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Abstract—A finite control set model predictive control strategy
for the control of the stator currents of a synchronous reluctance
motor driven by a three-level neutral point clamped inverter
is presented in this paper. The presented algorithm minimizes
the stator current distortions while operating the drive system
at switching frequencies of a few hundred Hertz. Moreover,
the power electronic converter is protected by overcurrents
and/or overvoltages owing to a hard constraint imposed on
the stator currents. To efficiently solve the underlying integer
nonlinear optimization problem a sphere decoding algorithm
serves as optimizer. To this end, a numerical calculation of the
unconstrained solution of the optimization problem is proposed,
along with modifications in the algorithm proposed in [1] so as to
meet the above-mentioned control objectives. Simulation results
show the effectiveness of the proposed control algorithm.

I. INTRODUCTION

The permanent magnet (PM) price crisis in 2010 [2] pushed
academic and industrial interests about synchronous reluctance
(SynR) motor drives. The main advantages of SynR motors are
their inherent high efficiency, high dynamic performance and
low manufacturing and maintenance cost. The drawback of
SynR motors is the nonlinear relation between currents and
flux linkages, i.e., their magnetic model. To achieve good per-
formance and to fully exploit the capabilities of SynR motors,
an accurate identification of the magnetic model is needed
[3]. Consequently, if the relation between stator currents and
flux linkages is known, nonlinear control techniques are more
effective and, thus, preferable.

Model predictive control (MPC) [4] is a constrained optimal
control method that can deal with nonlinear dynamics as well
as multiple control objectives in one computational stage. This
is achieved by introducing a cost function, i.e., a performance
index, that maps the control objectives into a scalar which
quantifies the system performance for a given control input.
To find the optimal control action, the cost function is min-
imized while being subjected to constraints imposed on the
variables of interest (e.g., stator current). With respect to more
conventional proportional-integral-derivative (PID) or linear-
quadratic (LQ) controllers, MPC can easily incorporate soft

and hard constraints on the state variables, giving the design
a more systemic approach. Motivated by these advantages of
MPC, a cascaded MPC scheme was proposed to control the
stator currents of a SynR motor in [5].

MPC in power electronics is frequently implemented as
a direct control method, i.e., a modulator is not required.
This yields faster dynamics and intuitive implementation.
Nevertheless, the computational complexity of that kind of
MPC algorithms, commonly referred to as finite control set
MPC (FCS-MPC), grows exponentially with the length of
the prediction horizon, making the brute-force approach of
exhaustive search infeasible when long horizons are employed.

However, as shown in e.g., [6], long horizons have pos-
itive effect on the system performance. Therefore, research
towards strategies that can make the optimization problem
computationally tractable is of interest. For example, in [1]
a heuristic branch-and-bound algorithm, namely the sphere
decoding algorithm (SDA) [7], used in, e.g., communications
and cryptography, is utilized for power electronic systems.
Specifically, based on the unconstrained solution of the op-
timization problem (that is computed analytically) one can
formulate the optimization problem as an integer least-squares
one. Subsequently, the SDA performs an efficient search for
the best—integer-valued—switch position (i.e., the control
input) to be applied to the converter at the next control period.

It is worthwhile to note that the approach described in [1]
was developed for an induction motor drive, i.e., a linear
isotropic system. As a key-feature, this paper extends the SDA
principle to a SynR motor including its nonlinear magnetic
model. Moreover, a constrained optimization problem is pro-
posed by imposing limitations on the stator current so as to
protect the inverter. Such a constraint, akin to that proposed in
[8] for the (linear) induction motor drive system, is properly
formulated to tackle the nonlinear dynamics of the SynR motor
drive.

II. PHYSICAL MODEL OF THE MOTOR DRIVE

The system consists of a three-level neutral point clamped
(3L-NPC) voltage source inverter, driving a SynR motor, as
shown in Fig. 1. It is assumed that the dc-link voltage Vdc978-1-5386-5541-2/18/$31.00 c©2018 IEEE
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Fig. 1. Three-level NPC voltage source inverter with a synchronous reluctance
motor. The inverter has a constant neutral point potential.

is constant and the neutral point potential vN is fixed to
zero. Moreover, variables in the three-phase (abc) system
ζabc = [ζa ζb ζc]T are transformed into independent (orthog-
onal) dc variables ζdq = [ζd ζq]T in the dq plane—which
rotates with angular speed ωme via ζdq = T (ϑ)ζabc, where

T (ϑ) =
2

3

[
cos(ϑ) cos(ϑ− 2

3π) cos(ϑ− 4
3π)

− sin(ϑ) − sin(ϑ− 2
3π) − sin(ϑ− 4

3π)

]
(1)

and ϑ is the angle between the d and a axis. For the inverse
mapping, i.e., from the dq to the abc plane, the matrix T̃ (ϑ) =
3/2T T (ϑ) is employed. Thus, the operation ζabc = T̃ (ϑ)ζdq

is performed.

