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Abstractð In this work, we deal with the problem of denoising 

3D scene range measurements acquired by Time-of-flight (ToF) 

range sensors and composed in the form of 2D image-like depth 

maps. We address the specific case of ToF low-sensing 

environment (LSE). Such environment is set by low-light sensing 

conditions, low-power hardware requirements, and low-

reflectivity scenes. We demonstrate that data captured by a device 

in such mode can be effectively post-processed in order to reach 

the same measurement accuracy as if the device was working in 

normal operating mode. In order to achieve this, we first present 

an elaborated analysis of noise properties of ToF data sensed in 

LSE and verify the derived noise models by empirical 

measurements. Then, we develop a related novel non-local 

denoising approach working in complex domain and demonstrate 

its superiority against the state of the art for data acquired by an 

off-the-shelf ToF device.   
 

Index Termsð3D, Time-of-Flight (ToF), range sensing, low-

sensing environment, noise model, denoising, phase-wrap 
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I. INTRODUCTION 

CTIVE range sensing devices quantify the geometry of 3D 

visual scenes by measuring the scene response to an 

emitted (active) signal. Devices can be distinguished by their 

operational principles and include structured light 3D scanners 

[1], lidars [2], and Time-of-Flight (ToF) sensors [3].  

In ToF devices, the range data is measured by the elapsed 

time when a light signal illuminates a scene and ñtravels backò 

to the sensor. The range accuracy of a typical ToF device highly 

depends on the intensity of the received reflected light signal 

and the integration time which impacts the strength of the 

measured signal ï stronger signal implies better accuracy [4], 

[5], [6]. On the contrary, when the received reflected signal is 

weak, an error is introduced in the range measurement that 

manifest itself as noise [7], [8]. Therefore, a typical ToF device 

uses a high illumination power of the beaming modules and/or 

long integration (sensing) times. Proper illumination ensures 

strong reflected signal and longer integration ensures high 
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Signal-to-noise (SNR) and eventually high measurement 

accuracy [7]. Such working conditions are considered as a 

normal operating mode of the device and, typically, the 

obtained range measurement data is useful even without post-

processing. 

Strong illumination sources require a lot of power whereas 

long integration times require static or slowly changing scenes. 

In practice, there are notable cases where one or both of those 

requirements cannot be met, for example, when a ToF sensor 

needs to be integrated in a portable device. In such cases, the 

received reflected signal is weak and noisy, thus imposing the 

need of post-processing of captured data [9], [10], [11]. In line 

with our previous works [12], [13], in this paper we consider 

precisely such capture conditions which we characterize as 

ñlow-sensing environmentò (LSE). Whether a device is 

working in LSE is determined by the reflected signal intensity 

which can be used as a confidence measure for the expected 

range measurement errors [8]. The importance of ToF data 

acquired in various sensing conditions motivates the intensive 

research in this area.  

In a ToF device, the distance information is acquired in pixel 

maps, which can be regarded as images. First, there are raw 

measurement images, taken along time to estimate a harmonic 

signal with its amplitude ὃ, phase delay • and modulation 

contrast ὅ, all being spatial pixel maps. Among these 

parameters, the phase delay is the sought outcome, as it is 

proportional to the range. Regarding the above modalities as 

images, principles of image-driven denoising techniques are 

applied to tackle the noise effects caused by LSE. 

Modern denoising techniques employ locally-adaptive 

regularization procedures such as bilateral filtering and local 

polynomial approximations [14], [15], non-local and 

collaborative filtering [16], [17], or total variation 

regularization [18]. They exhibit edge-preserving properties, 

enable guided anisotropic filtering utilizing one or combination 

of modalities, and have mechanisms for flexible parameter 

adaptation according to spatially-varying noise parameters. 

Such modern denoising methods have been subsequently 

modified and applied for denoising of ToF data [19], [20], [21], 

[22], [23], [24]. A detailed overview of ToF-related denoising 
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approaches has been presented by Lenzen et al. in [25]. The 

overview adopts a noise model previously derived in [8], [26]. 

It implies that the measured signal amplitude characterizes the 

reliability of phase measurements and the noise variance of the 

latter is inversely proportional to the squared amplitude. The 

model also suggests that the measurement noise for the phase 

exponentially decreases when the amplitude increases. In line 

with this model and the assumption that the phase maps are 

piece-wise smooth, an overwhelming majority of denoising 

solutions have been developed to work directly on the noisy 

phase modality [25]. The overview [25] refers to cases where 

straightforward implementations of non-local means denoising 

[17] or joint bilateral filtering [14] have produced good results.  

A number of denoising approaches have utilized the 

amplitude as a predictor of the expected noise presence and a 

guiding mode for locally-adapting the denoising being either a 

bilateral or non-local filtering variant [23], [27], [21], [12], [28], 

[29]. Computationally cheaper approaches, utilizing wavelet 

transform combined with amplitude-adaptive thresholding [30] 

or linear Gaussian smoothing [31] have been developed as well.  

