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Péter Kocsis, Igor Shevkunov, Vladimir Katkovnik, and Karen Egiazarian

Faculty of Information Technology and Communication Sciences, Tampere University, P.O.
Box 553, FI-33101 Tampere, Finland

ABSTRACT

Lensless phase-retrieval system with phase modulation of free propagation wavefront is proposed. Contrary
to the traditional super-resolution phase-retrieval, the method in this paper requires a single observation only
and uses advanced SR-SPAR iterative technique. Successful object imaging relies on modulation of the object
wavefront with a random phase-mask, which generates enlarged intensity patterns, allowing us to extract more
information than it is possible without such a mask. The achieved high-quality super-resolution phase-imaging
is demonstrated by simulation-tests produced with the parameters corresponding to the physical prototype of
the considered optical system.
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1. INTRODUCTION

The high resolution reconstruction of the complex wavefront is a significantly important part in microscopy
because a large number of biological specimens like red blood cells, tissues, etc. are subjects of study.1,2

These objects can not be analyzed by traditional microscopy without special preparation of specimen, because
amplitude characteristics do not provide enough information on their properties and internal structure. This
missing information can be obtained by reconstructing object’s phase characteristics, although the problem of
the phase recovery is that we can measure only the intensity of the light radiation. There are two main ways to
extract phase information from the captured intensity either by using a holography,3 or so-called phase retrieval
techniques.4–6 The former is invented by Gábor Dénes around 1948, it is well-known technique which allows
phase reconstruction from holograms (interference patterns between object and reference beams); while the latter
typically assumes free-space propagation between the object and the capturing device without reference beams,
and uses iterative procedures to reconstruct the object from the captured diffraction patterns. These patterns
are results of images overlapping of first-, zero-, and inverse diffraction orders. As a result of this overlapping,
less information can be retrieved from a single pattern, but recording several different diffraction patterns can
provide information sufficient for the phase reconstruction.7 A necessary redundancy of multiple observations
can be generated by moving8 or rotating9 optical elements (sensor or object), by modulating wavefronts by
using multi-wavelength illumination10,11 or by special programmable optical elements, for example, spatial light
modulators (SLM).12,13

In contradistinction to these techniques, in this paper, a single-exposure phase-retrieval is demonstrated. By
using a random modulation phase-mask located between object and sensor planes, we enlarge narrow diffraction
patterns to spread across the sensor, gaining more information from the wavefront. However, the reconstruction
from this enlarged pattern can cause corruption in phase, therefore an effective filtering is required. We apply the
block-matching 3D14 (BM3D) filter that already provided good results for several optical problems in previous
researches.15,16

Traditionally for super-resolution imaging in multi-observation case, the recorded patterns can be combined
to create an up-sampled pattern, which from super-resolved image of the object is retrievable.17–20 Although in
the single observation case only one captured pattern is assumed, we can use up-sampling techniques developed
for image processing21,22 to gain the required sub-pixel resolution. In this paper, we follow a different approach
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based on modeling of optical image formation and registration. The corresponding Super Resolution Sparse
Phase Amplitude Retrieval (SR-SPAR) algorithm23,24 is modified and tuned for a single observation.

The contribution of this paper concerns the design of the optical system including wavefront modulation for
a single observation setup with a single binary random phase mask, and also the optimization of the SR-SPAR
algorithm used for object reconstruction from a registered diffraction pattern. The paper is focused on simulation
of this super-resolution imaging system including proper selection of the object-mask and mask-sensor distances,
as well as the phase-mask properties. It is shown, that the designed system can provide the quality of sub-pixel
imaging up to the computational super-resolution factor of 6. Further advantage is that our method is lensless,
which means that the system is compact and free from optical lens aberrations, furthermore, provides much
larger field of view.25–29

2. METHOD DESCRIPTION

2.1 Observation formation
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Figure 1. Lensless optical setup with phase-mask and laser illumination, the object-mask distance is d1 and mask-sensor
distance is d2.

The proposed optical setup (Fig. 1) contains a laser source with a wavelength λ, test object, phase-mask,
and mounted CMOS sensor. The captured intensity of the propagated wavefront can be written as

z = |Pd2 {M ◦ Pd1 {uo}}|
2
, (1)

∆m

∆h

;
Figure 2. Cross-section of a pixel fragment
of an ideal binary phase-mask, with pixel
size of ∆m and height of ∆h

where uo ∈ CN×N is the N×N complex-valued object wavefront (wave-
front just behind the object plane), which is propagated forward to
the mask plane. The wavefront after the mask can be written as the
entry-wise (Hadamard) product of the M ∈ CN×N phase mask and the
propagated object wavefront with the mask-object distance d1. This
complex wavefront then propagated toward the sensor with the dis-
tance d2, where it is captured as intensity measurement z ∈ RN×N

+ of
the size N ×N . Pd : CN×N 7→ CN×N stands for the free space forward
propagation operator on the distance d.

