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ABSTRACT

Since Justin Curry’s pioneering dissertation, sheaf theory has gained more attention in
the field of topological data analysis. In this thesis, we want to offer a new direction for
these methods by applying domain theory. In domain theory, a poset has a number of
topologies associated to it; the Alexandrov and Scott topologies being the most signifi-
cant for our investigations. The sheaves on these two topologies and their interplay are
our main object of study.

In topological data analysis, features of the data that have a short “lifespan” are often
seen as a result of noise, and so they are considered less significant. The ephemeral fea-
tures are themost extreme examples of this phenomenon having lifespan zero. Chazal and
his co-authors introduced the notion of an ephemeral module, but they only considered
the poset R.

We generalize the notion of ephemerality to continuous posets. We consider the
quotient category of the category of persistence modules by the Serre subcategory of
ephemeral modules and show that it is equivalent to the category of Scott sheaves. We
prove that these categories are further equivalent to the full subcategories of lower and
upper semi-continuous modules. This quotient category has a hereditary torsion asso-
ciated to it. We examine the corresponding torsion functor, observing in particular
that there exists an exact sequence and isomorphisms mimicking the celebrated Serre-
Grothendieck correspondence between sheaf cohomology and local cohomology. Finally,
we study the metric properties of persistence modules and Scott sheaves via the afore-
mentioned equivalence. We also investigate how ephemeral modules fit into this setting.
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TIIVISTELMÄ

Justin Curryn uraauurtavan väitöskirjan ilmestymisen jälkeen lyhdeteoria on herättä-
nyt yhä enemmän huomiota topologisen data-analyysin tutkimuksessa. Tämä tutkiel-
ma yhdistää lyhdeteorian menetelmiin alueteoriaa aivan uudella tavalla. Alueteoriassa
osittain järjestettyyn joukkoon liittyy lukuisia topologioita, joista merkittävimmät ovat
Alexandrovin ja Scottin topologiat. Näiden kahden topologian päällä olevien lyhteiden
vuorovaikutus on yksi tämän tutkimuksen pääkohteista.

Topologisessa data-analyysissä niitä datan ominaisuuksia, joiden “elinikä” on lyhyt,
pidetään kohinan seurauksena, ja siten vähemmän merkittävinä. Niin sanotut lyhytkes-
toiset ominaisuudet, eli ne joiden elinikä on nolla, ovat ääriesimerkkejä tästä ilmiöstä.
Chazal määritteli yhdessä muiden tutkijoiden kanssa lyhytkestoisen modulin käsitteen,
mutta vain reaalilukujen tapauksessa.

Tässä tutkielmassa yleistetään lyhytkestoisuuden käsite jatkuvien osittain järjestetty-
jen joukkojen tapaukseen. Työssä käsitellään persistenssimodulien kategorian lyhytkes-
toisten modulien Serren alikategoriaan liittyvää tekijäkategoriaa. Käy ilmi, että se on
ekvivalentti Scottin lyhteiden kategorian kanssa. Näiden kahden kategorian osoitetaan
myös olevan ekvivalentteja sekä ylä- että alapuolijatkuvien persistenssimodulien täysien
alikategorioiden kanssa. Tähän tekijäkategoriaan liittyy myöskin perinnöllinen torsio-
teoria. Työssä tutkitaan sitä vastaavaa torsiofunktoria. Osoittautuu, että siihen liittyy
lyhyt eksakti jono ja isomorfismit, jotka ovat verrattavissa lyhdekohomologiaa ja lokaa-
lia kohomologiaa yhdistävään Serre-Grothendieck -vastaavuuteen. Lopuksi tarkastellaan
persistenssimodulien ja Scottin lyhteidenmetrisiä ominaisuuksia käyttäen edellä mainit-
tua ekvivalenssia. Erityisesti näitä voidaan käyttää lyhytkestoisten modulien luonnehti-
miseen.
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ABBREVIATIONS

P a poset

P a a poset P endowed with the Alexandrov topology

P σ a poset P endowed with the Scott topology

j the identity map P a → P σ

Up the basic up-set of p

Dp the basic down-set of p

≪ the way-below relation

≤s the specialization order

TransP the set of all translations on a poset P

k a commutative ring with unity

G a monoid

S aG-graded ring

k[G] the monoid ring

Mod the category of k-modules

Fun(P,Mod) the category of persistence modules over P

Func(P,Mod) the category of upper semi-continuous persistence modules overP

Func(P,Mod) the category of lower semi-continuous persistence modules over P

Eph the category of ephemeral persistence modules over P

Sh(X) the category of sheaves on a topological space X with values in
Mod

CoSh(X) the category of cosheaves on a topological space X with values in
Mod

xi



Ggr-S-Mod the category ofG-graded S-modules

supp the support

E(M) the injective envelope ofM

k[I] the indicator persistence module over a convex set I

N ⊗P M the tensor product of persistence modulesN andM

N ⊗S M the tensor product of graded S-modulesN andM

HomS(N,M) the graded Hom of graded S-modulesN andM

M † the sheaf associated to a persistence moduleM

M̂ the cosheaf associated to a persistence moduleM

M the lower semi-continuous module associated to a persistence
moduleM

M the upper semi-continuous module associated to a persistence
moduleM

radσ the Scott-radical

socσ the Scott-socle

topσ the Scott-top

da the interleaving distance of persistence modules

dσ the interleaving distance of Scott sheaves
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1 INTRODUCTION

Topological data analysis studies the shape of data using methods of algebraic topology.
One of themain tools of topological data analysis is persistent homology. The fundamen-
tal idea is to study data on different scales simultaneously. More concretely, in persistent
homology, one starts with a noisy data set, transforms it into a filtration of topological
spaces

  X_1 \subseteq X_2 \subseteq \dots \subseteq X_m,        

and then applies homology with coefficients in a field k to obtain a sequence of k-vector
spaces and linear maps for all i ∈ N

  H_i(X_1) \to H_i(X_2) \to \dots \to H_i(X_m).      

This sequence is often called a persistence module, and it keeps track of the information
about how topological features evolve through the filtration. A persistence module has a
unique decomposition into the so-called interval modules. The endpoints of an interval
are interpreted as the birth and death of the associated topological feature. The multiset
of these intervals is also called the barcode, which is a complete and discrete invariant of
the data. This procedure is often summarized by the pipeline of persistent homology:

Data → Filtration → Persistence module → Barcode

For some applications, a linear filtration is far too simple to capture all the intricate
behavior of a complex dataset (see, for example, [41]). To mend this flaw, more general
posets (or even pre-orders) are used.

Let k be a commutative ring with unity. More abstractly, a persistence module over
a poset P is a functor P → Mod, where P is the thin category corresponding to P
and Mod the category of k-modules. We denote by Fun(P,Mod) the category of
persistence modules over P . Commonly P is Zn or Rn. Carlsson and Zomorodian [10]
recognized an influential equivalence between the persistence modules over Zn and the
multigraded modules over the polynomial ring of n variables k[X1, . . . , Xn]. In the case
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of P = Z, the polynomial ring k[X] is a principal ideal domain. One can then see that
the interval decomposition corresponds to the structure theorem of finitely generated
modules. This structure theorem does not extend to n > 1, which is a major setback.
In fact, there is no barcode-like complete and discrete invariant for persistence modules
over Zn, when n > 1 ([10]).

Curry introduced sheaf theory to topological data analysis in his dissertation [15] (but
Shepard [58] studied similar objects much earlier). Every poset possesses the so-called
Alexandrov topology. A subset U of a poset P is open with respect to the Alexandrov
topology if it is an up-set (i.e. x ∈ U and y ≥ x imply y ∈ U ). We use the notation P a

for P endowed with the Alexandrov topology, and Sh(P a) for the category of sheaves
on P a with values inMod. Curry showed that there is an equivalence of categories:

  \Fun (\posetC , \Mod ) \simeq \Sh (P^a).   

This sheaf-theoretic perspective is very influential. It permits the usage of all classical
sheaf theoretic methods for persistence modules, which has led to fruitful advances (for
example, [4, 32, 44]).

The homological features of the data that persist along the filtration are considered
essential. Features that have zero “lifespans” in this sense are called ephemeral. They are
usually disregarded in topological data analysis. The notion of interleaving gives a way of
measuring distances between persistence modules [2, 8, 59]. A persistence module overR
can be regarded ephemeral if its interleaving distance from the zero module vanishes. All
this led Chazal et al. [12, 13] to investigate the quotient category of persistencemodules by
the Serre subcategory of ephemeral modules, which they called the category of observable
modules. Berkouk and Petit [4] defined ephemeral modules for Rn. They utilized the
theory of γ-topology and γ-sheaves, where γ ⊆ Rn is a closed proper convex cone with
a non-empty interior. One of the main purposes of this dissertation is to extend these
investigations to more general posets.

Our methods are based on domain theory [1, 21, 24]. Domain theory is a branch of
order theory that formalizes the notions of approximation and convergence in a general
way. Up to now, it has been mostly used in logics and computer science. The way-below
(or approximation) relation is one of the key notions of domain theory, and it is used
throughout this dissertation. One says thatx approximates y if, for all directed setsDwith
y ≤ supD, there exists d ∈ D such that x ≤ d. This is often denoted by x ≪ y. An
element x ∈ P is called compact or isolated from below if x≪ x. A poset can be endowed
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with many different topologies. In domain theory, the Scott topology is the most used.
We use the notation P σ for P endowed with the Scott topology. A subset U ⊆ P is
declared to be open in the Scott topology if and only if it is an up-set andD∩U ̸= ∅ for
all directed setsD with supD ∈ U . In particular, the Scott topology is coarser than the
Alexandrov topology, or in other words, the identity map j : P σ → P a is continuous.
Even though the Scott topology can be defined for any poset, it is convenient to restrict
to the so-called continuous posets. In domain theory, a poset is called continuous if every
element is the directed supremum of the elements approximating it. Continuous posets
include, for example, all discrete posets, as well as Rn and its down-sets. Continuous
posets satisfy a fundamental property that is called interpolation. It says that

  \text {for all } x \ll z \text { there exist } y \in P \text { such that } x \ll y \ll z.              

Most of the major results of this thesis follow from it in one way or another.
In addition to the persistence modules, sheaves on the Scott topology are our main

objects of study. For brevity, they are called Scott sheaves. The interplay of Scott sheaves
and persistence modules is the central subject in this dissertation. In particular, we show
that the category of Scott sheaves is equivalent to the quotient category of the category
persistence modules by the subcategory of ephemeral modules. On the algebraic side, the Scott
sheaves turn out to correspond to semi-continuous modules. Semi-continuous modules
emerge, for example, in symplectic topology. Some authors (e.g. [50]) go so far as to
restrict their study of persistence modules to semi-continuous modules.

We now explain our results in more detail. Let P be a poset, and let k be a com-
mutative ring with unity. Our main objects of study are persistence modules over P ,
which are functors from P interpreted as a thin category to the category of k-modules
Mod. The category of persistence modules over P is denoted by Fun(P,Mod). If P is
a partially ordered abelian group, we often consider a persistence module as a P -graded
k[U0]-module [7, Theorem 2.21]. Here U0 = {x ∈ P | x ≥ 0} is a basic up-set. In ad-
dition to persistence modules, we also investigate the categories of sheaves Sh(P a) and
Sh(P σ). As stated, we have the Curry’s equivalence Sh(P a) ≃ Fun(P,Mod). We
observe in Proposition 4.4 that if P is a continuous poset, then the direct image functor
j∗ : Sh(P

a) → Sh(P σ) has, besides the left adjoint j∗, also a right adjoint j!. The
situation can be summarized as follows:

15



Fun(P,Mod) Sh(P a) Sh(P σ).≃
j∗

j∗

j!

We introduce five endofunctors of persistence modules that are related to the adjoint
triple (j∗, j∗, j!). For a persistence moduleM over P and p ∈ P , we set

  \underline {M}_p = \varprojlim _{x \gg p} M_x \quad \text {and} \quad \overline {M}_p = \varinjlim _{x \ll p} M_x.  


   




This gives us two functors (−), (−) : Fun(P,Mod) → Fun(P,Mod). In the case
of a linearly ordered poset, these functors have been studied, for example, in [12, 56, 57].
When the poset is a real polyhedral group, the persistence modulesM andM are also
related to the upper and lower boundaries introduced by Miller in [40, Definitions 3.11
and 11.1] (see Remark 4.8). Given a convex subset I ⊆ P , the indicator module k[I] assigns
k to every p ∈ I with identity maps on k. Interestingly, it turns out in Proposition 5.11
that in the case of the up-set and down-set indicator modules, the functors (−) and
(−) correspond to taking the topological interior and closure (cf. [40, Lemma 3.20]).
The persistence module M is upper semi-continuous (resp. lower semi-continuous), if the
canonical morphismM → M (resp.M → M ) is an isomorphism. In Lemma 4.9, we
show thatM = j!j∗M andM = j∗j∗M for all persistence modulesM over P . This
lemma has several consequences. The most important of them is Theorem 4.23, where
we show that the full subcategories of upper semi-continuous modules and lower semi-
continuous modules are both equivalent to the category of Scott sheaves.

An immediate example of lower semi-continuity is provided by finitely Scott encoded
modules (see Proposition 4.24). We call here a persistence moduleM over P finitely Scott

encoded if there is a Scott-continuous map f : P → F to a finite poset F and a pointwise
finite-dimensional persistence module N over F (i.e. Nx is finite-dimensional for all
x ∈ F ) such thatM = f∗N .

Miller realized in [39] (see especially pages 14–15 for a good introduction) that the
socles and tops of persistence modules can be used to functorially describe deaths and
births of the homological properties of data. We propose new variants for these notions
by defining for a persistence moduleM over P the Scott-socle and the Scott-top, denoted
by socσ(M) and topσ(M), respectively (see Definition 4.28). At p ∈ P , the classical
socle detects the elements ofMp that vanish in all internal morphismsM(p ≤ x) with
x > p. In turn, the Scott-socle consists of those element ofMp that vanish in internal
morphisms M(p ≤ x) with x ≫ p. For example, consider the indicator module of
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a basic-down set Dp = {x ∈ Rn | x ≤ p}. The Scott-socle is now the indicator
module k[∂Dp] associated to the topological boundary ofDp, whereas the usual socle is
the skyscraper module kp (see Proposition 5.15 i)).

We are also interested in their derived functors. In Proposition 4.41, we show thatM
is upper semi-continuous if and only if socσ(M) = 0 = R1 socσ(M). Similarly,M is
lower semi-continuous if and only if topσ(M) = 0 = L1 top

σ(M). In Theorem 4.40,
we can prove the formulas

  R^1 \soc ^{\sigma }(\overline {M}) = \topf ^{\sigma }(\underline {M}) \quad \text {and} \quad L_1 \topf ^{\sigma }(\underline {M}) = \soc ^{\sigma }(\overline {M}).      
 

Curiously, if P is also a partially ordered abelian group, then there is an exact sequence

  0 \to \soc ^{\sigma }(M) \to M \to \bigoplus _{p \in P} \Gamma (\Int U_0, j_*M(p)) \to R^1\soc ^{\sigma }(M) \to 0  



   

and isomorphisms

  R^{n + 1} \soc ^{\sigma }(M) = \bigoplus _{p \in P} H^n(\Int U_0, j_*M(p)),  





for all n ≥ 1, mimicking the celebrated Serre-Grothendieck correspondence between
sheaf cohomology and local cohomology (see Proposition 4.36 and Remark 4.39). In fact,
by using a result of Jensen, we observe in Proposition 4.38 that the functor Rn socσ

vanishes for n > 1 under mild assumptions.
A persistence moduleM is ephemeral ifM(p ≤ q) = 0 for all p≪ q (Definition 5.1).

We give a new characterization for ephemeral modules in terms of meager sets. We call
a subset S ⊆ P is meager if x ̸∈ S or y ̸∈ S for all x ≪ y. In Theorem 5.6, we show
that a persistence moduleM over P is ephemeral if and only if the support supp(m) is
meager for all p ∈ P andm ∈Mp.

In Theorem 5.7, we make the crucial observation that over a continuous poset, a per-
sistence moduleM is ephemeral if and only if j∗M = 0. In fact, this was used as the
definition of an ephemeral module in [4]. Right away, this implies that the full subcat-
egory of ephemeral modules Eph is a Serre subcategory of the category of persistence
modules. This result, with the general framework of Serre subcategories and the corre-
sponding quotient categories, permits us to define the quotient category of the category
persistence modules by the subcategory of ephemeral modules. In Theorem 5.17, we prove that
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this quotient is equivalent to the category of Scott sheaves. As a consequence, it is also
equivalent to the categories of lower semi-continuous and upper semi-continuous mod-
ules. We observe in Proposition 5.24 that in the case ofRn, the indecomposable injectives
of the quotient category are in a one-to-one correspondence with the upward-directed
down-sets that are open with respect to the standard topology.

Finally, we study the interleaving distance of persistence modules and Scott sheaves.
The interleaving distance is defined by utilizing a superlinear family of translations. A
superlinear family of translations is a function T• : [0,∞[ → TransP that satisfies
Tε ◦ Tδ ≤ Tε+δ for all ε, δ ≥ 0. HereTransP is the set of translations of P , i.e. the set
of order-preserving maps with p ≤ T (p) for all p ∈ P . Moreover, we require that our
superlinear family satisfy the following assumptions:

i) Tε is continuous with respect to the Scott topology for all ε ≥ 0;

ii) Tε is an order-isomorphism for all ε ≥ 0;

iii) p≪ Tε(p) for all p ∈ P and ε > 0;

iv) For every p≪ q there exist ε > 0 such that p ≤ Tε(p) ≤ q.

We also define the interleaving distance for the Scott sheaves (Definition 6.9). To fully
justify the transition to the quotient categoryFun(P,Mod)/Eph, the functor j∗ should
then be an isometry i.e. da(M,N) = dσ(j∗M, j∗N) for all persistence modulesM and
N over P , where da and dσ are the interleaving distance of persistence modules and the
interleaving distance of Scott sheaves, respectively. This is proved in Theorem 6.17. The
other functors (j∗, j!, (−) and (−)) are proven to be isometries, too. We also investigate
how ephemeral modules fit into this setting. In Corollary 6.18, we prove one of the defin-
ing features of ephemeral modules: A persistence moduleM is ephemeral if and only if
da(M, 0) = 0.
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2 PRELIMINARIES ON DOMAIN THEORY

Domain theory is a branch of order theory that studies special posets called domains. Most
commonly, domain theory has been applied in logics and theoretical computer science.
For topological data analysis, domain theory is a new approach, and therefore, it might be
totally foreign to an average reader. The author is aware of this, which is why themajority
of the proofs are included in this chapter. Those who are interested in the subject can
read more from [1, 21, 24].

In Section 2.1, we recall some results about posets. Especially, we define the notion of
a continuous poset and prove some necessary results. There are various topologies asso-
ciated to posets. We introduce two of them in Section 2.2, one is called the Alexandrov
topology, and the other the Scott topology. On the other hand, every topological space
induces a preorder that is called the specialization preorder. This is studied in Section
2.3. In Section 2.4, we investigate cones and posets induced by them.

2.1 Continuous Posets

A binary relation ≤ on a set P is called a pre-order if it is reflexive and transitive. The
pair (P,≤) is called the pre-ordered set. If ≤ is also antisymmetric, then it is a partial

order relation, and the pair (P,≤) is said to be a partially ordered set or poset for short. A
poset is linearly ordered if all the elements are comparable. Linearly ordered posets are
also sometimes called totally ordered sets or chains. A subset U ⊆ P is called an up-set

if x ∈ U and x ≤ y in P imply y ∈ U . For every p ∈ P , there is the basic up-set

Up = {x ∈ P | x ≥ p}. Dually, a subset D ⊆ P is a down-set if x ∈ D and y ≤ x in
P imply y ∈ D. For every p ∈ P , we have the basic down-set Dp = {x ∈ P | x ≤ p}.
We say that a subsetD ⊆ P is (upward)-directed, if it is non-empty, and for all x, y ∈ D
there exists z ∈ D such that x, y ≤ z. Dually, a subset D is downward-directed if it is
non-empty and for all x, y ∈ D there exists z ∈ D such that z ≤ x, y. A subset C ⊆ P
is convex if x, z ∈ C and x ≤ y ≤ z in P implies y ∈ C . A subset C ⊆ P is connected
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if, for all x, y ∈ C , there are z1, . . . , zn ∈ C such that z1 = x, zn = y and for all
i = 1, . . . , n−1 either zi ≤ zi+1 or zi ≥ zi+1. The connected convex subsets are called
intervals. A mapping f : P → Q between posets is order-preserving if for all p ≤ p′ in P
we also have f(p) ≤ f(p′) inQ.

