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Abstract

A huge number of topological graph measures have been defined and investigated. It turned out
that various graph measures failed to solve problems meaningfully in the context of characterizing
graphs. Reasons for this range from selecting redundant and unfavorable graph invariants and
the fact that many of those measures have been defined in an unreflected manner. In this paper,
we extend the debate in the literature to find useful properties of structural graph measures. For
this, we investigate the usefulness of topological indices for graphs quantitatively by assigning a
feature vector to graph that contains 'useful’ properties represented by certain measures. We show
examples and compare the usefulness by using this apparatus based on distance measures and on
a agglomerative clustering task.
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1. Introduction

Topological graph measures to characterize graphs quantitatively have been used for several
decades. Structural graph measures can be divided into several categories, e.g., information-
theoretic measures [23] and non-information-theoretic measures [26, 46]. These can be further
subdivided by other categories which express what kind of graph invariant should be used; for
instance, vertex degrees, distances in graphs, eigenvalues etc., see [46]. Another categorization of
graph measures can be done by investigating their structural interpretation. As a result, sym-
metry measures [6, 16, 41], cyclicity measures [50] and branching measures [11, 15] have been
investigated extensively. Therefore it’s not surprising that a huge number of topological graph
measures have been developed and applied in several scientific disciplines such as computer science
[1], mathematical chemistry [17, 38], bioinformatics [12, 14] and so forth.

In fact, many structural graph measures have been not been investigated thoroughly. So,
it appears that various graph measures are trivially related to each other, they possess a high
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correlation score, and have very low discrimination power. Each of these mentioned aspects might
be relevant in a particular discipline or to solve a special problem. For instance in [44, 9, 37|
methods and features have been listed to define useful properties of graph measures. When
thinking about the term usefulness of topological graph measures, several questions/problems can
be raised, e.g.,

e Many features/properties such as discrimination power, correlation, structural sensitivity
[31] etc. exist

e How to find/generate an exhaustive list of such features/properties?
e How should the term usefulness be defined at all?
e Can the usefulness be computed or measured?

In terms of originality, we mention to the best of our knowledge that we are the first to develop
an approach to measure the usefulness of topological indices. The originality of our method lies in
measuring the usefulness by using a comparative approach. Other and older contributions, e.g.,
[44, 9, 37] just discuss useful features; they don’t measure anything.

The contribution of this paper is to come up with an quantitative approach to measure the
usefulness of topological indices. We emphasize that this term/concept is not unique and is finally
in the eye of a beholder. Our definition to quantify the usefulness of a topological graph measure
with regard to a graph is based on a numerical feature vector, see Definition (2.5). This vector is
composed by features/properties which contribute to the usefulness as they measure useful effects
of those indices. In order to compare the usefulness of graph measures with regard to certain
graph classes, we use distance measures and also define a clustering task and compare the optimal
clustering solutions by using the quantity normalized mutual information (NMI) [35]. The results
are summarized by the Tables (5,6).

The structure of the paper is as follows: In Section (1), we introduce the problem and discuss
related work. Section (2) gives the definition of the usefulness and also important definitions
of the used graph measures. Also, we give examples and use distance measures to compare the
corresponding usefulness vectors, see Section (2). On top of that, we perform the clustering task,
the statistical analysis and interpret the results in Section (2). The paper ends with a summary
and conclusion in Section (3).

