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1. Introduction

The objective of this study is to examine the existence and long-time behav-
ior of the solutions to an abstract stochastic equation with mixed boundary
conditions such as the absolute continuity and the existence of the invariant
measure. The equation is given by:

⎧
⎪⎨

⎪⎩

Ẋ(t) = AmX(t), t ∈ [0, T ],
GX(t) = MX(t) + Ẇ (t), t ∈ [0, T ],
X(0) = X0 ∈ H.

(1.1)

Here, the operator Am : Z → H represents a linear closed operator in a
separable Hilbert space H, where Z ⊂ H is a Hilbert space with a dense
and continuous embedding. The operators G,M : Z → U are linear, with
U being another separable Hilbert space. The term (W (t))t∈[0,T ] denotes a
cylindrical Wiener process over U . The classical assumptions for (1.1) are that
A := Am with domain D(A) = ker(G) is the generator of a strongly continuous
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semigroup T := (T(t))t≥0 on H, and G is a surjective operator. This conditions
allows to define the so-called Dirichlet operator Dλ := (G|ker(λ−Am))−1 : U →
ker(λ − Am) satisfying Dλ ∈ L(U,H). To continuous our discussion about
the system (1.1), we need the operator B := (λ − A−1)Dλ : U → D(A∗)′,
where A−1 : H → D(A∗)′ is the extension of A and generates a strongly
continuous semigroup T−1 := (T−1(t))t≥0 on D(A∗)′ (see the next section for
more details).

One of the goals of this paper is to prove that additional conditions on
M are necessary for the well-posedness of (1.1).

Let us examine the existing literature concerning the well-posedness of
equation (1.1) in the specific case where M = 0. The initial investigation on
this topic was conducted in the seventies by Balakrishnan in his renowned
work [4]. Balakrishnan’s study heavily relied on Fattorini’s work [18] on de-
terministic boundary control problems to transform equation (1.1) into a heat
equation with Dirichlet boundary conditions, treating it as a distributed sto-
chastic Cauchy problem within a suitable Hilbert space. Balakrishnan used
this transformation to explore the identification and stochastic control of a
particular class of distributed systems with boundary noise.

In the early nineties, Da Prato and Zabczyk [15] (see also [14, Chap. 13])
significantly expanded upon Balakrishnan’s work by introducing a theoretical
abstract approach based on Hilbert Schmidt operators. Their contributions,
as outlined in Da Prato and Zabczyk’s work, can be summarized as follows:
the system described by Eq. (1.1) with M = 0 is well-posed if and only if the
following control map

ΦT u :=
∫ T

0

T−1(T − s)Bu(s)ds, u ∈ L2(0, T ;U),

defines a Hilbert Schmidt operator from L2(0, T ;U) to H. In this case, the
problem (1.1) with M = 0 can be equivalently expressed as the stochastic
Cauchy problem:

(SCP)A,B

{
dX(t) = A−1X(t)dt + BdW (t), t ∈ [0, T ],
X(0) = X0.

Moreover, the solution of (SCP)A,B is the following H-valued process X(·)
satisfying:

X(t) = T(t)X0 +
∫ t

0

T−1(t − s)BdW (s), t ∈ [0, T ].

It is worth noting that the work of Da Prato and Zabczyk [15] has been
highly influential in the field. Subsequently, many authors have investigated
related problems; see, for example, [6,8,16,17,20,21,23,27]. In [28], the au-
thors studied the evolution equation with boundary noise using rough path
techniques. Nonlinear equations with boundary noise have also attracted sig-
nificant attention; see, for example, [2,3,5,9].

More recently, we have further developed their work by introducing addi-
tional necessary and sufficient conditions for the well-posedness of (1.1) in the



NoDEA Impact of mixed boundary conditions Page 3 of 27 30

case of M = 0. Specifically, we have proven that the corresponding stochastic
problem is well-posed if and only if B is an admissible control operator for A
and if the following condition holds:

∑

n∈Z

‖Dω+ 2πin
T

‖2
2 < +∞

for ω > ω0(T), the growth bound of the semigroup T, where ‖·‖2 is the Hilbert
Schmidt norm. With this characterization, we have provided an example (see
[19, Example 3.9]) where a stochastic system is ill-posed but becomes well-
posed when we replace the noise Ẇ (t) at the boundary with a deterministic
control function.

We will now examine the scenario where the boundary perturbation op-
erator M is not equal to zero. This is the main aim of our study. To analyze
this case, we introduce the stochastic problem denoted as (SCP)A,B, which is
defined as follows:

(SCP)A,B

{
dX(t) = AX(t)dt + BdW (t), t ∈ [0, T ],
X(0) = X0.

Here, the linear operator A : D(A) ⊂ H → H is defined as

A := Am, D(A) := ker(G − M). (1.2)

Before discussing the relationship between the problems (1.1) and (SCP)A,B,
it is crucial to establish conditions that ensure that A generates a strongly con-
tinuous semigroup on H. These conditions have already been determined in
[24]. The reference shows that A is a generator if the triple operator (A,B,C)
generates a regular system (in the Salamon-Weiss sense) with the identity oper-
ator IU : U → U as an admissible feedback, where C := M|D(A) ∈ L(D(A), U).
Therefore, in this study, we adopt these assumptions.

It is important to note that when the boundedness condition
M ∈ L(H,U) holds, this assumption is equivalent to the control operator
B being admissible for A. In this case, the well-posedness of the stochastic
problem (1.1) has been recently investigated in [19]. The study demonstrates
that in this case, (1.1) is equivalent to the well-posedness of (SCP)A,B, which
is guaranteed by the well-posedness of the stochastic problem (SCP)A,B.

When the operator M : Z � H → U is not bounded, we can establish
that the conditions ΦT being Hilbert Schmidt from L2([0, T ], U) to H and the
triple (A,B,C) generating a regular system with IU : U → U as admissible
feedback imply that the problems (1.1) and (SCP)A,B are equivalent and well-
posed. This conclusion is derived from an approximation technique introduced
in [15] and a perturbation result presented in [24], which utilizes the feedback
theory of regular linear systems [33].

Following the establishment of the well-posedness of the stochastic prob-
lem denoted as (SCP)A,B, we proceed by presenting a criterion that serves to
characterize the equivalence between the distributions of solutions for (SCP)A,B

and (SCP)A,B in the space L2(0, T ;H). This criterion is formulated based
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on the input–output maps associated with the triplet (A,B,C). Additionally,
we address the issue of the existence of an invariant measure. Specifically,
we prove that if (SCP)A,B possesses an invariant measure and the transfer
function linked to the closed-loop system is uniformly bounded over the set
{λ ∈ C : Reλ > 0}, then (SCP)A,B also possesses an invariant measure.

The structure of the paper is as follows: The subsequent section provides a
brief overview of the feedback theory pertaining to regular infinite dimensional
linear systems. Section 3 focuses on establishing the existence of a solution for
Eq. (1.1). In Sect. 4, we delve into the examination of the absolute continuity
of solutions for Eq. (1.1), while Sect. 5 is dedicated to exploring the existence
of the invariant measure. The last section is devoted to examples that illustrate
our abstract results.