Other group of methods have utilized an additional color 

modality captured by another camera, to assist the refinement 

of the ToF captured depth map [29], [32], [33]. An edge 

preserving method has been proposed in [33]. It employs a 

weighted least square smoothing guided by the gradient in the 

aligned color modality. A multi-view fusion approach along 

with trilateral filtering scheme has been proposed in [28]. A 

ToF sensing approach employing multi-frequency active signal 

has been combined with wavelet processing targeting 

simultaneous denoising and phase-unwrapping [34].  

A denoising approach aimed at linear filtering vector-valued 

ToF data has been first suggested in [31]. Processing of 

complex-valued data has been elaborated by studying related 

spatial bilateral and non-local denoising techniques in [12], [9], 

[13]. In [25], the possibility of utilizing bilateral filtering on a 

vector-valued (complex) data has been briefly mentioned. Also 

there, the idea of using total variation regularization [18], as 

initially presented in [24], has been extended for denoising the 

Cartesian components of a complex-valued vector.  

The above-mentioned methods perform well in general, that 

is, when the measured amplitudes are sufficiently high. 

However, they all experience problems when denoising data 

captured in LSE. This indicates that there are issues with the 

used noise model.  

To address the case of ToF sensors working in LSE, in this 

article, we make a few contributions. First, we derive analytical 

representations of the random variables involved in the sensing 

process in a form which shows their dependence on the scene 

characteristics and noise levels. This allows us to develop a 

detailed analysis and provide proofs about the sub-optimality of 

commonly adopted denoising methods while working in LSE. 

More specifically, we address and explain phenomena 

previously cast as ñintensity-related distance errorò [35]. We 

demonstrate that they are not related with any hardware 

implementations, but depend entirely on the noise properties of 

the ToF measurements. Second, we evaluate the influence of 

the phase-wrap effect that is a common artifact in LSE sensing. 

Although dominant, it is typically neglected and eventually 

omitted from the analysis [8], [25]. We show that a non-local 

denoising approach applied in a complex vector-valued domain 

[12] is resilient to the wrap-effect. Third, we develop a new 

denoising method based on a complex-valued vector image 

representation of the sensed signal and make use of its naturally 

stabilized noise variance. 

The outline of the paper is as follows: In Section II , the basic 

ToF sensing principles are summarized. The noise analysis is 

presented in Section III  followed by the proposed denoising 

algorithm in Section IV. Experimental results and comparisons 

with state of the art methods are given in Section V, while 

conclusions are summarized in Section 0.  

II. TIME-OF-FLIGHT SENSING PRINCIPLE 

We present the ToF sensing principle in brief and refer to the 

numerous excellent sources for further details [8] [7] [3] [36]. 

The active part is an opto-electronic system emits a 

continuously modulated harmonic signal with modulation 

frequency ‫ ς“Ὢ related with the modulation period as Ὢ

ρȾὝ and corresponding to a near-infrared wavelength. The 

sensor acquires the light reflected from the scene. In ideal 

conditions, the reflected signal is a replica of the emitted signal, 

delayed by (an unknown) time ὸ. A cross-correlation module 

compares the similarity between the emitted signal and the 

reflected signals in order to find the time delay (time of flight) 

ὸȢ The cross-correlation is performed as integration over a 

period (integration time), which in practice is selected as a 

multiplier of the modulation period Ὅ ὸ ὸ ὑ Ὕ [8]. The 

output is another harmonic signal being function of the 

correlation lag † and with the same frequency 

                 ὗ† ὅ ὃ ÃÏÓ†‫ • , (1) 

where • ‫ὸ is the sought phase delay from which the range 

can be calculated. By equidistantly sampling ὗ† in ὔ, ὔᶰ
ᴚ  3 points ╠ ὗȟὗȟὗȟȣ ὗ , ɝ† ς“Ⱦὔ, the 

amplitude ὃ ᶰᴙ , the offset ὅ ᶰᴙ, and the phase delay • ᶰ

ᴙᶰ “ȟ“ of ὗ† can be unambiguously estimated in a least-

squared manner as [37] 

ὃ В ὗÅØÐὮ ὲ , 

• ÁÒÇВ ὗÅØÐὮ ὲ , 

ὅ В ὗ , 

(2) 

where ὥὶὫϽ is defined as 

ÁÒÇⱱ  ÔÁÎ
ⱱ

ⱱ
ȟⱱɴ ᴇ. (3) 

The range Ὀ is proportional to the phase delay given by the 

phase of mixed signal •  and is calculated in the form  

Ὀᶿ
 

, (4) 

where ὧ is the speed of light in dry air (ὧ ςͯȢωψρπάȾί). 

The ὥὶὫϽ function causes a phase-wrap and related ambiguity 

in determining Ὀ from • ï one can only determine • ᶰ “ȟ“ 

that corresponds to ὈᶰπȟὈ . 

In a ToF device equipped with a CMOS or CCD sensor, the 

components of the harmonic signal (1) are calculated pixel-wise 

for spatial phase frames ὗ ὼ, yielding two-dimensional maps 
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ὅὼ, ὃὼ, and •ὼ, ὼɴ ɯ, where ɯṒᴚ is the image domain. 

