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Abstract—This contribution proposes a simulation framework
for quantifying the performance of employed reconfigurable
intelligent surface (RIS) based systems to overcome adverse
propagation-related effects. The physical model underlying the
proposed framework considers the presence of a dominant signal
path between the source and RIS, and then between RIS and
the destination. The simulation of the time-correlated scattered
signal reflected by the illuminated reflective elements is achieved
using autoregressive (AR) modeling. As a by-product of our
analysis, significant insights are developed which allow for the
characterization of the amplitude and phase properties of the re-
ceived signal, and the associated complex autocorrelation function
(ACF) for the product of two Rician channels. Capitalizing on
this, we derive the corresponding first and second order statistics,
which lead to the development of useful theoretical and practical
insights.

I. INTRODUCTION

To truly enable the next generation of wireless technologies,
such as enhanced mobile broadband (eMBB), ultra-reliable
low-latency communication (uRLLC), and massive machine-
type communication (mMTC), calls for a major shift in the
network infrastructure paradigm [1], [2]. One potential ap-
proach is the utilization of intelligent meta-surfaces [3], which
are two-dimensional planar arrays composed of a high number
of passive reflective meta-atoms/antennae (hereby referred to
as elements) that are on the order of sub-wavelengths of the
operating frequency [4], [5]. The reflective elements within a
meta-surface can be controlled to alter their reflective prop-
erties in order to manipulate the propagation of any signals
which are impinged upon them [6]. As a result, this property
allows the control of phase shifts applied by each of the
reflective elements [7]. By distributing these smart surfaces
throughout a network, operators will be able to overcome
unfavorable propagation phenomena in cellular environments
[8], [9], in a cost effective manner [?].

In the literature, the same technology has been referred to
as software-controlled metasurfaces [8], intelligent reflective
surfaces [10]–[12] or reconfigurable intelligent surfaces (RISs)
[13]–[15] whilst a number of studies have investigated the
theoretical performance of RISs in recent years [12], [16]–
[22]. However, unlike the theoretical treatment of performance
analysis, the simulation of RIS systems has received less
attention, despite its importance for providing insights into
the system performance in the presence of spatio-temporal
variations. With this motivation, this contribution develops a

simulation framework, which is built upon underlying Gaus-
sian random variables (RVs), for wireless transmission from
a source to destination through multiple cooperative RISs.
Through our analysis, we were able to obtain expressions for a
number of the first- and second-order statistics associated with
product (or equivalently cascaded) complex Rician channels,
including the complex autocorrelation function (ACF). The
latter enables us to account for important channel properties
through each of the cascaded links, such as potential Doppler
effects, a dominant signal component, and a non-isotropic scat-
tered signal contribution, which caters for angular selectivity.
By further exploiting the complex ACF and the properties
of the fading model, we harness the power of autoregressive
(AR) modeling [23] to implement our simulator. We recall
that AR modeling has previously been successfully used for
channel prediction and the simulation of correlated Rayleigh
and Nakagami-m fading channels [23], [24].

II. PHYSICAL MODEL

We consider a single RIS case and the optional presence
of dominant signal paths between the source and the RIS and
then between the RIS and the destination. Accompanying this
is a scattered signal contribution which can be modeled as a
zero-mean complex Gaussian random process [10]. As shown
later, the scattered signal for RISs may exhibit non-isotropic
transmission and reception behavior. Furthermore, each stage
of the cascaded channel can be denoted in vector form
as p = [p1, . . . , pl, . . . , pL]

T and g = [g1, . . . , gl, . . . , gL]
T ,

where T denotes the transpose operator. Following from this,
the lth illuminated reflective elements of both p and g are
characterized as complex non-zero mean Gaussian RVs due to
the superposition of the dominant and scattered signal contri-
butions within each cascaded stage of the source-to-destination
link. Therefore, the magnitudes of the lth illuminated reflective
elements of both p and g follow the Rician distribution [25].