Notation. In this paper, we will use the following notations. The symbols
H and U will always represent separable Hilbert spaces. For any T > 0, we will
denote the spaces L2(0, T ;U) and L2(0, T ;H) as UT and HT respectively. The
scalar product will be denoted by 〈·, ·〉, and if necessary, we will specify the
space by adding a subscript. The space of bounded linear operators from U to
H will be denoted as L(U,H), and it will be equipped with the usual operator
norm. Similarly, the space of Hilbert-Schmidt operators from U to H will be
denoted as L2(U,H). For these operators, we will use ‖ · ‖L2(U,H) to represent
the Hilbert-Schmidt norm, or simply ‖ · ‖2 when there is no ambiguity about
the spaces. The half-plane of all complex numbers λ ∈ C with real part greater
than α will be denoted as Cα. Finally, if we have a separable Hilbert space X ,
the Hardy space of all analytic functions f : C0 → X that satisfy the given
condition

sup
α>0

∫ +∞

−∞
‖f(α + iβ)‖2dβ < ∞,

will be denoted as H2(X ). The norm of a function f in this space will be
defined as

‖f‖H2 =
1
2π

(

sup
α>0

∫ +∞

−∞
‖f(α + iβ)‖2dβ

) 1
2

.

In this work, a solid understanding of semigroup theory is necessary.
Let A be the generator of a strongly continuous semigroup T = (T(t))t≥0 on
a Hilbert space H, with a growth bound denoted as ω0(T). The space H1 is
defined as D(A) with the norm ‖x‖1 = ‖(β−A)x‖, where β is an arbitrary (yet
fixed) element in the resolvent set ρ(A). Similarly, H−1 is the completion of H
with respect to the norm ‖x‖−1 = ‖R(β,A)x‖, where R(β,A) := (β − A)−1

and β ∈ ρ(A). It is worth noting that both H−1 and D(A∗)′ (the topological
dual of the domain of the adjoint operator A∗) can be used interchangeably in
the case of reflexive Banach spaces. However, it is important to mention that
H1 and H−1 are not affected by the choice of β, as different values of β result
in equivalent norms on H1 and H−1. The norm ‖ · ‖1 is also equivalent to the
graph norm of A. Furthermore, it is observed that H1 is densely embedded
in H, and H is densely embedded in H−1 with continuous embedding. The
semigroup T can be extended to a strongly continuous semigroup on H−1, with
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its generator being an extension of A and its domain being H. The extensions
of T and A are denoted as T−1 := (T−1(t))t≥0 and A−1, respectively.

2. Background on well-posed linear systems

In this section, we will provide a brief overview of infinite-dimensional well-
posed and regular linear systems. For a more comprehensive understanding of
this topic, readers can refer to [32, Chapter 4], [33,34], which contain more
detailed information and references.

Throughout this section, we make the following assumptions: the Hilbert
spaces H, U , and Z are separable, with Z continuously and densely embedded
in H, and T > 0 is a real number. We consider an infinite-dimensional input–
output boundary system described by the following equations:

⎧
⎪⎨

⎪⎩

ẋ(t) = Amx(t), x(0) = x0, t ∈ [0, T ],
Gx(t) = u(t), t ∈ [0, T ],
y(t) = Mx(t), t ∈ [0, T ].

(2.1)

Here, u ∈ UT represents the control function, Am : Z ⊂ H → H is a closed
linear operator, and M : Z → U and G : Z → U are linear operators. We
assume that the following conditions are satisfied:

(A1) The operator G : Z → U is surjective.
(A2) The operator A := (Am)|D(A) with D(A) := kerG generates a strongly

continuous semigroup T := (T(t))t≥0 on H.

In [22, Lemmas 1.2 and 1.3] it was proved that, given the assumptions (A1)
and (A2), the domain D(Am) can be considered as the direct sum of D(A)
and ker(λ − Am) for any λ ∈ ρ(A). Additionally, the operator G| ker(λ−Am) is
invertible, and its inverse Dλ :=

(
G| ker(λ−Am)

)−1 is bounded, mapping from
U to ker(λ−Am) ⊂ H, where λ ∈ ρ(A). This operator Dλ is referred to as the
Dirichlet operator associated with Am and G.

Now, let us consider the operator B := (λ−A−1)Dλ ∈ L(U,H−1), where
λ ∈ ρ(A). For any u ∈ U and λ ∈ ρ(A), we have Dλu ∈ ker(λ − Am),
which implies that λDλu = AmDλu. Consequently, we obtain the equation
(Am − A−1) Dλu = (λ − A−1)Dλu = Bu.

Since Dλ serves as the inverse of G| ker(λ−Am), and we know that D(Am) =
D(A) ⊕ ker(λ − Am), it follows that Am = (A−1 + BG)|Z .
Thus, the control problem (2.1) is reformulated as

{
ẋ(t) = A−1x(t) + Bu(t), x(0) = x0, t ∈ [0, T ], (2.2)
y(t) = Mx(t), t ∈ [0, T ]. (2.3)

We define the operators Φt (for t ∈ [0, T ]) by

Φtu :=
∫ t

0

T−1(t − s)Bu(s)ds, (2.4)
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where u ∈ UT . Clearly, Φt ∈ L(UT ,H−1). The operators Φt are called the input
maps corresponding to the pair (A,B).

Definition 2.1. The operator B ∈ L(U,H−1) is called an admissible control
operator for A if Ran(ΦT ) ⊂ H for some T > 0.

The admissiblity of B implies that Φt ∈ L(UT ,H) and the solutions x(·)
of (2.2) remain in H. Moreover, it follows that x(·) is a continuous H-valued
function and

x(t) = T(t)x0 + Φtu, t ∈ [0, T ].

We define the following operators ΨT : H1 → UT by

(ΨT x) (t) = CT(t)x, x ∈ D(A), t ∈ [0, T ],

where C := Mi ∈ L(H1, U) and i : D(A) → Z is the canonical injection.

Definition 2.2. The operator C ∈ L(H1, U) is called an admissible observation
operator for A if for some (hence all) α > 0 there is a constant γ := γ(α) > 0
such that

∫ α

0

‖CT(t)x‖2dt ≤ γ2‖x‖2

for any x ∈ D(A).

Suppose that C ∈ L(H1, U) is an admissible observation operator for
A. Then, the map ΨT has an extension to an operator ΨT ∈ L(H,UT ). The
operators ΨT are called output maps corresponding to the pair (A,C).

We introduce now the Yosida extension of C, denoted CΛ, by

CΛx = lim
λ→+∞

CλR(λ,A)x,

D(CΛ) =
{

x ∈ H, lim
λ→+∞

CλR(λ,A)x exists in U

}

.

Clearly, D(A) ⊂ D(CΛ) ⊂ H. We note that if C is an admissible observation
operator for A, the representation theorem of Weiss [35, Theorem 4.5], shows
that Ran(T(t)) ⊂ D(CΛ) and

(ΨT x)(t) = CΛT(t)x

for all x ∈ H and for almost every t ∈ [0, T ].
In the sequel, we assume that B and C are admissible operators for A.

Define the space

W 1,2
0 ([0, T ];U) :=

{
u ∈ W 1,2([0, T ];U), u(0) = 0

}
.