The observed (measured) values ╠ are always contaminated by 

measurement errors. Correspondingly, the harmonic 

components ὃὼ and •ὼ also appear noisy and differ from 

the ground true values ꜝὼ and ‰ὼ that would result from an 

ideally (noiseless) sensed scene. An example of the sensed 

components of a test scene is shown in Fig. 1. The phase 

intensity is given in radians, and the intensities of the other 

components are given in system units, which are consistent 

along the paper.   

We are interested in the functional model describing how 

the noise in the measurement vector ╠ affects the estimated 

components of the harmonic signal ὗ†. In the literature, such 

functional relation has been developed assuming the asymptotic 

Cramer-Rao Lower Bound (CRLB) for an unbiased estimator, 

which is usually considered to be an arithmetic mean [25]. It 

has been commonly adopted that the variances for each of the 

harmonic parameters for the case ὔ τ are related as follows 

[8], [26] 

„
„

ς
ȟ„

„

ςꜝ
ȟ„

„

τ
ȟ (5) 

assuming all four components of the vector ╠ are i.i.d. and have 

Gaussian distribution with the same variance „Ȣ Similar model 

can be generalized for arbitrary ὔ τȢ The model described by 

(5) has been used for denoising ToF data, specifically 

recognizing the inversely proportional relationship between the 

phase variance and the scene amplitude and thus using the latter 

as a measure of the error presence [31], [30], [21]. While the 

model appears valid for certain ToF devices operating in normal 

mode, there are cases when the sensing conditions and the 

device operational settings invalidate it. In the next section, we 

summarize such conditions as LSE and present a more general 

noise model for the ToF operation including the cases of LSE. 

III.  NOISE ANALYSIS OF TOF DATA IN LOW-SENSING 

ENVIRONMENT 

A. Low-sensing environment (LSE) 

We define low-sensing environment (LSE) [10], [12], [11] as 

an operating mode of a particular ToF device that delivers 

measurement errors considerably higher than the error range 

specified for the normal operating mode. Two groups of factors 

creating such environment. First, there are scene-related factors 

such as materials of low-reflectivity, objects with dark textures, 

and reflections from surfaces of low-incident angles, mosquito 

effect on dissipated light from object pinnacles with sharp 

facing edges, trapped light paths, and distantly situated objects. 

The latter is related to the fact that reflectivity of the received 

light fades exponentially according to scene range ὃᶿρȾὈ  [8], 

[31]. Additionally, in low-reflectivity zones, noise with high 

variance may cause phase wrapping, which manifests itself as 

impulse noise. Second, there are factors related with the system 

hardware in attempts to reduce its size and power consumption 

with the aim to integrate it into portable devices. These include 

miniaturization of beamers, decreasing the emitted power of 

active illumination, or applying very short integration times 

(e.g. ὍḺςάί).  

An example of measurements acquired by a ToF device in 

LSE is given in Fig. 2. It shows a rather strong noise, which 

however can be effectively suppressed by novel techniques 

employing adequate noise modeling. 

B. Fixed pattern noise removal from raw-sensed data 

Equation (5) has been derived assuming that the raw data in 

the vector ╠ have been contaminated by additive Gaussian 

noise. In our previous work, we motivated the importance of 

modeling and removal of spatially-correlated noise cast as 

fixed-pattern noise (FPN) [10]. More specifically, we have 

demonstrated that such noise strongly influences the raw data 

and becomes especially dominant in LSE. Therefore, we have 

proposed specific technique for its removal as a first step in 

getting noise-free amplitude and phase estimates in (2). From 

here on we assume that the FPN has been taken care of and that 

the measurement data in the vector ╠ is Gaussian.  

C. Notations and initial model assumptions 

The random variables ὃ, • denote the amplitude and phase of 

the signal ὗ† which are calculated from raw measurements (2) 

in order to estimate the true scene characteristics ꜝ ὼ and 

‰ὼ. For the sake of simplicity, we consider the case of four-

component vector of raw measurements ╠ ὗȟὗȟὗȟὗ , 

which is also the most used case in practice. These form two 

other random variables 

‌ ὗ ὗ , ‍ ὗ ὗ , 

 
Fig. 1.  Sensed data by a ToF device in normal operating mode: a) phase delay 

•ὼ in ὙὥὨί, b) phase frame ὗ ὼ, c) amplitude ὃὼ, d) modulation offset 

ὅὼ, all in system units. 
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Fig. 2. Phase map •ὼ of ToF device: a) sensed in LSE, b) denoised. 
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which are the Cartesian components determining ὃ, • in (2). 

Conversely, 

           ‌ ὃ ÃÏÓ•ȟ‍ ὃ ÓÉÎ•ȟ‌ȟ‍ᶰᴙ (6) 

The relation between two sets of variables is illustrated in  Fig. 

3(a), where ὃ, • are associated in the complex vector ╩ὼ

ὃὼÅØÐ Ὦ •ὼ . The variables ‌ and ‍ are assumed 

independent and identically distributed (i.i.d.) with bivariate 

Gaussian distribution 

‌ȟ‍ ᶰﬞ ‘ ‘ȟ„ „ „ „Ⱦς1. 

