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ABSTRACT

Lassi Puolakka: Dynamic modeling of a heavy-duty skid-steer mobile robot
Master of Science thesis

Tampere University

Master's Programme in Automation Engineering

March 2025

The trend towards autonomy in heavy-duty mobile work machines used in e.g. construction,
forestry, and mining has been significant in recent years. Precise driving is an important aspect
of the autonomous operation of these machines. To ensure accurate path-following control, a
model-based control architecture is often the choice. For passenger vehicles, kinematic models
are usually valid up to a certain velocity. However, the forces and torques in heavy-duty off-
road vehicles are significantly higher already at low speeds, leaving no option but to use dynamic
models to obtain sufficient accuracy.

This thesis aimed to develop a dynamic model concerning the driving aspects of a heavy-duty
skid-steer mobile robot. The goal was to develop a model that could be used in, for example,
model-based path-following control. The starting point was the analytic support force calculation
and the Magic Formula (MF) tire model with a reduced number of parameters developed previously
at the research group.

The tire support force calculation was improved by allowing the center of mass (COM) location
of the vehicle to change with respect to the wheels due to the orientation of the suspension. Also,
the suspension cylinder forces were projected to tire support forces. The calculation of the rolling
resistance moment was added to the MF model, which determines the torques of the wheels at
constant-speed operation and cannot therefore be ignored. The components of the hydrostatic
transmission (HST) were modeled using steady-state equations. The model also included the
pressure dynamics in the hoses. The results from the tire forces and torques were combined into
the wheel rotational dynamics to obtain a relationship between the torque from the HST and the
tire force and torque from the MF model. In addition, the validity of the model needed to be tested
for a whole new kind of driving structure, the skid-steer. The theory for modeling six-degrees-of-
freedom (DoF) vehicle dynamics was presented but could not be validated at this stage due to
poor accuracy.

The results proved good accuracy during pure longitudinal motion and reasonable accuracy on
a curved trajectory. The experimental and simulated results from the Simscape Multibody model
were compared for the trajectory and velocities of the vehicle. The analytic torques and angular
speeds were validated with experimental data simultaneously. The results also presented the
validity of the tire support force on uneven terrain. Overall, the dynamic vehicle model developed in
the thesis could be used in designing model-based controls that improve the driving performance
of heavy-duty mobile robots.

Keywords: dynamic modeling and simulation, heavy-duty mobile robot, Magic Formula tire model,
skid-steer, hydrostatic transmission, hydraulic bogie suspension
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TIVISTELMA

Lassi Puolakka: Raskaan liukuohjatun mobiilirobotin dynaaminen mallinnus
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Automaatiotekniikan DI-ohjelma

Maaliskuu 2025

Suuntaus kohti autonomiaa raskaissa liikkuvissa tydkoneissa, joita kdytetddn mm. maanraken-
nuksessa, metsataloudessa ja kaivostoiminnassa, on ollut merkittdva viime vuosina. Tarkat ajo-
ominaisuudet ovat tarkedssa osassa naiden koneiden itsendista toimintaa. Mallipohjainen saaté
on usein valinta mobiilirobottien rataa seuraavien ohjausalgoritmeja toteutettaessa. Henkildautois-
sa kinemaattiset mallit yleensa kuvaavat systeemia riittavalla tarkkuudella tiettyyn ajonopeuteen
asti. Raskaiden mobiilirobottien rengasvoimat ja -momentit ovat kuitenkin huomattavasti suurem-
pia jo alhaisilla nopeuksilla, joten ainut vaihtoehto on kayttaa dynaamisia malleja riittdvan tarkkuu-
den saavuttamiseksi.

Taman diplomity6n tavoitteena oli kehittdd dynaaminen malli raskaan liukuohjatun mobiilirobo-
tin ajo-ominaisuuksista. Tavoitteena oli kehittdd malli, jota voitaisiin kdyttda esimerkiksi mallipoh-
jaisessa tiettyd rataa seuraavassa saatdalgoritmissa. Lahtékohtana tydssé oli tutkimusryhméassa
aiemmin kehitetty analyyttinen renkaan tukivoimien laskenta ja Magic Formula (MF) -rengasmalli
vahennetylld maaralla parametreja.

Renkaiden tukivoimien laskentaa parannettiin antamalla ajoneuvon massakeskipisteen sijain-
nin suhteessa py6riin muuttua jousituksen keinuakseleiden liikkeisiin perustuen. Myés jousitus-
sylinterin voimat projisoitiin renkaan tukivoimiksi. MF-rengasmalliin lisattiin vierintdvastusmomen-
tin laskenta, joka maarittda pydrien vaantdémomentit vakionopeudella ajettaessa, eika sitd siksi
voida jattdd huomioimatta. Hydrostaattisen voimansiirron komponentit mallinnettiin tasapainoti-
laa kuvaavilla yhtal6illa. Malli sisalsi myés fluidin paineen dynamiikan letkuissa. Rengasvoimien
ja vaantdmomenttien tulokset yhdistettiin renkaiden pydérimisdynamiikkaan, jotta saatiin suhde
hydrostaattisen voimansiirron vaantémomentin ja MF-rengasmallin rengasvoiman ja vaantémo-
mentin valilla. Liséksi mallin patevyytta piti testata aivan uudenlaiselle ajovoimansiirtorakenteel-
le, liukuohjaukselle. Teoria kuuden vapausasteen ajoneuvodynamiikan mallintamisesta esitettiin,
mutta sen toimintaa kaytanndssa ei voitu vahvistaa tdssa vaiheessa.

Tulokset osoittivat hyvan tarkkuuden puhtaan pitkittaislikkeen aikana ja kohtuullisen tarkkuu-
den kaarevalla liikeradalla. Kokeellisia ja Simscape Multibody -mallin tuottamia tuloksia verrattiin
ajoneuvon liikeradalle ja nopeuksille. Analyyttiset vaantdmomentit hydrostaattisesta voimansiirros-
ta ja kulmanopeudet renkaiden py6rimisdynamiikasta validoitiin kokeellisilla tuloksilla samanaikai-
sesti. Tulokset esittivat myds renkaan tukivoiman patevyyden epéatasaisessa maastossa. Kaiken
kaikkiaan opinndytetydssa kehitettyd dynaamista ajoneuvomallia voitaisiin kayttda suunniteltaes-
sa mallipohjaisia sadatéalgoritmeja, jotka parantavat raskaiden mobiilirobottien suorituskykya.

Avainsanat: dynaaminen mallinnus ja simulointi, raskas mobiilirobotti, Magic Formula rengasmalli,
skid-steer, hydraulinen ajovoimansiirto, hydraulinen telijousitus

Taman julkaisun alkuperaisyys on tarkastettu Turnitin OriginalityCheck -ohjelmalla.
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1. INTRODUCTION

1.1 Background and motivation

Heavy-duty mobile robots have signi cant application potential in numerous common in-
dustries, including mining, agriculture, military, and construction [1], [2]. Accurate model-
ing is a cornerstone in designing these robots. A precise model allows for studying the
behavior of the system to various inputs at a great level of detail. Kinematic models often
require less effort to build but suffer from lesser accuracy, especially in different bound-
ary conditions like increased velocity. Although the nominal velocity of heavy-duty mobile
robots is relatively slow (< 5 km/h), the forces and moments experienced by the manip-
ulator and distributed to the environment are signi cant. Therefore, obtaining a dynamic
model in the scope of heavy-duty mobile robots is preferred.

Simulation is an important tool in developing new technology, including heavy-duty mo-
bile robots. A model of the studied system is needed in the simulation. Using a detailed
dynamic model of the system any faults and dangerous scenarios can be detected during
simulation, mitigating the risk of damage to property or personnel in actual eld testing.
The physical vehicle can be studied in simulation by using multibody dynamics software
that allows the building of a detailed dynamic model of the system using pre-built blocks
for each of the components. On the other hand, simulating the effect of e.g. new compo-
nents or control algorithms can be key in increasing the productivity and energy ef ciency
of mobile robots, therefore making an accurate analytic model of the system desired. The
standalone model can be used without any connections to the multibody dynamics com-
ponents of the simulation software. It is possible to validate the standalone model with
the multibody dynamics software to some extent, but also experiments with the physical
vehicle need to be conducted.

Controlling autonomous heavy-duty mobile robots accurately is often solved by model
predictive control (MPC), which is possible only in the existence of a detailed model of the
system [3]. Accurate and robust MPC requires a precise system model, which in the do-
main of heavy-duty mobile robots results in a dynamic model. Although kinematic models
are widely used in e.g. path planning and control, dynamic models have other advan-
tages. For example, considering overturning avoidance of the platform and manipulator
[4] or wheel torque in the control algorithms requires a dynamic model [3].



Heavy-duty mobile robots often operate in varying environments with sloped and rough
terrain, so traditional three degrees of freedom (DoF) dynamic models assuming planar
motion are generally not applicable. For a mobile robot navigating rough terrain, vertical
movement and roll and pitch angles must be considered. The theoretical dynamic model
introduced in the thesis allows six DoFs for the platform, including three translational and
rotational DoFs. Additional four DoFs are introduced from the rotational dynamics of each
wheel, which are validated based on experimental data.

1.2 Objectives and scope

The objective of the thesis is to build a standalone analytic dynamic model of the mobile
platform with skid-steer, hydrostatic transmission, and hydraulic suspension. The dy-
namic model is based on the Magic Formula (MF) tire model [5] extending the work done
in a previous master's thesis [6]. Puumala in [6] introduced a reduced MF model with a
reduced number of parameters for online simulation purposes. In this thesis, instead of
assuming the normal force for each tire to be constant, it is formed analytically based on
analytic support force distribution introduced in [4]. The varying location of the center of
mass (COM) of the platform with respect to the tires due to the orientation of the bogie
suspension is taken into account, and the suspension cylinder forces are projected into
tire support forces. The magnitude of the normal force signi cantly affects the lateral and
longitudinal tire forces generated by MF [5], making it desirable to have accurate normal
forces. Especially on rough or sloped terrain, the normal forces are not constant due to
the changes in the orientation of the platform.

The analytic model is validated using Simscape Multibody software with inputs from the
real-time experimental data. Matlab Simulink offers various libraries with pre-built blocks
to model different dynamic behaviors. The Simscape Multibody library provides compo-
nents to model the dynamics of mechanical systems, including rigid bodies, links, and
different contacts. The analytic model is run parallel to the Simscape model, and the
measurements required by the standalone dynamic model are obtained from the Sim-
scape model using transform sensor blocks, including e.g. velocities and rotation angles
of the platform. The tire forces from the respective MF blocks are compared to validate
the model, with the Simscape MF block considered as ground truth. The results include
driving in at, sloped, and smoothly uneven terrain both straight and on a curved path.

The scope of this thesis is to implement the standalone dynamic model and validate it. It
includes applying existing theory to a new application. Especially the skid-steering and
hydraulic suspension need to be considered when bridging the theory into practice. A
preliminary version of the Simscape Multibody model of the mobile platform was already
implemented. The modi cations done in the scope of this thesis include modeling the
tire-terrain interaction with the Simscape MF block, signi cant modi cations to the hydro-



static transmission and suspension models, and instrumentation of the model to get the
required measurements for the standalone model.

1.3 Outline and methods

The main results of this thesis are obtained with simulation. Well-established simulation
software Matlab Simulink and its pre-built Simscape components are used to validate the
analytic simulation model. In addition, the results from the analytic model are compared
with experimental data in two different driving scenarios. Simscape Multibody offers a
relatively straightforward way of modeling mobile robots with ready components e.g. bod-
ies and tire-terrain contact with the MF block. A disadvantage is that the model built
using library components cannot be run separately from Matlab Simulink. Therefore,
a standalone analytic dynamic model must be built that describes the dynamics of the
Simscape Multibody model as accurately as possible. This is because the Simscape
Multibody model of the mobile robot is the best reference or ground truth without running
any test with the actual test platform. The standalone model can then be run indepen-
dently e.g. parallel to driving the test platform or used in designing MPC algorithms for
the platform. The thesis was conducted at the Innovative Hydraulics and Automation
(IHA) research group at Tampere University. The heavy-duty skid-steer platform used
in the experiments was located at the Tampere University Hervanta Campus. The test
environment was the asphalt eld located next to the mobile equipment laboratory.