Remark that if u ∈ W 1,2
0 ([0, T ];U) then integrating by part and assuming,

without loss of generality, that 0 ∈ ρ(A) one obtains

Φtu = R(0, A−1)Bu(t) − R(0, A)Φtu̇ ∈ Z, t ∈ [0, T ].

This allows us to define the operator

FT : W 1,2
0 ([0, T ];U) → UT
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by

(FT u) (t) = MΦtu, ∀t ∈ [0, T ]. (2.5)

We recall now the definition of well-posed systems.

Definition 2.3. The system (A,B,C) is called well-posed if
(i) B ∈ L(U,H−1) is an admissible control operator for A.
(ii) C ∈ L(H1, U) is an admissible observation operator for A.
(iii) For some T > 0 there exists γ′ = γ′(T ) ≥ 0 such that

∫ T

0

‖ (FT u) (t)‖2dt ≤ γ′2
∫ T

0

‖u(t)‖2dt

for any u ∈ W 1,2
0 ([0, T ];U).

The well-posedness of the system (A,B,C) implies that the operator FT

can be extended to a linear bounded operator from UT to UT , denoted again
by FT . Hence, the observation function y of the system (2.3) is a function in
UT and

y(t) = (ΨT x0) (t) + (FT u) (t), ∀t ∈ [0, T ], ∀(x0, u) ∈ H × UT . (2.6)

Roughly speaking, a well-posed system is a system for which both the state
and output depend continuously on the initial state and input function of the
system.

If (A,B,C) is well-posed, it can be shown that there exists a unique
analytic L(U,H)-valued function H, called the transfer function associated to
(A,B,C), which determines FT as follows: if u ∈ UT and y = FT u, then for
Re(λ) sufficiently large

ŷ(λ) = H(λ)û(λ),

where ˆ denotes the Laplace transform. H(λ) can be determined by A, B and
C in the following way

H(λ) − H(μ)
λ − μ

= −CR(λ,A)R(μ,A−1)B,

for any λ, μ ∈ Cω0 with λ 
= μ, see for instance [12, Theorem 4.2].
In [34] an important subclass of well-posed systems was introduced, the

so-called regular systems, for which the output map y in (2.6) can be repre-
sented in terms of the observation operator C and the state x(·).
Definition 2.4. A well-posed system (A,B,C) is regular if

lim
t→0

1
t

∫ t

0

(FT u0)(s)ds = 0

exists in U , for the constant control u0(s) = v, v ∈ U , s ≥ 0.

Let us recall the following theorem, due to Weiss [34, Theorem 2.3].

Theorem 2.5. Let (A,B,C) be a regular linear system. Then, for all u ∈ UT

and almost every t ∈ [0, T ]

Φtu ∈ D(CΛ) and (FT u) (t) = CΛΦtu.
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We mention that if (A,B,C) is a regular linear system then the observa-
tion function y in (2.3) is given by

y(t) = CΛx(t), a.e. t ∈ [0, T ],

for any initial condition x0 ∈ H and any control function u ∈ UT .
The following theorem gives a characterization of the regularity for a

well-posed system (see [34, Theorem 5.8]).

Theorem 2.6. The following statements are equivalent:

(i) (A,B,C) is regular.
(ii) There exists λ ∈ ρ(A) (hence for all) such that R(λ,A−1)BU ⊂ D(CΛ).
(iii) For any v ∈ U , limλ→+∞ H(λ)v = 0.

In this case, the transfer function H is given explicitly by

H(λ) = CΛR(λ,A−1)B, ∀λ ∈ Cω0 . (2.7)

To obtain a perturbation result one needs the concept of admissible feed-
back operators, see [31, Definition 5.14].

Definition 2.7. Let (A,B,C) be a well-posed linear system. The identity oper-
ator I : U → U is called an admissible feedback operator for (A,B,C) if there
exists λ0 ∈ R, such that for any λ ∈ Cλ0 , I − H(λ) is invertible in L(U) and
its inverse is proper.

Now, we state the following perturbation result due to Weiss [33] in
Hilbert spaces and to Staffans [30, Theorem 7.1.2] in the case of Banach spaces.
We need the following assumption:

(A3). The triplet (A,B,C) generates a regular linear system with the iden-
tity operator I : U → U as admissible feedback.

Theorem 2.8. Let the assumption (A3) be satisfied. Then the operator

Acl := A−1 + BCΛ, (2.8)

D
(
Acl
)

:= {x ∈ D(CΛ), (A−1 + BCΛ) x ∈ H} ,

generates a strongly continuous semigroup T
cl :=
(
T

cl(t)
)

t≥0
on H. Moreover,

(
Acl, B,CΛ

)
is a regular linear system and the semigroup T

cl is given by:

T
cl(t)x = T(t)x +

∫ t

0

T−1(t − s)BCΛT
cl(s)xds

for any x ∈ H and t ≥ 0.

3. First main result: the well-posedness property

In the rest of this paper, we will work with a cylindrical Wiener process defined
as follow: let (φn)n be an orthonormal basis in UT and (εn)n be a sequence of
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independent normalized Gaussian random variables. Define the linear trans-
formations W and Ẇ from UT to L2(Ω,F , P) by

W (φ) =
∑

n∈N

εn

∫ T

0

〈∫ t

0

φn(s)ds, φ(t)
〉

dt, φ ∈ UT ,

Ẇ (φ) =
∑

n∈N

εn

∫ T

0

〈φn(t), φ(t)〉 dt, φ ∈ UT .

Then, W and Ẇ define a cylindrical Wiener process and white noise process
on UT , respectively. If the space UT is embedded into a Hilbert space Ũ with
the Hilbert-Schmidt embedding, then the random series

W (t) =
∑

n∈N

εn

∫ t

0

φn(s)ds, t ∈ [0, T ],

Ẇ (t) =
∑

n∈N

εnφn(t), t ∈ [0, T ],

are almost surely convergent in Ũ and

W (φ) = 〈W,φ〉Ũ , Ẇ (φ) = 〈Ẇ , φ〉Ũ ,

for P-almost-surely φ ∈ UT .
The main purpose of this section is to investigate the well-posedness of the

stochastic problem (1.1). To this end, minimal conditions such as (A1), (A2)
and (A3) are required. These conditions involve operators A : D(A) ⊂ H → H
(the generator of a strongly continuous semigroup T(·) on H), B : U → H−1

(the control operator), and C : D(A) → U (the observation operator). As
shown in [24, Theorem 4.1], these conditions imply that the linear operator
A : D(A) ⊂ H → H defined in (1.2) coincides with the operator Acl defined
in (2.8), so that it generates a strongly continuous semigroup T

cl(·) on H.
Throughout this section, we set

Φtu :=
∫ t

0

T−1(t − s)Bu(s)ds, and

Φcl
t u :=

∫ t

0

T
cl
−1(t − s)Bu(s)ds, t ∈ [0, T ].