The complex signal envelope at the destination is denoted
as S = R exp(jΘ), where R is the received signal enve-
lope and Θ is the received signal phase. Also, the in-phase
and quadrature components are represented by X and Y ,
respectively. Based on this, it follows that S = X + jY ,
R2 = X2 + Y 2, Θ = arg(X + jY ), X = R cos(Θ) and
Y = R sin(Θ). Also, sub index λ = 1 refers to the path
between the source and the RIS for each illuminated reflective
element (i.e., pl). Correspondingly, sub index λ = 2 refers



to the path between the RIS and the destination for each
illuminated reflective element (i.e., gl). Letting the quadrature
components, which make up the signal contribution from each
illuminated reflected element, be represented by complex non-
zero mean Gaussian RVs, the received signal power at the
destination can now be expressed as

R2 =

L∑
l=1

2∏
λ=1

[
(Bλ,l + uλ,l)

2 + (Cλ,l + vλ,l)
2
]
, (1)

where L is the number of illuminated reflective elements, and
Bλ,l and Cλ,l are mutually independent Gaussian RVs with
E[Bλ,l] = E[Cλ,l] = 0 and E[B2

λ,l] = E[C2
λ,l] = σ2

λ,l, with E
denoting statistical expectation. The time-varying amplitudes
of the in-phase and quadrature components of the dominant
signal component are represented by uλ,l and vλ,l, respec-
tively, with the variation related to the embedded Doppler
effect [26]. Also, the Rician kλ,l factor represents the ratio
between the total power of the dominant signal component,
δ2λ,l = u2

λ,l + v2λ,l, and the total power of the scattered
signal component 2σ2

λ,l, where σλ,l = r̄λ,l/
√

2(1 + kλ,l),

with r̄λ,l =
√

E[R2
λ,l] denoting the root mean square (rms)

of the signal envelope. Based on this, it follows that kλ,l =
u2
λ,l+v2λ,l/(2σ

2
λ,l), while by defining ϖλ,l = arg(uλ,l+jvλ,l)

as a phase parameter one obtains{
uλ,l

vλ,l

}
=

√
kλ,l

1 + kλ,l
r̄λ,l

{
cos(ϖλ,l)

sin(ϖλ,l)

}
. (2)

If only one reflective element is illuminated (i.e., L = 1 and
the l subindex is omitted), the model in (1) simplifies to

R2 =

2∏
λ=1

[
(Bλ + uλ)

2 + (Cλ + vλ)
2
]
. (3)

III. PRODUCT OF RICIAN CHANNELS

Based on the above, we now present new results for the
product of two Rician channels.

1) First-Order Statistics: Considering the model in (3), the
PDF of the received signal envelope, R, for the product of two
complex Rician channels is given by [27, Eq. (19)], which is
fully convergent. Of note, knowledge of the received signal
phase is essential for the accurate characterization of complex
channels and the design of phase-based modulation schemes
[28], [29]. Nevertheless, the PDF of the received signal phase
for the product of two complex Rician channels has not been
reported in the open literature. This is derived next.

Theorem 1. For {k1, k2} ∈ R≥0, {ϖ1, ϖ2, θ} ∈ [−π, π] the
PDF of the received signal phase in (3), which considers the
product of two complex Rician channels, is expressed as

fΘ(θ) =

∞∑
b,c,d=0

exp(−k1)k
c
1k

b
2Γ
(
b+ 1 + d

2

)
Γ
(
c+ 1 + d

2

)
2π exp(k2)b!c!d!Γ(b+ c+ 1)(b+ c+ 1)d

×
(
2
√

k1k2 cos(θ −ϖ1 −ϖ2)
)d

. (5)

Proof: The PDF of the received signal phase for the product
of two complex Rician channels is found by integrating the
joint envelope-phase distribution with respect to the received
signal envelope, R. The product of two independent non-zero
mean complex Gaussians is given by [27, Eq. (6)], namely

fR,Θ(r, θ) =

∞∑
b,c=0

2r exp
(
−k21 − k22

)
βb+c

πσ2
1σ

2
2 (2 cos θ − ϕ1ϕ2)

b+c

Ib+c(2β)

b!c!

×
(
k1
k2

)b−c

Kb−c

(
2r

σ1σ2

)
, (6)

where β =
√

2rk1k2 cos(θ − ϕ1 − ϕ2)/σ1σ2, and corre-
sponds to the joint envelope-phase distribution of (3). By
substituting σ1 = r̄1/

√
2(1 + k1) and σ2 = r̄2/

√
2(1 + k2)

and then integrating with respect to the received signal enve-
lope using the identities [30, Eq. (03.02.06.0037.01)] and [31,
Eq. (6.561.16)] yields (5), which completes the proof.

