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Abstract

In this thesis, we examine two case studies. The first case studies how the shape of a
celestial body influences an e [edt caused by light, while the second case analyzes how the
light, in the form of brightness measurements, can give us information about the shapes of
celestial bodies. In the first problem, we discuss an e [edt where sunlight produces a torque
that a [edts the rotational dynamics of small bodies. The e [edt was named YORP, after its
observers Yarkovsky, O’Keefe, Radzievskii and Paddack. We derive analytical formulas for
the YORP torques and a new quantity that expresses the maximum YORP e [edt caused
by the sunlight for a given shape. We called this quantity YORP capacity. In addition,
we estimate the upper bound of the YORP capacity, showing how it is theoretically
unbounded, but for practical shapes, there is an approximate, finite upper bound. We also
study the stability of the YORP e [edt against noise in the shape model, discovering that
the absolute change in YORP capacity remains small with minor shape perturbations, but
the relative change becomes large if the YORP capacity was initially small. Analyzing the
shape models found in an asteroid database, we discovered that a majority of the shapes
is unstable against shape perturbations, while a fraction of the shapes is semistable. The
former case may explain why astronomers have obtained completely di[erknt results on
the YORP e [edt when using shapes with di[erent resolutions. All of the aforementioned
are new results in the field of YORP research.

In the second case, we study an inverse problem where the quality of the data, given
as time series, is so weak that it is no longer possible to reconstruct a model for an
individual target. Therefore, rather than examining single targets, we focus on a large
population of targets, and attempt to obtain information on the population. That is, we
attempt to reconstruct a population-wide model. The characteristics of the population
are described with a distribution function. This approach is completely new in the field
of inverse problems. We discuss the forward model and the inverse problem, showing
that even with weak data and a crude model, it is possible to obtain a unique joint
distribution that gives us information about our two parameters, shape elongation and
spin latitude. The accuracy of the solution is rough, but brings out the information
that can be recovered from the data, and the distribution method is tolerant to data
and model noise. We introduce some applications of the distribution method, such as a
synthetic simulator for estimating the accuracy of the obtained solution, and some ways
to measure the dilerences between the distributions obtained for diCerknt populations.
In addition, we developed a software package that implements the distribution method
and the above-mentioned applications on a user-given asteroid database. The software
package can be used for experimenting with di [erknt populations, and inspecting di [erknt
hypotheses or correlations. For example, we confirmed a previous study that the YORP
e [edt has a noticeable e [edt on the distribution of spin latitudes on a specific asteroid
family.






THvistelma

Téassa vaitoskirjassa tarkastellaan kahta tutkimusongelmaa. Ensimmaisessa tutkitaan,
miten taivaankappaleen muoto vaikuttaa eraan valon aiheuttaman ilmién voimakkuuteen,
ja toisessa tarkastellaan, miten valon avulla (kirkkausmittausten kautta) saadaan tietoa
taivaankappaleiden muodosta. Ensimmadisessa tutkimusongelmassa auringonvalo aiheuttaa
vaantdmomentin, joka vaikuttaa merkittavasti erityisesti pienten kappaleiden pyorimis-
dynamiikkaan. 1Imid sai nimen YORP havaitsijoidensa Yarkovsky, O’Keefe, Radzievskii
ja Paddack mukaan. Vaitoskirjassa johdetaan ilmiéon liittyvat analyyttiset kaavat seka
YORP-kapasiteetti: uusi suure, joka ilmaisee suurimman auringonvalon aiheuttaman
efektin annettua muotoa kohtaan. Lisdksi vaitoskirjassa arvioidaan YORP-kapasiteetin
teoreettista ja kaytanndllistéd ylarajaa ja tutkitaan YORP-ilmion stabiiliutta tapauksessa,
jossa muodon mallinnukseen liittyy kohinaa. Kun erééssa asteroiditietokannassa olevat
muotomallit kaytiin Iapi, havaittiin, ettd suurin osa muodoista on epastabiileja kohinan
suhteen, kun taas noin kolmasosa on semistabiileja. Asteroidien YORP-epéastabiilius se-
littédnee, miksi tahtitieteilijat ovat saaneet tdysin erilaisia tuloksia mallin tarkkuuden
muuttuessa. Kaikki edelld mainitut ovat uusia tuloksia YORP-tutkimuksessa.

Toisessa tutkimuskysymyksessé tarkastellaan inversio-ongelmaa, jossa aikasarjana anne-
tun datan laatu on niin heikkoa, ettd yksittéisille kappaleille ei pysty enda rakentamaan
mallia. Siksi tarkastelu keskittyy yksittaisten kohteiden sijaan suuriin kohdepopulaatioihin,
ja malli pyritaén yksittaisen kappaleen sijaan muodostamaan koko populaatiolle; taman
populaation ominaisuudet kuvataan tiheysfunktion avulla. Téllainen lahestymistapa on
taysin uusi inversio-ongelmien alalla. Vaitdskirjassa johdetaan suoran ongelman malli sek&
inversio-ongelman ratkaisu ja naytetaan, etta heikkotasoisesta datasta ja karkeasta mal-
lista huolimatta voidaan yksikasitteisesti maarittaa yhteisjakauma, jonka kautta saadaan
tietoa tarkasteltavista parametreistd, pitkulaisuudesta ja pydrimissuunnasta. Ratkaisun
tarkkuusluokka on karkea, mutta heikosta datasta saadaan irti kaikki, mika siitd on
palautettavissa, ja lisdksi menetelmé sietdd hyvin datan ja mallin kohinaa. Vaitdskirjas-
sa esitelladn myos distribuutiomenetelmén sovelluksia, kuten synteettinen simulaattori,
joka on ainoa keino estimoida saadun ratkaisun tarkkuutta, sekd komponentti, joka
vertailee eri populaatioista saatuja ratkaisujakaumia keskenaan ja ilmaisee jakaumien
eroja. Tutkimusta varten kehitettiin lisdksi ohjelmistopaketti, joka analysoi kayttajan
antamaa tietokantaa distribuutiomenetelman ja edella mainittujen sovellusten avulla.
Ohjelmistopaketin avulla voi kokeilla erilaisia populaatioita seké testata erilaisia hypo-
teeseja tai korrelaatioita. Esimerkiksi vaitoskirjassa vahvistetaan aiempi tutkimustulos
siitd, ettd YORP-ilmi6 vaikuttaa huomattavasti eréan asteroidiperheen pydrimissuuntien
jakaumaan.






Preface

The research presented in this thesis was carried out in the Laboratory of Mathematics
at Tampere University of Technology (TUT). | started my doctoral studies in the first
half of the year 2012, a few months after graduating as a Master of Science at TUT.
Professor Mikko Kaasalainen, who would later become my supervisor, presented me with
a task of designing an algorithm for generating randomized shapes. Since | had studied
mathematical modelling, as well as some scientific computing during my Master’s degree,
and | was interested in applied mathematics, | found the problem intriguing, and | came
up with some creative ideas on how to implement the shape generator. This eventually
lead to me joining the research group of the Inverse Problems, and also beginning my
doctoral studies.

I would say that the process of doing a dissertation is not linear, or at least it was
anything but linear for me. Instead, | would compare it to the process of digging for
treasure. For a long time, it may seem like you are not doing any progress, the pit you
are digging is only getting deeper, and there seems to be no signs of advancement. Then
you suddenly locate the gold, and after that, your motivation will skyrocket, you will dig
even harder to reach for the treasure, and the rest of the process will be quite smooth and
straightforward. The years 2014-2016 were spent experimenting with several topics in
the field of inverse problems to come up with a central theme for my doctoral thesis, and
there was a long and complicated review process before the first article of the distribution
method, Nortunen et al. (2017), was accepted. However, with the acceptance of the paper
in the early 2017, the remaining articles were submitted and accepted in a quick pace.

Even if this is a frequently repeated remark, | would like to state it here. When 1 finished
high school, I thought I knew almost everything. When | started my first year at the
university, it became obvious to me that this was a misconception. After finishing my
Master’s degree, | realized that | do not know much at all, if anything. During the
process of doing my doctoral thesis, I have studied a field about which most people do
not know anything, and some may not understand the field even if I explained it to them.
Nevertheless, even | do not think that I know everything of my research topic. Much of it
is still beyond my area of expertise or even beyond my understanding. However, the key
is not whether you know or understand everything, but what your attitude is towards
learning. What | have found important is to keep an open attitude of being willing to
learn and try new things, getting to know fields that | had not explored before. I still
have a long way to go even towards mastering this attitude, but walking towards this
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goal is part of the growth.

“How in the midst of all this sorrow can so much hope and love endure? | was
innocent and certain, now I’'m wiser but unsure.”

— from Beauty and the Beast by Walt Disney Pictures, 2017

I would like to express my most sincere gratitude to my supervisor, Professor Mikko
Kaasalainen, for continuous encouragement and valuable comments throughout the
doctoral studies. Many of his writing advice have been very helpful as well. Rather than
writing everything in a linear order, he suggested that | should first focus on the big
picture, and then iteratively proceed towards adding more details. This approach has
worked not only with the doctoral thesis, but other writing occasions as well. 1 am also
grateful for his positive attitude of promoting creativity and innovation. In addition, |
would like to thank the Academy of Finland (through the Centre of Excellence in Inverse
Problems Research, later the Centre of Excellence of Inverse Modelling and Imaging) for
their support, as well as Jenny and Antti Wihuri Foundation for their research funding in
2014-2016.

I would also like to thank the pre-examiners of my doctoral thesis, Professor Erkki
Somersalo and Associate Professor Juha Vierinen, for their valuable comments and
feedback, and for their interest towards my research.

I want to thank my colleagues at workplace. Special thanks belong to Markku Akerblom
and Matti Viikinkoski for numerous practical advice with the doctoral thesis. | want to
thank Pasi Raumonen, Henri Riihiméaki, Sampsa Pursiainen, Mika Takala, Elina Viro
and Kalle Rutanen for our moments and discussions together. Last but not the least, |
would like to thank Kari Suomela for all the humorous and encouraging conversations we
have had during all these years at the Laboratory of Mathematics. For the associates
at Charles University in Prague, | want to thank Josef Durech, Helena Cibulkova and
Josef Hanus for their collaboration, and for generously hosting me on my visits to their
university.

As the dissertation process requires plenty of work and time, it is vital to have something
to counterbalance all the hard work. | am grateful for the students from Hiukkanen;
thank you for having a place where | can wind down after a working day. | want to thank
Jenna Mannoja, Martti Bergstrom and their family for our friendship: Jenna for all the
fun and deep conversations, as well as analyzing Marvel and Lord of the Rings stories,
and Masi for our funny Tichu games and constantly reminding me how mathematicians
cannot count. | would also like to shout “Omstart!” and thank all the friends from
NaasPeksi. With all the academic writing and rationality associated with the dissertation,
I find it extremely important to keep in touch with my emotional and artistic side as well.
The work on our student theater productions has been refreshing and unforgettable, filled
with humor and laughter. Among others, | want to thank Sanna Kallio, Pinja Peltohaka,
Juha Tiihonen, Santtu Laine, Anna-Maria Vuorinen and Heidi Hansen-Haug for all the
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wonderful moments and hardships that we have shared together.

“Light floods through memories, helps me walk my path, I’'ll keep my head up
high. Words of faith and love, your strength gives me hope.”

— from Final Fantasy XII1-2 by Square Enix, 2011

Haluan kiittaa perhettani heidan tuestaan opintojeni aikana. Aidille ja isalle, Leilalle
ja Eerolle, Kiitos siitd, ettd olette jaksaneet uskoa siihen, ettd pystyn suorittamaan
tohtorintutkinnon. Ennen jatko-opintoja mietin pitkaan, etté diplomityd oli paras, mihin
pystyn, eikd minulla osaaminen riittaisi mitenkdén tohtorintutkintoon. Kiitos kuitenkin
siitd, ettd te jaksoitte luottaa kykyihini, vaikken itse aina voinut. Kiitos my®ds siité, etta
olette jaksaneet kestaa vaikeita, stressaantuneita ja vasyneita hetkiani. Haluan myos kiittaa
sisaruksiani ja heidén perheitaéan. Kiitos Kaitsulle, etta olet hoitanut tietokoneongelmiani
ja -asennuksia; sellaiset asiat kuten hajoavat kiintolevyt tai sirkkelin lailla huutava
prosessori- tai takatuuletin vasyttavat yllattavan paljon. Kiitos vield kummitytolleni
Sofialle. Prahan tydmatkaltahan ei voi palata ennen kuin jotain tuliaisia on l8ydetty, ja
Karvinen sieltd lopulta tarttui mukaan lahjaksi Sofialle.

Finally, 1 would like to thank the Lord that | have finished up this doctoral thesis.

Tampere, May 2018

Hari Nortunen
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1 Introduction

This doctoral thesis discusses first a direct problem, and later an inverse problem, in
the field of applied mathematics. Our target of application lies in astronomy, or more
accurately, celestial bodies, such as asteroids. Many of the publications related to this
dissertation are done as an interdisciplinary, collaborative work with the Astronomical
Institute of Charles University in Prague, Czech Republic.

In the direct problem, we discuss the Yarkovsky-O’Keefe-Radzievskii-Paddack (YORP)
e [edt, where sunlight aledts the rotation rate and spin direction of small celestial bodies.
We focus on the relation between the shape and light, that is, what kind of impact the
shape of the body has on the e[edt of the sunlight. We define a new quantity called
YORP capacity. The quantity is dimension-free and depends only on the shape of the
body, and it indicates the maximum e [edt that the light can cause on the body. In our
YORP paper (Kaasalainen and Nortunen, 2013), we additionally derive the analytical
expressions of the YORP torques, both the component that alters the rotation speed of
the body, and one that alters the obliquity; that is, the tilt latitude of the spin direction
with respect to the orbital plane. We also estimate the stability properties of the YORP
e [edt against shape perturbations, examining how the YORP capacity changes with
perturbations applied on the shape either locally or globally. We noticed that asteroids
can be divided into stability classes, where a higher YORP capacity results in a higher
YORP stability.

In the inverse problem, we examine a dilerknt case study in the field of astronomy.
Once again, we focus on the relation between the shape and light, but this time with
the following question: how can we obtain shapes of bodies with the help of light, that
is, brightness measurements? We present a pathological case where the quality of the
brightness data is so weak that it is no longer possible to reconstruct the shape of an
individual body. If the situation is so grim, and information on the shape of individual
asteroids cannot be recovered, our only hope to obtain information is to consider a
population of asteroids, and see if we can recover anything on a population-wide level. We
treat the population as a distribution, and we attempt to reconstruct the density function
describing the shape distribution of the whole population. Naturally, the targets have lost
their identity in the distribution, so even if we can reconstruct the shape distribution of
the population, we will be unable to use the distribution to trace back individual targets
of the population.

We described our method of using population-wide analysis and distribution functions in
Nortunen et al. (2017). In the paper, we constructed the mathematical background of the
problem, and formulated an observable, an estimate of brightness variety, which we obtain
from the brightness measurements of the population. We proved how the inverse problem
has a unique solution, so the joint distribution for the desired characteristics, shape

1



2 Chapter 1. Introduction

elongation and spin latitude, can be uniquely determined. We performed simulations on
synthetic populations where the elongation and latitude distributions were known, and
we discovered that even with our crude model, the joint distribution can be reconstructed
on a rough-scale accuracy, and the approach turned out to be robust; that is, even by
adding noise in the brightness measurements and trying di [erent models, the observable
remained mostly unaledted by the changes.

