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Abstract—Utilizing a multiple-input multiple-output (MIMO)
communication transceiver to perform sensing is critical in future
mobile communication systems. To improve sensing performance,
the MIMO ambiguity function (AF) of such a system should
ideally have a thumbtack shape, which improves target detection
while minimizing the ambiguities observed in delay, Doppler,
and angle profiles. Hence, this article analyzes the MIMO AF of
orthogonal frequency-division multiplexing (OFDM) waveforms.
We illustrate that using the MIMO transmitter for conventional
single-stream OFDM communication results in high ambiguities
in the MIMO AF’s angle profile. As a solution, we propose
to reduce the ambiguities by incorporating independent radar
streams together with the communication stream. Numerical
results depict that this method significantly reduces the integrated
side-lobe level of the angle profile. Further, the power allocation
between the two types of streams can be controlled to obtain an
optimal trade-off between communication and sensing.

I. INTRODUCTION

A unique requirement in modern and future communica-
tion systems, e.g., beyond fifth-generation (5G) and sixth-
generation (6G) networks, is the ability to perform joint
communication and sensing (JCAS) [1]–[3]. Multiple-input
multiple-output (MIMO) antenna arrays in communication
systems have further supplemented the advancement of JCAS
systems due to their advantages for both communication and
sensing [4]–[6], e.g., increased spectral efficiency [7], spatial
multiplexing [8], improved detection probability and super-
resolution in angle estimation [9].

Typically in these JCAS systems, a joint transmit (TX)
waveform is utilized for sharing the same spectral resources,
such that it provides an optimal trade-off between the two
functionalities [10]. There are many candidate waveforms in
the literature for the joint waveform, e.g., frequency-modulated
continuous wave, single-carrier, and orthogonal frequency-
division multiplexing (OFDM) waveforms [11]. The suitability
of the waveform for sensing purposes depends mainly on its
MIMO ambiguity function (AF), which illustrates how a target
echo is observed at the receiver (RX) in comparison to the
side-lobes in delay, Doppler, and angle profiles [12], [13].

Since OFDM waveforms are primarily used in communi-
cations, they outperform the other candidate waveforms by
facilitating high capacity for the users. Furthermore, the two-
dimensional delay–Doppler AF of OFDM waveforms has
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inherently the desirable thumbtack shape, i.e., a peak corre-
sponding to the target echo with reduced side-lobes, due to
its noise-like resemblance [14]. However, OFDM waveforms’
ambiguities in the angle profile are a less-discussed topic.
Since future communication systems will inevitably feature
MIMO antenna arrays, it is necessary to also evaluate the
ambiguities in the angle profile of the MIMO AF in addition
to the typical two-dimensional AF.

Hence, we analyze the MIMO AF of OFDM waveforms
in this work. We illustrate that using a MIMO TX array to
beamform (BF) at a specific user’s direction with a communi-
cation stream results in high ambiguities in the angle profile.
As a solution, we propose including separate independent
spatial radar streams and communication stream, sharing the
total TX power between the two sets of streams. Moreover,
radar streams are considered to have their own TX precoding,
separate from the communication stream. The interference at
the communication user due to the inclusion of radar streams is
canceled by suitably designing the radar TX precoding. The
results indicate that ambiguities in the angle profile can be
significantly reduced through this approach.

II. SYSTEM MODEL

We consider a fully-digital architecture for the MIMO TX
and RX, having LT and LR antennas, respectively. We assume
there is a communication RX at a line-of-sight direction of θc.
Using the MIMO TX for conventional communication, TX
time-domain signal at the antenna elements is given by

x̃(t) = wBB
T,cxc(t), (1)

where wBB
T,c is the communication BF vector of size LT × 1,

xc(t) is the time-domain signal of the communication stream
which we consider here to be an OFDM waveform with N
active subcarriers and M OFDM symbols, while x̃(t) is of
size LT× 1 correspondingly. Additionally, the stream’s power
is given by Pt = E{|xc(t)|2}, where E{·} denotes expectation.

Assuming the TX signal reflects off a point target and
returns back at the MIMO RX, received signal at the lthR RX
antenna after down-conversion to baseband can be denoted as

ylR(t,Φ1) = b

LT∑
lT=1

x̃lT

(
t− τlT,lR(p1)

)
· e−2πτlT,lR (p1)fce2πflT,lR (p1)t + nlR(t), (2)



where p1, τlT,lR(p1), flT,lR(p1), b, and nlR(t) denote the two-
dimensional coordinates of the point target, two-way delay and
Doppler-shift due to the target, attenuation constant, and noise
signal, respectively, while the target parameters are given by
Φ1 = [τlT,lR(p1), flT,lR(p1)]. In addition, x̃lT(t) denotes the
time-domain signal at the lthT TX antenna.