We now state and prove the main result of this section:

Theorem 3.1. Assuming that the conditions (A1), (A2), and (A3) are satis-
fied. If the operator ΦT is Hilbert Schmidt from UT to H, then the perturbed
stochastic problem (1.1) possesses a unique H-valued solution. This solution
is given by

X(t) = T
cl(t)X0 +

∫ t

0

T
cl
−1(t − s)BdW (s), t ∈ [0, T ]. (2.1)

Proof. In accordance with [33, Theorem 6.1], the equation Φcl
T = ΦT (I +

F
cl
T ) holds true. Here, F

cl
T represents the input–output operator of the sys-

tem (A, B,CΛ) over the interval [0, T ]. Since ΦT is a Hilbert Schmidt operator
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from UT to H, the same holds true for Φcl
T . Consequently, due to [15] (see also

[1, Proposition 2.4]), the stochastic Cauchy problem (SCP)A,B introduced
in the introductory section possesses a unique mild solution, which is given
by equation (2.1). Now, we aim to demonstrate that this solution is indeed
the solution to the perturbed boundary stochastic problem (1.1). However,
due to the fact that the stochastic boundary control Ẇ does not belong to
the L2-functions space, directly establishing a connection between the bound-
ary stochastic system (1.1) and the distributed stochastic system (SCP)A,B

becomes challenging. In order to overcome this obstacle, we will employ an
approximation technique. Specifically, we can approximate the Wiener pro-
cess (W (t))t≥0 by a sequence of Wiener processes (WN (t))t≥0 such that for
N ∈ N

∗,

ẆN (t) =
N∑

n=1

εnφn(t).

Observe that each t ∈ [0, T ], t �→ ẆN (t) belongs to UT . We now consider the
stochastic value problem

⎧
⎪⎨

⎪⎩

∂XN

∂t (t) = AmXN (t), t ∈ [0, T ],
GXN (t) = MXN (t) + ẆN (t), t ∈ [0, T ],
XN (0) = X0.

(2.2)

Due to the condition (A3) and [24, Theorem 4.3], the problem (2.2) can be
reformulated as

{
ẊN (t) = AXN (t) + BẆN (t), t ∈ [0, T ],
XN (0) = X0.

(2.3)

Furthermore (2.3) admits an H-valued solution given by

XN (t) = T
cl(t)X0 +

∫ t

0

T
cl
−1(t − s)BẆN (s)ds.

We select, for any t ∈ [0, T ] and N ≥ 1,

ZN (t) :=
∫ t

0

T
cl
−1(t − s)BẆN (s)ds and Z(t) :=

∫ t

0

T
cl
−1(t − s)BdW (s).

Since Φcl
T is Hilbert-Schmidt from UT to H, according to [15], limN→∞ ZN (t) =

Z(t) in H in mean square for all t ∈ [0, T ]. Therefore, based on our initial
argument, we can conclude that:

lim
N→∞

XN (t) = X(t) := T
cl(t)X0 +

∫ t

0

T
cl
−1(t − s)BdW (s)

in H in mean square for all t ∈ [0, T ]. This demonstrates that the problems
(SCP)A,B and (1.1) are equivalent and have the same solution. This completes
the proof. �
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4. Second main result: the absolute continuity

In this section, we assume that the Hypotheses of Theorem 3.1 are fulfilled.
This ensures that the systems (SCP)A,B and (SCP)A,B possess H-valued
solutions. These solutions will be denoted as X(·) and Xcl(·) respectively. It
is important to recall that the laws μ of X(·) and μcl of Xcl(·) are Gaussian
measures, see [13, Theorem 5.2.(iii)], and they can either be singular or equiv-
alent, as stated in [13, Theorem 2.25]. In the subsequent theorem, we present
a necessary and sufficient condition for μ and μcl to be equivalent. To do that,
we define the operator LT : UT → HT by

(LT u)(t) := Φtu, t ∈ [0, T ].

Theorem 4.1. Assuming that the conditions (A1), (A2), and (A3) are satis-
fied. If the operator ΦT is Hilbert Schmidt from UT to H, then μ and μcl are
equivalent if and only if the operator

(I − FT )(I − FT )∗ − I (2.1)

is Hilbert-Schmidt on Im LT . Here FT : UT → UT is the input–output operator
associated to the system (A,B,C).

Proof. According to Theorem 3.1 and its proof, the H-valued solutions X(·)
and Xcl(·) of (SCP)A,B and (SCP)A,B exist. Let then denote by μ and μcl

their laws, respectively. Define the application Lcl
T : UT → HT such that

(Lcl
T u)(t) := Φcl

t u

for any t ∈ [0, T ] and u ∈ UT . It follows from [13, Theorem 5.2] that the
covariance operators Q and Qcl of μ and μcl are given by

Q = LT L∗
T , Qcl = Lcl

T

(
Lcl

T

)∗
.

From the formulas

Φcl
t = Φt

(
I + F

cl
t

)
, Φt = Φcl

t (I − Ft),

cf. [33, Theorem 6.1], we see that

Lcl
T = LT

(
I + F

cl
T

)
, LT = Lcl

T (I − FT ) .

It follows that ImLT = ImLcl
T . Then,

(
Lcl

T

)−1
LT is linear bounded and

((
Lcl

T

)−1
LT

)((
Lcl

T

)−1
LT

)∗

=
(
Lcl

T

)−1
LT L∗

T

((
Lcl

T

)∗)−1

= (I − FT )(I − FT )∗.

Consequently,
((

Lcl
T

)−1
LT

)((
Lcl

T

)−1
LT

)∗
− I is Hilbert-Schmidt on Im LT

if and only if (I −FT )(I −FT )∗ −I is Hilbert-Schmidt operator on Im LT . The
result follows from [13, Theorem 10.2]. �

The following lemma will be crucial in providing a more practical criterion
for the equivalence of the measures μ and μcl.
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Lemma 4.2. Let the conditions (A1), (A2), and (A3) be satisfied and let FT

and H(·) be the input–output operator and the transfer function of the system
(A,B,C) respectively. The operator FT is Hilbert-Schmidt from UT to UT if
and only if for some ω > ω0(T), we have

∑

n∈Z

∥
∥
∥
∥H

(

ω +
2nπi

T

)∥
∥
∥
∥

2

2

< ∞. (2.2)

Proof. For any complex number λ, let us define the operator eλ as (eλf)(t) =
eλtf(t) for t ≥ 0 and f ∈ L2

loc([0,∞);U). To facilitate technical purposes,
we set Aw := A − ω with the domain D(Aω) = D(A) and ω > ω0(T). Now,
consider the input–output map F

ω
T and the transfer function H

ω associated
with the triplet (Aω, B,C). In accordance with [12, page 8], the relationship
between the adjoint operators (Fω

T )∗ and (Hω)∗ can be expressed using the
following formula:

(Fω
T )∗e−λy = e−λ(Hω)∗(λ)y (2.3)

for any λ ∈ C0 and any y ∈ U . In the rest part of this proof one can as-
sume, without any loss of generality, that T is equal to 2π. Consequently, we
select (e−in(·))n∈Z as an orthonormal basis for L2(0, 2π) and (hk)k∈N as an
orthonormal basis for U . Using (2.3), we get

‖F
ω
T ‖2

2 = ‖(Fω
T )∗‖2

2

=
∑

n∈Z

∑

k∈N

‖(Fω
T )∗e−inhk‖2

=
∑

n∈Z

∑

k∈N

‖e−in(Hω)∗(in)hk‖2

=
∑

n∈Z

∑

k∈N

∫ 2π

0

∥
∥e−int(Hω)∗(in)hk

∥
∥2 dt

= 2π
∑

n∈Z

∑

k∈N

‖(Hω)∗(in)hk‖2

= 2π
∑

n∈Z

‖(Hω)∗(in)‖2
2.