2. Methods and Results

Many topological graph measures also called topological indices have been defined, see, e.g.,
[6, 46, 26, 28]. A lot of these indices have been used for analyzing molecular graphs in structural
chemistry, bioinformatics, drug design and related disciplines. From an application-oriented point
of view, various topological indices turned out to be useful as they captured chemical or drug-
related information significantly, see [5, 4, 3]. From a mathematical point of view, it’s not always
clear how the usefulness of a topological index should be defined, see [37]. In fact, various indices
have been introduced in an unreflected manner. For instance, many indices are trivially related
among each other; when applying those measures to data sets, it is expected that the output is
highly correlated and does not give any additional insight. Also, it has only been little investi-
gated whether topological graph indices possess useful properties. To shed light on this problem,
quantities such as abruptness, smoothness and so forth have been introduced [31]. Furtula et al.
[31] defined the so-called structure sensitivity and abruptness of degree-based indices and investi-
gated properties thereof. Also, the so-called uniqueness of graph measures has been investigated
extensively by Dehmer et al. [21, 20, 18]. This property relates to the problem to investigate
how degenerate a measure is when discriminating graphs structurally [21, 36]. These properties
mentioned above contribute to the usefulness of a topological index; such a list could be clearly
extended. However, it’s not straightforward to define a complete list of the mentioned properties
that are useful to tackle this problem optimally.



By contrast, we here choose a quantitative approach for measuring the usefulness of an index.
More precisely, we characterize the usefulness of a topological index I (structural graph measure)
with regard to a graph G by a special feature vector. The basic idea is that the components of
this vector describe useful properties. We emphasize that the components of the feature vector
cannot be learned by using Machine Learning-techniques. Our definition uses features of graph
structures based on our long standing experience in the field. As in many cases in structural
graph analysis, the term usefulness cannot be defined uniquely and is in the eye of a beholder.
Similar examples are the terms structural complexity [46] or branching [46] in graphs. Finally the
mentioned components of the usefulness-vector (see Definition (2.5) represent properties that are
needed to describe useful features of topological graph measures. We explain one component of
the usefulness-vector in Definition (2.5) namely Abr(I,G) by way of example. Abr(I, G) measures
how abruptly the measured value I varies if appplied to another graph (e.g., those whose graph
structure are similar to each other). So, the usefulness of a graph measure I with high abruptness
is surely questionable. Very similar arguments have been used to find the remaining components of
the usefulness-vector in Definition (2.5). Anyway, to quantify and to define the usefulness remains
a matter of definition and interpretation. This paper makes a first attempt to tackle this problem
meaningfully.

We define our mathematical apparatus in the next section. In this section, we define important
definitions to compare the usefulness of topological indices by using distance measures and by
performing a clustering task.

2.1. Main Definitions

We start by defining graph measures required to define the usefulness, see also [31].

Definition 2.1. Let G be a class of graphs and let I : G — R,y be a topological index. The
Abruptness of I with regard to G € G has been defined by [31]

Abr(I,G) = max
Heg

1)

I(H) - I(G) ’
1(G)

Definition 2.2. Let G be a class of graphs and let I : G — Ry be a topological index. The
structure sensitivity of I with regard to G € G has been defined by [31]

1
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Definition 2.3. Let G be a class of graphs and let I : G — R, be a topological index. The
uniqueness of an index I can be quantified by the so-called sensitivity measure regarding G [36]:

Se(l) = 'g'|‘g|’“’ 3)

ndv is the number of graphs which can not be distinguished by I.

In case I is fully unique, we obtain Sg(I) = 1, hence ndv = 0. The more degenerate the index
I is, the smaller is S(I). The uniqueness or degeneracy by employing various structural graph
measures has been investigated extensively, see [24, 21, 19, 18, 36].

Definition 2.4. Let G be a class of graphs and G € G. Let D(G) = (di;)i; be the distance matriz
of G; d;j is the shortest distance between the vertices i and j, see [33]. We define structural graph
measure I5(G) by

k
ING) = Sg(1) - Y A (4)
i=1
NEOAS A, k< |V are the non-zero eigenvalues of D(G).



The idea of defining I (G) is to couple the uniqueness of I expressed by Equation (3) with a distinct

measure namely Zle |)\Z-G|; the latter quantity represents the so-called graph energy [32, 39] of G
by using the distance matrix.

