
applied  
sciences

Article

Radial Structure of OAM-Carrying Fundamental X-Waves

Souvik Agasti and Marco Ornigotti *

����������
�������

Citation: Agasti, S.; Ornigotti, M.

Radial Structure of OAM-Carrying

Fundamental X-Waves. Appl. Sci. 2021,

11, 169. http://dx.doi.org/10.3390/

app11010169

Received: 2 December 2020

Accepted: 23 December 2020

Published: 27 December 2020

Publisher’s Note: MDPI stays neu-

tral with regard to jurisdictional claims

in published maps and institutional

affiliations.

Copyright: © 2020 by the authors. Li-

censee MDPI, Basel, Switzerland. This

article is an open access article distributed

under the terms and conditions of the

Creative Commons Attribution (CC BY)

license (https://creativecommons.org/

licenses/by/4.0/).

Photonics Laboratory, Faculty of Engineering and Natural Sciences, Tampere University, 33720 Tampere, Finland;
nandi.agasti@gmail.com
* Correspondence: marco.ornigotti@tuni.fi

Abstract: We investigate the spectral degree of freedom of OAM-carrying localized waves and
its influence on their transverse intensity distribution. In particular, we focus our attention on
exponentially decaying spectra, which are very tightly connected to fundamental X-waves; we then
show how it is possible to structure their transverse intensity distribution, thus creating a radial
structure similar to that of Bessel beams.
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1. Introduction

Since the invention of the laser in the 1960s by Maiman [1], optical beams have
been the subject of extensive studies, mainly because of their versatility and potential
for ground-breaking applications in the field of atomic and optical physics, such as ma-
terial processing [2], imaging and spectroscopy [3,4], optical communications [5,6] and
fundamental research [7,8], to name a few. Recently, moreover, optical beams have been
employed as an efficient means to encode and transmit classical information [9,10], as
a viable solution to realize high-dimensional quantum information and communication
protocols [11], and for error-free quantum communication [12,13]. The key of success of op-
tical beams in such contexts is mostly due to the possibility to structure, almost at will, their
various degrees of freedom, a feature that allows great versatility. Achieving full control on
degrees of freedom, such as polarization, orbital angular momentum (OAM), and spatial
modes, understanding their interplay and exploiting them for various applications is the
vibrant subject of current research in the field [14].

Recently, much effort has been made to understand how structured light can be gener-
alized to optical pulses as well. For example, Abourrady and co-workers have investigated
the possibility of suitably structuring the dispersion relation of optical pulses, in order to
suitably represent, and structure, monochromatic and polychromatic light fields [15,16]. On
a seemingly different ground, nondiffracting pulses, i.e., solutions of Maxwell’s equations
that are affected by neither dispersion nor diffraction during propagation, also offer many
possibilities in terms of bringing structured light fields to the polychromatic domain [17].
Their most well-known representative is the X-wave. First introduced in acoustics [18,19],
they have, in fact, provided many interesting results in several different areas of physics,
such as nonlinear optics [20], condensed matter [21], quantum optics [22–24], integrated
optics [25,26] and optical communications [27]. Recently, moreover, X-waves carrying
OAM have been studied theoretically, and an interesting interplay between their temporal
dynamics and OAM characteristic has been reported [10,28,29].

Due to their intrinsic resilience to external perturbations, nondiffracting pulses, and X-
waves in particular, represent a very interesting platform for free-space classical and
quantum communication. However, X-waves are typically only characterized by a single
index, i.e., their OAM, and therefore do not possess a characteristic radial structure, such
as Laguerre–Gaussian beams, that would give them the possibility to be used for high-
dimensional quantum information and communication protocols. Since X-waves are
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essentially polychromatic superpositions of Bessel beams, one possible way to overcome
this problem would be to directly generalize the results concerning Bessel beams with
two indices [30] to the domain of optical pulses. In doing so, however, one would have to
deal with superposition of X-waves, rather than single X-waves, as Bessel beams with two
indices exist only as superposition of Bessel beams.