= 2π
∑

n∈Z

‖H
ω(in)‖2

2.

Now, we remark that
(Hω)(in) = H(ω + in).

Hence, we have

‖(Fω
T )‖2

2 = 2π
∑

n∈Z

‖H(ω + in)‖2
2.

Consequently, (2.2) holds if and only if F
ω
T is Hilbert-Schmidt. Using the fact

that F
ω
T = e−ωFT eω, this happens if and only if FT is Hilbert-Schmidt. �
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Corollary 4.3. Assuming that the conditions (A1), (A2), and (A3) are satisfied
and the operator ΦT is Hilbert Schmidt from UT to H. If the condition (2.2)
is satisfied then μ and μcl are equivalent.

Proof. Note that if FT is a Hilbert-Schmidt operator, then the operator (I −
FT )(I − FT )∗ − I is also a Hilbert-Schmidt operator. This can be expressed as
FT F

∗
T − FT − F

∗
T . Therefore, the desired results can be obtained by combining

Theorem 4.1 and Lemma 4.2. �

5. Third main result: invariant measure

Let the conditions (A1) and (A2) be fulfilled and let X(·) be the solution to
the problem (SCP)A,B in H−1. In this section, we are intersted in invariant
measure for stochastic (SCP)A,B that are defined on the state space H. The
associated Markov semigroup can be defined as follows:

(Ptφ)(x) = E (φ (X(t, x))) ,

where x ∈ H−1 and φ ∈ Bb(H−1), which denotes the set of bounded Borel
measurable functions on H−1.

An invariant measure for (SCP)A,B on H−1 is defined as a probability
measure μ that satisfies the following condition:

∫

H−1

Ptφdμ =
∫

H−1

φdμ, ∀φ ∈ Bb(H−1), t ≥ 0.

This condition ensures that the measure μ remains unchanged under the
Markov process defined by (SCP)A,B. We refer the reader to [13] for more
details on this typical concept of measures.

In the context of (SCP)A,B, we are specifically interested in invariant
measures that are defined on the state space H. This leads us to the following
definition:

Definition 5.1. Let the conditions (A1) and (A2) be satisfied and assume that
(SCP)A,B admits an invariant measure μ on H−1. We say that μ is an admis-
sible invariant measure of (SCP)A,B if the support of μ is H.

The following theorem proved in [1, Proposition 2.5] gives a necessary and
sufficient condition for the existence of an invariant measure for (SCP)A,B.

Theorem 5.2. Let the conditions (A1) and (A2) be satisfied and assume that
(SCP)A,B has a solution in H−1. The problem (SCP)A,B has an admissible
invariant measure if and only if there exists Φ∞ ∈ L2

(
L2(0,+∞;U);H

)
such

that, for every x ∈ D (A∗),

Φ∗
∞x = B∗

T
∗(·)x is in L2(R+;H).

In the context of studying invariant measures, the concept of asymp-
totic behavior of evolution equations is closely related. Instead of focusing on
compact intervals, we will consider the entire interval [0,+∞). We need the
following definition
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Definition 5.3. We say that C ∈ L(D(A), U) is an infinite-time admissible
observation operator for A if there exists a constant K > 0 such that

∫ +∞

0

‖CT(t)x‖2dt ≤ K‖x‖2, ∀x ∈ D(A).

It is worth noting that infinite-time admissibility implies admissibility
introduced in Sect. 2. Conversely, if the semigroup T is exponentially stable,
the converse is also true. For further details, one refers to [32, Chapter 4].

The following theorem describe the relationship between the existence of
the invariant measure and an operator Riccati equation. This connection has
been investigated by Zabczyk [36, Theorem 3], who assumed that B ∈ L(U,H);
see also [13, Theorem 11.17].

Theorem 5.4. Let the conditions (A1) and (A2) be satisfied and assume that
(SCP)A,B has a solution in H−1. Then the following conditions are equivalent.

(i) There exists an admissible invariant measure for problem (SCP)A,B.
(ii) B∗ is an infinite-time admissible observation operator for A∗ and

∫ +∞

0

‖B∗
ΛT

∗(t)‖2
2dt < ∞. (2.1)

(iii) There exists a symmetric positive trace class operator Π on H satisfying
the equation

A−1Π + ΠA∗ = −BB∗, in L(D(A∗),H−1). (2.2)

Proof. (i) =⇒ (ii): If (SCP)A,B has an admissible invariant measure, then
particularly

∫ +∞

0

‖B∗
T

∗(t)x‖2dt ≤ K‖x‖2

for any x ∈ D (A∗). Thus, B∗ ∈ L(D(A∗), U) is an infinite-time admissible
observation operator for A∗ and, by Theorem 5.2 and the definition of B∗

Λ,
(Φ∗

∞x) (t) = B∗
ΛT

∗ (t)x, for a.e. t ≥ 0 and x ∈ H. Now, let (ek)k∈N be an
orthonormal basis of H. Then, we have

‖Φ∞‖2
2 = ‖Φ∗

∞‖2
2 =
∑

k∈N

‖Φ∗
∞ek‖2 =

∑

k∈N

∫ +∞

0

‖(Φ∗
∞ek) (t)‖2

dt

=
∑

k∈N

∫ +∞

0

‖B∗
ΛT

∗(t)ek‖2dt

=
∫ +∞

0

‖B∗
ΛT

∗(t)‖2
2dt. (2.3)

Hence, (i) and (ii) are equivalent. To establish the equivalence between (ii)
and (iii), we combine the techniques from the proofs in [36, Theorem 3] and
[25, Theorem 3.1]. For the reader’s convenience, we present the proof here.
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(ii) =⇒ (iii): Assume that (ii) holds. We define the operator Q∞ ∈ L(H) as
follows:

Q∞x := lim
T→+∞

∫ T

0

T(t)BB∗
T

∗(t)xdt, x ∈ D(A∗).

It is proved in [25, Theorem 3.1] that the operator Q∞ ∈ L(H) satisfies the
equation (2.2). Remarking that Q∞ = Φ∞Φ∗

∞, the operator Q∞ is positive.
Moreover, from (2.1) it follows that Q∞ is a trace class operator.
(iii) =⇒ (i): Assume that Π ∈ L(H) is a symmetric and positive trace class
operator satisfying (2.2). For any x ∈ H and t ≥ 0, we define

Et(x) = 〈ΠT
∗(t)x, T∗(t)x〉.

Then, Et(x) ≥ 0, and for x ∈ D(A∗), the function t �→ Et(x) is continuously
differentiable. By (2.2) we have,

d

dt
Et(x) = −〈BB∗

T
∗(t)x, T∗(t)x〉 = −‖B∗

T
∗(t)x‖2 ≤ 0, (2.4)

for all x ∈ D(A∗). Since x �→ Et(x) is continuous, it follows from the density
of D(A∗) on H that Et(x) is nonincreasing for any x ∈ H. It is well known
that any decreasing positive function operator has a strong limit. Then there
exists Π∞ ∈ L(H), Π∞ ≥ 0, such that for all x ∈ H,

lim
t→+∞ T(t)ΠT

∗(t)x = Π∞x.