The rest of the document is structured as follows. Chapter 2 introduces the fundamen-
tal background theory applied in the dynamic model of the thesis, including spatial vec-
tor algebra, analytic modeling of tire support forces, modeling the suspension cylinder
force and projecting it to tire support force, hydrostatic transmission modeling, vehicle
dynamics, tire modeling, and rotational dynamics of the wheels. Chapter 3 introduces
the physical mobile platform and the Matlab Simulink model of the platform. Also, the
reduced MF tire model is introduced in addition to the complete analytic vehicle model
and the available real-time measurements. Chapter 4 presents the main results of the
thesis. This includes optimizing the MF model parameters for a skid-steer vehicle using
experimental data, and simulation results with the optimal tire parameters. Conclusions
and suggestions for future improvements are provided in Chapter 5.



2. DYNAMIC MODELING OF MOBILE ROBOTS

This chapter presents the main background theory in modeling the wheeled mobile plat-
form. The rst section considers different aspects of the platform, including support force
calculation using spatial vector algebra, effects of hydraulic bogie suspension on the tire
support forces, skid steer vehicle dynamics, and hydrostatic transmission (HST). The later
section provides insights on modeling the wheels and rubber tires, including the Magic
Formula tire model to model the contact between the tire and the ground, and wheel ro-
tational dynamics to obtain the relationship between the wheel driving torque, tire force,
rolling resistance moment, and wheel angular velocity.

2.1 Mobile platform dynamics

The rst part of deriving the dynamics of the wheeled mobile platform is to consider the
dynamics of the platform and in particular the tire support forces. Analytic expressions
for support forces for each platform wheel are derived from the equations of motion pre-
sented with spatial vector algebra notation. In addition, the platform dynamics include
expressions on how the cylinder forces from the hydraulic bogie suspension affect the tire
support forces. These support forces signi cantly contribute to the longitudinal and lateral
tire forces in the Magic Formula tire model, so it is necessary to model these accurately
[5]. Also, skid-steer vehicle dynamics are considered before the dynamics of the HST that
generate the driving torques for the platform wheels.

2.1.1 Tire support forces using spatial vector algebra

Spatial vector algebra combines the linear and angular aspects of rigid-body motions and
forces into 6D vectors called spatial vectors [7]. Spatial vectors are a special category
of 6D vectors that are used in e.g. dynamics algorithms and calculation software. The
main advantage is that they reduce the number of algebra needed to present rigid-body
dynamics algorithms by combining the respective linear and angular equations. [8] Typi-
cally the result is a four- to six-fold reduction in the volume of algebra, which also affects
the volume of computer code, resulting in simpler but as ef cient programs compared to
using standard 3D vectors [7, 9].



The most important preliminaries to obtain the expressions for tire support forces are
presented from [4]. In this thesis, spatial symbols are presented with a bold capital letter
and a hat. The frame where the spatial vectors are measured and expressed is denoted
with a left superscript. The linear and angular velocities in frame f Ag, expressed in frame
f Ag, are combined into a single 6D vector [10, p. 29]

V=4 5. 2.1)

where Av and ! are the three-dimensional vectors with components in X-, y-, and z-
directions for linear and angular velocity, respectively. Similarly, the forces and moments
are combined into [10, p. 29]

-4 "5, 2.2)

where *f and Am are the three-dimensional forces and moments in frame fAg. Both
A A

vectors V' and " F are de ned in R® [10, p. 29]. Using these vectors, the total force and

moment vector for a rigid body in frame f Ag can be expressed as [10, p. 31]

E=Ma M0 rca M Mres 23)
where M 5, 2 R® 8 is the mass matrix and C, 2 R® © the Coriolis and centifugal term
matrix. Ga 2 R® is the gravity vector. The parameter matrices also hold the information
about which frame they are measured and expressed. Detailed expressions for these
parameter matrices can be found in [10, p. 31]. Spatial vectors can be easily transformed
between two frames with a single matrix multiplication. Given frame fBgis xed to a
common free-moving rigid body with frame f Ag, the spatial velocity and force/moment
vectors can be transformed between the frames with

°Q =AU (2.4)

e Ay, CR (2.5)

where AU s 2 R® 6s the transformation matrix that transforms the forces and moments
from frame f B g to the equivalent force/moment measured and expressed in frame f Ag.
The transformation matrix consists of the rotation and translation between the frames as



[10, p. 29]

2 3
A
Rs 03 35;

AUB -4
Arae “Rg “Rpg

(2.6)

where *Rg 2 R3 3 s the rotation matrix and Arag 2 R3 is the translation from frame
fAg to frame fBQ, expressed in frame f Ag. The translation must be expressed as a
skew-symmetric matrix, de ned as [10, p. 26]

2 3
0 AZns AyAB
Ar.AB = E AZAB 0 AXABz : (2.7)
Ayas  “Xas 0

The transformation matrix U g is also convenient when converting the experimental ve-
locities between different frames of the platform. Using this theory, the equations of mo-
tion for the wheel/chassis interaction and chassis dynamics with spatial vector algebra
can be formed. This acts as a background theory for developing the analytic expressions
for tire support forces. First, the tire/road interaction forces and moments K F and the
moments from wheel actuation and joint friction i Iea are transformed into wheel/chassis
interaction forces and moments [4]

Mo TR wiy TR TR (2.8)

W F is the total force/moment vector acting on the wheel frame W;, and can be obtained
using Equation 2.3. The frame W; in the equation is located in the middle of the wheel at
the rotational axis, and T; at the center of the tireprint at the contact point of the tire and
ground [4]. Frame T; is located directly below the wheel frame W; (at the extension of the
z-axis). The x-axes of both frames are always aligned with the heading of the tire. The
equation is true for all wheels i 2 f FL; FR; RL; RR g. These frames are presented in
Figure 2.1 together with the dimensions used in tire support force calculation in the next
section. Also, the inertial frame of measurement f Gg, the manipulator base frame M,
and frame f Cg located at the center of mass (COM) of the mobile platform are presented
in the gure. The total forces and moments acting on the chassis (frame f Cg) according
to Equation 2.3 are

C'e = MC% C\/) +CCC\7+GC: (2.9)

This is the base equation to consider the relationship between the movement of the chas-



Figure 2.1. Dimensions and frames of the mobile vehicle (] 2 fL;RQ)

sis and the forces and moments acting on it. Another expression for the total forces and
moments can be found by considering the external forces that act on the chassis. Ac-
cording to [4], these are the forces and moments from the manipulator attachment point
and each wheel/chassis interaction spatial force. The total force can be expressed as a
sum of these components [4]

X |
‘e =—cy, e+ CUw, B (2.10)

where frame M is located at the manipulator attachment point. The sum term considers
the forces and moments at the wheel/chassis interaction frame W, of each wheel and
transforms these into the chassis COM frame. These equations provide the base theory
for the calculation of wheel support forces. The procedure to obtain expressions for tire
support forces from these equations of motion is presented in greater detail in [4]. The
next section presents the result of the publication, analytic expressions for tire support
forces, and how to apply them to the different geometry of the platform considered in this



thesis.

2.1.2 Expressions for the tire support forces

Expressions for the tire support forces are obtained from the equations of motion derived
using spatial vector algebra. This section presents the analytic expressions for the sup-
port force of each tire. The geometry of the platform and the bogie suspension must be
considered to calculate the position of the COM of the platform with respect to the contact
point of each tire. One of the assumptions in [4] must be relaxed due to the platform
not being symmetric in the longitudinal direction, making the COM location offset in the
y-direction. Therefore, the lateral distances from the platform COM to the wheels on the
left and right side of the platform, wy and w;, respectively, are not equal. In addition, the
magnitudes of the static terms of the support forces must be distributed considering this
offset.

The support forces for each tire can be expressed with 11 separate components. These
components include static, stato-dynamic, and dynamic terms. Static terms describe
how the weight of the platform and wheels contribute to the support forces, considering
the masses of the system, slope angles, and the COM position. Stato-dynamic terms
represent how the support forces are affected by the manipulator arm. Dynamic terms
describe how the linear and angular velocities and accelerations of the platform affect the
support forces. The total analytic support forces of the Front/Rear and Left/Right wheel
can be then expressed as a sum of these components [4]

)4.1

TFL fz;a = FL:k ; (2-11)
k=1
)Ql

TeR fz;a = FRK » (2.12)
k=1
)Q.l

Tr fz;a = RL:k . (213)
k=1
)q.l

TrR 1:z;a = RR;k ; (2-14)
k=1

All the relevant dimensions and measurement frames of the mobile vehicle were pre-
sented in Figure 2.1. The tire support forces and later also the longitudinal and lateral tire
forces (Section 2.2.1) are de ned in the tire frame T; (i 2 f FL; FR; RL; RR @), which is
located at the center of the tireprint. The actual directions of the normal forces and the



locations of the contact points between the tire and terrain become more challenging to

determine when the vehicle is traversing uneven terrain like crests and dips [11]. There-

fore it is assumed that all the tire support forces are parallel to each other, and the ground

contact plane is locally at [4]. The static components are a signi cant contributor to the

support forces of the platform compared to other components due to the heavy mass and

low linear and angular velocities and are described as [4]

I1;L

FL,1= g MpcL | | + my
1L+l
l1.r
FR:1— 0 ch;RI . | + my,
1Rt IR
_ I2;L
RL;1= 3 MpcL | | + my
(R PYE
l2.r
RR:1 = J Mgcr ﬁ + my
1Rt 2R

g(myRy + 0:5mgc. Zc. ) "

fan .
> Wi o (2.15)
29(mw Rw + 0:5mpc. Zc.1 ) o

31;L1
1.+ 12
g(myRy + 0:5Mpcr ZcR)
rasr + W rs2Rr
R
(2.16)
29 (mwRw + 0:5mgcr Zcr) .
l31R;
lir + IR
g(myRy +0:5mpc. Zc. )
I33,L M3z,
Wi (2.17)
N 29 (my Ry + 0:5mgc. zc. ) ) .
31,L1
I+ 12
g(myRy + 0:5Mgcr Zer)
raar + I32.R
Wr (2.18)
. 29(mwRw +0:5Mscr Zcir) L
31;Ra

l1.r + 2R

where mgc.. and Mpc.r represent the mass of the mobile platform excluding the mass

of the wheels distributed to each side of the mobile platform. Because the center of mass

does not lie in the Xz-plane of the platform and has an offset in y, the mass of the platform

body must be distributed based on the geometry of the platform COM as

Mpc.L

Mgc.r

W,
= " mge: (2.19)
W + WR
W
= " mge: (2.20)

WL + WR
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where Mpc is the total mass of the platform body, w. and wg are the lateral distances
from the platform COM to the left and right side wheels. All relevant dimensions for
tire support force calculation were presented in Figure 2.1. This simultaneously relaxes
the assumption in [4] that these lateral distances should be equal. In addition, g is the
gravitational constant, m,, is the mass of each wheel, and R, indicates the wheel radius.
The lengths |1, and |, are the longitudinal distances from the platform COM to the rear
and front tires on the left side, and l.r and l,.r on the right side, respectively. These
distances on both sides of the platform are not equal, since there are no axles connecting
the front or rear wheels due to the geometry of the suspension structure. The longitudinal
distances can be expressed as a function of the angle of the bogie suspension and related
dimensions as

liue =L Pzgesin(pL); (2.21)
lo, = L+ Bzgesin(gyL); (2.22)
lbg =L Bzgesin(gr); (2.23)
l,r = L Bzgesin(gr); (2.24)

where L is the wheelbase of the platform, Bzgc is the z-distance from the bogie joint
to the platform COM, and g and g.r are the angles of the left and right bogie sus-
pensions, respectively. In Equations 2.15-2.18 z¢ and zc.g represent the height of the
platform COM normal to the wheels on the left and right side of the platform, respectively.
The COM heights can be presented similarly to the longitudinal distances as

ZcL = Ry + ®Zpc €OS gy ; (2.25)

Rw + 2Zsc COS gR: (2.26)

ZC;R

The slope angles of the terrain are included in the static terms 2.15-2.18 using expres-
sions ray;j, 32, '33; ,] 2 fL;Rg, which are de ned as components of the rotation matrix
from the global (inertial frame of reference) frame to the bogie suspensions on each side.
The coordinate system used at the COM of the platform is de ned so that the positive
directions of the coordinate axes are de ned as X forward, Yy left, and z up. The rotation
matrix from the global frame to the platform COM is de ned as [4]
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2 3
COS COoS +sin sin sin COS sin sin COS sin  cos sin
°Rc =§ cos sin COS COS sin z;
COS sin +cos sin sin cos cos sin +sin sin coS CoS
(2.27)
where , ,and represent the roll, pitch, and yaw angles platform COM, respectively.

