N™ be a set of pairwise incomparable elements. It generates an
up-set
{x € R" | & > v forsomev € V}.

The boundary of this set with respect to the standard topology is called a staircase ([43,
p. 51]). By Remark 2.23, we can apply Proposition 5.4 i) to see that a staircase is meager
set. See also Okounkov’s article [47], where some of the applications of staircases are

mentioned.
We come now to a new characterization ofcphcmcrality:

Theorem 5.6. Let P be a continuous poset. A persistence module M over P is ephemeral if and
only if the support supp(m) is meager for allp € P and m € M, = M1(U,). Here the

support means the standard sheaf theoretic support of a section (Definition 3.28).

Proof. Suppose first that M is ephemeral. If + < y and & € supp(m), then we have
M(z <y)(m) =0, and hence, y & supp(m). Thus, supp(m) is meager.

Conversely, suppose that supp(m) is meager forallp € Pand m € M. If p < ¢,
then p & supp(m) or ¢ & supp(m). In other words, m = M(p < p)(m) = 0 or
M(p < q)(m) = 0. But in both cases, M (p < ¢)(m) = 0. So, M is ephemeral, as
desired. O

The next theorem lays the foundation for the rest of this dissertation. Recall that
J«: Fun(P,Mod) — Sh(P?) denotes the direct image functor corresponding to the
identity map j: P — P°.
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Theorem 5.7. Let P be a continuous poset. A persistence module M over P is ephememl if and

only if j« M = 0. In particular, Eph = Ker(j,).

Proof. Let us first assume that M is ephemeral. Since the collection {Int Uy, },cp is a
basis of the Scott topology, it is enough to show that (j, M )(Int Up) = M (Int Up) = 0
forallp € P. Let

(ma:)a:elnt( U,) € M IntU L m M,.
>p

This means that M (z < y)(mg) = my for all 2 < y. We have to show that my, = 0
for all z € Int(Up,). If © > p, then there exists y € P such that p < y < z,
since a continuous poset has the intcrpolation property. The assumption implies thar
M(y < x) = 0. In particular, my = M(y < z)(my) = 0. So M(Int U,,) =

Let us then assume that j, M = 0. In other words, M (Int U,) = 0 forall z € P. If
p < ¢, then ¢ € Int Up, because P is continuous. Now Uy C Int U, C U, since Uy is
the smallest up-set, which contains ¢. Thus, M (p < q) factors through M (Int U,) = 0
and hence, M (p < q) = 0. O

We next characterize ephemeral modules in terms of the associated semi-continuous

modules.

Proposition 5.8. Let P be a continuous poset, and let M be a persistence module over P. Then

following conditions are equivalent:
i) M is ephemeral;
i)

iii)

M =0
M=0

Proof. Now by Proposition 4.5, Lemma 4.9 and Theorem 5.7:
M is ephemeral < j.M =0 < M = j*j,.M = 0.

The another equivalence is proven similarly_ O
We use the Scott-radical, socle, and top to describe ephemeral modules as follows:

Proposition 5.9. Let P be a continuous poset, and let M be a persistence module over P. Then

the following conditions are equivalent:

i) M is ephemeral;
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ii) rad’ (M) = 0;
iii) soc? (M) = M;
iv) top? (M) = M.

Proof. The claim immediatcly follows from the formulas

rad’(M), = | JImM(z <p) and soc”(M), = (| Ker M(p < x),
r<p >p

where p € P. O

5.2  Indicator Modules

In this section, we will investigate semi-continuity of indicator modules. The fol]owing
Proposition 5.10 shows that the functor j, ignores the topological boundary. It can be

seen in the context of [12, Proposition 2.20] and [44, Propositions 4.2 and 4.3].

Proposition 5.10. If P is a continuous poset, then

i) j«k[U] = jik[Int U];

ii) j«k[D] = j«k[D].
for all up-sets U C P and down-sets D C P.

Proof. i) We have a short exact sequence
0 — k[Int U] — k[U] — k[U]/k[Int U] — 0.
An application of the exact functor jy gives the short exact sequence
0 — juk[Int U] — j k[U] — 5. (k[U]/E[Int U]) — 0.