The bivariate probability density function (p.d.f.) ּז ȟ όȟὺ, 

is given as  

זּ ȟ όȟὺ Ὣ όὫ ὺȟ where (7) 

Ὣ‟
Ѝ
ÅØÐ ȟ‟ ‭ ﬞ ‘ȟ„ . (8) 

We adopt notations of p.d.f., which set the random variables in 

subscripts and use other notations for the variables within the 

expressions. While this might look more complicated, it allows 

us to change and substitute variables while still showing which 

density function we are dealing with. Thus, the axes 

(independent variables) corresponding to the Cartesian 

components ‌ȟ‍ are denoted by όȟὺ and the axes 

corresponding to ὃȟ•  are denoted by ”ȟ—. 

We are interested in obtaining analytical expressions of the 

bivariate p.d.f. ּז ȟ ”ȟ— and the univariate  ּז — and 

זּ ” parameterized by the scene characteristics  ꜝand ‰ and 

the noisy conditions „Ȣ In many cases, it is useful to use the 

factor ‎
ꜝ

, in order to express the relation between the true 

reflectivity of the scene versus the noise level in the Cartesian 

components. For the sake of better readability, derivations are 

given in an Appendix, while the analyses and figures are 

presented further in the section. 

D. Bivariate probability distribution model of amplitude and 

phase  

The p.d.f. ּז ȟ ”ȟ— is given by (A3) 

ȟꜝזּ ”ȟ—
”

ς“„
ÅØÐ

ρ

ς„
”ÃÏÓ— ꜝÃÏÓ‰  

ÅØÐ ”ÓÉÎ— ꜝÓÉÎ‰ . 
(9) 

For graphical illustration, we refer to  Fig. 3(b). Equation (9) 

suggests that the p.d.f. is sensitive to phase wrap effects. If the 

true phase is close to “, certain noise levels cause wrapping, see 

the blue vectors2 in  Fig. 3(b)(in the right part) and  Fig. 3(d). 

E. Probability distribution model of the phase component 

 The p.d.f. of the phase component, derived in (A5), is 

parameterized by ‎
ꜝ

, as follows 

זּ —
ρ

ς“
ÅØÐ

‎

ς

‎

Ѝς“
ÃÏÓ— ‰  

ρ ÅÒÆ
Ѝ
ÃÏÓ— ‰ ÅØÐ ÓÉÎ— ‰ , 

(10) 

where ÅÒÆ‟
Ѝ
᷿ÅØÐ† Ὠ† is Gaussian error function. For 

‎Ṃρ, the p.d.f. can be approximated as: 

 
1 While the process of photon counting in the sensor for reading the values 

ὗ  is best modeled as a Poissonian process, there are also other factors 

influencing this reading which eventually result in well-motivated Gaussian 

זּ  —
Ѝ
ÃÏÓ— ‰ , which is a modulated cosine 

signal with an offset of  ρȾς“. For ‎ḻρ the p.d.f. has the form  

זּ —
Ѝ
ÃÏÓ— ‰ÅØÐ ÓÉÎ— ‰ . 

This indicates that only for high values of  ‎, the p.d.f. becomes 

close to a Gaussian normal distribution. A family of plots of 

זּ — for different values of ‎ is shown in Fig. 4(a). 

For the normal operating mode, the variance analysis can be 

carried out using the second central moment (A7). For   ‎O π, 

הּ ᴼ ; for ‎ ρ, ּה Ѝς“ ‎; and for high values of ‎, 

הּ . Only the last case shows asymptotical convergence to 

the model given in (5). Means, that model is adequate only 

when the ToF device senses signals with relatively high 

amplitudes with respect to sensing error. This observation 

allows us to characterize LSE as the case when the 

measurement error in the phase component starts to 

significantly deviate from the adopted noise models (5). This 

can be quantified by a threshold value of  ‎ȡ ‎ ‎ . In our 

case study, we set ‎ ςυ in relation with the operational 

characteristics of the device (see Section V for more details). 

In normal operating mode, a direct denoising of the phase 

component • is doable. When ‎ grows, the p.d.f. gets a 

narrowing Gaussian shape (c.f. Fig. 4(a)). A phase-wrap 

situation as in  Fig. 3(d) is unlikely ï there is always a distance 

between the camera and the scene and the near-to-camera 

objects are usually well illuminated [8], [31]. For the same 

reason the expected value is likely unbiased, that is, %•

‘ ‰. Thus, a direct denoising of • will yield the highest 

signal-to-noise ratio (SNR) compared to e.g. denoising the raw 

measurements ╠. 

For the LSE operating mode, one needs to analyze the non-

central moments ּה   given by (A6), for ‰ π, due to the 

probability of phase-wrap effects. The first-order moment, ּה  

modeling [8], [32]. In Section 5, we experimentally demonstrate that this 

modeling is adequate enough. 
2 Color versions of the figures in this paper are available online. 

 
Fig. 3. Bivariate normal offset distribution of vector ╩: a) relations between 

random variables, b) example positions of running variables for bivariate p.d.f. 

