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Abstract

One-dimensional fragment of first-order logic is obtained by restricting quantification to blocks of existential (universal)
quantifiers that leave at most one variable free. We investigate this fragment over words and trees, presenting a complete
classification of the complexity of its satisfiability problem for various navigational signatures and comparing its expressive
power with other important formalisms. These include the two-variable fragment with counting and the unary negation
fragment.

1 Introduction

One-dimensional fragment of first-order logic (F1) is obtained by restricting quantification to blocks
of existential quantifiers that leave at most one variable free. As the logic is closed under negation,
one may also use blocks of universal quantifiers. F contains a few known decidable fragments of
first-order logic: the prenex form class V3* with equality, the two-variable fragment FO? and (the
so-called UN-normal form of formulas in) the unary negation fragment UNFO.

Unfortunately, over general relational structures, the satisfiability problem for F; is undecidable
[13]. In such situation, one may attempt to regain the decidability in two principal ways: by imposing
some additional restrictions on the syntax of the considered logic or by restricting attention to some
specific classes of structures.

Regarding the first idea, a nice syntactic restriction of F, which turns out to be decidable over
the class of all relational structures, is called the uniform one-dimensional fragment UF;. It was
introduced by Hella and Kuusisto in [13] as a generalization of the two-variable fragment of first-
order logic to contexts with relations of all arities—in particular, relations with arities greater than
two. Such contexts naturally include, e.g. databases. The readers interested in this variant are referred
to [13], [17] and [18] and the survey [21], the latter also revealing some connections to description
logics.

In this paper we will investigate F; over restricted classes of structures. There are two important
options, well motivated in various areas of computer science, namely the class of words and the
class of trees. Our aim is to investigate the complexity of the satisfiability problem of F; over words
and trees and to compare the expressive power of F; over these classes of structures with a few
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other formalisms considered in this context. To set up the scene, let us recall the main results on
satisfiability and relative expressivity of fragments of first-order logic over words and trees.

Over words, it is known that the satisfiability problem for full first-order logic (FO) is decidable,
but with non-elementary complexity. In fact, as shown by Stockmeyer [28], already the fragment
with three variables (FO?) is equally expressive to full FO and has non-elementary complexity. On
the other hand, for linear temporal logic (LTL), which is in fact a fragment of FO?, the satisfiability
problem is only PSPACE-complete [25], even though its expressive power is still equal to that of
FO [11, 14]. A reasonable complexity is also obtained when the number of variables is restricted
to two. The satisfiability problem for FO? over words and w-words was shown to be NEXPTIME-
complete by Etessami et al. [10]. This time, however, the expressive power is weaker: In [10] it was
observed that the expressive power of FO? over words is equal to the expressive power of unary
temporal logic, UTL, i.e. LTL with the four navigational operators next state, somewhere in the
future, previous state, somewhere in the past, but without the operators since and until. FO* turns
out to be exponentially more succinct than UTL. The extension of FO? by counting quantifiers, C,
was shown to be NEXPTIME-complete over words by Charatonik and Witkowski [8]. In fact, it is
not difficult to observe that over words, C> has the same expressive power as plain FO?. Another
interesting extension of FO?, this time significantly increasing its expressive power (but not to the
power of full FO), is the extension by the between predicate recently studied by Krebs et al. [20].
Satisfiability for this logic is EXPSPACE-complete.

Turning then to the class of trees, both FO? and C? retain a reasonable complexity, namely their
satisfiability problems over trees are EXPSPACE-complete. See Benaim et al. [2] for the analysis of
FO? over trees and Bednarczyk et al. [3] for an extension covering C2. Regarding the expressive
power, the situation depends on the type of trees considered. In the case of unordered trees, FO?
cannot count and is thus less expressive than C2. Over ordered trees, both formalisms are equally
expressive [3] and share the expressiveness with the navigational core of XPath, CoreXPath (cf.
Marx and de Rijke [23]), which is a logic similar in spirit to UTL used to reason about XML trees.
Our results over words. We first analyse the expressive power and the complexity of the satisfiability
problem of F| over words and w-words. In our scenario we assume that at each position of a word
(w-word), multiple unary predicates may be true, and two navigational binary predicates are used to
navigate structures: successor — and its transitive closure —*.

It is rather clear that we do not have the full power of FO. For example, in the standard translation
of the LTL formula P untilQ to FO:

0X) V (P(x) ATy(x—1y A Q) AVz(x—Tz Az—Ty = P(2)))),

the universal quantifier leaves two variables x and y free, and indeed there is no way to avoid this.

We show that the expressive power of F; over the considered classes of structures is the same as
the expressive power of FO?, and thus also of UTL and C2.

The advantage of F; over these other formalisms is that it allows to specify many properties in
a more natural and elegant way. If we want to say that a word contains some (especially not fully
specified) pattern, consisting of more than two elements, we can just quantify the appropriate number
of positions and say how they should be labelled and related to each other. Expressing the same in
FO? will usually require some heavy recycling of the two available variables. Let us look at two
simple examples. Consider a system whose behaviour we model as a word, or an w-word, in which
one or more of the atomic propositions P, . .., P, can hold in a given point of time. To say that there
are m non-overlapping time intervals (sets of consecutive positions of the word) in each of which
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each P; holds at least once, we can use the following F[—*] sentence:

m n
oY1 - VX1 - Xl e Xl - - .xmn(/\ /\yi_1—>+x,-j A Xxij—"yi N Pixij). (1.1)
i=1j=1

As another example! , not using the navigational predicates at all, consider the property saying
that it is possible to choose m positions satisfying together all of the P;:

Fer . f\ \/Pixj). (1.2)

i=1j=1

The reader can check that expressing the above properties in FO’[—, —*] is indeed not
straightforward and leads to complicated formulas.

In fact, our translation of F{[—, —*] to FO*[—, —*] has an exponential blow-up, which seems
to be hard to avoid, and which thus suggests that F{[—, —*] may be able to express some properties
more succinctly than FO*[—, — ], and possibly even more succinctly than C2[—, —*].

Regarding the complexity, we show that satisfiability of F; over words and w-words is NEXP-
TIME-complete, i.e. it is of the same complexity as satisfiability of FO? and C2. While our proof has
some similarities to the proof of Etessami et al. [10] for FO?[—, —*], it is technically more difficult,
due to the combinatorically more complicated nature of the objects involved. Not surprisingly, the
basic idea in the proof is based on an appropriately tuned contraction procedure.

We also examine some possible extensions of Fi[—, —*]. Perhaps the most significant of them

is the extension of Fj[—, — "] by an equivalence relation, inspired by an analogous extension of
FO?[—, —*] (FO? over data words), studied by Bojanczyk et al. [4]. The satisfiability problem for
FO? over data words, even though very hard, is decidable. We show that F{[—, —*] over data words
becomes undecidable.
Our results over trees. We consider finite unranked trees accessible by navigational signatures built
out of (some of) the following relations: child |, descendant | ,, next sibling — and following sibling
—*. Concerning the complexity of satisfiability, it turns out that it depends on whether | is present
or not. With | the satisfiability problem is 2-EXPTIME-complete, and without | it is EXPSPACE-
complete. To show the upper complexity bound in the case of the full navigational signature, we
will use the existing results for UNFO by Segoufin and ten Cate [27]. For the EXPSPACE bound we
perform some surgery on models leading to small model properties, and then design an algorithm
searching for such appropriate small models. Technically, we extend the approach from [6] used there
in the context of FO%. Roughly speaking, we appropriately abstract the information about a node by
its profile (an analogous notion is called a full type in [6]) and then we contract trees, removing their
fragments between nodes with the same profiles. We explain also how to use these techniques to
directly reprove the upper bound for the full signature. The lower bounds are inherited from other
formalisms.

It is worth mentioning that an orthogonal extension of the method from [6] is used in [3] in the
context of C2. In both cases the challenge is to carefully tune the notion of a profile (full type) in
order to get the optimal complexity.

Regarding expressivity, we show that over ordered trees with all of the four navigational relations
we consider, F is expressively equivalent to each of CoreXPath, GF2, FOZ, C2, UNFO. We also
show that over unordered trees equipped with both the descendant and the child relation, F; is still
equivalent to C2, but we establish that this time FO? is less expressive and that CoreXPath, GF? and

1 Suggested to the authors by Jakub Michaliszyn.
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UNFO are less expressive than FO? (and equiexpressive with each other). Most of these expressivity
results are rather easy to obtain (though in some cases, slightly awkward to formally show). The
exception is the equivalence of F; and C? in the absence of the sibling relations, which is less
obvious and more difficult to prove. In our expressivity-related studies, we do not consider the cases
of unordered trees accessible by only one of the descendant and the child relations.

Organization of the paper. The rest of the paper is organized as follows. In Section 2 we define
the logics and structures we are interested in and introduce some basic notions and results that will
then be used in the following sections. In Section 3 we compare the expressivity of F; with other
formalisms over words and w-words, and in Section 4 we analyse the complexity of F; over words
and w-words. Section 5 concerns the expressive power of Fj over trees, and in Section 6 we analyse
the complexity of F; over trees. Finally, in Section 7, we conclude the paper.

2 Preliminaries

2.1 Structures

We employ conventional terminology and notation from model theory throughout this article,
assuming the reader is familiar with most of the standard concepts. We refer to structures using
Gothic capital letters (e.g. 9t) and their domains using the corresponding Roman capitals (e.g. M).

We are interested in signatures of the form o = o U 0,4, where o consists of some number of
unary relation symbols, and oy, called the navigational signature, is a subset of {—,—*, |, |, }.

A word is a finite structure over a signature ogU{—, —*} in which —* is a (strict) linear order and
— is its induced successor relation. An infinite structure over the same signature and containing a
reduct isomorphic to (N, +1, <) is called an w-word. Given a word 9, its element @ and a number i €
N, we will sometimes refer by a + i (respectively, a — i) to the element located i positions to the right
(resp., left) from a. We will also use the notation 9t = 21 a to denote that the word 91 is the con-
catenation of the word 91 with the element a. In the similar vein we will write 0 = M aN;, etc.

Let N* denote the set of finite sequences of natural numbers, containing in particular the empty
sequence €. For o, 8 € N* and i € N, we denote by («,i) the sequence obtained as the result of
appending i to o and by («, 8) the result of concatenating @ and 8. A free is a finite structure T
whose universe 7 is a subset of N* such that if («,i) € T, then & € T, and in the case i > 0, also
(a,i — 1) € T.In atree, at least one of |, |, and possibly one or both of —, — are interpreted,
each of them in the following fixed way. For a,b € T, we have T = alb iffa = o and b = («, i)
forsome v € N*andi € N; ¥ &= al,biffa = « and b = (a, B8) for some «, 8 € N*, 8 # ¢;
TEa—>biffa = (a,i) and b = (a,i + 1) forsome « € N*; andi € N; T = a—"biff a = {(«, i)
and b = (a,j) for some « € N*and i,j € N, i <.

When speaking about trees we use the natural terminology. The elements of 7 are sometimes
called nodes. The element € is called the root of ¥, nodes @ € T for which there is no i € N such that
(a, i) € T, are called leaves. For a node «, the nodes («, i) are called its children, the node («, 0) is
its leftmost child, the node (w, i) for which («,i + 1) & T is its rightmost child, the node 8 such that
a = (B, 1) is its parent, the nodes («, B) where 8 # € are its descendants, the nodes 8 such that g is
a proper prefix of « are its ancestors, the node («,i — 1) (if i > 0) is its previous sibling, the node
(a,i+ 1) (if it belongs to T) is its next sibling, the nodes («,j) for j < i are its preceding siblings
and the nodes («, /) for j > i are its following siblings.

The relations |, | ., —, —" are called, the child-, descendant-, next sibling- and following sibling
relations, respectively. If a tree interprets at least one of —, —*, then it is called an ordered tree;
otherwise, it is an unordered tree. Trees interpreting all four navigational relations are called XML
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trees. Trees in this paper are unranked, i.e., there is no a priori bound on the number of the children
of a node.

We say that a chain of nodes €, (i1), {i1,12), ..., (i1, 12, - - . , i), Where the last element is a leaf, is a
vertical path, and a chain of elements (&, 0), (o, 1),. .., (o, /), where the last element is a rightmost
child, is a horizontal path. We may speak about vertical (horizontal) paths even if the structure does
not interpret |, (—).

2.2 Logics

Over such structures we consider the one-dimensional fragment, F1, and compare it with several
other fragments of first-order logic. F is the relational fragment in which quantification is restricted
to blocks of existential quantifiers that leave at most one variable free. Formally, the set of formulas
of F| over the relational signature o and some countably infinite set of variables Var is the smallest
set such that

e Rx € F; for all R € o and all tuples x of variables from Var of the appropriate length,

e x =y € Fy for all variables x, y € Var,

e F is closed under Vv and —,

e if ¢ is an F| formula with the free variables xo,...,xx, then the formulas Jxy,...,x;¢ and
3xy, ..., xxp belong to Fy.

As usual, we can use standard abbreviations for other Boolean operations, like A, =, T, etc., as well
as for universal quantification. The length of a formula ¢ is measured as the total number of symbols
required to write down ¢, and denoted ||¢||. The width of a formula is the maximum of the numbers
of free variables in its subformulas.

We will write F[oy,4,] to indicated that we are interested in F; formulas over the signature ogUo,4y,
for some set o of unary relation symbols. We will use the same convention for other logics also.

Some results in this paper will refer to the unary negation fragment, UNFO [27]. The set of UNFO
formulas is the smallest set of formulas such that

e Rx € UNFO for all R € ¢ and all tuples x of variables from Var of the appropriate length,

e x =y € UNFO for all variables x, y € lar,

e UNFO is closed under Vv, A and existential quantification,

e if p(x) is an UNFO formula with no free variables besides (at most) x then —¢(x) is also in
UNFO.

We emphasize that UNFO is not closed under negation and does not allow for a direct universal
quantification.
The following lemma, showing that UNFO may be seen as a fragment of Fy, is implicit in [27]:

LEMMA 1
There is a polynomial procedure that, given an UNFO formula ¢, produces an equivalent formula ¢’
in UNFO N F; over the same signature.