Remark 2.1. Every pre-ordered set P can be interpreted as a small thin category. The
objects are the elements of P . For p, q ∈ P , the set of morphisms Hom(p, q) is just a
singleton, if p ≤ q, and empty otherwise. We denote this category byP. In this language
the order-preserving maps P → Q are precisely the functorsP→ Q.

In the heart of domain theory, there is the so-called way-below relation.

Definition 2.2. Let P be a poset. For x, y ∈ P , we say that x is way below y (or y is way
above x) if for all directed setsD with y ≤ supD (whenever the supremum exists) there
exists d ∈ D such that x ≤ d. Sometimes we say that x approximates y. We write x≪ y.
An element x ∈ P is called compact or isolated from below if x≪ x.

The way-below relation is fully understood inmany posets. Next, we give some simple
examples. Recall here that a poset P is locally finite if the closed interval [p, q] is finite for
all p, q ∈ P . For example, finite posets and Zn are locally finite.

Example 2.3.

i) In a locally finite poset, the supremum of a directed set is the largest element. This
means that the way-below relation is the normal partial order relation.

ii) Let P = R. By considering the directed sets {x ∈ R | x < p} (p ∈ R), we see
that

  x \ll y \iff x < y \quad \quad (x,y \in \Rset ).         

The way-below relation has the following basic properties. The proofs are so straight-
forward that they are left to the reader.

Lemma 2.4 ([24, Proposition 5.1.4]). Let P be a poset. For all x, y, z ∈ P :

i) if x≪ y, then x ≤ y;

ii) if x ≤ y and y ≪ z, then x≪ z;

iii) if x≪ y and y ≤ z, then x≪ z.

Example 2.5 ([21, Example I-1.3 and Proposition I-1.4]).
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i) Let k be a commutative ring with unity. The set of ideals Id k (ordered by inclu-
sion) is a poset. In this poset, we have for all I, J ∈ Id k

  I \ll J \iff I \subseteq F \subseteq J \text { for some finitely generated ideal } F \in \Id k.                

In particular, if k is noetherian then the way-below relation is exactly the inclusion.

ii) Let X be a locally compact topological space. The set of open sets Open(X)

(ordered by inclusion) is a poset. For all open sets U, V ∈ Open(X), we have

  U \ll V \iff U \subseteq K \subseteq V \text { for some compact subset } K \subseteq X.             

Proposition 2.6. Let P andQ be posets. Then the way-below relation of P ×Q satisfies:

  (p,q) \ll (p',q') \iff p \ll p' \text { and } q \ll q'          

for all p, p′ ∈ P and q, q′ ∈ Q.

Proof. [24, Proposition 5.1.53]. Let us first suppose that p ≪ p′ and q ≪ q′, and let
D ⊆ P × Q be a directed set such that (p′, q′) ≤ supD. If π1 : P × Q → P is the
first coordinate projection, then π1(D) is a directed set ofP with supremum π1(supD).
Clearly, p′ ≤ π1(supD). Thus, by assumption, p ≤ π1(d1) for some d1 ∈ D. Similarly
q ≤ π2(d2) for some d2 ∈ D. BecauseD is a directed, d1 and d2 have a common upper
bound, and hence (p, q)≪ (p′, q′).

Suppose conversely that (p, q) ≪ (p′, q′). Let D ⊆ P be a directed set such that
p′ ≤ supD. The product D × {q′} is an directed set of P × Q. Obviously, (p′, q′) ≤
sup(D × {q′}). By assumption, (p, q) ≤ (d, q′) for some d ∈ D. Therefore, p ≪ p′.
Similarly q ≪ q′.

Remark 2.7. Let P = Rn. In this case, the way-below relation is characterized by the
equivalence

  \bm {x} \ll \bm {y} \iff x_i < y_i \text { for all } i = 1, \dots , n \quad \quad (\bm {x}, \bm {y} \in \Rset ^n).                  

This follows from the previous proposition and Example 2.3 ii).

Example 2.8. The way-below relation of Rn is very natural. However, it can be much
more complicatedwhen restricted to a subposet. One such example is given in [34, Propo-

21



sition 5.1]. For example, in the case of the positive orthant Rn
≥0, there is an equivalence

  \bm {x} \ll \bm {y} \iff x_i < y_i \text { or } x_i = 0 \text { for all } i = 1, \dots , n.                   

Thus, (1, 0) ≪ (2, 0) in R2
≥0 even though (1, 0) is not way below (2, 0) in R2. When

we restrict to the positive orthant, a directed set cannot converge to a boundary point
(i.e. point that have zero in at least one coordinate) from outside of the subposet, which
explains the difference. Here we say that a directed set D ⊆ P converges to p ∈ P if
supD = p.

Given a subset S ⊆ P , we set

  {\uparrow } S &= \{ x \in P \mid x \ge p \text { for some } p \in S \} & {\downarrow } S &= \{ x \in P \mid x \le p \text { for some } p \in S \} \\ {\twoheaduparrow } S &= \{ x \in P \mid x \gg p \text { for some } p \in S \} & {\twoheaddownarrow } S &= \{ x \in P \mid x \ll p \text { for some } p \in S \}                          

           



           

for S ⊆ P . In particular, we use notation

  {\uparrow } p &= \{ x \in P \mid x \ge p \} & {\downarrow } p &= \{ x \in P \mid x \le p \} \\ {\twoheaduparrow } p &= \{ x \in P \mid x \gg p \} & {\twoheaddownarrow } p &= \{ x \in P \mid x \ll p \}.                

      



      

for all p ∈ P . The basic properties of the way-below relation (Lemma 2.4) imply that ↠p

is an up-set and ↠p ⊆ ↑p. Dually,

↠

p is a down-set, and

↠

p ⊆ ↓p. However, after this
chapter, we will write Up andDp for the basic up- and down-sets. With these notations,
we are now ready to define continuous posets.

Definition 2.9. A poset P is continuous, if for all p ∈ P the set

↠

p is upward-directed
with supremum p.

Proposition 2.10. Let P and Q be continuous posets. Then the product P × Q is also a con-

tinuous poset. In particular, Rn is a continuous poset.

Proof. [24, Proposition 5.1.54]. By Proposition 2.6, we have

↠

(p, q) = (

↠

p)× (

↠

q) for all
p ∈ P and q ∈ Q.

Example 2.11. There are plenty of continuous posets. For example:

• Locally finite posets (see Example 2.3).
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• Linearly ordered posets: This fact has been asserted in article [62] without a proof.
All depends on the sets ↓p \ {p}, where p ∈ P . We have three cases:

  {\twoheaddownarrow } p = \begin {cases} \{ p \}, &\text {if $p$ is the smallest element}; \\ {\downarrow } p, &\text {if } {\downarrow } p \setminus \{ p \} \text { contains the largest element}; \\ {\downarrow } p \setminus \{ p \}, &\text {if } {\downarrow } p \setminus \{ p \} \text { does not contain the largest element}. \end {cases} 




     

       

           

In all three cases, the set

↠

p is directed as a subset of a linearly ordered poset, and
clearly sup(

↠

p) = p.

• The main result of the article [51] (see especially p. 110) provides even more ex-
amples of continuous posets. In particular, every down-set of a continuous meet-
semilattice is continuous itself. This also implies that every down-set of Rn is
continuous.

The interpolation property is highly important for our investigations. Almost all our
results follow from it one way or another.

Theorem 2.12 (Interpolation). Let P be a continuous poset. If x≪ z, then x≪ y ≪ z for

some y ∈ P .

Proof. [24, Proposition 5.1.15]. Consider the set

  D = \{ w \in P \mid w \ll y \ll z \text { for some } y \in P \}.              

We start by showing that D is upward-directed. Clearly, it is non-empty since x ≪ z

and

↠

x is non-empty. Now, if w1, w2 ∈ D, then w1 ≪ y1 ≪ z and w2 ≪ y2 ≪ z for
some y1, y2 ∈ P . We have y1, y2 ∈

↠

z and

↠

z is directed so that y1, y2 ≤ y for some
y ∈

↠

z. In other words,w1, w2 ∈

↠

y. Furthermore,

↠

y is directed, becausew1, w2 ≤ w
for some w ∈

↠

y. Thus, w ∈ D.
Let us then show that z = supD. Clearly, z is an upper bound of D. Suppose that

we have another upper bound z′ i.e. w ≤ z′ for all w ∈ D. This can also be written as
D ⊆ ↓z′. On the other hand, we have

↠

y ⊆ D for all y ≪ z by the definition of D.
It follows that

↠

y ⊆ ↓z′. Taking the supremum is preserves order, hence y ≤ z′ for all
y ≪ z. Thus, also

  z = \sup {\twoheaddownarrow } z = \sup _{y \ll z} y \le \sup _{y \ll z} z' = z', 



 


 


 

so z is the smallest upper bound ofD.

23



Now x≪ z, so we can use the definition of the way-below relation toD. This means
that there exists d ∈ D such that x ≤ d. Thus, x ≤ d≪ y ≪ z for some y ∈ P , which
completes the proof.

Remark 2.13. The notion of a continuous category generalizes that of a continuous poset.
This perspective is especially fascinating, since the functors from a continuous poset are
more interesting for us than the continuous poset itself. For more details, see [30].

2.2 Topologies Determined by a Poset

Proposition 2.14 ([24, Proposition 4.2.11]). Let P be a poset. Then

i) an arbitrary union of up-sets is an up-set;

ii) an arbitrary intersection of up-sets is an up-set.

Proposition 2.14 shows that the collection of the up-sets forms a topology onP , which
is called the Alexandrov topology. In the Alexandrov topology, the closed sets are precisely
the down-sets. The Alexandrov topology is almost always non-Hausdorff. In fact, it is
easy to see that Alexandrov topology is Hausdorff if and only if it is discrete. Since the
open sets are closed under all intersections in the Alexandrov topology, the so-called stars

exist. If A ⊆ X is a subset of a topological space, we say that the star of A (denoted by
stA) is the smallest open set that containsA. In other words, the star can be interpreted
as the open closure. The basic up-set Up is the star for a point p ∈ P when a poset P
is endowed with the Alexandrov topology. More generally, the star of a subset A is the
union stA =

⋃︁
p∈A Up. This fact also implies that the collection of the basic up-sets is

a basis of the Alexandrov topology.
The second important topology is the Scott topology.

Definition 2.15. Let P be a poset. A subset U ⊆ P is called Scott-open, if

i) U is an up-set;

ii) for every directed subsetD, the intersectionD∩U is non-empty whenever supD
exists and is in U .

Example 2.16.

i) LetP be a finite poset. Every directed set ofP has a largest element, implying that
the condition ii) of Definition 2.15 is true for all up-sets. Therefore, the Scott-open
sets of P are exactly the up-sets.
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ii) Let P = R. A proper non-empty up-set of R is either an open interval ]a,∞[

or a closed interval [a,∞[ (a ∈ R). Note that [a,∞[ is not Scott-open, because
ii) does not hold for the directed set ] − ∞, a[. On the other hand, the open
up-set ]a,∞[ is Scott-open, since the order of R is dense. Therefore, the proper
non-empty Scott-open sets of R are the open intervals ]a,∞[ (a ∈ R).

Proposition 2.17. Let P be a poset. The collection of the Scott-open sets of P forms a topology.

Proof. [24, Proposition 4.2.18]. The empty set and P are obviously Scott-open. We
leave the case of union to the reader, and consider finite intersections. Suppose that
V1, . . . , Vn ⊆ P are Scott-open sets. Their intersection is an up-set by Proposition
2.14 ii). Assume then that D is a directed subset such that supD ∈

⋂︁n
i=1 Vi. Thus,

supD ∈ Vi for all i. Since every Vi is Scott-open, there exists xi ∈ D ∩ Vi for all i. The
setD being directed, there exists an upper bound y ∈ D such that y ≥ x1, . . . , xn. The
Vi are up-sets, so y ∈ D ∩

⋂︁n
i=1 Vi, which proves ii).

Proposition 2.17 shows that the Scott-open sets of P form a topology on P , which
is called the Scott topology of P . A subset F ⊆ P is closed with respect to the Scott
topology if and only if it is a down-set and closed under directed supremums (i.e. ifD is
directed andD ⊆ F , then supD ∈ F whenever the supremum exists).

Example 2.18 ([21, Remark II-1.4]). LetP be a poset. For every p ∈ P , the basic down-set
Dp is Scott-closed. To see this, note first that, if D is directed set with D ⊆ Dp, then
d ≤ p for all d ∈ D. Therefore, supD ≤ p, or in other words, supD ∈ Dp.

We now have two topologies on a poset P . We use the notations P a and P σ for
P endowed with the Alexandrov topology and the Scott topology, respectively. As the
Alexandrov topology is finer than the Scott topology, the identity map j : P a → P σ is
continuous. Even though the Scott topology can be defined for any poset, it is convenient
to restrict to the continuous posets. The interpolation property implies the following two
propositions.

Proposition 2.19. If P is a continuous poset, then with respect to the Scott topology, Int(↑p) =

↠p for all p ∈ P .

Proof. [24, Proposition 5.1.35]. Let us first show that ↠p is open with respect to the Scott
topology. By Lemma 2.4 iii), ↠p is an up-set. Now, let D ⊆ P be a directed set with
supD ∈ ↠p. In other words, p ≪ supD. By the interpolation property, p ≪ y ≪
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supD for some y ∈ P . Hence, by the definition of the way-below relation, there exists
d ∈ D such that y ≤ d. This gives p≪ d, which shows that d ∈ ↠p.

Now that ↠p is open, we have ↠p = Int( ↠p) ⊆ Int(↑p). For the other inclusion,
assume that U ⊆ ↑p for a Scott-open set U ⊆ P . It is enough to show an inclusion
U ⊆ ↠p. Let x ∈ U . Since P is continuous, the set

↠

x is directed with supremum x.
The set U is Scott-open, hence

↠

x ∩ U is non-empty i.e. y ≪ x for some y ∈ U . From
this we get y ≥ p, because U ⊆ ↑p. It follows that x ∈ ↠p by utilizing Lemma 2.4
ii).

Proposition 2.20. If P is a continuous poset, then U =
⋃︁

x∈U ↠x for all Scott-open sets

U ⊆ P . In particular, the collection { ↠p}p∈P is a basis of the Scott topology.

Proof. [24, Theorem 5.1.17]. Assume that x ∈ U . Since P is continuous, the set

↠

x is
directed with supremum x. Thus,

↠

x∩U is non-empty, sinceU is Scott-open. Therefore,
y ≪ x for some y ∈ U . Equivalently, x ∈ ↠y for some y ∈ U . The other inclusion is
obvious.

Example 2.21. Let P = Rn. It is easy to see that by the previous proposition a set is open
in the Scott topology ofRn if and only if it is open in both the Alexandrov topology and
the standard topology.

Remark 2.22. Let P = Rn. For the sake of clarity, we will in this remark denote the
interiors with respect to the Scott topology and the standard topology by Intσ and Ints,
respectively. By Proposition 2.20, we have Intσ U = ↠U for all up-setsU ⊆ Rn. This set
is open with respect to the standard topology by Example 2.21. In particular, Intσ U ⊆
Ints U . The converse inclusion is also true, because the set ↠B(x, r) is open with respect
to the Scott topology for all x ∈ Rn and r > 0. Note that we also have IntsD =

↠

D

for all down-setsD ⊆ Rn.
Similar results exist for the closures. For example, clσD = clsD for all down-sets

D ⊆ Rn. Here clσ and cls are the closures with respect to the Scott topology and
standard topology, respectively.

Remark 2.23. Let P = Rn. Observe that the interpolation property gives the formulas

  {\twoheaduparrow } \overline {U} = {\twoheaduparrow } U \quad \text {and} \quad {\twoheaddownarrow } \overline {D} = {\twoheaddownarrow } D.   









for all up-setsU ⊆ Rn and down-setsD ⊆ Rn, where the closures are taken with respect
to the standard topology. Thus, for the boundaries with respect to the standard topology,
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we have
  \partial U = \overline {U} \setminus {\twoheaduparrow } U \quad \text {and} \quad \partial D = \overline {D} \setminus {\twoheaddownarrow } D.         





It is also worth noting that

  \partial \overline {U} = \overline {U} \setminus {\twoheaduparrow } \overline {U} = \overline {U} \setminus {\twoheaduparrow } U = \partial U \quad \text {and} \quad \partial \overline {D} = \overline {D} \setminus {\twoheaddownarrow } \overline {D} = \overline {D} \setminus {\twoheaddownarrow } D = \partial D.               



  


 

Next, we consider maps between posets that are continuous with respect to these
topologies.

Proposition 2.24 ([7, Lemma 2.4]). A map f : P → Q between posets is order-preserving if

and only if the corresponding map fa : P a → Qa is continuous with respect to the Alexandrov

topologies.

Definition 2.25. A map f : P → Q between posets is Scott-continuous, if it is order-
preserving and for all directed subsetsD ⊆ P we have f(supD) = sup f(D)whenever
the supremum supD exists.

Proposition 2.26. A map f : P → Q between posets is Scott-continuous if and only if the

corresponding map fσ : P σ → Qσ is continuous with respect to the Scott topologies.

Proof. [24, Proposition 4.3.5]. Let us first assume that f is Scott-continuous, and let U ⊆
Q be a Scott-open set. Since f is order-preserving, the preimage f−1(U) is an up-set.
Now, let D ⊆ P be a directed set such that supD ∈ f−1(U). The image f(D) is a
directed set ofQ with supremum sup f(D) = f(supD). It follows that there exists an
element d′ ∈ f(D)∩U . This element has a preimage d ∈ P such that d ∈ D∩f−1(U).
Thus, f−1(U) is Scott-open, and hence, f is continuous.

Let us then suppose that fσ is continuous between the Scott-topologies. We first
show that it is order-preserving. Assume that p ≤ p′ in P . NowDf(p′) is a closed set in
Qσ by Example 2.18. Since f is continuous, the preimage f−1(Df(p′)) is closed in P σ .
In particular, it is a down-set. The point p′ is in f−1(Df(p′)) so that p ∈ f−1(Df(p′))

showing that f(p) ≤ f(p′).
LetD ⊆ P be a directed set that has a supremum in P . Since f is order-preserving,

we have f(d) ≤ f(supD) for all d ∈ D. So, f(supD) is an upper bound of f(D).
To show that it is the smallest upper bound, let s be another upper bound of f(D).
The down-set Ds is Scott-closed in Q, therefore, the continuity implies that f−1(Ds)

is Scott-closed in P . Obviously, D ⊆ f−1(Ds). Thus, supD ∈ f−1(Ds), which is
equivalent to f(supD) ≤ s. This shows that f(supD) = sup f(D).
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Remark 2.27. LetX be a topological space, and letR∗ = R∪{∞,−∞} be the extended
real line. A map f : X → R∗ is lower semi-continuous if f−1(]t,∞]) is open inX for all
t ∈ R. But this means that f is continuous with respect to the Scott topology ofR∗. For
more details, see [21, Section II-1].

Example 2.28. [24, Example 4.3.7] The usual addition+: R×R→ R and the multipli-
cation · : R>0 × R>0 → R>0 are Scott-continuous.

Example 2.29. Let P be a linearly ordered poset. The maximum (resp. minimum) func-
tionP×P → P , (p, p′) ↦→ max(p, p′) (resp. (p, p′) ↦→ min(p, p′)) is Scott-continuous.
In a lack of suitable reference, we provide a short proof. Every linearly ordered poset is
continuous, so it is enough to show that the preimage of ↠p is Scott-open for all p ∈ P .
Now, for the maximum-function

  {\max }^{-1}({\twoheaduparrow } p) &= \{ (x,y) \in P^2 \mid \max (x,y) \in {\twoheaduparrow } p \} \\ &= \{ (x,y) \in P^2 \mid p \ll \max (x,y) \} \\ &= \{ (x,y) \in P^2 \mid p \ll x \text { or } p \ll y \} \\ &= (P \times ({\twoheaduparrow } p)) \cup (({\twoheaduparrow } p) \times P),           

        

          

        

which is Scott-open in P × P . Similarly, for the minimum-function

  {\min }^{-1}({\twoheaduparrow } p) &= \{ (x,y) \in P^2 \mid \min (x,y) \in {\twoheaduparrow } p \} \\ &= \{ (x,y) \in P^2 \mid p \ll \min (x,y) \} \\ &= \{ (x,y) \in P^2 \mid p \ll x,y \} \\ &= ({\twoheaduparrow } p) \times ({\twoheaduparrow } p).           