On the right, the quotient k[U]/k[Int U] is ephemeral, since its support U \ Int U is
meager by Proposition 5.4 i). Thus, by Theorem 5.7 j.(k[U]/k[Int U]) = 0, which
shows 1).

ii) Similarly, we have a short exact sequence

0 — k[D\ D] — k[D] — k[D] — 0,
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but now on the left, the set D\ D is meager so that j«(k[D\ D]) = 0. O

Proposition 5.11. Let P be a continuous poset. Then

i) k[U] = k[Int U] for every up-set U C P;
ii) k[D] = k[D] for every down-set D C P.

In the case P = R"™, we also have

iii) k[U] = k[U] for cvery up-sec U C R™;

iv) k[D] = k[Int D] for every down-set D C R™.

Here the closure and the interior are taken with respect to the standard topology.

Proof. i) By Proposition 5.10, we have j.k[U] = jik[Int U]. Therefore, Lemma 4.9 and

Proposition 4.15 give

K[U] = j*j.k[U] = §*juk[Int U] = &[Int U] = k[Int U].

ii) This is proven similarly as ).
iii) In Remark 2.23, we have asserted that Int U = Int U for all up-sets U C R™.
Thus, we get
Jok[U) = juk{Int U] = k{1t 0] = k(D]

by utilizing Proposition 5.10 twice. Now, just like in 1), we obtain

kU] = j'5.k[U] = j'j.k[U) = k[U] = k[0].

iv) This is proven similarly as iii). O
This leads to criteria for semi-continuity of indicator modules.

Theorem 5.12. Let P be a continuous poset, and lec U C P be an up-set and D C P a

down-set. Then

i) k[ ] is lower semi-continuous 1fand onl 1fU C Pis Scott-open;

ii) k[D] is lower semi-continuous if and only if D C P is Scott-closed.
In the case P = R"™ we also have
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iii) k[U]is upper semi-continuous if and only ifU C R"™is closed with respect to the standard
topology;

iv) k[D] is upper semi-continuous if and only if D C R™ is open with respect to the standard
topology.

Proof. The proofs of all items being similar, we prove only i). In Proposition 4.16 we
have already showed that k[U] is lower semi-continuous for all Scott-open U C P. The

converse follows from i) of the previous proposition. OJ

A persistence module M over a poset P is said to have a down-set co-presentation if
there exists an exact sequence 0 — M — E — E’ for some persistence modules E and
E’ over P that are isomorphic to a direct sum of down-set indicator modules k‘[D] ([39,

Definition 5.11]).

Corollary 5.13. Let P be a continuous poset, and let M be a persistence module over P. Assume
that M has a down-set co-presentation 0 — M — E — E' where E and E’ are direct sums
of Scott-closed indicator modules k[D)]. Then M is lower semi-continuous.

This holds true, in particular, when the sets D are basic down-sets.

Pmof. Since M has a down-set co-presentation, there exists a commutative diagram

0 M » B » B
0 M s B s B

Here E and E’ are direct sums of Scott-closed indicator modules k[ D], which are lower
semi-continuous by Theorem 5.12. Now, Proposition 4.20 shows that F and E’ are lower
semi-continuous. The rows of the diagmm are exact, because (—) is an exact functor.

Thus, by the five lemma also M is lower semi-continuous. O

Remark 5.14. The above argument cannot be used to prove a dual of Corollary 5.13.
Firstly, the functor (—) is only left-exact so that the five lemma does not work. Moreover,

is not generally an upper semi-continuous module (consider, for example, the pose
kU, tg lly pPp t dule ( der, f ple, the poset

RU {co}).

We can relate the Scott-socle and the Scott-top of an indicator module to the topo-

logical boundary of the subset as follows:
Proposition 5.15. Over the poset R™, we have
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i) soc?(k[D])
ii) top? (k[U])
iii) R*soc? (k[U]
iv) Lj top? (k[D])

= k[0D)] for all down-sets D C R™ closed in the standard topology;
= k[OU] for all up-sets U C R"™ closed in the standard topology;

~—

= k[OU] for all up-sets U C R™ open in the standard topology;
= k[OD] for all down-sets D C R™ open in the standard topology.
Here 0D (resp. OU) denotes the boundary of D (resp. U) in the standard topology.