Moreover, we have 0 ≤ Π∞ ≤ Π. By integrating (2.4) between 0 and +∞, we
get

〈Πx, x〉 − 〈Π∞x, x〉 =
∫ +∞

0

‖B∗
T

∗(t)x‖2
dt = ‖Φ∗

∞x‖2
L2([0,+∞[;U) ,

for any x ∈ D (A∗). Thus, it follows that

‖Φ∗
∞x‖2

L2([0,+∞[;U) ≤ 〈Πx, x〉, ∀x ∈ D(A∗). (2.5)

By density of D (A∗) in H, the inequality (2.5) holds for any x ∈ H. Using
the fact that Π is a trace class operator, it follows that Φ∗

∞ (hence Φ∞) is
Hilbert-Schmidt, so that (i) holds. �

Example 5.5. We consider the stochastic Cauchy problem (SCP)A,B in l2,
where A is diagonal and its diagonal elements are (λk)k∈N such that

Re λk < 0, ∀k ∈ N.

Therefore A is the generator of the diagonal contraction semigroup

T(t)zk = eλktzk, ∀k ∈ N.

B ∈ L(l2, (l2)−1) is an infinite matrix with rows bk. In this context, (l2)−1 is
the space of all the sequences z = (zk)k for which

∑

k∈N

|zk|2
1 + |λk|2 < ∞



30 Page 16 of 27 M. Fkirine, S. Hadd and A. Rhandi NoDEA

and the square root of the above series gives an equivalent norm on (l2)−1,
cf. [32, Example 2.10.9]. The cylindrical Wiener process (W (t))t≥0 has the
form W (t) = (β1(t), β2(t), . . .), where (βn)nN is a sequence of independents
real brownian motions.

It follows from [25, Proposition 5.1.(ii)] that
∫ +∞

0

‖B∗
ΛT

∗(t)‖2
2dt = −1

2

∑

k∈N

‖b∗
k‖2

Re λk
.

So, by Theorem 5.4, (SCP)A,B has an invariant measure if and only if
∑

k∈N

‖b∗
k‖2

Re λk
< ∞.

Moreover, the invariant measure is unique since the semigroup T is strongly
stable, cf. [13, Theorem 11.20].

Let us now give a sufficient condition for the existence of an invariant
measure of the perturbed stochastic Cauchy problem (SCP)A,B.

Theorem 5.6. Let the conditions (A1), (A2) and (A3) be satisfied and assume
that (SCP)A,B has a solution in H−1. If (SCP)A,B admits an admissible
invariant measure, then the perturbed stochastic Cauchy problem (SCP)A,B

admits an admissible invariant measure whenever C0 ⊂ ρ(A) ∩ ρ(A), and

sup
Reλ>0

∥
∥Hcl(λ)

∥
∥ < ∞. (2.6)

Proof. The proof of the condition (ii) of Theorem 5.4 shows in particular that
for almost every t ≥ 0, B∗

ΛT
∗(t) belongs to the space L2(H,U). As a

result, we can define the mapping

Θ : [0,+∞[ → L2(H,U)

t �→ B∗
ΛT

∗(t).

Given that L2(H,U) is a separable Hilbert space, we can deduce from the
Paley-Wiener theorem that the Laplace transform of Θ satisfies
Θ̂(λ) = B∗R(λ,A∗) ∈ H2 (L2(H,U)) for Reλ > 0. Using the properties of
Hilbert-Schmidt operators, we can further conclude that for any λ ∈ C0,

R(λ,A−1)B ∈ H2 (L2(U,H)) . (2.7)

Furthermore, by taking Laplace transform of both sides of the equation Φcl
t =

Φt(I + F
cl
t ), we deduce that for any Reλ > 0,

R(λ,A−1)B = R(λ,A−1)B
(
I + H

cl(λ)
) ∈ L2(H,U). (2.8)

for all Reλ > 0. Now, it follows from (2.6), (2.8) and (2.7) that

sup
α>0

∫ +∞

−∞
‖R(α + iβ,A−1)B‖2

2dβ ≤ c sup
α>0

∫ +∞

−∞
‖R(α + iβ,A−1)B‖2

2dβ < ∞.

In particular,

sup
α>0

∫ +∞

−∞
‖B∗R (α + iβ,A∗)‖2

2 dβ < ∞.



NoDEA Impact of mixed boundary conditions Page 17 of 27 30

Thus,

B∗R(λ,A∗) ∈ H2 (L2(U,H)) (2.9)

for any Reλ > 0. Thus, by the Paley-Wiener theorem, we obtain
∫ +∞

0

∥
∥B∗

Λ(Tcl)∗(t)
∥
∥2

2
dt < ∞.

Consequently, the desired conclusion is obtained using (ii) of Theorem 5.4.
�

In control theory, The condition (2.6) is known as the input–output sta-
bility (or external stability) of the closed-loop system. It is easy to see that
the exponential stability of T

cl implies the condition (2.6).
Curtain and Weiss [11] gave a sufficient condition for the input–output stabil-
ity of the closed-loop system. More precisely, they proved that if (A,B,C) is
a regular linear system with input and output space U and there exists c ≥ 0
such that cI + H is a positive transfer function, i.e.,

2c + H(λ) + H(λ)∗ ≥ 0, ∀λ ∈ C0.

Then, for any k ∈ (0, 1
c

)
(for c = 0, take 1

c = ∞) the closed-loop system
associated with the system (A,B,−kC) and the feedback identity operator
I, denoted by (Ak := A−1 − kBCΛ, B,−kC), is input–output stable, i.e. the
transfer function associated with (Ak, B,−kC) satisfies:

sup
Re(λ)>0

∥
∥Hcl

k (λ)
∥
∥ < ∞.

Hence, one obtains the following result.

Corollary 5.7. Let (A,B,C) be an regular linear system with transfer function
H such that for some c ≥ 0, cI +H is positive. Assume that (SCP)A,B admits
an admissible invariant measure. Denote κ0 = 1

c (for c = 0, take κ0 = ∞).
Then for any k ∈ (0, κ0), the equation (SCP)Ak,B admits an admissible in-
variant measure.

Another simple consequence of Theorem 5.4 concerns impedance passive
regular linear systems.

Definition 5.8. A well-posed system (2.1) (or the system (A,B,C)) is called
an impedance passive system if for all initial states x0 ∈ H, all input signals
u ∈ L2

loc(R
+;U), and all t ≥ 0, the state x(t) at time t and the output signal

y satisfy

‖x(t)‖2 − ‖x0‖2 ≤ 2
∫ t

0

Re 〈u(s), y(s)〉ds.

It follows from [29, Theorem 4.2 (v)], that the transfer function H of an
impedance passive system satisfies: for all λ ∈ C0 and all u ∈ U

〈B∗(λ)B(λ)u, u〉 ≤ 〈(H(λ) + H
∗(λ))u, u〉,
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where

B(λ) :=
√

2Re(λ)R(λ,A−1)B.

Thus, the transfer function H of an impedance passive system is positive. For
more details, see, for instance, [29] and [31, Section 6]. As a consequence, we
have the following result.

Corollary 5.9. Let (A,B,C) be an impedance passive regular linear system.
Assume that (SCP)A,B admits an admissible invariant measure. Then for
any k > 0, the equation (SCP)Ak,B admits an admissible invariant measure.