        

        

   

Example 2.30. The ceiling function R → Z is Scott-continuous. To see this, note that
for all n ∈ Z, the preimage of Un = {x ∈ Z | x ≥ n} is ]n− 1,∞[, which is open
with respect to the Scott topology of R. On the other hand, the floor function is not
Scott-continuous. For example, ifD = {x ∈ R | x < 0}, then

  \lfloor \sup D \rfloor = 0 \not = -1 = \sup \lfloor D \rfloor .      
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2.3 A Poset Determined by a Topological Space

In this section, we introduce the specialization order. The specialization order is also used
often in Chapter 6. Recall first that a topological spaceX is

• T0, if for any two distinct points there is an open set that contains one of the points
and not the other;

• T1, if any two distinct points have a neighbourhood that does not contain the other
point.

Definition 2.31. Let X be a topological space. The specialization order is a pre-order ≤s

onX defined by the equivalence

  x \le _s y \quad \iff \quad x \in \overline {\{ y \}} \quad \quad \quad (x,y \in X).         

Remark 2.32. Observe that the specialization order could also be defined by setting

  x \le _s y \iff y \text { is contained in all open neighbourhoods of } x \qquad (x,y \in X).               

Proposition 2.33 ([24, Proposition 4.2.3]). Let X be a topological space, and let ≤s be its

specialization order.

i) IfX is T0, then ≤s is a partial order;

ii) IfX is T1, then ≤s is equality.

Proposition 2.34. Let f : X → Y be a continuous map between topological spaces. Then f is

order-preserving with respect to the specialization orders.

Proof. [24, Proposition 4.3.9] Let x ≤s x
′ inX . If V is an open neighbourhood of f(x),

then f−1(V ) is an open neighbourhood of x. It follows that x′ ∈ f−1(V ), and further-
more f(x′) ∈ V , which proves the claim.

Remark 2.35. Let P be a poset. It is easy to see that the specialization order of the space
P a is the poset P itself. Similarly, by Example 2.18, the specialization order of P σ is P .

2.4 Cones

Berkouk and Petit investigated in their article [4] partial orders of Rn induced by cones.
Therefore, we want to point out in the following that these posets are continuous. For a
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general reference about cones, see, for example, [55].
We say that a subset γ ⊆ Rn is a cone if 0 ∈ γ and R>0γ ⊆ γ. A cone γ is convex if

and only if it is closed under sums. We denote by γa the opposite (or antipodal) cone −γ.
A convex cone γ is proper if γ ∩ γa = {0}. Note the formulas γ + Int γ = Int γ and
Int γ = γ, for a closed proper convex cone γ with a non-empty interior. Here, and in
the sequel, Int γ denotes the interior of γ with respect to the standard topology. Observe
that Int γ∪{0} is a cone, which is convex if γ is convex. Therefore, Int γ∪{0} is closed
under sums and positive scalar multiplication, when γ is a convex cone. Given a closed
proper cone γ, we can define a partial order on Rn by setting

  \bm {x} \le _{\gamma } \bm {y} \iff \bm {y} + \gamma \subseteq \bm {x} + \gamma \iff \bm {y} - \bm {x} \in \gamma              

for all x,y ∈ Rn. If γ ⊆ Rn is a closed convex cone, then one says that A ⊆ Rn is
γ-invariant, if A+ γ = A. The collection of open γ-invariant sets defines a topology of
Rn, which is called the γ-topology (see [32, Subsection 1.2]). When γ = Rn

≥0, it is easy to
see that the γ-topology coincides with the Scott topology.

First, we require a simple lemma. In a lack of a suitable reference, we provide a proof
for the convenience of the reader.

Lemma 2.36. Let γ ⊆ Rn be a closed proper convex cone with a non-empty interior. If Rn is

endowed with the partial order ≤γ , then the set Int γ is downward directed with infimum 0.

Proof. Letx,y ∈ Int γ. There exists ε > 0 such thatB(x, ε), B(y, ε) ⊆ γ. We can find
even smaller ε′ > 0 such that x− ε′(x+ y) ∈ B(x, ε) and y − ε′(x+ y) ∈ B(y, ε).
Hence, ε′(x + y) ≤γ x and ε′(x + y) ≤γ y. Note that ε′(x + y) ∈ Int γ, because
Int γ ∪ {0} is a convex cone. Therefore, ε′(x+ y) is a lower bound of x and y.

Clearly, 0 is a lower bound of Int γ. To show that it is the largest one, assume that
l ∈ Rn is another lower bound. Thus, l ≤γ x for all x ∈ Int γ or equivalently, Int γ ⊆
l+ γ. By taking the closure, we get γ ⊆ l+ γ i.e. l ≤γ 0, as wanted.

The following result is stated without a proof in [34].

Proposition 2.37. Let γ ⊆ Rn be a closed proper convex cone with a non-empty interior. Then

  \bm {x} \ll _{\gamma } \bm {y} \iff \bm {y} - \bm {x} \in \Int \gamma .        

In particular, (Rn,≤γ) is a continuous poset.
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Proof. Suppose first that y − x ∈ Int γ and D ⊆ Rn is a directed subset such that
y ≤γ supD (i.e. supD − y ∈ γ). This gives

  \sup D - \bm {x} = (\sup D - \bm {y}) + (\bm {y} - \bm {x}) \in \gamma + \Int \gamma = \Int \gamma ,                  

or equivalently, supD ∈ x+ Int γ. Thus, there exists ε > 0 such that B(supD, ε) ⊆
x + γ. If this open ball contains some d ∈ D then d ∈ x + γ and hence x ≤γ d.
This would prove x ≪γ y. Therefore, we just have to show that there exists d ∈ D ∩
B(supD, ε). Let πi : Rn → R be the ith coordinate projection. When R is ordered
by the cone πi(γ), the coordinate projections are order- and supremum-preserving (i.e.
Scott-continuous). Hence, we can find di ∈ D such that |πi(supD)− πi(di)| < ε/n.
The set D being directed, the elements di have a common upper bound d ∈ D. This
upper bound is in the open ball B(supD, ε), since

  \norm {\sup D - \bm {d}} &\le \sum _{i = 1}^n \abs {\pi _i(\sup D) - \pi _i(\bm {d})} \\ &\le \sum _{i = 1}^n \abs {\pi _i(\sup D) - \pi _i(\bm {d}_i)} \\ &< \sum _{i = 1}^n \varepsilon / n = \varepsilon .  


















 

Assume then thatx≪γ y. In the previous lemma, we showed that Int γ is downward
directed with infimum 0, so y + Int γa is directed with supremum y. Therefore, by the
definition of the way-below relation, there exists d ∈ y + Int γa such that x ≤γ d.
Equivalently, y − d ∈ Int γ and d− x ∈ γ. The identity γ + Int γ = Int γ now gives
y − x ∈ Int γ.

To prove the last statement, note that we now know that

↠

y = y + Int γa for all
y ∈ Rn. By Lemma 2.36 this set is directed with supremum y.
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3 PRELIMINARIES ON ABELIAN CATEGORIES

Abelian categories were introduced by Alexander Grothendieck to unify several coho-
mology theories. This revolutionary notion first appeared in the legendary Tôhoku paper

[25]. The reader is expected to know the basics of abelian categories. For a general refer-
ence, see [52, 61].

In this chapter, we recap basics of abelian categories that we use extensively in this
thesis. We begin by examining the general theory of abelian categories in Section 3.1.
Next, we look at some concrete examples relevant to us. They are persistence modules
(Section 3.2), graded modules (Section 3.3), sheaves (Section 3.4), and cosheaves (Section
3.5).

3.1 Abelian Categories

We denote byAb the category of abelian groups.
Let A be an abelian category. If an object X has only the trivial subobjects, it is

called simple. Similarly,X is called indecomposable if every direct sum decompositionX =

X ′⊕X ′′ is trivial. An objectX ∈ A is projective if the functorHom(X,−) : A → Ab

is exact. The abelian category A has enough projectives if for all objects X ∈ A there
exists an epimorphism P → X , where P is a projective object P ∈ A. IfA has enough
projectives, then every objectX has a projective resolution. That is an exact sequence

  \dots \to P_1 \to P_0 \to X \to 0,         

where every Pi (i ∈ N) is a projective object. Let F : A → B be a right-exact func-
tor between abelian categories. If A has enough projectives, then F has the left derived
functors LnF : A → B (n ∈ N). If P• → X → 0 is a projective resolution of X , then
(LnF )(X) is the nth homologyHn(FP•). Note that this does not depend on the choice
of the projective resolution.

Dually, an object X is injective if the functor Hom(−, X) : A → Ab is exact. The
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abelian categoryA has enough injectives if for all objectsX ∈ A there is a monomorphism
X → I , where I ∈ A is an injective object. A monomorphism φ : X → Y is essential
if any morphism α : Y → Y ′ is a monomorphism if and only if the composition αφ
is a monomorphism. A monomorphism φ : X → I is an injective envelope of X if I is
injective and φ is essential monomorphism. The injective envelope ofX is unique up to
isomorphism. We denote it by E(X). The categoryA is said to have injective envelopes if
every object X has an injective envelope. If A has enough injectives, then every object
X has an injective resolution. That is an exact sequence

  0 \to X \to I^0 \to I^1 \to \dots         

where every Ii (i ∈ N) is an injective object. Let F : A → B be a left-exact functor
between abelian categories. IfA has enough injectives, then F has the right derived func-

tors RnF : A → B (n ∈ N). If 0 → X → I• is an injective resolution of X , then
(RnF )(X) is the nth cohomologyHn(FI•).

For a general reference for quotient categories, see for example, [52]. Let A be an
abelian category, and let C be a full subcategory of A. One calls C a Serre subcategory if
for all short exact sequences 0→ X ′ → X → X ′′ → 0, there is an equivalence:

  X \in \mathcal {C} \iff X', X'' \in \mathcal {C}.        

If F : A → B is an exact functor between abelian categories, then the kernelKer(F ) =

{X ∈ A | F (X) = 0} is a Serre subcategory ofA.
For a Serre subcategory C of an abelian category A, the quotient category A/C is de-

fined. The quotient category comes with the quotient functor Q : A → A/C. It is an
essentially surjective exact functor withKerQ = C. The quotient categoryA/C has the
following universal property: For any exact functor F : A → B such that C ⊆ Ker(F ),
there exists a factorization F = H ◦Q for a unique exact functorH : A/C → B.

The concrete structure is defined as follows. The objects coincides with the ob-
jects of A, Obj(A/C) = Obj(A). For X,Y ∈ Obj(A/C), the set of morphisms is
HomA/C(X,Y ) = lim−→HomA(X

′, Y/Y ′), whereX ′ ⊆ X , Y ′ ⊆ Y andX/X ′, Y ′ ∈
C. The quotient functor is identity on the objects.

If C is a Serre subcategory of an abelian categoryA, then the full subcategories

  \mathcal {C}^{\perp } = \{ M \in \mathcal {A} \mid \Hom (X,M) = 0 = \Ext ^1(X,M) \text { for all } X \in \mathcal {C} \}              
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and
  {}^{\perp }\mathcal {C} = \{ M \in \mathcal {A} \mid \Hom (M,X) = 0 = \Ext ^1(M,X) \text { for all } X \in \mathcal {C} \}              

are called the right and left perpendicular category, respectively. Here we have to regard
Ext1(A,B) as the group of the equivalence classes of all extensions of A by B in the
sense of Yoneda. Now Ext1(A,B) = 0 if and only if every extension of A by B splits.
For more details, see [46, Chapter VII].

If F : A → B is a functor, then its essential image Im(F ) is the full subcategory of
B consisting of objects B ∈ B such that there is an isomorphism B ∼= F (A) for some
A ∈ A. The next theorem can be used to find an equivalent, and occasionally a simpler,
expression for the quotient category.

Theorem 3.1 ([9, Theorem 2.1.]). Let G : A → B be an exact functor between abelian

categories with a right adjoint (resp. left adjoint) F : B → A. If the natural transformation

G ◦ F → idB (resp. idB → G ◦ F ) is an isomorphism and C = KerG, then

i) G induces an equivalence betweenA/C and B;

ii) F is full embedding and its essential image Im(F ) coincides with C⊥ (resp. ⊥C). In

particular, B is equivalent to C⊥ (resp. ⊥C).

A Serre subcategory C is called localizing (resp. colocalizing) if the quotient functorA →
A/C has a right adjoint (resp. left adjoint). In this case, the quotient functor is called the
localization (resp. colocalization) and the right adjoint (resp. left adjoint) the section (resp.
cosection). We denote by loc and sec (resp. coloc and cosec) the localization and the
section (resp. colocalization and cosection) functors. A Serre subcategory is bilocalizing if
it is both localizing and colocalizing. Therefore, a bilocalizing subcategory has a natural
adjoint triple (cosec, loc, sec) associated to it. One has the following easy criteria for
localization and bilocalization.

Proposition 3.2 ([31, Proposition 2.13]). Let C be a Serre subcategory of a Grothendieck cate-

gory A. Then C is a localizing (resp. bilocalizing) subcategory if and only if it is closed under all

direct sums (resp. direct sums and products).

Next, we recall the notions of a torsion theory and a recollement that are related to
quotient categories. For more details, we refer to [60] and [53].

Definition 3.3. Let A be an abelian category that is complete and cocomplete. A torsion

theory ofA is a pair (T ,F) of classes of objects ofA satisfying:
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i) Hom(T, F ) = 0 for all T ∈ T and F ∈ F ;

ii) IfX ∈ A such that Hom(X,F ) = 0 for all F ∈ F , thenX ∈ T ;

iii) IfX ∈ A such that Hom(T,X) = 0 for all T ∈ T , thenX ∈ F .

The class T is called the torsion class and its objects are torsion objects, while the class is F
the torsion-free class consisting of torsion-free objects.

Observe then that the torsion class and the torsion-free class determine each other in
a way that

  \mathcal {T} &= \{ X \in \mathcal {A} \mid \Hom (X, F) = 0 \text { for all } F \in \mathcal {F} \}, \\ \mathcal {F} &= \{ X \in \mathcal {A} \mid \Hom (T,X) = 0 \text { for all } T \in \mathcal {T} \}.             

             

LetX ∈ A. If t(X) denotes the sum of all the subobjects ofX belonging to T , then
also t(X) ∈ T . Hence, every object X contains a largest subobject t(X) belonging in
T , called the torsion part of X . For all morphisms X → Y , the image of the morphism
t(X)→ X → Y is in T , and hence factors through t(Y ). Therefore, one can define the
so-called torsion functor t : A → T , which also can be seen as a subfunctor of the identity
functor of A. In terms of the torsion functor, an object X ∈ A is torsion if and only if
t(X) = X . Dually,X is torsion-free if and only if t(X) = 0, becauseX ∈ F if and only
if Hom(T,X) = 0 for all T ∈ T . The quotient X/t(X) is now torsion-free. In fact,
X/t(X) is the largest quotient object ofX belonging to F . This leads to the definition
of the torsion-free functor f : A → F , X ↦→ X/t(X). The functors t and f are now the
right and left adjoints to the inclusions T → A and F → A, respectively. A torsion
theory (T ,F) is called hereditary if the torsion class T is closed under subobjects, and
cohereditary if the torsion-free class F is closed under quotients.

Note also that a class of objects is a torsion (resp. torsion-free) class for some torsion
theory if and only if it is closed under quotient objects, direct sums and extensions (resp.
subobjects, products and extensions). Here a class C is said to closed under extensions, if
for all short exact sequences 0→ X ′ → X → X ′′ → 0, there is an implication

  X',X'' \in \mathcal {C} \implies X \in \mathcal {C}.        

We next explain how torsion theories are related to bilocalization. Let C be a bilocal-
izing subcategory of a Grothendieck category A. By Proposition 3.2, it is closed under
direct sums and products. We now see that C has two torsion theories associated with it:
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in one of them C is the torsion class, and in the other the torsion-free class. Let us denote
these two torsion theories by (C,F) and (T , C), respectively. The triple (T , C,F) is
also known as a torsion, torsion-free triple, or TTF-triple, for short. See also [3, Section 1.1].

In the case of the first torsion theory, the torsion part ofX ∈ A is given by

  t(X) = \Ker (X \to \sect \loc X),     

because it is a largest subobject of X in C. Indeed, Ker(X → sec locX) ∈ C by [52,
Section 4.4, Proposition 4.3]. Secondly, it is a largest, since for all subobjects T ∈ C of
X , we have a locT = 0, which implies that Ker(T → sec locT ) = T . Therefore, the
monomorphism T → X factors through Ker(X → sec locX). For the second torsion
theory, we get dually

  f(X) = \Coker (\cosec \loc X \to X).     

Next, we characterize the injective objects of the right perpendicular category C⊥,
which is equivalent to the quotient category A/C by Theorem 3.1. We denote by InjA
the class of injective objects of an abelian categoryA.

Proposition 3.4 ([35, Corollary 2.2.15]). Let A be a Grothendieck category, and let C be a

localizing subcategory ofA. Then we have Inj C⊥ = C⊥ ∩ InjA.

Remark 3.5. In fact, the injective objects of C⊥ are exactly the torsion-free injective ob-
jects ofA. To see this, note first that ifE ∈ A is an injective object, thenExt1(X,E) =

0 for allX ∈ A. Therefore, E ∈ C⊥ if and only if Hom(T,E) = 0 for all T ∈ C if and
only if E is torsion-free.

Definition 3.6. A recollement of an abelian categoryA by abelian categories B and C is a
diagram of additive functors

B A Ci∗ j∗

i!

i∗ j!

j∗

satisfying:

i) (j!, j
∗, j∗) and (i∗, i∗, i!) are adjoint triples;

ii) The functors i∗, j!, j∗ are fully faithful;

iii) Im i∗ = Ker j∗.
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Proposition 3.7 ([53, Proposition 2.7]). The following holds for the recollement of Definition

3.6:

i) The functors i∗ and j∗ are exact;

ii) i∗j! = 0 = i!j∗, j∗j! = idC = j∗j∗ and i!i∗ = idB = i∗i∗;

iii) The categoryB is a Serre subcategory ofA and the functor j∗ is corresponds to the quotient

functorA → A/B. In particular, C ≃ A/B and B is localizing.

3.2 Persistence Modules

Let k be a commutative ring with unity, and letMod denote the category of k-modules.

Definition 3.8. Let P be a poset. The (covariant) functorsM : P → Mod are called
persistence modules. Thus, for every p ∈ P , there is a k-moduleMp, and for every relation
p ≤ q, there is a k-homomorphismM(p ≤ q) : Mp → Mq , which is called an internal

morphism. These morphisms satisfy

  M(p \le p) = \id \quad \text {and} \quad M(q \le r) \circ M(p \le q) = M(p \le r)              

for all p ≤ q ≤ r in P .

The persistence modules form a category, where the morphisms are just natural trans-
formations. A natural transformation f : M → N between persistence modules is a
family of k-homomorphisms (fp)p∈P that makes the diagram

Mp Mq

Np Nq

fp

M(p≤q)

fq

N(p≤q)

commute for all p ≤ q in P . We denote by Fun(P,Mod) the category of persistence
modules. A morphism of persistence modules f : M → N is a monomorphism (resp.
epimorphism) if and only if every fp : Mp → Np is a monomorphism (resp. epimor-
phism) for all p ∈ P . Similarly, all the important objects (kernels, cokernels, images,
products, direct sums) are defined pointwise. For example, the kernel of a morphism
f : M → N is a persistence module Ker f with (Ker f)p = Ker fp for all p ∈ P . The
support of a persistence moduleM is the set suppM = {p ∈ P |Mp ≠ 0}.

38



Remark 3.9. Some authors (for example [7]) define persistence modules as functors de-
fined in a pre-ordered set instead of a poset. However, the difference is insignificant. Let
P be a pre-ordered set. We have an equivalence relation

  p \sim q \iff p \le q \text { and } q \le p \quad \quad (p,q \in P)              

inP . The quotient setP/∼ has natural partial order relation, and there is an equivalence
of categories

  \Fun (\posetC , \Mod ) \simeq \Fun (\posetC / {\sim }, \Mod ).  

For more details, see [49, Lemma 2.2].

Theorem 3.10 ([7, Proposition 2.23]). Let P be a poset. The category Fun(P,Mod) is a

Grothendieck category. In addition, it has enough projectives and injectives.