Alternatively, one could investigate the possibility to exploit the peculiar structure of
nondiffracting beams, i.e., their spatio-temporal correlation, to induce a radial structure
into them, by simply shaping their frequency spectrum. This is the approach we will follow
in this work. In particular, we aim at introducing a new degree of freedom, which we call
spectral index, which indices, as we will show, a radial structure into X-waves similar of
that of Laguerre–Gaussian beams. Here, we focus our attention on so-called fundamental
X-waves, which posses exponentially decaying spectra, and investigate how their spectral
properties can shape their transverse structure

This work is organized as follows: in Section 2, we first present a brief review of scalar
localized pulses, and, in particular, fundamental X-waves and their spectrum. Then, we
show how changing their spectral order results in the appearance of a transverse spatial
structure, similar to that of Laguerre–Gaussian beams. Section 3 is then dedicated to the
analysis and discussion of these results. Materials and methods used for this work are
briefly discussed in Section 4, and, finally, conclusions are drawn in Section 5.

2. Results
2.1. Localized Waves

We start our analysis by considering a scalar, monochromatic solution of the
Helmholtz equation

(∇2 + k2)ψ(r, k) = 0, (1)

where k = 2π/λ is the wave number in a vacuum. In a cylindrical reference frame {R, θ, z},
the solution can be given in terms of Bessel beams:

ψ(r, k) = Jm(kR sin ϑ0)eimθeikz cos ϑ0 , (2)

where R =
√

x2 + y2, θ = arctan(y/x), Jm(x) is the Bessel function of the first kind, m
is the OAM index, and ϑ0 is the Bessel cone angle, which is the beam’s characteristic
parameter [31]. Notice that ψ(r, k) is a propagation invariant, as the z−dependence is
contained only in the plane-wave term exp (ikz cos ϑ0), and thus the intensity distribution
of a Bessel beam does not change during propagation, i.e., ∂z|ψ(r, k)|2 = 0. With this
solution at hand, we can construct an exact solution of the wave equation:(

∇2 − 1
c2 ∂2

t

)
φ(r, t) = 0, (3)

as a polychromatic superposition of monochromatic solution in the following way:

φ(r, t) =
∫

dk g(k) e−icktψ(r, k), (4)

where g(k) is an arbitrary spectral function. If φ(r, t) is constructed from Bessel beams,
then the z− and t− dependence of each spectral component will be of the kind
exp [ik(z cos ϑ0 − ct)], which is the distinctive characteristic of localized waves [17]. For
nondiffracting pulses, in fact, regardless of the explicit form of g(k), it can be demonstrated
that they are propagation-invariant with respect to both propagation direction and time, or,
alternatively, with respect to the co-moving propagation direction ζ = z cos ϑ0 − ct [17].

In this work, we concentrate our attention on one spectral function in particular,
namely the generalized exponentially decaying spectrum:

gexp(k) = Θ(k) kn e−αk, (5)
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(where n ∈ N defines the order of the spectrum, α > 0 accounts for the width of the
spectrum, and Θ(k) is the Heaviside step function [32]), which gives rise to the so-called
fundamental X-waves,. The form of the exponentially decaying spectrum for various
values of the spectral index n is depicted in Figure 1.
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Figure 1. Exponentially decaying spectrum of fundamental X-waves, as given by Equation (5),
for different values of the parameter n, namely n = 0 (blue), n = 2 (red), n = 4 (green), and n = 6
(black). As can be seen, as n grows, the spectrum shifts its maximum towards higher frequencies. For
this plot, k is measured in units of α.

2.2. Fundamental X Waves with OAM

Let us consider the exponentially decaying spectrum gexp(k) given by Equation (5),
and remember that n ∈ N is a constant representing the spectral order. The X-waves
constructed with this spectrum are often called fundamental X-waves, and represent the
most common type of localized waves normally studied.

