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Abstract— This paper presents a new version of Archimedes’
optimization algorithm. The basic algorithm is changed in a
way that uses information from previous iteration to update the
candidate solutions to find the best solution for the proposed
optimization problem. The proposed algorithm can be used to
find the best solution for different optimization problems. As
an engineering problem, the new algorithm is applied to find
the parameters of a nonlinear version of Kalman filter, named
exponential square root unscented Kalman filter. The optimized
filter is applied to a servo-hydraulic system to estimate its states.
The state estimation method works without a priori knowledge.
The filter tries to estimate states of a hydraulic system and
statistics of the noises which affect states and measurements.
The presented results show the efficiency of the optimized filter
in comparison with the basic filter.

Index Terms— State estimation, Kalman filter, modified
Archimedes’ optimization algorithm (MAOA), servo-hydraulic
system.

I. INTRODUCTION

State estimation of the practical systems is an important
research topic. The topic has received lots of interests because
of two reasons: 1) monitoring the states of a practical system,
2) control approaches need to have the value of states of a
system to produce proper control input. It seems easier to use
a measurement tool to measure the value of inertial states of
a practical system, but sometimes it is not possible to do
that because of two main reasons: 1) the state can not be
measured or there is not any instrument to measure it, 2)
the measurement is costly. Based on these two reasons, it is
important to find a suitable approach which makes it possible
to get the value of the states, and solve the disadvantages
of the using an instrument. State estimation approaches
have tried to solve the problem. These methods try to
predict/estimate the value of states of practical system based
on some imperfect measurements from the practical system
using a series of equations [1]. State estimation methods can
be divided into two main categories: model based approaches,
and model free approaches. Both approaches try to estimate
the inertial states of practical systems based on the value of
input of the system and some imperfect measurements from
the system’s output. The measurements are imperfect because

of different reasons which main ones can be supposed as
the error in measurement instrument and noises which affect
the measurements [2]. Beside the mentioned requirements
for both kind of state estimation methods, the model based
approaches need a mathematical model for the practical
system, where model free approaches do not need. This
mathematical model should contain all system states and
describe the dynamic behavior of the system. In recent years
some useful model free approaches have been developed
and introduced [3], [4]. For instance, a nonlinear model
free approach has been introduced in [5]. The approach is
a combination of Thau observer and a model free technique.
The MF technique is implemented to make Thau observer
to track the states of the system in presence of uncertainties
in the model of the system. The proposed method has been
applied to a quadrotor, and its results show the proficiency
of the method. hand, model based approaches have been
developed, designed and applied widely to different type of
practical systems [6], [7]. For instance, a new event triggered
H∞ state estimation approach has been discussed in [8].
The introduced method is an adapting approach which is
trying to reduce the communication burden and the energy
consumption. Among different methods, nonlinear versions
of Kalman filter has a significant place. Many versions have
been introduced in recent years, where extended Kalman
filter, unscented Kalman filter, and square root unscented
Kalman filter are well-known versions [9], [10]. In recent
years, a new version of square root unscented Kamlan filter
has been introduced which uses an exponential forgetting
factor [11]. Despite good results of the filter, it still needs
some modification to get better results.
On the other hand, different approaches of artificial intel-
ligence, such as neural networks, fuzzy logic, and meta-
heuristic algorithms, are used to solve and/or optimize en-
gineering problems [12], [13]. Among different approaches,
metaheuristic algorithms have wide usage for these purposes.
Archimedes optimization algorithm is one of the newest
metaheuristic algorithm which has been developed based on
physics laws [14]. Although the application of the presented
algorithm showed an acceptable efficiency of the proposed



algorithm on benchmark problems, there is a big disadvan-
tage in the basic algorithm. The basic algorithm does not use
any information from previous steps. This improvement can
help algorithm to work better.
This paper introduces a new optimized version of exponential
square root unscented Kalman filter. The main contributions
of the paper can be given as
• introducing new version of Archimedes’ optimization

algorithm, to make it more effective and to find the
best solution for optimization problem faster than basic
version

• applying the proposed optimization algorithm to a
nonlinear version of Kalman filter, named exponential
square root unscented Kalman filter