Example 3.11. Let P be a poset, let I ⊆ P be a convex set, and letM be a k-module.
The indicator moduleM [I] is the persistence module defined by setting

  M[I]_p = \begin {cases} M, &\text {if } p \in I; \\ 0, &\text {otherwise}. \end {cases} 

   



The internal morphism M [I](p ≤ q) is the identity if p, q ∈ I , and zero otherwise.
When I = {p}, we write kp instead of k[{p}], and call it a skyscraper module. In addition,
in the case of an interval on R, for brevity, we do not write the extra brackets. For
example, if p, q ∈ R, we will write k[p, q] instead of k[[p, q]] for the interval module
associated to the closed interval [p, q].

Example 3.12. Let P be a poset. A persistence moduleM over P is constant if an internal
morphismM(p ≤ q) is the isomorphism for all p ≤ q in P .

Proposition 3.13. Let P be a poset, and letM be a k-module. Then

i) an interval moduleM [Up] is projective ifM is a projective k-module and p ∈ P ;

ii) an interval module M [D] is injective if M is an injective k-module and D ⊆ P an

upward-directed down-set.

If k is a field, then

iii) a persistence module is an indecomposable projective if and only if it is of the form k[Up]

for some p ∈ P ;
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iv) a persistence module is an indecomposable injective if and only if it is of the form k[D] for

some upward-directed down-setD ⊆ P .

Proof. This follows from [27, Proposition 5] and [26, Proposition 1.1].

In topological data analysis, all persistence modules are almost always “tame” in some
way. There are (at least) two reasons for this: Firstly, all persistence modules are obtained
from a finite dataset with a simple procedure. Secondly, from the perspective of compu-
tation, persistence modules must have an expression that is suitable for computers. In
Definitions 3.14 and 3.15 we give some examples of “tame” persistence modules.

Definition 3.14. Let P be a poset. A persistence moduleM over P is

• pointwise finitely generated ifMp is a finitely generated k-module for all p ∈ P ;

• finitely generated if there is an exact sequence F → M → 0 for some persistence
moduleF overP that is isomorphic to a finite direct sum of basic up-set indicator
modules k[Ux] (x ∈ P );

• finitely co-generated if there is an exact sequence 0 → M → E for some persis-
tence moduleE over P that is isomorphic to a finite direct sum of basic down-set
indicator modules k[Dx] (x ∈ P ).

Definition 3.15. Let P be a poset. A persistence moduleM over P is called finitely en-

coded, if there exists a finite poset F , an order-preserving map f : P → F , and a point-
wise finitely generated persistence module N over F such that M = f∗N . We say
that persistence moduleM is finitely Scott encoded if the map f : P → F is also Scott-
continuous.

Over Zn, the convex projection of an interval [a, b] ⊆ Zn is the order-preserving map
π : Zn → [a, b] that takes every point inZn to its closest point in the box [a, b]. In other
words, convex projection is given by formula π(x) = (π1(x1), . . . , πn(xn)), where

  \pi _i(x_i) = \max (a_i, \min (x_i, b_i))   

for all i = 1, . . . , n.
OverRn, the convex projection of an interval [a, b] ⊆ Rn is defined by formulaπ(x) =

(π1(x1), . . . , πn(xn)), where

  \pi _i(x_i) = \max (a_i, \min (\lceil x_i \rceil , b_i))   
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for all i = 1, . . . , n. Now the codomain of the convex projection is [a, b] ∩ Zn.
Persistence module over Zn or Rn is finitely determined if it is finitely encoded by a

convex projection. See more details about finitely determined Zn-modules in [42].

Remark 3.16. Note that overRn there is no “canonical” convex projection. For example,
we could use the floor-function instead of the ceiling-function. But we choose the ceiling
function, because it is Scott-continuous.

We now recall the definition of tensor product. For more details, see, for example [54,
Chapter 15].

Definition 3.17. Let P be a poset, and let N : Pop → Mod andM : P → Mod be
persistence modules. Their tensor product is the k-moduleN ⊗PM that is defined as the
quotient  \bigoplus _{p \in P} N_p \otimes _k M_p \ \Big / \ \Bigr \langle N(x \le y)(n) \otimes m - n \otimes M(x \le y)(m) \ \Bigr | \ n \in N_y, m \in M_x \Bigr \rangle . 


 


    

   




This operation defines a bifunctor

  - \otimes _{\posetC } - \colon \Fun (\posetC ^{\op }, \Mod ) \times \Fun (\posetC , \Mod ) \to \Mod .    

Note that the following formulas hold for the tensor product:

  k[D_p] \otimes _{\posetC } M = M_p \quad \text {and} \quad N \otimes _{\posetC } k[U_p] = N_p        

for all p ∈ P . Here k[Dp] is the indicator module over P op with supportDp.

We also have a tensor-hom adjunction. If N : Pop → Mod andM : P → Mod

are persistence modules, then there exist a canonical k-isomorphism

  \Hom _k(N \otimes _{\posetC } M, L) = \Hom (M, \hom (N, L))     

for all k-modules L. Here on the right, hom(N,L) is a persistence module over P de-
fined by hom(N,L)p = Homk(Np, L) for all p ∈ P .

Proposition 3.18 ([48, Theorem 3.3]). Let P be a poset, and let N : Pop → Mod and

M : P→Mod be persistence modules. ThenN⊗P− and−⊗PM are right-exact functors.
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As the functors N ⊗P − and − ⊗P M are right-exact by the previous proposition
they have left derived functors. We denote them by Torn(N,−) and Torn(−,M), re-
spectively.

We have the following duality, which has also been stated in [17, Lemma 2.7]:

Proposition 3.19. Let P be a poset, and let N : Pop → Mod and M : P → Mod be

persistence modules, and letE be an injective k-module. Then there is a canonical k-isomorphism

  \Hom _k(\Tor _n(N,M), E) = \Ext ^n(M,\hom (N,E))    

for all n ∈ N.

Proof. Let F• →M → 0 be a projective resolution ofM . Thus,

  \Hom _k(\Tor _n(N,M), E) &= \Hom _k(H_n(N \otimes _{\posetC } F_{\bullet }), E) \\ &= H^n \Hom _k(N \otimes _{\posetC } F_{\bullet }, E) \\ &= H^n \Hom (F_{\bullet }, \hom (N,E)) \\ &= \Ext ^n(M, \hom (N,E)).     

   

 

 

3.3 Graded Modules

Graded rings and graded modules are basic concepts of commutative algebra [22, 23].
Carlsson and Zomorodian [10] showed their importance for topological data analysis in
a form of equivalence between the category of persistence module and the category of
graded modules. We also use this interpretation to deepen our knowledge about the
main objects of study.

Definition 3.20. Let S be a commutative ring with unity, and let G be a monoid. The
ring S isG-graded, if there are abelian groups Sa for a ∈ G such that

  S = \bigoplus _{a \in G} S_a, 





and SaSb ⊆ Sab for all a, b ∈ G.
Let S be a G-graded ring. An S-moduleM is G-graded, if there are abelian groups
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Ma for a ∈ G such that
  M = \bigoplus _{a \in G} M_a, 






and SaMb ⊆ Mab for all a, b ∈ G. A non-zero elementm ∈ Ma is called homogeneous

of degree a. We also set degm = a.
LetS be aG-graded ring, and letM andN beG-gradedS-modules. AnS-homomor-

phism f : M → N is a homomorphism of G-graded S-modules, if f(Ma) ⊆ Na for all
a ∈ G. TheG-graded modules form a category that is denoted byGgr-S-Mod.

Example 3.21. Let G be a monoid, and let k be a commutative ring with unity. The
monoid ring k[G] is aG-graded ring.

LetG be amonoid, letS be aG-graded ring, and letM be aG-gradedS-module. The
shift ofM by g ∈ G is the G-graded S-moduleM(g) that has componentsM(g)a =

Ma+g for all a ∈ G. Let N be another G-graded S-module. The graded Hom is the
G-graded S-module HomS(N,M) with components

  \grHom _{S}(N, M)_a = \Hom (N, M(a))  

for all a ∈ G 1. The functor HomS(N,−) is covariant and the functor HomS(−,M)

is contravariant. Both functors are left-exact. Thus, they have right derived functors.
As usual, they are denoted by ExtnS(N,−) and ExtnS(−,M) (n ∈ N), respectively.
Observe that

  \grExt ^n_S(N,M)_a = \Ext ^n(N,M(a)),  

for all a ∈ G and n ∈ N.
LetM andN beG-graded S-modules. The tensor productN⊗SM is an S-module.

It is naturallyG-graded. The grading is given by

  (N \otimes _S M)_{a} = \langle n \otimes m \mid n, m \text { homogeneous and } \deg n + \deg m = a \rangle .             

for all a ∈ G. In this case, we denote by N ⊗S M the graded tensor product. It is easy
to see that the tensor product commutes with shifts. In other words,

  (N \otimes _{S} M)(g) = N(g) \otimes _{S} M = N \otimes _{S} M(g)         

1IfG is an abelian group, then we also have HomS(N,M)a = Hom(N(−a),M) for all a ∈ G
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for all g ∈ G. Both N ⊗S − and − ⊗S M are right-exact functors. Hence, they have
the left derived functors, which are denoted byTorSn(N,−) andTorSn(−,M) (n ∈ N),
respectively. A G-graded S-module F is flat if the functor − ⊗S F is exact. Now, F is
flat if and only if TorS1 (−, F ) = 0.

Recall that a tuple (P,≤,+, 0) is called a partially ordered abelian group, if

• the pair (P,≤) is a poset;

• the triple (P,+, 0) is an abelian group;

• x ≤ y implies x+ z ≤ y + z for all x, y, z ∈ P .

For this dissertation, Zn and Rn (n ∈ Z+) are the most important examples of partially
ordered abelian groups.

For a partially ordered abelian group P , the basic up-set U0 is a submonoid, and
hence, it defines a monoid ring k[U0]. This monoid ring is not just U0-graded, but also
P -graded. The components outside of U0 are zero:

  k[U_0]_a = \begin {cases} k, &\text {if } a \in U_0; \\ 0, &\text {otherwise}. \end {cases} 

   



Theorem 3.22 ([7, Theorem 2.21]). Let (P,≤,+, 0) be a partially ordered abelian group.

There is an isomorphism

  \GradedMod {P}{k[U_0]} \cong \Fun (\posetC , \Mod ).  

This isomorphism is given by the functors:

  \Phi &\colon \GradedMod {P}{k[U_0]} \to \Fun (\posetC , \Mod ), \quad \Phi \Big ( \bigoplus _{p \in P} M_p \Big )_x = M_x; \\ \Psi &\colon \Fun (\posetC , \Mod ) \to \GradedMod {P}{k[U_0]}, \quad \Psi (M) = \bigoplus _{p \in P} M_p.   









    





Remark 3.23. Let (P,≤,+, 0) be a partially ordered abelian group. Due to the previous
isomorphism of categories, we identify a persistence moduleM over P with the corre-
sponding P -graded k[U0]-module. In particular, we will not use the functors Φ and Ψ

explicitly in the future.

Let P be a partially ordered abelian group, and let N be a P -graded k[U0]-module.
We write Nop for the persistence module over P op such that Nop

p = N−p for all p ∈
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P . The following Proposition 3.24 connects the graded tensor product and the tensor
product of functors.

Proposition 3.24. Let (P,≤,+, 0) be a partially ordered abelian group. Then for all P -graded

k[U0]-modulesM andN ,

  (N \otimes _{\coefRing } M)_p = N^{\op } \otimes _{\posetC } M(p) = N^{\op }(-p) \otimes _{\posetC } M.         

In particular,

  \grTorf {\coefRing }_n(N,M)_p = \Tor _n(N,M(p)) = \Tor _n(N^{\op }(-p), M) 
    



for all n ∈ N.

Proof. Let us first consider the caseM = k[Ux], where x ∈ P . We now have

  (N \otimes _{k[U_0]} k[U_x])_p &= (N \otimes _{k[U_0]} k[U_0](-x))_p \\ &= (N \otimes _{k[U_0]} k[U_0])_{p - x} \\ &= N_{p - x} = N^{\op }_{x - p} \\ &= N^{\op } \otimes _{\posetC } k[U_{x - p}] \\ &= N^{\op } \otimes _{\posetC } k[U_x](p).     
  

  


  

  

For the general case, let F2 → F1 → M → 0 be a free presentation ofM . In this
presentation, we have

  F_1 = \bigoplus _{x \in P} k[U_x]^{(n_x)} \quad \text {and} \quad F_2 = \bigoplus _{x \in P} k[U_x]^{(m_x)} 




  







for some cardinal numbers nx and mx (x ∈ P ). Since both tensor products are right-
exact functors, the rows of the commutative diagram

(N ⊗k[U0] F2)p (N ⊗k[U0] F1)p (N ⊗k[U0] M)p 0

Nop ⊗P F2(p) Nop ⊗P F1(p) Nop ⊗P M(p) 0

are exact. By the five lemma, (N⊗k[U0]M)p = Nop⊗PM(p). The other case is proven
similarly.
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Let P be a partially ordered abelian group, and let E be an injective cogenerator of
the category of k-modules. One choice for E is the injective envelope

  E\left ( \bigoplus _{\mathfrak {m}} k/{\mathfrak {m}} \right ), 









where the direct sum goes over all maximal ideals m ⊆ k [36]. When k is a field, this is
of course k. The Matlis dual (with respect to E) of a P -graded k[U0]-moduleM is the
P -graded k[U0]-moduleM∨ defined by

  (M^{\lor })_p = \Hom _k(M_{-p}, E)   

for all p ∈ P . Observe that if we denote by E[D0] the P -graded module k[U0]-module
that at p ∈ D0 is E and elsewhere zero, then we have

  M^{\lor } = \grHom _{k[U_0]}(M, E[D_0])  

for all P -graded k[U0]-modulesM . Therefore, we can see that the Matlis-duality defines
a contravariant functor (−)∨ : Ggr-k[U0]-Mod → Ggr-k[U0]-Mod. This functor is
also exact, because E[D0] is injective by Proposition 3.13 ii). In addition, a sequence
M → N → L of G-graded modules is exact if and only if L∨ → N∨ → M∨ is exact.
Some basic properties of Matlis dual are collected to the next proposition.

Proposition 3.25. Let (P,≤,+, 0) be a partially ordered abelian group, and let k be a field. If

M andN are P -graded k[U0]-modules, then

i) Homk[U0](M,N∨) = (M ⊗k[U0] N)∨;

ii) (M∨)∨ is naturally isomorphic toM , whenM is pointwise finite-dimensional;

iii) M∨ is injective if and only ifM is flat.

Proof. See [45, Lemma 11.16, Definition 11.15 and Lemma 11.23].

More details about the Matlis dual can be found, for example, in [40, Subsection 2.5].

3.4 Sheaves

Sheaf theory is the framework for the local-to-global -problems in mathematics. Due
to the prevalence of these problems, sheaf theory has been applied in many fields, from
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algebraic geometry to logics. In this section, we recall some basic definitions of sheaf
theory. More details can be found, for example, in [28, 33].

LetX be a topological space, and let Open(X) be the poset of its open sets.

Definition 3.26. The contravariant functorsF : Open(X)→Mod are called presheaves.
Thus, for every open setU , there is a section moduleF(U), and for every inclusionU ⊆ V
there is a restriction morphism resV,U : F(V )→ F(U). These restriction morphisms sat-
isfy

  \res _{U,U} = \id \text { and } \res _{V,U} \circ \res _{W,V} = \res _{W,U}        

for all open sets U ⊆ V ⊆W . If s ∈ F(V ), then we usually write s|U = resV,U (s) for
all U ⊆ V . The section module over an open set U of presheaf F is sometimes written
as Γ(U,F).

A presheaf F is a sheaf, if the sequence

  0 \to \mathcal {F}(U) \to \prod _{i \in I} \mathcal {F}(U_i) \to \prod _{i,j \in I} \mathcal {F}(U_i \cap U_j) 






 

is exact for all open U ⊆ X and its open covers (Ui)i∈I . Often, sheaves are defined
by using the gluing condition instead: For every open set U , its open cover {Ui}i∈I and
a family of compatible sections (si ∈ F(Ui))i∈I (i.e. si|Ui∩Uj = sj |Ui∩Uj for all i, j),
there exist a unique section s ∈ F(U) such that s|Ui = si for all i ∈ I . We denote by
Sh(X) the full subcategory of sheaves.

Definition 3.27. Let f : X → Y be a continuous map between topological spaces. If
F is a sheaf on X , then the direct image of F (along f ) is the sheaf f∗F on Y such that
(f∗F)(V ) = F(f−1(V )) for all open V ⊆ Y . If G is a sheaf on Y , then the inverse

image of G (along f ) is the sheaf f∗G on X that is the sheafification of the presheaf
U ↦→ lim−→V⊇f(U)

G(V ). These operations define functors

  f_* \colon \Sh (X) \to \Sh (Y) \quad \text {and} \quad f^* \colon \Sh (Y) \to \Sh (X),          

giving an adjoint pair (f∗, f∗).

Definition 3.28. LetX be a topological space, and let F be a sheaf onX . The support of
F is the set

  \supp (\mathcal {F}) = \{ x \in X \mid \mathcal {F}_x \not = 0 \}.        
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If s ∈ F(U) is a section over an open set U ⊆ X , then its support is the set

  \supp (s) = \{ x \in U \mid s_x \not = 0 \}.        

Definition 3.29. Let X be a topological space with a basis B. A contravariant functor
F : B → Mod is a B-sheaf, if it satisfies the following gluing condition: Given any
B ∈ B, an open cover (Bi ∈ B)i∈I with B =

⋃︁
i∈I Bi, and a family of compatible

sections (si ∈ F(Bi))i∈I (i.e. si|B′ = sj |B′ for all B′ ∈ B with B′ ⊆ Bi ∩ Bj), then
there exist a unique section s ∈ F(B) such that s|Bi = si for all i ∈ I .

Sheaves and B-sheaves are essentially the same thing. Firstly, every sheaf defines a B-
sheaf by forgetting all the unnecessary sections. Conversely, aB-sheafF defines a unique
sheaf (also denoted by F ), whose section modules are defined by the inverse limits

  \mathcal {F}(U) = \varprojlim _{\mathcal {B} \ni B \subseteq U} \mathcal {F}(B),  




for an open subset U ⊆ X . See, for example, [19, Proposition I-12]. Many arguments in
this thesis are based on the notion of a B-sheaf.

Curry showed in his dissertation [15] that the category of persistence modules over a
poset P is equivalent to the category of sheaves on the Alexandrov topology.

Theorem 3.30 ([15, Theorem 4.2.10]). Let P be a poset. There is an equivalence

  \Sh (P^a) \simeq \Fun (\posetC , \Mod ).   

This equivalence is given by the functors:

  (-)^{\dagger } \colon \Fun (\posetC , \Mod ) \to \Sh (P^a) \quad \text {and} \quad \Phi \colon \Sh (P^a) \to \Fun (\posetC , \Mod )        

that satisfy

  (M^{\dagger })(U) = \varprojlim _{x \in U} M_x \quad \text {and} \quad (\Phi (\mathcal {F}))_p = \mathcal {F}(U_p)   


   

for all up-sets U ⊆ P and p ∈ P .

Remark 3.31. Note that by using the concrete structure of the limit of k-modules, we get

  M^{\dagger }(U) = \varprojlim _{x \in U} M_x = \Biggl \{ (m_x)_{x \in U} \in \prod _{x \in U} M_x \ \Big \vert \ M(x \le y)(m_x) = m_y \Biggr \}.  












   




48



We will use the equivalence of Theorem 3.30 frequently, and without a specific mention.
This means that we see every persistence module as a sheaf, and for brevity writeM(U)

instead ofM †(U).

The section modules ofM † can also be defined by utilizing the Hom-functor. This
fact has also been stated in [6, Remark 7.2].

Proposition 3.32. Let P be a poset. ThenM †(U) = Hom(k[U ],M) for all up-sets U ⊆ P .

Proof. By Remark 3.31, this follows directly from the definitions.

3.5 Cosheaves

Cosheaves are a dual concept to that of sheaves. Although all the basic definitions are
similar, there are results that differ greatly. Read more about general cosheaves from [5]
and cosheaves in the Alexandrov topology from [15].

LetX be a topological space, and let Open(X) be the poset of its open sets.