זּ ȟ ”ȟ— for the normal case (red, left) and case of possible phase wrapping 

(blue, right), c) non-wrapped case of ּז ȟ ”ȟ—: „ ρπȠ ꜝ ςπȠ ‰

“Ⱦτ, d) Wrapped case: „ ρπȠ ꜝ ρτȠ ‰ υ“Ⱦφ. 

 

(a) (b)

╠

‍
ὃ
ί
Ὥ
ὲ

•

Re

Im

ὺ ”ὧέί—

ό ”ίὭὲ—‌  ὃὧέί‰

(d)

—

phase wrap

זּ ȟ

”

—ᴂ

„ ρπ, ꜝ ρτ,‰ υ“Ⱦφ[Rads]„ ρπ, ꜝ ςπ, ‰ πȢςυ“[Rads]

(c)
Amplitude, ” Phase, — Amplitude, ” Phase, —

P
.d

.f
זּ .

ȟ
”
ȟ—

זּ ȟ



TIP-16563-2016.R2  
 

5 

corresponds to the expected value %• ‘ הּ  and the 

second-order moment, ּה  corresponds to the variance  

6ÁÒ• „ הּ ȟ‰ π. 

Analytical solutions of (A6) are difficult and we solve the 

integrals numerically by approximating the integration with the 

trapezoidal method. A family of variance plots for ȿ‰ȿ “ and 

LSE ‎ɴ πȟςς is given in Fig. 5(a) and the corresponding 

family of expected value plots is given in Fig. 5(b). One can see 

that the variance and expected value of • depend on the true 

phase and their shapes considerably differ from the typically 

assumed asymptotic model (given by black solid lines). The 

plots of expected values show high bias for small amplitudes in 

the sensed scene. This bias cannot be compensated in any direct 

denoising approach. Even an ideal denoising method applied on 

the phase modality, for example averaging of numerous 

temporal phase realizations, would produce a biased output ï 

the range estimate would be smaller than it really is. 

The effect is illustrated in Fig. 5(c) and Fig. 5(d). The black 

squares of a chess board are in LSE (‎ͯ υ), and the white squares 

are in normal sensing (‎ͯ ςυ). The denoised map is obtained by 

averaging of φππ temporally captured realizations of the same 

static scene. On both phase maps, the black squares appear 

extruded. 

The above effect has been observed in some works and 

referred to as ñintensity-related distance errorò [25], [38]. Our 

analysis clearly explains it as related to the noise properties. It 

also demonstrates that typical approaches for direct denoising 

of spatial maps •ὼ are systematically wrong, if the device 

works in LSE. In Section IV we propose a new, indirect, 

denoising approach for such cases based on the above analysis. 

F. Probability distribution model of the amplitude component  

The p.d.f. of the amplitude is given by the expression (A8) 

זּ ”
”

„
ÅØÐ

ρ

ς„
” ꜝ )

ꜝ”

„
ȟ (11) 

where Ὅ denotes the modified Bessel function of zero order 

(A10). A family of plots of ּז ” is shown in Fig. 4(b). The 

expected value and variance of ּז ” are [39] 

‘ %ὃ „
“

ς
,

‎

ς
 

6ÁÒὃ „ ς„ ꜝ ὒ , 

(12) 

where L ‒ ÅØÐ‒Ⱦς ρ ‒) ‒Ὅ . The 

formulas (12) suggest, that only in the case of relatively high 

values of ꜝ  leading to e.g. ‎ ‎ , one gets close to the 

asymptotic solution (5) 

‘ ꜝ ρ ,ꜝ „ „ ρ „ . (13) 

Equation (12) shows also that the variance of the amplitude is 

not constant but signal-dependent, as function of the scene 

reflectance and the expected value is biased in relation with the 

std value „. Illustrative examples for the standard deviation 

(std) „ and the expected value ‘ as functions of ꜝ  for a typical 

„ are given in Fig. 6. The figure reveals that the amplitude in 

the LSE varies with a smaller noise std in comparison to the raw 

data components, which are considered varying with constant 

std „ (the red dashed line in the figure). On one hand this is 

good: it says that it is better the use a denoised amplitude for 

guidance, and not the noisy one, as in most of the current 

methods. On the other hand, Fig. 6(b) suggests that in any case 

the denoised amplitude will remain biased, so its use is not 

universal and should be applied with care.  

G. Probability distribution properties of a vector with random 

phase and fixed amplitude 

Let us consider that ὃ  is the denoised value ὃ and holds the 

properties of its expected value (c.f. (b)), ὃ ‘. In order to 

motivate its proper use for further processing, we combine it 

with the noisy phase • having p.d.f. ּז — to a new complex 

random variable ╩  ὃÅØÐὮ•, illustrated in Fig. (a). We 

derive the probability distribution properties of this variable by 

considering directional (or circular) statistics [40]. The complex 

vector of moments for the circular distribution of a unitary 

 
Fig. 5. Statistics of noisy phase • in LSE for „ ρπ, ‎

ꜝ
ᶰπȟςς, 

‰‭πȟ“: a) Variance „ , b) Expected value ‘ , c) Noisy phase •ὼ (left 

upper) and amplitude ὃὼ (right lower), black squaresô ‎ͯ υ, white squaresô 
‎ͯ ςυ, d) • ὼ denoised by calculating pixel-wise temporal arithmetic mean. 
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Fig. 6. Statistics of the amplitude for „ ρπ: a) std „ ꜝȟ„ and b) expected 

value ‘ ꜝȟ„. 
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random vector ╤ ÅØÐὮ• is defined as 