PROOF. In [27], it is shown that any UNFO formula can be converted into the so-called UN-normal
form, which is one-dimensional by definition. g

We note that, generally, no translation from F; to UNFO exists. This non-existence is shown in
[13] for the extension GNFO of UNFO. Actually, the satisfiability problem (over the class of all
structures) for UNFO is decidable [27], and for F it is undecidable [13].
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Other relevant fragments of first-order logic, which will be mentioned in this paper, are the
following: the two-variable fragment, FO?; the two-variable fragment with counting quantifiers, C;
the two-variable version of the guarded fragment, GF?; the navigational core of XPath, CoreXPath;
and the unary temporal logic, UTL.

The formulas of FO? are just those first-order relational formulas that use only the two variables x
and y. GF? is the fragment of FO? in which every quantifier is appropriately relativized by an atomic
formula (see, e.g., [12]). C? extends FO? by counting quantifiers, i.e. it adds to FO? constructs of
the form 3Z€yy (x, y) and 3=y (x,y), for C € N, with the natural semantics: for a € 4, we have
that 2 = Elzcyw (a,y) if there are at least C elements b € A such that 2 = ¥ (a, b). Analogously for
3=C,

UTL will be mentioned in the case of words. It is a temporal logic with four navigational operators:
next state, somewhere in the future, previous state and somewhere in the past, but without binary
operators since and until (see [10] for more details).

A corresponding formalism for trees is CoreXPath. We present it here as a modal logic with four
pairs of modalities, each pair corresponding to one of the relations from the set {|,|,,—,—"}.
Definitions in the literature slightly differ from ours, but the spirit is the same. Let X be a set of
propositional variables, and let us consider the following eight modalities: {}), (1), ({+), (1),
(=), (<), (=) and («<T). The set of CoreXPath formulas over X is the least set such that

e any P in X is in CoreXPath,
o CoreXPath is closed under Boolean connectives
e if ¢ is in CoreXPath then so is (-)1 for any modality (-).

Identifying ¥y with og (i.e. treating propositional variables of Xy as unary relation symbols in
0p), we can interpret CoreXPath formulas over trees. Given a tree ¥ and its node a we inductively
define what it means that a CoreXPath formula v holds at a, written ¥, a = ¥ . For P € Xy we have
T,a = Piff ¥ = P(a), %,a = () if there is b € T such that T = alb and T,b = ¥/, and
analogously for the other modalities, which require ¥’ to be satisfied at, respectively, the parent, a
descendant, an ancestor, the next sibling, the previous sibling, a following sibling and a preceding
sibling.

Using the so-called standard translation we can translate CoreXPath formulas to equivalent first-
order formulas with one free variable. By an appropriate reuse of variables this translation fits into
FO?[|, ., —,—"], and actually even in GF?[|, | ., —, —*] (cf. [23]). As an example, the formula
(M PA(=TYOV (| +)R)) can be translated to Iy (Y x AP ATx(y—tx A (Q(X) VIy(x| . yAR(D)))).

We remark that a similar translation exists for UTL [10].

2.3 Comparing expressive powers

In this paper we will compare the expressive powers of the logics mentioned in the previous
paragraph over words and trees. We will concentrate on the case of formulas with one free variable.
This is a natural choice when taking into account the character of the logics considered: e.g. (the
standard translations of) formulas in CoreXPath and UTL always have exactly one free variable and
quantified subformulas in Fy, GF2, FO? and C2 leave at most one variable free.

Let C be a class of structures. We say that a logic L4 is less or equally expressive than a logic L
over C, written L1 < Ly (C will always be clear from the context) if for any formula with one free
variable ¢1(x) in L1, there is a formula with one free variable ¢;(x) in Lo over the same alphabet
such that for any structure 2 and a € 4, we have 2 = ¢1(a) iff A = ¢ (a).
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If L1 < Ly and Ly, < Ly, then we say that the logics are equiexpressive and write L1 = L,. If
Ly < L, but it is not the case that L, < L1, then we say that L is (strictly) less expressive than Lo
and write L < Ly.

2.4 Normal form for F

For the parts of this paper concerning satisfiability, we introduce a convenient normal form, inspired
by the Scott normal form for FO? [26] (a similar normal form is used also in [17] for the uniform F,
over arbitrary structures). We say that an F[o,4,] formula ¢ is in normal form if ¢ has the following
shape:

/\ Vyodvt ... yk@; A /\ Vxi .. xe) 2.1

1<i<mg 1<i<my

where <,0i3 = <pl.3 »0,¥1,--.,Vk) and (ply = (ply(xl, ..., x;;) are quantifier-free. Note that the width of
@ is the maximum of the set {k; + 1}1<j<mg U {/;}1<j<my,. The following fact can be proved in the
standard fashion.

LEMMA 2

For every F{[—, — ] formula ¢, one can compute in polynomial time an F{[—, —"] formula ¢’
in normal form (over the signature extended by some fresh unary symbols) such that (i) any model
of ¢ can be expanded to a model of ¢’ by appropriately interpreting new unary symbols and (ii) any
model of ¢’ restricted to the signature of ¢ is a model of ¢.

PROOF. (Sketch) We successively replace innermost subformulas ¢ of ¢ of the form

i, Lk, Y1 - VE)

by atoms Py (yo), where Py is a fresh unary symbol, and axiomatize Py using two normal form
conjuncts: YyoIyi,...,yk(Py o) = @00,¥1,...,¥k) and Yyo,y1, ...,k (@00, )1, ..0k) =
Py (y0))- O

Lemma 2 allows us, when dealing with satisfiability or when analysing the size and shape of
models, to restrict attention to normal form formulas.

2.5 Dpes

In this section we define the classical notion of (atomic or quantifier-free) type. For £ € N\ {0}
a k-type w over a signature 0 = og U g4, is a maximal consistent set of o -literals over variables
X1, ...,xx (often identified with the conjunction of its elements). This means that 7 is a k-type iff

for each P € 0¢ and 1 < i < k either Px; or —Px; belongs to 7;

for each =€ oy4y and 1 < 4,j, < k, i # j, either x; = x; or —x; = x; belongs to 7;

foreach 1 <i < j <k, either x; = x; or x; # x; belongs to 7;

if 0,4y = {—, =} (respectively, 0,4, contains at at least one of |, | ), then 7 is satisfiable in
a word (resp., tree), i.e. there exists a word (resp., tree) 9t and its elements ajy, . . ., a; such that
M E=n(ay,...,ar).

The last condition can be replaced by a purely syntactic one, listing conditions ensuring
consistency with a linear or, respectively, tree shape of structures. Listing such conditions would
be routine but slightly awkward, so we omit them here.

A type is a k-type for some k > 1. Note that a 1-type is fully characterized by a subset of op.
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We say that a tuple of elements aj ..., a; of a structure (word or tree) U realizes a k-type 7 if
A = m(ay,...,ar). In this case we write typem(al ,-..,ar) = . Note that every tuple of elements
of a structure realizes precisely one type.

3 Expressivity of one-dimensional fragment over words

It is known that the two-variable fragment, FO?, is expressively equivalent over words and w-words
to UTL [10]. It is also equivalent to C2, [3]. Also, GF?, as a fragment of FO? containing UTL, has
the same expressive power. Here we show that F; and UNFO share this expressivity. To properly
handle UTL in the following theorem we identify its formulas with their standard translations to
FO?, which is a formula with one free variable.

THEOREM 1
Over the class of words and w-words we have UTL = GF? = FO? = C? = UNFO = F;.

Let us first make a simple observation about the equivalence of UNFO and F;. By Lemma 1,
UNFO is not more expressive than Fy. In the opposite direction, given any F{[—, —*] formula we
can, using basic logical lows, convert it into a form in which the only non-unary negated formulas
are atomic, i.e. are of the form —x—y or —x— *y. They can be quite easily translated into formulas
not using negations at all. Indeed, the former can be expressed as y—>Tx VvV x = y v Iz(x—z A
z—"y) and the latter as y—*x v x = y. This gives a polynomial translation from F{[—, —*] into
UNFO[—, —"].

To complete the proof of Thm. 1 we need to show the equivalence of FO? and Fy. Obviously, FO?
is a fragment of Fy. It remains to show how to translate F; into F 0OZ. The crux is to show how to
handle formulas starting with a block of quantifiers.

LEMMA 3

For any Fi{[—,— "] formula ¥ = Jy; ..., yr¥000, V1, - .., Vk) with the free variable y there exists
an FO?[—, — ] formula v with one free variable such that for every word or w-word 9t and every
a € M, we have M = Y[a] iff M = v/[a].

PROOF. We prove this lemma by induction over the quantifier depth of v/, measured as the maximal
nesting depth of maximal blocks of quantifiers rather than of individual quantifiers. W.lL.o.g. we
assume that every subformula of ¢ starting with such a block indeed has a free variable (if it would
not be the case we could always add a dummy variable). Let us take any

Y=L kY000, V155 V0D, (3.1

and assume that its every subformula starting with a maximal block of quantifiers has an equivalent
FO?-formula. Convert ¥ into disjunctive form (treating subformulas starting with a quantifier as
atoms) and distribute existential quantifiers over disjunctions, obtaining

N
v =\ 1 iGo v, (3.2)
i=1

for some s € N, where each v, is a conjunction of literals, subformulas with one free variable of the
form 3zy,...,z1x(»j,21, . . ., z7) and negations of such subformulas.

Recall that the possible atoms are P(y;) for a unary symbol P, y;—y;, yi—"y; and y; = y;, for
some i,j.
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910 One-dimensional fragment over words and trees

An ordering scheme over variables yy, . ..,y is a formula of the form 1o (viy, yi,) A 11 (i) Vi) A
oo ANk—1Wi_, > Vip), where n; (v, w) is one of the following formulas: v = w, v—w or v—>* wA—v—w
and ig, i1, I2, . . ., Iy is a permutation of 0, 1, .. ., k.
Consider now a single-disjunct 3y ..., k¥ (vo, V1, - - - , V&) of (3.2) and replace it by the following
disjunction over all possible ordering schemes § over yy, . . ., Vk:
\/ Bt kG0 0 AU G0 V), (3.3)
s

where lpf is obtained from v; by replacing all atoms y;—y;, yi—*y; and y; = y;, which are not
bounded by the quantifiers from ; by T or L, in accordance with the information recorded in §.
Let us write yr° as /\J]'(:o w;?j (vj), where IﬂfJ (vj) consists of the conjuncts with the free variable y;. We
now explain how to translate a single-disjunct

k
Wi B0 v0 A N\ W00)) (3.4)

j=0
of (3.3). Let ig,i1,...,ix be the permutation used to generate &, and let ¢ be the index such that
iy = 0. By the inductive assumption we can replace in each W;SJ(Vj) any conjunct of the form
3z1,...,z1x (¥, 21, . . ., z1) by an equivalent two-variable conjunct with one free variable yo. Thus,

in turn, wf.(yj) can be replaced by an equivalent FO? formula 1//1’3 with one free variable.
We finally replace (3.4) by the conjunction of

vl (v0), (3.5)
(-1 (530) AV 0) A o@—200,0) AV L (0) AL, (3.6)
B0, ) A Y 0) A T (0530) AV (o) A L), 3.7)

in which (3.5) takes care of subformulas with the free variable yg, (3.6) takes care of witnesses
smaller than (or equal) to yp, passing the word from yyg to the left, and (3.7) takes care of witnesses
greater than (or equal to) yg, passing the word from yg to the right. Of course, in all the above
formulas we appropriately rename the variables if necessary, so that only yg and y are used. g

Having translated formulas starting with blocks of quantifiers, we can easily translate other
formulas with one free variable, since they are just Boolean combinations of the former and unary
literals, all of them with the same free variable. This gives a translation from F{[—,—"] to
FO’[—,—"].

Observe that starting from an Fj[—,—"] formula this translation may produce a formula in
FO?[—, —*], which is exponentially longer. Essentially, there are two sources of this exponential
blow-up. The first is the transformation to disjunctive form, and the second is considering all possible
permutations of variables quantified in a single block of quantifiers. The question whether this blow-
up is necessary is left open.

4 Satisfiability of one-dimensional fragment over words

We next turn our attention to satisfiability of F| over words. Some upper bounds for the problem can
be obtained using the translation to FO? given in the previous section. As this translation involves an
exponential blow-up and the satisfiability problem for FO? over words is NEXPTIME-complete, this
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One-dimensional fragment over words and trees 911

gives a 2-NEXPTIME-upper bound. This could be improved by translating F; directly to UTL, which
can be done without problems using the same method. As satisfiability of UTL is PSPACE-complete,
we would get an EXPSPACE-upper bound this way.

However, we can do even better. We prove that the satisfiability problem for Fi[—, —*] both over
words and w-words is NEXPTIME-complete.

To this end we develop a contraction method involving a careful analysis of certain similarities
between elements in a model and explain how to use it in order to obtain small model properties for
F{[—, —*] both over words and w-words. The complexity result will then easily follow.

4.1 Profiles

Now we define profiles. Profiles are intended to abstract the information about relations of a given
element to the other elements of a word. Namely, they say what the types of tuples are (of some
bounded size) containing the given element. For convenience we will additionally distinguish types
of tuples built of the elements located to the /eft and to the right from the given element.

We say that an element a of a word 90 realizes (or has) a k-profile prof km (a) = (F,L,R) if F
is the set of all s-types, 1 < s < k, realized by tuples ay,ay,...,as such that a = ay, L is the set
of all s-types, 1 < s < k, realized by tuples a1, az,...,as such that a = a; and forall 2 < i < s
we have 9 |= a;— Ta, and, analogously, R is the set of all s-types, 1 < s < £, realized by tuples
ai,az,...,assuchthata = ay and for all 2 < i < s we have 91 = a—*q;. Given a profile 6 we will
sometimes refer to its components with 6.F, 6.L£ and 6.R. Note that 6.L U 6. R C 6.F. Note also
that 6.F is determined by 6.£ and 6.R, and vice versa.

LEMMA 4
Let 9 be a word or an w-word over 0 = o9 U {—,—"} and £ > 0 a natural number. Then the
number of k-profiles realized in 91 is bounded by a fixed function h exponential in |og| and £.

PROOF. We introduce a binary relation ~; on M as follows. For a,b € M we set a ~j b iff the
one-type of a + i is equal to the 1-type of b + i (or both @ + i and b + i do not exist) for all
—k < i < k. Clearly, ~¢ is an equivalence relation and the number of its equivalence classes is
bounded by (2/°0)2~1 1 2k — 2 = 2l90-@k=1) 12k _ 2 (the number of combinations of 1-types of
elementsa —k+1,...,a+ k — 1 plus the classes of the first £k — 1 and, in the case of a finite word,
the last k — 1 elements).