We tested our method using real astronomical data, using the WISE database in Nortunen
et al. (2017), and the Pan-STARRS1 database in (Cibulkova et al., 2018). In addition,
we created a software package called Latitudes and Elongations of Asteroid Distributions
Estimated Rapidly (LEADER), which can compute the joint shape elongation and spin
latitude distributions for a given population, perform synthetic simulations to estimate
the accuracy and validity of the method for a given asteroid database, and compare
distributions of di[erent populations to pinpoint di[erknces between the populations.

1.1 Earlier research

The YORP e[edt has been under study since the early 1900s, but the research did not
reach a breakthrough until late 1990s. The main historical events concerning the YORP
e [edt are explained in Chapter 2. To this date, no complete analytical formulation of
the YORP eledt had been derived, so in Kaasalainen and Nortunen (2013), we aimed
to construct the accurate, analytical theory, and derive the mathematical expressions
for the YORP torques. We also wanted to explain the observed instability of YORP
computations.

There has been little to no previous research about using population-wide data in
order to solve an inverse problem in a setup similar to ours. What makes our setup
exceptional is that the data are deficient for creating any kind of model of invididual
objects. Furthermore, the observations are indirect in the sense that they do not yield
any explicit information on the characteristics we are trying to determine. In the field
of astronomy, Szab6 and Kiss (2008) and McNeill et al. (2016) proposed an interesting
concept where they treated a population as a distribution, and attempted to obtain
information about the population this way. Their method seemed promising, but we
considered the mathematical foundation for their approach to be insu Lcieht, as they did
not include a theoretical analysis of their method, or any validity examination. Inspired
by their work, we aimed to expand upon their research, and in Nortunen et al. (2017), we
constructed the accurate mathematical groundwork to justify the use of the distribution
analysis, as well as testing the validity of the method, and analyzing the stability properties
of the inverse problem.

1.2 Objectives of the thesis

In the direct problem, we aim to derive the analytical and numerical methods for estimating
the YORP capacity, that is, the maximum e [edt the light can have on a given shape.
Furthermore, we are interested in determining how sensitive the YORP capacity is to
shape perturbations. The shape models for objects typically contain modeling errors, so
it is important to have an understanding of how much these model deficiencies a [edt the
computed YORP capacity. These research problems are discussed in Kaasalainen and
Nortunen (2013) as well as Chapter 2, and the numerical method for the computation of
the YORP capacity is presented in Section 2.1. In Section 2.2, we additionally present
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how the YORP capacities are distributed in a sample population of asteroids, providing
insight on how sensitive typical asteroids are to shape perturbations.

In the inverse problem, our objective is to derive the mathematical theory needed to
solve the inverse problem, as well as providing a way to estimate the accuracy of the
obtained solution. The accuracy estimation is crucial, since the magnitude of the model
and data errors is remarkable, and it is vital to gain an understanding of how accurate the
obtained results are. The mathematical principles of the method are explained in detail
in Nortunen et al. (2017) and revised in Cibulkova et al. (2018), while the computational
principles are presented in Nortunen and Kaasalainen (2017). The main results of both
the analytical and computational aspects are summarized in Chapter 3. A method for
the accuracy estimation is presented in Nortunen et al. (2017), and in greater detail in
Nortunen and Kaasalainen (2017), while some additional details are discussed in Chapter
4.

1.3 General background of the methods

Determining the YORP capacity for a given asteroid shape is a direct problem. In a
direct problem, we start with the causes, and use them to compute the results. In our
situation, the given shape is the cause, and the YORP capacity (that is, the maximum
YORP eledt on the body) is the result. The computation of the YORP capacity is
straightforward: with the shape known, we can use explicit formulas to determine the
capacity. On the other hand, determining the shape and spin distributions from a set of
brightness measurements is an inverse problem. In an inverse problem, we start with
the results, and use them to compute the causal factors. Inverse problems are typically
more complicated than direct problems. In our study, the brightness measurements are
our given “results” (observations), and the unknown shape and spin distributions are the
cause we are trying to determine.

Some methods for solving various inverse problems are presented in Kaipio and Somersalo
(2005). Estimating functions as a sum of basis functions has been discussed by several
authors, such as Aster et al. (2012). However, there is little to no prior research about
solving a population-wide inverse problem in a situation where information on individual
objects is unobtainable, so currently, there is no state of the art method for our problem
setup. Eventually, our system of equations becomes a linear least squares problem with a
positivity constraint. There are several numerical algorithms available for solving such
problems (for example, see Press et al. (2007)), but to mitigate the ill-posedness of the
inverse problem, some regularization should be included as well (see Kaipio and Somersalo
(2005)).

1.4 Outline of the thesis

This doctoral thesis consists of 6 chapters in total. In this chapter (that is, Chapter 1),
we introduce the main topics and themes of this thesis on a general level, focusing more
on their relevance to the overall picture of the thesis rather than technical details. We
also discuss some of the prior research on the topics.

In Chapter 2, we discuss the YORP eledt. We introduce a quantity called YORP
capacity, and present an algorithm for the numerical computation of the capacity. The
determination of the YORP capacity is a direct problem, and the quantity indicates the
maximum capability of the sunlight to alter the rotational dynamics of the surveyed body,



4 Chapter 1. Introduction

depending on the shape of the body. The YORP capacity can be computed for individual
shapes. We also discuss the stability of the YORP e [edt, and perform a study on how the
YORP capacities are distributed on a database containing shape models for numerous
asteroids.

In Chapter 3, we discuss a challenging inverse problem, where the quality of the data
is insu LCcieht for the reconstruction of characteristics for single objects. By considering
object populations rather than single targets, we attempt to reconstruct the population-
wide distribution of said characteristics. The data are available as a time series, in the
form of brightness measurements. We summarize the theory related to the forward
model and the inverse problem, and we also explain the main principles of some of the
applications of the distribution method.

Chapter 4 focuses on some of the technical details of the aforementioned distribution
method. We study some of the design parameters, such as the choice of grid and the
amount of regularization, and use our LEADER software package to estimate the accuracy
of the reconstructed distribution with those parameters. This way, we can obtain a good
understanding of generally applicable parameter choices, and we also set an example on
how a user should initially perform an analysis to estimate the accuracy of the solution
with the asteroid database that they are using.

Chapter 5 presents some tests we carried out using data from astronomical databases. For
example, we tested whether certain properties of a population caused bias and a[edted
the accuracy of the solution. We also discussed the connection between the YORP e [edt
and the spin distribution of asteroid families, using our distribution method to compare
with some of the results obtained by astronomers.

Finally, we summarize and discuss the main results in Chapter 6.



2 YORP: the impact of light, and
how it is aledted by shape

The Yarkovsky eledt is a force caused by sunlight that has an impact on the orbital
motion of asteroids (Vokrouhlicky et al., 2015). While the e [edt is small, it is significant
for small asteroids with a diameter up to 30—-40 km. The sunlight causes the bodies
to heat up, and eventually they radiate the energy away, causing a minor thrust. The
phenomenon is e [edtively as if the asteroids had tiny jets attached to them. While the
recoil is minimal compared to the standard solar and gravitational forces, the Yarkovsky
e [edt can cause notable changes in the orbit in a time span ranging from millions to
billions of years. The orbital changes become measurable much faster, in a matter of
decades.

In addition to the thrust, the sunlight causes a thermal torque. This torque, in addition
to a torque created by the scattering sunlight, can produce changes even on the rotation
rates and obliquities of small asteroids. This phenomenon of the net torque a[edting the
rotational behavior of celestial bodies is called Yarkovsky-O’Keefe-Radzievskii-Paddack
(YORP) eledt (Vokrouhlicky et al., 2015). Many of the unsolved mysteries in the
planetary science of small bodies were solved with the discoveries of Yarkovsky and YORP
e [edts.

The Yarkovsky e [edt was named after Ivan O. Yarkovsky, a Russian civil engineer, who
published a pamphlet in the early 1900s (Yarkovsky, 1901), where he proposed that
heating a celestial body can produce an acceleration in the motion of the body. His
work was a counter to the ether hypothesis, which was popular at that time. Although
Yarkovsky was able to estimate the magnitude of the phenomenon only roughly, his
work was expanded later into a complete theory of how solar energy can alter the orbits
of small bodies. Yarkovsky’s work was kept alive and brought known to the western
world in the 1950s by the Estonian astronomer Ernst J. Opik (Opik, 1951). Also in the
1950s, Vladimir V. Radzievskii published scientific articles which covered similar topics
(Radzievskii, 1952; Radzievskii, 1954), being the first to consider how photon thrusts
aledt the rotation of a body. Stephen J. Paddack and John O’Keefe expanded upon the
concept by discovering that thermal radiation will alter the spin rate of an irregularly
shaped celestial body (Paddack, 1969; Paddack and Rhee, 1975). The phenomenon was
named the Yarkovsky-O’Keefe-Radzievskii-Paddack (YORP) e [edt, as a rotational variant
of the Yarkovsky e [edt.

The modern knowledge of Yarkovsky and YORP e [edts was formed between the 1950s
and 1970s. A new interest in the phenomenon was roused in the late 1990s by the works
of David P. Rubincam (Rubincam, 1995; Rubincam, 1998, 2000) and Paolo Farinella
(Farinella et al., 1998). The research gained a boost, and numerous new results were
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obtained, as well as applications to the dynamics of small asteroids and their populations
(Bottke et al., 2002, 2006). After that, both Yarkovsky and YORP e [edts have been
under study, and today, both of them are important e [edts to planetary sciences, as well
as being important to the agenda of space missions.

For a technical review of the Yarkovsky and YORP e [edts, a good overview is presented,
for example, in the works of Bottke et al. (2002, 2006). Even though the e[edt is fairly
known and popular these days, no comprehensive analytical theory of the YORP e [edt had
been constructed before. In addition, there had never been a mathematical examination
about the theoretical upper bound of the YORP e[edt. Therefore, in Kaasalainen and
Nortunen (2013), we aimed for a thorough analysis of the phenomenon in order to
formulate an accurate, analytical theory. We derived the analytical formulas for the
thermal YORP torques caused by the emitted photons. There are two main secular
components of the YORP torques, one that changes the rotation speed, and one that
changes the obliquity. In addition, we carried out numerical experiments to make sure that
the results we obtained from them coincided with the analytical theory we formulated.

An interesting question is why the thermal radiation is such a dominant factor in the
YORP e[edt. When a solar photon reaches the body, one of the following three alternatives
may occur. The photon may simply scatter o [the surface. Alternatively, the photon
may be absorbed and cause a torque, or the absorbed photon may be emitted, with the
emitted photon causing thermal torque. Since asteroids are mostly black bodies, the ratio
of scattering photons is insignificant, with the surface albedo factor A (see Kaasalainen
and Nortunen (2013)) being close to 0. Thus, only a small percentage of the light is
directly scattered. According to Nesvorny and Vokrouhlicky (2008), the torque produced
by absorbed photons is given by
1

T= _hZLvC S+(x % Ng)(N - Ng)dS, (2.1)
where the integral is taken over the illuminated part of the surface (denoted S™*), F is
the solar flux, h is the heliocentric distance of the object, v. is the speed of light, and
X is the radius vector from the centre of mass. The unit vectors n and ng point from
the surface element dS in normal direction and towards the Sun, respectively. Nesvorny
and Vokrouhlicky (2008) showed that the torque by the absorbed photons vanishes when
averaging over orbit revolution and body rotation. Finally, according to Nesvorny and
Vokrouhlicky (2007); Nesvorny and Vokrouhlicky (2008) and Kaasalainen and Nortunen
(2013), the thermal YORP torque produced by emitted photons is given by
1

_ _28|0

4
= T S(x><n)T ds, 2.2)

where the integral is taken over the entire surface S of the body, €, is the emissivity of the
material in thermal wavelengths, ¢ is the Stefan—Boltzmann constant, T is the surface
temperature, and v¢, X, n and dS are as in (2.1). Averaging (2.2) produces a non-zero
torque. Thus, thermal radiation is the only dominating factor, with the other e [edts
produced by the photons being negligible.

It should be noted that for an increasing asteroid size scale factor r, the acceleration slows
down in 1/r for the Yarkovsky e [edt, and as a factor of 1/r? for the YORP e[edt. For the
Yarkovsky e [edt, the acceleration is given by a = F/m according to Newton’s second law.
The force F is applied on a surface area, which is proportional to r?, while the mass m is
proportional to r2. Hence, the acceleration has a size dependence of 1/r. For the YORP



e [edt, it holds for the torque of a rotating body that T = la, or a = t/l, where a is the
angular acceleration, and 1 is the moment of inertia. The torque T is proportional to
the product of the force applied to the lever, and the length of the lever arm. The force,
as above, is proportional to r?, and with the length of the lever arm being proportional
to r, the torque T is proportional to r3. Meanwhile, it holds for the moment of inertia
that | [Cmk?, so with the mass being proportional to r3, 1 is proportional to r®>. With
o = t/l, it follows that the angular acceleration has a size dependence of 1/r2. This
means that if body A is n times bigger than body B, then the YORP e[edt of body A is
n? times weaker. This explains why the YORP e[&ct is typically observed for only small
bodies.

Our focus, however, is not the size dependency of the YORP eledt, but the shape
dependency. In order to determine how much the shape of the body aledts the YORP
torques, we defined a new quantity, YORP capacity Y. To obtain Y, we scale the YORP
torques with the volume of the body and other physical quantities to make them size-
invariant and dimensionless. For completely symmetric bodies, the YORP torques vanish,
and thus, Ymin = 0. To estimate the scale of the YORP capacity, we considered the shape
of a propeller. Assume we have two identical wedges that are vertically symmetric and
attached to each other (see Kaasalainen and Nortunen (2013)). Then, for an infinitely
long and thin body, we get Ymax — oo, so there is no theoretical upper bound for the
YORP capacity. However, for realistic shapes, we can estimate that Y _ 0.1.

Another quality we are interested in is the YORP stability of shapes. If the shape is
only slightly di [erknt for two bodies, how much di[erence do the distinctions in shape
cause in the YORP properties of the bodies? In many asteroid models, such as the ones
in the Database of Asteroid Models from Inversion Techniques (DAMIT?!, the bodies
are approximated as convex shapes. The validity of this approximation depends on how
stable the YORP capacity is to perturbations in shape. Furthermore, if we have multiple
models of the same body, how much will the dilerknces in the models aledt the YORP
capacity, especially if the models have di Lerknt resolutions? In Kaasalainen and Nortunen
(2013), we estimated the sensitivity of the YORP capacity to shape perturbations both
analytically and numerically. Let r(6, ¢) be the radius of the body given in spherical
coordinates. If we apply a global perturbation on a shape, for example, by using a
low-order Laplace series, we showed how the change in YORP capacity, AY, has an upper

bound:
[Ar[]

AY| - Kmax——, 2.3

AY] - Kmax (23)
where kmax is @ constant and Ar is the change in radius. This means the absolute change
in YORP capacity will remain bounded, despite the perturbations. For most shapes,
kmax [CQI1. Let us now consider the relative change. Assuming the relative model
error [Ar[ZIrTtemains small, shapes with Y & 0.01 can be estimated to be reasonably
YORP-stable to global model errors, with the relative YORP error |[AY /Y| remaining
small. That is, any instabilities in the YORP capacity are caused by the Y value being
initially small, rather than the size of |AY|.