In Fig. 2, we show a cross-section fragment of the used binary phase-
mask, illustrating the shape of the masks as well as its main param-
eters: width ∆m and height ∆h (fixed invariants). This mask can be
formalized as a complex-valued transfer function:

M(n,m) = exp(jφn,m), (2)

where φn,m is magnitude of phase-delay taken as binary random with equal probabilities for 0 and ∆ϕm, corre-
sponding to the height of the pixel ∆h.

The Rayleigh-Sommerfeld model stands for wavefront propagation, in which the angular spectrum (AS)30

method is defined as:
u(x, y, d) = F−1 {H(fx, fy, d) · F {u(x, y, 0)}} , (3)



H (fx, fy, d) =

{
exp

[
i 2πλ d

√
1− λ2

(
f2x + f2y

)]
, f2x + f2y ≤ 1

λ2 ,

0, otherwise.
(4)

Here u(x, y, 0) is a wavefront in the initial plane, which propagates the distance d to create the diffractive
wavefront u(x, y, d). In Equation (3), F and F−1 determine the Fourier and inverse Fourier transform, H(fx, fy, d)
is the AS transfer function depending on the spatial frequencies fx, fy and the wavelength λ.

In systems without modulation, the captured intensity of a propagated wavefront does not provide enough
details to reconstruct the object with high quality. The main idea behind our single-exposure system is to
modulate this propagated wavefront, so the diffraction pattern will spread wider and provide more information
on the object. Since the modulator mask is known, this additional information can be retrieved and used for
reconstruction of the object transfer function. The advanced algorithm followed by this idea allows us to replace
the traditional lens systems4 by a compact binary phase-mask without any moving elements.

2.2 Super-resolution acquirement

The digital phase-retrieval technique requires to discretize physical wavefronts to calculate their propagation.
These wavefronts on object-, mask-, and sensor planes may have different size features and, respectively, different
sampling intervals ∆o, ∆m, and ∆s, respectively.
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Figure 3. Flowchart of SR-SPAR method.

However, it is convenient to use the same computational
sampling rate ∆c and computational pixel size ∆c ×∆c for
all wavefronts and elements of the optical system, in partic-
ular, for the element-wise operations in Equation (1). The
sampling rate of the continuous elements (phase-mask and
object) can be arbitrary, therefore they are usually chosen
to be equal to this value ∆o = ∆m = ∆c. The sampling
rate on the sensor is limited by its’ pixel size, so we can
say that ∆c = ∆s, which means the conventional pixel-wise
resolution of the captured diffraction pattern z.

For sub-pixel resolution, we may assume that the sensor
pixels ∆s × ∆s are replaced by a smaller computational
∆c × ∆c. In this way, the sensor diffraction pattern z can
be treated as up-sampled with the sampling period ∆c. If
the resulting pattern z̃ has the computational pixels smaller
than the physical sensor, ∆c < ∆s, and the reconstruction
of the object is produced with ∆c, we say about sub-pixel
resolution (or super-resolution). The ratio rs = ∆s/∆c > 1
is called the upsamping factor.

2.3 Block-Matching 3D filter

One of the important elements of the SR-SPAR algorithm is
the BM3D filter14 based on nonlocal self-similarity sparsity.
It assumes that an examined image is containing multiple
small similar patches. These similar patches are stacked
together and form 3D arrays-groups (grouping). The 3D
orthonormal transforms are applied to these 3D groups. The
obtained transform 3D coefficients are hard-thresholded and
then the inverse transform gives the 3D filtered groups. The
filtered 2D patches of these groups are returned on their
original positions in the image (collaborative filtering). As
a result for each pixel of the image we may obtain more
than one estimate. These estimates are aggregated by the
weighted mean operation (aggregation). All these steps together define what is called the thresholding stage



of BM3D. The Wiener filtering is applied to the obtained filtered image as the second stage of BM3D. The
Wiener filtering stage repeat grouping, collaborative filtering and aggregation steps described above with the
only difference that the hard-thresholding is replaced by the Wiener filtering (more details in14).