We show that if @ ~ b and 9 = a— b then for every type n if m € prof Zﬁ (b).R then w €
prof(a).R. Take any 7w € prof " (b).R and let by, by, ..., by, with by = b be its realization. Let
ut,...,u; beapermutationof {1,..., k} such thatu; = 1 and M |= b,,—*by, Vb, = by, forl <
i < k, that is a permutation ‘sorting’ the elements of the given tuple. Let / be the maximal index such

that M |= by, —> by, V by, = by, forall 1 <i < [ Consider now the tuple ay,, ..., ay,, such that
ay, = a,ay,; =a+(@{—1)forl <i <l anda, = b, forl <i < k. Note thattypem(aul, e yy) =
typem(bul, ..., by,) and thus also typem(al, L.ap) = typem(bl, ...,by) = m. Since a = aj this

means T € profzﬁ(a).R.

Strictly analogously we can show that if 7 € prof ksm (a).L then 7 € prof zﬁ(b).ﬁ.

Thus, when moving along the elements of a single equivalence class of ~; in 9 from left to
right, the R-components of the profiles of elements either stay unchanged or diminish, and the
L-components either stay unchanged or grow. As the set of types contained in each component is
determined by the set of k-types in this component, and as the number of k-types in a component
can be roughly estimated by (2/°01)% . 5k(k — 1) (the number of possible assignments of one-types
to the elements of a tuple of & elements, times the number of possible binary connections: equal, y
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912 One-dimensional fragment over words and trees

a successor of x, x a successor of y, y to the left from x but not the successor, y to the right from
x but not the predecessor, for every pair of elements) it follows that the ~j-equivalent elements
may have at most 2 - (2loohyk . 5k(k — 1) + 1 different k-profiles (recall that the F-components
are determined by £- and R-components). Finally, the total number of k-profiles is bounded by
(2lool-@k=1) 4 2k —2) . (2. 21001k . 55k — 1) + 1), which is indeed exponential in both & and |og[]

The notion of profiles can be easily connected to satisfaction of normal form formulas. Given a
normal form formula ¢ of width k we say that a k-profile 6 is compatible with ¢ if

e for every conjunct Vxj .. .xligoly(xl ...xy;) of ¢ and every /;-type m € F, we have w |= <ply.
e for every conjunct VyoJy; . . .ykl.<pi3 (¥0,¥1 -..yx;) of @ there is a (k; 4+ 1)-type m € 6.F such that
T E QL. X))

It is straightforward to see:

LEMMA 5
A normal form formula ¢ of width £ is satisfied in a word (w-word) 901 iff every k-profile realized
in 91 is compatible with ¢.

4.2 Contraction

We are ready to prove the contraction lemma. Namely, we observe that removing a fragment of a
word between two realizations of the same profile (including one of them and excluding the other)
does not change the profiles of the surviving elements.

LEMMA 6

Let 9t = 9 ML dNN3 be a word or w-word, and £ > 0 a natural number. Assume that prof” Zn(c) =
prof,zﬁ (d) and M’ = M cIMN3. Then, for every b € M’, we have prof,zﬁ/ (b) = prof,%ﬁ (b).

PROOF. Consider the case where b € M U {c}. Note that the prefix of 9t ending in b is then equal
to the prefix of 9" ending in b. It follows that prof ZJI’ (b).L = prof ?t(b).ﬂ. It remains to show that
prof % (b). R=prof " (b).R.

To show that prof,zﬁ/ (b).R C prof km(b).R, take any s-type w, 1 < s < k, belonging to
prof,%ﬁ/(b).R and let by,...,bs be a realization of 7w in ', with by = b. Let uy,...,us be a
permutation of {1,...,s} such that u; = 1 and M’ = by~ by, V by = by, forl <i <s.
Let / be the maximal index such that b,, € M; U {c}. Since b,;, = b € M; U {c}, [ is well
n e profzn (¢).R, and thus there is a r;alization CyQuppy s+ - > @y OF 7" in M. Set a,, := b, for
1 < i < I It is now not difficult to see that typem @ups . say) = typefm/(bul, ... by,) and thus also
type™ (ay, . . .,as) = type™ (b1,...bs) = m. Since a; = by = b it follows that = € prof 7 (b).

To show that prof,zﬁ(b).R,- c prof,?ﬁ,(b).R,- we take any s-type w, | < s < k belonging to
prof,zn(b).Ri and let by,...,bs be a realization of m in 91, with by = b. Let u;,...,us; be a
permutation of {1,...,s} such that u; = 1 and M = b, —* by, V b, = by, forl < i <.
Let / be the maximal index such that b,, € M; U {c}. Again note that / is well defined. Let

------

and thus there is a realization d, ay,, ,, . . ., a,, of 7’ in 9 with the a; from M. Let a,; := by, for
1 < i < I It is not difficult to see that typem/ (@upse e ory) = typem(bul, ..., by,) and thus also
typem/ (ai,...,as) = type™(by, ..., bs) = m and since a; = b it follows that 7 € prof,?n/ Bb).R.
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One-dimensional fragment over words and trees 913

The case when @' € M3 can be treated symmetrically: this time we get the equality of the
‘R-components of the profiles for free and to show the equality the £-components we use the equality
of the £L-components of the profiles of ¢ and d. O

4.3 Surgery on w-words

In this section we work over w-words. Namely, we show how to transform a given w-word into a
periodic one without introducing any new profiles.

LEMMA 7

Let 901 be an w-word and £ > 0 a natural number. Let 2y be the shortest prefix of 21 such that it
contains all the elements having the k-profiles, which are realized finitely many times in 9J%. Note
that 9y has length at least k£ — 1. Let a, be the first element not belonging to My, and 6, its k-profile.
Let 9t be the shortest fragment of 9 such that

e it starts at ay,
e contains a realization of every k-profile, which is realized in 97 infinitely many times,
e ends at an element whose successor b, has k-profile 6,.

Consider the w-word 9" = MY, that is the word obtained by concatenating 9t and infinitely
many copies of 7. We will call its initial fragment 9%y and the subsequent copies of 91 blocks.
Letf : M’ — M be the function returning for every ' € M’ the element from 91, which «’ is a copy
of. Then, for every a’ € M, prof 271/ (a') = prof ,?tf (@).

PROOF. Let us start with a simple observation.

CLAIM. For every —k < i < k either both &’ + i and f(a’) + i do not exist or their 1-types are
identical. 0

PROOF. The claim is obvious if @’ and @’ + i belong to the same block, and easily follows from the
requirement that a, and b, have the same k-profiles in the other case (for this observe also that 9%
contains at least k& elements, which follows from the fact that the profiles of the first £ elements of a
word are unique). (I

Let g : M — M’ be the partial function defined on My U M such that g(a) = a if a € My and
g(a) is the counterpart of « in the first copy of M.
Take any @’ € V. First, let us consider the £-components of the profiles. Take any 7 €

prof’ kmf (@).L and let a tuple a, be its realization. Let us write the elements of @, in the

increasing order, removing duplicates, as @' = a(l), .. .,ago,a}, .. ,aél, ...,all, ... ,a§1 = f(d),
i

where for each i, af,...,a; is a maximal sequence of consecutive elements of 9I. Observe

Si
now, using Claim 6, that the structure on the sequence g(a(l)), cee, g(ago), cee, g(all_l), cees g(aé;ll),
a—(ss—1),...,d —1,d is isomorphic to the structure on @°"". It follows that = € prof Zﬁ/ ().L.

Take now 7 € prof’ kim/ (d).L. Let ay, be its realization, and let us write the elements of a,, in the

increasing order, removing duplicates, as szr"” = a(l), ... ,a?o, a}, ... ,a}l e all, e, aé[ = d'. Take

the maximal u such that ay € Mj. For all i < u and all j let bji. = g(a}). Now, fori =u+1,...,k
repeat the following. Consider the sequence f' (aél.) —si+L....f (aél_) - Lf (afvl_). By Claim 6 the
structure on this sequence is isomorphic to the structure on df, ... ,d.. Let b} be an element of 9N
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914  One-dimensional fragment over words and trees

whose profile is identical to the profile of f (aél_) and is located at least k + 1 positions to the right
from bil_’fl . Such an element exists since the profile of aé{ is realized in 91 infinitely many times. For

> Yso2 s Ysyo

j=1,...,s;—1take b]’: = bﬁ,i —s;+/. Note that the structure on the sequence B9, ..., B0 a%, ...,b!
e, bll, .. ,bél is isomorphic to the structure on the sequence a@*"’. Thus, 7 € prof km(bi,l).ﬁ. But

prof,%n(bf,l) = prof,?tf(aél) = prof,?tf(a’). Sorm e prof,?tf(a’).ﬁ.
The reasoning for the equality of the R-components is similar but simpler and we omit it here.

4.4 Complexity

Using the tools prepared in the previous section, we can now show the following small model
properties.

LEMMA 8
Every F|[—, —*] formula ¢ satisfiable over a finite word has a model of size bounded exponentially
in [le].

PROOF. Due to Lemma 2, we can assume that ¢ is in normal form. Let & be its width. We take any
finite model Mt = ¢ and perform on it the contraction procedure from Lemma 6, as many times as
possible, i.e. if it still contains a pair of distinct elements with the same k-profile. By Lemma 4 the
number of elements in the resulting model 9’ is bounded exponentially in |¢|. By Lemma 6, the
profiles of the elements in 9V are retained from M. As M = ¢, these profiles are compatible with
@. By Lemma 5, we get that 90U indeed satisfies ¢. O

LEMMA 9
Every Fi[—,—*] formula ¢ satisfiable over an w-word has a model 9,91}’ where both |Ny| and
| V1| are bounded exponentially in ||¢]|.

PROOF. Due to Lemma 2 we can assume that ¢ is in normal form. Let k be its width. We take an
arbitrary w-model 9 = ¢. Let M = MM I, where Ny and Oy are as in Lemma 7. Using
Lemma 6 for 901, contract its fragments 9y and 90 to, resp., p and D; so that every k-profile
from 91 is realized at most once in My and at most once in 91;. By Lemma 4 the number of elements
in both 91 and D1; are bounded exponentially in ||¢||. Note that 901> = ¢. By Lemma 7 the
k-profiles of elements in DNY are retained from Ny M, and the latter are realized in 9. By
Lemma 5 we get that 91991} is indeed a model of ¢. O

Finally, we can state the main complexity result of this section.

THEOREM 2
The satisfiability problems for F{[—, —*] over words (w-words) is NEXPTIME-complete.

PROOF. For a given Fj[—, — '] formula ¢, convert it into its normal form ¢’. Then guess a finite
model of ¢’ of size bounded exponentially as guaranteed by Lemma 8 (exponentially bounded initial
and periodic parts of a regular w-model as guaranteed by Lemma 9) and check that all the profiles
realized in this model (in the model generated by the guessed parts) indeed are compatible with ¢’.
In the case of finite words the profiles are computed in an exhaustive way: for every element a of
the guessed model 9t we consider all possible tuples as, . . ., as of at most k£ — 1 elements and add
type™ (a,ay, . . ., ay) to the profile.
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One-dimensional fragment over words and trees 915

In the case of w-words, note that all the k-profiles realized in the periodic model are realized in
the finite model in which the periodic part is taken 2k times (k times assuming that the length of the
periodic part is bigger than 1). Thus, it suffices to compute the profiles in such finite model. ]

We also get the following corollary concerning UNFO.

COROLLARY 1
The satisfiability problems for UNFO over words (w-words) is NEXPTIME-complete.

PROOF. The upper bound follows from Lemma 1 and Thm. 2. The lower bound follows from
NEXPTIME-hardness of FO? with only unary relations (without any structure). (]

4.5 Undecidable extensions

The two variable fragment over words, FO?[—, —*] remains decidable when extended in various
orthogonal directions. Here we show that three such important analogous extensions are undecidable
in the case of F.

4.5.1 Datawords A data word (w-data word) is a word (w-word) with an additional binary relation
~ that is required to be interpreted as an equivalence relation and that is intended to model the
equality of data from a potentially infinite alphabet. Data words are motivated by their connections to
XML. FO? over data words becomes at least as hard as reachability in Petri nets [4]. Nevertheless, the
satisfiability problem remains decidable. We show that F1[—, —*] over data words is undecidable,
even in the absence of —*.

THEOREM 3
The satisfiability problem for F{[—] over finite data words and over w-data-words is undecidable.

PROOF. We employ the standard apparatus of tiling systems. A tiling system is a quintuple 7 =
(C, co, 1, Hor, Ver), where C is a non-empty, finite set of colours, ¢y, c¢1 are elements of C, and Hor,
Ver are binary relations on C called the horizontal and vertical constraints, respectively. We say that
T tiles the m x n grid if there is a function function f : {0,1,...,m — 1} x {0,1,...,n — 1} => C
such that £(0,0) = ¢, f(m — l,n — 1) = ¢y, forall0 <i <m—1,0 <j < n—1 we have
fa@,n,fG+1,)))isin Hor,and forall 0 <i < m,0 <j < n — 1 we have (f(i,)),f(i,j + 1)) isin
Ver. It is well know that the problem of checking if for a given tiling system 7 there are m, n such
that 7 tiles the m x n grid is undecidable. The problem remains undecidable if we require m to be
even and » odd.

To show undecidability of the satisfiability problem for Fi[—, ~] over finite words we construct
a formula @7, which is satisfied in a finite word iff 7 tiles the m x n grid for some even m and
odd n. We begin the construction of @7 with enforcing that its model is a finite grid-like structure,
in which the relation — forms a snake-like path from its lower-left corner to the upper-right corner
and the equivalence relation connects some elements from neighbouring columns. See Figure 1.
As mentioned, we assume that the number of columns is odd and the number of rows is even. We
employ the following unary predicates: B, T, E., E,, whose intended purpose is to mark elements in
the bottom row, top row, even columns and even rows, respectively.

The first two formulas say that the lower left and upper right corners of the grid exist:

x(Bx A =Tx AN Ecx A Exx A —3y(y—x)) 4.1
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916 One-dimensional fragment over words and trees

H T

Figure 1 The grid-like structure used to show undecidability of Fi[—, ~]. Solid arrows represent
—; wavy lines represent ~.