A. Model of the inverter

The single-phase switch position of a 3L-NPC is modeled
with the integer variables ua, ub, uc ∈ U , {−1, 0, 1}. Each
leg of the 3L-NPC can output a phase voltage of −Vdc/2,
0, Vdc/2. Introducing the vector uabc =

[
ua ub uc

]T ∈ U =
U×U×U to denote the three-phase switch position, the output
voltage of a three-level inverter in the three-phase (abc) frame
can be expressed as

vabc =
[
va vb vc

]T
=
Vdc
2
uabc . (2)

B. Model of the motor

Most of MPC schemes rely on an accurate model of the
system in order to determine the future control action. It is
fundamental to find a trade-off among the accuracy and the
complexity of the model, to make the state prediction feasible
in real time.

The voltage equation of the SynR motor in the dq rotating
frame is

dλdq

dt
= vdq −Ridq − jωmeλ

dq (3)

where λdq = λd + jλq , idq = id + jiq , and vdq = vd +
jvq are the flux linkage, current and voltage space vectors,
respectively, R is the stator resistance, and ωme = pωm is the
electromechanical speed, with p denoting the number of motor
pole pairs and ωm is the mechanical rotor speed. To simplify
the analysis, only the saturation effects are taken into account
and the magnetic cross-coupling is neglected. The two flux
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Fig. 2. Magnetic maps of a SynR motor: (a) flux linkages; (b) differential
and (c) apparent inductances.

components λd and λq are modeled as two nonlinear functions,
each depending on the relative axis coordinate, i.e.,

λd = fd(id) , λq = fq(iq) . (4)

The two functions (4) and the associated differential and
apparent inductances are shown in Fig. 2. In the following,
since the mechanical dynamics are much slower than the
electrical ones, a constant motor speed is assumed during a
control cycle.

The implementation of the control strategy requires the
discretization of the continuous model. In this paper, the
method developed in [5] for a SynR motor is adopted, as a
trade-off between accuracy and complexity. Let ξk indicate
the sampled version of a generic continuous variable ξ(t) at
the sampling instant t = kTs, with Ts the sampling interval.
Introducing the average operator

〈ξ〉k ,
1

Ts

∫ (k+1)Ts

kTs

ξ(t) dt , (5)

the integration of (3) over the interval [kTs, (k + 1)Ts] yields

λdqk+1 = λdqk + Ts 〈v〉dqk −RTs 〈i〉
dq
k − jTs 〈ωmeλ〉dqk . (6)

Recalling the constant speed assumption over a sampling
period, imposing a constant voltage vector vdq over the whole
sampling period and assuming that

〈i〉dqk ≈
idqk+1 + idqk

2
, 〈ωmeλ〉dqk ≈ ωme

λdqk+1 + λdqk
2

, (7)

expression (6) can be further simplified to

λdqk+1 ≈ λ
dq
k +Tsv

dq
k −RTs

idqk+1 + idqk
2

−jωmeTs
λdqk+1 + λdqk

2
.

(8)
Given the nonlinear relation between the current vector idqk+1

and the flux linkage λdqk+1, (8) can be solved only numeri-
cally, which is undesirable when real-time applications are of
concern. However, accepting that the average current 〈i〉dqk in
(8) is approximated by its instantaneous value idqk (due to the
small sampling interval), the following closed-form solution
for λdqk+1 can be obtained

λdqk+1 ≈
1− jωmeTs/2

1 + jωmeTs/2
λdqk + Ts

vdqk −Ri
dq
k

1 + jωmeTs/2
. (9)



When devising MPC algorithms it is useful to have the
model in its state-space representation [4]. Defining the state
vector as xk =