Proof. For i) and ii), since D and U are closed with respect to the standard topology,
Remark 2.23 gives the formulas 0D = D\ { D and OU = U \ Int U. Thus, both claims
follow from Example 4.29.

For iii) and iv), we note that because of Proposition 5.11 iii) the exact sequence of

Proposition 4.36 for k[U] takes the form
0 — soc? (k[U]) — k[U] — k[U] — R'soc” (k[U]) — 0.
By Example 4.29, soc? (k[U]) = 0. Therefore, by utilizing the formulas of Remark 2.23
RYsoc? (K[U]) = k[U]/k[U] = k[U \ U] = k[oU].

The item iv) is proven as iii), but by using Proposition 4.37 instead. ]

Remark 5.16. Over the poset R™, we also have

i) R'soc?(k[D]) = 0 for all down-sets D C R™;
ii) L; top?(k[U]) = 0 for all up-sets U C R™.
To check the first item, we use Proposition 4.36 i). It shows that R! soc?(k[D]) is the

cokernel of the canonical morphism k[D] — k[D]. This is an epimorphism by Proposi-

tion 5.11 iv), proving the claim. The second item follows similarly.

5.3  Quotient by the Ephemeral Modules

Next, we show one of our main results.
Theorem 5.17. If P is a continuous poset, then the following categories are equivalent:
i) the quotient category Fun(P, Mod)/Eph;

i) the category of Scott sheaves Sh(P7);
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iii) the full subcategory of upper semi-continuous modules Fun®(P, Mod);
iv) the full subcategory of lower semi-continuous modules Fun. (P, Mod).

Moreover,

a) Eph is a bilocalizing subcategory of Fun(P, Mod);
b) Fun®(P,Mod) = Eph’;
¢) Fun.(P,Mod) = *Eph.

Proof. For the equivalence of i) and ii), observe first that by Propositions 4.4 and 4.5,
the funcror j, is exact and has the right adjoint j' and the left adjoint j* that satisfy
jojt = id and j,.j* = id. By considering either one of these adjoints, we now see by
Theorem 3.1 1) that the categories Fun(P,Mod)/ Ker(j.) and Sh(P?) are equivalent.
But Ker(j.) = Eph by Theorem 5.7 proving the equivalence of i) and ii). Theorem 3.1
ii) implies the other equivalences, since the essential image of‘j! (resp. j*) coincides with
Fun®(P, Mod) (resp. Fun.(P, Mod)) by Proposition 4.22. Note that the equivalences
between ii), iii), and iv) have in fact a]rcady been proven in Theorem 4.23. The last three

claims are now evident. ]

Remark 5.18. The reader should be careful with the equivalence between quotient cat-
cgory Fun(P, Mod)/Eph and subcategories of iii) and iv). For example, the abelian
structure of the full subcategory of upper semi-continuous modules is not inherited from
Fun(P, Mod). This is analogous to the classical case, where the abelian structure of the
category of sheaves is not inherited from the category of presheaves. Similar phenomena
have been studied in [16].

Note that following lemma is also related to [20, I11.3, Corollaire 4], but as a colocal-

izing version of it.

Lemma 5.19. Let P be a continuous poset. Then for all persistence modules M and N over P,

we have

Ext™(N, M) = Ext™(j.N, j. M)
foralln € N.