In additional to the global perturbations by a Laplace series, we studied the e [edt of
local perturbations, implemented by applying a simple perturbation on one of the vertices
of the model. The local perturbations represent a local model error, such as a boulder
or a crater, or an actual local change on the shape, caused by a physical perturbation,

Ihttp://astro.troja.m [clni.cz/projects/asteroids3D/web.php (cited on April 30th, 2018)
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such as a collision or erosion. We noticed that shapes tend to be more stable to local
perturbations, even if they are not globally stable to perturbations. For shapes with
Y . 0.001, however, the shapes are unstable even against local shape perturbations.
In Sect. 2.2, we discuss the YORP stability of actual asteroids, based on their YORP
capacity.

The analytical theory with the YORP torque formulas has been presented in Kaasalainen
and Nortunen (2013), while the algorithm for the numerical computation of the YORP
capacity is covered in Sect. 2.1. We computed Y for each asteroid model found in the
DAMIT database to obtain an understanding of the scale of Y for realistic shapes; these
results are presented in Sect. 2.2.

2.1 Technical implementation for the numerical computation of
Y values

We compute the numerical value for the YORP capacity Y using the algorithm below.
The data files containing the shape models of asteroids were obtained from DAMIT.

1. We read the list of vertices and faces from the data object file, and use the vertex
and face information to plot the shape of the asteroid model.

2. We compute the coe [ciehts f" and g;" of the spherical harmonics expansion of
the radius numerically (see Appendix A.1).

3. We may optionally add perturbations (that is, noise) to the shape, either by
applying a pointwise perturbation on some of the vertices (local perturbations),
or by perturbing the coe [ciehts of the spherical harmonics expansion (global
perturbations). The former is a simpler method and useful for small, controlled
perturbations, but it has the drawback of possibly creating unrealistic sharp edges
on the surface. The latter creates a smoother body, but the coe [Ciehts of the
spherical harmonics expansion are very sensitive to perturbations, so a tiny change
in the coe [ciehts may completely alter the shape of the body.

4. For each face, we compute the unit normal, area, volume, center point and center
of mass. With the center of mass computed for each face, we fix the total center of
mass of the complete shape into the origin.

5. All direction vectors v must be transformed from the orbital frame to the asteroid-
fixed frame:

Vast = Rz(q)gRy(m/orby (2.4)

where ¢"is the rotation angle of the body around its axis, [is the obliquity of the
rotation axis measured from the orbital pole, and Ry and R, are rotation matrices
for y- and z-axes (Kaasalainen and Lamberg, 2006).

6. Let w be the direction of the illumination source (in the asteroid-fixed frame). For
nonconvex bodies, we need ray tracing to evaluate which faces are illuminated. For
convex bodies, the visibility check is much simpler, as the face i is illuminated if
Mi ‘= n; - w > 0, where n; is the unit normal of face i.

7. With the position of the asteroid around the Sun given by A []Q, 2m), the obliquity
of the rotation axis from the orbital pole given by [0, 1], and the rotation angle
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of the asteroid around its axis given by ¢ []0, 2r), the YORP torque can be
computed as follows:

1
T\ LB = Aili(Xi < nj), (2.5)
i; face i
is visible
where A; is the area and x; is the centroid of face i. We average over ¢"and A in
order to obtain T(DJ Finally, we define the YORP capacity Y as the amplitude of
the z-component of T([Dlscaled by the physical constant Q and the volume V:

v i maxr ()

QV

We are only interested in the z-component of T because the z-component of the
torque causes the biggest changes in the rotation rate of the body, as shown in
Kaasalainen and Nortunen (2013). For the definition of Y, we chose the maximum
of 1, instead of the average since we wanted to compute the maximum e [edt caused
by the sunlight on the body. Since we do not take the size and mass of the asteroid
into account, we simply set Q = 1, and consider only the shape of the asteroid.

(2.6)

In Kaasalainen and Nortunen (2013), we compared the numerically computed Y values
with the analytical Y for several asteroids to ensure that our results were accurate.

2.2 YORP experiments with asteroid models

With the numerical algorithm described in Sect. 2.1, we can compute YORP capacities for
given asteroid models. The DAMIT database contains hundreds of convex asteroid models,
with a rich variety of realistic shapes, so the data models give us a good understanding of
what kind of YORP capacities are typical for common asteroid shapes.

A thorough study of the YORP capacities for the shapes given in DAMIT was carried
out by Miinalainen (2014). The inspection was done not only to obtain insight on
the distribution of YORP capacities for di[erent shapes, but also to examine possible
correlations between YORP capacity and the size of the asteroid. We note that the
YORP capacity is intrinsically size-invariant and only considers the shape of the body,
not the size. A 3D histogram showing the distribution of asteroid shapes from DAMIT
for dilerent YORP capacities and diameters has been plotted in Fig. 2.1 (from the study
by Miinalainen (2014), reproduced with permission).

Clearly, a vast majority of the asteroid models have a small diameter and a small YORP
capacity. What is significant is that the highest YORP capacities are encountered with
small bodies, while large bodies only have low Y values. This is realistic, since it is more
likely that a small body has an irregular and asymmetric shape, whereas large bodies
tend to be more spherical and symmetric. While the YORP capacity itself depends only
on the shape of the body and not the size, there is an obvious correlation between the
shape and the size.

Among DAMIT asteroid models, the highest YORP capacity was encountered with
the asteroid Alisondoane (asteroid number 7517), with Y = 44.02 - 103, while Freia
(asteroid number 76) had the lowest YORP capacity, Y = 0.2347 - 10~3. We have plotted
both asteroid models in Fig. 2.2. The high Y value of Alisondoane is caused by the
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Figure 2.1: Histogram showing the number of asteroids with dilerknt Y values and diameters.

elongated and asymmetric shape of the asteroid, whereas the spherical and symmetric
shape reduces the Y value of Freia considerably, as the symmetries cause the YORP
torques to vanish.

Figure 2.2: Asteroid models from DAMIT, with Alisondoane (left) having the highest YORP
capacity, and Freia (right) having the lowest YORP capacity.

We mentioned earlier in Chapter 2 that the stability of the YORP e [edt depends only on
the magnitude of the YORP capacity Y. For small perturbations in shape, the absolute
change in YORP capacity, |AY|, remains bounded, while the relative change |AY /Y|
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becomes remarkably large for shapes with a low Y value. Now that we have obtained a
distribution of YORP capacities for a sample of shapes, we can divide asteroid shapes
into dilerent YORP stability classes according to their Y values. In Kaasalainen and
Nortunen (2013), we examined the stability of the YORP e [edt for shapes with di [erent
Y values, applying either global or local shape perturbations, to estimate the absolute
and relative errors in Y against perturbations.

Theoretically, propeller-type shapes (Y & 0.05) are both globally and locally YORP-stable,
but naturally, these shapes are rarely encountered. The shapes with high Y values in
Fig. 2.1 (0.005 - Y . 0.05) are globally semistable and locally stable. About 32% of the
sample belong to this stability class. Some examples of the stability class include asteroids
like Apollo (Y =6.61-1073), Eger (Y = 8.27 - 10~2), Geographos (Y = 5.98 - 10~2) and
Massalia (Y = 5.95-1073), with their Y values computed in Kaasalainen and Nortunen
(2013). Most asteroids (about 66% of the sample) are globally YORP-unstable and locally
semistable.

Finally, asteroids with Y _ 0.0005 (about 2% of the sample) are both globally and
locally YORP-unstable. For shapes with Y . 0.0001, all YORP estimates are likely
to be invalid due to major instabilities. In cases like these, only upper bounds can be
given. For example, the YORP e [edt of Itokawa (asteroid number 25143) was studied
by Scheeres et al. (2007), Durech et al. (2008) and Breiter et al. (2009), but there were
considerable fluctuations in the observed YORP torques depending on the model used,
with higher-resolution models completely altering the results. Hence, Itokawa can be
considered an example of a highly YORP-unstable shape. In such cases, estimates of
YORP torques will be chaotic, and only the approximate magnitude can be obtained.

2.3 Conclusions

In this chapter, we have summarized the history of Yarkovsky and YORP e[edts. Briefly,
the Yarkovsky e [edt is a thermal propulsion force that alters the orbital motion of celestial
bodies, while the YORP e [edt is a thermal torque that aledts the rotational dynamics of
celestial bodies. Both e [edts are caused by the sunlight, and the e [edt is significant for
small asteroids over long time spans. We introduced a quantity called YORP capacity,
which we defined in Kaasalainen and Nortunen (2013). The YORP capacity Y is scaled
to be dimension-free and size-invariant, and it only depends on the shape of the body. In
Sect. 2.1, we presented a numerical algorithm for the computation of Y.

In addition, we have discussed the stability of the YORP e [edt. For small perturbations
of shape, the absolute change in Y remains bounded, but if the Y value is intrinsically
small, the relative change in Y becomes large. Therefore, bodies with a small YORP
capacity are unstable to shape perturbations. In Sect. 2.2, we represented a histogram
showing the distribution of YORP capacities and diameters for asteroid models from the
DAMIT database. Since small bodies tend to be more asymmetric and irregularly shaped,
while large bodies tend to be more symmetric and spherical, the small bodies are more
likely to have a high YORP capacity. With the Y values known for di[erent asteroid
models, we can divide asteroids into dilerent YORP stability classes. Most asteroids
are YORP-unstable to global shape perturbations, while a bit less than one third of the
sample turned out to be semistable to global shape perturbations. A low YORP capacity
for an asteroid may explain why the estimates of YORP strength can change completely
when using asteroid models with di [erent resolutions.






3 Shape and spin distributions for
large populations

One of the key topics of this doctoral thesis is the study of distribution analysis in
order to reconstruct the solution of an inverse problem where the available data are
extremely limited. We have a few points of data as a time series, but it is not enough
for the reconstruction of a single, individual target. Instead, we focus on a population-
level analysis, where each target has a few data points available. If the population is
large enough, we can use analytical basis functions that yield the distributions of the
characteristics of the population. While information on individual targets is lost and
cannot be recovered, at least the characteristics of the population can be reconstructed.
The idea of using distributions rather than observations of a single target to solve an
inverse problem is a new approach. There is very little (if any) prior research on the
methodology.

We discussed the method of a population analysis in three di[erknt papers, with a case
study on reconstructing the joint distribution of shape elongation and spin latitude
for large asteroid populations. In Nortunen et al. (2017), we explained the theoretical
background of the method. The available data are insu [cieht for the reconstruction
of individual asteroid shapes. Szab6 and Kiss (2008) proposed an innovative idea of a
population-wise analysis in order to obtain information on the distribution of shapes.
However, their approach did not cover the theoretical aspects of the method, or any
validity tests and analysis (in fact, our results do not agree with theirs). Therefore, we
wanted to expand upon their research, and we aimed to formulate a detailed theory on
the reconstruction of a distribution of characteristics from very limited data. In addition,
Szab6 and Kiss (2008) simply assumed the spin latitude to be isotropic, while we aimed
to solve the distribution of the spin latitude.

In Nortunen and Kaasalainen (2017), we introduced the LEADER software package,
which is an implementation of the method we presented in Nortunen et al. (2017). The
main routine is designed for reconstructing the joint (shape, spin) distribution of an
asteroid population. There is a routine for synthetic simulations in order to test whether
the method is accurate and stable with a user-defined database. The di[erences between
databases are noticeable, and some databases seem to provide more accurate results
than others. For some asteroid databases, such as WISE (Wide-field Infrared Survey
Explorer), the method is robust and provides accurate results on a rough-scale level, and
is therefore useful for detecting distribution peaks for subpopulations the data of which
are given in the WISE database. Finally, there is a routine for comparing the shape
elongation and spin latitude distributions of two populations; this routine was especially
used in Nortunen et al. (2017) and Cibulkova et al. (2018).

13
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Finally in Cibulkova et al. (2018), we applied the LEADER software package on the
Pan-STARRSL1 (Panoramic Survey Telescope and Rapid Response System) database.
First, we performed synthetic simulations in order to test the reliability of our method,
which should always be done when using a new database; no database should be blindly
used with the software package. We observed that the shape elongation is obtained
accurately, while the spin latitude su Lers from stability problems. After evaluating the
validity of our method, we compared shape elongation distributions of several asteroid
families using data from the Pan-STARRSL1 database.

With sparse data, we refer to observations that have been measured in intervals where
the sampling frequency may be much lower than the characteristic frequency of the
system. For a time span of one period, the data do not provide us any information, but
if we have data available from a long time scale, resulting in numerous observations in
various geometries, it can be proved (Kaasalainen (2004), Durech et al. (2009), Durech
et al. (2016)) that we can obtain a unique model that yields the shape of the body, and
the rotation period of the target. Since the rotation direction remains the same, and the
viewing geometries are known, these factors actually set very strict boundary conditions,
and as a result, there is only one period that satisfies the boundary conditions. When the
period has been determined, the shape can be obtained via fitting.

For our observations, the situation is much weaker: the observation angles are placed so
irregularly that it is not possible to reconstruct the shape for individual targets. We refer
to such situations as scarce data, to distinguish them from sparse data. An illustrative
example of dense, sparse and scarce data sets has been presented in Fig. 3.1. With
dense data, we observe a sinusoidal function. With sparse data, we cannot observe the
sinusoidal behavior directly, due to the low sampling frequency, but with the large number
of observations in various geometries (we note the longer time scale in the top right
plot), we can obtain a unique fit. In our example with scarce data, we have several
measurements from a certain geometry during a short time span, but this ultimately gives
us no information on individual objects since the number of geometries is too low. If the
data are so scarce that the properties of individual targets cannot be reconstructed, an
interesting research question is if there is any information that can be recovered.

This chapter discusses the distribution method where the spin latitude and shape elon-
gation distributions for large asteroid populations are reconstructed from scarce data.
We summarize the theoretical background and the software implementation, which were
discussed in Nortunen et al. (2017) and Nortunen and Kaasalainen (2017), respectively.
In addition, we cover some details that we examined during the process of writing the
aforementioned papers, but which we did not include in the actual publications.

3.1 Main algorithm and its theoretical background

The general method of the LEADER software package is based on a new type of an
inverse problem. While inverse problems typically consist of using data to reconstruct
something like an image, here our number of data points is so low that we do not have
enough information for a proper reconstruction of an object. In a traditional inverse
problem, we can improve the “image” by obtaining additional measurements from, say,
various angles. We do something analogical in our method: we take data points measured
from a large number of objects, such as a population. Then, instead of attempting to
reconstruct the properties of an individual object, we aim to reconstruct the statistical
properties of the entire population. We treat the properties of the entire population as
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Figure 3.1: Schematic examples of dense (top left), sparse (top right) and scarce (bottom) time
series. Note the di[erknt time scales on each plot.

a distribution function, and our objective is to reconstruct the DF. If the population is

large enough, then we will be able to reconstruct the DF, and so, we will be able to model
the population.

Individual objects are lost in this process, that is, we will not be able to identify individual
objects from the solved distribution. Similarly to how our typical solution for single
targets is an “image”, here our solution is an “image” of a population. After obtaining a
solution, it is common to apply a posterior correction to enhance or smoothen the picture.
Similarly in our method, a deconvolution filter can be applied on the population-scale
“image” in order to correct the obtained picture. Our method is not intended for obtaining
high-resolution “images” of the population, but it is su [cieht in a rough-scale level. The
method is also robust, and computationally fast.

3.1.1 Forward model: brightness variation estimate

We attempt to reconstruct two parameters: shape elongation p, and spin latitude 3
(measured in a coordinate system where the xy-plane is the plane of the Earth’s orbit).
We are only limited to scarce data, so we do not have enough data per target to obtain
the shape of individual objects; a lightcurve inversion for individual bodies would require
hundreds of data points for a target. Therefore, rather than focusing on individual targets,
as in Chapter 2, we consider an entire asteroid population, and attempt to reconstruct
the shape and spin distributions, f(p) and f(B), of the population. The reconstruction
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typically requires a population of at least a thousand targets in order to obtain an accurate
solution.