The algorithm is changed in a way that global and local
search will be balanced with time to find the best solution
for optimization problem faster in comparison with the basic
algorithm. The proposed optimized filter is applied to a servo-
hydraulic system to estimate its states. It is assumed that there
is not a priori knowledge about the statistics of the noises,
which are affecting states of the systems and measurements.
The performance of the optimized filter is compared with the
basic filter. The presented results show the efficiency of the
proposed optimized filter.
The rest of this paper is organized in four sections. Section
II presents methods that are used to introduce the new
optimized filter for state estimation. First, exponential square-
root unscented Kalman filter is reviewed, and then the new
modified Archimedes optimization algorithm is given. The
results of the application of the presented optimized exponen-
tial adaptive square-root unscented Kalman filter to a servo-
hydraulic system to estimate its states are given in Sec. III.
Finally, Sec. IV concludes the paper.

II. METHODS & MATERIALS

In this section, methods which are used to develop the
optimized filter, are presented. First, exponential square-root
unscented Kalman filter is reviewed and after that, the new
metaheuristic algorithm is presented.

A. Exponential square-root unscented Kalman filter

Adaptive square-root unscented Kalman filter with an
exponential forgetting factor has been presented recently [11].
The filter uses an exponential form of forgetting factor to
update the estimation of covariances of noises which affect
the states of the systems and measurements. The filter tries
to estimate states of the system, and statistics of noises
without a priori knowledge. By considering a generic form
for nonlinear systems as

ẋ(t) = f(x (t) , u (t)) + w(t),

y(t) = g(x (t)) + v(t) (1)

where x ∈ Rn, u ∈ Rd, and y ∈ Rm represent the vector
of states, control input, and output of nonlinear system,
respectively. f, g are nonlinear functions, and w, v are zero
mean Gaussian white noises with covariances R, and Q,
respectively. Based on these definitions, the procedure of the
filter can be summarized as following steps [11]:
Initialization: The initial point for the filter is chosen in this
stage as following equations:

x̂0 = E[x0], S0 = CH
(
E
[
(x0 − x̂0)(x0 − x̂0)T

])
(2)

where CH is a presentation for Cholesky factorization func-
tion in Matlab®.
Time updating: The update procedure of sigma points and
square root of error covariance is done using following
formula:
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[
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Sk|k−1 = CU
(
Sk|k−1, γ

(0)
k|k−1 − x̂k|k−1, w

(c)
0

)
Xk|k−1 =

[
x̂k|k−1, x̂k|k−1 +

√
n+ λSk|k−1, x̂k|k−1

−
√
n+ λSk|k−1

]
Y(i)
k|k−1 = g

(
X (i)
k|k−1

)
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where QR and CU represent QR decomposition function and
rank 1 update to Cholesky factorization function in Matlab®,
respectively. In these equations, n shows the number of
states of the system, and parameter λ is calculated as λ =
n
(
β2 − 1

)
, β = 0.2, and ∆ = 2. Parameter k shows the

iteration number, and the superscription (i) indicates the ith
column of the variable.
Measurement Update: Observation error covariance matrices
are updated using

Syyk = QR

{[√
w

(c)
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Y(i)
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) √
R

]}



Syyk = CU
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(4)
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States Enhancement: In this stage, the Kalman filter gain,
estimation of states of the system are updated using following
equations:

K = P xyk / (Syyk )
T
/Syyk , x̂k|k = x̂k|k−1 +Kk

(
yk − ŷk|k−1

)
(5)

U = KkS
yy
k , Sk|k = CU

{
Sk|k−1, U, −1

}
Noise Estimation: One of the biggest advantage of the filter
is presented in this stage. The filter tries to find an estimation
for the statistics of noises which are affecting the states of
the system and measurements using following equations:

ξk = yk − ŷk|k−1 − r̂k Γk = a× exp (%− k) + c 0 < % < 1
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where the forgetting factor is given by an exponential form as
Γk = a×exp (%− k)+c. Parameters a, %, and c are selected
by designer [11]. It would be nice to implement a method to
find the best values for these parameters.