Definition 3.33. The covariant functors ˆ︁F : Open(X)→Mod are called precosheaves.
Thus, for every open setU , there is a cosection module ˆ︁F(U), and for every inclusionU ⊆
V , there is an extension morphism εU,V : ˆ︁F(U) → ˆ︁F(V ). These extension morphisms
satisfy

  \ext _{U,U} = \id \text { and } \ext _{V,W} \circ \ext _{U,V} = \ext _{U,W}        

for all open sets U ⊆ V ⊆ W . The cosections over an open set U of precosheaf ˆ︁F is
sometimes written as L(U, ˆ︁F).

A precosheaf ˆ︁F is a cosheaf, if the sequence  \bigoplus _{i,j \in I} \widehat {\mathcal {F}}(U_i \cap U_j) \to \bigoplus _{i \in I} \widehat {\mathcal {F}}(U_i) \to \widehat {\mathcal {F}}(U) \to 0 


 



 

is exact for all openU ⊆ X and its open covers (Ui)i∈I . The full subcategory of cosheaves
is denoted byCoSh(X).

A (pre)cosheaves ˆ︁F have costalks, ˆ︁Fx = lim←−U∋x
ˆ︁F(U) for all x ∈ X . It is well-

known that the inverse limit is not generally an exact functor, which also means that the
costalks are not exact. This is one of the difficulties with cosheaves. Another problem is
the non-existence of a general cosheafification. However, a cosheafification exists in the
case of cosheaves with values in the k-vector spaces [15, Corollary 2.5.21].
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Definition 3.34. Let f : X → Y be a continuous map between topological spaces, and
let ˆ︁F be a (pre)cosheaf onX . The direct image (along f ) is the (pre)cosheaf f∗ ˆ︁F on Y such
that (f∗ ˆ︁F)(U) = ˆ︁F(f−1(U)) for all open U ⊆ Y . This operation defines a functor
f∗ : CoSh(X)→ CoSh(Y ).

For our purposes, it is enough to assume that the topological space is a poset equipped
with the Alexandrov topology.

Theorem 3.35 ([15, Theorem 4.2.10]). Let P be a poset. There is an equivalence

  \CoSh (P^{\op }) = \Fun (\posetC , \Mod ).   

This equivalence is given by the functors

  \hat {(-)} \colon \Fun (\posetC , \Mod ) \to \CoSh (P^{\op }) \quad \text {and} \quad \Phi \colon \CoSh (P^{\op }) \to \Fun (\posetC , \Mod )        

that satisfy

  \hat {M}(D) = \varinjlim _{x \in D} M_x \quad \text {and} \quad (\Phi (\widehat {\mathcal {F}}))_p = \widehat {\mathcal {F}}(D_p)   


    

for all down-setsD ⊆ P and p ∈ P .

Proposition 3.36. Let P be a poset. Then M̂(D) = k[D]⊗P M for all down-setsD ⊆ P .

Here k[D] denotes the indicator module over P op with the supportD.

Proof. By definition, the tensor product k[D]⊗P M is the quotient  \bigoplus _{p \in D} M_p \ \Big / \ \Bigr \langle m_y - M(x \le y)(m_x) \ \Bigr | \ m_x \in M_x, m_y \in M_y \Bigr \rangle . 





  

 




But this is exactly the concrete structure of the colimit lim−→x∈DMx.
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4 SEMI-CONTINUOUS MODULES AND SCOTT

SHEAVES

In this chapter we investigate semi-continuous modules and their relationship to Scott
sheaves. There are two definitions for the semi-continuous modules over R: one topo-
logical and one categorical. In [50, p. 33], a persistence module M over R is (lower)
semi-continuous if for all p ∈ R there is ε > 0 such thatM(x ≤ y) is an isomorphism
for all p− ε < x ≤ y ≤ p. On the other hand, several authors (for example [12, 56, 57])
say thatM is lower semi-continuous if the canonical morphism

  \varinjlim _{x < p} M_x \to M_p 




is an isomorphism for all p ∈ R. By utilizing the decomposition of M into interval
modules [14], one can see that these definitions coincide in the case of pointwise finite-
dimensional persistence modules (see Remark 4.18). In this chapter, we follow the latter
definition to generalize the notion of semi-continuity to more general posets. This is
done by replacing the strict partial order relation with the way-below relation.

We start this chapter by investigating the adjoint triple (j∗, j∗, j!) induced by the
identity map j : P a → P σ . In Section 4.2, we introduce semi-continuous modules and
show how they are related to the above-mentioned adjoint triple. Moreover, we define
the so-called Scott-radical, Scott-socle, and Scott-top in Section 4.3. We continue investi-
gating their homological properties in Section 4.4. We also point out how the Scott-socle
behaves a lot like the local cohomology, as IntU0 fills the role of Proj of a graded ring
in an exact sequence and an isomorphism analogous to those in the Serre-Grothendieck
correspondence of sheaf cohomology and local cohomology.
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4.1 Adjoint Triple (j∗, j∗, j
!)

Let P be a continuous poset. We use notations P a and P σ for the poset P endowed
with the Alexandrov topology and the Scott topology, respectively. The Scott topology
is coarser than the Alexandrov topology. Therefore, the identity map j : P a → P σ is
continuous. This continuous map induces classical direct and inverse images

  j_* \colon \Sh (P^{a}) \to \Sh (P^{\sigma }) \quad \text {and} \quad j^* \colon \Sh (P^{\sigma }) \to \Sh (P^{a}).  
        

Note that these functors satisfy formulas

  (j_*M)(\Int U_p) = M(\Int U_p) \quad \text {and} \quad (j^*\mathcal {F})_p = \mathcal {F}_p     

for all p ∈ P . Due to the equivalence of persistence modules and Alexandrov sheaves
(Theorem 3.30), we also think j∗ and j∗ as functors

  j_* \colon \Fun (\posetC , \Mod ) \to \Sh (P^{\sigma }) \quad \text {and} \quad j^* \colon \Sh (P^{\sigma }) \to \Fun (\posetC , \Mod )          

for the corresponding functors. We will now define a third functor, which turns out to
be the right adjoint of j∗.

Definition 4.1. Let P be a continuous poset. We define a functor

  j^! \colon \Sh (P^{\sigma }) \to \Fun (\posetC , \Mod )    

by setting
  (j^! \mathcal {F})_p = \mathcal {F}(\Int U_p)  

for all Scott sheaves F and p ∈ P . The internal morphisms of j!F are just restrictions.

Proposition 4.2. Let P be a continuous poset. The functor j! : Sh(P σ) → Fun(P,Mod)

is left-exact.

Proof. At every point p ∈ P the value (j!F)p is a section module of a Scott sheaf F .
The section functors Γ(IntUp,−) are left-exact functors by classical sheaf theory ([28,
p. 92]).

We can describe the sections of j!F as follows:
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Proposition 4.3. Let P be a continuous poset. For every Scott sheaf F on P σ and every up-set

U ⊆ P , we have (j!F)(U) = F(IntU).

Proof. By Proposition 2.20 the collection {IntUp}p∈P is a basis of the Scott topology.
Now we obtain our claim

  (j^! \mathcal {F})(U) = \varprojlim _{x \in U} (j^! \mathcal {F})_x = \varprojlim _{x \in U} \mathcal {F}(\Int U_x) = \mathcal {F}(\Int U).  


 

 

In Propositions 4.4 and 4.5, we establish some basic properties concerning the func-
tors j∗, j∗, and j!. In consequence, we obtain an adjoint triple (j∗, j∗, j!).

Proposition 4.4. Let P be a continuous poset. Then

i) the pair (j∗, j!) is an adjoint pair;

ii) j∗j! = id;

iii) the functor j! is fully faithful.

In particular, j∗ is exact.

Proof. i) LetM ∈ Fun(P,Mod) and F ∈ Sh(P σ). It is easy to define a map

  \Hom (j_*M, \mathcal {F}) \to \Hom (M, j^! \mathcal {F})  

by mapping a morphism φ : j∗M → F to the morphism, which at p is the composition

  M_p = M(U_p) \overset {\res }{\to } M(\Int U_p) \overset {\varphi }{\to } \mathcal {F}(\Int U_p). 




In order to define the inverse, we need gluing. A morphism f : M → j!F gives k-
homomorphisms fp : Mp → F(IntUp) for all p ∈ P . If s ∈ M(IntUp) then the
restrictions s|Ux are mapped to F(IntUx) for all x ∈ Int(Up). These images are com-
patible, so we can glue them together, and get a unique section over

⋃︁
x≫p IntUx. But

this union is IntUp by Proposition 2.20, because P is continuous. This defines the in-
verse, proving i).

ii) Now

  (j_* j^! \mathcal {F})(\Int U_p) = (j^! \mathcal {F})(\Int U_p) = \mathcal {F}(\Int \Int U_p) = \mathcal {F}(\Int U_p) 
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for all F ∈ Sh(P σ) and p ∈ P . Since the collection {Int(Up)}p∈P is a basis of the
Scott topology, we have j∗j!F = F , and hence, j∗j! = id.

iii) By general category theory, the right adjoint j! is fully faithful if and only if the
counit morphism is an isomorphism [38, IV.3, Theorem 1], which proves iii).

The j∗ is right exact, as it is a left adjoint.

Proposition 4.5. Let P be a continuous poset. Then

i) the pair (j∗, j∗) is an adjoint pair;

ii) j∗j∗ = id;

iii) the functor j∗ is fully faithful.

Proof. i) This is standard sheaf theory. See, for example [28, p. 98].
ii) Now by the previous proposition, we have

  \Hom (j_* j^* \mathcal {F}, \mathcal {G}) = \Hom (j^* \mathcal {F}, j^! \mathcal {G}) = \Hom (\mathcal {F}, j_* j^! \mathcal {G}) = \Hom (\mathcal {F}, \mathcal {G}). 
           

for all F ,G ∈ Sh(P σ). By Yoneda’s lemma j∗j∗F = F , and hence, j∗j∗ = id.
iii) This follows from i) and ii), just as in the previous proposition.

Definition 4.6. Let P be a poset, and letM be a persistence module over P . Set

  \underline {M}_p = \varprojlim _{x \gg p} M_x \quad \text {and} \quad \overline {M}_p = \varinjlim _{x \ll p} M_x  


   




for all p ∈ P . These operations actually define persistence modules: The internal mor-
phisms are given by the universal properties of the limit and the colimit. Thus, we obtain
endofunctors

  \underline {(-)}, \, \overline {(-)} \colon \Fun (\posetC , \Mod ) \to \Fun (\posetC , \Mod ).    

Remark 4.7. LetM be a persistence module over a poset P , and let p ∈ P . The module
Mp is now the module of sectionsM †(IntUp). In contrast, the moduleMp coincides
with the module of cosections M̂(

↠

p).

Remark 4.8. It is easy to see that our definition is a natural extension of the definitions
given in [12, Definition 2.8 and Remark 2.10], [56, Definition 1.1], and [57, Definition
2.6.9]. Definition 4.6 is also related to the upper and lower boundary functors introduced
by Miller in [40, Definitions 3.11 and 11.1]. Given a polyhedral closed proper convex cone
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γ ⊆ Rn with a non-empty interior and a face τ of γ, Miller defined the upper boundary
atop and the lower boundary beneath the interior of τ by the formulas

  (\delta ^{\tau }M)_{\bm {p}} = \varinjlim _{\bm {x} \in \bm {p} - \Int \tau } M_{\bm {x}} \quad \text {and} \quad (\partial ^{\tau }M)_{\bm {p}} = \varprojlim _{\bm {x} \in \bm {p} + \Int \tau } M_{\bm {x}}  


   




for all p ∈ Rn. In the case τ = γ, Miller’s δγM and ∂γM are now exactlyM andM ,
respectively, since the indexing sets are the same by Proposition 2.37.

The following Lemma 4.9 connects the adjoint triple (j∗, j∗, j!) to the functors in-
troduced in Definition 4.6. It will play a crucial role in the sequel. For example, it is used
often in Chapter 6.

Lemma 4.9. Let P be a continuous poset. Then for all persistence modulesM over P

i) M = j!j∗M ;

ii) M = j∗j∗M .

In particular, the unit and the counit of the adjunctions (j∗, j!) and (j∗, j∗) correspond to the

canonical morphismsM →M andM →M , respectively.

Proof. i) Simply

  (j^! j_* M)_p = (j_*M)(\Int U_p) = M(\Int U_p) = \varprojlim _{x \gg p} M_x = \underline {M}_p     




for all p ∈ P .
ii) Since the collection {IntUp}p∈P forms a basis of the Scott topology, we have

  (j^* j_*M)_p = (j_* M)_p = \varinjlim _{p \in \Int (U_x)} j_*M(\Int U_x) = \varinjlim _{x \ll p} M(\Int U_x).    


 




for any p ∈ P . On the other hand,

  \overline {M}_p = \varinjlim _{x \ll p} M_x = \varinjlim _{x \ll p} M(U_x).  


 




Let us show that these direct limits are isomorphic. Firstly, the restrictionsM(Ux) →
M(IntUx) induce a morphismMp → (j∗j∗M)p. The inverse is constructed similarly.
For every x ≪ p, we have x ≪ y ≪ p for some y. Hence, we have the restriction
morphismM(IntUx)→M(Uy). These induce the morphism (j∗j∗M)p →Mp.
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Lemma 4.10. Let P be a continuous poset. Then for all persistence modulesM andN over P ,

we have

  \Hom (\overline {N},M) = \Hom (j_*N, j_*M) = \Hom (N, \underline {M}).     

Proof. This follows from Proposition 4.4, 4.5 and 4.9,

  \Hom (\overline {N}, M) &= \Hom (j^*j_*N, M) = \Hom (j_*N, j_*M) \\ &= \Hom (N, j^!j_*M) = \Hom (N, \underline {M}).    

   

For continuous posets that are also partially ordered abelian groups, the functors (−)
and (−) of Definition 4.6 commute with the graded Hom and the tensor product:

Proposition 4.11. Let P be a continuous poset that is also a partially ordered abelian group, and

letM andN be persistence modules over P . Then

i) Homk[U0](N,M) = Homk[U0](N,M) = Homk[U0](N,M);

ii) N ⊗k[U0] M = N ⊗k[U0] M = N ⊗k[U0] M .

Proof. i) Now for all p ∈ P

  \underline {\grHom _{k[U_0]}(N,M)}_p &= \varprojlim _{x \gg p} \grHom _{k[U_0]}(N,M)_x = \varprojlim _{x \gg p} \Hom (N,M(x)) \\ &= \Hom (N, \varprojlim _{x \gg p} M(x)) = \Hom (N, \underline {M}(p)) \\ &= \grHom _{k[U_0]}(N,\underline {M})_p.





 




 


 



On the other hand,

  \underline {\grHom _{k[U_0]}(N,M)}_p &= \varprojlim _{x \gg p} \grHom _{k[U_0]}(N,M)_x = \varprojlim _{x \gg p} \Hom (N(-x),M) \\ &= \Hom (\varinjlim _{x \gg p} N(-x), M) = \Hom (\overline {N}(-p), M) \\ &= \grHom _{k[U_0]}(\overline {N},M)_p.





 







 



ii) As a left adjoint, the tensor product commutes with direct limits. In particular, by
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utilizing Proposition 3.24 we have for all p ∈ P

  (\overline {N \otimes _{k[U_0]} M})_p &= \varinjlim _{x \ll p} (N \otimes _{k[U_0]} M)_x = \varinjlim _{x \ll p} (N \otimes _{\posetC } M(x)) \\ &= N \otimes _{\posetC } \varinjlim _{x \ll p} M(x) = N \otimes _{\posetC } \overline {M}(p) \\ &= (N \otimes _{k[U_0]} \overline {M})_p.   


   


 

  


   

  

The other equality follows from the commutativity of the tensor product.

Proposition 4.12. Let P be a continuous poset that is also a partially ordered abelian group.

Then for all persistence modulesM there is a Matlis duality:

  \overline {M}^{\lor } = \underline {M^{\lor }}. 



Proof. Simply by the previous proposition

  \overline {M}^{\lor } = \grHom _{k[U_0]}(\overline {M}, E[D_0]) = \underline {\grHom _{k[U_0]}(M, E[D_0])} = \underline {M^{\lor }}. 

   

4.2 Semi-continuous Modules

Definition 4.13. Let P be a continuous poset. A persistence moduleM over P is called
upper semi-continuous, if the canonical morphism M → M is an isomorphism. Dually,
M is lower semi-continuous, if the canonical morphism M → M is an isomorphism.
We denote the full subcategories of upper semi-continuous modules and lower semi-
continuous modules by Func(P,Mod) and Func(P,Mod), respectively.

Remark 4.14. Let P be a poset, and letM be a persistence module over P . If p ∈ P is
an compact element, then

  \underline {M}_p = \varprojlim _{x \gg p} M_x = M_p \quad \text {and} \quad \overline {M_p} = \varinjlim _{x \ll p} M_x = M_p.  


    




Now, consider a poset P , where every element is compact (for example, a locally finite
poset), so thatM = M = M . Therefore, in this case, every persistence module over
P is both upper and lower semi-continuous. Sometimes we restrict our investigations to
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posets P in which p ̸≪ p for all p ∈ P (see Propositions 4.19 and 4.31).

Proposition 4.15. Let P be a continuous poset. Then a persistence moduleM over P is lower

semi-continuous, if for all p ∈ P there exists q ≪ p such thatM restricted to the interval [q, p]

is a constant module.

In particular, the interval modules k[D] and k[U ] are lower semi-continuous for all Scott-

closedD ⊆ P and Scott-open U ⊆ P .

Proof. The direct limit can be computed from a cofinal subset. Thus, for all p ∈ P ,

  \overline {M}_p = \varinjlim _{x \ll p} M_x = \varinjlim _{q \ll x \ll p} M_x = M_p,  


 




which shows the lower semi-continuity ofM .

Proposition 4.16. Let P be a continuous poset such that the sets IntUp are downward-directed

for all p ∈ P . Then a persistence moduleM over P is upper semi-continuous, if for all p ∈ P ,

there exists q ≫ p such thatM restricted to the interval [p, q] is a constant module.

In particular, the interval modules k[D] and k[U ] are upper semi-continuous for all open

down-setsD ⊆ Rn and closed up-sets U ⊆ Rn.

Proof. This is proven as Proposition 4.15. If IntUp = ↠p is downward-directed, then the
coinitial subset {x ∈ P | p ≪ x ≪ q} is connected so that the limit lim←−p≪x≪q

Mx

coincides withMp.

Remark 4.17. The extra assumption about the sets IntUp is necessary in Proposition 4.16.
To see this, let us consider the poset R∗ = R∪ {a, b, c}, where a < b, a < c and x < a

for all x ∈ R. As a constant persistence module k[R∗] trivially satisfies the criterion of
Proposition 4.16. However, it is not upper semi-continuous: Since IntUa = {b, c}, we
have

  \underline {k[\Rset ^*]}_{a} = \varprojlim _{x \in \Int U_{a}} k[\Rset ^*]_x = k^2 \not = k = k[\Rset ^*]_{a}. 





     

This additional assumption is, of course, satisfied in partially ordered abelian groups like
Rn.

Remark 4.18. Let k be a field. In [50, p. 33], a persistence module M is defined to be
(lower) semi-continuous if for all p ∈ R there is ε > 0 such that M(x ≤ y) is an
isomorphism for all p − ε < x ≤ y ≤ p. IfM is pointwise finite-dimensional, then
this notion coincides with the lower semi-continuity of Definition 4.13. To see this, note
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thatM has a decomposition into interval modules by [14]. The interval modules are of
the form k[p, q], k[p, q[, k]p, q] or k]p, q[, where p, q ∈ R and p = −∞ and q =∞ are
allowed for the open endpoints. Out of these indicator modules only k]p, q] and constant
persistence module k[R] itself are lower semi-continuous in both terminologies. Thus, a
pointwise finite-dimensional is lower semi-continuous if and only if it is a finite direct
sum of interval modules of these type if and only if it is lower semi-continuous in the
language of [50].

Proposition 4.19. Let P be a continuous poset with p ̸≪ p for all p ∈ P , and let M be a

persistence module over P . Then

i) M is not lower semi-continuous if suppM contains a minimal element with respect to

the way-below relation;

ii) M is not upper semi-continuous if suppM contains a maximal element with respect to

the way-below relation.

In particular,

iii) a non-zero finitely generated persistence module is not lower semi-continuous;

iv) a non-zero finitely co-generated persistence module is not upper semi-continuous.