For the shape elongation, it holds that 0 < p < 1, where p = 1 presents a completely
spherical body, whereas a p-value closer to 0 presents a “thin cigar”. As for the spin
latitude, 0 < B < /2, where B = 0 presents a direction perpendicular to the ecliptic plane,
and B = n/2 presents a direction in the ecliptic plane. We note that for mathematical
purposes, [ is measured from the pole. This is di[erent from the convention typically
used in physics, where the complementary angle of (3 is traditionally used. In addition,
we note that our model cannot distinguish whether the spin latitude is above or below
the ecliptic plane.

We approximate the shape of an asteroid with an ellipsoid model, with semiaxes a =
b =c =1, and we define the shape elongation as the ratio of the two biggest semiaxes,
p = b/a. lllustrative examples of ellipsoids with di [erent b/a values have been plotted in
the xy-plane in Fig. 3.2. We acknowledge that the model is extremely crude, but we use
it due to its simplicity®.
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Figure 3.2: Schematic examples of dilerent p = b/a values for the ellipsoid model in the
Xxy-plane, with p = 0.1 (top left), p = 0.5 (top right) and p = 1 (bottom).

Let 6 be the polar aspect angle of the viewer, 0 < 6 < n/2 (it is su Lcieht to consider this
interval instead of [0, ] due to model symmetry), and let ¢ be the longitudinal angle in

10ther choices of model are discussed in Nortunen and Kaasalainen (2017) and in Sect. 3.3, but we
discovered that they did not improve the accuracy of the solution.
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the ellipsoid-fixed coordinate frame. The brightness L is given by
1
L= 1+ (p2—1)sin?6cos?gq. (3.1)

for the case of coinciding viewing and illumination directions (that is, the solar phase angle
is zero). We may apply phase correction on the observed lightcurves to compensate for
the systematic brightness drop if the phase angle increases notably within a sample. Let a
be the phase angle between the Sun and the Earth. If the phase angles of the observations
are small (we typically used a condition that the phase angles a must be smaller than
8°) and change for more than one degree in a sample, we correct the observations with
a linear curve. For larger angles (a = 87), we use an exponential curve for correction
if the phase angle changes for more than two degrees in a sample. A more detailed
explanation is given in Kaasalainen et al. (2001), and Nortunen and Kaasalainen (2017).
The fitted correction curve may be unstable if there are not enough data points in a
sample. Therefore, we typically omit the correction if we have less than, for example, five
data points. In addition, our model requires that the phase angle a is close enough to
zero degrees for the whole sample. Fortunately, the error caused by non-zero phase angles
is negligible compared to other error sources. Therefore, we are very liberal with this
requirement and only omit measurements if the phase angle a is larger than, for example,
20 or 30 degrees.

Since we want to avoid large changes in geometries, we divide the brightness measurements
of a single object into multiple sets, i =1, ..., S. For set i, we take all the measurements
within a time span [tj, t; + T], where T is a fixed time. For WISE database, we noticed
that the phase angle never changes for more than 0.4° within brightness measurements
for a single asteroid, so we are free to choose a large T, such as a month or two. For
Pan-STARRS1 database, however, the phase angle changes rapidly in time. The choice
of T is arbitrary, but we aim to ensure that the phase angle does not change much
within the set, while the set should still contain enough brightness measurements. For
Pan-STARRSL, we observed that choosing T to be three days is usually a balanced choice.
Nevertheless, we emphasize that the choice of T is arbitrary and depends on the database.

Our main observable is the brightness variation estimate n. Using data from lightcurve
brightness measurements, we define n as

_ AL?)
where L is our observed brightness values, M2 [is the average of the squared brightness
2.
L= 1 L 1 1
IS o 1+ (p? —1)sin®Bcos’qp do=1+ 5 sin0(p? — 1), (3.3)
0

and A(L?) is a measure of variation for L2, which we defined in Nortunen et al. (2017):
—1
AL?) = [L2— 202 F x% sin?8(1 — p?). (3.4)

We have used the squared brightness L2 instead of simply L for mathematical convenience;
a more detailed explanation is given in Nortunen et al. (2017). We require at least five
brightness measurements in a set for a valid n estimate. If we do not obtain enough
measurements within a set, we may combine multiple sets into one, as long as we scale the



18 Chapter 3. Shape and spin distributions for large populations

brightness values of each combined set on the same level (for example, by using average
values of each set). As a word of caution, however, we note that we should never combine
sets where the geometries are noticeably di [erent; for example, if there has been several
months between the sets.

From (3.2), we get that

1
1 1I:l

8 sin8(l—p?2) 2 3.5

r]:

We define the amplitude of the brightness curve as the ratio A = Lnyin/Lmax =
Ly=0/Ly=ns2. Thus, from (3.1), we obtain that
1
A= 1+ (p2—1)sin?8. (3.6)

We note that the amplitude is based on intensity; we do not use magnitudes, which is a
typical convention in physics.

In Nortunen et al. (2017), we derived the relation between the brightness variation n and
the amplitude A:

—
L1, 14 14
[T B 1- ~—+> . (3.7)

=Y3 1-a2 7 2 8 2

It should typically hold that 0 < n < 1/\/2 Howeyer, when p is small (especially in cases
where p [03), it sometimes occurs that n > 1/ 2, which results in a complex-valued
amplitude in Eqg. (3.7). In realistic situations, it usually holds that p & 0.5, so it is rare to
obtain complex amplitudes. As the complex-valued are purely a computational concept,
we omit them from the set of amplitudes. The loss in data amount caused by complex

amplitudes should be insignificant.

When we have collected all of the amplitudes obtained from the brightness measurements
of the population, we can construct the cumulative distribution function (CDF) of A,
C(A).

3.1.2 Analytical basis functions

In Nortunen et al. (2017), we derived how we can express the CDF C(A) in the form of
an analytical integral, assuming we have infinite observations available in every geometry.
Let us now divide the (p, ) grid of the population into n = Im distinct bins, (pi, Bj),
wherei=1,...,land j =1, ..., m. Inorder to determine the distribution for the spin
latitude 3, it is required that the observations are concentrated near the ecliptic plane.
Now, with our discrete (p;, Bj) grid, we can write the CDF as

1
CA) = wjjFij(A), (3.8)
ij

where F;j(A) are monotonously increasing basis functions F;; (A) with the range [0, /2]:

= v 0, A=<pi
2,p2
Fiy(A) = 5, arccos s Pi<A<F@iB) (3.9)

%! AZF(pth)y
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1
where F (pi, Bj) = sin? Bj + p? cos? Bj. The coe Lciehts w;j are the occupation numbers

wij of each (p;i, Bj) bin. We note that a case where the occupation numbers are proportional
to sin in the B-direction presents a situation where the spin latitudes are uniformly
distributed on a sphere; that is, f() is constant. It is intuitive to hypothesize that (3 is
uniformly distributed, and for populations with large asteroids, the spin latitudes tend
to be more isotropic. However, for populations with smaller asteroids, the YORP e [edt
tends to shift the 3 peak away from the ecliptic plane, towards the pole.

In realistic scenarios, we do not have an infinite number of observations available, and
with the scarce data, the observations are available in a limited set of geometries. For a
typical asteroid, we can obtain 1-2 brightness variation estimates, with roughly 5-10
data points for each estimate. Clearly, one or two n values will not yield a smooth CDF.
However, encouraged by the law of large numbers, we decided to examine whether the
CDF becomes smooth when we take all the n estimates from a large population. Indeed,
if we have a large number of asteroids in the population and we can obtain n estimates
from each of them, the observed CDF will converge towards the theoretical CDF. For a
smooth C(A), we need to compute ) estimates for at least a 1000 asteroids, preferably
more; see Fig. 3.3 for a demonstration on how the smoothness of the CDF improves as
the number of asteroids increases. In other words, we require observations from at least a
thousand targets in order for the forward model to become accurate.

3.1.3 Inverse problem: the joint distribution for shape elongations
and spin latitudes

The goal of the inverse problem is to obtain the joint distribution f(p, ) for the shape
elongation p []Q,1] and spin latitude B [0, 1/2]. As in Sect. 3.1.2, we use a grid of
n = Im points for (p;,B;), i =1,...,landj =1, ..., m. We can express the superposition
of Eqg. (3.8) in an equivalent linear form:

Mw = C, (3.10)

where O |
M = F]_]_(A) Flm(A) F|1(A) F|m(A) , (311)

the column vector C contains the values of C(A), and the solution vector w holds the
occupation numbers w;; that we attempt to determine. In Nortunen et al. (2017), we
proved that the basis functions Fi; of (3.8) are linearly independent. Therefore, there is
a unique solution to the linear system of (3.10), and since the occupation numbers are
uniquely obtained, the joint distribution f(p,3) can also be unambiguously reconstructed.

When solving the system (3.10), it is strongly advisable to use regularization, especially
for B, which is the more unstable of the two parameters. Let R, be an (I —1)m xn
matrix intended for smoothing the solution in the p-direction, and Rg the respective
I - (m— 1) x n regularization matrix in the B-direction. For indices i and j, we use the
following regularization:

1 o
=1/ (Pi+1 —Pi), i=]
(Rp)ij = — M/ (Pivs —pi), j=i+1 (3.12)

0, elsewhere

and similarly for Rg. The regularization matrices approximate the gradients in p- and
B-directions at each occupation level w;j, attempting to keep the gradients small, and
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therefore reducing the changes between adjacent bins; that is, making the solution
smoother.

To obtain the occupation numbers w;;, we compute the solution to the following opti-
mization problem:

W = argmin %—MW@BpERbW@BBERhWIEE,I w R, (3.13)

In order to obtain W, we create an extended matrix M and an extended vector C:

I:IC 1
'%*15 Rp I € = Tod_yym B (3.14)
0pRp O1(m-—1)
Now, our extended system is of the form
Mw = C. (3.15)

Due to the instability of the problem, the traditional least squares solution would often
lead to some occupation numbers w;i; becoming negative, and it is also common that some
occupation numbers blow up, approaching +oco. Non-linear optimization with a change
of variables, for example wi; = exp(zij), would ensure the positivity of the occupation
numbers, but we found the method too inaccurate and computationally slow. Instead, we
used MATLAB’s linear least squares method with a positivity constraint wj; = 0 (Lawson
and Hanson, 1974); this method turnqﬂ to be e [edtive. Now, let Wj; be the occupation
numbers wij normalized such that i) Wij = 1. To obtain the joint distribution for p
and (3, we can simply write f(p;, Bj) = Wij.

We test%ﬁbnt population sizes to see how large population is required for the function
series ij Wij Fij to converge towards the CDF C(A). In Fig. 3.3, we see that a data
sample of 10 asteroids is obviously insu Lcieht for convergence. With a sample of 100
asteroids, the shape of the CDF is beginning to show, but the CDF is still poorly sampled.
With 1000 asteroids, the CDF is smooth, and the function series fitting is accurate, with
an error of less than 1%.

We assume that the observations are concentrated near the ecliptic plane (otherwise there
is no information on the spin latitude). We tested the validity of the assumption, and
for WISE and Pan-STARRS1 databases, about 95% of the observations were located in
a +20° sector near the ecliptic plane. Histograms about the distribution of the ecliptic
latitudes for objects from WISE and Pan-STARRS1 databases are presented in Fig. 3.4.
We note that out of the two parameters, B is more sensitive to the observation geometries,
and the violation of our assumption tends to result in the B solution being more inaccurate
than the p solution.

3.2 Comparing populations

One of the key applications of our method is to detect diLerences between populations,
and to analyze whether two samples belong to the same population or not.

Let S; and S, be two populations. We determine the shape elongation and spin latitude
distributions for both populations. First, let us consider one of the populations. Let
(pi, Bj) be the grid points, i =1, ..., land j =1, ..., m, and let Wj; be the occupation
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Figure 3.3: Plots of the function series Mw = i wijFij plotted versus the CDF C = C(A)
to illustrate how Mw converges to C as the number of asteroids grows, with sample populations
of 10, 100 and 1000 asteroids.

—1
numbers normalized such that ; ; Wij; = 1. Now, the marginal density functions f(p)
and f(B) can be computed for the population in the following way:

™ 1 —
fp)= W, FB))=  Wj. (3.16)

j=1 i=1
Next, let us compute the CDFs for the marginal DFs, denoting these CDFs as F, and Fg:

—1 1
Fpo = f(Pi). Fg. = T(Bj). (3.17)
i=1 j=1

With the CDFs Fp(S1), Fp(S2), Fg(S1) and Fg(S2) computed for both populations, we
define the statistical di[erences between populations:
—1
Dp(S1,S2) = ak [Ep(S1) — Fp(S2) L]
Dg(S1,S2) = ok [ER(S1) — Fp(S2) L
We typically compute the cases k = 1, k =2 and k = oo. The scaling coe [ciehts oy are

arbitrary; we chose them to be a; = 1/4, a, = 1 and 0. = 2 to fix the values of each
statistical diLerknce to the same magnitude. The case k = oo is the Kolmogorov—Smirnov

(3.18)
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Figure 3.4: Histogram portraying the distribution of the ecliptic latitudes for targets from
WISE (left) and Pan-STARRSL1 (right) databases.

test typically used for statistical comparisons. However, one numerical value does not
tell everything about the statistical di [erences between two populations, which is why
we also compute the L' and L? dilerences. For example, the L* norm detects if the
statistical peaks are located in di[erent positions, while the L? norm focuses on the
average di [erknces of populations. We note that the D, and Dg values are not the same
as the “p-value” typically used in statistics. As a general rule of thumb, the statistical
di [erknce between two populations tends to be significant if D & 0.2. Nevertheless, we
do not recommend blindly trusting three computed values, but also plotting the marginal
DFs (and their CDFs) of the populations in the same figure, as a visual comparison is
often more illustrative for analyzing the di[erknces between populations.

3.3 Synthetic simulator

Unless we have literature references containing information about the shape elongation
and spin latitudes for asteroid families available, the only way to evaluate the accuracy
of the obtained (p,B) distribution is to run simulations with synthetic data. In the
simulations, we use synthetic asteroid models where the p and (3 values of each asteroid
is known, and we take geometries from the database we are testing, to determine how
accurately the (p, B) distribution is reconstructed as the solution of the inverse problem
from Sect. 3.1.3. The simulations can also be used for detecting systematic errors in
the solution. The accuracy of the solution depends on the database used; we tested the
accuracy of the WISE database in Nortunen and Kaasalainen (2017), and the accuracy of
the Pan-STARRS1 database in Cibulkova et al. (2018).

In order to avoid inverse crime (see Kaipio and Somersalo (2005)), it is important to
create realistic simulations that are made with a model di [erent from and independent
of the analytical model used in the inversion. A further reason for the simulations is
that ordinary error analysis cannot be used in our case since our actual observable is a
cumulative distribution function rather than the original time series. CDFs do not have
any well-defined pointwise errors as in time series: in this sense, fitting the model to the
observations is di [erent from the usual cases of goodness-of-fit and error levels.

We used DAMIT as the source for synthetic asteroid models, since it has a rich variety of
realistic shapes. We applied basic transformations, such as stretching, on the DAMIT
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models to obtain the desired shapes. For the ellipsoid model described in Sect. 3.1.3,
we set a as the longest diameter in the equatorial xy-plane, and b as the width in the
corresponding orthogonal direction. Then, the shape elongation is simply p = b/a.