The bogie suspension of the mobile platform introduces an additional rotation about the
y-axis on each side. These rotation matrices are de ned as a basic 3D rotation of the
respective bogie angle around y as

2 3
cosgL O sin g
“Rg. E 0 1 0 2 ; (2.28)
sin B:L 0 cos B:L
2 3
cos gr O sin gr
“Rgr § 0 1 0 : (2.29)

sin B:R 0 cos B:R

Finally, the rotation matrices from the global frame to the bogie frames on each side of
the platform are de ned by pre-multiplying the rotation matrix from the global frame to the
platform COM frame with the respective bogie angle rotation matrix as

GRB;L = CRB;L GRC (230)

°Rer = “Rer °Rc (2.31)

Now the components of the rotation matrices used in the static terms of the support forces
Equations 2.15-2.18 can be obtained from the rotation matrices for each side above as
rix = Ree.L (i;] ) for the left side, and rijr = Rgg:r (i;] ) for the right side.

The forces and moments at the manipulator attachment point to the platform are com-
bined into a single vector based on spatial vector algebra as
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2 3

Mg - : (2.32)

which are distributed to tire support forces with the stato-dynamic terms. [4] The frame
M is a chassis- xed frame having the same orientation as the COM frame. The position
vector from the platform COM to the manipulator attachment point is de ned as

3

2
Xca
Crem = §yc,é ; (2.33)

Zca

These distances are also variable since the COM location changes with the orientation
of the bogie suspension. The formulation of these distances is not included in the thesis
because the forces and moments at the manipulator attachment point are assumed to
be zero. Therefore M F = 0, where O represents an all-zeros column vector with six
elements. Obtaining an expression for M F and including it in the support forces is a
task for future reference, and therefore also the following equations are presented. The
stato-dynamic terms are [4]

1Zca + ZcL

= — f ; 2.34

o= SEeat Zorwg (2.35)
FRi2 = 2 g+ l2r '

. 1ZCA+ZCL Mf (2.36)
RLi2 2 [ + 1o '

L= LZeatZomrwg . (2.37)
RR;2 2 Tm + Ion X :

1Zca+ ZoL
= = = Mf 2.38
FL;3 = 4w y ( )



FL;4 —

FR;4 =

RL; 4 —

RR;4 —

RR;3 =
4

1Zca + Zer

FR;3= &
4 WRr
_1zep + 2zc, M ¢
RL,3= 7
4 WL

1zca + Zcr
WR

fy;

Y

fy;

1 |l + Xca + lyca

2 |1;|_ + |2;|_ 2 WR

1 lir+ Xca }yCA

2 Il;R + IZ;R 2 WR

1 Iy Xca | lyca

2 g+ 1o 2 W

1 Ir Xca 1yca
2 lir+ IR 2 WR
o Mmy
FL;5 — ;
' 4W|_
_Mmy
FR;5 = ;
4w
_ Mmy
RLS = 70—
L
Mm,
RR:5 —
4WR
_1 Ymy
FL:6 = = ;
211 + 1oL
_1 Mmy
FRI6= =71
211r + l2r
_ 1 Ymy
RL;6 —

2l + I’

Mfz;

o
Mf .

Zy

o
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(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)



_ 1 "my
RRI6= 1>
2lyr + 2R
Dynamic terms describe how the linear accelerations v = Cv, ©

Vy "V

14

(2.53)

T
, and angular

velocity —and acceleration * measured and expressed in the platform COM frame affect

the wheel support forces [4]. These terms together with the static force distribution terms

in Equations 2.15-2.18 combine for the complete support forces for each wheel of the

moving mobile platform, and are expressed as [4]

_ Zc .
FL7 = (MpcL +2my) T Y
1L ol
_ ZcrR ¢, .
FrR:7 = (Macr +2mMy) [P ,
1R T 2R
_ ZcL ¢, .
rL:7 = (MpcL +2mw)ﬁ ;
(R PYE
_ ZcrR ¢, .
rRr:7 = (Mgcr +2mMy) Vy,
lir + 2
Mpc:L ZcL ¢
. Loy L ey -
FL:8 — ;
2 W WL d
Mpc.rR ZcR ¢
- R RCy .
FR:8 — :
2 W WR d
Mpc.L ZcL ¢
e = =+ m, —= %y
RL: 8 ;
2 W WL d
Mpcir ZcR ¢
.q — . + m —— 'V,
RR:8 ;
2 W WR d
C C
Vy vy

FL.o = (MpcL +2mMy) Zc

FrR.9 = (Mpcr +2My) Zcr

rRi:o =  (MpcL +2My) Zc,

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)
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= (Mgcr +2My)Z Vs “vy : (2.65)
RR; 9 BC;R w C;R ZWR |1;R + |2R — .
!
1 Csz CJyz 2
g = = _ 2.66
FL;10 2 |1;L + |2;L 2WL ( )
!
1 Iy €Jy, 2
g = = _ 2.67
FR;10 2 |1R + |2R ZWR ( )
I
1 CJXZ C\]yz 2
. = — -, 2.68
RL; 10 2 |1;L + |2;L 2W|_ ( )
!
1 CJy €J,, 2
e = = _ 2.69
RR; 10 2 |1;R + |2;R 2WR ( )
!
1 €l €Jy,
1= = *: 2.70
FL; 11 2 |1;L + |2;L 2W|_ ( )
!
1 €l €Jy,
1= = *: 2.71
FR;11 2 |1;R i |2;R 2WR ( )
!
l CJXZ C‘]yZ
1= = . 2.72
RL; 11 2 |1;L + |2;L 2WL ( )
I
1 CJXZ C‘]yZ
1= = *: 2.73
RR; 11 2 |1;R + |2;R 2WR ( )

Inertias €J,, and C\]yZ represent the components of the inertia tensor of the platform
expressed in the COM frame. Only two components are used because [4] assumes that
the angular movements of the platform consist only of rotation around z-axis () . This
is still a valid assumption because the angular velocities — and — mostly arise from the
unevenness of the traversed terrain, and are not signi cant due to the slow linear velocity
of the platform. The skid-steer structure of the platform allows changing the yaw of the
platform  considerably fast, which makes the other components even less in uential and

the assumption holds.

M
With the manipulator forces and moments F assumed zero, the static terms in Equa-
tions 2.15-2.18 together with the dynamic terms in equations 2.54-2.73 represent the
support forces for the mobile platform, assuming that the suspension is rigid. However,
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when the actuators of the suspension adjust the two bogies due to uneven terrain, addi-
tional components are introduced to the support forces. These are presented in the next
section.

2.1.3 Hydraulic bogie suspension

Heavy-duty mobile vehicles use suspension to ensure traversability even in rough envi-
ronments with e.g. rocks, bumps, and dips. The suspension system ensures that not all
motions that affect the tires are translated to the movement of the chassis. In passenger
vehicles, the most important task of the suspension is to provide ride comfort [12]. This
is also often the case in off-road vehicles that include a cabin for the driver, but for au-
tonomous off-road vehicles, the suspension ensures better terrain traversability and that
the forces and moments from the tire-terrain interaction are not fully propagated to the
manipulator possibly mounted on top of the vehicle. The suspensions can be either pas-
sive, semi-active, or active. With active suspension, the positions of the wheels can be
articulated with respect to the chassis with certain degrees of freedom. A passive sus-
pension system comprises only passive spring and damper elements with non-variable
energy dissipation properties. In semi-active suspensions, the suspension actuators do
not input any additional energy into the system, but utilize variable dampers or other vari-
able dissipation components [12].

The mobile platform studied in this thesis is equipped with a bogie suspension actuated
and damped by a hydraulic cylinder. Bogie suspensions are commonly used in off-road
machinery, such as forest machines, dumpers, and military vehicles [13]. In the bogie
suspension, the wheels on the same side are connected to the same structure pivoted
around a central axis [13]. A schematic of the bogie suspension is shown in Figure 2.2.
The cylinders on each side are connected hydraulically, making both cylinders move if
either side encounters an obstacle minimizing the distance that the suspension actuators
need to travel to traverse over an obstacle. In addition to mechanical leveling and miti-
gation when encountering an obstacle, the bogie suspension adapts automatically to the
terrain, splits the vertical load on the axis, and ensures contact between the tires and the
terrain [13, 14].

The theory for the tire support forces presented in the previous section assumed that the
mobile platform is rigid, and the location of the center of the mass with respect to each
tire contact point does not change. The equations were modi ed to include the changing
location of the COM by using the related dimensions as inputs rather than parameters.
Still, the theory for the tire support forces handles the mobile platform as static with some
orientation of the suspension in each time step. Because the suspension has hydraulic
cylinders as actuators, the force of these also affects the tire support forces. In the scope
of this thesis, the force from the cylinder is mostly opposing the motion, due to the cylinder
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Figure 2.2. Suspension setup of the mobile platform and related dimensions
(4 2fLRg)

acting as a passive damper. However, the theory remains valid even if the suspensions
are being driven actively.

Obtaining the tire support forces from the cylinder forces can be done as a simple moment
distribution around the bogie axis. It is assumed that the suspension cylinder force affects
only the tire support forces on the same side of the platform. The tire support forces
projected from the cylinder force for each tire are presented as

I:cyI;L XBp sin ( B;L ) + I:cyI;L Zpp COS( B;L )

TrL froy = 3 —: (2.74)
Ter Froyl = FeyrXgp SIN( B;R)"I; Feyir Zep €OS ( B;R); (2.75)
T g, = Feyi Xgp SiN( gy ) - FeyiL Zgp COS ( B:L); (2.76)
Toe f o = FeyirXep SIN( BR)  FeyrZp COS( B;R); 2.77)

L

where F¢y. and Fey g are the measured left and right cylinder forces, and Xgp and zgp
are the x- and z-distances from the bogie joint to the connection point of the suspension
cylinder. The parameters are equal for both sides since the suspension setup is identical
on both sides of the platform. A visual representation of the suspension setup showing
these quantities is provided in Figure 2.2. The projection of cylinder forces to tire support
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forces is a simple matter of applying Newton's second law for rotation to the suspension's
geometry assuming a moment equilibrium about the bogie axes. This is a very simpli ed
formulation including many assumptions, but the results in the simulation can be proved
accurate. A more general way to formulate the additional components in the tire support
forces would be to use 6D vector formulation, project the forces to the COM of the platform
and ultimately include them as a component in Equations 2.11-2.14. Then the total tire
support forces for each tire i 2 f FL; FR; RL; RR g can be expressed as

Tifz;tot = Tifz;a + Tifz;cyl: (2.78)

2.1.4 Skid-steer vehicle dynamics

In skid-steering vehicles, the speeds of the wheels on each side of the vehicle are differ-
entially varied to introduce yaw [15, 16, 17]. No additional joints or actuators are needed
to change the orientation of the wheels, which ensures higher reliability and adaptability
often required from mobile robots operating in complex environments [18, 3]. Therefore
skid-steering is often found in e.g. mining, agricultural, and military applications [2]. A
skid-steering platform can also turn around on its place and is capable of driving on high-
curvature paths which enables more possibilities in e.g. path-following control [19]. A
drawback is that skid-steer uses a signi cant amount of traction force, especially in the
lateral direction, compared to other structures [15]. This may be wearing on the environ-
ment and the tires, and the drive transmission must be dimensioned properly.

Trajectory tracking control of mobile robots is generally challenging due to the nonholo-
nomic and other physical constraints in the system [18]. Since the driving wheels are
series-connected on the same side by the hydraulic transmission, the control scheme is
similar to a two-wheel differential drive, introducing the overactuated problem [17]. An-
other challenge is that at high-speed rotational maneuvers, the longitudinal component of
the instantaneous center of rotation may move out of the wheelbase of the vehicle which
leads to loss of motion stability [16]. In practice, it would lead to an excessive amount of
lateral skidding. According to [15], transients in curves are minimized by simultaneously
speeding up the outer wheels and breaking the inner wheels. The vehicle can also be
controlled by either only braking the inner wheels or speeding up the outer wheels.