Ix(Tx A =Bx A Ecx A —E.x A —3y(x—)) (4.2)

Next we take care of the — relation, ensuring that it respects the intended meaning of the unary
predicates:

Yxy (x—y= (4.3)
EXxNEy = (mBy A—=Ix N (Ex < —Ep) A
ExN—-Ey= (TxANTN—=BxAN—=ByA—=ExA—-Ey)A
(mExNEy = BxAByAN=-Tx AT NExANEp) A
(REx A —Ecy = (—Bx A ~Ty A (Er < —E))))

Further, we enforce the appropriate ~-connections. (We abbreviate a formula guaranteeing that

X1,...,xi agree on the E.-predicate by SameColumn(xy, . ..,xi).)
Vxyzt(x—>y Ay—=>zAz—>t AT ATz = x ~ 1) (4.4)
Vxyzt(x—>y ANy—z Az—>t AByABz = x~ 1) (4.5)

Vxyztuw(SameColumn(x, y,z) A SameColumn(t,u, w) A
XD>YAY=ZAZ~EAISUAU—W =X~ W (4.6)
And finally, we say that 7" and B are appropriately propagated:
Vxy(x ~y = (Ix < T) A (Bx <> By)) 4.7

Vxyzt(SameColumn(x,y) A SameColumn(z,t) A
x>y Ay~zAz—t = (Tx < Tf) A (Bx < Bt)) (4.8)

Formulas (4.1)—(4.8) ensure that all the vertical segments of the snake-like path are of the same
length and thus that any model indeed looks like in Figure 1. It remains to encode the tiling problem.
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One-dimensional fragment over words and trees 917

We use a unary predicate P, for each ¢ € C. We say that each node of the grid is coloured by
precisely one colour from C, that (0, 0) is coloured by ¢ and that (m — 1,n — 1) is coloured with ¢y:

Vx(\/ Pe) A\ =(Pe(x) A Pa(x))), (4.9)
ceC c#d

Vx((=3py—>x) = Pey (), (4.10)

Vx((—Iyx—y) = P (x)). (4.11)

Let us abbreviate by @ (x,y) the formula A (c.d) ZHor (—=P.(x) A —=P;(y)) stating that x, y respect the
horizontal constraints of 7 and by @y (x, y) the analogous formula for vertical constraints. We take
care of vertical adjacencies:

VXY(Ec(x) N Ec(y) Ax—=yV —Ec(X) A —Ec(y) Ny—z = Op(x,)), (4.12)
and of horizontal adjacencies:

Vxyzt(x—y Ay—>z Az—>t ATy ATz = Oy, z)), (4.13)
Vxyzt(x—y A y—>z Az—>t ABy A Bz = Oy (y,2))), (4.14)

Vxyztuw(SameColumn(x, y,z) A SameColumn(t,u,w) Nz ~ t A
X=>YANYy—=zANt=>uAu—=>w = Opx, WAOy,u)ANOg(z,1)). (4.15)

Let @7 be the conjunction of (4.1)—(4.15). From any model of @7, we can read off a tiling of an
m x n grid by inspecting the colours assigned to the elements of the model. On the other hand, given
any tiling for 7, we can construct a finite model of @7 in the obvious way. We leave the detailed
arguments to the reader.

The case of w-words can be treated essentially in the same way. We just mark one element in
a model, corresponding to the upper-right corner of the grid, with a special unary symbol, and
relativize all our formulas to positions smaller than this element (marked with another fresh unary
symbol). In effect, it is irrelevant what happens in the infinite fragment of a model starting from this
marked element.

What is probably worth commenting is that in our undecidability proof we use the equivalence
relation ~ in a very limited way, actually not benefiting from its transitivity or symmetry. In fact, the
transitivity of ~ does not help, being rather an obstacle in our construction. O

4.5.2 Uninterpreted binary relation Both FO?[—] and FO?[— "] remain decidable when, besides
— or — 7, the signature may contain other binary symbols, whose interpretation is not fixed ([24],
[9]). We can easily see that this is not the case for Fy.

THEOREM 4
The satisfiability problem for Fj[—] and F{[—*] is undecidable when an additional uninterpreted
binary relation is available.

PROOF. We can use the proof of Thm 3 without assuming that ~ is an equivalence relation. ([

Actually, undecidability holds even without using the linear order: we can simply axiomatize
grid-like structures using a single binary predicate and some unary coordinate predicates. This can
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FIGURE 2 The grid-like structure used to show undecidability of Fi[—1,—2]. Solid arrows
represent — ; dotted arrows represent — ;.

be done by a simple modification of the undecidability proof for F; over the class of all structure
[13], which uses two binary symbols.

4.5.3 Two linear orders Let us now consider a variation in which we have two linear orders
rather than just one. The second linear order may be interpreted, e.g. as a comparison relation
on data values. FOZ[—>1, — 3], the two-variable fragment accessing the linear orders through their
successor relations only, is decidable in NEXPTIME [9]. Showing that a corresponding variant of F
is undecidable is again easy. We can define a grid-like structure using the first linear order to form a
snake-like path as in the proof of Thm. 3 and the second to form another snake-like path, starting in
the upper-left corner, ending in the lower-left corner and going horizontally through our grid, with
steps down only on the borders. See Figure 2. The required structure can be defined with help of
some additional unary predicates. Since the details of the construction do not differ significantly
from the details of the proof of Thm. 3 we omit them here.

THEOREM 5
The satisfiability problem for F{[— 1, —>] is undecidable.

5 Expressivity of one-dimensional fragment over trees

In this section we compare the expressive power of F1 with related logics in the case of two important
tree signatures: {{, |4, —,—"} and {{, |.}, or, in other words, over the class of XML trees and
unordered trees.

As in the case of UTL over words we will identify CoreXPath formulas with their standard
translations into GF2, which are formulas with one free variable.

It turns out that over ordered trees all logics we are interested in are equiexpressive, as it was in
the case over words.

THEOREM 6
Foro = {{, ,,—,—"} we have CoreXPath = GF*[¢] = FO?[0] = C*[0c] = UNFO[c] = F,[o].

PROOF. Let us first observe that F is equivalent to UNFO. The argument is similar to the one in the
case of words. Due to Lemma 1, UNFO is not more expressive than F;. In the opposite direction,
givenany Fi[|, |4, —, — "] formula we can, using basic logical laws, convert it into a form in which
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One-dimensional fragment over words and trees 919

the only non-unary negated formulas are atomic, i.e. they are of the form —x|y, —x|,y, —x—y or
—x—*y. Taking into consideration the shape of trees, we translate them into formulas not using
negations at all as follows:

trans(—x},y) =Tz =xVzl DAY =zVHez=>TtVIi=>T)A G =1tV H,))
trans(—x|y) :=trans(—x|,y) V Iz(x}z A z|,p)
trans(—x—"ty) :=x| yVIZE>Tx A =zVz ) VIZax>TzAzZL))V
Bzl xA Y =zVIUE>TtVIi=T)AG =1V EHLY))) (5.1)

trans(—x—y) :=trans(—x—"1y) V Iz(x—>z A z—y)

This gives a polynomial translation from Fi[|,|,,—,—*] into UNFO[{, |,,—,—"] and
establishes their equivalence.

Further, a translation from UNFO[{, | ., —, — ] to CoreXPath is given in [27]. CoreXPath is a
fragment of GF?, GF? is a fragment of FO? and FO? is a fragment of C. Finally, C? can be easily
translated to F; (over any class of structures): consider, e.g. a subformula of the form 3=%yy (x, y)
and note that it can be written as Jy1, ..., vk (A; £ Vi # ¥i A \; ¥ (x, ). This completes the proof
in the case of XML trees. U

Over unordered trees the situation if more interesting and the considered languages turn out to vary
in their expressive power, in particular F; is more expressive than UNFO and FO?. Interestingly, it
is, however, equivalent to C2. The full picture is as follows.

THEOREM 7
For o = {{, .} we have CoreXPath[o0'] = GF?[0] = UNFO[o] < FO?*[¢] < C*[0] = Fi[o].

PROOF. Let us assume that the signature contains no unary predicates and for i € N let ¥; denote
the tree consisting just of a root and its i children. The C? formula 323y x|,y distinguishes T3 and
T, (it is true at the root of the former and false in the latter), while the FO? formula Iy(—x{ .y A
=yl xAx # y) distinguishes T and ;. It is not difficult to see that FO? cannot distinguish between
%3 and T, (a simple 2-pebble game argument, cf. [3]) and that GF? cannot distinguish between T,
and T (use guarded bisimulations, cf. [1]). These observations justify the relations GF? < FO? and
FO? < C2.

C? can be translated to Fy as in the previous proof. Translation in the opposite direction is a harder
task and we devote for it a separate section.

It remains to show the equivalence of CoreXPath, GF? and UNFO. To this end we provide a

translation from GF? to UNFO and from UNFO to CoreXPath. The cycle is then closed by recalling
that CoreXPath is a fragment of GF?.
From GF* to UNFO. Take any GF?[|,|.] formula and write it without using the universal
quantifiers. Then push down all the negations with the exception of those standing just before the
existential quantifiers (they are allowed in UNFO since a GF? formula starting with an existential
quantifier has at most one free variable). Let ¢ be the resulting formula. We need to eliminate from
¢ all occurrences of negated binary literals. We will do this in a bottom-up manner.

Take an innermost subformula i of ¢ starting with a maximal block of quantifiers. If
Y = xo(x) or ¥ = Iyyo(y) then there is nothing to do, as there are no negated binary literals
in . Otherwise, ¥ has one of the three forms: y(a(x,y) A Po(x,y)) or x(a(x,y) A Yo(x,y)) or
Ix, y(a(x,») A Yo(x,y)), where a is one of the four possible guards x|y, y{x, x|y, yd.x.

ez0z Aeniga4 zo uo Jasn Ateiqi] Alisteaiun asadwe Aq §/0Z£S9/206/S/2S/2101Me/woob0)/woo dnoolwepese//:sdiy Woly papeojumod



920 One-dimensional fragment over words and trees

Consider the first form (the other one can be treated similarly). If « = x|y then replace any literal

—x}lyby L, =plx by T, =x|,y by L and =y} x by T. If « = y|x then proceed analogously.
If « = x|,y then first convert i into the equivalent formula (Fy(x|y A ¥o(x,»))) V Ay(xliy A
—xJyAo(x,y))). With the first disjunct we proceed as described above. The second one is replaced
by 3z, y(x{z A z| .y A Yo(x,y) and then in Yo (x,y) we replace —x|y by T, —ylx by T, —x|,y by
1 and =yl x by T.If « = y|,x then we proceed analogously. In all cases we obtain an UNFO
replacement of 1. We then proceed up in the syntax tree of the input formula and finally end up with
a UNFO formula equivalent to ¢.
From UNFO to CoreXPath. Let ¢ be a formula in UNFO[{, | ,]. Recall that by Lemma 1 we may
assume that ¢ € UNFO N F;. Here we proceed similarly as in the translation from Fi[—,—"] to
FO?[—, —*] in the proof of Thm. 1. Again, the crux is to show how to translate the subformulas of
¢ starting with a block of quantifiers. Assume that

Y=3y1, .. k000, Y1, - -5 VE) (5.2)

is such a subformula. W.1.0.g. we may additionally assume that every subformula of i starting with
a maximal block of existential quantifiers has a free variable (if it was not the case, we could add a
dummy free variable).

Convert v into disjunctive form (treating its subformulas starting with a quantifier as atoms) and
distribute existential quantifiers over disjunctions, obtaining

v =\ Wi Go v, (53)
i=1

for some s € N, where each y; is a conjunction of unary literals, binary atoms of the form y;]y;,
Yid+y;j or y; = y; and subformulas with one free variable of the form 3zy,...,z;x (3}, z1,...,2) or
their negations. Note that we do not have negated binary literals.

A tree-ordering scheme over variables yy, ..., yx is a conjunction § of atoms of the form y;|y;,
Yil+y; or y; = y; that can be satisfied in a tree in such a way that this tree satisfies no binary atoms
over )y . . ., vk except those from §. For example yoly1 A yodya A y3d.ya is a tree-ordering scheme,
but yod 11 Ayodiya Avidiys Ayadiy3 Ayl ,ys is not since to satisfy it, one needs to add (at least)

either yo |1 y1 or y1d4»2.
Consider now a single-disjunct 3y ...,y ¥;(vo,v1,---,Vk) of (5.3), and replace it by the

following disjunction over all possible tree-ordering schemes § over yy, ...,y containing all the
binary atoms of ;, which are not bounded by the quantifiers of the subformulas of ;:
v Hyl A 9yk(8(.)}o’ A 9yk) /\ wla(y()?yl’ A 9yk))9 (5'4)
8

where xpf is obtained from ; by removing all the binary atoms (except those bounded by the
quantifiers from 1;), as they are now present in §.
Let us now write the conjunction Wf as /\]]-;O(M?J(yj) A vi].(yj)), where M?J(yj) consists of the

literals with free variable y; and vlfsJ. (vj) consists of the subformulas starting with a maximal block of
quantifiers with free variable y;. We now explain how to translate a single-disjunct

k
W kG0, A N\ W00 A vl e))) (5.5)

J=0
of (5.4).
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Y3 0Q,-R
Ya0-R
Y20-Q Yoo P, —-Q

A

Y63 R Y1o-pP

Figure 3 A visualization of a tree-ordering scheme. Straight arrows represent |; wavy arrows
represent |, . Connections implied by transitivity are omitted for clarity.

The idea is to start from y and ‘visit the other variables’ in the order specified by §; first go down
from yo then up, and finally jump to the nodes whose connection to yy is not required by 8, at each
visited node making all the necessary forks, including those required by the v;;. Since making the
above intuition formal is cumbersome let us just illustrate it by a representative example.

Let 8(vo,---.6) = y3dp2 Ay3livo Ay3dave Ay3dayt Ayolyt Ayalye A yalys. Let pnig
P(o) A =Q00), nin = =PO1), iz = —Q02), niz = Q3) A =R(Y3), tia = —R(4), is
Os), i = R(ys), and let vip = 3z1, 2200 (0, 21,22), Vip = Fz1¥2(y2,21); the other v;; are empty.
See Figure 3. By the inductive assumption we have CoreXPath formulas v, and v/, equivalent to v; o
and, respectively, v; 2. The translation looks then as follows:

PA=Q A, (5.6)
A <|>—P
A <tt> (QA-R
A <> (—0AWn
A <i>R)
A <tt><lp> (=R
A <> 0.

The first line describes what happens at yy, the second corresponds to a step down to y; and lines
3-5 correspond to a step up to y3 (from which we go down to y; and then once more down to yg). In
lines 6 and 7 we jump to y4 and then step down to y5. Note that y4 and ys do not need to be related
to the other variables, which is captured by <1 > < > that works as the universal modality and
allows us to move to any part of the tree.

