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Abstract—The grid-forming mode of the voltage source
inverters (VSI) is applied in uninterruptible power supplies
and micro-grids to improve the reliability of electricity
distribution. During the intentional islanding of an inverter-
based micro-grid, the grid-forming inverters (GFI) are
responsible for voltage control, similarly as in the case of
uninterruptible power supplies (UPS). The unterminated
model of GFI can be developed by considering the load as an
ideal current sink. Thus, the load impedance always affects
the dynamic behavior of the GFI. This paper proposes
a method, to analyze how the dynamics of GFI and the
controller design are affected by the load. Particularly, how
the frequency response of the voltage loop gain changes
according to the load and, how it can be used to the predict
time-domain step response. The frequency responses that
are measured from a hardware-in-the-loop simulator are
used to verify and illustrate explicitly the load effect.

Keywords—grid-forming inverter, dynamics, dq-domain,
load effect

I. INTRODUCTION

The recent years have witnessed a huge growth in the
number of installed distributed photovoltaic generation
systems. Distributed generation with an energy storage
system in a micro-grid enables the intentional islanding of
the micro-grid during a failure in the utility network [1],
[2]. If there are no rotating generators in the micro-grid,
the inverters that normally operate in the grid-feeding
mode, have to form the grid during the intentional island-
ing [3]. The dynamics of the grid-forming inverter (GFI)
differ from the dynamics of the grid-feeding inverter. The
grid-forming inverter is a voltage-output converter and the
grid-feeding inverter is a current-output converter [4]. An
ideal current sink as the load of GFI is the basis fo the
dynamic analysis, but the load effect has to be taken into
account.

The importance of modeling the output impedance
of power-electronics-based systems has been widely ad-
dressed [5]-[7]. In order to derive the output impedance,
the output current has to be considered an input variable.
The output impedance has been derived this way in [5].
The output impedance modeled in [5] is verified by
frequency response measurements, but the other transfer
functions are not measured. Dynamics of an LC-filter
has been included to the input admittance of an active
rectifier for the purposes of impedance-based analysis
in [8]. Passive loads have been modeled as a part of
system consisting of grid-connected solar inverter and an
active rectifier in [9]. However, the analysis is focused on
the frequency responses of impedances and the effect of

the filter on control-to-output transfer functions was not
analyzed in [8], [9].

The control-related transfer functions change if the
load is changed from a current sink to a passive or active
load. The output impedance of the grid-forming inverter
has been derived also in [10] and the output current
is considered as an input variable. The unterminated
dynamics are analyzed when the controllers are tuned.
However, the simulation and practical tests are done with
passive and non-linear loads without analyzing the load
effect to the control loops. In [11] the output current of
a single-phase system is considered as an input variable
and the unterminated model is used to derive the transfer
functions. The time-domain behavior is tested under a
resistive load and a non-linear load. However, the load
effect on the loop gains is not shown.

A load-affected transfer function is directly derived
in phase domain in [1]. However, no frequency-response
verification is presented. A dynamic model of a passive
load is derived in [12], but it is not used for frequency re-
sponse analysis of the system. In [2] the load is analyzed
in the dg-domain and included in the system model, but
frequency response analysis is missing. A passive load has
been addressed also in [13] and [14], but no frequency
responses are analyzed.

This paper proposes a method, that can be used to
analyze the load effect on the unterminated dynamics of
GFI in the frequency domain. The rest of the paper is
organized as follows: Section II introduces the modeling
of the unterminated dynamics of the three-phase grid-
forming inverter in dq-domain. Section III examines the
load effect on the dynamics of GFI. Frequency response
analysis of the load effect is used to tune the controllers
and to predict the time-domain response in Section IV.
The conclusions are finally presented in Section V.

