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This document provides supplementary information to "High-dimensional quantum gates using full-
field spatial modes of photons," https://doi.org/10.1364/OPTICA.375875. We give exemplary matrix
representations of the quantum gates presented in the main text as well as a complete

collection of all measurements performed.

1. EXEMPLARY MATRIX REPRESENTATIONS OF QUAN-
TUM GATES

A. X-gate

As an example of the unitary operations in matrix represen-
tation we show all three X"'-gate configurations for a (three-
dimensional) qutrit:

100 01 0 00 1
XX=10 1 0|, X!=10 0 1|, X*=1|1 0 of,
00 1 100 01 0

where the first transformation X° is the trivial case, i.e. the
identity. Note, that these matrices directly correspond to unitary
mode transformations for which we optimise our multiport with
respect to a given set of input modes.

B. H-gate

Here again, as an example we provide the matrix representation
of the (d + 1) H, transformations for qutrits:

1 0 0 1 1 1
N A 1
_ - = 2
Hy=10 1 0}, Hl*ﬁ 1 wy Wi,
00 1 1 W} ws
1 1 1 1 1 1
P X PR I
2—% w3 wy 1], 3—% wy 1 w3,
wy 1 &} wi wy 1

with wsy = ¢2/3 and the first transformation Hy again being

the identity. Note that the Hadamard transformation H; corre-
sponds to a transformation to the angle basis (ANG) if the input
modes are LG modes with no radial structure p = 0 and OAM
values symmetrically distributed around I = 0.

C. cX-gate

Using both, the radial and azimuthal DOF, it is possible to re-
alise a high-dimensional controlled operation on a single quan-
tum system. As discussed in the main text, we implement the
simplest version, i.e. a controlled NOT operation, where the
OAM value is inverted depending on the radial structure. In
our experiment we use the following set of mode combinations
{|0-1),]01), |1-1), |11) }, where the position of the ket-vectors la-
bel the radial and azimuthal mode indices, i.e. |pl), which leads
to a transformation matrix of the form

1 0 0 0

01 00
CNOT =

0 0 0 1

0 01 0

We note that the implemented CNOT-gate corresponds to the
simplest high-dimensional controlled operation as it only in-
cludes two-dimensional states as control and target states. How-
ever, as both, the radial and azimuthal degree of freedom are (in
principle) unbounded, high-dimensional controlled operations
can also be implemented using a single photon and qudit states
encoded in both transverse degrees of freedom.
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2. COMPLETE COLLECTION OF MEASUREMENTS

In order to show the flexibility of the presented technique, we
performed a vast amount of measurements on different degrees
of freedom, investigating different high dimensional transforma-
tions. The three tables below show all performed measurements
on a three (table S1) and a five dimensional (table S2) Hilbert
space of LG modes taking into account only the azimuthal index
I as well as on two- and three dimensional radial mode p-spaces
(table S3). The results shown below were obtained using eight
phase-manipulation planes as well as generation- and detection
holograms displayed on a single SLM. As a figure of merit we
give the average visibility (eq.(6) in the main text) calculated
from the correlation matrices. The most interesting and elucidat-
ing results are displayed in the figures and discussed in detail in
the main text.

A. Results 3D I-space transformations

3D |

Gate X0 X! X2
Visibility 94.2 % 96.5 % 87.5 %

Gate B, X3 ;X2 Hp
Visibility 96.2 % 92.9 % 85.6 %

Gate X! H, X2 I:I;)?l(”)
Visibility 86.7 % 91.0 % 88.8 %

Gate Ao | gk | gkt
Visibility 92.9 % 95.9 % 91.9 %

Table S1. All measured results for the transformations in a
three dimensional I-only Hilbert space of LG modes (p = 0).
The gates marked with a superscript are different combined
A X-gate transformations performed between different MUBs
not starting in the computational basis (i.e. (a) MUB3 —
COMP (MUB1), (b) MUB4 — COMP (MUB1), (c) MUB2
(ANG) — COMP (MUBL) and (d) MUB4 — MUB2 (ANG)).
This further shows the flexibility and versatility of the pre-
sented technique.

B. Results 5D I-space transformations

5D |

Gate X0 X1 X2
Visibility || 94.6 % | 96.5% | 91.5%

Gate X3 X4 H,
Visibility || 87.9% | 89.2% | 76.5%

Table S2. All measured results for the transformations in a
five dimensional 1-only Hilbert space of LG modes. Note that,
as mentioned in the main text, the performance for quantum
fourier transformations (H-gates) decrease significantly due to
the limited resolution of the holograms.

C. Results 2D/3D p-space transformations

2D |

Gate! X0 X1

Visibility! || 91.8% | 91.0 %

3-D

Gate X0 X1 X2

Visibility || 90.8% | 96.2% | 98.4 %

Gate HX! | A X' | 1@ | gixie)
Visibility || 88.6% | 88.6% | 963% | 89.9%

Table S3. All measured results for the transformations in two-
and three dimensional p-only Hilbert spaces. Again, gates
marked with a superscript are transformations performed on
superposition states (Input states are not prepared in the com-
putational basis, namely (a) MUB3 — MUB3 and (b) MUB2 —
COMP (MUBL)).
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