[
λdk λ

q
k

]T
and the input vector as vdqk =[

vdk v
q
k

]T
, (9) can be rewritten as

xk+1 = Akxk + B̃vdqk , (10)

where the time-varying state matrix is

Ak =
1

1 +M2

1−M2 − RTs

Ld,app
k

2M − RTsM
Lq,app

k

−2M + RTsM

Ld,app
k

1−M2 − RTs

Lq,app
k

 ,
(11)

and the input matrix is

B̃ =
1

1 +M2

[
Ts MTs
−MTs Ts

]
(12)

where M = Tsωme/2. Moreover, Ld,app
k and Lq,app

k are the d
and q apparent inductances computed at the current idqk . The
time-varying output matrix Ck is defined as

Ck =

[
1

Ld,app
k

0

0 1
Lq,app

k

]
(13)

and the output equation is

yk = Ckxk (14)

with the stator current in the dq frame forming the output
vector, i.e., yk = idqk .

The aim of this paper is to find the optimal switch position
to be applied to the inverter, i.e., the uopt,abc. Therefore, the
model of the drive needs to be revised to reflect this. To this
aim, (10) is written as

xk+1 = Akxk + B̃T (ϑ)vabck = Akxk +Bku
abc
k (15)

where the input matrix Bk = B̃T (ϑ)Vdc/2 becomes time-
varying. With the proposed modeling the features of the drive
model in the dq frame, i.e., a magnetic map independent of the
position, are still present, while, at the same time, the three-
phase switch position is modeled in a straightforward manner.
Moreover, equations (13) and (15) represent a state model with
the input expressed in the abc reference frame and state and
output variables written in the rotating (dq) reference frame.
This simplifies the derivation of the reference currents.

III. DIRECT MODEL PREDICTIVE CONTROL WITH
REFERENCE TRACKING

As mentioned before, direct MPC is a control paradigm in
which the switching signals are directly generated by the con-
troller and fed into the inverter, i.e., without the interposition
of a modulator. Each possible three-phase switch position is
evaluated by the controller on the basis of the subsequent sys-
tem performance, as quantified by a scalar performance index.
The control action (i.e., the sequence of switch positions) that
yields the minimum cost of the chosen performance index is
selected as optimal. As can be understood, the definition of the
performance index, also known as cost function, is one of the

key-elements of an MPC algorithm and it is formulated based
on the control objectives. For the system under investigation,
the control tasks are the following:

• the flux linkage λdq should track its reference λ∗ accu-
rately;

• the switching frequency has to be minimized;
• the inverter should be protected from overcurrents.

With regards to the first objective, by directly controlling flux
linkage the stator current is indirectly controlled, as can be
seen from (4). It is worth remembering that in a synchronous
motor the relation among flux linkages and stator currents is
a static mapping [3], and not a first-order dynamic relation
as in induction motors [6]. Therefore, the flux is chosen
to be controlled because this allows for the mathematical
manipulations required when deriving the integer least-squares
(ILS) problem in Section IV.

At time-step k, the first two control objectives are mapped
into the cost function

Jk =

k+N−1∑
l=k

∥∥∥λ∗k(l + 1)− λdq(l + 1)
∥∥∥2

Q
+
∥∥∆uabck (l)

∥∥2
(16)

which penalizes the variables of interest over a finite prediction
horizon of N time steps. The λ∗k is the flux linkage reference
trajectory and the term ∆uabc(l) = uabc(l) − uabc(l − 1)
accounts for the number of switching transitions involved be-
tween two consecutive time steps. By minimizing the number
of transitions the switching losses (switching frequency) can
be minimized as well. MatrixQ ∈ R2×2 is a diagonal, positive
definite weighting matrix. Note that ‖ξ‖2Q

4
= ξTQξ denotes

the squared norm of the vector ξ weighted by the matrix Q.
The choice of the diagonal entries of the weighting matrix
sets the trade-off between the tracking accuracy of each flux
linkage and the switching losses. In this work, all the diagonal
terms ofQ are the same, meaning that the flux linkage tracking
errors are equally penalized. In principle, it is possible to
assign different weights. For instance, it could be interesting
to track accurately the flux λd, as it is the main responsible
for the torque response.

As listed above, the protection of the inverter from overcur-
rents has to be considered. This can be realized by imposing
a constraint on the stator current as follows∥∥∥idqk+1

∥∥∥
2
≤ ibnd , (17)

where the positive scalar ibnd ∈ R+ defines the boundary value
of the stator current, as proposed in [8].