הּ ᷿ זּ —ὩὼὴὮ—ὲὨ—ȟ  (14) 

where ɩ is an interval of length ς“. The vector of first moment 

(mean or raw vector) Ὑᶰᴇ is denoted as 

%ÅØÐὮ• הּ Ὑ 

%ÅØÐὮ• Ὑȟ 
(15) 

where ϽӶ  is a complex conjugate operator. The variance of the 

complex vector ╤ can be easily calculated utilizing the 

following operator properties 

6ÁÒ╤ „ 6ÁÒÅØÐὮ•  

% ὩὼὴὮ• Ὑ Ὡὼὴ• Ὑ  

%ρ ὙÅØÐὮ• ὙὙ ὙÅØÐὮ•  

ρ ὙὙ ὙὙ ὙὙ ρ ȿὙȿ. 

(16) 

Because of the symmetry of ּז —, wrapping it on a circle 

and calculating the integral (14) eliminates the risk of getting 

wrong expected value caused by phase wrapping. That is, the 

result for Ὑ cannot be influenced by any phase-wrap effect and 

the direction of Ὑ will estimate the true phase ‰ ÁÒÇὙ. The 

resulted amplitude of Ὑ is always equal or smaller than one, 

ȿὙȿ 1. Finally, for the complex vector ╩ᴂ, the variance has the 

corresponding scaled form 

ὠὥὶ╩ᴂ „╩ ὃὠὥὶ╤ ὃ ρ ȿὙȿ Ȣ (17) 

The variance behavior is given by the std plot in Fig. (b). The 

std is near constant for the most of the amplitude range and 

sharply fades to zero for ‎ ρ. This suggests no signal 

dependency of the noise variance for a wide range of input 

amplitudes. Fig. (c), (d) exemplifies the biased nature of the 

calculated scaled raw vector amplitude, ὃȿὙȿ for different 

noise levels, in linear and log-scale. 

IV.  DENOISING TECHNIQUE SPECIFIC TO LOW-SENSING 

ENVIRONMENT OF TOF DATA  

In this section, we propose an approach for denoising ToF 

data acquired in LSE, utilizing the noise analysis carried out in 

Section III. The proposed approach is illustrated by the flow 

diagram in Fig. . The preliminary step is to remove the FPN as 

discussed in [10]. Then the signal modalities ὃ, •, ὅ from the 

FPN-free raw input vector ╠ are computed. In the second step, 

a denoised amplitude map ὃ ὼ is obtained.  

Then, in the main step, a complex-valued map ╩ὼ

 ὃὼÅØÐὮ•ὼ  is denoised by patch-based non-local 

denoising. This step requires search for similar patches to be 

grouped together. The search is performed on the complex-

valued map combining the denoised amplitude and noisy phase 

Ὓ ὼ ὤ ὼ ὃ ὼÅØÐ Ὦ•ὼ . Then, the map estimates 

of phase are obtained • ὼ ÁÒÇ ╩ ὼ . The main step can be 

iterated optionally. Each of these steps is motivated and 

discussed in more detail in the following sections. 

A. Non-local means denoising 

We adopt non-local means (NLM) as our main denoising tool 

since it is known for providing a solution converging to the 

expected value related with the p.d.f. of the random process 

[17], [41]. Consider a general signal noise mixture model 

             ᾀὼ Ùὼ –ὼȟὼɴ ɯṒᴚ (18) 

where ᾀȡɯᴼᴇ is the real or complex-valued noisy observation, 

ώȡɯO ᴇ is the information signal of interest and –ȡɯO ᴇ is i.i.d. 

white noise with Gaussian distribution, –Ḑﬞ ‘ȟ„ .  

The general idea is to find and stack similar patches together 

and utilize their closeness as weights in a filtering process based 

on weighted averaging. Patches are extracted from a similarity 

map ὛȡɯO ᴇ. Usually, it is the noisy image itself, Ὓὼ ᾀὼ, 

however it can come also from another modality. A patch 

around a pixel ὼ is formed as ▬ ‡ Ὓὼ ‡, ‡ɴ ɰ, where ɰ 

is a neighborhood (e.g. a square block). Distances between a 

reference patch ▬  and patches ▬ȟ’ɴ ɱ Ṓɯ within a search 

window ɱ  around the pixel ὼ, are determined as  

Ὠὼȟ’ 
ρ

ȿɰȿ
▬Ѝ▓ ▬Ѝ▓ ȟ (19) 

where k is a window with non-negative coefficients (e.g. 

Gaussian). The centered pixel of the reference patch is filtered 

as a weighted average of the pixels within the search window 

ώὼ В ″ὼȟ’ᾀ’ᶰ ȟ where 

″ὼȟ’ ÅØÐ
Ὠὼȟ’

ςὬ
Ⱦ ÅØÐ

Ὠὼȟ’

ςὬᶰ
 

(20) 

and Ὤ is a parameter associated with noise variance. 