II. UNTERMINATED SMALL-SIGNAL MODEL

The used averaging and linearizing method originates
from the work of Middlebrook [15]. Figure 1 shows the
circuit diagram of a three-phase grid-forming inverter.
The load is assumed to be an ideal three phase current
sink in the dynamic analysis. Thus, the grid inductance or
load side inductors of the LCLfilter cannot be included
in the unterminated models due to violation of Kirchoff’s
law. Output impedance of the grid-forming inverter and
the other input-to-output transfer function can be derived
by analyzing the power stage in Fig. 1. The input variables
are input voltage, duty-ratios and output currents. The
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Figure 1.  Circuit diagram of the grid-forming inverter including a
simplified control system.

output variables are input current, inductor currents and
output voltages. The inductor currents are chosen as
output variables, because they are commonly needed in
the cascaded control of the output voltage.

A state-space model of the grid-forming inverter is
derived. The capacitor voltages and inductor currents
are chosen as the state variables. Modeling in the syn-
chronous reference frame is applied. For brevity, the
equations are shown directly in the synchronous reference
frame (DQ-frame). In the following equations, subscripts
d and q denote whether the corresponding variable is
either the direct or quadrature component. i, is the
inductor current, ¢, the output current, d the duty ratio, vjy
the input voltage, vcr the filter capacitor voltage, i;, the
input current. Angle brackets around the variables in (1)-
(7) denote that equations are averaged over one switching
period. Thus, on and off-time equations are not shown
separately.

3
{iin) = & (da {iva) + do (iLa)) o
d 1
<clll‘;d> = 7 [da () = (rv + 7w + Ra) {iva) )
+ wyirg + Ra (ioa) — (vora)]
40 1 .
SI{Q> = 7 [da (vin) = (o + 7w + Ra) (i) 5
— wsird + Ry <i0q> - <UCfQ>]
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% Ty [(iLa) +wsvetg — (foa)] (4
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<foq> - Cr [(iLq) — wsvctd — (foq)] ©)

(Vod) = (vcta) + Ra (ina) — Rd (ioa) (6)

<qu> = <vaq> + Rq <iLq> — Ry <ioq> ) @)

where Cy, L, d, 75, and ws denote filter capacitor, filter
inductor, duty ratio, parasitic resistance of a switch, grid
angular frequency, respectively. 7, is the equivalent series
resistance of the filter inductor. The damping resistance
that includes the filter capacitor equivalent series resis-
tance is denoted by Rp. Capital letters denote steady-
state values at the operating point.

Equations (1)—(7) are linearized at the steady-state op-
eration point and transformed into the frequency domain.
The linearized equations are expressed by coefficient
matrices A, B, C and D , input variable vector U,
output variable vector Y and state variable vector X.
Equation (8) shows the state space after transformation
to frequency domain using the Laplace variable ’s’ and
the output and input variable vectors are shown in (9) and
(10), respectively.

sX (s) = AX(s) +BU (s)

8
Y (s) = CX (s) + DU (s) @)
The coefficient matrices are shown in (11)—(14).
R . R T
Y = [ Z'in iLd iLq /OOd 'f)oq ] (9)
R ) R 4T
U= |: ’{}in iod Z'oq dd dq :| (10)
—% Ws —% 0
—w Teq 0 _1
A= ° L L 11
Z0 0w an
0 Cif —ws 0
% a0 Moo
Dq 0 Rq 0 Vin
_ L L L
B 0 - 0 0 0 (12)
1
0 0 - 0 0
3D 3D,
5 2 0 0
1 0 0 0
C= 0 1 00 (13)
Ry 0 1 0
0 Ry 0 1
0 0 0 3 3a
0 0 0 0 0
D=]0 o0 0 0 0 ) (14)
0 —Rg 0 0 0
0 0 — R4 0 0

where 7oy denotes 71, + 75w + Rq. The transfer functions
from the inputs to the outputs can be solved as shown
in (15).
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Figure 2. Circuit diagram of the grid-forming inverter including the

load-side inductor and a resistive load or alternatively a RLC-load.