Proof. The case n = 0 is shown in Lemma 4.10. For the general case, let 0 — M — I®

be an injective resolution of M. Now 0 — j, M — j,.I® is an injective resolution of

80



J+«M , since j is exact (Proposition 44) and preserves injectives ([28, p. 99]). Thus,

Ext"(N, M) = H" Hom(N, I*) = H" Hom(j*j. N, I*)
= H"Hom(j, N, j,I*) = Ext"(j,N, j. M)

forallm € N. O

Proposition 5.20. Let P be a continuous poset, and let M be a persistence module over P. Then

the following are equivalent:

i) M is upper semi-continuous;
ii) Ext"(X, M) =0forall X € Ephandn =0,1;
iii) Extn(k[Up]/k[Int Up], M) forallp € Pandn =0, 1.
Proof. By Theorem 5.17 b), the collection of the upper semi-continuous modules coincides
with Eph™. This shows the equivalence of i) and ii). On the other hand, by Lemma 4.35
i),
R"soc” (M), = Ext™(k[U,]/k[Int U], M)

foralln € Nand p € P. Now the equivalence of i) and iii) follows from Proposition
4.411). ]

Proposition 5.21. Let P be a continuous poset, and let M be a persistence module over P. Then

the following are equivalent;

i) M is lower semi-continuous;

i) Ext"(M, X) =0 forall X € Ephandn = 0, 1;
iti) Tory (k[Dp]/k[ip], M) =0forallp € Pandn =0,1;
iv) Ext™(M, E[D, \ p] forall p € Pandn = 0, 1.

Here E is an injective cogenerator of the category of k-modules.

Proof. By Theorem 5.17 ¢), the collection of the lower semi-continuous modules coincides
with J‘Eph, This shows the equivalence of i) and ii). By Proposition 4.42, items i) and

iv) are equivalent. Lemma 4.35 iii) shows that
Ly, top? (M), = Tory(k[Dp]/k[{p], M)
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foralln € Nand p € P. Now the equivalence of i) and iii) follows from Proposition
4.41ii). O

Remark 5.22. As a bilocalizing subcategory, Eph has two torsion theories associated to
it (see p. 37). Let us first consider the torsion theory in which Eph is the torsion class. By
definition, for all persistence modules M over P, soc? (M) is the kernel of the canonical
morphism M — M. It easily follows that soc? (M) is the largest ephemeral subobject
of M. Therefore, the Scott-socle coincides with the torsion functor. In turn, top? (M)
is the largest ephemeral quotient module of M. In other words, rad? (M) is the smallest
subobject of M such that the corresponding quotient top? (M) = M /rad’ (M) is
ephemeral. Thereby, the Scott-top corresponds to the torsion-free functor of the other
torsion theory. Thus, we obtain a TTF-triple (Ker top?, Eph, Kersoc?). Note that
Ker top? consists of the persistence modules M that M = rad? (M) (see Definition
4.28).

Remark 5.23. It follows from the previous remark that (top?, inc, soc?) is an adjoint
triple. By Propositions 4.4 and 4.5, the functors j* and j! are fully faichful, and by The-

orem 5.7, Iminc = Eph = Ker j,. Thus, we now have a recollement

/top\ /j* —
Eph —inc+ Fun(P,Mod) —j.—» Sh(P?)
‘\SOC/ \]' /

If we replace the category Sh(P?) by the equivalent category Fun®(P,Mod) (resp.
Fun, (P, Mod)) (see Theorem 4.23), then the adjoint triple (5%, ji, 5') changes to ((—),
Q, inc) (resp. (inc,ﬁ, @))

We now restrict our investigations to R™. In the next Proposition 5.24, we give a
full description for the indecomposable injective objects of the quotient category. In

particular, this proposition can also be applied to the observable category of Chazal et al.
[12].

Proposition 5.24. Let k be a ﬁeld In the abelian caregory of upper semi-continuous modules
over R™, the indecomposable injective objects are in a one-to-one correspondence with the upward-

directed down-sets D C R™ that are open with respect to the standard topology.