2) Second-Order Statistics: The backbone of our proposed
simulation framework is the use of AR modeling to induce
the time variant properties of the fading into the complex
Gaussian RVs underlying each of the cascaded stages of
transmission. Central to the construction of the appropriate
AR model for channel simulation in our proposed framework
is the knowledge of the associated complex ACF. This requires
expansion of the physical model to include other propagation
related effects, not apparent within the first-order statistics. To
this effect, we consider the product of two complex Rician
channels in (3), which accounts for the case when only one
reflective element is illuminated for a single RIS-assisted
transmission. For ease of understanding, and to remove any po-
tential ambiguity, we let δλ(t) represent the complex amplitude
of the dominant signal component, and ϱλ(t) account for the
scattered signal component in each of the complex Gaussian
RVs in p and g. The time dependent complex received signal
for a single Rician channel is already known as in [32]. Hence,
for the product of two Rician channels case it follows that

S(t) =
2∏

λ=1

r̄λ
[
ϱλ(t) +

√
kλδλ(t)

]
√
1 + kλ

, (7)

where r̄λ and kλ have been defined previously. When λ = 1,
(7) represents the first stage of transmission which occurs
between the source and the RIS, whereas when λ = 2,
this denotes the second stage of transmission which oc-
curs between the RIS and the destination. We also let fδλ
and αδλ represent the relative Doppler frequency and the
DoA of the dominant signal component, respectively. Using
[33], the dominant signal component, δλ(t), is expressed as
exp (j (2πfδλt cos (αδλ) + φ0λ)) where, φ0λ, is the initial
phase, uniformly distributed on the interval [−π, π]. Now by
adopting the notation provided in [34, p. 82] the scattered
signal contribution, ϱλ(t), can be represented as

ϱλ(t) =

Q∑
q=1

ej2πt(fDλ cos(αq,Dλ)+fAλ cos(αq,Aλ))+jφqλ

Q
, (8)



fR(r) =

∞∑
b,c=0

4rkb1k
c
2(1 + k1)(1 + k2) exp (−k1 − k2)

r̄21 r̄
2
2Γ (b+ 1)Γ (c+ 1) b!c!

(
r
√
(1 + k1)(1 + k2)

r̄1r̄2

)b+c

Kc−b

(
2r
√
(1 + k1)(1 + k2)

r̄1r̄2

)
(4)

where Q is the number of propagation paths, fDλ and fAλ

are the maximum Doppler frequencies of the signal departing
from the source and arriving at the RIS (i.e., fD1 and fA1),
and departing from the RIS and arriving at the destination
(i.e., fD2 and fA2), respectively. The Doppler shifts observed
in a RIS system can occur for multiple reasons, such as the
mobility of the source and destination, mobile scatterers in the
local environment, or some combination thereof. The random
direction of departure (DoD) of the qth propagation path with
reference to the respective velocity vector is αq,Dλ, while
αq,Aλ is the random direction of arrival (DoA). The variable
φqλ is a random phase uniformly distributed on [−π, π] and
is independent of αq,Dλ and αq,Aλ for all q. This reference
model allows greater flexibility in considering either or both
ends of the transmission to be in motion [34, p. 82].

It is noted here that since the RISs can be deployed in
urban environments to assist transmission to users in blind
zones [9], the scattered signal component may be subject
to spatial filtering and as a consequence be non-isotropic in
nature [35]. In this case, the distribution of the DoD or DoA
of the scattered signal component can be modeled using the
versatile Von Mises distribution [36]. This distribution can be
used to model propagation scenarios in which the DoD or DoA
of multipath waves are either isotropic or non-isotropic. The
Von Mises distribution for the DoD (or DoA) of the scattered
signal contributions, fAλ(αλ), is given by [36]

fAλ(αλ) =
exp (κλ cos (αλ − ᾱλ))

2πI0(κλ)
, (9)

where αλ ∈ [−π, π], κλ ≥ 0 controls the spread of the
DoD (κDλ) and the DoA (κAλ). The mean DoD or DoA are
accounted for by ᾱDλ and ᾱAλ, respectively, and each can
take values in the range [−π, π]. When κλ = 0, (9) reduces
to the circular uniform distribution and the signal received is
the result of isotropic scattering. As κλ increases, the DoD
or DoA becomes increasingly unidirectional with κλ → ∞
describing extremely non-isotropic scattering. As discussed in
[36], a useful estimator of the spread of the DoD or DoA in
polar coordinates for increasing values of κλ (i.e., κλ > 1) can
be obtained by considering the inflection points of fAλ(αλ)
which are approximately equal to ±1/