G

Y (s) = (C(sI ~A) B+ D) U(s), (15

where matrix G contains the transfer functions. Different
transfer functions can be collected from the matrix as
shown in (16).

Yvi Toid Toiq C7'cid CTvciq
Giord Gord  Gorgd Gernd  Gergd
GioLq Goqu GoLq Gchq Gch (16)
Giod —Z4od - Zoqd Gcod Gcoqd
Gioq _Zodq _Zoq Gcodq Gcoq

In this paper the transfer functions are merged into
transfer matrices [5], [16]. Equation (17) shows the
transfer matrices that were solved in (15) and the corre-
sponding input and output variables. Hats over the input
and output variables denote small-signal variables. Input
voltage and input current are scalar variables and their
small signal dependency is denoted by Yj,. The input and
output variables that are collected into 2-by-1 vectors are
shown in (18).

Tin Yin Toi Gcl Vin
i, | =] G Go. GeL io (17)
\AIO Gio Zo Gco d
A ~ ~ T . ~ N T
1L = [ Ld lLq ] Vo = [ Vod Voq ]
N (18)
b = [ %0d oq ] d= |: d dq :|

III. LOAD EFFECT

Grid-feeding inverters are commonly equipped with
an LCL-filter. It is assumed that an inverter that is used
in the grid-feeding mode will be used also in the grid-
forming mode. In the case of grid-feeding inverters, load
impedances have been included in the model in [17]
and analytical equations for generalized source and load
interactions are shown in [4]. The effect of load dynamics
on the unterminated dynamics has been analyzed in the
case of DC-DC converters in [18]. Fig. 2 shows a circuit
diagram of the grid-forming inverter, where the load is a
resistor or alternatively a parallel RLC-load (as depicted

Figure 3. An equivalent small-signal circuit that has been widely used
to analyze to impedance based stability.

using dashed lines). The load-side inductor is taken into
account in the model. In the unterminated model in Fig. 1
the load-side inductor is not included, because the series
connection of an inductor and current sink is inconsistent
according to circuit theory.

Fig. 3 shows an equivalent small-signal circuit of two
interconnected systems. Very similar circuits have been
widely used in the literature for impedance-based stability
analysis [7], [9], [19], [20]. Variables v¢ and j, denote
small-signal source voltage and load current, respectively.
However, they do not indicate, how the voltage and
current are dependent on the inverter input parameters.
In following, the general voltage source is replace by
the control-to-output transfer function matrices so that the
load-affected transfer functions can be solved.

The output dynamics of the grid-forming inverter are
shown as an equivalent linear circuit in Fig. 4(a) which
corresponds to the equation of V,, in (17) that is developed
from the case the load is an ideal current sink in Fig. 1.
However, the load effect of the load-side inductor, its ESR
and the load resistor in Fig. 2 must be taken into account.
Figure 4(b) shows the output dynamics model, where the
load impedance Zj,,q and the impedance of the load-side
inductor Zr,o are included. The transfer functions for the
load and the inductor impedance are derived similarly
as the unterminated model. Appendix A shows the state-
space coefficient matrices that are used to solve as the
admittance matrix of the grid-side inductor. The inverse
of the admittance matrix is Zrs. Appendix B shows the
coefficient matrices for the RLC-load. Equations for the
small-signal output voltage v, are written for the both
circuits in Figs. 4(a) and 4(b). The equations are shown
in (19) and (20), respectively.

Vo = Giobin — Zolo + Geod (19)

Vo = Ziolo + Zioadio — Zioadjo (20)

(d)

Figure 4. a) Output dynamics and b) load-affected output dynamics.