Most of the models proposed for skid-steered mobile robots in the literature assume pla-
nar motion, reducing the degrees of freedom of the model to three [3, 15, 16, 17, 18]. Only
linear accelerations in X- and y-directions as well as the dynamics of the robot heading
are considered. Also, the skid-steer platforms studied are often lightweight, which can
be presented suf ciently with kinematic models. Aguilera-Marinovic et. al. [2] present a
general dynamic model for skid-steer mobile manipulators using spatial vector algebra,
which is also validated for a construction vehicle. However, the theory assumes that the
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platform is rigid and does not include any suspension, which would introduce additional
complexity and redundancy to the model. Wang et. al. [18] and Prado et. al. [20] also
conduct experimental validation of the proposed model with heavy off-road equipment.

Due to these limitations in the existing literature, a 6DOF generic vehicle model is used
in this thesis to obtain a relationship between the forces at the tire-ground contact points
and the linear and angular velocities of the mobile platform. A 4DOF dynamic model for
a skid-steered platform was introduced in [20], considering three-dimensional translation
and yaw in rotation. Chen [21] considers vehicle models with different delities and con-
cludes that the 8DOF vehicle model accurately matches the more complex 14DOF model
given low longitudinal acceleration. Therefore, the vehicle model introduced in this the-
sis considers the platform movement in 6DOF, three in translation and three in rotation
expressed in frame D located in the geometric center of the platform in the xy-plane, be-
tween the bogie joints. Figure 2.2 shows the coordinate axes of the chassis- xed frame
fDg as dotted lines. The model is formulated based on the theory in [22] and [23], and
the equations of motion for the mobile platform are given as

X
Mt PV + P10, Pv, P11, Py, = Tif + Megsin ; (2.79)
X T .
Mot Cvy + 21, Py, PPy, = 'fy mggsin cos ; (2.80)
D D D D D X Ti
Mt Vz+ vy Py vy = 'f 2ot MyprgCoOS COS (2.81)
ﬂ Ter

W
D D — T T T
Jx l_x - ? Ft f z;tot + R f z;tot f z;tot + R f z;tot

X 2

+  Pzpr, Tf, megcos cos Pypc (2.82)

Mt gSin® cos  Pzpe;
Jy I_y = ZDTi if x T+ XDTi if Z:tot + M gSin Zpc | (283)
X (2.84)

D Ti D )
+ Xpr; 'fy Myrgsin Ypc s

where My is the total mass of the platform, W (= w, + wg) is the track width, DXDTi and
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b Zpt, are the perpendicular distances between frames T; and f D g in X- and z-direction,
respectively (i 2 f FL; FR;RL; RR @), and Pypc and Pzpc are the y- and z-distances
between the COM frame f Cg and the chassis- xed frame fDg. The distances between
frames f Cg and f Dg are constant, but the locations of the tire frames T; with respect
to frame f D g change as a function of the bogie angles. The longitudinal and lateral tire
forces are marked as "'f x and " f y» Which are obtained with the Magic Formula tire model
presented in Section 2.2.1. Also, the tire support force Tif,isa signi cant contributor to
the vehicle dynamics. °Jy, PJy, and PJ, are the moments of inertia of the platform
expressed around the primary axes of the chassis- xed frame fDg.

2.1.5 Hydrostatic transmission

Heavy-duty mobile vehicles often use a hydrostatic transmission for driving. The dynamic
behavior of the HST is an important factor in controlling the locomotion of heavy-duty
mobile vehicles affecting the path-following performance. [19] An HST is a coupled hy-
draulic pump-motor system that transmits power from the prime mover to the wheels of
the vehicle, either directly or through a mechanical gearbox [24]. The prime mover has
traditionally been a combustion engine in heavy-duty mobile vehicles, but today electric
motors are also common. The main advantages of HST in off-road vehicle applications
are:

» Continuous variable speed, torque, and power control in both directions and over
the whole speed/torque operating area ensures good maneuverability,

 High controllability allows rapid and smooth accelerations and decelerations,

» System safety is ensured by the capability of being stalled and undamaged under
excessive load and robustness to shocks

» Power-to-weight ratio of the components is extremely high, and

» Recon guration of the system is simple making it suitable for different application
requirements [24].

Another bene t when using variable-displacement pumps and motors is that the prime
mover can often be driven at a near-constant speed close to the optimal operation region
unlike in mechanical transmissions. This is possible because the power is transmitted by
uid and the integrated control elements in the pumps and motors can control the power
ow, rather than changing the speed or torque of the prime mover. This improves the
system's energy ef ciency and allows for sizing smaller power sources. Low cost and re-
liability of the components can also be listed as a bene t [18]. A major drawback of HST
is lower ef ciency compared to their mechanical counterparts [24]. Another drawback
is that modeling and control of hydraulic systems is complicated due to the nonlinear-
ity of uid dynamics and parameter variations due to uid leakage and friction [18]. To
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conclude, HSTs provide superior performance at the cost of lower ef ciency.

The main quantities representing the uid dynamics in the HST are ow and pressure,
which relate to speed and torque in the hydraulic motors driving the vehicle [25]. The
volumetric ow produced by the hydraulic pump and the pressure difference between the
outlet and inlet ports (Pout  Pin ) Can be expressed as [25]

Qp= pVolp vip: (2.85)
2 mp p
Pp = PP, (2.86)
P pVp

where , 2 [ 1;1]is the relative displacement of the pump. For xed displacement
pumps and motors ; = 1;i 2 f p; mg. V, is the volumetric displacement of the pump, n,
is the rotational speed of the pump axis, usually xed to the prime mover, and ., is the
volumetric ef ciency of the hydraulic pump [25]. In the equation of pressure difference,
is the input torque to the pump axis from the prime mover, and pn,;p is the hydromechan-
ical ef ciency [25]. These quantities are transmitted to the hydraulic motor with the ow

of hydraulic uid in pipes or hoses. Hoses allow relative motion between the connected
components and are therefore often used in mobile hydraulics. The rotational speed and
torque of the hydraulic motor driving the mobile vehicle are presented as [25]

Qm vim
Nm = —, 2.87
n= = (2.87)
V, :
m = mVm Pm hmm : (2.88)

2

The symbols in the motor equations have equivalent meanings to those in the pump
equations, except the subscript m denotes motor. The torque available at the wheels
is obtained by multiplying the motor torque with the gear ratio. Similarly, the rotational
speed of the motor can be determined by multiplying the rotational speed of the wheel
with the gear ratio. In addition to the relative displacements , and p,, the speed of the
hydraulic motor can be controlled with the magnitude of the inlet ow. As the ow is

produced by the pump, the rotational speed of the prime mover can be used to control
the speed of the motor. The pressure in the system is proportional to the external load
of the motor. A higher load results in higher pressure, which is transmitted by the uid
to the hydraulic pump. As Equation 2.86 shows, the torque of the pump axis is directly
proportional to the pressure difference of the pump. Increasing pressure in the outlet
port of the pump results in an increased torque demand from the prime mover. Both the
pressure and ow of the HST must be controlled to achieve the desired performance. In
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xed-displacement systems this results in a combined speed-torque control of the prime
mover. Since hydraulic hoses are often used to connect the pump and the motor, an
additional equation is required to model the pressure dynamics in a hose [19]

Be

_ Beft .
By = (Qn  Qou); (2.89)

where B¢ is the effective bulk modulus of the uid, V; is the volume of the hose, and
Qin and Q¢ are the volumetric ows entering and leaving the hose volume, respectively.
Since the equation only considers the change in pressure, the initial pressure in the hoses
must be set properly in the simulation. This completes the theory of the dynamics of the
mobile platform and the hydraulic systems used for driving transmission and suspension.
The next section will present the relevant theory to the modeling of the platform wheels,
including the rubber tires.

2.2 Tire and wheel dynamics

The second part of modeling the mobile platform dynamics considers the dynamics of
the tire and the wheel. The tire dynamics are modeled with the semi-empirical Magic
Formula tire model, which is a common model used to describe the dynamic interaction
between the road and the pneumatic tire [5]. It was initially developed to be used in
passenger vehicles, but with certain additions e.g. low-velocity slip calculation, it can be
well extended for heavy-duty mobile vehicles. In this thesis, the most important output
from the MF tire model is the longitudinal tire force Tif, for each tire, which is used in
the wheel rotational dynamics to obtain the angular velocity of the wheel. One of the
important inputs to the MF tire model is the tire support force Tif, derived in Section 2.1.2
[5]. The following subsections present the formulation of the MF tire model and the wheel
rotational dynamics to conclude the dynamic model of the wheeled platform.

2.2.1 Magic Formula tire model

The Magic Formula is a semi-empirical tire model designed to represent the tire with
mathematical expressions in vehicle simulation environments. Semi-empirical models
are based on measured data but generally use structures derived from physical models,
which are parameterized based on the experimental data. [5, p. 150] The model is used
to investigate the mechanical behavior of the tire when introduced to different inputs to
wheel motions and road conditions. Two modes of operation exist: symmetric (in-plane)
and anti-symmetric (out-of-plane). In symmetric operation, only the longitudinal force from
driving or braking from the road is transmitted to the wheel, so only longitudinal control of
the vehicle is realized in this mode. The second mode of operation considers directional
control of the vehicle, where the tire generates lateral and cornering forces to turn the
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vehicle. Combinations of these pure modes occur in situations where the vehicle is not
only traversing in-plane or cornering but e.g. braking in a turn. This is referred to as the
combined-slip operation mode, which is also the operation mode used in this thesis. [5,
p. xiii]

Even more complex situations arise when the vehicle is traversing rough terrain with short
obstacles, e.g. rocks and bumps, and being simultaneously driven, braked, and steered.
This makes the mathematical modeling of the tire behavior even more complex. [5, p. Xiii]
Even though the MF tire model is designed for road vehicles, parametrization and low-
velocity slip calculation allow it to be applied for heavy-duty off-road machinery. Although
these machines often traverse environments with short obstacles, the MF tire model can
provide an accurate representation of the contact between the tire and the terrain. Stall-
mann and Els [26] studied the behavior of large off-road tires using the MF tire model
(Pac89) and validated that it represents the tire traversing short obstacles and uneven
terrain with reasonable accuracy. Tire modeling is often the most dif cult aspect of the
dynamic modeling of any vehicle, making it a signi cant part of the model. Another dif cult

part is tire parametrization, which is discussed later.

The most important outputs of the MF tire model in the dynamic modeling of wheeled mo-
bile robots are the longitudinal and lateral tire forces de ned in the contact point between
the tire and the terrain. These can be used to determine the wheel angular velocities,
as well as the linear and angular accelerations of the platform. In the simple cases of
in-plane motion and cornering, only the longitudinal and lateral forces, respectively, are
present together with the aligning torque [5]. Before the expressions for the tire forces
can be introduced, the longitudinal and lateral slip quantities need to be de ned. The
longitudinal slip is de ned as

' (2.90)

where Wiy, is the longitudinal (linear) velocity of the wheel center, and ! ; is the wheel
angular velocity. The linear and angular velocities of the wheel can be obtained from
measurements. [5, p. 4] The so-called slip ratio is expressed separately for each wheel
I 2 fFL;FR;RL;RR g. Figure 2.3 presents the wheel velocities used in slip calcula-
tions, de ned in the wheel frame W,. Similarly, the lateral slip angle is de ned as the
tangent of the ratio between the lateral and longitudinal velocities of the wheel center as

[5, p. 4]

tan ;= wivy: (2.91)
X

The slip angle can be visualized as the angle between the translational velocity vector
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Figure 2.3. Wheel velocities for slip calculation (i 2 f FL; FR; RL; RR Q)

of the wheel hub and the heading of the tire (x-axis of frame W;). As it can be seen
from Equations 2.90 and 2.91, the longitudinal slip ; and the slip angle are not de ned
when the longitudinal velocity of the wheel hub Wiv, is zero, meaning that the vehicle or
a single tire is at standstill. In addition, the equations are not well-de ned at very low
velocities because | and tan ; approach in nity, which can lead to numerical problems
like stiffness. In traditional vehicle dynamics simulation, this has not been an issue since
the simulation of road vehicles usually considers only high velocities [27]. Bernard and
Clover [27] proposed a formulation that considers longitudinal slip and slip angle as state
variables rather than kinematic functions, expressing these slip measures as differential
equations. Alexander and Vacca [28] applied this theory to model the longitudinal dy-
namics of a construction vehicle, justifying that a signi cant amount of their operation is
carried at or around zero velocity. This assumption holds for heavy-duty mobile robots
since their operation is usually a combination of driving short distances at low velocities
and manipulating the environment. The differential equation for the longitudinal slip is
de ned as [28]

jWi ij RW! i Wi Vx
i = ; (2.92)

X;i X;i

+

4

where ;i is the longitudinal relaxation length of the tire. A differential equation can be
also derived for the slip angle as [27]

.WI - WI
E(tan )+ 7% tan P = l; (2.93)
dt yii yii
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where y; is the lateral relaxation length of the tire. The relaxation lengths are parameters
that control the lag in how the input slip ratio/angle affects the longitudinal/lateral tire force
at the ground contact point [5, p. 22]. The relaxation lengths can be expressed as [29]

i = pg;i“; (2.94)
_ Pryzi.