Now we are able to define the usefulness of a topological index I with regard to a graph G. In or-
der to motivate Definition (2.5), we emphasize that the quantities I(G), Abr(I, G),SS(I, G), I(G)
clearly contribute to the usefulness of an index; this is plausible because low abruptness (Abr(I, G)),
good structure sensitivity (SS(Z, G)), high uniqueness (I)(G)) are obviously desirable properties.
Adding more vector components would quickly lead to redundancy. A short discussion how to
define the usefulness-vector can be found in the first part of Section (2).

Definition 2.5. Let G be a class of graphs and let I : G — R, be a topological index. Let D(G)
be the distance matriz of G. We define the usefulness of a topological index I with regard to a
graph G by

UNG) = (I(G), Abr(I, G), SS(I,G), I\(Q)). (5)

So, we now calculate the usefulness of any graph G € G. In this paper, we put the emphasis on
undirected graphs.

2.2. Data

In order to perform our study we generate six data sets. These data sets are summarized by
Table (1).

MS2265 contains 2265 selected chemical structures with different skeletons originating from the
mass spectral database NIST [45]. This database has been already used in [25] for investigating
different aspects of topological descriptors. It holds 4 < |[V| < 19; 2 < diam(G) < 15V G €
MS2265.

Ny is the set of exhaustively generated pairwisely non-isomorphic and connected graphs with
9 vertices [22]. Ty5 is the set of exhaustively generated pairwisely non-isomorphic and connected
trees with 15 vertices [22]. The tool Nauty [40] has been used to generate these two graph classes.
Also, we generated scale-free networks by using the preferential attachment model [2] by varying
m=1,...10 and p = {1,...10}; m is the power of the preferential attachment and p is the number
of edges to be added in each step. Towards the Erdés-Rényi networks, we randomly vary the total
number of edges from 50 to 1200. Finally, we generate small-world networks due to Watts and
Strogatz [48] by varying the neighborhood of the vertices of the lattice to be connected from 1 to
20, and use the rewiring probability p,, = (0.0001, 0.99).

Data set | Description

MS2265 2265 small molecules

Ny 261080 pairwisely non-isomorphic and connected
graphs with 9 vertices.

Ti5 7741 pairwisely non-isomorphic and connected trees

with 15 vertices.
Barabasi game | 150000 non-isomorphic scale-free networks with 50

vertices.

Erdés-Rényi 150000 non-isomorphic random networks with 50
vertices.

Small-world 150000 non-isomorphic networks with 50 vertices.

Table 1: Different graph classes used for the analysis.
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Figure 1: Four example graphs.

Short Form H Topological Index

infol Information-Theoretic Measure (vertex degree) [13, 23, 42]
info2 Information-Theoretic Measure (sphere)[13, 23, 42]

info3 Information-Theoretic Measure (pathlength) [13 23, 42]
infod Information-Theoretic Measure (vertex centrahty)[13 23, 42]
wiener Wiener index [49, 23, 42]

randi¢ Randié¢ index [43, 23, 42]

topoinf Topological Information Content [41, 23]

Table 2: Descriptors analyzed for sensitivity.

Wiener (W) Randié (R)
Graphs | W(G) Abr(W,G) SS(W,G) Wi(G) | R(G) Abr(R,G) SS(R,G) Rx(G)
Ps  35.000 0.571 0.351 0.865 | 2.914 0.233 0.029 16.002
T  31.000 0.516 0.270 0.767 | 2.808 0.204 0.039 14.195
Se  25.000 0.400 0.141 0.613 | 2.236 0.342 0.282 11.341
K 15.000 1.333 0.514 0.357 | 3.000 0.255 0.044  6.607

Table 3: Usefulness vectors for the Wiener and Randi¢ index with regard to the four example graphs.