√
κλ. For highly non-

isotropic scattering, e.g., for κλ = 3 and 5, the spread of the
DoD or DoA of these contributions can be estimated as 2/

√
κλ,

giving 66° and 51°, respectively.
Using the previous definition of the dominant signal com-

ponent, δλ(t), and the scattered signal component, ϱλ(t), the
complex ACF with respect to the time lag, τ , of the model
given in (7) is now presented by the following Theorem.

Theorem 2. For {kλ, τ, fδλ, fDλ, κDλ, fAλ, κAλ} ∈ R≥0,
{r̄λ} ∈ R>0, {αδλ, ᾱDλ, ᾱAλ} ∈ [−π, π], the complex ACF
of the model for the product of two Rician channels in (7) can
be expressed as in (10).

Proof: The ACF of a wide sense stationary process may be
written as ϕSS(τ) = E [S(t)S∗(t+ τ)], where t is the current
time and τ is the time lag [34]. Using (7) as a model for
the complex received signal when one reflective element is
illuminated and after some mathematical manipulations,
the complex ACF may be expressed as ϕSS(τ) =∏2

λ=1
r̄2λ

1+kλ
E [(ϱλ(t)ϱ

∗
λ(t+ τ) + kλ exp (j2πfδλτ cos(αδλ)))] .

Evaluating the autocorrelation of the scattered signal compo-
nent separately for each complex Gaussian RV yields (11),
which conveniently reduces to

ϕϱλϱλ
(τ) = lim

Q→∞

√
1

Q

Q∑
q=1

E
[
exp

(
j2πfDλτ cos

(
αq,Dλ

))
× exp

(
j2πfAλτ cos

(
αq,Aλ

))]
.

(12)

Knowing that αDλ and αAλ are independent RVs
(E[αDλαAλ] = E[αDλ]E[αAλ]), followed by substituting the
PDF given in (9) into (12) along with [31, Eq. (3.338.4)],
yields (13). By substituting (13) yields the complex ACF in
(10), which completes the proof.

The derived complex ACF in (10) is a general expression for
both isotropic (i.e., κDλ = 0 or κAλ = 0) and non-isotropic
(i.e., κDλ > 0 or κAλ > 0) scattering conditions that can
occur between the source and the RIS, and then between the
RIS and the destination. It is also recalled that it is often more
convenient to use the complex ACF in its normalized form,
given by ϕ̃SS(τ). This can be straightforwardly obtained by
setting r̄λ = 1 in (10).

sAcknowledgments*

IV. NUMERICAL RESULTS

It is noted that several propagation scenarios arise from the
model in (3), which have a significant impact on the properties
of the received signal phase. Figure 1 illustrates the form of the
PDF of the received signal phase for a number of propagation
scenarios of interest. Firstly, as expected, we observe that when
k1 = k2 = 0, the received signal phase follows the circular
uniform distribution. Most strikingly, when only one of the
Gaussian RVs has a zero mean, it is found that the resultant
received signal phase is still uniformly distributed, which is
consistent with the result presented in [37]. This observation
suggests that the clustering of the signals around a particular
phase, which is introduced by the dominant signal component
in one stage of the cascaded transmission, is diffused in the



ϕSS(τ) =

2∏
λ=1

r̄2λ
(1 + kλ)

[
(I0(κDλ))

−1I0
(√

κA
2
λ−4π2fA2

λτ
2+j4πκAλ cos(ᾱAλ)fAλτ

)
(
I0

(√
κD

2
λ−4π2fD2

λτ
2+j4πκDλ cos(ᾱDλ)fDλτ

))−1
I0(κAλ)

+ kλe
(j2πfδλτ cos(αδλ))

]
(10)

ϕϱλϱλ
(τ) = lim

Q→∞

√
1

Q

Q∑
q=1

E

exp
 j

(
2πfDλt cos

(
αq,Dλ

)
+ 2πfAλt cos

(
αq,Aλ

)
+ φq,λ

)
−j (2πfDλ(t+ τ) cos

(
αq,Dλ

)
+2πfAλ (t+ τ) cos

(
αq,Aλ

)
+ φq,λ)