Proof. Observe first that Fun®(P,Mod) = Eph" by Theorem 5.17 b). We know by
Proposition 3.4 that the injective objects of Epht are precisely the injective persistence

modules that are in Eph™. Similarly, the indecomposable objects of Eph' coincide
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with the indecomposable persistence modules that are in EphJ‘, since Ephj‘ is closed
under direct summands. Therefore, we have to consider the persistence modules that
are upper semi-continuous, injective, and indecomposable. By a result of Héppner [26,
Proposition 1.1], the indecomposable injective persistence modules are in a one-to-one
correspondcncc with the upward—dircctcd down-sets D C R"™. By Theorem 5.12 iv), a
down-set k[D] is upper semi-continuous if and only if D is open with respect to the

standard topology Thus, the claim follows. [
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6  INTERLEAVINGS

The notion of interleaving gives a way of measuring distances between persistence mod-
ules [2, 8, 59]. In the classical case [11], one has the interleaving distance d for the persis-
tence modules and the bottleneck distance dp for the barcodes. These two distances are
related by the famous isometry theorem [37, Theorem 3.4]. Let B(M) denote the barcode
of a pointwise finite-dimensional persistence module M. The isometry theorem states
that

dp(B(M),B(N)) =d;(M,N)

for all pointwise finite-dimensional persistence modules M and N.

In the first section, we study the theory of the interleaving distances of persistence
modules. In Section 6.2, we generalize the concept of an interleaving to the category of
sheaves. Recall that Sh(P?) coincides with Fun(P, Mod)/Eph (see Theorem 5.17).
To fully justify the transition to the quotient category Fun(P, Mod)/Eph, the quo-
tient functor should then be an isometry. Thus, in the last section, we investigate the
connection between the interleaving distance of persistence modules and that of Scott

shcavcs and prove thC ’clbOVC‘antiOIlCd iSOHlCtl’y, among OEhCI' things.

6.1  Interleaving Distance of Persistence Modules

A gcncral thcory for intcrlcavings was prcscntcd in [8]. Let P be a poset. An order-
preserving map T': P — P is a translation, if p < T'(p) for all p € P. We use the
notation Transp for the set of all translations on P. This set comes with the natural

partial order given by

T<T < T(p) <T'(p)forallpe P (T, T' € Transp).
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In particular,id < T for all T € Transp. A family of translations is a function
Te: [0,00[ — Transp.

It is called superlinear, if T; o T5 < T,y foralle,6 > 0.

Example 6.1. Let v € R™ and ¢ > 0. Consider the function T : R™ — R", T2 (x) =
x + ev. The family Ty = (T7)c>0 is then superlinear for all v > 0. The family
corresponding to the point v = (1, e 1) is called the standard supcrlinearfamily. Note

that T is Scott-continuous for all v € R™ and € > 0.

Given a persistence module M: P — Mod and a translacion T': P — P, we
write MT for their composition as functors. Therefore, MT is also a persistence module
P — Mod with (MT'), = My forallp € P. Since T'is a translation, there exists a
natural morphism M — MT.

Defiition 6.2 ([8, Definition 2.5.1]). Let Ty be a superlinear family of translations on
P. Persistence modules M and NV are e-interleaved (with respect to Ty) if there exist mor-

phisms f: M — NT_ and g: N — M such that diagram
M —— MT, —— MT.T,

><

N NT. —— NT.T.

commutes. The interleaving distance of M and N is the infimum
dT(M,N) = inf{e | M and N are e-interleaved}.

If M and N are not interleaved for any €, we set d"(M,N) = co. We will omit the

superindex if the superlinear family is obvious from the context.

Let C be a category. Recall that amap d: Obj(C) x Obj(C) — Rx>oU{oo} is called

an extended pseudomerric if
i) d(X,X)=0;
i) d(X,Y) =d(Y,X);
iii) d(X,Z) <d(X,Y)+d(Y, 2),
for all X, Y, Z € Obj(C).

Theorem 6.3 ([8, Theorem 2.5.3]). Let P be a poset. The interleaving distance is an extended

pseudometric on the category of persistence modules Fun(P, Mod).
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6.2 Interleaving Distance of Sheaves

In this section we generalize the notion of the interleaving distance to generai sheaves.
This is done by first extending the definition of a translation to all topological spaces.
Let X be a topological space. Recall that the specialization order is a pre-order on set X

defined by the equivaience
r<,y <= zc{y}

forall z,y € X.

Definition 6.4. Let X be a topoiogical space. A continuous map T': X — X is a trans-
lation if & <g T'(x) for all z € X. We write Transx for the set of all translations on
X.