2.3. Examples of the Usefulness and Comparison

Here we calculate the usefulness vectors for some example graphs, see Figure (1). To calculate
these vectors, we use the Wiener and Randi¢ index and compose the vectors based on Definition
(2.5) for the shown graphs. The results are shown in Table (3). The vector components are the
measures that contribute to the usefulness, see Definition (2.5). As already mentioned repeatedly,
here the usefulness is not a single numerical value that can be computed by assuming a topological
index I. Based on our vector approach, the usefulness becomes measurable by comparing these
vectors. For this, many vector-based distance measures are basically applicable. In this paper, we
employed the well-known euclidian distance [29] and we calculated a distance matrix, see Table

(4)-



Wiener (W) Randié¢ (R)
Graphs P6 TbG S@ K6 P6 TbG S6 K(;
Ps 0.000  4.002 10.007 20.022 | 35.480 34.846 34.399 32.514
Tb | 4.002 0.000 6.005 16.028 | 31.954 31.229 30.646 28.605

Wiener Se | 10.007  6.005 0.000 10.054 | 26.919 26.019 25.166 22.803
K | 20022 16.028 10.054  0.000 | 19.806 18.484 16.870 13.581
Ps | 35480 31.954 26.919 19.806 | 0.000 1.810 4.717  9.395
Randic T | 34.846 31.229 26.019 18484 | 1.810 0.000 2.924  7.591

Se | 34.399 30.646 25.166 16.870 | 4.717 2924  0.000  4.802
Kg | 32.514 28.605 22.803 13.581 9.395  7.591  4.802  0.000

Table 4: Euclidian distance between the usefulness vectors by using the Wiener and Randi¢ index.

Let’s consider the following example by choosing the Wiener index as topological index. Also,
let’s consider the two graphs Ps and T%. By using Equation (5), the computation of the usefulness
vectors yields to

UW(PG) = (W(P6)7Abr(VV7P6)7SS(W5P6)31A(P6))5 (6)
UY(T%) = (W(T"%), Abr(W,T%),SS(W, T?), I\(T")). (7)

For instance, we obtain Euclid(UW (Py),U" (T%)) = 4.002, see Table(4). We also see that
Euclid(UY (Ps), UW (T?s)) gives the lowest distance for W and, hence, the corresponding vec-
tors are most similar. In general, if we assume that a distance measure vanishes, we then achieve
maximum similarity, see [27]. In case we examine the values in Table (4) regarding the mixed vec-
tors by taking W and R into account, we see the distance values are rather high (low similarity).
So, the comparison of the usefulness vectors give the lowest values on the four example graphs by
using the same topological index.

2.4. Comparative Analysis by Means of Clustering

In this section, we describe another comparative analysis of the usefulness of topological graph
measures by means of clustering. The used topological graph indices can be seen in Table 2. Let
G = (V,E) be a graph; the information-theoretic measures [13, 23, 42] we use in this paper can
be derived from the family

V]

R S N () .
e = ;zylfwj)lg(z;lf(vj))’ e )

by utilizing special information functionals f : V' — R, as indicated in Table (2). As defined in
Section (2.1), the usefulness of a graph measure with regard to a graph is defined by a vector that
contains features which contribute to quantify the usefulness, see Equation (5).

By using different graph classes, we perform a clustering task and, finally, we compare the
clustering solutions by utilizing the well-known measure normalized mutual information (NMI)
[47]. So, two structural graph measures have similar uniqueness if the clustering solutions are
similar measured by NMI [47]. The similarity of the clustering solutions will be here measured by
computing a p and g-value to determine the significance.

In order to start describing the clustering analysis, we note that all values of the calculated
topological indices are normalized concerning the interval [0, 1]. Because some of the graph classes
discussed in Section (2.2) are rather large, the computational complexity is expected to be high.
We mention that we used a large computer cluster to perform the analysis described below and
the computations took several days. Therefore it makes sense to calculate random samples to
overcome this problem. So, we calculate s = 500, 1000, 2000 samples of the graph classes in Table
(1) and apply agglomerative clustering [35]. To perform the clustering, we applied Euclidean
distance [27] to the obtained vectors by using Definition (2.5). For calculation the vectors on




the used graphs (see Table (1)), we take the measures into account which are shown by Table
(2). When using agglomerative clustering, we employ the silhouette coefficient [35] to optimize
the number of clusters denoted by CL(sg,I) € {2,3,...100}; I : G — R is a topological index.
Finally, we compare two clustering solutions resulting from using the indices I; and I; for each
number sy by utilizing normalized mutual information:

NMI{ ;= NMI(CL(s, I;), CL(sy, I;))- (9)

These clustering solutions are obtained by using the silhouette coefficient to obtain the best par-
titions; we repeat the analysis 100 times for each graph class G (see Table 1) and compute the
average of NMI.

We apply a statistical test to determine the significance of NMI% I by defining the null hy-
pothesis:

Ho: NMIY , =Nygtndom (10)
Hy: NMIY , > NMIgandom (11)

We define C(I;) := C1,Cs,...Ck,, and C(I;) = C1,Cs, ... Ck, These are partitions we obtain by
applying the clustering for I; and I; for n graphs. To perform the hypothesis testing procedure,
we apply the following steps:

1. Calculate NMI%IJ_ = NMI(C(I;),C(I;)) between two clustering solutions C'(I;) and C(I}).

2. Randomize the partitions C(I;), C(I;) to obtain a randomized partition crandom .y
rand(C(I;)) and CTARAOM (1) — yand(C(1;)).

3. Compute NMIifﬁndom = NM(crandom ) crandom )

Repeat Step 2 and 3 10000 times.

5. Calculate the p-value,

e

4 (NMI% 5 < {NMIi’ﬂfndom %2‘}00)
10000

p= (12)

Also, we perform the multiple testing correction due to Bonferroni [34] to obtain adjusted
p-values. Here, we use the threshold @ = 0.01 on the adjusted p-values to select the significant
normalized mutual information values of pairs of the used topological indices.

The numerical results of the clustering analysis are shown by the Tables (5), (6). We start
interpreting the results by Table (5) that shows the results from the clustering comparison for
MS2265 and for the two classes of exhaustively generated networks Ng and T35. Regarding MS2265
the index pair gives the highest g-value. The second highest g-value also involves the computation
of the measure info4. We also see that infol fails to produce significant g-values. The results
when comparing the number of NMI for which the g-values are significant are quite similar for the
three graph classes shown by Tables (5). In this paper, we defined the usefulness of a topological
graph measures with regard to a graph by a numerical feature vector, see Equation (5). These
features capture 'useful’ properties of a graph measure. If we obtain a significant g-value from
the clustering comparison by using I; and I;, this means that the usefulness of I; and I; are
similar based on the clustering ability of these indices. By contrast, the usefulness of two indices
is dissimilar if the NMI value is very little and the g-value is not significant. In Table (5), we see
that several pairs of topological indices have quite different clustering ability based in case a graph
is represented by the defined feature vector and, hence, their NMI-value is not similar.

The results by using classes of random graphs are shown in Table (6). We see that almost
all pairs of the used topological indices produced significant g-values. A plausible reason for this
result could be the larger size of the graphs and the fact that we only performed the clustering
comparison on relatively small samples by keeping in mind that the population size of the random
graph classes is huge. Also, the discrimination power of the computed measures in Equation (5)