;= Poti 2.95

yi & (2.95)

where Pky1;i is the longitudinal slip stiffness, pyy1; is the lateral slip (cornering) stiffness.
Cci and C,; are the overall longitudinal and lateral stiffnesses of the tire, respectively. In
general, Ky ; and Ky are functions of multiple different parameters, tire support force,
and in ation pressure [29]. The stiffness parameters and how they can be obtained with
experiments are introduced later in Section 3.3.1.

These slip quantities and the tire support forces de ned in Section 2.1.2 act as the most
important inputs to the MF tire model. These together with the model parameters rep-
resent the most important aspects of the interaction between the pneumatic tire and the
terrain being traversed. [5] Now, the expression for the longitudinal tire force in the in-
plane (pure longitudinal slip) operation mode can be expressed as [5, p. 179]

Tifo = Dysin(Cyarctan(By i E,(Bx i arctan(By 1)) : (2.96)

Similarly, the lateral tire force in the out-of-plane (pure side slip) operation mode is ex-
pressed as [5, p. 179]

Tify, = Dysin(Cyarctan(By, i E,(By ; arctan(By, i)))): (2.97)

The general form of the MF tire model can be seen from Equations 2.96 and 2.97. It con-
sists of trigonometric functions and tire parameters with the same meaning but separate
values for the longitudinal and lateral tire forces. Also, the inputs are different. The input
to the function for longitudinal force is the longitudinal slip ratio ;, and for lateral force, the
side slip angle ;. Another important input is the tire support force Tif, which is multiplied
with the friction coef cient pgyx1 Or Pgy1 to obtain the parameters Dy and Dy, which are
presented here to emphasize the importance of accurate modeling of tire support force
[5, p. 179].

Dy = Pux1 Tifz;tot (2.98)
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Figure 2.4. Example of MF curve with Biyyg =5, Cixyg = 1:6, Efxyg = 2

Dy = Pay1 Tifz;tot (2.99)

In the general form of the equation, parameter Bty 4 is the stiffness factor, Csx.y 4 the
shape factor, D¢y g4 the peak value, and Ery, 4 the curvature factor [5, p. 165]. The
horizontal and vertical shifts of the curve are neglected. Figure 2.4 shows an example of
a curve produced by the MF function with a set of typical parameters, an anti-symmetric
curve with respect to the origin. As can be seen from the gure and Equations 2.96
and 2.97, the parameter Dy, 4 directly corresponds to the peak value of the respective
tire force. The other parameters control the shape of the curve. Byy.yq controls slope
at the origin, Csy., 4 determines the shape by controlling the range of the sine function,
and Efyyg controls the curvature and horizontal position of the peak [5, p. 166]. The
MF curve passes through the origin, indicating that no tire force exists at zero slip, which
corresponds to perfect rolling. Once the slip quantity starts increasing, the tire force
increases rapidly until it reaches the peak value. After that, the tire force starts decreasing
with increasing slip. This means there is an optimal slip value to obtain the maximum
available tire force for driving, braking, and turning the vehicle.

It must be noted that each of the parameters present in the general form of the MF tire
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model consists of multiple individual tire parameters representing a single aspect of the
pneumatic tire. An example of tire parameters for a passenger vehicle is presented in [5,
Appendix 3], with parameters for e.g. dimensions and inertia, and vertical, longitudinal,
and lateral aspects of the tire. A complete list of hypothetical MF parameters is also given
in [5, p. 190]. The tire model in this thesis must support more complex scenarios than
pure longitudinal or cornering motion. Therefore, as mentioned before, the combined slip
operation mode must be utilized. The equations for the longitudinal and lateral tire forces
in the combined slip operation mode are

Tif, = Gy Tfyor (2.100)
Tify =Gy Ty (2.101)
where [5, p. 181]
Gy =cos(C, arctan(Bx i Ex (Bx i arctan(Bx i))); (2.102)
Gy =cos(Cy arctan(By i E, (By i arctan(By i)))): (2.103)

Now the longitudinal and lateral tire forces depend on both slip quantities. The combined
slip correction factors Gy and Gy do not have a parameter for peak value like equations
for tire force in the pure slip scenarios. Therefore, the maximum value for both factors is
1 and the magnitude of the tire forces can be only as great or smaller than in the case of
pure slip, if the tire has slip in both longitudinal and lateral directions. In conclusion, the
correction factors are used to reduce the tire forces if a combined slip exists. In addition
to the longitudinal and lateral tire force, the rolling resistance moment of the tires can be
modeled in the MF tire model. This is an internal measure since it is dependent on the
longitudinal speed of the wheel hub and affects the longitudinal tire force, which is an
output of the tire model. In the analytic vehicle model, also the rolling resistance moment
needs to be output from the MF model since it affects the rotational dynamics of the
wheel, which is explained in detail in the next section. The rolling resistance moment can
be presented as [5, p. 182] [30]

W, T, Tify Wiv,
'my = fz;tot Rw Gy + Ghy2 FzO + Gsy3 Vo
|
! 2.104
Wiy, ¢ ke Vv, ( )
+ Cya tanh ——— |

Vo Vihreshold
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where Gsy1, Gsy2, Ckyz and Gy4 are MF parameters for rolling resistance, V, and Fo are the
nominal velocity and tire support force parameters, and Vinreshoid IS the velocity threshold
parameter. The tanh-function is used to estimate the sign function, making the rolling
resistance moment always opposing the direction of travel. The velocity threshold and the
parameter Kk, can be used to increase and decrease the slope of the rolling resistance
moment at low speeds. The parameter Gy controls the maximum value of the rolling
resistance moment at stationary and low speeds, and the Gsy3 parameter determines the
rolling resistance when the speed of the vehicle increases. This completed the theory of
the MF tire model. To conclude, the tire model calculates longitudinal and lateral slips
based on the velocities of the wheel hub, which are converted to tire forces using the
parameterized curve presented in Figure 2.4. In addition, the rolling resistance moment
of the tire is modeled with the MF tire model. This represents the load of the hydraulic
motors in the HST which determines the torque of the motors and the pressure in the
system.

2.2.2 Wheel rotational dynamics

The nal part of deriving the dynamics of the mobile platform is the rotational dynamics of
each wheel. It provides a relationship between the driving torque and the longitudinal tire
force for each wheel. The dynamics of the driving wheels i 2 f FL; FR;RL;RR g are
adopted from [17], but the Coulomb and viscous friction terms are replaced with the rolling
resistance moment of the tire. The rotational dynamics of the wheels are expressed with
the differential equation [17]

Jwi Wy = i Ry Wimy + dyy; (2.105)

where J,,; is the inertia about the rotational axis of the wheel, Wi ! y is the angular velocity
of the wheel, ; is the driving torque determined by the hydraulic motor and gear ratio, R,
is the wheel radius, "f, and Wi my are the longitudinal tire force and rolling resistance
moment introduced in Section 2.2.1, and d,; is the disturbance.

This completes the dynamics of the platform by forming a relationship between the driv-
ing torque of each in-wheel motor from the HST and the longitudinal force and rolling
resistance moment of the tires from the Magic Formula tire model. The input voltages
to the electric motors of the HSTs are considered inputs, which generate the rotational
speed of the hydraulic pumps and ultimately the angular speed of the wheels. The torque
of the wheels and the hydraulic motors are determined based on external load including
the longitudinal tire force and the rolling resistance moment, which translates to pressure
in the HST and further to the torque required from the electric motors. The tire forces
are affected signi cantly by the support force of each tire, which are the main factors
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contributing to the linear and angular acceleration of the platform. These can be obtained
from a 6DOF vehicle model if the components modeled before provide suf cient accuracy.
This is discussed more in Chapter 4. The vehicle model closes the loop for the complete
model since the accelerations can be propagated to the longitudinal and lateral velocity
of each wheel hub, which together with the rotational speeds of each wheel initiate slip in
the tires, resulting in tire forces that drive the vehicle. A detailed description of the analytic
model is provided later in Section 3.3.2.
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3. SIMULATING THE MOBILE PLATFORM

This chapter introduces the mobile platform studied in the thesis and the MATLAB Simulink
simulation model that represents it. The platform is developed for mining applications
to be used as a multi-purpose deployer (MPD). A full-electric manipulator is ultimately
mounted on top of the mobile platform, which was not included in the scope of this thesis,
except for the effects of the 6D screw forces and moments at the manipulator base to the
tire support forces. However, the theory presented in this thesis provides a solid base for
the dynamic model of the complete platform including the manipulator. For example, the
expressions for tire forces already include the effects of the manipulator. The in uence

of the manipulator base forces and moments would need to be accounted for in the 6D
vehicle dynamics in Section 2.1.4.

3.1 MPD platform

The tasks of the MPD include driving and manipulating the environment. This thesis only
considers the driving aspects, which are crucial for understanding the complete behavior
of the mobile manipulator. In addition to working with the manipulator, the platform needs
to be driven to different locations during tasks. Accurate modeling of the driving aspects
is important for future work, such as motion planning and path-following control of the
platform. The manipulator, its motions, and possible load also signi cantly increase the
height of the platform COM, which can lead to dangerous situations like the whole vehicle
tipping over. The tire support forces derived in this thesis can be used to detect and
prevent such unwanted behavior, by employing the model in e.g. model predictive control.

Since the MPD was not only designed for driving in various off-road environments but
also for carrying the manipulator and the load, the platform is relatively heavy compared
to its size. The heavy steel frame and the components of the electric-hydraulic powertrain
contribute to most of the weight. Otherwise, the MPD is similar in size to a large passen-
ger vehicle, and it also includes four wheels like most passenger vehicles. A picture of
the MPD in the test environment is presented in Figure 3.1. The gure also shows the dif-
ferential Global Navigation Satellite System (GNSS) sensors located on top of the yellow
poles used for positioning of the platform. The MPD is also equipped with two cameras
and a light detection and ranging (lidar) sensor which can be used for sensing the envi-
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Figure 3.1. MPD platform in the test environment

Table 3.1. Dimensions of the MPD platform

Symbol Name Value
Mot Total mass 4836 kg
myy Wheel mass 90 kg

w Track width 1944 mm
L Wheel base 1450 mm
H Height 1409 mm
Ry Wheel radius 411 mm

ronment. The instrumentation and available measurements from the MPD are presented
in more detail in Section 3.4. The most important dimensions of the MPD platform are
presented in Table 3.1.

3.2  Simulation model

The simulation model built to represent the mobile platform virtually was implemented
in the MATLAB Simulink environment. Simscape Multibody * components were used
to build a simple digital twin of the platform with the hydrostatic transmission and bogie

Thttps://iwww.mathworks.com/products/simscape-multibody
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Figure 3.2. Typical blocks in Simscape Multibody modeling

suspension hydraulics being implemented with Simulink blocks and MATLAB functions.
The multibody model of the platform is rather complex, including all the platform, wheel,
and actuator dynamics, and the tire-terrain contact. The most important parts of the
simulation model are introduced in this section, including the multibody model with all
the components and the tire-terrain contact, hydrostatic transmission, hydraulic bogie
suspension, and the standalone reduced MF tire model.