The correctness of the translation relies on the fact that our formulas do not have literals with
negated binary atoms, and thus we do not need to worry about them. Indeed, in our example above
one can construct models in which, say, ys|y3, or y» = yp holds.

This gives a procedure translating formulas from UNFO N F; starting with a block of existential
quantifiers into CoreXPath. An arbitrary UNFO N F; formula with one free variable is a Boolean
combination of such formulas (with the same free variable), and its translation is just the Boolean
combination of the translations of its constituents. (|

5.1 Translation from Fi[{, }.] into C*[1, ]

In this section we provide the missing translation from the proof of Thm. 7.
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922 One-dimensional fragment over words and trees

Before presenting the details, we comment informally on the intuition behind the proofs. The
main issue is that F; formulas can be presented in a normal form where every subformula 3xyr
essentially describes a substructure with |x| (or |[¥| + 1) elements. In this normal form, when
considering trees only, subformulae 3xy describe substructures of trees. Such substructures consist
essentially of disjoint subtrees (called components). Such components can be described in C? by
working inductively from the leaves of the subtrees towards the root. However, with the help of the
relation |, we can write our F'; formula in such a form that formulae 3xv contain also the unique
root of the full tree, and thus the disjoint components are connected (using |, ). Thus, we can write
a formula that describes the components and also puts them together in a suitable way.

We then turn to the formal argument. Let o be an arbitrary finite relational vocabulary. (Note
indeed that o is not necessarily a vocabulary for trees.) We allow o to contain nullary predicates,
i.e. Boolean variables; a nullary predicate Q € o is an atomic formula such that any o-model 9t
interprets Q either such that 9t &= QO or such that 9 (= Q. A o-diagram of width k € Z is a
quantifier-free conjunction consisting of the following:”

1. A conjunction expressing that the variables x1, ..., x; are mutually pairwise distinct.
2. A conjunction containing exactly one of the literals Rx, —Rx for each R € o and each
X € {x1,...,xx}4® where ar(R) is the arity of R.

A quantifier-free formula is a diagram if it is a o -diagram of width & for some o and some £.

Let 3x¢p be a formula of F;. The formula ¢ is a Boolean combination of atoms and existential
formulae Jyyr. We call such existential formulae 3y relative atoms of ¢. The other atoms are
called firee atoms of ¢. For example, the formula R(x, y) A Ix(S(y,x) A ¥'(y)) contains a binary free
atom R(x,y) and a unary relative atom Jx(S(y,x) A ¥’ (3)).

A formula x of F; is said to be in diagram normal form if every subformula 3x¢ of x has the
property that ¢ is a diagram with respect to the vocabulary ¢’ defined as follows:

1. o’ contains the predicate symbols of the free atoms of ¢.

2. If ¥ (x) is a unary relative atom of ¢ (i.e. a relative atom with one free variables, x), then this
relative atom is considered a unary predicate in o”’.

3. Similarly, if ¥’ is a nullary relative atom of ¢, then this relative atom is considered a nullary
predicate in o',

LEMMA 10
Formulae of F; have equivalent representations in diagram normal form.

PROOF. Consider an Fi-formula 3x¢. Now, the formula ¢ can be modified into a disjunctive normal
form formula ¢pyr (without modifying its atoms or relative atoms). Then the quantifier prefix 3x can
be distributed over the disjunctions of ¢pyr. The resulting formula is of the form (Ixgp) V...V (Ixey),
where the formulae ¢; are conjunctions of (possibly negated) free atoms and (possibly negated)
relative atoms of ¢.

Consider one such disjunct Jxg;. We first apply the induction hypothesis to the free atoms and
relative atoms of ¢; and put them in diagram normal form. Let the obtained formula be denoted by
;. We next describe how the formula 3x¢; can be put to diagram normal form. The intuitive idea is
roughly to (1) consider all distributions of equalities and inequalities for the free variables in ¢;; (2)

2We note that diagrams of width & are similar to k-types.
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One-dimensional fragment over words and trees 923

for each such distribution, define all diagrams consistent with ¢;; and (3) take the disjunction over
all the diagrams and distribute the existential quantifiers of 3x over the disjunction.

The general formal construction is straightforward but cumbersome, so we begin by sketching
some examples. First consider the case where ¢/ is R(x, y).

e The formula R(x, y) gives rise to, e.g. the diagram x # yAR(x,y) A—R(y,x) A—R(x,x) AR(y, ).

e Furthermore, the same formula R(x,y) gives rise to the diagram R(x,x) obtained under the
distribution of equalities, which requires that x = y. We note that R(x, x) loses the free variable y,
which is an undesirable effect. Therefore, we shall use the formula x = y A R(x, x) instead. This
in not strictly speaking a diagram, but we shall discuss below how to deal with this problem.

To obtain the diagram normal form formula equivalent to 3%y, in this particular case where ¢ is
R(x,y), we take a disjunction of all the diagrams consistent with R(x,y) and also the formulas that
are not strictly speaking diagrams, such as x = y A R(x, x), and distribute the existential quantifiers
Jx inwards over the disjunctions. To put the non-diagram conjuncts such as x := 3Ix(x = y AR(x, x))
into diagram normal form, we consider three cases. In each case we replace x by an equivalent
formula in diagram normal form. Firstly, if 3x = 3Jx, then we replace x by R(y,y). Secondly, if
Ix = Iy, we replace x by R(x,x). Finally, if 3x = 3x3y, then we replace y with xR (x, x). These new
formulae are in diagram normal form. All remaining cases are similar.

The general way to deal with any formula 3x¢; is as follows. Recall that ¢! is a conjunction of
formulas in diagram normal form. We may assume, w.l.o.g., that ¢! is quantifier-free (because the
relative atoms will be treated as if they were atoms). If the quantifier-free formula ¢; is inconsistent,
then we simply take an arbitrary formula  in diagram normal form and replace Ix¢; with ¢ A =)
Assuming ¢/ is consistent, we perform the following steps:

1. Let X denote the set of (free) variables in the conjunction ¢;, and let 7 be the vocabulary of ¢;.
By a proto diagram over ¢; we mean a conjunction § A ¢, such that the following conditions
hold:

e § is a conjunction of equality atoms and negated equality atoms in the variables X that
contains, for any two distinct variables x and y, either the conjunct x = y or x # y.
Furthermore, & is consistent with the conjunction ¢; and therefore contains all equalities
and inequalities that already occur in ¢.

e By a relational t-literal over X we mean a atom or negated atom (of vocabulary 7 and
with its variables from .X) that is not an equality or negated equality atom. Now, ¢’ is a
maximal set of relational t-literals over X that is consistent with ¢].

We define x’ to be the disjunction of all proto diagrams § A ¢’ over ¢!.

2. We distribute the existential quantifiers 3x over the disjuncts of x’. Consider one such disjunct
Ix(8 A ¢!'). Eliminate positive equalities from 8 A ¢;" one-by-one by modifying § A ¢/ such
that for each positive equality (e.g. x = y), choose one of the variables (e.g. x) and replace each
instance of the chosen variable in ¢’ by the other variable (e.g. replace instances of x by y). In
the process, do not eliminate the possible free variable of 3X(8 A ¢;’) (note that there is at most
one such possible free variable since we are dealing with F{). This way we get rid of positive
equalities, and the obtained formula is in diagram normal form.

This process converts the original formula ¢ into diagram normal form. (]

Above we considered general Fi, but now we return to considering F[|, | ] over trees (labelled
with extra unary predicates).
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924 One-dimensional fragment over words and trees

A formula of F{[|, | ,] is in rooted diagram form if every diagram contains a point z and an extra
conjunct y(z) stating that z is the root of the tree; thus, y (z) states that z is an element that does
not have any parent, y(z) := —3y(y|z). It is easy to modify diagram normal form formulae into
rooted diagram form by taking big disjunctions of all possibilities for the location of z in a diagram:
potentially any variable of the original diagram can be the root, and additionally, it may be that none
of the variables is the root and thus a root must be added. We take a disjunction of all the possible
configurations that arise.

Note that in rooted diagram form, every diagram is connected, meaning that for all distinct
variables x, y, there is an undirected path using the relations |, |, that begins from x and ends
with y. This connectedness property will help us with the inductive argument in the proof of the
following lemma.

LEMMA 11
Let ¢ (x) = Iy be a formula of F1[|, |, ] where x a free variable. Then there exists a formula ¢*(x)
of C?[{, |.] that is equivalent to ¢ (x)

PROOF. We first note that if ¢(x) is not satisfiable over trees, the desired C? formula is L. Thus,
we assume that ¢(x) is satisfiable over trees. We let o denote the vocabulary of ¢(x) and og the
proposition symbols that occur in ¢, i.e. the unary relation symbols in ¢.

As argued above, we may assume that ¢(x) is in rooted diagram normal form. Therefore, ¥ is a
diagram that describes a substructure My, of a tree; My, contains a root node and is connected. The
nodes of My, are the variables of .

To express ¢(x) = Ixy in C2, we first define, for each leaf u of My, the unique oo-diagram
of width 1 that is satisfied by # and denote this formula by §,(y). The idea is then to proceed
inductively upwards from the leaves and define, for each point v in the diagram My, a formula that
characterizes—in a way specified later on—the substructure of My below v in the tree. However,
since the free variable x of ¢ (x) is not necessarily the root of My, and since we want the induction to
end at x, we will in fact proceed such that from the perspective of the undirected tree induced by My,
we work from the leaves towards x. Since x is a legitimate root for the undirected tree, the induction
ends at x.

We illustrate the flow of the induction by an example first. Assume the diagram My consists of
the seven points r, s, s’, w,x, x’, y such that My, satisfies the following conditions (see Figure 4 for an
illustration):

1. The the child relation | in the diagram My, is {(w,x), (w,x'), (x,), (s, 5)}.
2. rconnects via |, to s and w (and thus to x,x’, y, s’ as well).
3. fue{s,s'tandr € {w,x,x,y}, thenu }y tand ¢ J+ u.

In this case we first deal with the leaves ', x” and y and define suitable C? formulae for them. The
exact properties these formulae are to satisfy, will be specified below. Next the induction takes care
of s (the parent of s") using the formula already specified for s’. Thus, we obtain a C? formula for
s. Then, using the formula for s, we define a C? formula for r. After this, we define a C? formula
for the node w using the formulae defined for r and x’; notice that this time (when going from r to
w) the relation |, is scanned in a different direction as in the previous step when going from s to
r. Thus, we have now defined the formulae for each of the neighbours of x in the diagram My, i.e.,
the formulae for w and y. Therefore, we can finally define the formula for x (scanning the relation
J both ways, upwards from y and downwards from w). Notice that since ¢(x) is in rooted diagram
normal form, My, is connected, which in the this example is due to the node . Thus, the induction
does not have to deal with any disconnected components.
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©

@ @
6

Figure 4 The seven-point diagram with the root node r. The relation |+ has not been drawn for the
sake of clarity.

If u is a point in the diagram My, then we let My, (1) denote the substructure of M, induced by the
set that contains « and all the nodes occurring before u in the induction from the leaves towards x.
Formally, the domain of My (1) consists of the points #' € M, such that the undirected path in My
from x to u’ contains u. We next show how to inductively define, for each node v € My, a formula
xv(y) of C? (with the sole free variable y) such that the following condition holds.

Let N be a o-tree and V' a point in N. Then N = x, (V') iff N contains an induced substructure
isomorphic to My, (v) via an isomorphism that sends V' to v.

Let v # x be a leaf of My,. Then we let x,,(y) be the formula §,(y) (defined above). Now assume v

is not a leaf of My, . In order to show how to define x, (), we first give some auxiliary definitions.

1. Letcy, ..., cu, denote the children of vin My (v), i.e. the elements ¢; in My, (v) such that (v, ¢;) €
J. (We note that possibly n, = 0.)

2. Let ¢’ denote a possible parent of v in My, (v), i.e. a point ¢’ in My, (v) such that (¢, v) € |.. (We
note that possibly there exists no such point ¢’.)

3. Letdi,...,du, denote the descendants d; of v in My, (v) such that
a. (v,d;) e li\l,lie,d;isadescendant of v but not a child of v,

b. there exists no point d in the diagram My, such that v d|_d;.
We note that possibly m = 0.

4. Let d’ denote the (possibly non-existing) ancestor of v in My, (v) such that d’ is not a parent of
v and there does not exist a point d in the diagram My, such that @’ |, d|,v. Note that if we
have the point ¢’ (specified in bullet 2 above) in the diagram, then there is no ¢’ in the diagram.
Vice versa, if there is a d’ in the diagram, there is no ¢’. Also, it is possible that neither ¢’ nor
d’ exists in the diagram.

By the induction hypothesis, we have defined all the required formulae denoted by

XC] PREES] XCnJr 5 XC’: Xd| EREES] de+ > Xd/

each with the free variable y. (We note that x and x, cannot not both be in the list of required
formulae.) Now, we shall next consider collections of these formulae defined as follows. A collection
(in the variable y) is here defined to be a conjunction that contains, for each of the formulae
x () defined in the previous stage of the induction (i.e. some subset of the above listed formulae
Xers - Xy s X&s Xdys oos Xy, » Xa'), exactly one of the formulae x (), —x (y) as a conjunct. (We note
that a collection may be unsatisfiable if for example x., and x., are equivalent and we include the
negation of exactly one of them in the collection. Note also that a node satisfying some formula
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926  One-dimensional fragment over words and trees

Xv, () can also satisfy a non-equivalent formula x,, () as the formulae are only supposed to assert
that a certain substructure exists ‘below’ y in the undirected tree with root x.)