Proposition 6.5. Let X be a topological space. A continuous map T': X — X is a translation
if and only if U C T=Y(U) for all open sees U C X. In other words, the preimage map
T—1: Open(X) — Open(X) is a translation, where Open(X) is the poset of open sets

ordered by inclusion.

Proof. Suppose first that T is a translation, and let U C X be an open set. If x € U
then T(z) € U, since © <4 T(x). Therefore, v € T~1(U), which proves the inclusion
U C T_l(U). Conversely, suppose that U C T_l(U) for all open sets U € X and
let z € X. So, for all open neighbourhoods U of x, we have x € T~1(U), and hence,
T(z) € U. This shows that z <; T'(x). OJ

Proposition 6.6. Let P be a poset. An order-preserving map T': P — P is a translation if
and only if the corresponding map T*: P* — P® is a translation. In other words, Transp =

Transpa.

Proof. By Remark 2.35, the specialization relation is the original partial order relation.

O]

Proposition 6.7. Let P be a continuous poset. A Scott-continuous map T': P — P is a
translation if and only if the corresponding map T : P — P is a translation. In particular,

Transps C Transpa.
Proof. This also follows from Remark 2.35. O
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The set Transy has a nacural pre-order given by
T <Ty, <= Ti(z) <; To(z) forallz € X (Th,T, € Transx).

A family of translations is a function Te: [0,00] — Transy. It is called superlinear, if
T.oTs <T.istoralle,§d > 0.

Proposition 6.8. Let X be a topological space, and let T1,To: X — X be translations such
that Th < Ty. If F is sheaf on X, then there exists a canonical morphism T} F — T4 F.

Proof. Let U € X be an open set. We first show that it 71 (U) € V for some open set
V C X, thenalso To(U) C V. For x € To(U), there exist u € U such that x = To(u).
Now T (u) <g To(u) = x. Therefore, z is in every open neighbourhood of T (u), in
particular, in V.

This observation shows that for all open sets U C X there exist a canonical morphism

V2T (U) V2T (U)

This defines a morphism between the presheafinverse images. By sheaﬁfying, we get the

desired morphism. ]

Definition 6.9. Let X be a topological space, and let Ty : [0, 00] — Transx be a su-
pcrlincar family. Sheaves F and G on X are e-interleaved (with respect to T,) if chere

exist morphisms ¢: F — TG and ¢: G — T F such that diagram,

F——T:F —— TXTIF

><

6 16 TG

with canonical horizontal maps, commutes. The interleaving distance of F and G is the

infimum

dT(F,G) = inf{e | F and G are e-interleaved}.

If F and G are not interleaved for any €, we set dT(]:, G) = oo. We will omit the

superindcx if the superlincar famﬂy is obvious from the context.

Theorem 6.10. Let X be a topological space. The interleaving distance is an extended pseudo-

metric on the category of sheaves Sh(X).
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Proof. We only prove the trianglc incquality; the other conditions are obvious. Assume
that F, G and H are sheaves on X such that F and G are e-interleaved and G and H
are d-interleaved. Thus, there are morphisms p: F — TXG, ¢: G — TX F, oG —
T{H and V' H — T5G as in Definition 6.9. By composing these morphisms and the

canonical morphism of Proposition 6.8, we obtain morphisms
F =TG- T{TH — T5, . H

and

H—=T5G = T T{F — T) sF.

This shows that F and H are (¢ + )-interleaved. Looking at the infimums proves the

claim. O]

Remark 6.11. Let P be a poset, and let Ty be a superlinear family on P. Note that
dT'(M,N) = dT(MT, NT) for persistence modules M and N on P.

Remark 6.12. At first sight, Berkouk’s and Petit’s definition of the interleaving distance,
given in [4, Definition 4.7] seems to differ from our Definition 6.9. They considered the
poset R™ with the partial order defined by a cone 7, and computed all the interleaving
distances with respect to the superlinear family 7}, defined in the Example 6.1. However,
our definition coincides with their definition. To see this, note first that every translation
in this superlinear family is a homeomorphism. Hence, the inverse image Tg’* and the
direct image T, are inverses of each other. Thus, an application of T3, twice to diagram
(6.9) gives the diagram used in [4, Definition 4.6]. Conversely, by applying T2* twice to

that diagram, we return to our diagram.