3.2.1 Multibody dynamics model of the platform

The Simscape Multibody library includes numerous blocks to model the dynamics of vari-
ous multibody systems. These include, for example, different body elements, joints, trans-
forms, and contacts. By connecting these components together and studying the results
in, for example, Simulink scopes, complex mechanical systems and their dynamics can
be studied. Figure 3.2 presents all the necessary components in building the Simscape
Multibody dynamics model of the mobile platform. The rigid bodies of the system are
presented by the solid blocks. Simscape offers parameterizable solid blocks for common
geometric shapes such as cuboids and cylinders, but a File Solid block allows importing
rigid bodies from CAD les. The inertial parameters of the rigid body can be imported from
a le or customized within the block. This improves the accuracy of the model since all
the rigid bodies in the model better represent their physical counterparts. The solid blocks
required to model the MPD platform include the chassis, two bogie beams connecting the
wheels to the bogie joint on each side, the two cylinders and pistons for actuating each
bogie, and the four wheels.

Frames can be freely attached to different locations of the solid to connect them. Another
possibility to locate frames with respect to each other is the Rigid Transformation block,
which provides a 3D transformation from the Base frame (B) to the Follower frame (F).
The transformation is de ned as independent 3D translation and rotation with respect to
the Base frame, making it possible to combine different translations and rotations between
the two frames.

In addition to rigid bodies and transformations, joints are required in the model to allow
motion between the bodies connected together. Revolute and prismatic joints are com-
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monly found in mobile manipulators due to the simple realization of 1DOF motion. These
are the only joint types required in modeling the mobile platform, but the Simscape Multi-
body library includes many other blocks found in real applications with various degrees of
freedom such as universal, planar or spherical joints. In the model of the MPD platform,
prismatic joints are only found in the bogie cylinders, modeling the movement of the cylin-
der itself. Revolute joints are found in the connecting points of the cylinder to the chassis
and bogie beams, bogie axels, and wheels. The motions and torques of each joint can
be either automatically computed or provided by input. The revolute joints at the bogie
axles are the only joints of the platform that are not actuated by external force or torque
but move freely based on other quantities affecting the system. The prismatic joints of
the two cylinders are driven by a force calculated in the cylinder model presented in Sec-
tion 3.2.3. The revolute joints of each wheel are driven by the torque from the respective
in-wheel hydraulic motor and gearbox, presented in Section 3.2.2.

Another important aspect in modeling the wheeled mobile platform is the tire-terrain con-
tact. The Simscape blocks required to model this contact and an overall layout of the
driving model are presented in Figure 3.3. The gure represents the contact of a sin-
gle tire, and a separate contact block is required for each tire of the vehicle. Simscape
libraries include a Magic Formula Tire Force and Torque block [31] that calculates the
tire forces with the MF tire model from the two connected frames. The MF block is con-
nected to the terrain modeled with a Grid Surface block from one side and to the spinning
wheel-center frame from the other. It calculates the necessary slip values based on the
motion of these frames and converts them to tire force and torque by utilizing the given
tire parameters and the MF tire model. The force calculation is numerically stiff, especially
with large tire stiffness parameter values, which may lead to numerical instability in some
scenarios. The block works well on at or very smoothly curved terrain terrain and when
traversing low-curvature paths. However, if there are short obstacles in the terrain or the
slip quantities have large values the block is not able to adequately compute the contact
forces, leading to numerical instability and the vehicle losing contact.

Therefore, the Spatial Contact Force block is a desired choice when simulating driving
on rough terrain. It can handle a larger variety of rough terrains and different driving
scenarios without becoming numerically unstable. The contact points need to be sepa-
rately de ned as a point cloud with a discrete number of points for each tire. The block
computes the support force normal to the contact plane for each tire from the penetration
distance and velocity of each contact point, and the stiffness and damping parameters
of the terrain. The longitudinal and lateral tire forces are calculated as a combined static
and dynamic friction based on friction parameters and the relative velocity between the
contact points and the terrain. The friction force can also be provided as an input to the
block which allows using any other friction model for modeling the tire forces. The friction
force in the X and y directions must be input separately for each contact block, which
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Figure 3.3. Simscape blocks used in tire-terrain contact modeling

may be dif cult to determine because the contact points are spinning with the wheel. The
standalone Magic Formula with a reduced number of parameters developed by Puumala
[6] can be run parallel to the tire contact since it is not dependent on any Simscape ge-
ometries. All the necessary inputs to the MF model can be obtained regardless of the
contact block used, so in the analytic model, the MF tire model can be used in all terrains.
In other words, the Spatial Contact Force block is used to enable the simulation of the
MPD platform on rough terrains. The block parameters need to be optimized to represent
the Magic Formula tire model as accurately as possible. Since both blocks have param-
eters for friction, stiffness, and damping, the respective MF tire parameters could be also
directly used in modeling the terrain. The tire forces expressed in the tire frame can be
measured from both blocks, and the MF block also provides multiple slip quantities as
output such as slip ratio and slip angle

Figure 3.3 shows other Simscape components and a principle layout of modeling mobile
multibody systems with tire-terrain interactions in MATLAB Simulink. The solver con gu-
ration block is used to de ne solver settings for the Multibody system, in addition to the
solver settings of the whole Simulink model. A mechanism con guration block de nes

mechanical and simulation parameters, such as gravity. The world frame acts as an iner-
tial frame of reference for the simulation model. A 6DOF joint is connected between the
world frame and the multibody system to implement the oating base functionality of the
mobile platform. The joint allows three translational and three rotational degrees of free-
dom implementing complete movement for the platform in 3D space. The world frame is
also connected to the Grid Surface block representing a 3D point cloud of the terrain sur-
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Figure 3.4. Simscape Multibody model of the mobile platform

face. The block supports all arbitrary terrain shapes, so for example 3D point cloud scans
and heightmaps of different environments can be easily imported to the model. The multi-
body system of the mobile platform is represented here with a single File Solid block, but
it generally consists of multiple solids and the joints and transformations between them.
The tire-terrain contact blocks are nally connected between the surface and the spinning
wheel frame which completes the simulation model for a multibody system with tire-terrain
interactions. The wheel joint is connected between the terrain contact block and the plat-
form body. The vehicle in simulation is driven by providing the wheel torque from the
HST model as an input to each of the wheel joints. The complete multibody model of the
mobile platform traversing a lumped terrain viewed in the MATLAB Mechanics Explorer is
presented in Figure 3.4.

3.2.2 Hydrostatic transmission model

As introduced in Section 2.1.4, the wheels on each side of the vehicle are driven inde-
pendently in skid-steered vehicles. The MPD drive transmission consists of two identical
hydrostatic transmissions on each side of the vehicle. The hydraulic schema of the hydro-
static transmission on each side of the MPD is presented in Figure 3.5. The HSTs consist
of a prime mover, a hydraulic pump, two hydraulic motors and gearboxes, and pressure
sensors sensing the pressure difference over the pump. The hydraulic motors are series
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connected, so the motor speeds are identical in steady-state if the components are ideal
and no losses exist. However, due to the volumetric and hydromechanical losses of the
motors, the motor in the direction of travel has slightly higher speed and torque when the
vehicle is driven. Each motor is connected to a gearbox, which reduces the rotational
speed and increases the torque available from the motors to the wheels. This is com-
mon in heavy-duty off-road vehicles, as the desired torque-speed ratio on the wheels is
signi cantly higher than standard hydraulic motors can produce.

Figure 3.5. Hydraulic schema of the left and right side hydrostatic transmission

Hydrostatic transmission is a closed-loop hydraulic system. The power to the rst motor is
transmitted directly from the pump through the hoses using hydraulic uid as the median.
The outlet port of the rst motor is connected to the inlet port of the second motor, the
outlet port of which is connected back to the hydraulic pump. Figure 3.5 presents the
closed-loop connection of the hydraulic pump and the motors. The hydraulic pump can
be rotated in either direction allowing the wheels on each side of the platform to rotate
forward and backward independently. Electric DC motors are used as prime movers
separately for each side providing input power to the hydraulic pumps. The DC motor is
mechanically connected to the pump axis, directly determining the rotational speed of the
pump. Since the displacements of the hydraulic pump and motors are xed, the rotational
speed of the prime mover is used to control the rotational speeds of the wheels. The drive
transmission implemented has a simple structure suitable for skid-steer vehicles, where
the movement is controlled by differentiating the speeds of the wheels on each side. The
only inputs to the drive transmission are input armature voltages for the DC motors on
each side. The dynamics of the electric motor from the input armature voltage to the
rotation speed is modeled with a second-order transfer function [32, p. 51].
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Ua(s) JmLaSz+(JmRa+ LaBm)S+ RaBm + ktke,

(3.1)

where J,, is the moment of inertia of the rotor, R; and L 5 are the armature resistance and
inductance, B, is the viscous friction coef cient of the rotor, and k; and ke are the torque
constant and back-electromotive force (back-EMF) constant of the motor, respectively.
The hydraulic pump converts this rotational speed into a volumetric ow of hydraulic uid,

which is again converted to mechanical rotation of the wheels with the hydraulic motors
and gearboxes. The pressure in the hydraulic system, which ultimately determines the
torque required from the DC motor depends on the external load of the hydraulic motors.
The pressure measurements can be used to calculate the torque over the hydraulic pump,
as well as the torque over each hydraulic motor if the pressure between the motors is
estimated. The load is determined from the longitudinal tire force and the dimensions of
the wheels and the gearbox. The equations relating the volumetric ow and pressure of
the hydraulic system to mechanical torque and rotational speed were presented in Section
2.1.5. The total ef ciencies of the HST components are assumed to be 0.95, which
is a realistic upper limit for the ef ciency of new components under favorable operating
conditions.

3.2.3 Suspension model

The suspension of the MPD is implemented with a bogie on each side of the platform.
The suspension actuators are hydraulic cylinders on each side. The cylinders can be
used either to control the position of the bogies actively or as passive dampers. In this
thesis, only the passive damping of the cylinders is considered. The passive mode of
the suspension hydraulics is modeled using two cylinders and all necessary valves and
hoses presented in Figure 3.6. To achieve passive damping, the connection between
the A and B chambers of the two cylinders is opened with the four pressure-operated
2/2 lock valves and the 4/2 valve. In the active suspension scenario, the 4/2 valve is
closed so that the ow to the cylinder chambers can be controlled independently. Each
cylinder chamber also has a pressure relief valve to limit the uid pressure and shocks in
the other components of the system. The pressure in each of the cylinder chambers can
be measured with a pressure sensor. The force and motion of the suspension cylinders
are completely determined by external forces, mostly the tire support forces. Without
any suspension, one of the platform tires easily loses contact with the ground on uneven
terrain, which can be prevented in most cases with the bogie suspension. When driving on
uneven terrain, the motion of the bogie suspension is determined based on the shape of
the terrain and the orientation of the platform. For example, if the front right tire encounters
a bump, it starts moving up and the front left or rear right tire is in danger of losing contact
if the suspension is not re-oriented. The bump increases the pressure in the B-chamber
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Figure 3.6. Simpli ed schema of the suspension hydraulics in passive mode

of the right suspension cylinder more than in the left cylinder. This triggers ow to the
B-chamber of the left cylinder, which causes the cylinder to move and the uid starts
also owing between the A-chambers, from left to right. This results in the front left
wheel moving down, which ensures contact with the ground for all four wheels. So, in the
passive con guration of the suspension the movement is completely determined based
on external forces and the movement of the bogie suspension joints on each side is equal
but in the opposite directions. Connecting the cylinder chambers increases the movement
range of the suspension compared to the case where only the side that encountered the
obstacle would move.