The uo complex wavefront can be determined as

uo(x, y) = Ao(x, y) · exp(iϕo(x, y)), (5)

where the Ao and ϕo stand for the object amplitude and phase. These two images are filtered by BM3D separately
in order to exploit the sparse representation on real-valued variables, which result in ϕ̂0 and Â0 estimates of
phase and amplitude obtained as sparse approximations of the true unknown phase and amplitude:

ϕ̂o = BM3D(ϕo, thϕ), (6)

Âo = BM3D(Ao, thA). (7)

The BM3D algorithm is applied with the threshold parameters thϕ and thA, respectively, for filtering phase and
amplitude. To achieve the best resolution, these parameters are varying in iterations of SR-SPAR, taking smaller
values in successive iterations.

The flowchart of the SR-SPAR algorithm can be seen in Fig. 3. The up-sampled captured intensity z̃ and the
phase maskM are the inputs of the algorithm. A random initial guess for the object wavefront u0o is propagated
forward to the sensor plane (Step 1 ), where the amplitude is updated by the square root of z̃ (Step 2 ). This
updated wavefront uts is then propagated back to the object plane (Step 3 ) resulting in an improved object
wavefront uto. The P−1

d {u} stands for the inverse of Equation (3), and M∗ is the complex conjugate of M.
If the absolute phase range is higher than 2π, an unwrapping algorithm is needed in order to achieve correct
reconstruction (Step 4 ). The phase ϕto,abs and amplitude abs(uto) are BM3D filtered separately (Step 5 ) and

they are merged together to produce an updated complex wavefront ut+1
o (Step 6 ).

3. SIMULATION EXPERIMENTS

3.1 Main parameters and test images

In the experiments, we set the parameters simulating the prototype of physical system, inter alia, laser source
with the wavelength of 532 nm, three type of test objects (Fig. 4), a phase-mask, and a CMOS sensor with the
pixel size of 3.45 µm, maximum resolution of 2448 × 2048 and dynamic range of 12 bit. We assume that the
mask phase-delay is ∆ϕm (Fig. 2) plus the object phase should be less than 2π to avoid the phase wrapping
effects. The object’s magnitude of phase-delay can be arbitrary, so we chose it to be ∆ϕo = π/2 and the mask’s
(∆ϕm) were chosen via simulation experiments in Sec. 3.2.

In general, the propagation requires matrices of the same size, therefore the wavefronts in each plane have
to be zero-padded to correspond to the mutual size. To assign this value an initial intensity is calculated with
pixel-wise resolution (∆s = ∆c), which has to correspond to rs ·Ns sensor size, where rs is the super-resolution
factor, and Ns×Ns is the number of the sensor pixels. In case of sensor sub-pixel resolution (rs > 1), we simulate
the sensor pixel size ∆s by averaging rs × rs computational pixels ∆c.

Figure 4. Phase images used in simulation tests (from left to right): binary USAF target, continuous cameraman and cell.



Since we have to discretizate Equation (3) a restriction occurs, which limits the minimum number of the
efficient sensor pixels Neff according to the maximum distance (d = d1 + d2), the computational pixel size ∆c

and the wavelength λ. The inequality to calculate this minimum value based on previous researches31,32 and
can be written as

rs ·Ns ≥ Neff = dλ/∆2
c . (8)

The phase-only USAF target is considered as a binary object to measure the resolving power of our system,
the grayscale cameraman and cell images are used for continuous phase-imaging with the their pixel size chosen
to be always equal to the computational pixel size (∆o = ∆c).

The accuracy of the reconstructed images are measured by relative root-mean square error (RRMSE) between
the true and reconstructed object’s models as

RRMSE =
‖ϕo − ϕ̂o‖F
‖ϕo‖F

, (9)

where ϕo and ϕ̂o are the phases of the true and reconstructed object, and ‖·‖F means the Frobenius norm.
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Figure 5. RRMSE of the reconstruction a) in different distances, b) in different noise-level

The tuning of distance parameters includes simulations assuming fixed object position, while the sensor is
placed in the distance d from it. Then the mask is positioned between them taking distance values from the
object (d1) from 0 to d with the step of 1mm. The effect on RRMSE of different mask and sensor positions,
has been tested by using cameraman object for pixel-wise reconstruction. The error of reconstructions using
these distances are shown in Fig. 5(a). The colors indicate the RRMSE values: green colors are the acceptable
reconstructions with RRMSE ≤ 0.11, reddish colors are not acceptable reconstructions with RRMSE > 0.11,
and there are no values in the white area. We can see that positioning the mask too close to the sensor
(d − d1 ≤ 6mm) prevents the efficient diffraction, resulting in information loss and imaging accuracy drop. In
other hand, it is beneficial to choose both distances as small as possible, so we can ensure that all the diffractive
frequencies are collected by the sensor. Considering these restrictions we selected the distance between the object
and the mask as d1 = 2 mm (as sum of 1mm gap and 1mm mask width), and the total distance between the
object and sensor as d = 17 mm (as sum of d1, 1mm gap and 14mm CS-mount).