To find the optimal sequence of control actions (i.e., switch
positions) at time-step k, the cost function (16) has to be
minimized with respect to the so-called optimization variable,
i.e., the switch sequenceUk = [uabc,Tk uabc,Tk+1 · · · uabc,Tk+N−1]T ,
over the horizon N . The following problem needs to be solved
in real time



Uopt
k = arg minimize

U
Jk (18a)

subject to Uk ∈ U (18b)∥∥∆uabc(l)
∥∥
∞ ≤ 1, ∀l = k, · · · , k +N − 1

(18c)∥∥∥idqk+1

∥∥∥
2
≤ ibnd . (18d)

with U = U × · · · × U being the N -times Cartesian product
of the set U , representing the feasible input set. Note that
constraint (18c) allows to avoid a shoot-through in the inverter.
According to the receding horizon principle [4], only the first
element uabc,Tk of the sequence U opt

k is applied to the system,
whereas the rest elements are discarded. Following, at step
k+1 the whole procedure is repeated over a shifted prediction
horizon after acquiring new measurements and/or estimates.

IV. INTEGER LEAST-SQUARES PROBLEM

The integer optimization problem (18) is clearly nonlin-
ear. However, since its form somewhat resembles the (lin-
ear) problem solved in [1]—motivated by [9], [10] where
a nonlinear problem was transformed to a linear one—we
aim to reformulate it so as to solve it with the SDA. This
algorithm is a smart branch-and-bound method which can find
the solution of the long-horizon direct MPC problem in a
computationally efficient manner [11]. The underlying idea is
that the integer solution of the direct MPC problem is in the
hypersphere (n-dimensional sphere) of radius ρk centered at
the unconstrained solution. This allows the a-priori exclusion
of several candidate switch positions, thus, effectively reducing
the number of possible solutions to be tested in real time. Only
these sequences the elements of which correspond to nodes
that are inside the hypersphere are evaluated.

In brief, the main goal is to explore at least one complete
branch, i.e., a complete switch sequence Uk, from the root
of the tree to the last node (leaf). Every time a complete
branch is visited, the radius of the hypersphere gets smaller
and the procedure is repeated as long as all possible paths to
the leaf nodes are explored. By doing so, the optimal switch
sequence—that leads to the most desirable system behavior—
is found. To speed up the search process, the initial radius
ρk of the hypersphere should be carefully chosen; it should
be large enough in order to contain at least one complete
switch sequence, but sufficiently small to reduce the number
of candidate solutions that need to be evaluated. Moreover,
when computing the radius the current constraint (17) should
be taken into account. This makes the initial choice of ρk more
challenging since all switch positions that result in a current
that exceeds its respective limit ibnd should be discarded from
the feasible set. To achieve this, the initial radius is defined
according to [8]. For more details on the operation of the SDA,
the reader is referred to [1] and [11].

The extension of the SDA to a nonlinear system can be
done starting from the linear formulation [1]. Given the un-

constrained solution U unc
k (see Section IV-A), the cost function

can be rewritten as follows

Jk = (Uk −U unc
k )

T
Hk (Uk −U unc

k ) , (19)

where Hk is symmetric, positive definite matrix defined in
Section IV-A. A unique invertible and lower triangular matrix
V k ∈ R3N×3N exists and satisfies V T

k V k = Hk. The
problem (18) can be rewritten as the equivalent constrained
ILS problem

Uopt
k = arg minimize

U

∥∥Ū unc
k − V kUk

∥∥2
2

(20a)

subject to Uk ∈ U (20b)∥∥∆uabc(l)
∥∥
∞ ≤ 1, ∀l = k, · · · , k +N − 1

(20c)∥∥∥idqk+1

∥∥∥
2
≤ ibnd . (20d)

where Ū unc
k = V kU

unc
k . Note that in order to extend the SDA

to the nonlinear system under examination, a linearization
of the system along the unconstrained solution has been
accomplished, see Section IV-A.