MS2265 Ng Ths

Pair of descriptors NMI p-value g-value NMI p-value g-value NMI p-value g-value

1 info2_infol 0.0552 0.0203 0.0223 0.0092 0.0073 0.0109 0.0570 0.0084 0.0104
2 | info3_infol 0.0567 0.0205 0.0223 0.0113 0.0069 0.0109 0.0570 0.0084 0.0104
3 | info4_infol 0.0575 0.0168 0.0223 0.0113 0.0123 0.0162 0.1413 0.0011 0.0028
4 | wiener_infol 0.0456 0.0182 0.0223 0.0725 0.0014 0.0038 0.0805 0.0043 0.0075
5 | randié_infol 0.0429 0.0166 0.0223 0.0210 0.0079 0.0111 0.0489 0.0084 0.0104
6 | topoinf_infol 0.0281 0.0229 0.0229 | 0.0206 0.00001 0.0005 | 0.0930 0.0042 0.0075
7 | info3_info2 0.8887 <0.00001 0.0002 | 0.0680 0.0012 0.0035 1.0000 <0.00001 0.0003
8 | info4_info2 0.6334 <0.0000 0.0001 0.1796 0.0001 0.0009 | 0.1476 0.0012 0.0028
9 | wiener_info2 0.5354 0.0086 0.0150 | 0.0425 0.0029 0.0061 0.0211 0.0204 0.0226
10 | randié-info2 0.4324 0.0001 0.0005 | 0.1168 0.0007 0.0025 0.0038 0.0564 0.0564
11 topoinf_info2 0.1017 0.0212 0.0223 0.0057 0.0995 0.1161 0.0691 0.0080 0.0104
12 | info4_info3 0.6533 <0.00001 0.0001 0.0991 0.0002 0.0011 0.1476 0.0012 0.0028
13 | wiener_info3 0.5086 0.0085 0.0150 0.0287 0.0032 0.0062 0.0211 0.0204 0.0226
14 | randié_info3 0.4411 0.0001  0.0005 0.0209 0.0059 0.0102 0.0038 0.0564 0.0564
15 | topoinf_info3 0.1001 0.0210 0.0223 0.0045 0.1701 0.1880 0.0691 0.0080 0.0104
16 | wiener_info4 0.4912 0.0006 0.0016 | 0.0854 0.0004 0.0016 | 0.1921 0.0006 0.0027
17 | randi¢_info4 0.5658 0.0002 0.0007 | 0.1720 0.0001 0.0009 | 0.1162 0.0017 0.0035
18 | topoinf_info4 0.1165 0.0055 0.0116 0.0048 0.1895 0.1989 | 0.1489 0.0010 0.0028
19 | randié¢_wiener 0.4690 0.0002 0.0007 | 0.0733 0.0021 0.0049 | 0.3709 0.0002 0.0017
20 | topoinf_wiener 0.1142 0.0125 0.0203 0.0036 0.2120 0.2120 | 0.2762 0.0003 0.0017
21 topoinf_randié¢ 0.1235 0.0036 0.0084 0.0055 0.0209 0.0259 | 0.3920 0.0003 0.0017

Table 5: Comparison of different pair of topological indices. The significant pairs are highlighted in bold for which
the g-values are less than threshold o < 0.01 .