In this proposition, an element p ∈ P is called a minimal (resp. maximal) element of
a subset S ⊆ P with respect to the way-below relation, if p ∈ S and S ∩

↠

p ⊆ {p} (resp.
S ∩ ↠p ⊆ {p}). Note that any minimal element is also minimal with respect to the
way-below relation, since

↠

p ⊆ Dp for all p ∈ P .

Proof. i) Let p ∈ suppM be a minimal element with respect to the way-below relation.
In other words, suppM ∩

↠

p ⊆ {p}. Since p ̸≪ p, we have suppM ∩

↠

p = ∅. Thus,

  \overline {M}_p = \varinjlim _{x \ll p} M_x = 0 \not = M_p.  


  

ii) This is proven as i).
iii) If M is finitely generated, then there exist an exact sequence

⨁︁n
i=1 k[Uxi ] →

M → 0 with xi ∈ P (i = 1, . . . , n). By removing the unnecessary summands, we
can assume that the set {x1, . . . , xn} is minimal. Moreover, it cannot be empty, since
M is non-zero. Therefore, {x1, . . . , xn} is a non-empty finite subset of suppM . Thus,
it contains a minimal element, which is also a minimal element of suppM . By i), we
conclude thatM is not lower semi-continuous.
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iv) This is proven as iii).

Lemma 4.9 has three simple consequences.

Proposition 4.20. Let P be a continuous poset. Then

i) lower semi-continuous modules are closed under all direct sums;

ii) upper semi-continuous modules are closed under all products.

Proof. i) LetMi (i ∈ I) be lower semi-continuous modules over P . By Lemma 4.9,

  \overline {\bigoplus _{i \in I} M_i} = j^*j_*\bigoplus _{i \in I} M_i = \bigoplus _{i \in I} j^*j_* M_i = \bigoplus _{i \in I} \overline {M_i} = \bigoplus _{i \in I} M_i, 


 

















since left adjoints commute with colimits, in particular, direct sums.
ii) This is proven as i).

Proposition 4.21. Let P be a continuous poset, and letM be a persistence module over P . Then

i) M =M ;

ii) M =M ;

iii)
(︁
M
)︁
=M ;

iv) (M) =M

In particular, the persistence module M (resp. M ) is upper semi-continuous (resp. lower semi-

continuous).

Proof. All items follow from Lemma 4.9 using Propositions 4.4 and 4.5.

Recall that if F : A → B is a functor, then its essential image Im(F ) is the full sub-
category of B consisting of objectsB ∈ B such that there is an isomorphismB ∼= F (A)

for some A ∈ A.

Proposition 4.22. Let P be a continuous poset. Then

i) Im(j!) = Func(P,Mod);

ii) Im(j∗) = Func(P,Mod).
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Proof. The proofs are similar, so we only prove i). Note first that Func(P,Mod) is
closed with respect to isomorphic objects. If F ∈ Sh(P σ), then j!F is upper semi-
continuous, since by Lemma 4.9 i) and Proposition 4.4 iii), j!F = j!j∗j

!F = j!F .
On the other hand, if M is an upper semi-continuous module, then M → M is an
isomorphism. Thus, by Lemma 4.9 i),M is isomorphic to j!j∗M .

Our next goal is to show that there exist equivalences between the category of Scott
sheaves and the categories of semi-continuous modules of both types. The groundwork
has already been laid in Propositions 4.4, 4.5, and Lemma 4.9.

Theorem 4.23. Let P be a continuous poset. Then following categories are equivalent:

• the category of Scott sheaves;

• the full subcategory of upper semi-continuous modules;

• the full subcategory of lower semi-continuous modules.

These equivalences are given by the functors

Func(P,Mod) Sh(P σ) Func(P,Mod)
j∗

j! j∗

j∗

It follows, in particular, that Func(P,Mod) and Func(P,Mod) are abelian categories.

Proof. We only show the equivalence between the Scott sheaves and the upper semi-
continuous modules. The case of lower semi-continuous modules is proved similarly. By
Proposition 4.4 ii), j! is fully faithful, and every fully faithful functor induces an equiv-
alence from its domain to the essential image (see, for example, [38, IV.4, Theorem 1]).
Thus, the category of Scott sheaves is equivalent to the full subcategory of upper semi-
continuous persistence modules by Proposition 4.22 i).

Proposition 4.24. Let P be a continuous poset. A finitely Scott encoded persistence moduleM

is lower semi-continuous.

Proof. There is a Scott-continuous map f : P → F to a finite poset F and a pointwise
finitely generated persistence module N over F such that M = f∗N . Since the map

f is Scott-continuous, the map fa factors as P a j→ P σ f→ F σ = F a. Therefore,
also the inverse image factors, and we getM = (fa)∗N = j∗f∗N . NowM is lower
semi-continuous by Proposition 4.22 ii).
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Example 4.25. The so-called finitely determined modules over the poset Rn are good
examples of finitely Scott encoded modules. Following [39, Example 2.8], a persistence
module is finitely determined if it is finitely encoded by some convex projection. Fora, b ∈
Zn, we denote by [a, b] the corresponding closed interval in Zn. The convex projection

π : Rn → [a, b] is defined by the formula π(x) = (π1(x1), . . . , πn(xn)), where

  \pi _i(x_i) = \max (a_i, \min (\lceil x_i \rceil , b_i))   

for all i = 1, . . . , n. Note that the restriction Zn → [a, b] maps a point to the closest
point in the box [a, b]. The max-function, the min-function, and the ceiling function
are Scott-continuous by Examples 2.29 and 2.30 Thus, convex projections are Scott con-
tinuous as a tuple of Scott-continuous maps. It therefore follows from Proposition 4.24
that every finitely determined module is lower semi-continuous.

In the next two proposition, we show that the graded Hom and the tensor product
are compatible with semi-continuous modules.

Proposition 4.26. Let P be a continuous poset that is also a partially ordered abelian group. Let

M andN be a persistence modules over P . Then

i) Homk[U0](N,M) is upper semi-continuous ifN is upper semi-continuous orM is lower

semi-continuous;

ii) N ⊗k[U0] M is lower semi-continuous ifN orM is lower semi-continuous.

Proof. i) IfM is upper semi-continuous, then by Proposition 4.11 i),

  \underline {\grHom _{k[U_0]}(N,M)} = \grHom _{k[U_0]}(N, \underline {M}) = \grHom _{k[U_0]}(N, M)   

On the other hand, ifN is lower semi-continuous, then

  \underline {\grHom _{k[U_0]}(N,M)} = \grHom _{k[U_0]}(\overline {N}, M) = \grHom _{k[U_0]}(N, M)   

ii) This is shown similarly but by using Proposition 4.11 ii).

Proposition 4.27. Let P be a continuous poset that is also a partially ordered abelian group.

Then a persistence module M is lower semi-continuous if and only if the Matlis dual M∨ is

upper semi-continuous.
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Proof. By Proposition 4.12,

  M^{\lor } \text { is upper semi-continuous} &\iff M^{\lor } \to \underline {M^{\lor }} \text { is an isomorphism} \\ &\iff M^{\lor } \to \overline {M}^{\lor } \text { is an isomorphism} \\ &\iff \overline {M} \to M \text { is an isomorphism} \\ &\iff M \text { is lower semi-continuous}.        

 
  

    

   

4.3 Radical, Socle and Top

The radical, socle, and top of a module are well-known notions in commutative algebra
and representation theory. They have also found their place in the theory of topological
data analysis [39, Definitions 6.22 and 12.10]. We give our variants in the following

Definition 4.28. LetP be a continuous poset. The Scott-radical of a persistencemoduleM
is the submodule radσ(M) = Im(M →M), the Scott-socle the submodule socσ(M) =

Ker(M →M), and the Scott-top the quotientmodule topσ(M) =M/ radσ(M). More
explicitly

  \Rad ^{\sigma }(M)_p = \bigcup _{x \ll p} \ImF M(x \le p) \quad \text {and} \quad \soc ^{\sigma }(M)_p = \bigcap _{x \gg p} \Ker M(p \le x) 



    



 

for all p ∈ P . Note that the index set in the formula for the Scott-radical is

↠

p, which is
directed, since the poset is continuous. Therefore, the union of images is a well-defined
submodule.

Example 4.29. Let P be a continuous poset. It follows immediately from the above for-
mulas and the basic properties of the way-below relation that for all up-sets U ⊆ P and
down-setsD ⊆ P :

radσ(k[U ]) = k[IntU ];i) radσ(k[D]) = k[D];ii)

socσ(k[U ]) = k[U ↠];iii) socσ(k[D]) = k[D \

↠

D];iv)

topσ(k[U ]) = k[U \ IntU ];v) topσ(k[D]) = 0;vi)

where in iii), U ↠ = {x ∈ U | ↠x = ∅}.
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We now express the Scott-socle and the Scott-top in terms of the Hom and tensor
product, respectively:

Proposition 4.30. LetP be a continuous poset, and letM be a persistence module overP . Then

the following formulas hold for all p ∈ P :

i) socσ(M)p = Hom(k[Up]/k[IntUp],M);

ii) topσ(M)p = (k[Dp]/k[

↠

p])⊗P M .

Proof. i) Consider the short exact sequence

  0 \to k[\Int U_p] \to k[U_p] \to k[U_p] / k[\Int U_p] \to 0.    

An application of the functor Hom(−,M) yields the exact sequence

  0 \to \Hom (k[U_p] / k[\Int U_p], M) \to \Hom (k[U_p], M) \to \Hom (k[\Int U_p], M).   

By Proposition 3.32, we have

  \Hom (k[U_p], M) = M(U_p) = M_p \quad \text {and} \quad \Hom (k[\Int U_p], M) = M(\Int U_p)     

Thus,

  \Hom (k[U_p] / k[\Int U_p], M) &= \Ker (\Hom (k[U_p], M) \to \Hom (k[\Int U_p], M)) \\ &= \Ker (M(U_p) \to M(\Int U_p)) \\ &= \soc ^{\sigma }(M)_p.  





ii) This is proven similarly, but by using the formula

  \hat {M}(D) = \varinjlim _{x \in D} M_x = k[D] \otimes _{\posetC } M,   


  

of Lemma 3.36, and the exact sequence

  0 \to k[{\twoheaddownarrow } p] \to k[D_p] \to k[D_p] / k[{\twoheaddownarrow } p] \to 0 



 





over the opposite poset P op.

We can now prove a variant of Nakayama’s lemma and its dual.
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Proposition 4.31. Let P be a continuous poset with p ̸≪ p for all p ∈ P , and let M be a

persistence module over P .

i) IfM is finitely generated and topσ(M) = 0, thenM = 0.

ii) IfM is finitely co-generated and socσ(M) = 0, thenM = 0;

Proof. We only show ii), the proof for i) being similar. Observe first that IntUp ⊆ Up \
{p}, since p ̸≪ p. The proof is done by contradiction. IfM ̸= 0, then, by mirroring the
proof of Proposition 4.19, the support suppM has a maximal element p0. Thus,

  \soc ^{\sigma }(M)_{p_0} &= \bigcap _{x \gg p_0} \Ker M(p_0 \le x) \\ &\supseteq \bigcap _{x > p_0} \Ker M(p_0 \le x) \\ &= \bigcap _{x > p_0} M_{p_0} = M_{p_0} \not = 0,




 





 





  

which is a contradiction.

Remark 4.32. The assumption p ̸≪ p is essential for the previous proposition. For ex-
ample, overZn the Scott-top is the zero functor, since radσ(M) =M for all persistence
modulesM over Zn.

Remark 4.33. Let P be a continuous poset that is also a partially ordered abelian group.
Recall that there is an isomorphism between persistence modules over P and P -graded
k[U0]-modules (see Theorem 3.22). Now k[IntU0] is a homogeneous ideal of k[U0]. Let
M be a P -graded k[U0]-module. It follows directly from the definitions that the Scott-
radical ofM is now the submodule k[IntU0]M , and the Scott-socle the annihilator

  \soc ^{\sigma }(M) = \Ann _M(k[\Int U_0]) = \{ m \in M \mid k[\Int U_0] m = 0 \}.          

On the other hand, the Scott-socle and the Scott-top can be written in terms of the
graded Hom and tensor product:

i) socσ(M) = Homk[U0](k[U0]/k[IntU0],M);

ii) topσ(M) = (k[U0]/k[IntU0])⊗k[U0] M .

Both items follow straight from Proposition 4.30 and the formulas k[Up] = k[U0](−p)
and k[IntUp] = k[IntU0](−p), where p ∈ P . For item ii), note also that by reversing
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the order, we have
  (k[U_0] / k[\Int U_0])^{\op } = k[D_0]/ k[{\twoheaddownarrow } 0]. 

 





These formulas also imply a Matlis duality.

Proposition 4.34. Let P be a continuous poset that is also a partially ordered abelian group,

and let k be a field. Then for a persistence modulesM over P ,

  \soc ^{\sigma }(M^{\lor }) = \topf ^{\sigma }(M)^{\lor },  

Proof. By Proposition and 3.25 i) and the previous remark,

  \soc ^{\sigma }(M^{\lor }) &= \grHomf {\coefRing }(k[U_0]/k[\Int U_0], M^{\lor }) \\ &= (k[U_0]/k[\Int U_0] \otimes _{\coefRing } M)^{\lor } \\ &= \topf ^{\sigma }(M)^{\lor }. 


 



4.4 Homological Properties

We now move to investigate the derived functors of the Scott-socle and the Scott-top.

Lemma 4.35. Let P be a continuous poset, and letM be a persistence moduleM over P . Then

for all n ∈ N, p ∈ P , up-sets U ⊆ P , and down-setsD ⊆ P

i) Rn socσ(M)p = Extn(k[Up]/k[IntUp],M);

ii) Hn(U,M †) = Extn(k[U ],M);

iii) Ln top
σ(M)p = Torn(k[Dp]/k[

↠

p],M);

iv) Hn(D, M̂) = Torn(k[D],M).

Proof. By the universality of derived functors, all items follow from the formulas

i) socσ(M)p = Hom(k[Up]/k[IntUp],M);

ii) Γ(U,M †) = Hom(k[U ],M);

iii) topσ(M)p = (k[Dp]/k[

↠

p])⊗P M ;

iv) L(D, M̂) = k[D]⊗P M
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that we showed in Propositions 4.30, 3.32, 4.30, and 3.36.

The next two propositions are based on the formulas of Lemma 4.35.

Proposition 4.36. LetP be a continuous poset, and letM be a persistence module overP . Then

there exist

i) an exact sequence 0→ socσ(M)→M →M → R1 socσ(M)→ 0;

ii) an isomorphism Rn+1 socσ(M)p = Hn(IntUp,M
†) for all n ≥ 1 and p ∈ P .

Proof. Note first that by Remark 4.7,Mp = Γ(IntUp,M
†) for all p ∈ P . Now consider

the short exact sequence

  0 \to k[\Int U_p] \to k[U_p] \to k[U_p] / k[\Int U_p] \to 0.    

By Proposition 3.13 i), k[Up] is projective, implying that Extn(k[Up],−) vanishes for
n ≥ 1. Now the long exact sequence of Hom(−,M) i.e. the sequence

. . . Extn−1(k[IntUp],M)

Extn(k[Up]/k[IntUp],M) Extn(k[Up],M) Extn(k[IntUp],M)

Extn+1(k[Up]/k[IntUp],M) . . .

yields the desired exact sequence and the isomorphism.

Proposition 4.37. Let P be a continuous poset, and letM be a persistence module over P . Then

the following hold:

i) there exist an exact sequence 0→ L1 top
σ(M)→M →M → topσ(M)→ 0;

ii) Ln top
σ(M) = 0 for all n ≥ 2.

Proof. As in the proof of Proposition 4.36, we get the exact sequence of i) and an isomor-
phism

  L_{n + 1} \topf ^{\sigma }(M)_p = H_n({\twoheaddownarrow } p, \hat {M}) 
 





for all n ≥ 1 and p ∈ P . By Remark 4.7, the cosection module M̂(

↠

p) is the colimit
lim−→x≪p

Mx. The direct limit is an exact functor (see [61, Theorem 2.6.15]), which shows
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that
  H_n({\twoheaddownarrow } p, \hat {M}) = L_n \varinjlim _{x \ll p} M_x = 0 



   


 

for all n ≥ 1.

We point out that the higher right derived functors of the Scott-socle often vanish.
We call a persistence moduleM over a poset P is pointwise noetherian (resp. artinian) if
Mp is noetherian (resp. artinian) for all p ∈ P .

Proposition 4.38. Let P be a continuous poset such that IntUp is downward directed for all

p ∈ P , and letM be a pointwise artinian persistence module over P . If k is a noetherian ring

orM is pointwise noetherian, then

  R^n \soc ^{\sigma }(M) = 0   

for all n ≥ 2.

Proof. Since IntUp = ↠p is downward-directed, we can use a result of Jensen [29, Propo-
sition 1.1], which says that the derived functorsRn lim←−x≫p

Mx vanish for all n ≥ 1. The
isomorphism of Proposition 4.36 now gives

  R^{n + 1} \soc ^{\sigma }(M)_p = H^{n}(\Int U_p, M^{\dagger }) = R^n \varprojlim _{x \gg p} M_x = 0   
  



 

for all n ≥ 1 and p ∈ P .

Remark 4.39. LetP be a partially ordered abelian group. In the exact sequence of Propo-
sition 4.36 i), we can replaceM by the P -graded k[U0]-module  \bigoplus _{p \in P} \Gamma (\Int U_0, j_*M(p)). 




Indeed,

  \Gamma (\Int U_0, j_*M(p)) =\Gamma (\Int U_0, M(p)^{\dagger }) = \varprojlim _{x \gg 0} M(p)_x = \varprojlim _{x \gg p} M_x = \Gamma (\Int U_p, M^{\dagger })     


 


 


for all p ∈ P . Similarly, the isomorphism of ii) can be written as

  R^{n + 1} \soc ^{\sigma }(M) = \bigoplus _{p \in P} H^n(\Int U_0, j_*M(p)).  
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We can now see Proposition 4.36 as an analogue of the Serre-Grothendieck correspon-
dence between sheaf cohomology and local cohomology [18, Theorem A4.1]. Proposition
4.38 then also implies the vanishing of sheaf cohomology modulesHn(IntU0, j∗M(p))

for n ≥ 1 and p ∈ P .

The Scott-socle, the Scott-top, and their first derived functors are related in the fol-
lowing way:

Theorem 4.40. Let P be a continuous poset, and letM be a persistence module over P . Then

i) R1 socσ(M) = topσ(M);

ii) L1 top
σ(M) = socσ(M).

Proof. By Proposition 4.21, the exact sequence of Proposition 4.36 i) forM takes the form

  0 \to \soc ^{\sigma }(\overline {M}) \to \overline {M} \to \underline {M} \to R^1 \soc ^{\sigma }(\overline {M}) \to 0.      

Similarly, Proposition 4.36 ii) gives the exact sequence

  0 \to L_1 \topf ^{\sigma }(\underline {M}) \to \overline {M} \to \underline {M} \to \topf ^{\sigma }({\underline {M}}) \to 0.  
   

It is easy to see that in both exact sequences, the morphismM →M is the composition
of the canonical morphismsM →M andM →M , which proves the claim.

Propositions 4.36 and 4.37 lead to criteria for semi-continuity.

Proposition 4.41. Let P be a continuous poset, and letM be a persistence module over P . Then

i) M is upper semi-continuous if and only if Rn socσ(M) = 0 for n = 0, 1;

ii) M is lower semi-continuous if and only if Ln top
σ(M) = 0 for n = 0, 1.

There is also a cohomological criterion for lower semi-continuity. In the next propo-
sition 4.42, E denotes an injective cogenerator of the category of k-modules. Note that
the functor

  \Mod \to \Mod , \quad M \mapsto M^* =\Hom _k(M, E)    

is contravariant, exact, and faithful. In addition, a k-moduleM is zero if and only ifM∗

is zero. It follows that for k-modulesM and N , a k-homomorphism f : M → N is an
isomorphism if and only if f∗ : N∗ →M∗ is an isomorphism.
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Proposition 4.42. Let P be a continuous poset, and let M be a persistence module over P .

ThenM is lower semi-continuous if and only if Extn(M,E[Dp \

↠

p]) = 0 for all p ∈ P and

n = 0, 1.

Proof. The idea of the proof is to utilize Proposition 3.19. But first note that for all convex
subsets I ⊆ P , k-modulesN , and p ∈ P , we have

  \hom (k[I], N)_p &= \Hom _k(k[I]_p, N) \\ &= \begin {cases} \Hom _k(k, N), &\text {if } p \in I; \\ \Hom _k(0, N), &\text {otherwise} \end {cases} \\ &= \begin {cases} N, &\text {if } p \in I; \\ 0, &\text {otherwise} \end {cases} \\ &= N[I]_p.   