The effect of different noise-levels was measured by calculating RRMSE for pixel-wise reconstruction of
cameraman (Fig. 5(b)). Our method provided good results (RRMSE < 0.11) with 7 dB signal-to-noise ratio
(SNR), which proves the system’s noise-robustness.

3.2 Mask selection

Selection of the mask parameters (magnitude of phase-delay ∆ϕm and mask pixel size ∆m) is based on the
tests for three objects with highly different properties: a self-made USAF target with the smallest line-pair of
2 pixels, and two built-in Matlab images cameraman.tif and cell.tif. RRMSEs (Equation (9)) using masks of



different phase magnitude ∆ϕm were calculated in pixel-wise resolution and shown in Fig. 6(a). The results are
2π periodic and highlight, that the best performance is achieved at ∆ϕm = π.
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Figure 6. RRMSE of the objects (cameraman, cell, USAF target) reconstructed with phase-masks of different magnitude
of ∆ϕm (a) and of different mask pixel size ∆m with fixed computational pixel size ∆c (b). Mask-less reconstruction of
the USAF target (green) is shown for reference.

Keeping this value for ∆ϕm, in Fig. 6(b) we examine the effect of the different mask pixel sizes (∆m/∆c ≥ 1).
The simulations are calculated in sensor sub-pixel resolution with super-resolution factor of rs = 2. The results
are showed in Fig. 6(b) and assigned that the smaller mask pixel size gives more accurate results.

In the previous research,23 the phase-mask was realized on phase SLM with significantly larger pixel size
than the sensor (rm ≈ 36), causing information loss, therefore to achieve the desired resolution multi-exposure
technique with several different masks have to be applied.

4. SUPER-RESOLUTION DEMONSTRATION

4.1 Binary image

We present here simulations with the USAF target to examine the super-resolution limits of our method. The
mask pixel size was chosen to be equal to the smallest detail of the object we would like to resolve ∆m = ∆o.
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Figure 7. USAF target phase reconstructions with super-resolution factor rs from 2 to 5, and the cross-sections of the
smallest resolved target groups.



The reconstructed phase images and their cross-sections can be seen in Fig. 7. The method can provide the
high-quality resolution even for rs = 4, and can still resolve the target details which are 5-times smaller than the
sensor pixel. Comparing our best super-resolution result ∆s/5 = 0.69 µm with the diffraction limited resolution
∆Abbe, calculated by Abbe’s criterion as

∆Abbe =
λ

NA
≈ 2dλ

N∆s
= 2.56 µm, (10)

we may conclude, that our technique allows to demonstrate 4-times better resolution (0.69 vs 2.56 µm). In
Equation (10), NA stands for the numerical aperture, λ = 532 nm is the wavelength, d = d1 + d2 is the total
distance from the object to the sensor. The sensor’s dimensions are Ns ×Ms = 2448 × 2048 and pixel size
∆s = 3.45µm.

4.2 Continuous imaging

Using USAF target is one of the most efficient way to measure the resolving ability of a method, since it is a
calibrated binary object. Real life objects are mainly continuous. We use continuous images (cameraman and
cell) as phase-only objects to provide more evidence of quality imaging. All parameters are kept the same and
the results for different super-resolution factors are shown in Fig. 8 and Fig. 9.

Figure 8. Quality imaging of continuous phase-only cameraman object with the super-resolution factor of 3 to 6.

Figure 9. Quality imaging of continuous phase-only cell object in super-resolution factor of 3 to 6.

The obtained images and RRMSE values correspond well to Fig. 7. The system can provide outstanding
quality for the super-resolution factor of 4, acceptable on factor 5, and the details are still distinct for factor
6. The result with pixel size of ∆s/6 = 0.575 µm corresponds to almost wavelength resolution (λ = 0.532 µm)
and compering to the diffraction limited resolution ∆Abbe = 2.56 µm (Equation (10)) we can see outstandingly
better resolution capability.



5. CONCLUSION

A single exposure super-resolution lensless phase retrieval method was improved for quality imaging in sensor
sub-pixel level. The system development included phase-mask selections, optimization of distances between
object, mask, and sensor, and optimization of a sparse filtering in the iterative cycle. We successfully applied
the SR-SPAR algorithm to reconstruct test objects in sub-pixel level from 2 to 6, the efficiency is verified by
simulations, providing the resolved target with super-resolution factor of 6, retrieving details 4 times smaller
than Abbe-limit. The simulations also showed that the smaller the mask pixels are the better the resolution will
be.

As further work physical implementation of the system is planned. For this purpose a precise phase-mask
will be manufactured and used for sub-pixel reconstructions of phase objects.
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