Next, a bank of filters is used to match ylR(t,Φ1) to
the different TX signals x̃i(t) with a different set of target
parameters Φ2 = [τi,lR(p2), fi,lR(p2)] with i ∈ [1, LT], and
can be written as

ȳlR(Φ1,Φ2) = b

LT∑
lT=1

(∫
x̃lT
(
t− τlT,lR(p1)

)
x̃∗i
(
t− τi,lR(p2)

)
· e2π

(
flT,lR (p1)−fi,lR (p2)

)
tdt

)
· e−2πτlT,lR (p1)fce2πτi,lR (p2)fc + n̄lR

= b

LT∑
lT=1

RlT,i(Φ1,Φ2, lR)

· e−2πτlT,lR (p1)fce2πτi,lR (p2)fc + n̄lR , (3)

where R(Φ1,Φ2, lR) is the covariance matrix of size LT×LT
corresponding to the integration terms and (·)∗ denotes the
conjugate operation.

Moreover, the RX signal at the communication user with a
single antenna can be written using (1) as

ỹc(t) = hHc (t)wBB
T,cxc(t) + ñc(t), (4)

where hc(t) is the LT×1 channel vector and ñc(t) is the noise
signal. Due to the line-of-sight conditions, hc(t) =

√
gaT(θc),

where aT(θc) is the TX steering vector corresponding to θc,
while

√
g corresponds to the free-space path loss value. In

this case, wBB
T,c =

a∗T (θc)√
LT

, i.e., the spatial matched filter (MF)
response, produces a single beam at θc, and it is referred to
as the single-beam case in this paper.

III. MIMO AMBIGUITY FUNCTION

The general MIMO AF is defined based on (3) as [12]

X (Φ1,Φ2) =

∣∣∣∣ LT∑
lT=1

RlT,i(Φ1,Φ2, lR)

· e−2πτlT,lR (p1)fce2πτi,lR (p2)fc

∣∣∣∣2. (5)

This MIMO AF can be further simplified based on some
assumptions, which we consider in this article are: TX and
RX antennas of the MIMO transceiver are situated close to
each other, targets are in the far-field of the MIMO array, and
waveforms are narrowband. In this case, the simplified MIMO
AF is given by [13]

X (∆τ,∆fD, θ1, θ2) =
∣∣aHT (θ1)R (∆τ,∆fD) aT(θ2)

∣∣2
·
∣∣aHR (θ1)aR(θ2)

∣∣2 , (6)

where R (∆τ,∆fD) =
∫
x̃lT(t)x̃∗i (t − ∆τ)e2π∆fDtdt with

∆τ and ∆fD being the difference in delay and Doppler-shift

between two targets. In addition, aT(θ) and aR(θ) correspond
to the TX and RX steering vectors for a given angle θ.
Moreover, θ1 denotes the actual direction of the target, while
θ2 corresponds to the direction of the target as observed from
the MIMO RX.

A. Ambiguity Problem in Angle Profile

Although OFDM waveforms generally have an ideal thumb-
tack shape in the two-dimensional delay–Doppler AF, they
can have ambiguities in the angle profile, depending on the
time-domain signals at the MIMO TX antenna elements. To
analyze this problem, we define two different slices of the
four-dimensional MIMO AF in (6) as the RX angle profile
(along θ2) and delay profile (along ∆τ ). These are given by

hθ2 = X (0, 0, θ, θ2), (7)
h∆τ = X (∆τ, 0, θ, θ), (8)

where θ represents the actual angle of the target. To quan-
tify the level of ambiguity visible in either profile, we use
the metric integrated side-lobe level (ISL), which is defined
separately for the two profiles as the ratio between the energy
of the side-lobes to that of the main-lobe, and given by

ISLangle =

∫ −θmain

−π2
hθ2(θ′)dθ′ +

∫ π
2

θmain
hθ2(θ′)dθ′∫ θmain

−θmain
hθ2(θ′)dθ′

, (9)

ISLdelay =

∫ −τmain

−τmin
h∆τ (τ)dτ +

∫ τmax

τmain
h∆τ (τ)dτ∫ τmain

−τmain
h∆τ (τ)dτ

. (10)

Here, 2θmain and 2τmain are the null-to-null main-lobe lengths
of the angle and delay profiles, while τmin and τmax are the
minimum and maximum delays considered in the delay profile,
respectively. Thus, any low value for ISL indicates that the
corresponding profile has more minor ambiguities.