We note that the error in the solution is dominated by the model noise. We also tried
other methods for determining the shape elongation of an asteroid shape. For example,
we computed ellipsoids that best fitted the contours of an asteroid shape. However, we
observed no noticeable change in the accuracy of the solutions. Therefore, we opted
to use the method described in the previous paragraph due to its simplicity and fast
computation times.

Let us assume that the synthetic population has a fixed, single peak at (p55! and
the population contains N asteroids. Then, the following algorithm is repeated for each
asteroidi=1, ..., N:

1. We choose an asteroid model from DAMIT such that its shape elongation p = b/a
is close to the peak value p™Within a certain tolerance:

p—pT<=0 (3.19)

For example, we used a value of [ 3= 0.075 to fix each elongation value to a distance
of at most 0.15 p-units away from each other. In addition, we compute the normal
and area for each facet of the asteroid model.

2. We choose a B from a Gaussian distribution, with the mean p~hnd standard
deviation o (we used a value of 0 = 0.05), and with a restriction B [(D,11/2).
In addition, we fix the longitude A by choosing it from a uniform distribution,

A L]0, 2m].

3. We extract geometries (direction vectors of the Sun and the Earth) from a data
file belonging to the asteroid database we are studying, as well as the Julian dates
of the measurements. If the geometries are not given in the data file directly, they
need to be computed separately. The direction vectors should be transformed to
the asteroid-fixed frame by using a coordinate transformation, (Kaasalainen et al.,
2001), with the help of B and A, which were fixed in the previous step. Let us
denote the direction vectors in the asteroid’s own frame ey, and €earth, and let o
be the phase angle between the Sun and the Earth. We filter out the cases where
the condition

o = arccos(esun * €earth) = Otol- (3.20)

does not hold; depending on the database, d, should be at most 20—-30 degrees.
Finally, we compute the total brightness L for the synthetic asteroid, and add
a minor Gaussian perturbation to L to simulate noise. For computing the total
brightness of the synthetic DAMIT models, we use a combination of Lommel—
Seeliger and Lambert scattering laws as in Kaasalainen and Lamberg (2006),
since the models in DAMIT are mostly constructed using these scattering laws, and
therefore we can reproduce the most realistic brightness values by using the same
scattering laws. Alternatively, when using shape models from other sources than
DAMIT, other scattering laws, such as Hapke, may also be used.

4. We proceed with the forward model as in Sect. 3.1.1. That is, we require at least five
L values for a valid n estimate, and we may split the brightness data into multiple
data sets to keep the changes in geometry small within each set. If the phase angle
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changes too much within a set, we may apply phase correction on the set. Finally,
we compute n and A for each set as in Eq. (3.2) and (3.7). With the amplitudes
computed, we sort them in an increasing order. If we have k amplitudes in total,
the CDF is simply C(A;) = i/k, wherei=1, ... k.

5. We compute the solution of the inverse problem as described in Sect. 3.1.3. A visual
presentation of the actual joint distribution f(p, ) and the computed DF f(p, B) is
often illustrative to analyze the accuracy of the solution.

3.4 Conclusions

In this chapter, we have described our method of using distribution analysis to obtain
information about a population when the data are scarce, and no model can be recon-
structed for individual targets. In the forward model, we introduced our observable,
brightness variation n, and the CDF C(A) that we constructed from our observables; the
connection between n and A is given in (3.7). The CDF can be expressed as a linear
combination of analytical basis functions given in Sect. 3.1.2, and solving the inverse
problem described in Sect. 3.1.3 gives us the occupation levels of each (p, ) bin. Thus,
we obtain the joint distribution for the shape elongation p, and spin latitude 3.

A solution with a rough-scale accuracy requires at least a 1000 observed targets in the
population. Indeed, due to the poor quality of the data, a rough-scale solution is the best
that can be obtained. Even so, our method turned out to be robust, and the accuracy of
the solution has a high tolerance towards errors, often being una[edted by a moderate
amount of noise. The total number of observations, which is high if the population is
large enough, is what essentially dictates the accuracy of the solution, not the errors — in
fact, the amount of noise in both the scarce data and the ellipsoid model is tremendous.
The errors can be large, but as long as the population is large enough, we can obtain
as much information from the scarce data as it is possible. While it is not possible to
obtain a high-resolution solution, the method is still accurate enough to detect statistical
peaks, as well as yield the approximate shape of the joint distribution. In a way, the
distribution method is analogous to the famous telescope developed by Galileo Galilei,
which could be used for detecting celestial bodies, but it could not obtain high-resolution
images of the bodies. Similarly, our method can be used for discovering population-wide
statistical peaks, and their approximate location in the (p, ) grid, but the method is
not intended for high-resolution solutions. For other applications, the method can be
used for discovering dilerknces between the distributions of di[lerent populations, as
explained in Sect. 3.2. While we have defined a few measures to compute the statistical
di [erkences between marginal distributions, it is usually more illustrative to perform a
visual comparison between the marginal distributions, by plotting them in the same
figure.

It is essential to note the scale for the number of targets (denoted as N on this paragraph)
that can be observed with di[erknt data types. For the targets that can be accurately seen
with a space probe, N [CI0. For the targets that can be accurately modelled with the
help of telescopes, adaptive optics or interferometry, N [I0?. With dense photometry,
about N [I0° targets can be modelled with good accuracy, and with sparse photometry,
about N [I0* targets can be modelleted with rough accuracy. A more accurate listing
of di[erknt observation techniques, the physical properties that can be derived, and the
number of models that can be obtained, is given in Durech et al. (2015). In the case of
scarce data, the number of targets that can be modelled on a population-wide level is
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N [I0°, or maybe even N [I0°. It should be noted that the population-wide modelling
is not something that we are comparing with other methods; it is essentially the only way
to obtain information from scarce data.

In Sect. 3.3, we have written an algorithm for a synthetic simulator that can be used
to test the accuracy and validity of our method with a given database. Each database
behaves di[erkntly in terms of accuracy, systematic errors and tuning parameters, so
rather than using our distribution analysis method blindly, the user should always run
synthetic simulations on the database to acquire information on the accuracy levels of the
database. In Chapter 4, we will discuss how we can use synthetic simulations to fine-tune
our method to provide more accurate results with a given database.






4 Technical fine-tuning of the
LEADER software package

We have developed the LEADER (Latitudes and Elongations of Asteroid Distributions
Estimated Rapidly) software package for MATLAB to implement the method described
in Chapter 3.1. The operating principles of the software package were explained in detail
in Nortunen and Kaasalainen (2017), and the MATLAB code is available online®.

The LEADER software package is roughly divided into three main components. The
main algorithm implements the method described in Sect. 3.1. It analyzes each asteroid
data file of the given database, and attempts to compute at least one brightness variation
estimate n for each observed target, as explained in Sect. 3.1.1. Then the algorithm
computes the joint distribution for p and 3 from the inverse problem explained in Sect.
3.1.3. Finally, the obtained solution is presented as a contour plot. Another component
is the synthetic simulator, which attempts to reconstruct the joint (p, ) distribution
to a synthetic population where the distribution is known in advance; the algorithm is
explained in Sect. 3.3. The third component runs a comparison between populations:
the main algorithm is carried out separately for two populations, and the obtained
distributions are compared using the principles defined in Sect. 3.2.

As we noticed from Chapter 3, our method contains several adjustable parameters, such
as the choice of (p, B) grid, and regularization parameters. Furthermore, when plotting
the joint distributions obtained from the inverse problem, we can use a deconvolution
filter to correct possible systematic errors in the solution. In this chapter, we will fine-tune
the aforementioned settings to make sure the solution is as accurate as possible for most
of the databases. The accuracy of the solution can be tested with synthetic simulations,
where the actual (p, B) distribution of the population is known. We perform most of these
simulations for the WISE database, as we have noticed that the parameter values that
are applicable with WISE data typically work with other databases as well. However, we
additionally perform some simulations with the Pan-STARRS1 database for completeness.

In addition to testing the WISE and Pan-STARRS1 databases with synthetic simulations,
we performed simulations on synthetic data provided by Josef Durech. We applied phase
correction on the synthetic observations, and used Hapke’s scattering law to compute the
brightness values for each target. Unfortunately, the noise level on the data was too large.
As a result, the peak of the p distribution was placed far too much to the left, making
the population seem more elongated than it actually was, and the 3 information was
practically lost. The results of these simulations suggest that our method cannot recover
information from overly noisy databases. Fortunately, there are asteroid databases where
the noise level is small enough, and distributions can be reconstructed with good accuracy.

Ihttps://github.com/northa7/LEADER (cited on April 30th, 2018)
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4.1 Deconvolution

To acquire a good understanding of how the systematic error works when using WISE
data, we performed a series of synthetic simulations with WISE-based synthetic data.
We performed 50 runs of the simulator described in Sect. 3.3, each time with a di[erent,
randomized (p5 3 5'peak. On each run, we used a population of 1000 synthetic asteroids.
We reconstructed each (p, B) solution using the inverse problem, and located the peak of
the solution distribution. We plotted the actual p peaks versus the computed p peaks,
and similarly for B, in Fig. 4.1. The black dashed line is of the type “y = x”, and it
presents the case when the actual peak and the obtained peak coincide perfectly. For the
shape elongation p, we perceived an obvious trend of the computed solution being about
0.1 units lower than the actual solution. A linear fit of the form *“y = x —0.1” is rather
accurate, with the goodness of fit R? []0.8,0.9]. The biggest error occurs when the actual
p-peak is lower or equal to 0.4, which should be extremely rare for real asteroids. For 3,
however, the systematic error is harder to model. If the actual 3 peak value is low, the
obtained peak shifts up, towards the middle values, while if the actual B peak is high, the
obtained peak usually shifts down, towards middle values, but the solution distribution
may alternatively spread towards the end valug, /2, with the 3 peak appearing at the
end of the distribution. A fit of the form “y = X" or other similar power law would be
possible for B, but we detected that such fit was inaccurate, with R? []0.6,0.7].

We attempted to correct the solution in the [ direction by shifting the distribution, but
the errors in 3 were so irregular that we omitted the shifting in order to avoid “false
positives” in the correction.
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Figure 4.1: The actual p (left) and B (right) peak values plotted versus the computed p and 3
peak values with WISE-based synthetic models, with the limit curve of the form y = x plotted
in black to show the case when the computed values would be completely accurate.

In addition to testing how well the distribution peak is obtained, the synthetic simulator
reveals how accurately the overall shape of the distribution is reconstructed. \We observed
that the reconstructed joint distribution tends to spread in both p and [ directions
when moving away from the peak. The spreading was systematic enough that it could
be corrected by introducing dampening when moving away from the peak (assuming
a one-peak solution). An example of the deconvolution filter applied to the computed
solution for a synthetic population has been presented in Fig. 4.2. After applying the
filter, the original “image” is reconstructed surprisingly accurately, excluding the shift in
3 direction.
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Figure 4.2: Actual joint distribution of (p, B) (top left) for a WISE-based synthetic population
compared to the obtained solution (top right). On the bottom is the solution with deconvolution.

4.2 Choice of grid

We want to examine whether the choice of grid aledts the accuracy of the solution. As
some p and (3 values are less likely than some others, we may lower the resolution of
those (p, B) bins, while keeping a large resolution with the bins that are more likely to
be occupied. For p, the highly elongated values of p < 0.5 should be rare for realistic
populations. Meanwhile for 3, occupation numbers proportional to sin(3) would mean a
uniform distribution on a sphere, so we expect small B values (perpendicular to the ecliptic
plane) to be less common than  values close to /2 (in the ecliptic plane). Therefore, on
our experimental grid, we set p to have one bin in the intervals 0-0.25 and 0.25-0.4, and
for values p > 0.4, we have one bin in the intervals 0.4-0.45, ..., 0.95-1. For (3, we use
one bin in the intervals 0°-18.5°, 18.5°-24.7°, 24.7°-31°, 31°-37.2° and 37.2°-43.4",
and for bigger angles, we use one bin in the intervals 43.4°-46.5, ..., 86.9°-90".

We used the same simulation setup as in Sect. 4.1 to test the accuracy of the solution
with an equally spaced grid and the aforementioned selectively spaced grid. Plots of
simulations with di Cerkent grid choices for WISE and Pan-STARRS1 are presented in Figs.
4.3 and 4.4, respectively.

For WISE, it is more accurate to use equally spaced grids. If the resolution is small for low
shape elongation values, the solution begins to get inaccurate when p - 0.65, shifting too
much towards elongated values. For (3, an equally spaced grid is more accurate, although
it has a systematic error of shifting values from both extreme ends (B =0 and B = 11/2)
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towards the middle. With a grid that uses a smaller resolution for values 3 < /4, the
solution clearly favors values that are perpendicular to the ecliptic plane, although it may
invert the bodies in the ecliptic plane correctly.

For Pan-STARRS], a grid with selective spacing yields more accurate results for 3, while
for equally spaced grids, the solution places all the peaks close to the ecliptic plane. With
a selectively spaced grid, the p solution becomes less accurate when the peak is located
at a value less than 0.5. For real applications, this is practically not an issue, since it is
rare to encounter asteroid shapes with p [C0.3, let alone statistical peaks where p < 0.5.
Therefore, we will use a selectively spaced (p, B) grid for Pan-STARRSL, as that way we
can obtain at least some information about spin latitudes that are perpendicular to the
ecliptic plane.

4.3 Regularization

Since we are using regularization in the inverse problem to smoothen and stabilize the
solution, we should choose the regularization parameters 3, and dg carefully. Too much
regularization, that is, too high values for the regularization parameters, will eliminate
much of the obtained information and provide only a flat solution. Meanwhile, if the
regularization is insu Lcieht, that is, too low values for the regularization parameters, the



4.3. Regularization

31

1 -
L3
~08 ol
x = s s
[ * - . .
Q - B0,
£ s .;)/ -
o 0.6 .
2 e
204 S
E //.
S -
©o2 -
0 - 1 1 1 1
0 0.2 0.4 0.6 0.8 1
Real p (peak)
156 * L B 3 TEW RIS
9 - o * ,’./
* - L4 * ’ .
8 hd %on . w7
S 1 * .!l /// L]
[caB . . A -
- - - //
Q . e .
5 -
o -
€ 0.5¢ L7
o L
@) e
0~ : : :
0 0.5 1 15

Real B (peak)

Computed p (peak)

=
3

Computed B (peak)

.
©

.
)

I
~

.
(S)

0.2

0.4 0.6
Real p (peak)

0.8 1

[N

o
3]

05 1
Real B (peak)

15

Figure 4.4: On top, the actual p peak values plotted versus the computed p peak values with
Pan-STARRS1-based synthetic models, with the limit curve of the form y = x plotted in black
to show the case when the computed values would be completely accurate. Top left is for equally
spaced bins, top right uses sparse spacing for smaller bins. On bottom, the same plots for 3.

solution distribution will become unrealistically sharp, and it will additionally su [ed from
instability problems, being too sensitive to perturbations.

We use synthetic simulations to evaluate the accuracy of the solution when using di Cerent
values for the regularization parameters &, and dg. The setup we used in the simulations
is the same we used in Sect. 4.1. The results were plotted in Figs. 4.5 and 4.6 for 9,
and dg, respectively. For both regularization parameters, we tested how their values
aledt both p and B distributions, since p and [ are not independent, and a change in the

solution will thus a[edt both distributions.

We observed that sensible values for regularization parameters are generally 8, 10~ and
o [I0°. Since B is more unstable than p, it is sensible that the B distribution requires
more regularization than the p distribution. Hence, we have typically chosen simply
dp = 0.1 and dg = 1, but these values can naturally be adjusted and fine-tuned according
to the asteroid database used. For example, for WISE, we may choose slightly higher
values for regularization parameters, such as 8, = 0.25 and g = 3, but for Pan-STARRSI,
we noticed that either increasing or decreasing the values of the parameters from these
values quickly causes the solution to deteriorate.
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Figure 4.5: On left, the actual p peak values plotted versus the computed p peak values with
WISE-based synthetic models with diCerent values of 6,. On bottom, the same plots for B with
di Cerent values of §p.