First, let us notice that as Figure 1 suggests, as n increases, the spectrum acquires
a bell-like shape, which shifts to higher frequencies with increasing n. In particular, we
observe that as n grows, the maximum shifts linearly with n towards higher frequencies,
and the full width half maximum (FWHM) of the spectrum changes according to:

∆kFWHM = −2n
α

W0

(
− α

n 21/n

)
, (6)

where W0(x) is the Lambert W-function [32]. Notice that ∆kFWHM grows quite slowly with
n, and, in a first approximation, it remains roughly constant. Moreover, it asymptotically
tends to a constant value for n→ ∞. In addition, for very big values of n, the exponentially
decaying spectrum can be approximated by a Gaussian spectrum (centered around the
maximum of kn exp (−αk)), and thus fundamental X-waves with very high n values can be
easily described in terms of Bessel-X pulses [33,34].

To find the explicit expression of the electric field of a fundamental X-wave, we
substitute Equation (5) into Equation (4) and use the relation 6.621.1 of reference [35],
to obtain:

φ
(n)
m (r, t) = Cm,n eimθ ρm

2F1

(
m + n + 1

2
,

m + n + 2
2

; m + 1,−ρ2/ξ2
)

, (7)

where ρ = R sin ϑ0, ξ = (α− iζ), Cm,n = (m + n)!/(2mξm+n+1m!), and 2F1(a, b; c, x) is the
Gauss hypergreometric function [32]. An example of the transverse structure of fundamen-
tal X-waves for several values of the spectral index n is given in Figure 2. The longitudinal
structure of fundamental X-waves as a function of the spectral index n is instead given in



Appl. Sci. 2021, 11, 169 4 of 11

Figure 3. As appears clear from these figures, as n increases, a richer spatial structure in
φ
(n)
m (r, t) appears in the paraxial region of the X-wave (i.e., close to the center of the wave).

Figure 2. Normalized intensity distribution of fundamental X-waves carrying m = 1 units of orbital
angular momentum (OAM) in the plane ζ = 0, for different values of the spectral index n, namely
n = 0 (a), n = 20 (b), and n = 50 (c). As can be seen, as n grows, several rings start to appear in the
paraxial region of the pulse, i.e., near its center. For these plots, the x− and y−axes are dimensionless,
i.e., they are measured in units of α.

Figure 3. Normalized longitudinal intensity distribution of fundamental X-waves carrying
m = 1 units of OAM, for different values of the spectral index n, namely n = 0 (a), n = 20 (b),
and n = 50 (c). As can be seen, as n grows, the initially X-shaped function breaks down into two
wings (symmetric with respect to the plane R = 0. Here, only the positive wing is shown, for sim-
plicity), leaving a region of zero intensity around R = 0, corresponding to the transverse doughnut
structure seen in Figure 2. Moreover, the onset of different rings in the transverse structure of the
fundamental X-wave is mimicked by the appearance of several secondary structures in the radial
direction, which corresponds to the rings in the transverse structure, as seen in Figure 2. For these
plots, the ρ− and ζ−axes are dimensionless, i.e., ρ and ζ are expressed in units of α.

In particular, from Figure 2 it seems that the pulses acquire a radial structure very
similar to that of LG beams or, equivalently, Bessel beams. This result can be directly
compared to previous ones concerning assigning a second index to monochromatic Bessel
beams [30]. However, while in the case of Bessel beams with two indices, the second
index, and therefore an LG-like radial structure, was realized by constructing suitable
superpositions of Bessel beams with different transverse wave vectors [30], in this case,
the additional radial structure is due to the form of the spectrum. In a sense, one could
say that by suitably superimposing Bessel beams of different frequencies, it is possible
to induce a radial structure to them. To some extent, this is another manifestation of the
spatio-temporal correlation typical of localized waves. [17].

To better understand the connection between spectral order and radial structure of
fundamental X-waves, we used the algorithm described in Section 4 (Methods) to calculate
the number of rings acquired by the fundamental X-waves as a function of the spectral
index n, which is depicted in Figure 4.
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Figure 4. Plot of the number of visible rings for different values of the spectral index n (red dots).
To calculate the number of rings, we have adopted the algorithm described in Section 4 (Meth-
ods). Notice that since we consider only paraxial pulses, we have limited our analysis to only the
paraxial region of the pulse, i.e., the region close to its center. For this plot, m = 1 and α = 1 have
been assumed.