6.3  Comparing Interleavings on Alexandrov and Scott Topologies

Let P be a continuous poset. For the rest of this chapter we fix a superlinear family
of translations Te: [0,00] — Transpo. Thus, every T, must be a Scott-continuous
translation. By Proposition 6.7, we can think of Ty as a family of translations [0, oo[ —
Transp. = Transp. For example, in the case P = R" the family T, could be the stan-
dard superlinear family. For brevity, we use the notations d, and d,, for the interleaving
distances of persistence modules and Scott sheaves, respectively.

For the sequel, we need to put more restrictions on our superlinear family. We would
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like a persistence module M over P to be ephemeral if and only if d, (M, 0) = 0. This
equivalence does not hold for all superlinear families. For example, look at the family
T. = (id)e>0. For the convenience of our readers, we have collected here all the condi-

tions we will need in the following:

(TR1) T% is an order-isomorphism for all € > 0;
(TR2) T is a strong translation for all € > 0,

(TR3) For every p < q there exist € > 0 such thatp < T (p) < ¢.

Here an ordcr—prcscrving map T': P — P is a strong translation it x < T'(x) for all
r e P.

We need condition (TR1) for che following lemma and theorem.

Lemma 6.13. Let P be a continuous poset. If T: P — P is a Scott-continuous order-

isomorphism, then
i) j'T*F =T*j'F,
ii) jT*M =T j,M;
iii) J*T*F =T*j*F
forall M € Fun(P,Mod) and F € Sh(P?).

Proof. Note first that T~ is Scott-continuous, since
T YsupD) =T (supTT'D) =T 'T(supT~'D) = sup(T~'D).
for all directed sets D C P. In particular, T is a homeomorphism, and we have
(T, =T* and (T7YH)* =T..
Now

(G'T*F)p = (T*F)(Int U,) = F(T(Int U,))

=F(Int T(Up)) = (G F)T(Up))
= (T*j'F),

(T M)(U) = (T*M) (5~ (U)) = (T"M)(U) = M(T(U))
= (J=M)(T(U)) = (T" 5. M)(U)
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JT*F=(Toj) F=(joT)"F=T"j"F.
for all p € P and Scott-open U C P. O

Proposition 6.14. Let P be a continuous poset. If the superlinear family of translations Ty has

(TR1), then the functors j!, Jx and J* preserve e-interleavings. In particular, it follows that

i) da(j'F,j'G) < do(F,G);
ii) do (M, jN) < do(M, N);
iii) do(5*F,7*G) < dy(F,G)
forall M, N € Fun(P,Mod) and F,G € Sh(P?).

Proof. We first prove that jy preserves e-interleavings. If M and N are e-interleaved,
then there exist morphisms f: M — TN andg: N — T} M, which make the diagram
of Definition 6.9 commute. By applying the functor jy to this diagram, we get a new
diagram and morphisms j. f: ju M — J TN, jug: 3.IN — 5T M. The functor j
commutes with translations by the previous lemma. So, 7, M and j N are e-interleaved.
One can simi]arly show that the functors j! and j* preserve €—interleavings.

The second claim follows from the first one by the definition of the interleaving dis-

tance. O]

The following Lemma 6.15 and Theorem 6.16 will explain why the condition TR2 is

important.

Lemma 6.15. Let P be a continuous poset, and let T': P — P be a strong translation. For

every persistence module M, there exist natural morphisms

) frM—=T*"Mandg: M — T*M;
ii) f: M — T*M andg: M — T*M

that make the diagrams

M M T*T* M M T*M s T*T*M
> > o ]
M M 1" M M T*M s T*T* M
commute.
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Proof. 1) The first morphism is the composition M — M — T*M. Since T is a strong
translation, we have T'(p) > p for all p € P. Thus, the second morphism at p is the

canonical morphism of the limit

Mp = m Mx — MT(p) = (T*M)p.
Tr>p

The diagram commutes simply by the construction of morphisms, which fundamentally
are just restriction morphisms,

ii) The proof is similar to that of 1). O

Theorem 6.16. Let P be a continuous poset. If the superlinear family of translations Ty has
(TR2), then

i) do(M, M) = 0;
i) do(M, M) =0

for all persistence modules M over P. In particular, do(M,0) = 0, when M is ephemeral.