Our next step is to show how x,(y) can be defined based on the corresponding formulae
Xets - Xeny s X&'s Xy -+ Xdy » X! for the nodes that occur immediately before v in the induction.
We illustrate how this is done via an elucidating example. Consider a situation where ny = 2,
my = 1 and neither ¢’ nor d’ exists.> The formula x, (y) will be a big disjunction over all possible
suitable scenarios that the nodes in the previous stage could realize in some (any) tree with the
desired substructure. One possible scenario in some structure is the one where one child of the
current node v satisfies x¢, () A x¢, (), another child satisfies —x., () A x¢, (¥), and a third child
satisfies x¢, () A =X, ) A Ix(L4+(, %) A xg,(x)). In this scenario there must exist two distinct
children such that one satisfies x., and the other one x.,, and furthermore, there must be a third
child that connects via |, to a node satisfying x4, . This kind of a condition is easily expressible in
C2. Another suitable scenario is that three or more children all satisfy the formula

() = Xey ) A Xey (1) A X (%) A X (X)),

as this ensures that there is a child u; that satisfies x., () and another child u, that satisfies x., (»),
and furthermore, a descendant (which is neither a child nor reachable via u; or uy) that satisfies yy, .
Here all the three children satisfy the same collection x., () A xc, (). Again it is easy to describe this
scenario in C? by stating the existence of at least three children satisfying (). It is not difficult to
see how to write the full disjunction x,(y) that covers all the possible suitable scenarios and thereby
enumerates the ways to connect v to the nodes in the previous stage.

We consider one more example. This time we assume that my = n, = 0 and that ¢’ exists.
Furthermore, we assume that ¢’ has two children in the diagram, v and u, and the induction proceeds
from u via ¢’ to v. Now note that we cannot simply define x,(y) to be the formula Ix(x|y A xo (x)),
but instead, we must define y, (y) to be the formula

(=) A TGy A xe () V Ou) A Ty A xe (6) A T2y A xu()))-

We omit further details since it is now easy to see in general how to write the formulae yx, ()
in C? using collections and counting; one simply enumerates all possible situations with sufficient

numbers of correctly oriented neighbours satisfying the formulae x,, ..., Xemy s Xc'> Xdys - ey » Xd'-
Then the big disjunction over all the resulting possible ways to connect v to the nodes in the previous
stage is the desired formula. O

COROLLARY 2
Let ¢ = Jyy be a formula of F[|, | .]. The formula ¢ may be a sentence or contain a single free
variable. Then there exists a formula ¢* of C2[, | ] that is equivalent to ¢.

PROOF. The case where ¢ has a single free variable follows from the previous lemma. The case
where ¢ is a sentence is covered as follows.

Assume ¢ = Jxiy. Remove a single variable from X and apply the argument for the case with a
free variable. Then reintroduce a quantifier that quantifies the remaining free variable away. O

3For simplicity, we assume here and in all subsequent examples that the set of unary predicates considered is empty.
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FIGURE 5 Positions in a tree with respect to a node a.

6 Satisfiability of one-dimensional fragment over trees

The aim of this section is to establish the complexity of satisfiability of F; over trees for
all navigational signatures contained in {|,|,.,—,—*}. En route we show some small model
properties, allowing us, when designing algorithms deciding satisfiability, to restrict attention to
models with appropriately bounded vertical and horizontal paths.

Actually, we can show that when the child relation is present in the signature then the satisfiability
problem is 2-EXPTIME-complete using some known results on UNFO.

THEOREM 8§
Let {}} € 0w S {{,{4+,—,—"}. Then the satisfiability problem for F[oy4,] is 2-EXPTIME-
complete.

PROOF. In [27] a 2-EXPTIME-upper bound is given for UNFO[{, |,,—,—"], and the corre-
sponding lower bound—for UNFO[|]. Using the polynomial translation from F{[|, |,,—,—7"]
to UNFO[|{, |+, —,— "] in the proof of Thm. 6 and, respectively, Lemma 1 we can transfer these
bounds to Fy. O

We will soon see that for the navigational signatures not containing | but containing | . the
complexity drops down to EXPSPACE. The machinery we will develop will also allow us to give an
alternative, direct proof of the upper bound in Thm. 8

6.1 Profiles for trees

We begin with an adaptation of the notion of profiles for the case of trees. As in the case of words,
the profile of a node says what the types of all tuples (of some bounded size) containing this node
are.

Given a tree ¥ and its nodes a, b, b # a, we say that b is in position B to a (or below a) if it belongs
to the subtree of a, in position L to a (or left to a) if it belongs to the subtree of some left sibling of a,
in position R to a (or right to a) if it belongs to the subtree of some right sibling of @, and in position
A to a (or above a) if it is not in any of the previous positions to a. See Figure 5.

Let 0 = 09 U 0yqy be a signature such that -+ € onav” and let T be a tree over this signature.
We say that an element a € T realizes (or has) a k-o-profile o -prof }f(a) = (F,ABLR)IfFis

4This assumption is of technical character, and our approach could be also developed for signatures not containing — .

ez0z Aeniga4 zo uo Jasn Ateiqi] Alisteaiun asadwe Aq §/0Z£S9/206/S/2S/2101Me/woob0)/woo dnoolwepese//:sdiy Woly papeojumod



928  One-dimensional fragment over words and trees

the set of all s-types, 1 < s < k, realized by tuples ay, ..., as such that a; = a, and for any position
P € {4, B, L, R}, the component P is the subset of F consisting of the types realized by those tuples
for which for all 2 < i < k the element g; is in position P to a. When o is clear from context we
will just speak about k-profiles and write prof }f (a) instead of k-o-profiles and o -prof’ ,‘{I (a). Given a
o -k-profile 8 we will sometimes refer to its components with 6.F, 6.4, 6.8, 6.L and 6.R.

LEMMA 12

Let 6 be a profile of a node in a tree over a signature containing —*. Then 6.F is unequivocally
determined by 0.4, 6.5, 6.L£ and 6.R Moreover, there is a procedure fulltype(A, B, L, R) which
given 6.A, 6.L, 6.3 and 6. R computes 6.F in time polynomial in || and exponential in .

PROOF. The unique determination of F for an element a follows from the fact that for any elements
b1, by, if we know their positions to a and the truth values of the atoms a = by, by = a, a = by,
by = a for all =€ 0y, then the truth values of b; = b, and by = b, are determined for all =.°

More specifically, to construct all types in F we proceed as follows. Construct all possible tuples
consisting of at most one type from each of the components 6.4, 6.3, 6.L and 6. R and for each such
tuple combine its types together into a single type in a natural way, that is identify their x; variables,
appropriately renumber the other variables, and appropriately set the navigational relations. The latter
is done using the observation that the only navigational connections between elements in different
positions to an element a are as follows:

e if b is in position B (to @) then ¢ . b holds for those ¢ in position 4 for which ¢, a holds;

e if b is in position L then c¢| b holds for those ¢ in position 4 for which c| ,a holds, c| b holds
if ¢} a holds, and b— *d holds for those d in position R for which a— *d holds;

e symmetrically for b in position R.

If the number / of variables in the so obtained type m is not greater than k then the procedure
adds to F the type m, together with all the types obtained from 7 by permuting its variables
X2,y X]. [l

For example let us consider the signature o with o9 = {P} and oy, = {|,, —>*} and assume
that the 2-type w1 = {Px1,Pxz,x2l,x1} € A, and the 3-type mp; = {Pxi,Px3,x3l,x2} € R
(we list only non-negated literals in the types). The combination of m; and mp is the 4-type
w3 = {Px1,Px2, Pxa,x2).x1,%2)x3,%2] 1 xa,xa),x3}. See Fig. 6. The type w3 together with the
types obtained from 73 by permuting the variables x,, x3,x4 in all possible ways are added to F if
k> 4.

LEMMA 13
The number of k-o-profiles is bounded from above by g*(|og|, k) where g* : N x N — N is a fixed
function, doubly exponential in its both arguments.

PROOF. Each component of a profile is determined by the set of the k-types it contains. The number
of k-types in a component can be roughly estimated by (2!°01)¥ . 9% (k — 1) (the number of possible
assignments of 1-types to the elements of a tuple of k elements, times the number of possible
connections by relations from o, for a pair of elements a, b: a is equal to b, b is the next sibling of
a, b is a following sibling of @ but not the next one, b is a child of a, b is a descendant of a but not

SThis could be not true if =1 ¢ 6y,4y: assuming that b is the parent of a and by is in position R to a but not joined to it
by any relation then we do not know if b is the parent of b, or just an ancestor.

ez0z Aeniga4 zo uo Jasn Ateiqi] Alisteaiun asadwe Aq §/0Z£S9/206/S/2S/2101Me/woob0)/woo dnoolwepese//:sdiy Woly papeojumod



One-dimensional fragment over words and trees 929

3
1 uw) ,/’/“‘\\\
//—\\ /,—~\\ //1]5‘2? \\
/ / / | \
1L 0 \ 1 L1 e N / I \
/ \ / \ ! | \
I
: | |I 3o ‘] 777777 S " xr1¥ \’
\ ! ! | \ h
v I 4
\\Il // \\ , \\ Ty /,
So LT ' $20/’ \\ //
-7 \\ ,1,'39 //

FIGURE 6 Combining type 7 and 7> into a single type 7r3. The dashed and solid connection in 73
are present in 711 and 7, respectively; the wavy connection follows from the definition of profiles.

its child; and vice versa). So, each component has at most 270D k(k=1) possible values. From this
the existence of the desired g* follows. O

In contrast to the case of words, where in a single model at most exponentially many profiles are
realized (Lemma 4), in the case of trees there are F; formulas whose models must realize doubly
exponentially many profiles. In the next section we will however see, that for some signatures we
can at least bound exponentially the number of profiles on all the vertical or horizontal paths in
‘minimal’ models of any formula, which will allow us to prove our small model properties.

Again, we connect the notion of profiles with satisfaction of normal form formulas. Given a
normal form formula ¢ of width k over a signature o we say that a k-o-profile 6 is compatible with
@ if

e for every conjunct Vxj . . .xligoly(xl ...xy) of ¢ and every /;-type m € 6.F, we have  |= gply;

e for every conjunct Vyo3y; .. .yk,.gof' Vo, y1 .. .yK) of g there is a (k; 4+ 1)-type w € 6.F such that

T (pizl(xls o axki-i-l)-

It is straightforward to see the following:

LEMMA 14
A normal form formula ¢ of width k over a signature o is satisfied in a tree ¥ iff every k-o-profile
realized in ¥ is compatible with ¢.

For further use we make the following observation:

LEMMA 15
Let ¥ be a o-tree, a,d’ its nodes and 0, 0’ their respective k-o -profiles.

(i) Ifd is a child of a, then
a. 0. A is uniquely determined by the 1-type of a and 6.£, 6.R and 6..4
b. 6.3 is uniquely determined by the 1-type of @’ and 6'.L, 6'.R and 6.8
(ii) If &’ is the next sibling of a, then
a. 0'.L is uniquely determined by the 1-type of @ and 6.L and 6.5.
b. 6.R is uniquely determined by the 1-type of @’ and 8. R, 6'.B.
Moreover, there is a procedure computeA(u, L, A, R) that computes the component 6’.4
when given the 1-type of a and 6.£, 6.R and 6.4, in time polynomial in |#| and exponen-
tial in k. Analogously there are procedures computeB(u,L,R,B), computeL(u, L, B) and
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computeR(u, R, B) computing 0.8, 0'.L, 0.R, respectively, when fed with the appropriate
parameters (as in points (i)(b), (ii)(a), (i1)(b)).

PROOF. Consider the statement (i)(a). Note that the set of nodes in position 4 to @’ consists precisely
of a and the elements in positions L, R and A4 to a. Thus, the procedure computeA can work as
follows.

Construct all possible tuples consisting of at most one type from each of the components 6.L, . R
and 6.4 and for each such tuple combine its types together into a single type 7 in a natural way, that
is identify their x| variables, appropriately renumber the other variables, and appropriately set the
navigational relations (similarly as it was done in the proof of Lemma 12). Construct 7’ by increasing
the number of every variable in 7 by 1 and adding x as ‘a child of 1-type u of (the current) x;’ (that
is by setting the truth of op-atoms containing x; in accordance with p and appropriately setting the
truth of o,,,-atoms containing x; and the other x;). Then construct 7 from 7’ by removing all the
literals that contain x; and then decreasing the number of each variable x;, i > 2 by 1. If the number
[ of variables in the so obtained type 7’ (7”) is not greater than k then add to F the type 7’ (n”),
together with all the types obtained from 7’ (") by permuting its variables x», . . ., x;.

The other statements can be justified analogously. O

We say that an s-type is trivial if for every 1 < i,j < s it contains x; = x;, that is it is realized only
by singletons. We say that a trivial s-type is based on 1-type w if its restriction to x1 is equal to wu.
We now define the following notion of local consistency.

DEFINITION 1

Let ¥ be a tree, k£ a natural number, §2 a function assigning to each ¢ € T a 1-type and &
a function assigning to each a € T a tuple (F, A, B, L, R) of collections of s-types such that
F = fulltype(A,B,L,R), s < k. We say that the pair (£2, &) is locally consistent on T if
the following conditions hold:

(a) ifa € T is the root then & (a).A is trivial and based on £2 (a);
(b) ifa € T is aleafthen & (a).B is trivial and based on £2 (a);
(c) ifa e T has no preceding sibling then & (a).L is trivial and based on £2(a);
(d) ifa € T has no following sibling then Z (@).R is trivial and based on £2(a);
(e) forany a,d’ € T such that @’ is a child of a we have

(1) E(d). A= computeA(2(d), E(a).L, E(a).R, E(a).A)

(ii) E(a).B = computeB(2(a), E(d).L, E(@).R,E(d).B)
(f) forany a,a’ € T such that @’ is the next sibling of @ we have

(1) E(d).L = computel(2(d), E(a).L, E(a).B)

(i) Z(a).R = computeR(£2(a), Z(a).R, & (a).B)

Obviously, if §2 returns the 1-types of elements of T and Z returns their k-profiles then the pair
(£2, &) is locally consistent. In the following lemma we show that the opposite is also true.

LEMMA 16

Let ¥ be a tree, k a natural number, £2 the function assigning to each @ € T the 1-type of a in T and
Z a function assigning to each a € T a tuple (F, A, B, L, R) of collections of s-types, | <s < k. If
the pair (§2, Z) is locally consistent on ¥ then for every @ € T we have that & (a) = prof k:((a).

PROOF. Let us first see that for every a € T the equality holds for the £-, B- and R-components of
Z (a) and prof kT (a). Let d be the maximal number of edges on a vertical path in . Define /evel(a) to
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be d if a is the root and level(b) — 1, where b is the parent of a, otherwise. This way 0 < level(a) < d
for any a € T. Define posi(a) to be 0 is a the leftmost child of some node and posi(b) + 1, where
b is the previous sibling of a, otherwise. Similarly, define posr(a) to be 0 is a the rightmost child of
some node and posr(b) + 1, where b is the next sibling of a, otherwise.