4.4 Conclusions

We have used simulations with synthetic data in order to optimize the post-solution
correction, grid setups and regularization parameters for the LEADER software package.
We have noticed that some choices, such as the type of grid used, are highly dependent
on the database. One type of a grid choice can improve the results considerably with one
database, and significantly deteriorate the results with another database. The results
presented in this chapter emphasize how the method of using distribution analysis to
obtain information about a population should never be used “blindly”, as a black box.
Instead, the users of the software package should always evaluate the applicability of the
method first, by performing simulations with the database that they aim to use.

The parameters we have discussed in this chapter have been tuned so that they can be
applied to typical astronomical databases to give sensible results, but naturally, there are
no global tuning parameters that give optimal results with every database. Instead, we
encourage the users to try di[erknt sets of rules, both for data analysis and parameters,
and see how the changes a[edt the accuracy of the solution. Adjusting these rules is
simple, and the computation times for simulations are fast, so it is highly recommended
that the user will fine-tune the settings of the software package so that it can be better
tailored to work with the desired database.

The software package can also be used to experiment with dilerent definitions of a
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Figure 4.6: On left, the actual p peak values plotted versus the computed p peak values with
WISE-based synthetic models with diCerent values of dg. On bottom, the same plots for 3 with
di Cerent values of &g.

population. While there are some astronomical ways of determining which targets belong
to the same family, the definition of a population is ultimately arbitrary. If the user
wants to study a group of asteroids with certain, shared properties, it is simple to create
a script that filters the asteroids with the desired traits, and these asteroids form a new
subpopulation. Another application for the software package is to test whether certain
correlations exist, and similarly, to test whether a user-defined hypothesis holds or not.
Some examples of testing correlations and hypotheses have been presented in Chapter
5. Some additional examples are presented in Nortunen et al. (2017) and Nortunen and
Kaasalainen (2017). For instance, in Nortunen et al. (2017), we tested whether there is any
correlation between the shape and size of the asteroids. We discovered that populations
with a bigger diameter tend to have a higher concentration of spherical asteroids, and the
spin axes are closer to the ecliptic plane.






5 Experiments with LEADER

5.1 Results from astronomical databases

In this section, we present some of the experiments we performed when comparing di [erknt
asteroid populations. We focus on results that were not included in the publications
Nortunen et al. (2017), Nortunen and Kaasalainen (2017) and Cibulkova et al. (2018).
On some of the experiments, we discovered that certain factors do not have a significant
e[edt on the results. Nevertheless, we included these experiments in this dissertation, to
notify what we have already studied.

As large asteroids are more spherical than small ones, we used LEADER to test if including
large asteroids introduced any bias in our results. As an example, we plotted a comparison
between the full Eos population and a sub-population with only small (D < 20 km) Eos
asteroids (Figs. 5.1 and 5.2). We used data from the WISE database for both populations.
For the p distribution, the inclusion of large asteroids mainly a [edts the width of the peak,
and as the peak is always located in the middle of the distribution, there are no noticeable
di Cerknces in the ratio of elongated and spherical bodies. The statistical di Lerences are
even smaller for the B distribution. As there seems to be no noticeable bias, we will take
full populations and use them as such.

We performed a comparison between WISE and Pan-STARRS1 databases to examine
what kind of di[erkences there possibly are between the databases. In order to avoid bias
related to the selection of targets, we considered only the asteroids that are found in both
databases. There are about 70,000 mutual asteroids in both databases, which is more
than su Lcieht for obtaining a smooth CDF C(A). The comparisons of the solved p and
B distributions have been plotted in Figs. 5.3 and 5.4, respectively. The p peak is located
more towards spherical values for Pan-STARRSL, and the distribution is single-peaked.
For WISE, the peak is unrealistically elongated; this is because the computed solution
shifts the p values too much towards elongated values as seen in Fig. 4.1. Furthermore,
the peak is very wide, and the distribution can even be considered double-peaked. As for
the B distribution, the computed 3 peak lies closer to the ecliptic plane for Pan-STARRS1.
From Fig. 4.4, we know that the computed solution tends to shift 3 too much towards
the ecliptic plane for Pan-STARRS1.

We tested the e [edt of the orbit inclination I (the deviation of the orbit plane from that
of the Earth) on the accuracy of the solution when using the Pan-STARRS1 database. In
the simulations with synthetic data, we used subpopulations of 2000 asteroids for cases
sin(l) < 0.2 and sin(l) > 0.2, with the geometries from Pan-STARRS1. The results
have been plotted in Fig. 5.5. The di[erences in the accuracy of the computed p and 3
solutions are not significant for populations with low and high inclinations. Therefore, we
conclude that the accuracy of our method is not a[edted by the inclination of orbits.

35
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Figure 5.1: Comparison of the marginal DFs (top) of the shape elongation p for the whole Eos
family and a subset of small (diameter < 20 km) asteroids from the Eos family, and of their
marginal CDFs (bottom). The asteroids were reconstructed by using measurements from WISE
data.

5.2 The impact of YORP on the spin latitude

An intuitive guess would be that the spin latitude B is uniformly distributed. This was
also the assumption used by Szab6 and Kiss (2008), where the asteroid models had a
randomly oriented spin axis, and the spin latitude was fixed. Indeed for large and spherical
asteroid populations, the  distribution is almost uniform. As shown in Nortunen et al.
(2017), large asteroids tend to be more spherical. In those cases, the YORP torques
mostly vanish due to symmetry, and the e [edt of YORP is less prominent for large bodies.
However, for small asteroids, which are typically more irregularly and asymmetrically
shaped, the impact of YORP is significant, and causes 3 to be peaked, rather than
isotropic. A [ distribution proportional to sin(3) would mean that the spin latitude is
uniformly distributed on a sphere, and the peak would be located at 3 = /2. The e[edt
of YORP shifts the 3 peak towards the pole of the ecliptic plane (Pravec and Harris,
2000; Rubincam, 2000).

Many astronomers have focused on studying the properties of certain asteroid families
during the last decade. By performing a lightcurve analysis on observations from multiple
epochs?, it is possible to determine rotational poles, and carry out shape model fitting.
Determining the pole for a large number of members in the asteroid family allows the
astronomers to study the YORP evolution of the spin states of the family (Masiero et al.,
2015). A significant result obtained from these lightcurve studies is that the YORP e [edt

1Here epoch means a point in time when certain geometries hold; the geomeries change as time
passes.
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Figure 5.2: Comparison of the marginal DFs (top) of the spin latitude 3 for the Eos family
and its subset (diameter < 20 km), and of their marginal CDFs (bottom).

has been confirmed to aledt the spin latitudes of bodies with similar ages (Vokrouhlicky
et al., 2003). The YORP e[edt not only creates a torque that alters the rotation rate
of the asteroids, but it is also predicted that it rapidly alters the spin latitudes of small
bodies towards being perpendicular to the ecliptic plane. That is, for populations with
small bodies, some of the (3 values tend to cluster towards 3 = 0.

Several lightcurves of the Koronis family were measured by Slivan et al. (2003, 2008,
2009). Measurements from 30 members of the family showed a strongly anisotropic?
distribution for the spin latitudes. The results were consistent with how the YORP e [edt
was expected to alter rotation rates. For comparison, we considered all the asteroids in
the Koronis family that were included in the WISE database, and computed their shape
elongation and spin latitude distributions using the LEADER software package. The
marginal distributions of p and 3 have been plotted in Fig. 5.6. No deconvolution has been
used for the marginal DFs to preserve all of tr]e'ii(])rmation obt%in the solution. Both
marginal DFs have been normalized so that ; f(pi) =1and ; f(Bj) = 1. Itis notable
that such a large number of spin latitudes has been concentrated perpendicular to the
ecliptic plane. Since the solution tends to avoid the extreme ends at B =0 and B = /2, it
is possible that the actual 3 peak is even closer towards the pole. An additional sinusoidal
curve has been plotted in the same figure to portray a uniform  distribution on a sphere,
and spin latitudes with small B values (closer to the pole than the ecliptic plane) are
clearly overrepresented. For comparison, Slivan et al. (2003) detected a large number of
spin vectors clustered near the 20° (0.35 radians) and 45° (0.79 radians) angles for the
Koronis family.

2Having di [erent properties depending on the direction of measurement.
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Figure 5.3: Comparison of the marginal DFs (top) of the shape elongation p for the WISE and
Pan-STARRSL1 databases, and of their marginal CDFs (bottom).

In this section, we have discussed the connection between the YORP e[edt and the spin
latitudes of asteroids. The YORP el[edt tends to shift spin latitudes away from the
ecliptic plane, towards [3 values closer to 0. This e[edt is especially noticeable for small,
asymmetrical bodies. One of the first asteroid families where this connection was found
was the Koronis family. We applied our method on the Koronis family and computed the
p and B distributions of the population, and we confirmed that the 8 peak has indeed
been shifted towards the ecliptic pole.
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6 Conclusions and discussion

In this thesis, we have studied two new and innovative research problems. We have
studied the YORP e [edt, where sunlight causes a torque that a[edts the rotation rate
and obliquity of small celestial bodies, such as asteroids. Our focus was to derive an
analytical theory on how the shape of the body aledts the maximum e [edt of the light.
While the YORP e[edt is fairly known and popular nowadays, the e [edt had not been
examined analytically in detail before, so we aimed for a thorough mathematical study to
derive the analytical expressions for the YORP torques. We also studied a complicated
inverse problem, where we used brightness measurements to obtain information on the
shape of asteroids. What made the situation problematic was that the available data
were so weak that we could only obtain information on large asteroid populations, rather
than individual targets. A few astronomers had attempted the same approach before,
but without any mathematical theory or numerical validity tests to support them. In the
field of inverse problems, the method is completely new.

When we derived the analytical torques for the YORP e [edt, we defined a new quantity:
the YORP capacity Y. The capacity portrays the maximum YORP e[edt on a body,
scaled to be dimensionless and size-invariant. It is meant to describe the impact of shape
on the magnitude of the YORP e[edt. We wanted to focus on the influence of shape
alone, with no bias caused by the size of the object. We also estimated the upper bound
of the YORP capacity, showing how the YORP capacity is theoretically unbounded for
certain shapes, but practically, a finite upper bound exists.

We performed a stability analysis for the YORP e [edt to estimate the impact of errors
in the asteroid models. With small perturbations in shape, the absolute change in Y
remains bounded, so even for an unstable shape, we can usually obtain at least the correct
order of magnitude for the YORP torques. The relative change in Y, however, can be
very large if the Y value is small. Depending on the magnitude of the YORP capacity, we
divided shapes into diLerknt stability classes, where the shapes can be stable, semistable
or unstable to shape perturbations. We studied the distribution of YORP capacities for
the asteroid models found in DAMIT, and we noticed that a majority of the asteroids
is YORP-unstable to global shape perturbations, while a fraction of the asteroids is
YORP-semistable. Some asteroids, such as Itokawa, are so unstable that the observed
YORP behavior changes completely when using di Lerent-resolution shape models. In
such cases, only the order of magnitude can be obtained for the YORP torques, with the
information on the actual torque behavior being unattainable. For future YORP research,
this gives astronomers insight that obtaining accurate YORP information is not viable
for certain shapes.

In the other case study, we examined an inversion problem where the data, given as
time series, are so “scarce” that no model can be constructed for an individual target.

4
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Rather than inspecting single targets, we focused on analyzing the statistical behavior of
an object population. As far as the author knows, this approach has never been tried
before to solve an inverse problem. Information on invididual targets is lost, but we
discovered that we can still obtain a population-wide model. As our observable, we used
a CDF that was constructed using brightness varation estimates from the brightness
measurements. In Nortunen et al. (2017), we derived analytical basis functions, with
their superposition yielding the observed CDF. With the help of these basis functions, we
were able to unambiguously obtain the joint distribution for our two parameters, shape
elongation p and spin latitude . If the number of objects in the population is large,
the observed CDF converges towards the actual CDF, and the joint distribution can be
obtained with moderate accuracy. Even though the quality of the data and the ellipsoid
model used to portray the observed asteroids are both weak, the distribution method
turned out to be highly robust, as long as the population is large enough. A population
of about 1000 targets or more is required for the observed CDF to converge.

The joint distribution for p and (3 is obtained on a rough-scale accuracy. Our distribution
method is similar to the telescope developed by Galileo Galilei: it is applicable for making
observations, but it cannot be used to acquire high-resolution “images”. A population-level
model is the best that can be reconstructed from scarce data, as the data are insu [cieht
for providing information about individual targets. The modeling methods for dense or
sparse photometries can be used for reconstructing 10°-10* targets, but for the rest,
population-level modelling is the only way to obtain information about the targets.

The YORP e[edt has a prominent impact on the spin latitudes when considering popula-
tions that have plenty of small bodies. It causes the peak of the 3 distribution to shift
away from the ecliptic plane, towards the ecliptic pole. The e[edt had been observed for
the Koronis family before, and we confirmed the e [edt by using our distribution method
to reconstruct the (3 distribution of the Koronis family. In Nortunen et al. (2017), we
showed how the B peak is closer to the ecliptic plane for larger bodies. As a theoretical
limit, the B distribution would approach the behavior of sin() for populations with only
large and spherical bodies, as the YORP torques would either vanish or be insignificant
for those bodies. The behavior of sin(3) would mean the spin latitudes are uniformly
distributed on a sphere.

The properties of shape and spin distributions for di[erent populations can be tested
and compared with di Cerent populations using our distribution method. This leads to an
interesting question about what defines a population, as the concept of a population is
ultimately arbitrary. The LEADER software package allows the user to detect di [erknces
or possible correlations for di [erknt asteroid populations, as well as test di [erent hypothe-
ses about the properties of a population. In a way, the software package can be used as a
data mining tool for examining whether there is a correlation between populations with
certain characteristics.

For future research, astronomers may use the software package to experiment with di [erent
asteroid populations, as well as obtaining information on the properties of asteroid families.
Some new asteroid databases will be available in the near future, such as the Gaia®
survey in 2018, and LSST? (Large Synoptic Survey Telescope) in the late 2020s. The
former contains data on tens of thousands of asteroids. Depending on the quality of the
data, our distribution method may be the only way to obtain information about the shape

Lhttp://sci.esa.int/gaia/ (cited on April 30th, 2018)
2https://www.lsst.org/ (cited on April 30th, 2018)
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and spin properties of the asteroids surveyed on these databases. In addition, it may be
possible to implement the distribution method on other fields with large populations,
such as forest research.