   

 



   



 

This implies an isomorphism hom(k[I], N) = N [I]. It follows that

  \Hom _k(L_n\topf ^{\sigma }(M)_p, E) &= \Hom _k(\Tor _n(k[D_p] / k[{\twoheaddownarrow } p], M), E)) \\ &= \Ext ^n(M, \hom (k[D_p] / k[{\twoheaddownarrow } p], E)) \\ &= \Ext ^n(M, E[D_p \setminus {\twoheaddownarrow } p]).
  





 





 





for all n ∈ N and p ∈ P .
By Proposition 4.37, there is an exact sequence

  0 \to L_1 \topf ^{\sigma }(M)_p \to \overline {M}_p \to M_p \to \topf ^{\sigma }(M)_p \to 0  
     

for all p ∈ P . An application of the functor Homk(−, E) yields a new exact sequence.
The leftmost and rightmost objects in this new exact sequence, are the k-modules

  \topf ^{\sigma }(M)_p^* = \Hom _k(\topf ^{\sigma }(M)_p, E) = \Hom (M, E[D_p \setminus {\twoheaddownarrow } p]) 
   





and

  L_1 \topf ^{\sigma }(M)^*_p = \Hom _k(L_1\topf ^{\sigma }(M)_p, E) = \Ext ^1(M, E[D_p \setminus {\twoheaddownarrow } p]).
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Now by Proposition 4.41,

  & M \text { is lower semi-continuous} \\ \iff & L_n \topf ^{\sigma }(M)_p = 0 \text { for all } p \in P \text { and } n = 0,1 \\ \iff & L_n \topf ^{\sigma }(M)_p^* = 0 \text { for all } p \in P \text { and } n = 0,1 \\ \iff & \Ext ^n(M, E[D_p \setminus {\twoheaddownarrow } p]) = 0 \text { for all } p \in P \text { and } n = 0,1.  
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5 EPHEMERAL MODULES

One of themain purposes of this thesis is to generalize the notion of an ephemeral module
to the case of continuous posets. Ephemerality was first defined by Chazal et al. in [12,
13] for linearly ordered posets. The ephemeral modules are also well-understood overRn

[4]. Ephemeral modules turn out to be closely related to the so-called meager sets and
semi-continuous modules. Both of these perspectives are studied in this chapter.

We define the notion of an ephemeral module in Section 5.1. This enables further
investigations of the functors introduced in the previous chapter. Especially, we exam-
ine how they act with the indicator modules in Section 5.2. We consider the quotient
category of persistence modules by the subcategory of ephemeral modules in Section 5.3. In
particular, we show that it is equivalent to the category of Scott sheaves.

5.1 Ephemeral Modules and Meager Sets

Definition 5.1. Let P be a continuous poset. A persistence moduleM over P is called
ephemeral ifM(p ≤ q) = 0 for all p≪ q. The full subcategory of ephemeral modules is
denoted by Eph(P ) or just Eph if the poset is obvious from the context.

Remark 5.2. As the way-below relation in R is the normal strict order relation, our
definition of ephemeral modules extends the definition given in [12, p. 4]. However, our
definition differs slightly in the case of a more general dense linearly ordered poset. It
follows from the definition of the way-below relation that if a posetP contains a smallest
element 0, then 0 ≪ p for all p ∈ P . In particular, 0 ≪ 0. Therefore, in this case, the
way-below relation is not the strict order relation. This difference will not lead to any
relevant deviation.

To get a better grasp on ephemeral modules, we introduce the notion of a meager set.

Definition 5.3. Let P be a continuous poset. A subset S ⊆ P is meager if the elements of
S are incomparable in the way-below relation. That is, if x≪ y, then x ̸∈ S or y ̸∈ S.

73



Proposition 5.4. If P is a continuous poset, then

i) the set U \ IntU is meager for all up-sets U ⊆ P ;

ii) every meager set S is a subset of U \ IntU for some up-set U ⊆ P .

In other words, the maximal meager sets are of the form U \ IntU , where U ⊆ P is an up-set.

Proof. i) Assume that x≪ y. If x ∈ U , then y ∈ IntU so that y ̸∈ U \ IntU .
ii) We set U =

⋃︁
x∈S Ux for a given meager set S. By Proposition 2.20, IntU =⋃︁

x∈S IntUx. If p ∈ S, then of course p ∈ U . We have to show that p ̸∈ IntU .
Assuming the contrary, if p ∈ IntU , then p≫ x for some x ∈ S. Since S is meager, we
have p ̸∈ S, which is a contradiction.

Example 5.5. Let V ⊆ Nn be a set of pairwise incomparable elements. It generates an
up-set

  \{ \bm {x} \in \Rset ^n \mid \bm {x} \ge \bm {v} \text { for some } \bm {v} \in V \}.            

The boundary of this set with respect to the standard topology is called a staircase ([43,
p. 51]). By Remark 2.23, we can apply Proposition 5.4 i) to see that a staircase is meager
set. See also Okounkov’s article [47], where some of the applications of staircases are
mentioned.

We come now to a new characterization of ephemerality:

Theorem 5.6. Let P be a continuous poset. A persistence moduleM over P is ephemeral if and

only if the support supp(m) is meager for all p ∈ P and m ∈ Mp = M †(Up). Here the

support means the standard sheaf theoretic support of a section (Definition 3.28).

Proof. Suppose first thatM is ephemeral. If x ≪ y and x ∈ supp(m), then we have
M(x ≤ y)(m) = 0, and hence, y ̸∈ supp(m). Thus, supp(m) is meager.

Conversely, suppose that supp(m) is meager for all p ∈ P andm ∈ Mp. If p ≪ q,
then p ̸∈ supp(m) or q ̸∈ supp(m). In other words, m = M(p ≤ p)(m) = 0 or
M(p ≤ q)(m) = 0. But in both cases, M(p ≤ q)(m) = 0. So, M is ephemeral, as
desired.

The next theorem lays the foundation for the rest of this dissertation. Recall that
j∗ : Fun(P,Mod)→ Sh(P σ) denotes the direct image functor corresponding to the
identity map j : P a → P σ .
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Theorem 5.7. Let P be a continuous poset. A persistence moduleM over P is ephemeral if and

only if j∗M = 0. In particular, Eph = Ker(j∗).

Proof. Let us first assume that M is ephemeral. Since the collection {IntUp}p∈P is a
basis of the Scott topology, it is enough to show that (j∗M)(IntUp) =M(IntU0) = 0

for all p ∈ P . Let
  (m_x)_{x \in \Int (U_p)} \in M(\Int U_p) = \varprojlim _{x \gg p} M_x.   





This means thatM(x ≤ y)(mx) = my for all x ≤ y. We have to show that mx = 0

for all x ∈ Int(Up). If x ≫ p, then there exists y ∈ P such that p ≪ y ≪ x,
since a continuous poset has the interpolation property. The assumption implies that
M(y ≤ x) = 0. In particular,mx =M(y ≤ x)(my) = 0. SoM(IntUp) = 0.

Let us then assume that j∗M = 0. In other words,M(IntUx) = 0 for all x ∈ P . If
p ≪ q, then q ∈ IntUp, because P is continuous. Now Uq ⊆ IntUp ⊆ Up, since Uq is
the smallest up-set, which contains q. Thus,M(p ≤ q) factors throughM(IntUp) = 0,
and hence,M(p ≤ q) = 0.

We next characterize ephemeral modules in terms of the associated semi-continuous
modules.

Proposition 5.8. Let P be a continuous poset, and letM be a persistence module over P . Then

following conditions are equivalent:

i) M is ephemeral;

ii) M = 0;

iii) M = 0.

Proof. Now by Proposition 4.5, Lemma 4.9 and Theorem 5.7:

  M \text { is ephemeral} \iff j_* M = 0 \iff \overline {M} = j^* j_* M = 0.           

The another equivalence is proven similarly.

We use the Scott-radical, socle, and top to describe ephemeral modules as follows:

Proposition 5.9. Let P be a continuous poset, and letM be a persistence module over P . Then

the following conditions are equivalent:

i) M is ephemeral;
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ii) radσ(M) = 0;

iii) socσ(M) =M ;

iv) topσ(M) =M .

Proof. The claim immediately follows from the formulas

  \Rad ^{\sigma }(M)_p = \bigcup _{x \ll p} \ImF M(x \le p) \quad \text {and} \quad \soc ^{\sigma }(M)_p = \bigcap _{x \gg p} \Ker M(p \le x), 



    



 

where p ∈ P .

5.2 Indicator Modules

In this section, we will investigate semi-continuity of indicator modules. The following
Proposition 5.10 shows that the functor j∗ ignores the topological boundary. It can be
seen in the context of [12, Proposition 2.20] and [44, Propositions 4.2 and 4.3].

Proposition 5.10. If P is a continuous poset, then

i) j∗k[U ] = j∗k[IntU ];

ii) j∗k[D] = j∗k[D].

for all up-sets U ⊆ P and down-setsD ⊆ P .

Proof. i) We have a short exact sequence

  0 \to k[\Int U] \to k[U] \to k[U] / k[\Int U] \to 0.        

An application of the exact functor j∗ gives the short exact sequence

  0 \to j_* k[\Int U] \to j_* k[U] \to j_*(k[U] / k[\Int U]) \to 0.        

On the right, the quotient k[U ]/k[IntU ] is ephemeral, since its support U \ IntU is
meager by Proposition 5.4 i). Thus, by Theorem 5.7 j∗(k[U ]/k[IntU ]) = 0, which
shows i).

ii) Similarly, we have a short exact sequence

  0 \to k[\overline {D} \setminus D] \to k[\overline {D}] \to k[D] \to 0,     
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but now on the left, the setD \D is meager so that j∗(k[D \D]) = 0.

Proposition 5.11. Let P be a continuous poset. Then

i) k[U ] = k[IntU ] for every up-set U ⊆ P ;

ii) k[D] = k[D] for every down-setD ⊆ P .

In the case P = Rn, we also have

iii) k[U ] = k[U ] for every up-set U ⊆ Rn;

iv) k[D] = k[IntD] for every down-setD ⊆ Rn.

Here the closure and the interior are taken with respect to the standard topology.

Proof. i) By Proposition 5.10, we have j∗k[U ] = j∗k[IntU ]. Therefore, Lemma 4.9 and
Proposition 4.15 give

  \overline {k[U]} = j^*j_*k[U] = j^*j_*k[\Int U] = \overline {k[\Int U]} = k[\Int U].             

ii) This is proven similarly as i).
iii) In Remark 2.23, we have asserted that IntU = IntU for all up-sets U ⊆ Rn.

Thus, we get
  j_*k[U] = j_*k[\Int U] = j_*k[\Int \overline {U}] = j_*k[\overline {U}]          

by utilizing Proposition 5.10 twice. Now, just like in i), we obtain

  \underline {k[U]} = j^!j_* k[U] = j^! j_* k[\overline {U}] = \underline {k[\overline {U}]} = k[\overline {U}].             

iv) This is proven similarly as iii).

This leads to criteria for semi-continuity of indicator modules.

Theorem 5.12. Let P be a continuous poset, and let U ⊆ P be an up-set and D ⊆ P a

down-set. Then

i) k[U ] is lower semi-continuous if and only if U ⊆ P is Scott-open;

ii) k[D] is lower semi-continuous if and only ifD ⊆ P is Scott-closed.

In the case P = Rn, we also have
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iii) k[U ] is upper semi-continuous if and only ifU ⊆ Rn is closed with respect to the standard

topology;

iv) k[D] is upper semi-continuous if and only ifD ⊆ Rn is open with respect to the standard

topology.

Proof. The proofs of all items being similar, we prove only i). In Proposition 4.16 we
have already showed that k[U ] is lower semi-continuous for all Scott-open U ⊆ P . The
converse follows from i) of the previous proposition.

A persistence module M over a poset P is said to have a down-set co-presentation if
there exists an exact sequence 0→M → E → E′ for some persistence modules E and
E′ over P that are isomorphic to a direct sum of down-set indicator modules k[D] ([39,
Definition 5.11]).

Corollary 5.13. Let P be a continuous poset, and letM be a persistence module over P . Assume

thatM has a down-set co-presentation 0→M → E → E′ where E and E′ are direct sums

of Scott-closed indicator modules k[D]. ThenM is lower semi-continuous.

This holds true, in particular, when the setsD are basic down-sets.

Proof. SinceM has a down-set co-presentation, there exists a commutative diagram

0 M E E′

0 M E E′

Here E and E′ are direct sums of Scott-closed indicator modules k[D], which are lower
semi-continuous by Theorem 5.12. Now, Proposition 4.20 shows thatE andE′ are lower
semi-continuous. The rows of the diagram are exact, because (−) is an exact functor.
Thus, by the five lemma alsoM is lower semi-continuous.

Remark 5.14. The above argument cannot be used to prove a dual of Corollary 5.13.
Firstly, the functor (−) is only left-exact so that the five lemma does not work. Moreover,
k[Up] is not generally an upper semi-continuousmodule (consider, for example, the poset
R ∪ {∞}).

We can relate the Scott-socle and the Scott-top of an indicator module to the topo-
logical boundary of the subset as follows:

Proposition 5.15. Over the poset Rn, we have
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i) socσ(k[D]) = k[∂D] for all down-setsD ⊆ Rn closed in the standard topology;

ii) topσ(k[U ]) = k[∂U ] for all up-sets U ⊆ Rn closed in the standard topology;

iii) R1 socσ(k[U ]) = k[∂U ] for all up-sets U ⊆ Rn open in the standard topology;

iv) L1 top
σ(k[D]) = k[∂D] for all down-setsD ⊆ Rn open in the standard topology.

Here ∂D (resp. ∂U ) denotes the boundary ofD (resp. U ) in the standard topology.

Proof. For i) and ii), since D and U are closed with respect to the standard topology,
Remark 2.23 gives the formulas ∂D = D \

↠

D and ∂U = U \ IntU . Thus, both claims
follow from Example 4.29.

For iii) and iv), we note that because of Proposition 5.11 iii) the exact sequence of
Proposition 4.36 for k[U ] takes the form

  0 \to \soc ^{\sigma }(k[U]) \to k[U] \to k[\overline {U}] \to R^1 \soc ^{\sigma }(k[U]) \to 0.          

By Example 4.29, socσ(k[U ]) = 0. Therefore, by utilizing the formulas of Remark 2.23

  R^1 \soc ^{\sigma }(k[U]) = k[\overline {U}] / k[U] = k[\overline {U} \setminus U] = k[\partial U].              

The item iv) is proven as iii), but by using Proposition 4.37 instead.

Remark 5.16. Over the poset Rn, we also have

i) R1 socσ(k[D]) = 0 for all down-setsD ⊆ Rn;

ii) L1 top
σ(k[U ]) = 0 for all up-sets U ⊆ Rn.

To check the first item, we use Proposition 4.36 i). It shows that R1 socσ(k[D]) is the
cokernel of the canonical morphism k[D]→ k[D]. This is an epimorphism by Proposi-
tion 5.11 iv), proving the claim. The second item follows similarly.

5.3 Quotient by the Ephemeral Modules

Next, we show one of our main results.

Theorem 5.17. If P is a continuous poset, then the following categories are equivalent:

i) the quotient category Fun(P,Mod)/Eph;

ii) the category of Scott sheaves Sh(P σ);
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iii) the full subcategory of upper semi-continuous modules Func(P,Mod);

iv) the full subcategory of lower semi-continuous modules Func(P,Mod).

Moreover,

a) Eph is a bilocalizing subcategory of Fun(P,Mod);

b) Func(P,Mod) = Eph⊥;

c) Func(P,Mod) = ⊥Eph.

Proof. For the equivalence of i) and ii), observe first that by Propositions 4.4 and 4.5,
the functor j∗ is exact and has the right adjoint j! and the left adjoint j∗ that satisfy
j∗j

! = id and j∗j∗ = id. By considering either one of these adjoints, we now see by
Theorem 3.1 i) that the categories Fun(P,Mod)/Ker(j∗) and Sh(P σ) are equivalent.
But Ker(j∗) = Eph by Theorem 5.7 proving the equivalence of i) and ii). Theorem 3.1
ii) implies the other equivalences, since the essential image of j! (resp. j∗) coincides with
Func(P,Mod) (resp. Func(P,Mod)) by Proposition 4.22. Note that the equivalences
between ii), iii), and iv) have in fact already been proven in Theorem 4.23. The last three
claims are now evident.

Remark 5.18. The reader should be careful with the equivalence between quotient cat-
egory Fun(P,Mod)/Eph and subcategories of iii) and iv). For example, the abelian
structure of the full subcategory of upper semi-continuous modules is not inherited from
Fun(P,Mod). This is analogous to the classical case, where the abelian structure of the
category of sheaves is not inherited from the category of presheaves. Similar phenomena
have been studied in [16].

Note that following lemma is also related to [20, III.3, Corollaire 4], but as a colocal-
izing version of it.

Lemma 5.19. Let P be a continuous poset. Then for all persistence modulesM andN over P ,

we have

  \Ext ^n(\overline {N},M) = \Ext ^n(j_*N, j_*M)   

for all n ∈ N.

Proof. The case n = 0 is shown in Lemma 4.10. For the general case, let 0 → M → I•

be an injective resolution ofM . Now 0 → j∗M → j∗I
• is an injective resolution of
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j∗M , since j∗ is exact (Proposition 4.4) and preserves injectives ([28, p. 99]). Thus,

  \Ext ^n(\overline {N}, M) &= H^n \Hom (\overline {N}, I^{\bullet }) = H^n \Hom (j^*j_*N, I^{\bullet }) \\ &= H^n \Hom (j_*N, j_* I^{\bullet }) = \Ext ^n(j_*N, j_*M)     


 
  

for all n ∈ N.

Proposition 5.20. Let P be a continuous poset, and letM be a persistence module over P . Then

the following are equivalent:

i) M is upper semi-continuous;

ii) Extn(X,M) = 0 for allX ∈ Eph and n = 0, 1;

iii) Extn(k[Up]/k[IntUp],M) for all p ∈ P and n = 0, 1.

Proof. ByTheorem 5.17 b), the collection of the upper semi-continuousmodules coincides
withEph⊥. This shows the equivalence of i) and ii). On the other hand, by Lemma 4.35
i),

  R^n\soc ^{\sigma }(M)_p = \Ext ^n(k[U_p] / k[\Int U_p], M)   

for all n ∈ N and p ∈ P . Now the equivalence of i) and iii) follows from Proposition
4.41 i).

Proposition 5.21. Let P be a continuous poset, and letM be a persistence module over P . Then

the following are equivalent:

i) M is lower semi-continuous;

ii) Extn(M,X) = 0 for allX ∈ Eph and n = 0, 1;

iii) Torn(k[Dp]/k[

↠

p],M) = 0 for all p ∈ P and n = 0, 1;

iv) Extn(M,E[Dp \

↠

p] for all p ∈ P and n = 0, 1.

Here E is an injective cogenerator of the category of k-modules.

Proof. By Theorem 5.17 c), the collection of the lower semi-continuousmodules coincides
with ⊥Eph. This shows the equivalence of i) and ii). By Proposition 4.42, items i) and
iv) are equivalent. Lemma 4.35 iii) shows that

  L_n\topf ^{\sigma }(M)_p = \Tor _n(k[D_p] / k[{\twoheaddownarrow } p], M) 
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for all n ∈ N and p ∈ P . Now the equivalence of i) and iii) follows from Proposition
4.41 ii).

Remark 5.22. As a bilocalizing subcategory, Eph has two torsion theories associated to
it (see p. 37). Let us first consider the torsion theory in whichEph is the torsion class. By
definition, for all persistence modulesM over P , socσ(M) is the kernel of the canonical
morphismM → M . It easily follows that socσ(M) is the largest ephemeral subobject
ofM . Therefore, the Scott-socle coincides with the torsion functor. In turn, topσ(M)

is the largest ephemeral quotient module ofM . In other words, radσ(M) is the smallest
subobject of M such that the corresponding quotient topσ(M) = M/ radσ(M) is
ephemeral. Thereby, the Scott-top corresponds to the torsion-free functor of the other
torsion theory. Thus, we obtain a TTF-triple (Ker topσ,Eph,Ker socσ). Note that
Ker topσ consists of the persistence modules M that M = radσ(M) (see Definition
4.28).