Small-signal output current vector i, is solved from (20).
The solution is shown in (21).

io :(ZLQ + Zload)_l‘}o (21)
+ (ZLQ + Zload>_1zloadjo

Eq. (22) shows the result when io in (21) is substituted
to (19). The (I + Zo(Zr2 + Zioaa) 1)~ ! is the common
factor in all of the equations. The load-affected control-
to-output transfer functions are collected from the bot-
tom row of the matrix in (27). The transfer functions
from j, to v, could be also manipulated to (23). This
format shows that the small-signal current i, is solved
analogously to circuit theory by dividing j, according to
the impedances and the multiplying by —Z, to solve the
output voltage v,.

‘A/'o :(I + Zo(ZL2 + Zload)_l)—l
(Gioﬁin - ZO(ZL2 + Zload)_lzloadjo (22)
+ Geod)

Vo = _(Zo + 2o+ Zload)_lzloadzojo (23)

The control-to-output voltage transfer function GL
can be solved also directly from the load affected output
dynamics diagram in Fig. 4(b). The load affected circuit
can be understood as a voltage divider, which divides
the small-signal voltage caused by G, or Gj, over the
impedances Z,, Zro and Zj,,q. A very similar equations
has been analyzed in [19], [20]. However, in [19], [20] the
equations are derived in the case of an arbitrary voltage
source as in Fig. 3 — not in the case of input-output
dynamics of the converter.

The remaining load-affected transfer functions in (27)
are solved by substituting i, in (17) by (21) as shown in
(24) and then substituting v, by (22). Solving for i1y and
ir, as a function of ¥y, jo and d gives the load affected
transfer functions. Equation (25) shows the result in the
case of inductor current. Load-affected output transfer
functions G, G and GL are used for brevity in (25)
instead of using the expression in (22). The load affected
input current dynamics (26) can be solved similarly as
the load affected inductor current dynamics.

in, =GiLtin + Gor((Zra + Zioad) Vo

1 s - (24)
+ (ZLQ + Zload) Zload.]o) + Gch
ip =(GiL, + GoL(Zr2 + Zioaa) ' GE) iy
=+ (GCL + GoL(ZLQ + Zload)_ngo)a (25)

+ GOL((ZL2 + Zload)_lzload
- ((ZLQ + Zload)_l(_Gg)»jO

iin :<}/1n + Toi<ZL2 + Zload)_lGiI:;)@in
+ (Gci + Toi(ZLZ + Zload)ingo))g1

1 (26)
+ Toi((ZL2 + Zload) Zload)
- ((ZL2 + Zload)_l(_Gg)»jo
tin V" TL  GL in
iL | =| G Gg Gg j;) @7
Vo GiIE —G(L; GI;O d

The resulting load-affected dynamics can be expressed
as shown in (27), where superscript L denotes that the
transfer functions are affected by the load impedance. It
should be noted that j, replaces i, as an input variable
as it can be seen from Fig. 4(b). Since j, and v, are not
defined at an interface according to the definition of an
impedance, a transfer function matrix GL is used instead
of an impedance matrix.

References [21] and [22] have pointed out that
the impedances of interconnected three-phase systems
should be shifted to a global reference frame to enable
impedance-based stability analysis. However, the load
impedance matrix of the pure resistive load and the RLC-
load analyzed in this paper are symmetric, which means
that no impedance shifting is required.

IV. FREQUENCY RESPONSE ANALYSIS

The parameters and the operating point values of
the grid-forming inverter are shown in Tables I and II.
The resistive load in Fig. 2 is considered first. Fig. 6
shows both the frequency response given by analytical
model G%_; and the frequency response measured from a
hardware-in-the-loop simulator. G(I;Od is the transfer func-
tion from the duty ratio d-component to the output voltage
d-component, which has major importance for control
design. The resistive load Rjyaq is chosen according to
(28) so that nominal operation point is maintained. Eq.
(29) shows, how the load impedance matrix is defined in
the case of the resistive load.