The colored noise case

In the case where the problem (1.1) is perturbed by a colored noise (V (t))t∈[0,T ]

with a covariance operator Q ∈ L(U) (not necessarily of trace class) instead of
white noise, our approach remains valid by considering the feedback operator
to be Q (instead of the identity). Specifically, the problem becomes

⎧
⎪⎨

⎪⎩

Ẋ(t) = AmX(t), t ∈ [0, T ],
GX(t) = QMX(t) + V̇ (t), t ∈ [0, T ],
X(0) = X0 ∈ H.

(2.10)

Let assumptions (A1) and (A2) be satisfied. Define B̂ := BQ
1
2 ∈ L(U,H−1)

and Ĉ := Q
1
2 M|D(A) ∈ L(D(A), U), and assume the following condition:

(A4) The triplet (A, B̂, Ĉ) generates a regular linear system with the identity
feedback operator I as an admissible feedback.

Under these assumptions, it follows from [24, Theorem 4.3] that the operator

AQ := Am, D(AQ) = ker(G − QM),

generates a strongly continuous semigroup
(
T

cl,Q(t)
)

t≥0
in H. Using a similar

approach to the proof of Theorem 3.1, the problem (2.10) can be reformulated
as follows:

(SCP)AQ,B̂

{
dX(t) = AQX(t)dt + B̂dW (t),
X(0) = X0,

where W (t) is a cylindrical Wiener process over U .
Using the same techniques as in the previous sections, but applied to

the triplet (A, B̂, Ĉ) instead of (A,B,C) and replacing assumption (A3) with
(A4), one can obtain analogous versions of Theorem 3.1, Theorem 4.1, Corol-
lary 4.3, Theorem 5.6, Corollary 5.7, and Corollary 5.9 for the problem (2.10).
Specifically:

• In Corollary 4.3 and Corollary 5.7, the transfer function in condition (2.2)
should be replaced by the transfer function associated with (A, B̂, Ĉ).

• In Theorem 5.6, the transfer function H
cl in condition (2.6) should be

replaced by the one associated with (AQ, B̂, Ĉ).



NoDEA Impact of mixed boundary conditions Page 19 of 27 30

We provide a reformulation of Theorem 3.1 and Corollary 5.9, leaving the
remaining results to the reader. Here we denote by

Φ̂T u :=
∫ T

0

T−1(T − s)B̂u(s)ds, u ∈ UT ,

the control map associated to B̂.

Theorem 5.10. Assuming that the conditions (A1), (A2), and (A4) are satis-
fied. If the operator Φ̂T is Hilbert Schmidt from UT to H, then the perturbed
stochastic problem (2.10) possesses a unique H-valued solution. This solution
is given by

X(t) = T
cl,Q(t)X0 +

∫ t

0

T
cl,Q
−1 (t − s)BdV (s), t ∈ [0, T ]. (2.11)

Proof. It follows from [24, Theorem 4.3] that the operator AQ coincides with
the operator:

Acl,Q := A−1 + BQCΛ,

D
(
Acl,Q
)

:= {x ∈ D(CΛ) | (A−1 + BQCΛ) x ∈ H} .

Moreover, from [33, Theorem 6.1], we have that Φ̂cl
T = Φ̂T (I + F̂

cl
T ), where F̂

cl
T

is the input–output map associated with (AQ, B̂, Ĉ). Thus, if Φ̂T is a Hilbert-
Schmidt operator, it follows that Φ̂cl

T is also Hilbert-Schmidt. This concludes
the proof. �

Theorem 5.11. Let (A, B̂, Ĉ) be an impedance passive regular linear system.
Assume that (SCP)A,B̂ admits an admissible invariant measure. Then, for any
k > 0, the equation (SCP)A−kQ,B̂ admits an admissible invariant measure.

6. Examples

Example 6.1. We consider the following heat equation with Robin boundary
control of white noise type:

(HE)k

⎧
⎪⎨

⎪⎩

∂X
∂t (t, ξ) = ∂2X

∂ξ2 (t, ξ), 0 < ξ < π, t ∈ [0, T ],
∂X
∂ξ (t, 0) = kX(t, 0) + Ẇ (t), X(t, π) = 0, t ∈ [0, T ],
X(0, ξ) = X0(ξ), 0 < ξ < π,

where k > 0 and (W (t))t∈[0,T ] is real Wiener process. To reformulate the
system into the abstract setting, we consider the following operator

A =
d2

dξ2
, D(A) =

{
φ ∈ H2(0, π) : φ(π) = 0, φ′(0) = 0

}
.

The operator A generates a strongly continuous semigroup T on L2(0, π). In
order to write a formula for B we consider the Dirichlet operator Dλ : R →
L2(0, π) defined by

φ = Dλα ⇐⇒ {λφ − φ′′ = 0 in [0, π], φ′(0) = α, φ(π) = 0}.
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Then for any α ∈ R, we have

Dλα(ξ) =

⎧
⎨

⎩

1√
λ

sinh(
√

λ(ξ−π))
cosh(

√
λπ) α, λ 
= 0,

(ξ − π)α, λ = 0.

It follows that the control operator B is given by

Bα = −A−1D0α.

It is known that B is an admissible control operator for A, see [32, Section
10.2].
Now, let us consider the observation operator C : D(A) → R defined by:

Cφ = kφ(0), φ ∈ D(A).

Using an integration by parts twice we get

〈Bα, φ〉L2(0,π) = −φ(0)α,

for any φ ∈ D(A) and α ∈ R. This means that the adjoint operator of B is
given by

B∗φ = −φ(0), ∀φ ∈ D(A).

Hence, C is an admissible observation operator for A. Moreover, the linear
system (A,B,C) is regular and its transfer function H is given by

H(λ) =
−k√

λ
· tanh

(
π
√

λ
)

,

see for example [10]. It is clear that the identity is an admissible feedback op-
erator for (A,B,C). On the other hand, by [19, Proposition 3.4], the stochastic
Cauchy problem (SCP)A,B has a solution if and only if

∫ T

0

‖B∗
ΛT

∗(t)‖2
2dt < ∞.

We recall that the operator A is diagonalizable. The family of functions (φn)n∈N,
defined by

φn(x) =

√
2
π

cos
[(

n − 1
2

)

x

]

, ∀n ∈ N, x ∈ (0, π),

consists of eigenvectors of A and the corresponding eigenvalues are

λn = −
(

n − 1
2

)2

, ∀n ∈ N.
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Then, for any T > 0, we have
∫ T

0

‖B∗
ΛT

∗(t)‖2
2dt =

∑

n∈N

∫ T

0

|B∗
T

∗(t)φn|2dt

=
∑

n∈N

∫ T

0

|B∗e−(n− 1
2 )

2
tφn|2dt

=
2
π

∑

n∈N

∫ T

0

e−2(n− 1
2 )

2
tdt < ∞. (2.1)

Thus, the equation (SCP)A,B (hence (HE)0) has a solution. Consequently, it
follows from Theorem 3.1, that the equation (HE)k has a solution.

On the other hand, the semigoup T is exponentially stabe, then (SCP)A,B

(hence (HE)0) has an invariant measure. Moreover, it is not difficult to ver-
ify that the transfert function associated with (A,B,B∗), given by H0(λ) =
1√
λ

· tanh
(
π
√

λ
)

, is a positive transfer function. Therefore, it follows from
Theorem 5.7 that for any k > 0 the equation (HE)k admits an invariant
measure.