A Appendix

A.1 Computing the spherical harmonics expansion

In a three-dimensional case, we can use spherical harmonics (Press et al., 2007) to
express the radius r(6, ¢), using an expansion

) . —
r® )= "Y', 9), (A1)

1=0 m=—1

assuming that the spherical harmonics expansion (A.1) converges and the shape is starlike
(unique radius in each direction). The factors Y,™ are Laplace’s spherical harmonics, and
they are of the form

Y,"(8, @) = P,"(cos p)e'™®, (A2)
where the terms P/™ = P"(cos @) are associated Legendre polynomials (Abramowitz
and Stegun, 1965). We want to solve the coe Lciehts ¢c{" [CCl

To avoid the use of complex numbers in computation, we can apply Euler’s formula,
writing ™8 = cos(mB) + isin(mB). As the radius r(8, @) is a real-valued function, it is
su Lcieht to consider the indices m = 0. Hence, the series expansion can be written as

) ol B | ] [
r®, o) = f|" cos(m6) + g;" sin(m6) P,™(cos @), (A.3)
1=0 m=0
where ™, 9" Rl During the actual computation, the spherical harmonics expansion
must be approximated with a partial sum:

L _ ]
r(6,p) = " cos(mB) + g;" sin(m6) P™(cos @). (A.4)
1=0 m=0

As we examine equation (A.3), we notice that the terms cos(m8) and sin(m8) are known,
but it is yet to be determined how the terms P/ (cos @), f™ and g™ can be computed.
First, consider the associated Legendre polynomials P\™(cos ¢). It is worth noting that
the normalization constant frequently appearing in the expression of Y|, as well as the
Condon-Shortley phase factor (—1)™ associated with the expression of P|™, have been
omitted, as they can be included in the coe Lciehts f|™ and gi". The associated Legendre
polynomials can be presented as in Kaasalainen et al. (1992):

Hm™
P (cos ) = im €0s" (@) sin™ (@), (A.5)

n=0

where the coe [cieht Aj}, is defined recursively according to the algorithm below.
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1. If | > m, then

n 1 L] n—1 n -
Im = m (2' - 1)A|_1’ m - (I + m — l)A|_2’ m - (A6)
2. Elseif I=mE&0, then n=20 and
Af = QI-1DAY . (A7)
3. Else if =m =0, then n=0 and
A = 1. (A.8)
4. Else,
Ap, =0. (A.9)
End.

Some of the associated Legendre polynomials have been tabulated in Belousov (1962).
The expression P™(x) is commonly used in some sources, where x [[31,1]. The notation
can be made compatible with our convention by using a reparametrization with respect
to the angle @ by setting x = cos(@).

Let us now derive expressions for the coe [ciehts f™ and g{". It can be shown that the
associated Legendre polynomials are orthogonal:

2(1 + m)!
@+ —m)!
where ;; is the Kronecker delta. We multiply both sides of equation (A.3) by the term
P,’Pj(cos @) cos(m'®), where m=& 0, and integrating both sides results in

P,™(cos (p)P,E“u(cos @) sin(p)dg = Sodmmos (A.10)
0

e E
r(8, @)P,™ (cos ®) cos(m'8) sin(@)deds
0 0

iy LU ;

= " P™(cos @) cos(mB)P" (cos ) cos(m'8) sin(p)dpde
l=om=0  [f_0 [T O (A1)

gr[ q ) .—Il I:I
+g" P\™(cos @) sin(mB)P,™ (cos ) cos(m'8) sin(p)dedd
o 0 EnE! O
=l
where
(5 ] -
I, = sin(m#) cos(m'8)do P™(cos @)P\T (cos@)sin(p)de =0  (A.12)
(2] [T o °
=0
and
5 mu e ) -
I, = cos(m8) cos(m'8)de P\ (cos )P\ (cos @) sin(@)de
’ (3
(A.10) 2(1 + m)!
= mé..uémmu ; cos(m®) cos(m'®)do (A.13)
2n(l + m)!

= @+ (1 = my o Omme
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Thus,
] E:Ijgh ]
M + g, = %amammgf,m
1=0 m=0 1=0 m=0 ' (A.14)
_o2n(l+m)t
@I+ —my
Let us denote
2n(l + m)!
m —
N = @+ —m)’ (A.15)
so the right-hand side can be written as N/"f™, and the coe Lcieht ™ will be
-
"= N r(8, ®)P,"(cos @) cos(m8) sin()dpde (A.16a)
| 0 0

when m & 0. In the case where m = 0, the right-hand side of equation (A.11) becomes
2N, likewise, resulting in the following expression for the coe [cieht f2:

| Th

=" r(8, @)P(cos @) sin(@)deds. (A.16b)
2N| 0 0

Obtaining the expressions for the coe [ciehts g{" is almost identical to deriving the expres-
sions for f|™. We multiply both sides of equation (A.3) with the term P,%“E(cos ®) sin(m'9),
where mY2 0, and integrate both sides. Using the notations from (A.11), now I; = 0 and
I = N™30mmno, where N{™ is the same as in equation (A.15). Therefore,

[ | |
f|m I, + g|m|2 = 0+ N|m6||E6mm]g|m = N|mg|m, (A17)
1=0 m=0 1=0 m=0

and we obtain the coe [cieht g;":

| T O

g" = N r(8, @)P,"(cos @) sin(mB) sin(p)dedo (A.18a)
] 0 0

when m £ 0. If m =0, it holds that gPsin(06) = 0 for all g{ in equation (A.3). Then we
can define, for example, that

g’ =0. (A.18b)

Instead of obtaining the analytical solution, the coe Lciehts f|™ and g{" can also be
computed using the least squares method. According to equation (A.4), the radius r can
be expressed in a data point (6;, ¢;) as follows:

11 1 i1 1 )
r(6i, 9;) = f["P™(cos @;) cos(m8;) + 9i"P" (cos @j) sin(m6;)

1=0 m=0 1=0 m=0 (A.19)

o:
9" f"P " (cos @j) cos(m6;) + 9" P" (cos ;) sin(mé;),

I=0 m=0 1I=1 m=1
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wherei=1,..., Nandj =1, ..., M. Let us use a more compact notation jP{“ =
P,™(cos ;). We obtain the coe [ciehts f™ and g{" by solving a system of linear equations

1 1
Af=r, A= Ac As, (A.202)
where
'%g cos(08;)  PPcos(08;)  Picos(16:) P/ cos(16;) ]
2P0 cos(08;)  PQcos(08;) %P cos(18:) | cos(161) [
FMbO cos(08,)  MPOcos(08,) MPE cos(16:) Mp! cos(16;) [
Jcos(00,)  POcos(06;)  Pilcos(18,) Pl cos(18,) |—

g cos(082)  PPcos(082)  Pq cos(182) %P\ cos(182) [—
Ac=H : : : —(A.20b)
Mb0 cos(00,)  MPPcos(082)  MP{ cos(162) Mp I'cos(16,)

H O cos(00) TPV cos(08n)  TPXcos(ibn) ] cos(ion) =
A0 cos(08ny) PP cos(08n)  2Picos(16n) P cos(16n) [

MpQ co.s(OON) Mp 0 co.s(OON) Mpl co.s(leN) Mp/ co.s(IeN)

and
Cbisins)  P2sin(08:)  *PZsin(16:) 1/ sin(18;)
2P 1sin(00;)  P;sin(08;)  ZPZsin(16;) P !sin(16;) [
iﬁl si.n(091) Mpl si'n(Oel) Mp2 si.n(lel) Mp/! si.n(lel) —
PIsin(08,)  P7sin(08,)  PZsin(16,) Plsin(16,)
1 sin(08;)  P3sin(08)  2PZsin(16y) Py sin(162)
As=H : : : —{ (A.20c)

[(Mb1sin(00,) MP4sin(08;) MPZsin(16y) Mp !'sin(16,) H
Efsiﬁ(oeN) 1P213ir}(oeN) P2 Sin(16n) P] Sin(ion)
—HLsin(08n)  P4sin(08n)  2P2sin(16n) P!sin(18n) [

MPLsin(08n) MP1sin(08n) MPZsin(16n) Mp ! sin(16n )

For clarification, it holds for matrices Ac and As that i =1 and j = 1 on the first row,
i =1and j =2 on the second row, and so forth, and i = N and j = M on the last row.
L

k columns,
k=1

Thus, matrices Ac and As have N - M rows in total. The matrix Ac has
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S |
and the matrix As has k columns. In addition,

k=1
I:rl(el. ®1)

01,92)

1, Om)
02, ¢1)

02, 02)
and r= : (A.20d)

2!(p|\/|)

[T

On Q1)
On, 92)

ITIRIEIENRRIERERE]

«

[T T [

F(Bn. Om)

Both methods for obtaining the coe [ciehts f™ and g" have their advantages. The
analytical method is e [edtive if there are plenty of data points, and they create a grid
(8, 9;5), wherei=1,...,Nand j =1, ..., M. The least squares method is beneficial
when the number of data points is relatively low — making it easier to invert the matrix —
and the points do not appear in a grid, but as a function of the pair (6;, ;). For example,
the asteroid database DAMIT contains asteroid shape models which have the set of
vertices formed by using triangular tessellation. The vertices do not appear in a grid,
but as data points r(8;, @;), where i =1, ..., N. Therefore, the least squares method is
required for solving the coe [ciehts for DAMIT shape models.
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ABSTRACT

We present a concise analytical formulation of the YORRa, with exact formulae for torques on convex bodies and motion-
averaged components applicable to any shapes. We analyze the main features of the secular torques for zero and nonzero thermal
inertia that are function series dependent on only a few odents. Using these, we investigate the stability of the YOREce

against shape perturbations with analytical and numerical estimates. We de ne a quantity describing the YORP capacity of any shape,
and estimate YORP stability with it.

Key words. methods: analytical — methods: numerical — radiation mechanisms: thermal — minor planets, asteroids: general —
minor planets, asteroids: individual: (1862) Apollo — minor planets, asteroids: individual: (3103) Eger

1. Introduction to typical body representations such as polyhedra. The motion-

. . . averaged formulation pertains to any shapes.
The e ect of sunlight on the dynamics of small asteroids is NOW \we discuss the basic concepts and functions in Sect. 2. The

known to be considerable over long time spans. The anisotrogi¢ses of zero and nonzero thermal inertia are studied in, respec-
re ection and thermal re-emission of solar photons is esSefiely, Sects. 3 and 4. The YORP ect can be very sensitive to
tially equivalent to a large number of small rocket engingge details of the shape and other physical characteristics of the
distributed on the surface of an asteroid. Thus the dynamig@lyy (statler 2009: Rozitis & Green 2012), so we discuss YORP
mechanisms are usually divided into two categories: the @‘?‘tability in Sect. 5. We sum up in Sect. 6, and numerical formu-

propulsion force changing the orbital motion (the Yarkovskige for convex polyhedral shape representations are presented in
e ect), and the net torque acting the rotational dynamics 4, appendix.

(the Yarkovsky-O'Keefe-Radzievskii-Paddack or YORReet).
Both have been observed directly (Chesley 2003; Kaasalainen

et al. 2007; Lowry et al. 200Murech et al. 2008, 2012), and2. Problem setup and de nitions
there is clear indirect evidence of their long-term role in th
evolution of asteroid orbits and spin states (Bottke et al. 20
Vokrouhlicky et al. 2003, 2006).

et the direction of the illumination source in a coordinate sys-
m xed to the target body (the-axis coinciding with the ro-

. . tation axis) be denoted by 2 S2. Here entities on the unit
The analytical modeling of the YORP torques, or any othghheres? )de ned by two girection angles, are identi ed with

illumination-dependent functions, on general shapes is ¢ jit vectors inR®. Thus, e.g., the outward unit normal vec-

strained by the concept of insolation: in which geometries Br 2s?is givenby = (# ) (with # measured from the
a surface patch visible? For convex bodies insolation is t”"‘{me) 0 # 0 #<2: ié

and they are the only ones for which exact analytical torques

are possible. Various semianalytical approaches have developgé sin# cos ; 2 = sin#sin ; 3 = COS#: 1)
small nonconvex perturbations while neglecting numerical ray- , . .
tracing within some perturbation size (e.g., Breiter & Michalskhikewise,! = I (;" ) (the subsolar coordinates). The position

2008; Nesvorny & Vokrouhlicky 2007, 2008a; hereafter NvVOPf the asteroid around the Sun in the orbital frame is given,by
and NV08). Unfortunately, the shadowing error cannot be 8- < 2, and the tilt (obliquity) of the rotation axis from the
timated in terms of the perturbation parameter, so no validigfbital pole is denoted by, 0 - The orbital frame and
regime can be established for such approximations even wrBf pole direction of the asteroid are chosen such that

the perturbation is very small.

We present the fundamentals of the YORRet and its sta-
bility and symmetry properties in a conceptually and technicallsor clarity, we assume a circular orbit around the Sun. Ellipticity
simple analytical and exact formulation. For example, it is eagy straightforward to include as described in NV07 and NVO08,
to identify the enigmatic YORP instability with the “trash coefand in @ny case the modi cations due to ellipticity are only of
cients” of a Laplace series, and to show that, while quadrang;qer (1 ) !for eccentricitye (NVO7). Denoting the rota-
symmetric bodies have no secular YORP torques for zero thggn angle of the asteroid around its axis'fy:=  t, the trans-

mal inertia K = 0), they acquire a nonvanishing componenhmation of a vectow from the orbital frame to the body frame
for K, 0. Breiter et al. (2011; hereafter BRV11) arrive at Somgy5qs

of the results of Sect. 3K( = 0) by a di erent context and
approach. We provide easy-to-use formulae directly applicablg;= R,(' 0)Ry( Worb; ?3)

cos = (cos; sin; 0) (sin;0;cos )=cos sin: 2

Article published by EDP Sciences A104, page 1 of 8
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where R; are the usal rotation matrices f@&r and y-axes 3. YORP torque and its components for K =0
(Kaasalainen & Lamberg 2006). The transformations to
oblique frame aligned with the rotation axis but not rotating witfw
the asteroid are

hen there is no thermal inertia; i.e., the thermal conduc-
vity K = 0, the absorbed ux is emitted immediately.
Denoting

= Ry " IVast= Ry( Vorw: (4) = I (11)

The oblique frame is needed in computing the torque COMPPa immediate emission means that. for a surface hd
nent that changes the obliquity of the spin axis. We assume here ' pasc

that remains virtually constant during=2 . T4=@1 AF,; (12)
o . whereA is the surface albedo arfg, the incoming solar ux.
2.1. Characteristic torque function Thus we have, denoting the illuminated portion of the surface

The thermal YORP torque by emitted photons is given Hj¥ A+ and writing the convex version explicitly,
(NVO7, NVO8) z z

z =Q T()ds=Q T()d; (13)
2 44a. A, 0
= (x )Tds (5)
3% B whereQ has the physical dimension of pressure:
where the integral is taken over the whole surface of the ®dy 2
(of arbitrary shape and topologyl),is the surface temperature, Q= =—-(1 AF.: (14)

is the product of the emissivity of the material in thermal wave- e

lengths and the Stefan-Boltzmann constant, and the speed The e ect of albedo variegatioA( ) on the surface can be ab-
of light. (As shown in Nesvorny & Vokrouhlicky 2008b, thesorbed inT ( ) by replacingG( ) with [1  A( )]G( ) in (8) and
torque due to absorbed photons vanishes identically when de-ning Q = 2F;=3v..

eraged over orbit revolution and body rotation.) The YORP torque in the body frame is now obtained in
We de ne the characteristic torque functidnof a body as the same way as the opposition brightness for convex bodies
the three-dimensional vector (Kaasalainen et al. 1992; now we just have the coents of
a three-dimensional Laplace series). Thus we have the funda-
T()=x() () (6) mental result for the YORP torque
. . . o . X
where is any two-dimensional parametrization of the Iocatlon( Y= Q tm YT ): (15)
on the surface. For a convex body, ' m P n
dS=G()d; d =sin#d#d; (7)  where, for convex bodieim = 2 k Tim, and
whereG( ) is the curvature function, so we considern S K = 1 ( 1) (3, | 2 leven (16)
I +2 o '
T()=6G()x() ®)

Other values of are not of interest as the odd ones drop out for
(cf. BRV11). For asteroids3( ) is typically an initial product all shapes in averaging (see below), disd vanishes identically
from observational data, and ) is derived from it as the solu- due to Gauss' theorem.

tion of the Minkowski problem (usually as a convex polyhedron; As pointed out in BRV11, the torquefor any shape, com-

Kaasalainen et al. 1992, 2006). puted on a grid of (' ) by ray-tracing, can, of course, be
ExpandingT as a Laplace series, we have expressed as a Laplace series by using, e.g., Lebedev-Laikov
quadratures (Kaasalainen et al. 2012). The aoentst, can
X X be used in the following analytical motion-averaged formulae
T()= Tim V" ) (9) that no longer require convexity, although the releviaptend
I om= | to be unstable, as discussed in Sect. 5.