We proceed by induction on the level of a node. For the base of induction assume level(a) = 0.
In this case a is a leaf. Then the equality & (a).B = prof k‘z(a).B follows from Condition (b) of
Def. 1. Consider now the L-components. We proceed by subinduction on posi(a). If pos(a) = 0
then the equality &(a).L = prof ,?(a).ﬁ follows from Condition (c). Otherwise, assume that for
the previous sibling a’' of a we have E(b).L = prof ,?(a’ ).L. As it must be that level(a’) = 0 it
again follows from Condition (b) that = (a").B = prof ,?(a’).B. The equality = (a).L = prof ,?(a).ﬁ
follows now from Condition (f)(i). The argument for the R-components is strictly symmetric, by
subinduction on posr(a) and involves Condition (f)(ii).

Assume now that level(a) = s, for some s > 0 and that for any node b with level(b) = s — 1
we have Z (b).B = prof £ (b).B, E (b).L = prof  (b).L, E (b).R = prof ; (b).R (the main inductive
assumption). This inductive assumption in particular holds for any child of a. Again, we first consider
the B-components. If a is a leaf then the equality & (a).B = prof ,? (a).B follows from Condition
(b). Otherwise let @’ be a child of a. The equality for the B-components for a follows in this case
from the inductive assumption for ¢’ and Condition (e)(ii). So, all the nodes on level s have proper
B-components. For the £- and R-components we can now proceed as in the base of induction.

This finishes the part of the proof concerning the B-, £- and R-components. It remains to show
the equality for the .A-components. This is done by induction on depth(a). If depth(a) = 0 (a is
the root) then the equality for the .A-components follows from (a). Otherwise, let a’ be the parent of
a and assume that the equality & (a')..A = prof }f’ (@").A holds. As we have already proved, for all
nodes of ¥ this equality holds for the £- and R-components, so we can use Condition (e)(i) to get
that &' (a).A = prosz(a).A.

Now the equality of the F-components follows from the fact that they are computed by the
procedure ComputeF from Lemma 12. This finishes the proof. ]

6.2 Size of models

In this section we show essentially optimal bounds for lengths of vertical and horizontal paths in
‘minimal’” models of normal form formulas, for all relevant navigational signatures.

What is crucial for the lower complexity bound in Thm. 8 is the ability to enforce doubly-
exponentially long vertical paths. Let us see how to do it directly in F{[|]. We use unary predicates
N,P,Py,...,P,_1, 0. See the left part of Figure 7. The intended long path is the path of elements in
N. Every element in N is going to have 2" children marked by P, each of which has a local position
in the range [0, 2" — 1] encoded by means of Py, ..., P,_1. Reading the truth-values of Q as binary
digits we can assume that the collection of the P-children of a node in N encodes its global position
in the tree in the range [0,2%" — 1] (the i-th bit of this global position is 1 iff at the element at local
position i the value of Q is true). It is then possible to say that each node in » whose global position
is smaller than 22" — 1 has a child in N with the global position greater by 1.

We employ the following abbreviations: A=(x,y) in order to state that x and y have the same
local position, A=<(x,y) to state that the local position of y is greater than the local position of x
and A1 (x, y) to state that the local position of y is one greater than the local position of x (addition
modulo 2"). All these abbreviations can be defined in the standard way using quantifier-free formulas
of length polynomial in z. Formulas (6.1)—(6.6) take care of the basic shape of models (existence of
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FIGURE 7 Enforcing doubly exponential vertical path in Fi[|] (left) and horizontal path in
Fi[{4,—]or Fi[|,—] (right).

N-successors, P-successors and exponentially many P-siblings with appropriate local positions):

In(Nx A Yy(xly A Py = =0y)) (6.1)
Vx(NxVPx) (6.2)
Vax(Nx = Jy(x}y A Py)) (6.3)
Vx(Px = Jyz(zlx A z{y APy A AT (2, 1)) (6.4)
Vxyz(zx Azly A AT (x,y) = (Ox < O)) (6.5)
Vx(Nx A y(xly A Py A =Qy) = Fy(xly A Ny)) (6.6)

Let w(x) abbreviate a formula stating that x is an element for which Q is false, and all its siblings
with smaller local position have Q true. Now we can naturally encode +1 addition in our 2%"-global-
position-counter:

Vaux'y'zt((zdx Azix AzLtAtly At =)y A
Nx ANt APx APX APy APY A @A~ (x,y) AA= K, ))) =
O AL, x) = =0V A L=, X) = (O < Ox)) (6.7)

In an analogous way, assuming that — is available in the signature, that is in F{[|,—] or
Fi[l4,—], we can enforce a doubly exponentially long horizontal path, like the path of the N in
the right part of Figure 7.

It turns out that the presence of the successor relation(s) is crucial for enforcing doubly
exponentially long vertical or horizontal paths. To show this let us prove two contraction lemmas.

LEMMA 17
Let o be a signature with the navigational part containing —*. Let T be a o-tree and a,b,a’,b' € T
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be such that b is a child of a, ' is a child of d’, @' is a descendant of b, o-prof %(a).B = o-
prof ¢ (a').B and o-prof ¥ (b).A = o-prof ¥ (b').A. Let T be the tree obtained from T by replacing
the subtree of a by the subtree of @/, with the exception of the root of this subtree, which remains a.
Then, for any node ¢ € T’ we have o-prof’ ,? (c)=0o-prof ,{f/ (o).

PROOF. We consider three cases. In the first two of them we analyse the profiles of the elements
lying next to the cut made in our surgery, in the third one we systematically analyse the profiles of
the remaining elements of T'.

(1) Assume first that ¢ is a child of @ in T’ (that is, it is a child of ¢’ in ¥). Clearly the £-, B- and
R-component of prof ;f(c) are retained in ', since the subtrees of ¢ and its siblings are the same
as in T. We need to see that also the A-component is retained. Let 7 = typeT (c,ai,...,as) €
prof kT (©).A. Let ' = type* (b, ay,...,as). As ' € prof i (b).A, by the assumption of the Lemma
we have that 7/ € profks(b’)..A. Let by,. .., bs be elements in position 4 to 4" in ¥ such that 7’ =
type‘z(b’, bi,...,bs). Observe that then type‘z(c, bi,...,by) =mandthus 7 € prof,?(c).A.

In the opposite direction assume that 7 = typeT(c, ai,...,as) € prof ,?(c).A. Let n/ =
type* (¥, ay, ... a5). As ©' € prof; (b).A, by the assumption of the lemma we have that 7’ €
prof,?(b)./l. Let by, ..., by be elements in position 4 to b in T such that 7" = type™ (b, by, ..., by).
Observe that then typeT (¢c,by,...,by) =m and thus 7 € prof,? (c).A.

(ii) Consider now the element a. Clearly, the £-, A- and R-component of prof k‘z(a) are retained in
%', since from the point of view of a, the only part of the tree that changes is its subtree, and this
change may influence at most the B-component of the profile of a. That this component also does
not change follows straightforwardly from the assumption of the lemma that o-prof kg(a).l’)’ =o0-
prof ,? (a').B, since in ¥’ the subtree of a is replaced by the subtree of a’ (with the exception of the
root which is still a).

(iii) If ¢ # a and ¢ is not a child of @ then note that ¢ retains in ¥’ all its direct neighbours (i.e. the
parent, the children, the next sibling and the previous sibling) from . We will use the fact that each
component of the profile of an element is determined by its 1-type (which is obviously retained from
T) and some components of the profiles of its direct neighbours, as stated in Lemma 15. We will
now systematically analyse the profiles of the elements of T’

(a) If ¢ belongs to the subtree rooted at a child ¢’ of a then the £-, B- and R-component of
prof ,?(c) are retained in ¥/, because the subtrees of ¢’ and its siblings are exactly as in ¥. For the
A-component we proceed by induction on the depth of ¢ in the subtree of ¢’ using the fact that the
A-component of the profile of an element d is uniquely determined by its 1-type and by the £-, A-
and R-components of the profile of its parent (Lemma 15 (i)(a)).

(b) If ¢ is a left sibling of a then the £-, 5- and A-component of prof kg(c) are retained in ¥/,
because, from the point of view of a only some elements in position R could change. For the
R-component we proceed by induction on the distance of ¢ from a using the fact that the
R-component of the profile of an element d is uniquely determined by its I-type and by the
R- and B-components of the profile of its next sibling (Lemma 15 (ii)(b)).

(c) If ¢ is a right sibling of a then we proceed symmetrically (using Lemma 15 (ii)(a)).

(d) If ¢ is in the subtree of a sibling b of a then we proceed as in (a) using top-down induction on
the distance from b to deal with the .A-component.

(e) If ¢ is an ancestor of a then the £-, A- and R-component of prof ,‘f(c) are retained in ¥’ since,
from the point of view of ¢ only some of its descendants has changed. For the the B-component we
proceed by induction on the distance of ¢ from a using the fact that the 3-component of the profile
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934 One-dimensional fragment over words and trees

of an element d is uniquely determined by its 1-type and by the £-, B- and R-components of the
profile of its any child, in particular of the child on the vertical path to a (Lemma 15 (i)(b)).

(f) If ¢ is a sibling of an ancestor of a then we proceed as in (b) or (c)

(g) Any remaining c is now in the subtree rooted at an element about which we already know that
its profile is retained from ¥ and thus we can proceed as in (a) and (d) using top-down induction to
deal with the A-component. O

LEMMA 18

Let o be a signature with the navigational part containing —*. Let T be a o-tree and a,a’ € T be
such that @ is a following sibling of a, o-prof (a).L = o-prof; (d).L and o-prof (@).R = o-
prof ki(a’).R. Let T’ be the tree obtained from T by removing all the subtrees rooted at the elements
lying on the horizontal path from a to ¢/, including @ and excluding o’ (and thus making the next
sibling of @’ in T the next sibling of a in ¥'). Then, for any node ¢ € T’ we have o-proft (¢) =

o-prof kT (o).

PROOF. Let b be the next sibling of @’ in T and e their parent. As in the previous proof we first
see that the profiles of a, b and e, that is the elements lying next to the cut, do not change and then
propagate our analysis to the remaining elements.

(i) For a it is clear that the £-, B- and .A-components of its profile do not change. For the R-
component we naturally use the assumption of the lemma that o -prof ;f (a).R = o-prof kf(a’ )R
(note that it implies, in particular, that the 1-types of a and &’ are identical) and the fact that what a
can see in position R in ¥’ is exactly what @’ can see in position R in .

(i1) The case of b is symmetric.

(iii) For e, the £-, R- and .A-components of its profile clearly do not change. For the B-component
take any m € prosz(e).B and assume © = type*(e,ay,...,as), for aj,...,as in position B
to e. W.lLo.g. assume that ap,...,a; are the elements lying in position L or B to a or being a
itself, and that asy1,...,a; are the elements in position R to a. Since 7’ = typei(a, At41se .., ds)
belongs to prof ,?(a).R, by the assumption of the Lemma we have that 7’ € prof E(a’ ).R. Let
biy1, ..., b be elements in position R to ¢’ in T such that 7/ = type™(d,bit1,...,bs). Now
type‘z/(e,al,...,at,th,...,bS) = 7 and thus 7w € prof,?l(e).B. In the opposite direction we
proceed similarly.

(iv) For the remaining elements of T' we argue analogously as in case (iii) of the proof of Lemma
17, that is we use the fact that those elements retain their neighbours from ¥ and use Lemma 15 to
propagate the equalities of the profiles of computed in ¥ and ¥’ towards the other parts of ¥'. g

With the help of the above lemmas we can now easily get essentially optimal upper bounds on the
lengths of paths.

THEOREM 9
There are a fixed doubly exponential function g and a singly exponential function § such that

(i) For any navigational signature o,4, < {{, |4, J,— T} every satisfiable F[o0,,,] formula ¢ has
a model in which horizontal and vertical paths have length bounded from above by g(||¢||)-

(i) Any satisfiable formula ¢ in F1[{, | ., — "] has a model in which horizontal paths have length
bounded from above by f(|l¢||) (and vertical paths are bounded by g(||¢||)).

(ii1) Any satisfiable formula in F{[{,, —, — "] has a model in which the length of vertical paths is
bounded from above by f(||¢||) (and horizontal paths are bounded by g(||¢||)).

(iv) Any satisfiable formula in Fi[| ., —*] has a model in which vertical paths and horizontal

paths have length bounded from above by f(||¢]||).
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PROOF. Let us take a normal form formula ¢ over a signature ¢ = oy U 0,4, and denote by £ its
width. Let T |= ¢. First, until there are elements a,a’ € T meeting the assumptions of Lemma 18
replace ¥ by T’ as in this lemma. Let T be the tree eventually obtained. Clearly every horizontal
path in T contains elements of distinct k-o-profiles. By Lemma 13 the number of such profiles
is bounded by g*(|ogl|, k). As k < |¢| and as we may assume that o consists only of the unary
relations appearing in ¢, also |og| < ||¢|| we get that T has paths bounded by g*(||¢|l, ll¢l|), doubly
exponentially in ||¢]|.

Further, take ¥ := T* and as long as there are elements a,a’, b, b’ € T meeting the assumptions
of Lemma 17 replace T by ¥’ as in this lemma. Let T' be the tree eventually obtained. Take a
vertical path in TT and split it into segments consisting of two consecutive elements each (possibly
with the exception of the last segment, which may consists of a single element if the number of
elements on the path is odd). Clearly, every two pairs have different combination of k-o -profiles,
since otherwise a further contraction step would be possible. The number of such combinations
is bounded by (g*(||¢]l, lelD)?, doubly exponentially in ||¢||. As horizontal paths in <T are also
horizontal paths in T* we have that TT is a witness to (i), where as g(||¢||) we take 2g*(||¢ll, l¢l)?+1
(two elements in each pair plus possibly the last element on the path if their number is odd).

Next, note that if — ¢ o0y,4, then, if T = a—*d and a,d’ have the same I-type then
o-prof,?* (@).L C o-prof,?* (@).L and a-prosz* (@R 2 a—prof,?* (a’).R. Thus, when moving
along a horizontal path from left to right through the elements of the same 1-type, the £-components
of the profiles of elements either stay unchanged or grow, and the R-components either stay
unchanged or diminish, but in each step at least one of these must change since otherwise a
contraction step as in Lemma 18 would be possible. As the number of 1-types and the size of
L- and R-components is bounded exponentially in ||¢|| (cf. Lemma 13) we conclude that the
horizontal paths in T* are bounded exponentially in ||¢||. This justifies (ii).