We state that the problem (HE)k is exponentially stable if and only if
k ∈ (0, 1

π

)
, as shown in [7, Example 3.6]. However, if we consider k ≥ 1

π , the
problem (HE)k is not exponentially stable; nevertheless, it has an invariant
measure.

Example 6.2. Let O be the cube (0, π)n in R
n, n ≥ 4, and denote by ∂O the

boundary of O. We consider the following heat equation defined on O with
Neumann boundary control of white-noise type applied on a portion Γ0

Γ0 = {(ξ1, . . . , ξn) ∈ ∂O, ξn = 0}
of the boundary ∂O:
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂X
∂t (t, ξ) = ∂2X

∂ξ2 (t, ξ) − aX(t, ξ), ξ ∈ O, t ∈ [0, T ],
∂X
∂ν (t, ξ) = 0 ξ ∈ ∂O \ Γ0, t ∈ [0, T ],
∂X
∂ν (t, ξ) = − ∫

Γ0
q0(ξ − η)X(t, η)dη + ∂V

∂t (t, ξ), ξ ∈ Γ0, t ∈ [0, T ],
X(0, ξ) = X0(ξ), ξ ∈ O,

(2.2)

where ν represents the outward normal to ∂O, a > 0 and the process
(V (t))t∈[0,T ], is a Wiener process on U := L2(Γ0) with covariance operator
Q

Qu(ξ) =
∫

Γ0

q0(ξ − η)u(η)dη, u ∈ U, ξ ∈ Γ0,

where q0 is the Fourier transform of a nonnegative integrable function g,

q0(ξ) =
∫

Rn−1
eiξ·ζg(ζ)dζ, ξ ∈ R

n−1.

In this case, g is called the spectral density of the noise process (V (t))t∈[0,T ].
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To put problem (2.2) into the abstract setting, we introduce the operators

Am := Δ − aI, D(Am) =
{

ϕ ∈ H2(O) :
∂ϕ

∂ν
= 0 on ∂O \ Γ0

}

G : D(Am) → U, Gϕ =
∂ϕ

∂ν

∣
∣
∣
∣
Γ0

M : D(Am) → U, Mϕ = −ϕ|Γ0 .

Now, we select the self-adjoint operator

A := Am, D(A) =
{

ϕ ∈ H2(O) :
∂ϕ

∂ν
= 0, on ∂O

}

.

and then, the control operator associated with Am and G is given by

Bu = (−A−1)Nu, B : L2(∂O) → [D(A)]′,

where N is the Neumann map defined by

φ = Ng ⇐⇒
{

(aI − Δ)φ = 0 in O,
∂φ

∂ν
= g on Γ0,

∂φ

∂ν
= 0 on ∂O \ Γ0

}

,

and A−1 is the isomorphic extension of A from L2(O) to [D(A)]′. Hence, the
problem can be reformulated as

{
dX(t) = AQX(t) + B̂dW (t),
X(0) = X0,

where AQ := Am with domain D(AQ) = ker(G − QM), B̂ := BQ
1
2 and

(W (t))t∈[0,T ] is a cylindrical Wiener process over U .
The operator B is linear bounded from L2(∂O) → Hβ−1 for any β ∈(

0, 3
4

)
, where Hγ := D(Aγ). Thus, B is an admissible control operator for

A, see [26, Chapter 3, (3.3.1.8a)], hence B̂ is admissible. Now, we define the
observation operator

Ĉ := Q
1
2 M |D(A).

For φ ∈ D(A) and u ∈ L2(Γ0), we have

〈Bu, φ〉L2(O) = 〈Nu, (aI − Δ)φ〉

= 〈(aI − Δ)Nu, φ〉 −
∫

∂O
Nu

∂φ

∂ν
dσ +
∫

∂O

∂Nu

∂ν
φdσ

= 〈u, φ|Γ0〉L2(Γ0),

where σ denotes the surface measure on ∂O. This implies that Ĉ = −B̂∗.
Therefore, Ĉ is an admissible observation operator A. Moreover, The operator
Ĉ is bounded from Hα to L2(∂O) for α > 1

4 . Then, by choosing α ∈ ( 14 , 1
2

)

and β ∈ ( 12 , 3
4

)
, we have R(λ,A−1)B̂v = (−A)1−βR(λ,A)B̃v ∈ Hα for any

v ∈ U , where B̃ := (−A)β−1B̂ ∈ L(L2(Γ0), L2(O)). Thus, by Theorem 2.6,
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(A, B̂, Ĉ) is a regular linear system, and the transfer function H associated to
the triplet (A, B̂, Ĉ) is given by

H(λ) = Ĉ(−A)1−βR(λ,A)B̃, λ ∈ ρ(A).

For λ sufficiently large there exists a constant Mα,β > 0 such that

‖H(λ)‖ = ‖Ĉ(−A)−α(−A)α−β+1R(λ,A)B̃‖

≤ ‖Ĉ(−A)−α‖ · ‖(−A)α−β+1R(λ,A)B̃‖ ≤ Mα,β

λβ−α
→ 0, as λ → ∞.

Then, the triplet (A, B̂, Ĉ) is a regular linear system with identity as admissible
feedback.
On the other hand, It is well known that the operator A is diagonalizable. The
eigenvectors of A are given by:

Φk =
(

2
π

)n/2

cos(k1ξ1) . . . cos(knξn), ξi ∈ [0, π],

where k = (k1, . . . , kn), ki ∈ N and |k|2 = k2
1 + · · · + k2

n. The corresponding
eigenvalues are

λk1,...,kn
− a = −(k2

1 + · · · + k2
n)2 − a = −|k|2 − a, k1, . . . , kn ∈ N.

We introduce the function

hn,γ(ξ) =

⎛

⎝
n∏

j=1

ξ2
j

⎞

⎠
∞∑

k1,...,kn=0

{
(1 + k2

1 + · · · + k2
n)2γ− 1

2

n∏

j=1

1
1 + (ξj + nj)2

1
1 + (ξj − kj)2

}
, ξ ∈ R

n.

Assuming that for some γ ∈ (0, 1)
∫

Rn−1
g(ξ)hn−1,γ(ξ)dξ < +∞,

the stochastic Cauchy problem (SCP)A,B̂ has a solution, see [14, Theorem
13.3.6]. Hence, it follows from Theorem 5.10 that the equation (SCP)AQ,B̂

has a solution.
Now, since the system (A, B̂, Ĉ) is regular with identity as admissible

feedback operator, we remark that

A = Acl,Q,

where

Acl,Q := A−1 + BQCΛ, D(Acl) = {x ∈ D(CΛ), A−1 + BQCΛ ∈ L2(O)}.

The fact that the operator A is dissipative implies that the system (A, B̂, B̂∗)
is impedance passive. Moreover, the operator A generates an exponentially sta-
ble semigroup on H and then the problem (SCP)A,B̂ has a unique admissible
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invariant measure, cf. [13, Theorem 11.20]. Consequently, it follows from Theo-
rem 5.11 that the problem (SCP)AQ,B̂ (hence (2.2)) has an invariant measure
as well.
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