A. Unconstrained solution

As mentioned, (18) represents a nonlinear quadratic func-
tion, the minimum of which cannot be computed by a closed-
form expression. As an alternative, in this paper the Gauss-
Newton algorithm (GNA) [12] was adopted to find the uncon-
strained solution of the cost function, by first ignoring the con-
straints (18b)–(18d). The GNA can only be used to minimize
a sum of squared function values, but it has the advantage that
the second derivatives, which can be challenging to compute,
are not required. The iterative algorithm is of the form

Uunc
k (z + 1) = Uunc

k (z)−
[
J(z)T J(z)

]−1
J(z)T ε(z)

z ∈ {0, . . . , Z} ,
(21)

where Z ∈ N is the number of iterations needed to find the
global minimum with the given accuracy. Uunc

k (z) denotes the
(real-valued) switch position at iteration z, while J(z) is the
Jacobian matrix of the problem and ε(z) is the error vector
which has the same arguments as the cost function, i.e., is a
function of the flux linkage and the switching effort. It should
be pointed out that both J(z) and ε(z) are calculated with
respect to Uunc

k (z).
Given the error vector, and by splitting the two terms in

(16), the following expression is obtained

Jk =

k+N−1∑
l=k

∥∥∥λ∗k(l + 1)− λdq(l + 1)
∥∥∥2

Q
+

k+N−1∑
l=k

∥∥∆uabc(l)
∥∥2 =

εdq,T εdq + εu
abc,T εu

abc

= εT ε ,

(22)

where ε = [εdq,T εu
abc,T ]T ∈ R5N×1 is the error vector; its

structure facilitates the GNA execution.



The minimization procedure (21) has to be computed at
each time step. Therefore, it needs to be as computationally
efficient as possible. To this end, the previously computed
unconstrained solution U unc

k−1 is utilized according to the
receding horizon principle of MPC. It is reasonable to assume
that the optimal solution at step k will be close to that at step
k − 1, at least at steady-state conditions. Therefore, at each
step the GNA is initialized using the previous solution and
the system is linearized along the same trajectory. The initial
guess of Uunc

k (0) can be obtained by shifting Uk−1 by one
time step and repeating the last switch position

Uunc
k (0) = RUk−1 (23)

where the matrixR is defined in the appendix. Given the guess
for the initial input, it is possible to calculate the associated
initial flux linkage trajectory λdqk (0) using (15) and (23). The
initial error vector ε(0) can be computed as

ε(0) =

[√
Q̃
(
λ∗k − λ

dq
k (0)

)
Uunc
k (0)− Uk−1

]
=

[√
Q̃
(
λ∗k − λ

dq
k (0)

)
−STUk−1

]
(24)

where Q̃ ∈ R2N×2N is a block diagonal matrix Q̃ =
diag (Q, . . . ,Q) and the time-invariant matrix S is defined
in the appendix.

Matrix J(z) ∈ R5N×3N is the Jacobian matrix of function
(16), calculated along the trajectory λdqk (z). The entries of
J(z) are defined as the derivative of each element of ε with
respect to each element of Uunc

k (z). Thanks to the structure of
the vector error ε, the Jacobian has the following advantageous
structure

J(z) =

[
Υ(z)

S

]
, (25)

In addition, the time-varying matrix Υ(z) is a lower triangular
block matrix owing to the fact that the prediction error at step
n is independent of the input at step m, with m > n. For this
reason, Υ(z) can be defined as

Υ(z)(2(m− 1) + 1 : 2m, 3(n− 1) : 3n) =

=


√
Q

∂e
d
m

∂ua
n

∂edm
∂ub

n

∂edm
∂uc

n

∂eqm
∂ua

n

∂eqm
∂ub

n

∂eqm
∂uc

n

 if n ≤ m

02,3 otherwise

(26)

where m,n = 1, . . . , N . It is worth remembering that matrix
J(z) and the error vector ε(z) need to be recalculated at
each iteration z until the error vector becomes smaller than
a predetermined threshold. The (real-valued) switch position
that minimizes the error vector is the so-called unconstrained
solution Uunc

k .

After the preprocessing stage is over, i.e., matrix Υk and
the unconstrained solution U unc

k are computed, matrix Hk—
introduced in (19)—is computed according to the following
expression

Hk = ΥT
k Q̃Υk + STS . (27)

B. Hypersphere radius computation

The initial radius ρk of the hypersphere defines the upper
bound of the search process. As mentioned above, a good
upper bound should guarantee that problem (20) is feasible as
well as that SDA can terminate (if possible) within the given
time, i.e., the sampling interval Ts. To this aim, in [13], the
initial radius is computed as1

ρk = min
{
ρ1k, ρ

2
k

}
, (28)

where
ρ1k =

∥∥∥ Ū unc
k − V kU

bab
k

∥∥∥
2
, (29)

and
ρ2k =

∥∥∥ Ū unc
k − V kU

ed
k

∥∥∥
2
. (30)