Barabasi Erdos-Rényi Small-world

Pair of descriptors NMI p-value g-value NMI p-value g-value NMI p-value g-value

1 info2_infol 0.2010 0.0001 0.0001 0.0065 0.0566 0.0661 0.3397 0.0002 0.0008
2 | info3.infol 0.2890 0.0001 0.0001 | 0.2569 0.0001 0.0001 0.0040 0.0676 0.0710
3 | info4_infol 0.0908 0.0001 0.0001 0.0064 0.0484 0.0598 | 0.0542 0.0013 0.0026
4 wiener_infol 0.1018 0.0001 0.0001 0.0526 0.0005 0.0008 0.2609 0.0003 0.0009
5 randié_infol 0.0087 0.0020 0.0025 0.0071 0.0397 0.0522 0.0295 0.0030 0.0042
6 | topoinf_infol 0.1327 0.0001 0.0002 | 0.3932 0.0001 0.0001 0.6373 0.0001 0.0007
7 | info3_info2 0.2411 0.0001 0.0001 | 0.0147 0.0002 0.0003 0.0067 0.0290 0.0320
8 info4_info2 0.0182 0.0001 0.0001 0.3708 0.0001 0.0001 0.1251 0.0011 0.0026
9 wiener_info2 0.0118 0.0001 0.0002 0.1977 0.0001 0.0001 0.4155 0.0001 0.0005
10 randié_info2 0.0104 0.0004 0.0005 0.2850 0.0001 0.0001 0.0657 0.0028 0.0041
11 | topoinf_info2 0.1118 0.0001 0.0001 0.0032 0.2167 0.2167 | 0.1987 0.0014 0.0026
12 | info4_info3 0.0626 0.0001 0.0001 | 0.0152 0.0001 0.0002 | 0.0115 0.0058 0.0076
13 wiener_info3 0.0623 0.0001 0.0001 0.1700 0.0001 0.0001 0.0432 0.0002 0.0008
14 randié_info3 0.0115 0.0001 0.0001 0.0183 0.0002 0.0003 0.0087 0.0184 0.0216
15 topoinf_info3 0.0788 0.0001 0.0001 0.1218 0.0001 0.0001 0.0028 0.1088 0.1088
16 | wiener_info4 0.5723 0.0001 0.0001 | 0.2383 0.0001 0.0001 0.0902 0.0008 0.0024
17 | randié¢_info4 0.0444 0.0004 0.0005 | 0.3250 0.0001 0.0002 | 0.2947 0.0001 0.0005
18 topoinf_info4 0.0194 0.0074 0.0078 0.0032 0.1986 0.2086 0.0325 0.0017 0.0030
19 randié¢_wiener 0.0024 0.2872 0.2872 0.1735 0.0001 0.0002 0.0504 0.0021 0.0033
20 | topoinf_wiener 0.0248 0.0043 0.0050 | 0.0203 0.0068 0.0096 | 0.1829 0.0012 0.0026
21 | topoinf_randié¢ 0.0288 0.0047 0.0052 0.0038 0.1304 0.1441 0.0106 0.0185 0.0216

Table 6: Comparison of different pair of topological indices by sampling random networks for which |V| = 50. The
significant pairs are highlighted in bold for which the g-values are less than threshold o < 0.01. NMI is calculated
of clustering solutions by using 2 indices by optimizing the best partition using the silhouette measure.

is probably higher on small samples of random graphs compared to MS2265 and the exhaustively
generated graph classes. So, it seems to be more challenging to find pairs of topological indices
with significant g-values on smaller graphs where the graphs are structurally similar. Generating
and interpreting such results would involve using graph similarity or distance measures [30].

3. Summary and Conclusion

In this paper, we defined the usefulness of topological indices with regard to a graph by a
numerical feature vector. In earlier paper, several attempts were made to define properties of good
topological graph measures, e.g., see [8, 9, 10, 7]. For instance, features properties were listed that
contribute to quantify topological complexity meaningfully. The question of whether a structural
graph measure is useful or not is somewhat related to the latter problem. In this paper, we chose a
quantitative rather than a qualitative approach. In Section (2.3), we calculated the usefulness on
four example graphs and compared those vectors by using the euclidian distance. It would be very



interesting to find more topological indices resulting in low distance values by using appropriate
graph classes. Then, we would have found graphs and indices whose usefulness is highly similar
based on the comparative analysis. A second step should involve finding other measures which are
highly correlated with the (euclidian) distance. This could serve as another kind of interpretation
of the usefulness.

We also compared the usefulness of pairs of topological indices by comparing clustering solu-
tions by using these indices and normalized mutual information [35]. Some of the used descriptors
performed well, i.e., their g-values of the clustering comparisons were significant and, hence, the
uniqueness of the involved measures can be regarded as similar.

Future work involves seeking pairs of indices that produce significant g-values by using our
clustering apparatus. Also, other graph classes could be used and the NMI-values can be compared.
Also, we like to explore other definitions and methods to defined and compare the usefulness of
topological graph measures. A possible research direction for this problem area would involve
using machine learning techniques by solving optimization problem. In such a case, the usefulness
could be defined based solving optimization problem, e.g., learning parameters of the involved
methods optimally.
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