As can be seen, the number of rings grows linearly by one unit each time n increases
by 10 units, starting from n = 15. For values n < 15, there are no extra rings appearing in
the transverse intensity structure of the X-wave (the OAM ring does not count towards
the total number of extra rings, and therefore the zero number of rings corresponding
to n < 15 means, in reality, that only the OAM ring is present). The functional relation
between the number of extra rings and the spectral index n can be then written in a compact
way by introducing the function:

N(p) =
p

∑
k=0

Θ(n− (15 + 10k)), (8)

where Θ(x) is the Heaviside step function and p ∈ N is an integer used to truncate the sum
to the desired maximum value of n. For example, a value of p = 10 will allow N(p) to only
consider the appearance of ring structures up to n = 15 + 10× 10 = 115. Defined in this
way, the function N(p) then returns the number of rings possesses by the X-wave for a
specific value (or interval of values) of n, essentially represented by p.

3. Discussion

In the previous section, we have reported on the appearance of an extra ring structure
on fundamental X-waves as a function of the spectral index parameter n. To understand
the origin of these rings, and to get more insight on the possibility to control their onset,
we can look at the structure of the X-wave in the limit of large n values, i.e., when n→ ∞.
In this limit, in fact, it is well-known that the exponentially decaying spectrum can be
well-approximated with a Gaussian spectrum centered at the average frequency of the
original spectrum [33,34]. For large n, in fact, as can be seen from Figure 5, we have that:

kne−αk →

√
k
k0

e−γ(k−k0)
2
, (9)
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where γ ' α/n and k0 = n/α. In this limit, the fundamental X-wave can be de-facto
considered to be a Bessel-X pulse. Besides establishing a concrete connection between
fundamental X-waves and Bessel-X pulses, corroborating the results of reference [34],
the result above also sheds some light on the origin of the radial structure emerging on the
transverse intensity distribution of fundamental X-waves. The radial structure of Bessel-X
pulses, in fact, is a Gaussian-modulated Bessel function, which, in principle, possesses
infinite rings (as does the Bessel function). However, the Gaussian damping of the intensity
distribution quenches most of them (and therefore allows them to be square integrable,
i.e., carry infinite energy) [33]. For fundamental X-waves, this means that as n grows,
the radial structure that appears is nothing but a part of the complete ring structure of
a Bessel function, suitably damped by the exponentially decaying radial behavior of the
hypergeometric function. For n→ ∞, therefore, the ring structure given by Equation (8)
will reproduce the complete ring structure of the Bessel function Jm(x).
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Figure 5. Comparison between exponentially decaying spectrum with large n (blue, solid line) and
Gaussian spectrum (dashed, red line), for the case of n = 100. As can be seen, the spectrum of
fundamental X-waves with a large n can be very well approximated with that of Bessel-X pulses. For
this plot, k is measured in units of α, which means that k0 = n = 100 and γ = 1/n = 0.01.

To understand this even further, let us consider the limiting value of the transverse
structure of the fundamental X-waves for large values of n. We have in fact that for n→ ∞,
since the spectrum of the fundamental X-wave must tend to the Gaussian spectrum of
Bessel-X pulses, the hypergeometric radial structure of fundamental X-waves needs to tend
to the Bessel function typical of Bessel-X pulses [33], i.e.,

2F1

(
m + n + 1

2
,

m + n + 2
2

, m + 1,−ρ2

ξ2

)
→ Jm

(
nρ

w(ζ)

)
, (10)

where w(ζ) is a suitable function of the co-moving coordinate ζ, such that w(0) = w0,
which represents the beam waist parameter of the Bessel-X pulse. Within this limit, it is not
difficult to see, by comparing the radial structure of the two functions above (see Figure 6),
that they share the same radial structure, i.e., the position of the zeros (and therefore that
of the corresponding rings) is the same.
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Figure 6. Comparison between the radial structure of a fundamental X-wave with n = 100 (blue,
solid line) with that of the corresponding limiting form, i.e., a Bessel-X pulse with the same OAM
value m = 1 (red, dashed line), in the plane ζ = 0. Notice that the scaling of the Bessel function is
nρ, which scales the distributions of zeros of the Bessel function to match that of the hypergeometric

function φ
(100)
1 . The higher-order zeros cannot be easily visualized, due to the rapidly decaying

behavior of the hypergeometric function for large n. For this plot, ρ is measured in units of α for the
X-wave, and w0 = α has been assumed for the Bessel beam.