When conventional communication is performed at the
MIMO TX for a stream that is beamformed at θc as in (1),
many ambiguities appear in the angle profile, as illustrated
later in Section IV. The communication stream can also be
split at another direction θr, apart from θc, which helps for
sensing since the MIMO RX then receives some reflections
also from this other direction. This is referred to as the
two-beams case, and here the BF vector can be given by
wBB

T,c =
a∗T (θc)+a∗T (θr)
‖aT(θc)+aT(θr)‖ , where ‖ · ‖ is the norm operation.

However, the ambiguity problem still persists even in this case,
and a solution to this is discussed in the following section.

B. Radar Streams and Beamforming Design

The main idea here is that now separate radar streams are
transmitted to the environment apart from just the commu-
nication stream, where each radar stream also consists of N
active subcarriers and M OFDM symbols. The vector of TX
streams can then be written as

x(t) = [xc(t),

xTr (t)︷ ︸︸ ︷
xr,1(t), . . . , xr,Sr(t)]

T , (11)



where Sr is the number of radar streams with total streams
S = Sr + 1. Here, xr,s(t) for s ∈ [1, Sr] denotes a separate
time-domain radar stream, while x(t) is of size S × 1. Now,
total TX power is shared between the communication stream
and radar streams as Pt = Pc + Pr, where Pc = E{|xc(t)|2}
and Pr = E{

∑Sr
s=1 |xr,s(t)|2}. Then, the time-domain signals

at the antenna elements are given by modifying (1) as

x̃(t) = WBB
T x(t) =

[
wBB

T,c ,W
BB
T,r

] [
xc(t), xTr (t)

]T
, (12)

where WBB
T,r and WBB

T are the radar BF matrix and the total BF
matrix, of sizes LT×Sr, and LT×S, respectively. Moreover, the
TX power at a general direction θ by considering all streams
is given as

P (θ) = E
{
|aHT (θ)WBB

T x(t)|2
}
. (13)

The inclusion of radar streams in (12) also modifies (4), i.e.,
the RX signal at the communication user, as

ỹc(t) =
√
gaHT (θc)wBB

T,cxc(t) +
√
gaHT (θc)WBB

T,r xr(t) + ñc(t),
(14)

where the first term represents the RX signal due to the
communication stream, while the second term denotes the
interference by the radar streams. Hence, the performance of
the communication system depends on the chosen WBB

T,r matrix
too. It could either be based on a codebook, or optimized
separately. Therefore, the choice of WBB

T,r would cause a trade-
off between the interference cancellation at the communication
user and the suitability of the BF for radar purposes.

IV. NUMERICAL RESULTS

The parameters considered in the simulations are the fol-
lowing: M = 10, N = 256, Pt = 30 dBm, LT = 8, LR = 8,
θc = −30◦, and θr = 10◦. The power allocated to each radar
stream is given by Pr

Sr
, where 1 ≤ Sr ≤ LT. Uniform linear

arrays are considered for both the TX and RX antennas, with
half-wavelength antenna element separation, and therefore the
steering vector for either TX or RX array is given as

a(θ) =
[
1, eπ sin (θ), . . . , eπ(L−1) sin (θ)

]T
, (15)

where L is the number of antenna elements. We consider that
∆fD = 0, for simplicity. The frequency-domain symbols of
radar streams are complex Gaussian with zero mean and unit
variance. The WBB

T,r matrix is designed based on null-space
projection to cancel the interference in (14) as [15]

WBB
T,r =

(
I− 1

LT
aT(θc)aHT (θc)

)
Ŵ

BB
T,r , (16)

where Ŵ
BB
T,r is chosen as a random orthonormal matrix so that

instantaneous beampatterns of different radar streams illumi-
nate different directions, while (·)† denotes the pseudo-inverse
operation. Hence, this ascertains that each radar stream’s
beampattern has a null at θc direction.

Figure 1(a) first depicts the gain of the TX beampattern in
(13) for different Sr values, averaged over many random radar
beampatterns. For the single-beam case, Sr = 0 corresponds to
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Fig. 1. The TX BF design where (a) illustrates the gain of TX beampattern
and (b) depicts the gain at θc and θr, both for different Sr values.
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Fig. 2. Angle profile of MIMO AF corresponding to θ1 = −5◦.

the case when only the communication stream is transmitted
at θc. Then, when Sr = 4, the gain at θc is decreased due to the
inclusion of random radar beampatterns. A similar observation
is made for the two-beams case, for both θc and θr directions.
When Sr = 8, all radar beampatterns have a null at θc, so the
gain at that angle is quite low. However, when Sr = 4, the
gain at θc is not low due to the communication beampattern.