B. Modified Archimedes optimization algorithm (MAOA)

Archimedes optimization algorithm has been introduced
recently, and it tries to implement and use the concept of
a physics law named Archimedes’ principle, for developing
a new method which tries to find the best solution for
optimization problems. The law illustrates the principle of
buoyant force applies on an object which is partially or
fully immersed in fluid, and it is equal to the heaviness
of the fluid which is displaced by the object. Based on the
fundamental concepts of the law, each population individual,
which is supposed as a feasible solution for the optimization
problem, is considered as immersed objects. Each individual
has its own volume, density, and acceleration. Based on these

definitions, the algorithm can be summarized as following
steps:

• Initialization: The starting point of each candidate
solution, Oi, for a population with N individual, in a
search area which its upper, and lower bound are given
by Ub,, and Lb, respectively, with an acceleration, acci,
are determined using:

Oi = Lb + rand× (Ub − Lb) , i = 1, . . . , N

acci = Lb + rand× (Ub − Lb) , (7)

Initial values of density, Di, and volume, Vi, for ith
individual are set randomly in the range (0, 1).

• Updating densities, and volumes: By selecting Dbest,
and Vbest, as the density and volume of the individual
with best cost value, the volume and density for each
individual at t+ 1th iteration are updated using

Dt+1
i = Dt

i + rand×
(
Dbest −Dt

i

)
V t+1
i = V ti + rand×

(
Vbest − V ti

)
(8)

• Exploration and exploitation phases: The algorithm
tries to find the best solution in search space by looking
for possible solutions in global and local areas. For this
purpose, a new parameter named transfer operator, TF ,
is presented and calculated as

TF = exp

(
t− tmax
tmax

)
(9)

if TF ≤ 0.5, the search is done globally, and the
acceleration of each individual is updated as:

acct+1
i =

Dm + Vm × accm
Dt+1
i × V t+1

i

(10)

where Dm, Vm, and accm are density, volume and
acceleration of random individual m.
otherwise, the search is done locally, and the accelera-
tion is updated using:

acct+1
i =

Dbest + Vbest × accbest
Dt+1
i × V t+1

i

(11)

• Updating candidate solutions: Based of the value of
TF, the candidate solutions are updated as:
if TF ≤ 0.5:

Ot+1
i = Oti+2×rand×acct+1

i−norm×d×
(
Orand −Oti

)
(12)

otherwise

Ot+1
i = Otbest + 6F × rand× acct+1

i−norm × d
×
(
C2 × TF ×Obest −Oti

)
(13)



Fig. 1: Schematic diagram of a servo-hydraulic system

where

acct+1
i−norm = 0.9× acct+1

i −min(acc)

max(acc)−min(acc)
+ 0.1

d = exp

(
tmax − t
tmax

)
− t

tmax
(14)

F =

{
+1 if 2× rand− C4 ≤ 0.5
−1 if 2× rand− C4 > 0.5

• Stop criteria: If the stop criteria is satisfied, return the
best solution, if not update the best value for parameters
and go to step 2.

Although the basic algorithm has acceptable results on bench-
mark optimization functions, a small change can have a big
improvement on its performance. The basic algorithm defines
the transfer operator in a way that after a while the algorithm
works just locally, and it increases the possibility of trapping
in a local minimum. By changing the transfer function to the
following form, it helps the algorithm search the searching
area more precisely.

TF = exp

(
t− tmax
tmax

)
+ α× randn (15)

where ”randn” produces a random number in the range
[−1, 1], and α = TFmin = 0.3. The value of the parameter
α is selected by trial and error. It is obvious that other
values can be selected by designer based on the designer’s
experience. This change will help the algorithm to change
between exploration and exploitation phases which will cause
to try new solutions with time.

III. SIMULATION AND RESULTS

The presented optimized filter is applied to a servo-
hydraulic system to estimate the states of the system. The
system can be presented as Fig. 1, and its state space can be

written as

ẋ1 = x2

ẋ2 =
1

M
(−bx2 +A1x3 −A2x4 − Fe) (16)

ẋ3 =


βe

A1xP+v01
[Csu
√
ps − x3 −A1x2+ u ≥ 0

Ki (x4 − x3)−KE1 (x3 − pa)]
βe

A1xP+v01
[Csu
√
x3 − pa −A1x2+ u < 0

Ki (x4 − x3)−KE1 (x3 − pa)]