The suspension cylinder force in the simulation model is calculated based on the cylinder
position and velocity and the input ows to the cylinder chambers. The cylinder position
is obtained from the bogie angle and the suspension geometry. This force is then input
to the cylinder prismatic joint which computes the joint motion based on the multibody
system and results in the movement of the bogie joint. The cylinder force is de ned as
positive to the extension direction and can be calculated as

I:cyl = pAAA pBAB I:fric + I:end; (3-2)

where pa and pg are the cylinder chamber pressures, Ax and Ag are the piston and
piston rod side areas, respectively, Fic is the friction force, and Fepq is the cylinder end
force. The cylinder chambers are modeled as uid volumes and the pressure is calculated
similarly to hoses in Equation 2.89, except the out ow is determined based on the velocity
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of the cylinder, which directly affects the volume of the chambers. When the suspension
is set to the passive mode, the input ow to a cylinder chamber is equal to the output ow
of the respective chamber on the opposite side cylinder (Figure 3.6). The cylinder ends
are modeled as stiff spring-dampers slowing the motion of the cylinder near the ends
protecting the piston from hitting the physical cylinder ends. The friction force is based
on the LuGre model which is a dynamic friction model considering the interface between
two surfaces as a contact between microscopic elastic bristles [33]. Tran et. al. [34]
applied the LuGre model to model the dynamic friction behaviors in hydraulic cylinders.
The friction model is based on the average de ection of the bristles z, which is modeled
with a differential equation as

iXi o N
Fe+ (Fs  Foe (%)

Z =X (3.3)

where X is the cylinder velocity, ¢ is the stiffness of the bristles, F. is the Coulomb
(dry) friction force, Fs is the maximum static friction (stiction) force, and vs is the Stribeck
velocity [33, 34]. Now, the friction force in the cylinder can be calculated as [33, 34]

Fiic = o0Z+ 1Z + 2X; (3.4)

where 1 is the viscous friction (damping) coef cient of the bristles, and  is the viscous
friction coef cient for the cylinder. The friction model of the cylinder has three terms in
total. It considers the stiffness and damping of the microscopic bristles, as well as the
damping of the piston itself.

3.3 Analytic vehicle model

In addition to the Simscape Multibody model of the MPD platform, an analytic model is
built to independently represent the dynamics of the platform. A key part of the model is
the Magic Formula tire model with a reduced number of parameters and low-velocity slip
calculation presented in a previous Master's thesis by Puumala [6]. This work extends the
model by providing varying analytic tire support forces to the tire model, the importance
of which is noticed especially on uneven terrain. These tire forces to three dimensions
are then used in the vehicle dynamics to analytically calculate the acceleration, velocity,
and position of the platform in 6DOF. Additional 4DOF is included in the model from the
rotational speed of each wheel. The model also considers the hydrostatic transmission
and the bogie suspension introduced in the previous section. This section rst introduces
the fundamentals of the reduced MF tire model and then the complete analytic model.
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Figure 3.7. Reduced Magic Formula block adopted from [6],i 2 f FL; FR; RL;RR g

3.3.1 Reduced Magic Formula tire model

The tire model is required to obtain the longitudinal and lateral tire forces in the tire-
ground contact points which essentially contribute to the driving and turning of the vehicle.
The reduced MF block implements the MF tire model from Section 2.2.1, but contains
a reduced number of parameters that are essential for modeling the tire forces in low-
velocity applications. Reducing the number of parameters makes parameter identi cation
faster and increases the computational ef ciency of the model. Another bene t is that

the reduced MF model is standalone, meaning it can be run independently with numeric
inputs and is not dependent on any Simscape geometry connections. The operation
principle of the model with inputs and outputs is presented in Figure 3.7. The equations
for each of the tire model quantities were presented in Section 2.2.1.

The inputs to the tire model are the analytic tire support force F,.; (Section 2.1.2), wheel
rotational speed ! ;, and longitudinal and lateral velocities of the wheel hub v,; and
Vyi. Together with the model parameters, the inputs are used to calculate the relax-
ation lengths, longitudinal and lateral slips, and ultimately the longitudinal and lateral tire
forces which are the model outputs. The rolling resistance moment is the third output
of the model, which is not dependent on slip quantities or relaxation lengths. Especially
when the slip quantities are modeled with differential equations at low velocities, the tire
stiffness parameters used in calculating the relaxation lengths are crucial in increasing
the modeling accuracy. Larger stiffness values in general lead to better results compared
to the Simscape Magic Formula block, since they make the differential equation faster.
However, unnecessarily large stiffness values make the model prone to excessive forces
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Table 3.2. Tire stiffness values

Symbol Name Value

Cx Longitudinal stiffness 1400 kN/m
Cy Lateral stiffness 350 kKN/m
C, Vertical stiffness 700 kKN/m

and can also lead to numerical instability. In addition, undesirably large stiffness values
do not realistically represent real rubber tires. Stallmann et. al [35] studied the vertical
tire de ection of heavy-duty off-road tires under varying loads and tire pressures. The
results can be used as a reference for de ning the vertical stiffness of the tires. The
longitudinal stiffness of the tire is then set to double the vertical stiffness, and the lateral
stiffness to half of the vertical stiffness [5]. The tires of the MPD have much shorter walls
than the tires experimented on in [35] and almost resemble solid rubber tires. Therefore,
it is desirable to also take the stiffness values of Puumala [6] into account. Considering
the effect of tire stiffness values on the numerical accuracy of the reduced MF model, the
tire stiffness values are chosen to be as large as possible, while still realistic for real tires.
The stiffness values chosen for the tires are presented in Table 3.2. The vertical stiffness
is based on the experimental results in [35] on a tire with an in ation pressure of 3 bar.

Obtaining parametrization data from real tires is often dif cult. Stallmann and Els [26]
discussed the parametrization procedures of different tire models and used a test rig
to obtain real-world data from heavy off-road tires and compared it to a simulated tire
model. They found the parametrization process of the MF tire model to be manageable
and apparent. Since there is no such parametrization data available for the tires of the
MPD, the parameters must be obtained another way. The reasoning for the tire stiffness
parameters is provided above. The remaining 20 parameters of the reduced MF tire
model are obtained by driving the MPD model in Simscape with real-world inputs and
comparing the resulting motions to the experimental ones. The Simscape Magic Formula
block is used for each tire since it was proved before that the reduced MF model accurately
represents the corresponding Simscape block. Tire parameter optimization is explained
in detail in Section 4.1.

3.3.2 Complete analytic model

The complete analytic 6DOF dynamic model derived to study the driving aspects of the
MPD platform is introduced next. The model consists of all the parts previously introduced
in Chapters 2 and 3, and combines the inputs and outputs of each block into a single
standalone model. It is not dependent on any connections to Simscape geometries, so
it can be run with real-world inputs, and the results compared with the outputs. A block
diagram of the complete model is presented in Figure 3.8, which combines the contents
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Figure 3.8. Diagram of the complete analytic model with inputs and outputs

of all previous sections and explains the input-output relationships between the blocks.

The tire support forces block takes the pose and velocities of the platform expressed in
the COM frame and the bogie angles as inputs and calculates the tire support force for
eachtirei 2 f FL;FR;RL;RR g. It also includes the dynamics of the bogie cylinders
to project the cylinder friction forces into tire support forces. This is input to the MF tire
model with a reduced number of parameters together with the linear and angular veloci-
ties of the wheel hub. The rolling resistance moment and longitudinal tire force are input
to the wheel rotational dynamics with the wheel torques from the hydrostatic transmission
model. The nal part of the model is the skid-steer vehicle dynamics and kinematics,
which takes the longitudinal and lateral tire force, tire support force, and wheel veloci-
ties as input and outputs the linear and angular velocities expressed in the COM frame.
Since the skid-steer vehicle dynamics component could not be validated with experimen-
tal data, it is shown with a dotted line in Figure 3.8. However, the theory in Section 2.1.4
acts as a general literature review on dynamic vehicle modeling and emphasizes the im-
portance of accurate tire modeling. All the other parts of the model are validated based
on experimental data in Chapter 4.

3.4 Vehicle pose measurement and wheel odometry

In addition to comparing the analytic results to the Simscape model, the models can be
compared to and validated with experimental data. Especially obtaining tire parameters
that accurately represent the real tires requires data from experiments, which can be



43

used as ground truth in tting the tire model to the data. Real-world data from different
driving scenarios can be obtained from the MPD platform. The most important measure-
ments utilized in this thesis include the 6DOF pose and velocities of the platform, wheel
odometry, and pressure and rotational speed measurements from the HST. The pose and
velocities can be measured from the differential GNSS system and inertial measurement
units (IMU). These quantities are expressed in the local inertial coordinate frame de ned
in the GNSS system, and the measurement frame is located on the left GNSS sensor
of the MPD platform. The quantities can be transformed to e.g. the body frame located
between the bogie axles with a matrix transformation considering the dimensions of the
platform. The orientation of the measurement and body frame are always equal because
they are connected to the same rigid body. In addition to the pose of the vehicle, wheel
angular velocities are obtained from wheel odometry. The velocities are de ned as linear
velocities of the wheel hub but can be converted to rotational speeds of the wheels by
dividing with the wheel radius. The pose and wheel odometry signals provide a ground
truth for all 10 degrees of freedom in the model and can be used to study the performance
and accuracy of the developed models.

Several pressure and rotational speed measurements are also available from the HST.
These include the rotational speed of both pumps, the theoretical linear speeds of the
motors on each side calculated based on the displacements of the components, and the
pressure differences over both pumps and bogie cylinders. To be exact, the angular ve-
locity of each wheel is also measured from the rotary encoders located in the hydraulic
motors. The pressure differences over the pumps can be used to calculate the torque
required from the prime mover if necessary. However, the main purpose of these pres-
sure signals is to estimate the torque of each hydraulic motor. In addition, the pressure
between the hydraulic motors must be estimated from the ows produced by consumed
by the hydraulic motors in the hose connecting them. The cylinder chamber pressures
can be used to estimate the cylinder force together with the friction model introduced in
Section 3.2.3.

The platform also includes three IMU sensors to sense the orientation of the body and
the two bogies. The IMU attached to the body of the platform can be used to sense the
roll and pitch angles, and the latter can be compared to the pitch angles of the bogies
to estimate the value of the bogie angles. The measured bogie angles can be used as
an input to the normal forces when obtaining experimental results. This completes the
methodology chapter of the thesis, which presents the practical aspects of simulating and
experimenting with the MPD platform. The next chapter presents the results obtained
with the model, compared to both the multibody dynamics model and experimental data.
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4. RESULTS

This chapter presents the results of the thesis. The results include the optimization of
the Magic Formula tire parameters by running the Simscape model with inputs from the
experiments and comparing the simulated results with the experimental ones. Different
parts of the analytic vehicle model are validated by comparing the outputs to the experi-
mental data. Next, the tire support forces are validated on uneven terrain by driving the
simulated vehicle with optimal tire parameters and comparing the analytic results with the
results from the Simscape model. Finally, running the analytic model with real-time GNSS
velocity and wheel odometry data is discussed.

4.1 Magic Formula parameter optimization

The procedure for optimizing the Magic Formula tire model parameters for a skid-steer
vehicle is presented rst. Alagappan et. al [36] and Zhang et. al. [37] considered the
parameter optimization procedure for the MF tire model. Both of them present that the
parameter identi cation should be done in multiple steps, where the optimal values of
the previous step act as initial values for the next. Alagappan et. al. [36] had tire force
measurements available and compared them directly to the forces produced by the model,
which would be an ideal scenario to nd optimal parameters. Since measuring tire forces
in real-time with the MPD test setup is not possible, the best option is to compare the
trajectories of the physical and simulated vehicle [37]. The cost function used is the sum
of squared errors (SSE) since it penalizes large deviations from the ground truth data
more heavily [36, 37].