Radius ρ1k in (29) depends on U bab
k that corresponds to the

rounded unconstrained solution to the closest integer vector
which respects the constraints [14], i.e.,

U bab
k = bU unc

k e s.t. U bab
k ∈ U (31)

Radius ρ2k, as can be seen in (30), is a function of U ed
k which

is the previously applied solution Uk−1 shifted by one step
[1], i.e., the initial guess for the GNA U unc

k (0).
However, the computation of the radius ρk is more chal-

lenging when (17) has to be considered. More specifically,
the hypersphere needs to include at least one switch position
that leads to a current which does not violate its respective
bound ibnd. Calculating the radius based on (28) does not
guarantee that the problem is feasible since the unconstrained
solution is computed while neglecting the current constraint.
As a consequence, the procedure for the computation of the
initial radius needs to be revised. To this end, the constraint on
the current—which is an output constraint since yk = idqk —is
translated into an input one, as follows. By using (14), (17)
can be rewritten as∥∥∥∥CkAkxk +CkB̃

Vdc
2
udqk

∥∥∥∥
2

≤ ibnd (32)

that is an ellipse E in the rotating reference frame centered at

uconstr,dq
k = −Vdc

2
B̃
−1

Akxk (33)

where udqk is the switch position in the rotating (dq) frame.
The ellipse E can be expressed in a matrix form as p̃T G̃p̃ = 0
where the vector p̃ is defined as p̃ = [udq,Tk 1]T and the matrix
G̃ as

G̃ =

[
Θ ΨT /2

Ψ/2 Γ

]
, (34)

where

Θ =

(
CkB̃

Vdc
2

)T (
CkB̃

Vdc
2

)
, (35)

Ψ = 2xTk (CkA)
T

(
CkB̃

Vdc
2

)
, (36)

1Note that the superscripts in (28) are not powers but indices.



Γ = xTk (CkA)
T

(CkA)xk − i2bnd . (37)

The ellipse can be brought back to the three-phase (abc) frame
pTGp = 0 by employing the transformation from dq to abc,
i.e.,

G = T̄
T

(ϑ)G̃T̄ (ϑ) (38)

being the vector p defined as p = uabck and T̄ (ϑ) =
[T (ϑ); 1/2 1/2 1/2].

In order to meet constraint (17) the control input has to lie
within the ellipse E , as shown in Fig. 3 in the αβ plane. It
is worth remembering that there is a static relation between
abc and αβ frames. Formulating the output constraint (17)
as an input one changes the feasible set of the integer-valued
input U to Uconstr = U constr1 × U constr2 × · · · × U constrN with
U constri = U for i ∈ {2, . . . , N} and

U constr1 =
{
uabck |uabck ∈ E ∧ uabck ∈ U

}
. (39)

Having defined the feasible set, the computation of the initial
radius ρk has to be refined accordingly; while maintaining the
desired properties the initial radius should have—as explained
above—feasibility has to be ensured as well. Therefore, the
initial radius is computed as in [8]. To explain the concept
of the refined feasible set and the revised computation of
the radius, Fig. 6 shows a case where the feasible set does
not include all possible switch positions, but rather a subset
of them, as limited because of the current constraint (17).
For simplicity, the visualization is done in the αβ plane. As
can be seen, the nearest point (i.e., switch position) to the
unconstrained solution does not respect the current constraint.
This implies that the hypersphere needs to be enlarged to
include at least one feasible point. Hence, the radius ρk
increases until it encloses until one feasible point, i.e., the
point ufeas,αβ

k , which corresponds to a switch position in the
abc frame.

V. SIMULATION RESULTS

The proposed method was simulated for a 3L-NPC inverter
with a constant dc bus voltage Vdc = 540V , driving a 1.6 kW
SynR motor. The motor nominal current and speed were 4 A
and 1500 rpm, respectively. All the simulations were carried
out under the maximum torque per ampere (MTPA) condition.
Accordingly, the nominal torque is produced by id = 2.25 A
and iq = 3.30 A. The sampling interval was Ts = 25 µs. The
performance of direct MPC with long prediction horizon was
investigated at steady-state, for a ten-step (N = 10) prediction
horizon. To minimize the nonlinear cost function Jk, only one
iteration of the proposed algorithm was needed. A matrix Q =
diag (132, 132) was chosen by a trial-and-error procedure, to
obtain a switching frequency of approximately 190 Hz.