Remark 5.23. It follows from the previous remark that (topσ, inc, socσ) is an adjoint
triple. By Propositions 4.4 and 4.5, the functors j∗ and j! are fully faithful, and by The-
orem 5.7, Im inc = Eph = Ker j∗. Thus, we now have a recollement

Eph Fun(P,Mod) Sh(P σ)inc j∗

soc

top j∗

j!

If we replace the category Sh(P σ) by the equivalent category Func(P,Mod) (resp.
Func(P,Mod)) (see Theorem 4.23), then the adjoint triple (j∗, j∗, j!) changes to ((−),
(−), inc) (resp. (inc, (−), (−))).

We now restrict our investigations to Rn. In the next Proposition 5.24, we give a
full description for the indecomposable injective objects of the quotient category. In
particular, this proposition can also be applied to the observable category of Chazal et al.
[12].

Proposition 5.24. Let k be a field. In the abelian category of upper semi-continuous modules

overRn, the indecomposable injective objects are in a one-to-one correspondence with the upward-

directed down-setsD ⊆ Rn that are open with respect to the standard topology.

Proof. Observe first that Func(P,Mod) = Eph⊥ by Theorem 5.17 b). We know by
Proposition 3.4 that the injective objects ofEph⊥ are precisely the injective persistence
modules that are in Eph⊥. Similarly, the indecomposable objects of Eph⊥ coincide
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with the indecomposable persistence modules that are in Eph⊥, since Eph⊥ is closed
under direct summands. Therefore, we have to consider the persistence modules that
are upper semi-continuous, injective, and indecomposable. By a result of Höppner [26,
Proposition 1.1], the indecomposable injective persistence modules are in a one-to-one
correspondence with the upward-directed down-sets D ⊆ Rn. By Theorem 5.12 iv), a
down-set k[D] is upper semi-continuous if and only if D is open with respect to the
standard topology. Thus, the claim follows.
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6 INTERLEAVINGS

The notion of interleaving gives a way of measuring distances between persistence mod-
ules [2, 8, 59]. In the classical case [11], one has the interleaving distance dI for the persis-
tence modules and the bottleneck distance dB for the barcodes. These two distances are
related by the famous isometry theorem [37, Theorem 3.4]. Let B(M) denote the barcode
of a pointwise finite-dimensional persistence moduleM . The isometry theorem states
that

  d_B(B(M), B(N)) = d_I(M, N)   

for all pointwise finite-dimensional persistence modulesM andN .
In the first section, we study the theory of the interleaving distances of persistence

modules. In Section 6.2, we generalize the concept of an interleaving to the category of
sheaves. Recall that Sh(P σ) coincides with Fun(P,Mod)/Eph (see Theorem 5.17).
To fully justify the transition to the quotient category Fun(P,Mod)/Eph, the quo-
tient functor should then be an isometry. Thus, in the last section, we investigate the
connection between the interleaving distance of persistence modules and that of Scott
sheaves and prove the above-mentioned isometry, among other things.

6.1 Interleaving Distance of Persistence Modules

A general theory for interleavings was presented in [8]. Let P be a poset. An order-
preserving map T : P → P is a translation, if p ≤ T (p) for all p ∈ P . We use the
notation TransP for the set of all translations on P . This set comes with the natural
partial order given by

  T \le T' \iff T(p) \le T'(p) \text { for all } p \in P \qquad (T,T'\in \Trans _P).                   
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In particular, id ≤ T for all T ∈ TransP . A family of translations is a function

  T_{\bullet } \colon \left [0, \infty \right [ \to \Trans _P.    

It is called superlinear, if Tε ◦ Tδ ≤ Tε+δ for all ε, δ ≥ 0.

Example 6.1. Let v ∈ Rn and ε ≥ 0. Consider the function T v
ε : Rn → Rn, T v

ε (x) =

x + εv. The family T v
• = (T v

ε )ε≥0 is then superlinear for all v ≥ 0. The family
corresponding to the point v = (1, . . . , 1) is called the standard superlinear family. Note
that T v

ε is Scott-continuous for all v ∈ Rn and ε ≥ 0.

Given a persistence module M : P → Mod and a translation T : P → P , we
writeMT for their composition as functors. Therefore,MT is also a persistence module
P→Mod with (MT )p =MT (p) for all p ∈ P . Since T is a translation, there exists a
natural morphismM →MT .

Definition 6.2 ([8, Definition 2.5.1]). Let T• be a superlinear family of translations on
P . Persistence modulesM andN are ε-interleaved (with respect to T•) if there exist mor-
phisms f : M → NTε and g : N →MTε such that diagram

M MTε MTεTε

N NTε NTεTε

commutes. The interleaving distance ofM andN is the infimum

  d^{T}(M, N) = \inf \{ \varepsilon \mid M \text { and } N \text { are } \varepsilon \text {-interleaved} \}.       

If M and N are not interleaved for any ε, we set dT (M,N) = ∞. We will omit the
superindex if the superlinear family is obvious from the context.

Let C be a category. Recall that a map d : Obj(C)×Obj(C)→ R≥0∪{∞} is called
an extended pseudometric if

i) d(X,X) = 0;

ii) d(X,Y ) = d(Y,X);

iii) d(X,Z) ≤ d(X,Y ) + d(Y,Z);

for allX,Y, Z ∈ Obj(C).

Theorem 6.3 ([8, Theorem 2.5.3]). Let P be a poset. The interleaving distance is an extended

pseudometric on the category of persistence modules Fun(P,Mod).
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6.2 Interleaving Distance of Sheaves

In this section we generalize the notion of the interleaving distance to general sheaves.
This is done by first extending the definition of a translation to all topological spaces.
Let X be a topological space. Recall that the specialization order is a pre-order on set X
defined by the equivalence

  x \le _s y \quad \iff \quad x \in \overline {\{ y \}}     

for all x, y ∈ X .

Definition 6.4. LetX be a topological space. A continuous map T : X → X is a trans-
lation if x ≤s T (x) for all x ∈ X . We write TransX for the set of all translations on
X .

Proposition 6.5. LetX be a topological space. A continuous map T : X → X is a translation

if and only if U ⊆ T−1(U) for all open sets U ⊆ X . In other words, the preimage map

T−1 : Open(X) → Open(X) is a translation, where Open(X) is the poset of open sets

ordered by inclusion.

Proof. Suppose first that T is a translation, and let U ⊆ X be an open set. If x ∈ U

then T (x) ∈ U , since x ≤s T (x). Therefore, x ∈ T−1(U), which proves the inclusion
U ⊆ T−1(U). Conversely, suppose that U ⊆ T−1(U) for all open sets U ⊆ X and
let x ∈ X . So, for all open neighbourhoods U of x, we have x ∈ T−1(U), and hence,
T (x) ∈ U . This shows that x ≤s T (x).

Proposition 6.6. Let P be a poset. An order-preserving map T : P → P is a translation if

and only if the corresponding map T a : P a → P a is a translation. In other words,TransP =

TransPa .

Proof. By Remark 2.35, the specialization relation is the original partial order relation.

Proposition 6.7. Let P be a continuous poset. A Scott-continuous map T : P → P is a

translation if and only if the corresponding map T σ : P σ → P σ is a translation. In particular,

TransPσ ⊆ TransPa .

Proof. This also follows from Remark 2.35.
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The setTransX has a natural pre-order given by

  T_1 \le T_2 \iff T_1(x) \le _s T_2(x) \text { for all } x \in X \qquad (T_1,T_2\in \Trans _X).               

A family of translations is a function T• : [0,∞[ → TransX . It is called superlinear, if
Tε ◦ Tδ ≤ Tε+δ for all ε, δ ≥ 0.

Proposition 6.8. Let X be a topological space, and let T1, T2 : X → X be translations such

that T1 ≤ T2. If F is sheaf onX , then there exists a canonical morphism T ∗
1F → T ∗

2F .

Proof. Let U ⊆ X be an open set. We first show that if T1(U) ⊆ V for some open set
V ⊆ X , then also T2(U) ⊆ V . For x ∈ T2(U), there exist u ∈ U such that x = T2(u).
Now T1(u) ≤s T2(u) = x. Therefore, x is in every open neighbourhood of T1(u), in
particular, in V .

This observation shows that for all open setsU ⊆ X there exist a canonical morphism

  \varinjlim _{V \supseteq T_1(U)} \mathcal {F}(V) \to \varinjlim _{V \supseteq T_2(U)} \mathcal {F}(V). 


 




This defines a morphism between the presheaf inverse images. By sheafifying, we get the
desired morphism.

Definition 6.9. Let X be a topological space, and let T• : [0,∞[ → TransX be a su-
perlinear family. Sheaves F and G on X are ε-interleaved (with respect to T•) if there
exist morphisms φ : F → T ∗

ε G and ψ : G → T ∗
εF such that diagram,

F T ∗
εF T ∗

ε T
∗
εF

G T ∗
ε G T ∗

ε T
∗
ε G

with canonical horizontal maps, commutes. The interleaving distance of F and G is the
infimum

  d^{T}(\mathcal {F}, \mathcal {G}) = \inf \{ \varepsilon \mid \mathcal {F} \text { and } \mathcal {G} \text { are } \varepsilon \text {-interleaved} \}.          

If F and G are not interleaved for any ε, we set dT (F ,G) = ∞. We will omit the
superindex if the superlinear family is obvious from the context.

Theorem 6.10. Let X be a topological space. The interleaving distance is an extended pseudo-

metric on the category of sheaves Sh(X).
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Proof. We only prove the triangle inequality; the other conditions are obvious. Assume
that F ,G and H are sheaves on X such that F and G are ε-interleaved and G and H
are δ-interleaved. Thus, there are morphisms φ : F → T ∗

ε G, ψ : G → T ∗
εF , φ′ : G →

T ∗
δH and ψ′ : H → T ∗

δ G as in Definition 6.9. By composing these morphisms and the
canonical morphism of Proposition 6.8, we obtain morphisms

  \mathcal {F} \to T^*_{\varepsilon }\mathcal {G} \to T^*_{\delta }T^*_{\varepsilon } \mathcal {H} \to T^*_{\delta + \varepsilon } \mathcal {H}  
   



  



and
  \mathcal {H} \to T^*_{\delta } \mathcal {G} \to T^*_{\varepsilon }T^*_{\delta }\mathcal {F} \to T^*_{\varepsilon + \delta } \mathcal {F}.  

   



   



This shows that F and H are (ε + δ)-interleaved. Looking at the infimums proves the
claim.

Remark 6.11. Let P be a poset, and let T• be a superlinear family on P . Note that
dT (M,N) = dT (M †, N †) for persistence modulesM andN on P .

Remark 6.12. At first sight, Berkouk’s and Petit’s definition of the interleaving distance,
given in [4, Definition 4.7] seems to differ from our Definition 6.9. They considered the
poset Rn with the partial order defined by a cone γ, and computed all the interleaving
distances with respect to the superlinear familyT v

• , defined in the Example 6.1. However,
our definition coincides with their definition. To see this, note first that every translation
in this superlinear family is a homeomorphism. Hence, the inverse image T v∗

ε and the
direct image T v

ε∗ are inverses of each other. Thus, an application of T
v
ε∗ twice to diagram

(6.9) gives the diagram used in [4, Definition 4.6]. Conversely, by applying T v∗
ε twice to

that diagram, we return to our diagram.

6.3 Comparing Interleavings on Alexandrov and Scott Topologies

Let P be a continuous poset. For the rest of this chapter we fix a superlinear family
of translations T• : [0,∞[ → TransPσ . Thus, every Tε must be a Scott-continuous
translation. By Proposition 6.7, we can think of T• as a family of translations [0,∞[ →
TransPa = TransP . For example, in the caseP = Rn the family T• could be the stan-
dard superlinear family. For brevity, we use the notations da and dσ for the interleaving
distances of persistence modules and Scott sheaves, respectively.

For the sequel, we need to put more restrictions on our superlinear family. We would
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like a persistence moduleM over P to be ephemeral if and only if da(M, 0) = 0. This
equivalence does not hold for all superlinear families. For example, look at the family
T ′
• = (id)ε≥0. For the convenience of our readers, we have collected here all the condi-

tions we will need in the following:

(TR1) Tε is an order-isomorphism for all ε ≥ 0;

(TR2) Tε is a strong translation for all ε > 0;

(TR3) For every p≪ q there exist ε > 0 such that p ≤ Tε(p) ≤ q.

Here an order-preserving map T : P → P is a strong translation if x ≪ T (x) for all
x ∈ P .

We need condition (TR1) for the following lemma and theorem.

Lemma 6.13. Let P be a continuous poset. If T : P → P is a Scott-continuous order-

isomorphism, then

i) j!T ∗F = T ∗j!F ;

ii) j∗T ∗M = T ∗j∗M ;

iii) j∗T ∗F = T ∗j∗F

for allM ∈ Fun(P,Mod) and F ∈ Sh(P σ).

Proof. Note first that T−1 is Scott-continuous, since

  T^{-1}(\sup D) = T^{-1}(\sup T T^{-1}D) = T^{-1}T(\sup T^{-1}D) = \sup (T^{-1} D).       

for all directed setsD ⊆ P . In particular, T is a homeomorphism, and we have

  (T^{-1})_* = T^* \quad \text {and} \quad (T^{-1})^* = T_*.       

Now

  (j^! T^* \mathcal {F})_p &= (T^* \mathcal {F})(\Int U_p) = \mathcal {F}(T(\Int U_p)) \\ &= \mathcal {F}(\Int T(U_p)) = (j^! \mathcal {F})(T(U_p)) \\ &= (T^* j^! \mathcal {F})_p \\[0.5em] (j_* T^* M)(U) &= (T^*M)(j^{-1}(U)) = (T^* M)(U) = M(T(U)) \\ &= (j_* M)(T(U)) = (T^* j_* M)(U) \\[0.5em] j^* T^* \mathcal {F} &= (T \circ j)^* \mathcal {F} = (j \circ T)^* \mathcal {F} = T^* j^* \mathcal {F}.      

    

 


       

    





j∗T ∗F = (T ◦ j)∗F = (j ◦ T )∗F = T ∗j∗F .

for all p ∈ P and Scott-open U ⊆ P .

Proposition 6.14. Let P be a continuous poset. If the superlinear family of translations T• has

(TR1), then the functors j!, j∗ and j∗ preserve ε-interleavings. In particular, it follows that

i) da(j!F , j!G) ≤ dσ(F ,G);

ii) dσ(j∗M, j∗N) ≤ da(M,N);

iii) da(j∗F , j∗G) ≤ dσ(F ,G)

for allM,N ∈ Fun(P,Mod) and F ,G ∈ Sh(P σ).

Proof. We first prove that j∗ preserves ε-interleavings. If M and N are ε-interleaved,
then there exist morphisms f : M → T ∗

εN and g : N → T ∗
εM , whichmake the diagram

of Definition 6.9 commute. By applying the functor j∗ to this diagram, we get a new
diagram and morphisms j∗f : j∗M → j∗T

∗
εN , j∗g : j∗N → j∗T

∗
εM . The functor j∗

commutes with translations by the previous lemma. So, j∗M and j∗N are ε-interleaved.
One can similarly show that the functors j! and j∗ preserve ε-interleavings.

The second claim follows from the first one by the definition of the interleaving dis-
tance.

The following Lemma 6.15 and Theorem 6.16 will explain why the condition TR2 is
important.

Lemma 6.15. Let P be a continuous poset, and let T : P → P be a strong translation. For

every persistence moduleM , there exist natural morphisms

i) f : M → T ∗M and g : M → T ∗M ;

ii) f : M → T ∗M and g : M → T ∗M

that make the diagrams

M T ∗M T ∗T ∗M

M T ∗M T ∗T ∗M

and
M T ∗M T ∗T ∗M

M T ∗M T ∗T ∗M

commute.
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Proof. i) The first morphism is the compositionM → M → T ∗M . Since T is a strong
translation, we have T (p) ≫ p for all p ∈ P . Thus, the second morphism at p is the
canonical morphism of the limit

  \underline {M}_p = \varprojlim _{x \gg p} M_x \to M_{T(p)} = (T^*M)_p.  


    

The diagram commutes simply by the construction of morphisms, which fundamentally
are just restriction morphisms.

ii) The proof is similar to that of i).

Theorem 6.16. Let P be a continuous poset. If the superlinear family of translations T• has

(TR2), then

i) da(M,M) = 0;

ii) da(M,M) = 0

for all persistence modulesM over P . In particular, da(M, 0) = 0, whenM is ephemeral.

Proof. To prove i), we first observe that M and M are ε-interleaved for all ε > 0 by
the previous lemma. Since the interleaving distance is infimum of all these epsilons, we
get da(M,M) = 0. The proof of ii) is similar. If M is ephemeral, then M = 0 by
Proposition 5.8. Thus, da(M, 0) = da(M,M) = 0 proving the last claim.

Theorem 6.17. Let P be a continuous poset. If the superlinear family of translations T• has

(TR1) and (TR2), then

i) dσ(F ,G) = da(j
∗F , j∗G) = da(j

!F , j!G);

ii) da(M,N) = da(M,N);

iii) da(M,N) = da(M,N);

iv) da(M,N) = dσ(j∗M, j∗N)

for all Scott-sheaves F ,G on P σ and persistence modulesM,N over P .

Proof. i) We have already shown in Proposition 6.14 that da(j!F , j!G) ≤ dσ(F ,G).
To prove the converse inequality, suppose that j!F and j!G are ε-interleaved for some
ε > 0. Thus, there are morphisms f : j!F → T ∗

ε j
!G and g : j!G → T ∗

ε j
!F , which

make the diagram of Definition 6.9 commute. By utilizing Lemma 6.13, we also see that
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these are morphisms j!F → j!T ∗
ε G and j!G → j!T ∗

εF . Since j! is fully faithful by
Proposition 4.4, there exist unique morphisms F → T ∗

ε G and G → T ∗
εF making the

diagram of Definition 6.9 commute. Therefore, also F and G are ε-interleaved, and we
get the equation da(j!F , j!G) = dσ(F ,G). The equation da(j∗F , j∗G) = dσ(F ,G) is
proved exactly in the same way.

ii) From the triangle inequality and Theorem 6.16, we get

  d_a(M, N) \le d_a(M, \underline {M}) + d_a(\underline {M}, \underline {N}) + d_a(\underline {N}, N) = d_a(\underline {M}, \underline {N}).        

On the other hand, j!j∗ preserves ε-interleavings by Proposition 6.14, hence

  d_a(j^! j_* M, j^! j_* N) \le d_a(M, N). 
  

iii) Proof is similar to that of ii).
iv) From Proposition 6.14 we obtain inequality dσ(j∗M, j∗N) ≤ da(M,N). On

the other hand, by iii), we have da(M,N) = da(j
∗j∗M, j∗j∗N). Again, j∗ preserves

ε-interleavings, so da(j∗j∗M, j∗j∗N) ≤ dσ(j∗M, j∗N). Therefore, dσ(j∗M, j∗N) =

da(M,N) as desired.

Corollary 6.18. Let P be a continuous poset. If the superlinear family of translations T• has

(TR1), (TR2) and (TR3), then

i) da(M, 0) = 0 if and only ifM is ephemeral;

ii) dσ(F , 0) = 0 if and only if F = 0

for all persistence modulesM over P and Scott sheaves F on P σ .

Proof. i) By Theorem 6.16, we already know that da(M, 0) = 0 for all ephemeral modules
M . Conversely, assume that da(M, 0) = 0. Thus,M and 0 are ε-interleaved for every
ε > 0. Hence, by the diagram of Definition 6.9, the morphismM → T ∗

ε T
∗
εM is zero for

every ε > 0 i.e.M(p ≤ TεTε(p)) = 0 for all p ∈ P and ε > 0. We need to show that
M(p ≤ q) = 0 for all p ≪ q. By (TR3), there exists ε > 0 such that p ≤ Tε(p) ≤ q.
Now by condition (TR2), we have p ≪ Tε/2Tε/2(p) ≤ Tε(p) ≤ q. So, M(p ≤ q)

factors throughMTε/2Tε/2(p), which proves i).
ii) Suppose that dσ(F , 0) = 0. Since j∗j! = id, we have

  0 = d_{\sigma }(\mathcal {F}, 0) = d_{\sigma }(j_* j^! \mathcal {F}, 0) = d_a(j^! \mathcal {F}, 0).     
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Thus, by i) the module j!F is ephemeral. Therefore, by Theorem 5.7 j∗j!F = 0. But
again, j∗j! = id, so F = 0.
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