4. Materials and Methods
Number of Rings of Localized Waves

To understand how the algorithm we used to extract information about the number
of rings possessed by a localized wave and generated by its spectral index n works, let
us consider the case of a fundamental X-wave with n = 25 as an example of how we
can calculate the number of rings appearing in the transverse cross-section of the X-wave
according to its spectral index.

First, we calculate the radial derivative of the localized wave, which, in the case of
fundamental X-waves, is given by:

∂φ
(n)
m (r, t)

∂ρ
= eimθ

{
mρm−1

(α− iζ)m+n+1 2F1

(
m + n + 1

2
,

m + n + 2
2

; m + 1,− ρ2

(α− iζ)2

)
(11)

− (m + n + 1)(m + n + 2)ρm+1

2(m + 1)(α− iζ)m+n+3 2F1

(
m + n + 3

2
,

m + n + 4
2

; m + 2,− ρ2

(α− iζ)2

)}
.

The zeros of the above equation, which we indicate with ρ`,n, represent the position,

as a function of the spectral index, of the `-th maximum of |φ(n))
m (r, t)|2. We can extract

information about the number of rings for a given value of n directly from the zeros of the
above equation if we first notice the following things:

• In general, Equation (11) admits complex solutions for ζ 6= 0, while it only possesses
real solutions for ζ = 0. In this last case, in particular, the phase of Equation (11) will
always be either zero or π (the latter occurring when φ

(n)
m (r, t) changes sign);

• Not all the zeros of Equation (11) will contribute to the final number of rings. In fact,

this depends on how fast the intensity distribution decays radially. If φ
(n)
m (r, t) decays

too quickly, only the zeros of Equation (11) that find themselves in a small region close
to the center of the wave will participate in determining its radial structure.
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Figure 7 depicts how the search algorithm works. For a given value of n (in our
example n = 25), we count the number of jumps (between 0 and π) of the phase of ∂ρφ

(n)
m

(panel (a)). This number now represents the total number of the rings’ intensity distribution
|φ(n)

m |2. For the example in Figure 7, the number of zeros is 3. When we plot the intensity
distribution for |φ(25)

1 |2, however, we notice that the third ring is barely visible (i.e., its
intensity is very small compared to that of the other two rings). This is a consequence
of the rapidly radially decaying behavior of the hypergeometric function. To correctly
count the number of actually appearing rings (i.e., those that have enough intensity to
be non-neglectable), we compare the intensity of all the maxima of |φ(n)

m |2 for a given
value of n, fit the relative intensity of the various rings with an exponentially decaying
function, and neglect all rings whose intensity falls under 1% of the intensity of the primary
OAM ring.

With this method, from Figure 7 we see that the number of rings corresponding to
n = 25 should actually be 3, but the exponential fitting of the intensity decay of the X-wave
reveals that the third ring does not have a high enough intensity to be considered as fully
developed yet. For this reason, therefore, we conclude that n = 25 corresponds to two rings:
the primary ring (corresponding to the OAM value m = 1) and an extra one generated by
the spectral structure of the X-wave itself.