Next, the gains at θc and θr directions are illustrated in
Fig. 1(b) for the two different BF cases. Additionally, the
figure denotes the gains averaged over many random radar
beampatterns. In both BF cases, the highest gain for θc is
when Sr = 0, while having Sr = 1 is observed to decrease the
gain from that value, but it remains constant after that. When
Sr = 8, there is a deep null at θc, so the gain at θc is not
illustrated. For θr, the highest gain is when Sr = 0 for the two-
beams case. Then, as Sr is increased, the gain first decreases
and remains constant, whereas the lowest gain happens when
Sr = 8. However, the opposite behavior is observed in the
single-beam case.



To illustrate the ambiguity problem discussed in Section
III-A, Fig. 2 depicts the angle profile for θ1 = −5◦, i.e.,
the angle profile observed at the MIMO RX when there is
a target at −5◦. When Sr = 0, it can be observed that for both
BF cases, the observed peak is not precisely at −5◦, while
there are a considerable amount of side-lobes that increase the
ambiguities. In contrast, when Sr = 8, the peak corresponds
to the actual target direction, while the side-lobes are also
considerably lower, thus improving target detection.

To observe the effect of proposed MIMO AF enhancement,
we analyze the ISL of angle and delay profiles for different
power allocation values, i.e., Pc −Pr in decibel scale, as well
as for different Sr values, in Fig. 3. Firstly, Fig. 3(a) depicts
ISLangle for possible target directions. For example, ISL value
at θ1 = −5◦ for Sr = 8 is calculated based on Fig. 2, i.e.,
when there is a target at −5◦, ambiguity of angle profile across
θ2 is used to calculate the corresponding ISL value. This is
performed for all θ1 values to obtain Fig. 3(a).

This figure depicts that when Sr = 0, the ISL in the angle
profile is quite high. For either single/two-beam(s) case, the
minimum ISL is observed around θc/θc and θr, respectively.
However, increasing the number of independent radar streams
decreases the ISL values for almost all angles. It is also
noticeable that when θ1 = θc, the ISL of Sr = 8 is very high.
This is because θc has a deep null, as illustrated in Fig. 1(a).
However, if Sr < 8, that means the communication stream is
transmitted at θc, and therefore the MIMO RX receives some
reflections from that direction, which is why those curves do
not have a high ISL value at θc. Then, Fig. 3(b) depicts that
ISLangle can be controlled by changing the power allocated to
the communication and sensing streams. It can be observed
that by increasing Pr (or decreasing Pc), the ISL of the angle
profile can be improved for the waveform with a specific
number of radar streams.

The ISL of delay profile is next depicted in Fig. 3(c). First,
it depicts that by changing either Pc or Pr, the ISL in the
delay profile can be controlled, although the change in ISL
is quite minor compared with the angle profile. Secondly,
the embedded plot illustrates the variation of ISLdelay when
Pc − Pr = 4 dB and θ1 = θ2 = −15◦, and it shows that
increasing Sr slightly increases the ISL, that is contrasting to
the ISL performance in the angle profile depicted in Fig. 3(a).
However, this also shows that the ambiguities in the delay
profile are quite low in OFDM waveforms since the ISL values
are already good.

Therefore, the ISL of the angle profile of MIMO AF can
be improved by including independent radar streams. The
addition of such radar streams slightly increases the ISL in
the delay profile. However, the loss is negligible compared
to the gains in the angle profile. Further, since the radar
streams consist of random frequency-domain symbols, while
their precoding matrix WBB

T,r can be calculated readily as in
(16), the proposed MIMO AF enhancement is of very low
complexity for practical implementation. If necessary, MIMO
AF can be further improved by optimizing radar streams and
the WBB

T,r matrix, which will be an interesting future topic.
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Fig. 3. The ISL variation of angle and delay profiles of the MIMO AF, where
(a) depicts ISLangle for Pc −Pr = 4 dB, with the dashed curve corresponding
to Sr = 0 with a single beam, while all others are with two beams, (b) depicts
ISLangle of θ1 = −15◦ for different Pc − Pr values, and (c) depicts ISLrange
at θ1 = θ2 = −15◦ for different Pc − Pr values.

V. CONCLUSION

This article analyzed the ambiguities observed in the MIMO
AF of an OFDM JCAS system. Employing an OFDM com-
munication stream to perform sensing increases ambiguities
in the angle profile, although OFDM waveforms generally
have a thumbtack shape in two-dimensional delay–Doppler
AF. Employing independent spatial radar streams on top of
the communication stream, where the TX power is shared
between the two sets of streams, is shown to significantly
decrease the ISL, by even more than 25 dB for some angles.
The interference from radar streams at the communication user
is also canceled by designing their BF matrix. Moreover, by
altering the power allocation between the two types of streams,
the level of ambiguities can be controlled, allowing an optimal
trade-off between communications and sensing.
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