Vo
Rigad = 7 4 e (28)
od
_ Rload 0
Zload - |: 0 Rload :| (29)
Table 1. INVERTER PARAMETER VALUES
Parameter Value Parameter  Value
L 1.4 mH L 25 mf)
L2 0.47 mH L2 22 m§2
Ct 10 uF Ry 1.96 Q)
fs 10 kHz Tsw 10 m)
Ws 2760 Hz




Table II. OPERATING POINT VALUES

Parameter Value Parameter Value

Voa 1697V Voq  0.0000V
Ioq 1964 A I,  0.0000 A

I1q 19.65 A I1q 0.6397 A
Vesa 169.7 V Veeg -1.254 'V
Vi 416.0 V I; 16.93 A
Dy 0.4088 Dy 0.0250

The correlation between the measured and predicted
based frequency responses in Fig. 6 confirms that the pro-
posed model is correct. The mainly resistive load damps
the resonance caused by the LC-filter. The instruments
utilized in the measurements were Typhoon HIL -real
time simulator, Boombox control platform from Imperix
and Venable frequency response analyzer. A photograph
of the HIL simulation setup is shown in Fig. 5. An
oscilloscope was used additionally.

/

Typhodn HIL -real time simulator

= — — —

Venable frequency response analyzer |

Figure 5. Real-time simulation setup: PC, Venable frequency response
analyzer, Boombox control platform, and Typhoon HIL -real time
simulator.

Taking advantage of the steps to derive the load-
affected transfer function, the load effect can be also
removed from the frequency response. Eq. (30) shows,
how G, can be calculated if the load-affected transfer
function matrix, GL is known from measurements, i.e.,
the unterminated dynamic model can be solved even if
the load is not an ideal current sink.

Geo = (T4 Zo(Z1a + Ziona) )Gl (30)

Fig. 6 shows also a comparison between the derived Geoq
in (17) and the transfer function calculated according to
(30). Goq corresponds to the situation of Fig. 1, where
the load is an ideal current sink. Thus, the ideal transfer
functions can be illustrated even though, the converter
is affected by the load impedance. Assuming that the
impedance matrices Z,, Zi,2 and Zi,,,q are known.

A cascaded controller is commonly used to control the
output voltage of the grid-forming inverter [5], [23], [24].
The controller consists of the inner inductor current loop

and outer output voltage loop. The controller is tuned ac-
cording to the control-to-inductor-current and control-to-
output voltage transfer functions affected by the R-load.
Fig. 7 shows the measured and model-based frequency
response of the G1 ;. The unterminated control-to-current
d-component G1,q is also shown in Fig. 7. The resistive
load clearly damps the resonance and increases the low-
frequency gain, which greatly simplifies the tuning of the
current controller. The current controller G.. is a PI-
controller. Consisting of an integrator, a zero at 1 kHz
and a gain of 36.8 dB.

Fig. 8 shows the frequency response of the full-order
current loop gain LESCd. The phase margin is 65.4 °at
551 Hz. The gain margin is 8.51 dB. The full-order
current loop gain includes the cross-coupling between d
and g-components. The loop gain is given in (31) and it
has been derived in [4]. The delay caused by sampling
and PWM is 1.5 1/f; and it is modeled by a third order
Padé approximation [16]. The delay transfer function is
omitted for brevity from (31), but it is shown in (32) and
in completed block diagram of the system in Fig. 11.

LFO Gl G - CetanCeiat g 31)
outCd cLd™cc 1+GICJLchc ccee

The matrix current loop gain is shown in (32).

LoutC = GCLGdechcheC (32)

The current loop is closed in (33) and (34) shows, how
the inductor current reference-to-output voltage transfer
function G{¢ is calculated. Superscript ’sec’ denotes
secondary and means that the secondary control loop (i.e.
current loop) is closed. Gog is used to tune the voltage
controller. Fig. 11 shows the control block diagram of
the complete system. The block diagram can be used
to calculate also other closed-loop transfer functions and
loop gains.
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Fig. 9 shows the simulated and the frequency response of
the analytic voltage loop gain LOFSV 4 (35) and the model
of G¥4. The crossover frequency the voltage loop is
53.9 Hz and the phase margin is 93.5 °when the load
is pure resistance. The voltage controller G, consists of
an integrator, a zero at 200 Hz, a pole at 600 Hz and a

gain of 31.6 dB.