ẋ4 =


βe

A2(L−xP )+v02
[Csu
√
x4 − pa −A2x2− u ≥ 0

Ki (x4 − x3)−KE2 (x4 − pa)]
βe

A2(L−xP )+v02
[Csu
√
ps − x4 −A2x2− u < 0

Ki (x4 − x3)−KE2 (x4 − pa)]

where the states of the system are given as X =
[x1, x2, x3, x4]T = [xp, ẋp, P1, P2]T . Tab. I shows the value
and definitions of the parameters of the state space [15]. First,
MAOA is implemented to find the best value for parameters,
a, %, and c, of the forgetting factor, in Eq. (6), of the Kalman
filter. The cost function for this optimization problem is
considered as

Fc =

n∑
k=1

(
1

N

N∑
i=0

(xk(i)− x̂k(i))
2

)
(17)

where n shows the number of states of the system, and N
shows the number of samples that have been taken from
signals. By implementing the algorithm, and considering Fig.
2 as the schematic of optimization process, the best values
are selected as a = 0.5, % = 0.8, and c = 0.005. These values
are used for the final test, where the optimized Kalman filter
are applied to the servo-hydraulic system in the condition
that the statistics of the noises which are affecting the states
and measurements are being changed with time as following
form:

t < 2.5s :

{
Q = Qb
R = Rb

2.5s ≤ t ≤ 7.5s :

{
Q = 10−4 ×Qb
R = 10−3 ×Rb

(18)

t > 7.5s :

{
Q = 10×Qb
R = 10×Rb

where Qb = 10−4 × I4×4, and Rb = 10−5 × I4×4. The
starting point of the simulated system is considered as x0 =
[0.3; 0.01; 1× 106; 2× 106]. The starting point of the filter is
set as x̂0 = [0.6; 0.5; 150; 4.75], Q̂ = 10−2, and R̂ = 10−4.
Based on these assumptions, the result of the application of
the optimized method on servo-hydraulic system is presented
in Figs. 3, and 4. As it can be seen in the figure, the optimized
filter can adopt itself by the time and estimate the the states
of the system better than basic algorithm. To have a more
realistic comparison, the square root mean error of all states
are given in Tab. II. Based on the results presented in the



TABLE I: Definition of variables and parameters of the servo hydraulic system in SI units

Variable Definition Value Variable Definition Value
xp Piston position - ẋp Piston speed -

P1,2, Q1,2 Pressure and flow on different side of the cylinder - M Load mass 270
A1,2 Area of different side of the cylinder 8.04 ×10−4, 4.24 ×10−4 b Friction 418.33
v01,02 pipeline volume 2.13 ×10−4, 1.07 ×10−4 Fe External force 0
βe Bulk modulus 7× 108 Cs flow coefficient 2.36× 10−5

kE1,E2 external leakage flow coefficient 2.4× 10−12, 1.02× 10−13 Pa Tank pressure 9× 105

ki Internal leakage flow coefficient 1724× 10−13 Ps Supply pressure 14× 106

Fig. 2: The schematic of the optimization process of eAS-
rUKF using MAOA

Fig. 3: The comparative results of application of optimized
and basic Kalman filter on servo-hydraulic system for states
x1 and x2

table, it is obvious that the presented method has better
performance in comparison with the previous version.

IV. CONCLUSION

This paper has introduced a new optimized exponential
adaptive square-root unscented Kalman filter for nonlinear
systems. The presented filter has been optimized using a
new metaheuristic algorithm. The algorithm is a modified
version of Archimedes optimization algorithm, which tries
to find the best solution for optimization problems. The
algorithm has been changed in way that tries to find the
best solution in the search area more precisely. The modified
algorithm has been used to find the best values for some
parameters of the Kalman filter to get the best result in state
estimation application of the filter. The optimized filter has

Fig. 4: The comparative results of application of optimized
and basic Kalman filter on servo-hydraulic system for states
x3 and x4

TABLE II: RMSE of estimation in the presence of noises
with known constant statistics

Method
Variable

xp ẋp P1 P2

Optimized filter 0.026 0.010 5.89× 104 3.49× 104

Basic filter [16] 0.121 0.018 1.31× 105 7.51× 104

been applied to a servo-hydraulic system for state estimation.
The presented results show that the optimized filter can be
supposed as trusted method for state estimation of nonlinear
systems.
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