The proper way to filter ToF data in LSE is to apply the NLM 

denoising on the map ╩ὼ ὃὼ ÅØÐὮ•ὼ , since the 

complex-valued pixels exhibit Gaussian distribution. At the 

same time the similarity search for extracting and comparing 

 
Fig. 8. Flow diagram of proposed denoising scheme. 
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patches is to be performed on the map ╩ ὼ

ὃ ὼ ÅØÐὮ•ὼ , where ὃ ὼ is a denoised version of ὃὼ. 

The noise variance of the pixels of ╩ is expected to behave as 

in Fig. (b), being constant for wide range of amplitudes and 

fading for small amplitudes. Thus, the complex map ╩ᴂὼ is 

expected to provide the best SNR in the LSE case and is best 

suited for similarity search in complex domain. Not only will it 

distinguish textures but will also handle phase-wrap situations 

since it is not affected by phase wrapping artifacts. The stability 

of the noise variance allows also to fix the NLM filtering 

parameter Ὤ for all amplitudes and depth ranges of a particular 

ToF device. 

B. Pre-filtering of amplitude modality map 

We need the denoised version of the amplitude ὃ ὼ to form 

the complex image ╩ ὼ  ὃÅØÐὮ•ὼ . Though a direct 

denoising of ὃὼ would result in a biased output, its specific 

probability distribution suggests that we can safely utilize that 

biased result. With reference to (12) and Fig. 6(b)), the bias 

trend in the expected value is significant only for very low 

sensed amplitudes (‎Ṃρ) and is strictly monotonic. The output 

values are unique for the ground true amplitudes. Furthermore, 

for the same LSE case, the variance „ fades to zero and makes 

ὃ ὼ even more useful.  

The amplitude map ὃὼ  is denoised by NLM in two 

iteration steps. In the first iteration, the input is directly used as 

a similarity search map Ὓ ὼ ὃὼ. In the second iteration, 

the similarity search map is updated as Ὓ ὼ

Ὢὃ ὼȟὃὼ . The update is done by regularization referred 

to as ñtwicingò [42]. An example of the denoised output ὃ ὼ 

is shown in Fig. 7, where it can be seen, also visually, that the 

iteratively denoised amplitudes are very close in contrast and 

details to the GT amplitude ꜝ ὼ.  

C. Denoising of complex-valued image  

We denote the process by ╩ ὼ ὔὒὓ╩ὼȟὛ ὼ , where 

╩  is the denoised version of ╩ using the similarity map 

Ὓ ὼ ╩ᴂὼ. The filtered maps for amplitude and phase are 

obtained from the denoised vector at the current iteration n, as 

ὃ ὼ ╩ ὼ  and • ὼ ÁÒÇ╩ ὼ . The new ὃ  is 

a refined, less biased amplitude thus good for updating the 

similarity search map Ὓ ὼ Ὢ╩ ὼȟ╩ ὼ  by 

implementing a ñtwicingò regularization [42].  

V. EXPERIMENTS AND RESULTS 

Our experiments illustrate two main aspects concerning the 

noise in a real ToF device. First, we demonstrate that the 

derived probability models for ToF data are correct and 

adequately represent the processes in a ToF device. Second, we 

quantify the performance of the proposed denoising method by 

comparing it to the state-of-the-art methods. The experiments 

are performed on a number of scenes that exhibit all LSE 

specific sensing artifacts. 

A. Probability distribution of a real ToF camera 

For the purposes of our experiments we select a popular 

device ï Photonic Mixer Device (PMD) CamCube 2.0 by 

PMDTecTM [6]. For acquiring empirical observations, we 

follow the observation methodology in [43]. Specifically, we 

have recorded a number of image sets, ρςππ observations each. 

An ñobservationò includes a full period of ὗ† containing four 

phase frames ὗ ὼȟὗ ὼȟὗ ὼȟὗ ὼ. The measured scene is 

static frontally-facing wall colored in non-glossy solid paint.  

Each set is sensed by applying a particular integration time Ὅᶰ

υπȟρτππ  ‘ί taken with ɝὍ=5‘ί incremental step (i.e. ςχρ 

integration times forming ςχρ sets of observations). Pixel-wise 

temporally averaged ὗôs are used to calculate the ñground 

trueò .ꜝ By varying the integration time, we get a wide set of 

amplitudes also representing LSE. For each set, a sliding block 

of χ χ pixels was used to empirically estimate the parameters 

described further in the subsection. 

 
Fig. 8. Observation data for PMD CamCube 2.0 device and proposed 

theoretical model: a) std „ and „, b) zoomed region for ꜝ ςρπ  ‎ ‎  

with sqrt covariance ‒ plot, c) std  „ (along with „ plot),  d) expected value 

of amplitude ‘. 
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Fig. 7. Example of LSE amplitude map denoising: a) noisy input ὃὼ, b) 

filtered output ὃ ὼ, c) filtered output ὃ ὼ, after ñtwicingò 

regularization, d) GT ꜝ ὼ. 
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Correlation between raw data. First, we check whether there 

is some correlation between ὗôs by calculating the covariance 

matrix between them [26]. The variance „  is calculated as an 

average of the diagonal elements and sampling covariance ‒ is 

calculated as an average of the non-diagonal elements in the 

resulted covariance matrix. The result suggests that for LSE the 

covariance ‒ between ὗôs is between τπȟςππ times smaller 

than the data variance itself (c.f. Fig. 8(b)), which supports the 

assumption of near independent data samples ὗ  [8].    