The cascaded controller is kept unchanged, but the
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load is changed to the RLC-load that is similar to the
RLC-load used in [13]. Ly, and Cf}, are 4.584 mH and
1.535 mF, respectively. The resonance frequency is at
around 60 Hz as in [13]. 30 m{Q resistances ry, and rcr,
are connected in series with the parallel capacitance and
inductance, respectively. Rp, of the parallel load equals
Rioad, the load of the first case. Figure 10 shows also the
frequency response of the voltage loop in this case. It can
be seen that the crossover frequency is 16.5 Hz and the
phase margin is reduced to 26.7 °. The low phase margin
indicates that there will be oscillation in the step response
of the system.

A step response comparison by using the R and RLC-
loads is done. The system is simulated in Typhoon HIL
as in the case of frequency-domain measurement. An
oscilloscope is connected to the analog outputs of Imperix
Boombox to analyze the response in detail in dq-domain.
Fig. 12 shows the output voltage response to a step



Control block diagram of the closed-loop system.

Figure 11.

change in the voltage reference d-component as the R-
load is used. The step is from 155 V to the nominal
amplitude 169,7 V. There is no overshoot or oscillation
in the response. The response with the RLC-load as the
controller remains unchanged is also shown in Fig. 12. A
significant overshoot and decaying oscillation is present
in the response.

The model is used to retune the controllers so that a
proper step-response is achieved with the RLC-load. The
current controller pole location is changed to 100 Hz and
the new gain is 24.8 dB. The voltage controller zero is
moved to 5 Hz, two poles are located at 60 Hz and the
new gain is 24.1 dB. Fig. 13 shows the predicted and
HIL-simulated voltage loop gains. The phase margin is
58.2 © at 20.6 Hz. The gain margin is 14 dB at 129 Hz.
The step response in Fig. 14 is good, as the higher phase
margin than with previous controller tuning implies.

The previous analysis shows that the proposed model
can be used to analyze the effect of different loads on
the control dynamics. Frequency responses of the load-
affected transfer functions can be used to predict the time-
domain behavior and to design the controllers according
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Figure 12.  Typhoon HIL simulation of output voltage d and g-
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the RLC-load.
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Figure 14.  Typhoon HIL simulation of output voltage d and g-
component step responses to a reference step with the RLC-load with
the original controller and the controller retuned for RLC-load.

to a specific load or a worst-case scenario.

V. CONCLUSION

This paper proposes a method to model unterminated
dynamics of a grid-forming inverter. The effect of a
non-ideal load is included in the model by calculating,
how the load impedance affects the output dynamics.
Furthermore, the unterminated model of the grid-forming
inverter includes the output impedance that is required to
calculate the load-affected model and an important tool
in the stability analysis of interconnected systems.

The HIL measurements provided in this paper confirm
that the frequency response analysis is a powerful tool for
predicting the time-domain response of the grid-forming
inverter under distinct loads. One possible application of
the proposed modeling technique is to tune the controller
according to a specific load so that a desired time-
domain response is achieved. The model can be also used
to examine worst-case load conditions. The load effect
can be also removed from the measured load affected
frequency response and the unterminated model can be



verified. Future work will concentrate on the on the load-
affected dynamics in the case of an active load, such as
an active rectifier.

APPENDIX A

Eq. (36) shows the grid-side inductor admittance state-

space coefficient matrices.

=Lz =0
_ Lo s _ | I3
Ay = { o ,LT;Q ] B = [ 0 L% }
1 0 0 0
CL2 = |: O 1 :| DL2 - |: O O :|
(36)
APPENDIX B

Eq. (37) shows the RLC-load admittance state-space

coefficient matrices.
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