In this thesis, the Simscape model of the MPD with the Magic Formula tire force and
torque blocks is run by giving rotational speed inputs to the pumps in the HSTs that are
measured from real-time experiments. The dynamics of the electric motors are therefore
not included in the results, which is not a problem since they are considerably faster than
the dynamics of the hydraulic and mechanical subsystems. The resulting motions and
pressures are then compared to the experimental counterparts, and the fmincon function
in Matlab is used to nd the optimal tire parameters. The active-set algorithm is used
in this thesis, which in short identi es the active constraints and converts the inequality-
constrained problem into a simpler equality-constrained subproblem [38]. During every
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iteration, the Simscape model of the MPD is run inside fmincon, from which the value
of the cost function is output. Then, the parameters are varied and the simulation is run
again until the optimal tire parameters that minimize the cost function are found. The
terrain is assumed at during parameter optimization, which is a good approximation of
the ground during the experiments. The tire parameter optimization is done in a total of
four steps. As the rst step, since the parameters related to rolling resistance de ne the

torque in the hydraulic motors and further the pressure in the HST, the rolling resistance
parameters Gsy1, Gsy2, Gsy3, and Ggy4 are optimized with the following cost function:

_ X 2 2
Ji = (Pap;Liexp;i PapiLisimi )™+ (PBipiLiexp; PB:piLsim;j )

2 2 .
+(Papreexpj  Paprisimi )”+ (Peiprexpy  PeipRisimg )

The sample time used is 0.01 seconds, and n is the number of samples. The experimental
pressures are the readings of the pressure sensors presented in Figure 3.5, and the
pressures from the simulation model represent the pressures in the hoses connecting the
pump and the motors. A discrete-time integrator is used in the simulator to calculate the
value of the cost function. In the second step, the pure longitudinal parameters ( rst four
in Table 4.1) are found. Now, the cost function for the rest of the steps is changed so
that it includes the experimental and simulated trajectory and velocities of the platform,
as well as the angular velocities of each wheel. The simulated measures are obtained
with a transform sensor block, which is located in the simulator at the exact position of the
left GNSS sensor in the physical platform. The second cost function is de ned as

X h 2 2
— G G G G
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The trajectory and velocities of the platform are measured with respect to the GNSS sen-
sor frame and expressed in the world frame G. During the rst two steps, the platform
is driven back-and-forth on a straight trajectory, rst with approximately a third of the
maximum velocity and then with the maximum velocity. The third step is to obtain the
parameters for the lateral motion and combined slip conditions (from ryy; to Iy in Table
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Table 4.1. Optimal tire parameters

Parameter | Description [5, 31] Value
Pex1 Shape factor C, for longitudinal force 3.9971
Pax1 Longitudinal friction  at F,q 1.9929
Pex1 Longitudinal curvature E4 at F,q -0.0084
Prx 1 Longitudinal slip stiffness K,="f, at F,q 19.9992
lMox1 Slope factor for combined slip Tif « reduction 2.7839
Ibx2 Variation of slope Tif x reduction with 9.4572
lox1 Shape factor for combined slip Tif x reduction 2.3927
Pey1 Shape factor C, for lateral force 2.0296
Pay1 Lateral friction  at F5o 1.9125
Pey1 Lateral curvature Ey at F5o -1.5201
Pry1 Lateral slip stiffness Ky=Ti f, at F,g -15.1623
Pxy2 Load at which Ky reaches maximum value 2.7806
Pxy 4 Curvature of stiffness K, 2.7931
Moy1 Slope factor for combined slip "' f y reduction 5.5641
M oy2 Variation of slope "' f, reduction with 0.7863
Myl Shape factor for combined slip Tif y reduction 2.9205
Osy1 Rolling resistance torque coef cient 0.5019
Osy2 Rolling resistance torque depending on Tif, 0.0924
Osy3 Rolling resistance torque depending on Wivy -0.2235
Chy4 Rolling resistance torque depending on Wiv,* | 0.0810

4.1). During this and the nal step, the MPD is driven on a slightly curved path so that also
the lateral tire parameters affect the simulated results. In the nal step, all 20 parameters
are optimized at once, using the optimal values from the previous steps as initial values.
The cost function used in these steps is presented in Equation 4.2. The curved trajectory
is used also in the last step since it includes both pure longitudinal acceleration and lateral
motion. It must be noted that the tire stiffness parameters presented in Table 3.2 must be
signi cantly increased to achieve any lateral movement with the Simscape Magic Formula
tire force and torque block. Larger stiffness values remove unwanted oscillation from the
tire forces which would eventually lead to numerical instability. However, when running
the analytic model with the reduced MF model the original tire parameters can be used.
Increasing the tire stiffnesses is a necessary step in obtaining results with any lateral mo-
tion. The tire stiffnesses have little to no impact on all the other aspects of the tire forces
except the unnecessary oscillation, so the results even with the increased stiffness val-
ues can be considered valid. The tire parameters are optimized with a low-curvature path
since high-curvature paths with the skid-steer drive structure are not possible to obtain
with the Simscape MF block. Therefore, the validity of the tire model during high-curvature
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paths should be validated with the complete analytic vehicle model. Table 4.1 presents
the 20 tire parameters used in the analytical model, their descriptions, and optimal values
after the nal iteration in the parameter optimization procedure.

4.2  Simulation results with optimal tire parameters

Next, the experimental results are presented by comparing the experimental (exp) trajec-
tory and velocities of the platform and wheel angular velocities with the corresponding
simulation (sim) results obtained from the Simscape blocks and the analytic model. In ad-
dition, the motor torques during experiments are estimated and compared to the torques
from the hydrostatic transmission model. Since pressure measurement between the mo-
tors is not available, it is assumed that the pressure difference over both motors is equal,
since the motors are identical. Finally, the longitudinal, lateral, and tire support forces
from the analytic tire model are compared with the Simscape MF block, which can be
assumed to be a good reference for the tire forces. This way, it is validated that the
Simscape Multibody model of the MPD represents the physical vehicle with reasonable
accuracy. Also, the analytic tire support forces, hydrostatic transmission, and tire mod-
els are validated for a heavy-duty skid-steer vehicle. Figure 4.1 shows the yXx-trajectory
of the platform during back-and-forth motion, which was used in the rst two parameter
optimization steps. The starting position is presented with a green dot, which is equal for
both trajectories. The end position of the experimental trajectory is presented with a black
cross and the simulated end position with a red cross.

The simulated trajectory is exactly straight due to the completely at terrain. Most of the
errors between the experimental and simulated trajectories arise from the experimental
ground being not exactly at. However, the maximum error between the trajectories is
approximately 0.3 m, and the difference between the endpoints is 0.24 m. Also, the dis-
tances traveled are similar. The experimental ground was covered in small stones, which
might introduce some additional uncertainty and have a curving effect on the trajectory
even if the drive transmissions are driven straight. The experimental and simulated linear
and angular velocities of the platform expressed in the world frame during back-and-forth
motion are presented in Figure 4.2. Only the velocities relevant to planar motion are
presented. Since the initial heading of the MPD was approximately -67 degrees veloc-
ity components exist in both X- and y-directions when measured in the world frame. It
can be said that the linear velocities in the simulation match the experimental trajectories
with good accuracy. The maximum error in the linear X-velocity expressed in the body
frame is approximately 5% during the whole back-and-forth trajectory. The maximum lin-
ear velocity in the body frame achieved by rotating the hydraulic pumps with the maximum
rotational speed of 3000 rpm is 1.06 m/s in both simulation and experiments. The experi-
mental heading velocity of the platform in Figure 4.2 contains a lot of noise from the GNSS
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Figure 4.1. Trajectrory of the MPD when driving back-and-forth

measurements and the slight unevenness of the ground. At maximum speeds, also the
simulated angular velocity oscillates even though the terrain was assumed exactly at.
This is because the COM of the platform has an offset in the y-direction, so accelerating
and braking aggressively might affect the heading if the wheel torques on each side are
not compensated to prevent this behavior.

Next, Figure 4.3 presents the wheel angular velocities during back-and-forth motion. The
simulated results are obtained from the wheel rotational dynamics presented in Section
2.2.2. At lower speeds, the angular velocities in the simulator are accurate. However,
at high speeds, even with the optimal MF tire parameters, the simulated wheel angular
speeds have a value of 15% less than the wheel odometry measurements. The accu-
racy could be improved by assuming ideal HST components, which would result in larger
wheel angular speeds due to no losses. However, the ef ciency values are already at an
absolute upper limit so increasing them would not be realistic. The losses in the motor
could be modeled with a different model than static ef ciency coef cients, for example

relating the ef ciency to the pressure and the rotational speed of the components. Dif-
ferent, more complex loss models for HST components are presented in [25]. Kauranne
[39] discussed the effects of the operating conditions on the ef ciency of the components,
which can be used as a reference for obtaining realistic ef ciency values. The ef ciencies

also affect the motor torques, which are presented in Figure 4.4.

The accuracy of the simulated motor torques is good during steady-state when the plat-



Figure 4.2. Velocities of the MPD during back-and-forth

Figure 4.3. Wheel angular speeds of the MPD during back-and-forth
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Figure 4.4. Wheel torques of the MPD during back-and-forth

form is driving at a constant speed. However, especially during the rst transient the
torques of the rear motors differ from the experimental results. Also, the estimated exper-
imental torques are not zero during standstill like their simulated counterparts. At maxi-
mum velocity and after fast acceleration, the pressure dynamics in the HST are prone to
oscillation. The main reason for the difference in the torques is that the pressure between
the motors could not be measured during experiments and the pressure difference over
both motors was assumed to be equal. Therefore, as soon as the pressures on either
side of the motors change, also the pressure between the motors changes immediately.
In the simulation model, the pressure dynamics in the hose between the motors were
calculated based on Equation 2.89, where the ows in and out were calculated from the
angular speed of the motor using Equation 2.87. The initial pressures in each hose were
set to 30 bar according to the pressure sensor readings in the experiments. When the
platform is driven forward, the pressure pa;p (Figure 3.5 rises rapidly, showing the rapid
increase in the torque of the front motors. However, it takes a longer time for the pressure
to rise in between the motors, which explains the slower dynamics in the torque of the rear
motors. To estimate the experimental torques more accurately, pressure measurement
is needed from between the motors, or the pressure dynamics during transients need to
be modeled more accurately based on the two pressure sensor readings available. How-
ever, Figure 4.4 shows that assuming the pressure difference over the motors to be equal
is a good representation of the steady-state pressures. Using this assumption also pro-
vides good results at higher speeds, but at lower speeds, the pressure estimation must
be improved to completely validate the hydrostatic transmission model.

Finally, the longitudinal and lateral tire forces and the rolling resistance moment for the
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Figure 4.5. Front right tire forces during back-and-forth

front right tire during back-and-forth motion are presented in Figure 4.5. The tire forces
and moments from the reduced MF model used in the analytic model are compared with
the results from the Simscape Magic Formula tire force and torque block. The analytic
longitudinal and lateral tire forces accurately represent the Simscape block, which was al-
ready validated in previous work. When driving straight, the longitudinal tire force is pos-
itive to the direction of movement when accelerating, and negative when braking. These
forces are accelerating and decelerating the platform, and when the platform reaches con-
stant speed it can be seen that the longitudinal tire force approaches zero, whereas the
rolling resistance moment increases. During constant velocity operation, the torque from
the motors is needed to overcome the rolling resistance and maintain the speed. Since
the simulated motor torques presented in Figure 4.4 accurately represent the estimated
values from measurements during constant speed operation, the values of rolling resis-
tance can be determined to be realistic for the MPD platform. Since the rolling resistance
parameters were optimized by running the Simscape model of the MPD, the parameters
Ky and Vinreshoid iN the reduced MF model are found by running the analytic model with
the same Wiv, input and comparing the output. Since the low velocity is more present
in the test data and the error at all time steps is equally weighted, the rolling resistance
is accurate at low velocity but during maximum velocity, the error is approximately 10%.
However, especially on the left side, the simulated motor torques are also approximately
10% higher than the experimental torques. Reducing the rolling resistance would also
reduce the simulated torque, so the rolling resistance can be determined to be accurate.
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Figure 4.6. Trajectrory of the MPD when driving in a curve

Since the platform was driven straight, the lateral tire force is small in magnitude com-
pared to the longitudinal force. The behavior of the reduced MF model at low velocities
can be seen from the lateral force. In addition to modeling the slip quantities as differential
equations, the model contains low-velocity detection which assumes the slip to be zero
until a certain velocity is reached. When the platform is accelerated to maximum velocity
in both directions, the lateral velocity of the wheel hub increases to a suf cient value, and
also lateral tire force is introduced. The behavior of the lateral tire force can be better
validated when the platform is driven on a curved trajectory, which is presented in Figure
4.6. This driving scenario was also used in the third and fourth parameter optimization
steps, where the optimal values for the lateral and combined slip parameters and all 20
tire parameters were found.

Due to the limitations in achieving lateral motion with the Simscape MF block, the MPD
must be driven in a low curvature path, where the radius of the circle driven was ap-
proximately 15 meters. However, the lateral tire forces as shown later are signi cant in
skid-steer vehicles even at low curvature. The path shown here is obtained by driving
the pump in the left HST at 2300 rpm and the right at 1800 rpm. This time the distance
between the endpoints is 1.72 m, which is less than 10% of the distance traveled, but
signi cant compared to the lateral distance traveled in the experiments. The paths start
to differ almost from the beginning when the platform was driven straight. Again, some of
this error can be explained with the ground being not exactly at in the experiments and
the GNSS error marginal. When the turning maneuver begins, the heading of the vehicle
changes more in the simulation compared to the experimental data. This is also visible
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