Standard deviation of raw data. The PMD device employs a 

photo-sensor of complementary metalïoxideïsemiconductor 

(CMOS) technology, which implies that captured data exhibits 

properties of Poissonian-Gaussian mixtures. After acquiring 

raw data, we remove the FPN pedestal and then calculate and 

plot the std value „ against GT amplitude ꜝ, as shown in Fig. 

8(a),(b). One can observe a dependence which is typical for 

Poissonian noise influence [43] and which can be modelled by 

a polynomial of low degree, in our case by a linear function 

„ Ὢꜝ ‗ ‗ꜝȢ (21) 

Standard deviation of Cartesian components. For our 

experimental analysis, we are mainly interested in the 

probability properties of vector components ‌ȟ‍ (6) 

„ „ 6ÁÒ‌
Ѝ

, where 

6ÁÒ‌  6ÁÒὗ ὗ Ⱦς 6ÁÒὗ 6ÁÒὗ „ . 

This is illustrated by the empirical observations in Fig. 8(a),(b) 

where the blue dots represents stds calculated from noisy ‌ȟ‍ 

and the black dashed lines represent the linear fit based on the 

linear noise model „ (21).   

Mean and standard deviation of measured amplitude. The 

raw measurements ὗꜝ  are used to calculate amplitudes ὃ, 

their expected values ‘ and deviations „. These are drawn in 

Fig. 8(c),(d) along with the models derived in Section III.F.  We 

use the polynomial fit for „ in  (21)  to find „ „ „ needed 

for the models (12). The fitted curves based on that model 

follow very nicely the empirical values, thus confirming the 

models of  ‘ and „derived in (12). 

Depth measurement error. Usually, a maximum error in 

measuring depth ῴ  is specified in technical manuals 

assuming normal operating mode. Correspondingly, an LSE 

existence is assumed when the measurement error Ὁ , exceeds 

the pre-specified one 

Ὁ ȿὈ Ὀ ȿ ῴ  (22) 

For the device at hand, ɞ πȢπυ ά (or πȢπτς ὙὥὨί) [10]. This 

corresponds to ꜝ ὼ ςρπ units. The std of raw data for such 

amplitudes is „ ρς, as seen in Fig. 8(b). This evidence 

complies very well with our earlier assumption of LSE 

quantified by ‎ , as discussed in Section III.E. 

Mean and standard deviation of measured phase. For the 

case of probability properties of the phase, we have plotted a 

dense observation data for its variance and expected values 

covering range ‰ᶰπȟ“ and ꜝ ᶰπȢτȟςρπ. We specifically 

plot the variance instead of std, in order to be able to compare 

the curves with the models in Fig. 5. The experimental plots are 

given in Fig. 9, where both 3D and ñen-faceò plots are shown. 

Comparing with Fig. 5, one can see that the theoretical model 

predicts very precisely the observation data with minor 

exceptions for expected values in very low amplitudes and very 

near wrap boundaries ‰ “. Final experiments for the same 

observation data are related to the probability model of the 

complex vector with true amplitude ╩ ꜝÅØÐ Ὦ•. The 

corresponding plot is shown in Fig. 10(a) and suggests that the 

provided model is  entirely representative of and demonstrates 

the predicted variance stabilization effect from the theoretical 

analysis (see subsection III.G and Fig. b therein). We also 

include plot data for the calculated phase values ‰ ÁÒÇ ‘╩ . It 

is expected that those should follow the GT value ‰. The 

observation plot in Fig. 10(b) suggests that this is true except 

for very small amplitudes ὃ ψ, where the estimated phase 

value starts to deviate up to πͯȢπτυ ὙὥὨί. Nevertheless, this is 

comparable to the stated operating error for the device (22). 

Furthermore, we show in Fig. 11(a),(b) a comparison between 

temporal averaged frames of a chess-board for phase maps 

represented by ‰ὼ and ‘ ὼ. It is easily distinguishable, that 

the estimation accuracy is greatly improved (c.f. Fig. 5(d) for 

 
Fig. 9. Experimental plots for observation data for: a) variance „ , b) and its 

ñen-faceò projection, c) expected value ‘ , and d) its ñen-faceò projection. 
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Fig. 10. Experimental plots of observation data for pre-filtered vector ╩ᴂ: a) std 

„╩, b) angle error for phase calculated from ╩ᴂ, ‰ ‰, ‰ ÁÒÇ ‘╩ . 
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Fig. 11. Resulted maps for a pixel-wise temporal arithmetic mean of a chess-

board scene (φππ frames) for phase c) ‘ ὼ and d) phase calculated from 

 ╩ᴂ, ‰ὼ = ÁÒÇ ‘╩ ὼ . 

 

 