 (11)

ϕϱλϱλ
(τ) =

(I0 (κDλ))
−1I0

(√
κA

2
λ − 4π2fA

2
λτ

2 + j4πκAλ cos (ᾱAλ) fAλτ

)
(
I0

(√
κD

2
λ − 4π2fD

2
λτ

2 + j4πκDλ cos (ᾱDλ) fDλτ

))−1

I0 (κAλ)

. (13)
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Fig. 1. The PDF of the received signal phase of the product of two complex
Rician channels in (5) for varying cases. The lines represent analytical results,
with a maximum number of terms of b = c = d = 15, while the shapes
represent the results of the Monte-Carlo simulations using 1 × 106 samples
for each stage of the transmission.

other stage of transmission. When both Gaussian RVs have
non-zero means, both Rician k factors control the concentra-
tion of the distribution around the maximum, which occurs at
θ = ϖ1+ϖ2, while the minima is located at θ = ϖ1+ϖ2+π.
As an example, now let us consider the real and imaginary

parts of the complex ACF for the case where a source transmits
to a RIS, illuminating a single reflective element, and the
RIS reflects the signal to the destination. The real part of the
normalized ACF for this type of scenario is given in Fig. 2(a).
It can be seen that when either k1 or k2 are decreased, there
is weaker correlation, as compared to the case where there is
at least one strong dominant signal component present (e.g.,
k1 = 5 and k2 = 0.8). Next, we compare the real part
in Fig. 2(a) to the imaginary part in Fig. 2(b), which is a
measure of the cross-correlation of the real and imaginary
parts of the complex received signal [34]. We observe that
in the presence of stronger dominant signal components, there
is greater correlation between the two quadrature components
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Fig. 2. The normalized complex ACF of a single RIS system with one
illuminated reflective element (lines) in (10) alongside simulation results
using an AR model order of 200 (shapes) for varying k1 and k2, with
ϖ1 = ϖ2 = π/4 rad, fδ1 = fδ2 = 0 Hz, αδ1 = αδ2 = 0 rad,
κD1 = 2, κD2 = 4, fD1 = 7 Hz, fD2 = 0.3 Hz, ᾱD1 = −π rad,
ᾱD2 = π rad, κA1 = 4, κA2 = 2, fA1 = 0.2 Hz, fA2 = 8 Hz, ᾱA1 = π
rad, and ᾱA2 = π/2 rad: (a) the real part and (b) the imaginary part.

in this particular example, where the scattering conditions have



remained identical.

V. CONCLUSION

We presented a physical model for single RIS-assisted trans-
mission with the fluctuation of the signal transmitted between
the reflective elements assumed to follow the Rician fading
distribution. Based on the physical models, novel formulations
for the PDF of the received signal phase were provided for the
product of two complex Rician channels. A number of exam-
ples have been included for the PDF of the received signal
phase alongside respective simulated results to demonstrate
its validity. To facilitate the simulation of cooperative RIS-
assisted transmission, the complex ACF of the signal reflected
by each illuminated reflective element was obtained, taking
into account non-isotropic transmission and Doppler effects
caused by mobility and/or the environment. Thanks to the
physical model being fully defined in terms of underlying
Gaussian RVs, introduction of temporal correlation within our
framework was achieved using AR-based simulation, utilizing
the derived complex ACF. Finally, besides RIS systems, the
proposed model can be used to simulate a wide variety of
wireless systems such as relay or metasurface assisted com-
munications, D2D and point-to-point communications, which
make use of antenna arrays and cascaded links.
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[34] G. L. Stüber, Principles of Mobile Communication, 3rd ed. Springer,
2011.

[35] B. N. Liya and D. G. Michelson, “Characterization of multipath
persistence in device-to-device scenarios at 30 GHz,” in Proc. IEEE
GLOBECOM, Dec. 2016, pp. 1–6.

[36] A. Abdi, J. A. Barger, and M. Kaveh, “A parametric model for the
distribution of the angle of arrival and the associated correlation function
and power spectrum at the mobile station,” IEEE Trans. Veh. Technol.,
vol. 51, no. 3, pp. 425–434, May 2002.

[37] F. Scire, “A probability density function theorem for the modulo y values
of the sum of two statistically independent processes,” Proc. IEEE,
vol. 56, no. 2, pp. 204–205, Feb. 1968.