Proof. To prove i), we first observe that M and M are e-interleaved for all e > 0 by

the previous lemma. Since the interleaving distance is infimum of all these epsilons, we
get dg(M, M) = 0. The proof of ii) is similar. If M is ephemeral, then M = 0 by
Proposition 5.8. Thus, dg (M, 0) = do(M, M) = 0 proving the last claim. O]

Theorem 6.17. Let P be a continuous poset. If the superlinear family of translations Ty has
(TR1) and (TR2), then
i) d (‘F g) - d ( *‘F7]*g) = da(j!]:,j!g);
it) do(M,N) =do(M,N);
iii) dy(M,N) = do(M,N);
iv) dg (M N) =dys(j.M, j.N)
for all Scott-sheaves F, G on P and persistence modules M, N over P.

Proof. i) We have already shown in Proposition 6.14 that da(j!]:,j!g) < dy(F,G).
To prove the converse inequality, suppose that §'F and j'G are e-interleaved for some
€ > 0. Thus, there are morphisms f: J'F = T:j!g and g: j'G — Te*j!]:, which

make the diagram of Definition 6.9 commute. By utilizing Lemma 6.13, we also see that

92



these are morphisms J'F = j!TE*g and j'G — j!T:f. Since j' is fully faichful by
Proposition 4.4, there exist unique morphisms F — 177G and G — T7F making the
diagram of Definition 6.9 commute. Thcrcforc7 also F and G are e-interleaved, and we
get the equation do(§'F, §'G) = dy(F, G). The equation do(j*F, 5*G) = do(F, G) is
proved exactly in the same way.

ii) From the triangle inequality and Theorem 6.16, we get
do(M,N) < do(M, M) + do(M,N) + do(N, N) = do(M, N).
On the other hand, j'j, preserves e-interleavings by Proposition 6.14, hence
da(j'5.M, j'j.N) < do(M, N).

iii) Proof is similar to that of ii).

iv) From Proposition 6.14 we obtain inequality dy (5. M, jxN) < do(M,N). On
the other hand, by iii), we have do,(M, N) = do(j*j«M, j*j«N). Again, j* preserves
e-interleavings, so dg (7% 7. M, 7% 5. N) < dy(jsM, jIN). Therefore, dy(ju M, juN) =
do (M, N) as desired. ]

Corollary 6.18. Let P be a continuous poset. If the superlinear family of translations Ty has
(TR1), (TR2) and (TR3), then

i) do(M,0) = 0if and only if M is ephemeral;
it) dy(F,0) = 0ifand only if F =0

for all persistence modules M over P and Scott sheaves F on P°.

Proof. i) By Theorem 6.16, we already know that dq (M, 0) = 0 for all ephemeral modules
M. Conversely, assume that dg(M,0) = 0. Thus, M and 0 are e-interleaved for every
€ > 0. Hence, by the diagram of Definition 6.9, the morphism M — TXT7 M is zero for
everye > 0ie. M(p < T.T.(p)) = 0forallp € Pande > 0. We need to show that
M(p < q) = 0forall p < g. By (TR3), there exists € > 0 such that p < T;(p) < ¢.
Now by condition (TR2), we have p < T, 9T /2(p) < T:(p) < q. So, M(p < q)

factors through MTG/QTE/Z( which proves i).

p)
ii) Suppose that dy (F,0) = 0. Since j,j' = id, we have

0 =dy(F,0) = dy(juj' F,0) = do(4' F,0).

93



Thus, by i) the module j!]: is ephemeral. Therefore, by Theorem 5.7 j*]']: = 0. But
again, jejt =1id, so F = 0. O
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