The results over one fundamental period are depicted in
Fig. 4. Fig. 4a shows the three-phase switch positions, i.e.,
the output voltage of direct MPC. The corresponding stator
current iabc and the fluxes (in the rotating (dq) reference
frame) along with their references are depicted in Fig. 4b and
Fig. 4d, respectively. Both flux linkages and stator currents
follow accurately their reference values. For the sake of

ufeas,αβ
k

uunc,αβ
k

uconstr,αβ
k

ρk

Fig. 3. Feasible set in the αβ plane when the current constraint (17) is
active. The switch positions that satisfy the current constraint are the black
solid circles. In this example, only one solid circle lies inside the hypersphere
and meets the constraint at the same time; this is the solution to the problem,
and the corresponding three-phase switch position is applied to the converter.

completeness, the harmonic content of the stator currents is
shown in Fig. 4c. A current total harmonic distortion (THD)
of 5.01 % is achieved, a satisfactory result if compared with the
THD = 7.62 % of the conventional asymmetric space vector
modulation (SVM) at the same switching frequency, see also
Fig. 5.

Fig. 5 presents the performance with different horizon
lengths (N = 1, 5, 10) compared to SVM. Each dot cor-
responds to a single simulation carried out with a different
value for the diagonal, nonzero entries of Q, to test different
switching frequencies. In this work, the fundamental frequency
was 50 Hz. It is worth noting that the proposed direct MPC
shows its advantages with respect to SVM at lower switching
frequencies or, more generally, when the ratio between the
switching frequency and the fundamental one is less than 10
(Fig. 5). One more thing observed in this figure, is that the
current THD reduces as the length of the prediction horizon
increases. This is in line with the published literature, see,
e.g., [15] and [6]. However, it should be mentioned that the
computational requirements increase with the length of the
prediction horizon, thus, there is a trade-off between system
performance and prediction horizon that can be implemented
[13].

Fig. 6 shows the effectiveness of the current limitation
around 1.05 IN , envisaging the unconstrained case (Fig. 6a)
and the constrained one (Fig. 6b); the stator current is depicted
in the stationary (αβ) plane. As can be seen in Fig. 6a, where
the current constraint (17) is inactive, such control actions
(i.e., the switch position) are taken by the MPC algorithm
that result—occasionally—in an instantaneous current that
exceeds the bound, shown as a red dashed circle. On the other
hand, when the current constraint is taken into account by
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Fig. 5. THD vs switching frequency obtained with the MPC and different
prediction horizons. The THD obtained with the asymmetric SVM is added
for comparison.

the optimization problem, the current always remains within
the current limitation (Fig. 6b). A side effect of this, is
that the MPC algorithm forces the converter to switch more
frequently to keep the current within its bound, so that the
switching frequency increases from 190 Hz to 227 Hz. The
subsequent increase in the switching losses is balanced by a
lower current distortion, which reduces from THD = 5.01 %
to THD = 4.12 %.

VI. CONCLUSIONS

In this paper a model predictive control (MPC) based current
control algorithm for a synchronous reluctance (SynR) motor

drive was presented. It extends the work proposed in [1];
therein the controller is developed for an induction motor-
based drive, thus limited to a linear system. On the contrary,
in this work the nonlinear magnetic model of the machine
is taken into account when modeling the system and for-
mulating the subsequent optimal control problem. Moreover,
an explicit stator current constraint is added to protect the
inverter from overcurrents. To solve the underlying integer
nonlinear optimization problem in a computationally efficient
manner a smart branch-and-bound algorithm is employed akin
to that proposed in [1]. This algorithm relies on the so-called
unconstrained solution of the problem which is computed
numerically. Based on the presented results, it can be seen
that the proposed constrained long-horizon MPC improves the
performance of the drive when compared with conventional
control methods based on, e.g., space vector modulation
(SVM). This improvement, as quantified by the stator current
total harmonic distortion (THD), is more prominent at low
switching frequencies.
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APPENDIX

The matrices used in the paper are

S =



I3 03 03 · · · 03

−I3 I3 03
. . .

...

03 −I3 I3
. . . 03

...
. . . . . . . . . 03

03 · · · 03 −I3 I3


(40)

R =


03 I3 03 · · · 03

03 03 I3
. . .

...
...

. . . . . . 03

03 · · · · · · 03 I3
03 · · · · · · 03 I3

 (41)
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