Reasoning similarly as in the above paragraph, but using the A- and B-components and Lemma
17 we can show that if | & 6,4, then the vertical paths in T' are bounded exponentially in ¢. Take a
vertical path in T and split it into segment of size two. If there are segments (a, b) and (d’, b’) such
that ¢’ is a descendant of b, the 1-types of @ and &’ are equal, and the 1-types of b and b’ are equal then
prof kz* (b).A C o-prof ]?* (b').A and prof kT* (@).B 2 o-prof kf* (s).B, but at least one of the above
inclusions must be strict since otherwise a contraction step as in Lemma 17 would be possible.
Since the sizes of the components are bounded exponentially in ||¢||, there are exponentially many
segments for any fixed pair of 1-types of its elements. As the number of 1-types is also bounded
exponentially we get (iii).

Finally, if none of |, — belongs to 0,4, then by the arguments above, T' has exponentially
bounded horizontal and vertical paths, which proves (iv). ]

6.3 Complexity

Using Theorem 9 one could establish the optimal upper complexity bounds for satisfiability of Fy
over trees for any navigational signature. We concentrate on the case of the signature {| ., —, —*}
which will allow us to complete the picture concerning the complexity of satisfiability, and then
roughly explain how similar approach can be used to directly prove the upper bound in Theorem 8,
which we have already proved by a reduction to the unary negation fragment.

THEOREM 10
Let {{.} € opav € {l+,—,—"}. Then the satisfiability problem for Fi[o,,,] is EXPSPACE-
complete.
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PROOF. The lower bound for Fi[|.] is inherited from FO?[|.], [2], which in turn refers to
EXPSPACE-hardness of the so-called one-way two-variable guarded fragment, [15].

To justify the upper bound for Fi[|,, —, — "] we propose a nondeterministic algorithm working
in exponential space checking if a given normal form formula ¢ is satisfiable. As by Savitch theorem
NEXPSPACE=EXPSPACE, the result follows.

Let & be the width of ¢. Our algorithm attempts to construct a model T together with functions
2 and = assigning to each node a € T a 1-type and, respectively, a tuple (F, A, B, £, R) of sets
of s-types for various s < k, intended to be the 1-type and, respectively, the k-profile of a in ¥. For
each constructed tuple (F, A, B, £, R) it immediately checks if 7 = fulltype(A, B, L, R) and
rejects if it is not the case. Additionally, the algorithm stores for each node a its position hcount(a)
in the horizontal path of its siblings and its position vcount(a) on the vertical path from the root to a.

The algorithm starts with constructing the root € of T, that is by guessing the values £2(¢), = (¢)
and setting hcount(e) := 0 and vcount(e) := 0. It then verifies that the values of £2 and & on €
respect Conditions (a), (c) and (d) of Def. 1.

Then the algorithm works in a depth-first manner, that is, being at a node « it first goes down to
the leftmost child of @ (or just decides that a is a leaf), analyses the subtree of @, marks a as "visited”,
then goes right to the next sibling of @, proceeds a, and so on; when it decides that the rightmost child
in a horizontal path of siblings is reached it goes up.

At any moment the algorithm stores the whole vertical path from the root € to the current node.
When making a step down from a node a to a new node a’ the algorithm guesses §2(a), £ (a'), sets
hcount(a’) := 0 and vcount(a') := vcount(a) + 1, verifies that the values of £2 and & on a and o’
respect Condition (¢) of Def. 1, and that their values on &’ respect condition (c) of Def. 1.

When making a step right from a node a, which is a child of a node b, to a new node o/, the
algorithm guesses 2(a'), Z (@), sets hcount(a’) := hcount(a) + 1 and vcount(a’) := vcount(a) and
verifies that the values of §2 and & on a and d’ respect Condition (f) of Def. 1, and that their values
on b and a’ respect Condition (e) of Def. 1.

When the algorithm nondeterministically decides that the current node a is a leaf, it verifies that
the values of £2 and & on a respect Condition (b) of Def. 1. When the algorithm nondeterministically
decides that the current node a is the rightmost child on a horizontal path, it verifies that the values
of £2 and & on a respect Condition (d) of Def. 1.

The algorithm rejects if the value of hcount at any node exceeds g(|¢|) or the value of vcount at
any node exceeds f(|¢|) or if the values of & on any node, treated as a profile, is not compatible with
¢ (cf. Lemma 14). It accepts when it returns back to the root without noticing any violation of the
local consistency conditions or g-compatibility.

That the algorithm uses only exponential space should be clear: it stores a single vertical path of
length bounded exponentially by f(|¢|) plus possibly one sibling of the currently inspected node.
The values of the counters and the functions §2 and & stored at each node are also of exponential
size.

Let us finally explain the correctness of the algorithm. Assume that ¢ is satisfiable. By Thm. 9
(iii) ¢ has a model ¥ with vertical paths bounded by f(|¢|) and horizontal paths bounded by g(|¢|).
An accepting run of the algorithm can be then naturally constructed by making all the guesses in
accordance with ¥. In the opposite direction, if the algorithm has an accepting run, then we can
naturally extract from this run a tree T in which the 1-types of nodes are as given by the function
£2. Since during the run the local consistency of the pair (§2, &) is checked, it follows by 16 that for
each a € T we have Z (a) = prof ,‘f (a). That ¥ = ¢ follows then by Lemma 14, since the algorithm
verifies at each node a that & (a) is compatible with ¢. O

ez0z Aeniga4 zo uo Jasn Ateiqi] Alisteaiun asadwe Aq §/0Z£S9/206/S/2S/2101Me/woob0)/woo dnoolwepese//:sdiy Woly papeojumod



One-dimensional fragment over words and trees 937

As promised, we shall finally briefly explain how to reprove the upper bound in Thm. 8 using
the technique we have developed. Recall that Thm. 9 (i) says that every satisfiable formula has
a model in which the length of vertical and horizontal paths is bounded from above doubly
exponentially by the function g. Our examples illustrated in Figure 7 demonstrate that in the case of
onav = {{, 4+, —, =7} we indeed need to take into account models with at least doubly exponential
paths, which thus have triply exponentially many nodes. This means that to fit in 2-EXPTIME we
cannot walk through the whole model. Instead we propose an algorithm for an alternating machine
with exponentially bounded space. This suffices for our purposes, since by the well-known result by
Chandra et al. [7] AEXPSPACE=2-EXPTIME, i.e. any algorithm working in alternating exponential
space can be turned into an algorithm working in doubly exponential time.

Given a normal form F([{, | ,,—,—"] formula ¢, the algorithm attempts to construct a single
walk through a tree being a model of ¢ from the root to a leaf, at each node making a universal choice
whether to go down (to the leftmost child of the current node) or to go right (to the next sibling of
the current node).

The other details are as in the procedure from the the proof of Thm. 10: the algorithm operates on
similar data structures, i.e. at each nodes it guesses the values of §2 and & and appropriately updates
the counters vcount and hcount. At each step it also guesses if the current node is the rightmost child
or a leaf, checks if the values of the counters do not exceed g(||¢||), and verifies the local consistency
conditions from 16 and g-compatibility conditions from Lemma 5.

Arguments similar to those from the proof of Thm 10 ensure that ¢ has a model iff the algorithm
has an accepting run.

7 Conclusions

In this paper we investigated the one-dimensional fragment of first-order logic, Fi, over words and
trees and collated our results with the results on a few important formalisms for speaking about those
classes of structures.

Regarding expressivity, all the considered formalisms (CoreXPath, GF?, FO?, C2, UNFO, F)
are equiexpressive over words, while over trees it depends on the navigational signature: over XML
trees (child, descendant, next sibling, following sibling) again all the logics are equiexpressive, but
over unordered trees (only child and descendant) they differ in the expressivity, with F; being as
expressive as C2 but more expressive than UNFO and FO?.

Concerning the complexity of the satisfiability problem, the picture is presented in Table 1.
Column {—, —*} concerns the case of words. The remaining columns show the results for the case
of trees. We have chosen the four most interesting navigational signatures (XML trees, unordered
trees with both child and descendant, and unordered trees accessible by only descendant or only
child). In the case of CoreXPath we assume that both downward and upward modalities (and both
left and right modalities in the case of XML trees) are present in each of the considered variations

For convenience, below we recall the references to the results in the table. The PSPACE result for
UTL is proved in [10]. For CoreXPath the EXPTIME-results follow from [22], while the PSPACE-
completeness for {|} is proved in [5]; the argument for PSPACE-completeness in the case of {{ .}
is sketched in the Appendix. NEXPTIME-completeness of FO? over words is shown in [10]; this
holds also for GF?, as in the case of words every pair of elements is guarded by —* and thus any
FO? formula can be easily translated into GF?. GF? and FO? over trees are thoroughly examined
in [2]. NEXPTIME-completeness of C? over words is shown in [8]. C? over trees is investigated in
[3] where EXPSPACE-completeness for signatures containing |, is proved; the signature {|} is not
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938  One-dimensional fragment over words and trees

TABLE 1  Complexity over words and trees. Results in bold are proved in this paper. We have not
found the results in grey in the literature but they can be easily derived using the existing techniques
(see the Appendix).

{(==>"1 o= >7) {44} {J+} {1
UTL / CoreXPath  PSPACE EXPTIME EXPTIME  grayPSPACE PSPACE
GF? NEXPTIME EXPSPACE EXPSPACE  EXPSPACE EXPTIME
FO? NEXPTIME EXPSPACE EXPSPACE  EXPSPACE NEXPTIME
c? NEXPTIME EXPSPACE EXPSPACE  EXPSPACE  grayNEXPTIME
UNFO NEXPTIME 2-EXPTIME 2-EXPTIME EXPSPACE 2-EXPTIME
Fy NEXPTIME 2-EXPTIME 2-EXPTIME EXPSPACE 2-EXPTIME

studied there, and we sketch an argument for NEXPTIME-completeness in this case in the Appendix.
Finally, 2-ExPTIME-results for UNFO are proved in [27].

What is probably interesting to note is that in the case of the two-variable logics over trees, it is
the signature {| } which is easier than the other signatures. In the case of the multi-variable logics
F; and UNFO this signature is equally hard as our full navigational signature, but a complexity drop
can be observed this time for the signature {| ,}.

One more interesting issue that we have not investigated in detail in this paper is succinctness.
Our work implies that F| is exponentially more succinct than FO?> over XML trees and more
generally over trees whose signatures contain |. This follows from the fact that every satisfiable
FO?[|, |,,—,— "] formula has a model whose paths are bounded exponentially in its size [2] (this
holds also for C? [3]) while already in F[|] we can enforce models with doubly exponentially long
paths (Section 6.2 of this paper).

The above argument does not work in the case of words, since we have shown that in F; at most
exponentially large models can be enforced, and this indeed can be also done in FO?. Nevertheless,
we suspect that also in this case F; is more succinct, which is suggested by the examples presented
in the Introduction.
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A Missing complexities

THEOREM 11
The satisfiability problem for CoreXPath[| ] is PSPACE-complete.

PROOF. (Sketch) The lower bound can be shown in a standard fashion by a reduction from the QBF
problem; alternatively one can use PSPACE-hardness of the modal logic K4.

To get the upper bound we show that every satisfiable formula has a model of depth and degree
bounded polynomially in its length. This can be done by the following standard selection process. We
extend the language by box modalities [] ], [1 7], with their standard semantics: [-]Jp = —(-)—¢.
For a given input formula, using de Morgan laws, we push all the negations down to the propositional
variables. Let ¢ be the NNF result of this process, and let SF(¢) be the set of its subformulas.

Take now a tree ¥ and its node ¢ such that ¥, ¢ = ¢. We first take care of the length of vertical
path. For each (| 4)¥ € SF(¢) mark all minimal nodes a such that T, a = 1. Similarly, for each
(? ™) € SF(p) mark all maximal nodes a such that T,a = . Mark also the element c. Let T*
be the result of removing from ¥ all the unmarked elements and rebuilding the structure of the tree
on the marked ones, so that the relation |, from ¥ is respected. By the structural induction we can
now show that for any ¢ € SF(¢) and any node a € T, if ¥,a = v then T*, a = ; in particular
T*, ¢ = ¢. Since the size of SF(¢) is linear in ||¢|| it follows that the paths of T* are also bounded
linearly in ||¢]].

Next we take care of the degree of nodes. Proceeding in breadth-first manner we repeat for all
nodes a of T*: for every (| 4+)v, if ¢ holds at an descendant of a then mark one such descendant;
mark also c if it is a descendant of a. Remove all the subtrees rooted at the children of a which do
not contain any marked node. After this process the resulting tree has the degree of nodes and the
length of the vertical paths bounded linearly in ||¢]|.

Finally, we can check the existence of models with linearly bounded length of paths and degree by
guessing their nodes in a depth-first manner. A natural decision procedure can be designed to work
in NPSPACE=PSPACE. 0

THEOREM 12
The satisfiability problem for C2[|] is NEXPTIME-complete.

PROOF. (Sketch) The lower bound is inherited from monadic FO? (with no navigational predicates).
The upper bound can be proved by an adaptation of the upper bound proof for FO?*[}, —,—*] in
[2]. It will work even in the richer scenario of C2[|, —, —*]. We first convert the input formula into
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Scott-type normal form from [3]:

m
¢ =VaxVy x () A N (Vx Iy x,-(x,y)) :
i=1
where 0<;€ {<, >}, each C; is a natural number, and x (x,y) and all the y;(x,y) are quantifier-free.
Denote C = max{C;}i=1,..m.

We then mostly repeat the construction from the proof of Thm. 4.1 from [2]. We start from a
model of ¢ with exponentially bounded horizontal and vertical paths as guaranteed by Thm. 18 in
[3]. Then, the only real modification of the proof from [2] is that when selecting the set of protected
witnesses W1 we choose C representatives of each 1-type (or all of them if there are less than C of
them) rather than just one. Similarly, when selecting incomparable witnesses for the elements of W
we also add to the set #, C incomparable witnesses for each element and conjunct of type V3 (or all
of them if there are less than C of them). Since the number of 1-types and the value of C are bounded
exponentially in the size of ¢ it follows that the size of W = W U W, is also bounded exponentially.

We then proceed as in [2] to prove that there exists a model of ¢ with exponentially many non-
isomorphic subtrees. Such models can be represented as DAGs of exponential size, which can be then
naturally used to test satisfiability in NEXPTIME by guessing such a representation and verifying that
it indeed encodes a model of ¢. O
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