Figure 7. Example of application of the algorithm for retrieving the number of rings of a fundamental
X-wave, given a specific value of n. For this specific example, we used n = 25. Panel (a) depicts the

phase of the radial derivative ∂ρφ
(n)
m . The red areas correspond to regions where Arg{∂ρφ

(n)
m } = 0,

while the yellow areas correspond to regions where Arg{∂ρφ
(n)
m } = π. Once a value of n is chosen

(blue, dashed line, representing n = 25 in this case), by counting the number of times red regions
cross the line of the constant n (blue, dashed line in panel (a)), we can retrieve the number of rings

possessed by |φ(n)
m |2 in a given radial interval, which in this case is ρ ∈ [0, 0.5]. As can be seen, while

in panel (a) we count three full crossing of the blue line with red areas, we also see, in panel (b), that

the transverse correspondent transverse distribution of intensity |φ(25
1 |

2 possesses three rings, which
amounts to one ring because of the m = 1 units of OAM carried by the pulse, plus two extra rings
deriving from the spectral structure of the pulse itself.

5. Conclusions

In this work, we have studied the effect of the spectral index n on the transverse
structure of fundamental X-waves, and we have discussed its origin and its link with
Bessel-X pulses. We have shown that due to their innate spatio-temporal correlation,
structuring the spectrum of such pulses results in the appearance of several rings in their
intensity distribution, with a structure similar to those of Bessel beams, or, in the paraxial
regime, Laguerre–Gaussian beams, with fixed OAM and a varying p index. Furthermore,
we have shown how the number of rings increases in suitable steps of the spectral index,
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as shown in Equation (8). We have then finally discussed the origin of this radial structure
in detail, and concluded that extra rings appear in the transverse structure of fundamental
X-waves as n increases, as a progressive step into adapting their transverse shape to that
of Bessel-X pulses, which constitute the natural limit of fundamental X-waves for large n
values. Nevertheless, we have shown how it is possible, even with relatively low values of
n, to introduce an extra degree of freedom into fundamental X-waves that could be used to
tailor their transverse (and longitudinal) structure.

The recent technological advances in spectral shaping [36], realization of long-range
Bessel beams [37], and the control of the spatiotemporal structure of electromagnetic
waves [15,16] envisions the possibility to achieve great control over the spectral structure
of Bessel-X pulses, and, possibly, to realize fundamental X-waves with different values
of the spectral index n, thus being able to exploit this extra degree of freedom encoded
in their spectral structure. With this at hand, OAM-carrying X-waves could be used for a
number of different applications, ranging from communication (where they could be cou-
pled with OAM-carrying waves in optical fibers to realize long-range diffraction-resilient
communication systems [38]), sensing (where the spectral index could be used as a means
to tune the central frequency of the X-wave spectrum to a specific compound/specimen
that needs to be detected), and material processing (where the different field configurations
obtained by controlling the spectrum of the X-wave could result in different geometries and
possibilities for, e.g., laser drilling, and quantum information). For the latter, controlling
the onset of an additional radial structure on fundamental X-waves by controlling their
spectrum could provide an interesting alternative, or a complementary resource, to LG
beams for the realization of high-dimensional quantum information protocols [39]. To this
aim, an agile combination of X-waves or a combination with LG modes can improve the
performance as well [40]. The compatibility of these newly introduced spectral indices
with the protocols of classical and quantum information encoding is, however, left to a
future work.

Our results on fundamental X-waves corroborate and generalize those given in ref-
erences [33,34]. In these works, in fact, the ring structure of so-called Bessel-X pulses
(i.e., X-waves with a Gaussian spectrum) is discussed in detail and understood as a direct
consequence of the fact that the spectral bandwidth of Bessel-X pulses is narrow compared
to their carrier frequency. It is well-known that Bessel-X pulses have very similar prop-
erties to fundamental X-waves (as, in many ways, they constitute their experimentally
realizable counterpart). The results obtained in our work on the role of the spectral index
in the radial structure of X-waves, therefore, corroborates this statement, and finds, at the
same time, confirmation for the predictions of references [33,34]. However, those works
differ significantly from ours in two important aspects: first, no contribution of OAM was
taken into account (as only Bessel-X pulses of order m = 0 were considered). Second,
the analysis presented in both references [33] and [34] only deal with scalar, rather than
vector, waves. By including the influence of the OAM on the ring structure of fundamental
X-waves, and investigating in detail vector, rather than scalar, fields, our work extends and
generalizes the one reported in references [33,34].
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