Here we ignore the customary normalization constants of the
spherical harmonic¥™ as they can always be introduced as noB.1. Rotation speed
malization factors when actually taking orthogonality integral

soYM(#; )= PM(cos#)e™ . Written explicitly as a real-valued Averaging over one rotation, we have

function, 1 Z, X
;)= — ;')d o= tio Pi(cos sin ): 17
X X h i G =3 . G) Q||0|( ) 17)
Ti()= PG ) Tic°cosm )+ T5"sin(m ) : (10) _ _ _
| 0 meo The secular torque(") is obtained by averaging over
Z, X

The possible symmetries df are evident inT),,. For exam- _

ple, geometric inspection shows that if the body is symmetrié )= 2 0 (:)d =Q toh(); (8)
about a line in thexy-plane, T\ 0. If the body is quadrant- !

symmetric (e.g., an ellipsoid), the Fourier terms®ye sinm , where

T, cosm with modd, whileT3 sinm with meven. The 1z 12 sin P

coe cientsTy are readily calculated with the formulae in thq - = P(cos sin )d = = 1(X dx: (19
endic == R ) o P 0 (19)
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Thusl, = 0 for oddl, and for everl we obtain, using the recur-
sion relations of Legendre polynomials,

z sin
e ) = 2 ﬁ& dx = C, P(cos ); (20)
0 si X2
where
1"
a=( =ttt (21)
Our nal expression for (") is now simply
X
()=Q Citio Pi(cos ); (22)

leven

which manifestly vanishes for azimuthally symmetric bod-
ies due to the structure of, discussed above. The torque
component that alters the rotation speed of the body is the
z-component 3( ) given by the coe cientstl(g'). If the series

is dominated bygg, this component essentially vanishes at the
roots ofP(cos ), l.e.,at 55 and 125 (cf. NVO7).

Shape-related phenomena that are apparent instabilities are
obvious from this result. These are actually critical phenomena
on a shape close tg = 0. Consider, say, a pointed local feature
on an otherwise symmetric (e.g., ellipsoidal) bodytat =2,

= > 0. This feature produces a smajl = ¢, 0.On the

other hand, a similar arrangement symmetric aboutxtagis,
with the center of the feature at= | yields exactly 3= ¢.
Note that can be arbitrarily small. One can view this as a mi-
nuscule shift of a local feature on the body: practically invisible
to the eye, yet the YORP torque changes its sign. This is an ana-
logue of the numerical “boulder shift” phenomenon discussedfig. 1. Convex model shapes of asteroids Psyctup)(and Apollo
Statler (2009). (bottom).

As an example, we evaluateg( ) from Eqg. (22) for the con-
vex shapes shown in Fig. 1. In Fig. 2, the various linestyles fgp supstituting ; and , from Eq. (15), using real-valuei,
di erent numbers oTl(g)-terms show the rapid convergence ofnd averaging over with Eq. (25),
the series. Note that, throughout this paper, we only analyze the

: . : h _
shapes of asteroids, so we do not take sizes and masses into g¢- ) = Q Pl(cos sin ) cos' s t|11;605+ tﬁs'” (28)
count (and se@ = 1). Thus the scale of;(") is arbitrary. 2,
i
. 1;sin 2;,cos .
3.2. Obliquity tsints 47 T
o ~and averaging over, we obtain
Th_e torque component t_hat alters the obI_|qU|ty of the rotation 0 X
axis is given by the rotational transformation of Eq. (4): “()== t|112005+ tlzlism hi( )+ O; (29)
=R("'%Y ;= 1c08°% ,sin'® (23) !
. . . L where
In the same oblique coordinate frame (i.e., thexis is aligned
vyith the rotation axjs and thecomponent of is ), the direc- () = 1 Pi(cos sin ) COS cos d (30)
tion of the Sun is given by 0 1 sir? co
cos COS COS sin cos' g Z gn
I = Ry( )isin ézi sin é:: iﬁin sin’ sé (24) = lﬁ ép'l(x) p dx :
0 sin cos cos sin sin 1 X siP X2

Thus
' 0: il

s 5 (29)
and substituting this to (23) yields
=cos' ( 1C0S' ¢

From Eq. (24) we nd that

28in' g)+sin' ( 1sin' s+ ,c0s' §): (26)

. sin
ySIN s = p—————]
1 sir? cog

COs cos

—— 27)
1 sir? cog

cos' =

solj; = 0 for oddl, andO denotes the sins-terms that vanish
because of the parity d¥' and the requirement of an antisym-

metric ;" () (). Computing the integral in the same
way as with (), we have

X '
T()== G i+ Pl(cos ): (31)

leven

Owing to the structure ofT|y,, this vanishes for quadrant-
symmetric bodies. In BRV11, Egs. (29), (C14), and (C15) are
alternative versions of Egs. (15), (22), and (31) here.
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Fig. 2. Secular YORP torques( ) for the shapes of Fig. 1 respectively,
computed analytically using Eg. (22) for values 2,1 4 andl 6.

ForK , 0, the heat diusion equation

a@ @r
Cp— = K—; 34
Y@ @2 (34)
where is the density of the materiat, is the speci c heat

capacity, and the vertical directionis aligned with , can be
solved with suitable physical approximations, boundary condi-
tions, and a periodic ansatz of the form (32) (see NV08). With
damping factors , and phase lags , de ned by

1
n= 1+2 n+2ﬁ ;

n = sgnf) arctan—+"; (35)
n

1
where
p r
_ % 1.0 . _ _.
"I SNK 5 To=@1 AF=; (36)
an approximate solution is
X e
T 0 @ AF, ndn(; 5 )T (37)
n
o)
X _ VA
G 9=Q W€ P T()do(:; )dS (38)
B

n

Again, averaging over° retains only then = 0 -contribution,
and o = 1, ( = 0, so the result is exactly the same as
with K = 0. This shows thaK has no in uence on the rotation-
averaged .

4.1. Obliquity torque
Using the rotation-transform Eq. (23) for together with the

Clearly,| = 2 is the dominant term, and the series converges rapidigal-valued Fourier series in (32), we have, from Egs. (23)

for | > 2. The obliquity is given in radians.

4. Nonzero thermal conductivity

Let us de ne the insolation factor ing( ) asins(; ) if the
point on the surface is illuminated, and otherwise insj = 0.
For constant and , ins(; ) is obviously a cyclic function
of' % soit c)e(m be expanded as a Fourier series:

)= da(;; )eE"’
X

ins(; (32)
= an(s;

no
The coe cientsdq(; ;

ycosn' O+ ba(;; )sinn

) can always be readily computed, an

and (33),
A

X
G:"9=0Q cosnos® Ti(as(;; )dS (39)
" z ° #
sinn' %sin' @ To( )ba(;; )dS +O;
B

whereO denotes cross-terms that vanish in averaging bder
Upon this averaging, we obtain an expression kor= 0

( n=0)inthe Fourier-series representation:
o z
G ):E BT1()31(;; ) Ta()bs(;; ) dS;  (40)

alytically for convex bodies and by ray-tracing and FFT fophich is thus equivalent to the-averaged  of Eq. (28), when
others. In this analysis, however, we do not need their act@JSUming constantduring the averaging.

values; it is su cient to know that they exist and fully de ne
ins(;

nonconvexities).
Writing byzusing ins( )instead ofA,, we have, foK =0,
(;:"9=Q T()ins(; )ds (33)
X Z

Q €7 T()d(;; )ds:
B

n

When averaging over? the only contributing term is the one
with n= 0.
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) (even when it is discontinuous due to shadowing b

Next we expand the above expressiorkto 0. With a real-
lued Fourier series solution fof, averaging (; ;' 9 from
g. (38) over yields

Z
= %2 1 COS 1 (T1a1 T 2b1) ds (41)
z B #
sin 1 (T2a1+ lel) das :
B
In other words,
h i
(; )= 1c0s 1 =o#sin 1 | =, ; (42
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where (j = )denotes (; )computed with a phase-lagged
evaluated at® instead of % a phase lag of = =2 changes
ap ! b; andb; ! a; in the Fourier series. Using! ' ¢
(° =2),ie., ! '+ =2 inthe fundamental Eq. (15) for
when averaging over and , we obtain our nal result:
X
O=9.

leven

h )
CiPl(cos ) cos 1 ;o +3°" (43)

) i
sinq 5+ (208

This means that, at large valueslof , the YORP torque “ac- Fig. 3. Wedge-propelle_r sha_pe strongly prone to the rotational YORP
quires a signi cant component that does not vanish even for &7due. shown as a solid object and as a wire frame.
lipsoids, for example.

YORP torque is attained at = O; . The cross-section of a
5. YORP stability wedge is an isosceles triangle with heighand widthw, and

. . . . the length of a wedge ik If we assume a long and thin body
If we consider the coecientst,y, in the basic torque Eq. (15), weyyiih 4 1 (andw= 1), we can neglect the torques from

can see that those determining the secular torques are precigglyends of the wedges and terms of ordef)¢ and higher, so
the ones that are usually vanishingly small compared to the mo- '

mentary torque level. For example, an elongated ellipsoid pro- 2 Z -, hi2
duces large nonsecular torques, while the secular ones vanisfQ) W - h|§ cos d =W —; (45)
Thus even a small change in the shape of a body inevitably alters 0
the secular torques with a much larger relative factotislfare \yhere the e ciency factor 0< W < 1 of the sharpness of the
determined numerically from the momentary torques with Valfedge is
ous illumination directions 082, the secular “trash coecients”
are easily aected by their errors, and can even be drowned in the 1
numerical noise. This also helps to understand YORP instabily =1 P—— (46)
as a fundamental and inevitable fact. 1+ (2w
set Int“z gr?\f‘;fl'ggt' g’;g[g?ﬁ';’g;‘:ﬁﬁ?j}j and 4 provide a ge”efﬁbs, withV = hwi and estimatingy from j 3(0)j,
presentation of numer:

ical YORP computations in a compact form. A robust approach \y | |
for general shapes, especially those far from convex surfacesY is W 0115 (47
to compute the secular torques numerically with ray-tracing and
averaging, and then t series iR(cos ) or Pl(cos ), | even, for a attening ratiow=h = 3=2 realistic for an asteroid. An in-
to them. This one-dimensional procedure is more stable than thigely long and thin body yieldsY ! 1 , so there is no up-
determination of the Laplace series of Eq. (15). One way to cofer bound for the YORP capacily in principle. For realistic
pute torques wittK , 0 is to evaluate the cases with emissioghaped=h 1, we can estimate an upper bound 0:1.
phase lags of 0 and=2 and then form their superposition by ~ Any suitably asymmetric, in nitely long and thin shape
modulating with the phase lag ; to conform with Eq. (43).  yieldsY ! 1 , so there is no unique answer to the question

Many asteroids are well approximated by convex shapes (tighat is the most YORP-prone shape”, nor is there a unique
to some level of resolution), so if two shapeseidi only slightly, solution to the problem “what is the most YORP-gient realis-
how di erent are their YORP properties? This question concenis asteroid shape” since the term “realistic” can be de ned in a
not only the validity regime of an approximation, but the generaumber of ways. The wedge-propeller shape is more or less the
stability properties of the YORP ect as well. optimal one for YORP-e ciency as it portrays the best “wind-

In this context, it is useful to normalize the YORP torquegill asymmetry” pro le.
to be size-invariant, pertaining only to the shape of the object. To study the stability problem, let us estimate an upper bound
Since the dimension of the torque integrand is that of volumgr the changg Yj due to the perturbationx that a ects the
we de ne the dimensionless YORP capacity of a shape as iigaracteristic torque function:
maximal average torque per unit volume and unit ux pressure
(or torque when the volum¥ and the pressure are scaled td + T =(G+ G)(x+ x) : (48)
unity):
Y) Consider, e.g., the perturbed unit sphere, so tilat  x

Y = maxj s( )j. Yy = maxj ()i (44) (the estimate is essentially similar for all convex bodies, but we
Qv Qv choose the sphere for a simple example). Thus

The YORP capacityY thus describes the amplitude of the z
~3( )-curve of the unity-scaled case. For most convex shapedim N1 x Y,"()d; (49)
Y is fast to evaluate directly frorfﬁg) with Eg. (22), andY s
similarly with Egs. (31) or (43). Conversely, givef for any and we can approximate, with a perturbatiom = f( ),
shape, one can quickly compute the actual maximal torque Wiere f( ) is a Laplace series such that+ x is convex
multiplying Y by QV. andhkfki =

To establish a scale fof, consider a “propeller” shape con- z
sisting of two identical vertically symmetric wedges attached _ . 3
to each other inversion-symmetrically (Fig. 3). The maximal Vi 2 kG N2°l4_ Sz( X )aPe#)d . =10 (50)
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Fig. 4.Nonconvex perturbation based on the model shape of the asterojd o o .

Psyche in Fig. 1. Here the value of the YORP capa¥ityf the original F10-S. Plot of h ri=iri versusj Y] for di erent global perturba-

body is 184 10 3, whereas the perturbed shape Mas 2:06 103, tions of the asteroid Apollo. A bounding line is drawn with the

The relative radius perturbationri=fri is 0:040. slopekmax = 0:22. As the relative perturbatidm ri=tri grows, the ab-

solute change ip Yj remains bounded and well below the linear upper

: : : -haund estimate. An alternative bounding line with 80% of the values

:}:Ze[iér;ﬁéjr%pgcz?;gi ];‘cc)):':r:]ueleltr;tet:grt?wléspfsglrﬂ:?;ev?/i?g t?]‘;p(l:)g%% Yj remaiping under the line is plotted in the same gure, with the

. . . Opekgo% = 0:13.

ponents of and using the orthogonality integral. A perturbation

of = 0:1 can thus produce a chang®& roughly a tenth of

the wedge propellery¥ above; in practice, the change is usuall

smaller than this.

When estimating the change of YORP properties due
perturbations, we only consider the chang¥j in amplitude.
Indeed, taking the leading Legendre term as in Eq. (50) impli
that the changes in the phase (the valueatfthe maximum) and
the shape of 3( ) are, for small shape perturbations, negligibl

compared to the amplitude change.

31'0 estimate this, we plotteld ri=ri vs.j Yj for each shape; a
$gmple case is shown in Fig. 5. A bounding line is approximately
atkmax  [0:1;0:2], consistent with the upper bournd10 esti-
g@ted above. What is more, the sldpgy decreases as ri=ri
grows ( Y may even saturate) so the linear upper bound esti-
gnate is only a rough approximation for small perturbations. For
most shapeskmax  0:1 for a practical estimate. The estimate is
In addition to Y by surface uctuations of a given size NOt strict, nor can a shape perturbation be properly described by

(that typically describe the convexionconvexity or resolution ©N€ gureh ri=i only. )

di erence between two shape models), we can consider a cou-1 1€ global perturbation scheme depicts the case of two al-
ple of other mechanisms for comparison: i) the “bouldeea” ternative representations of the same body — for example, a
and ii) the e ect of scale-invariant surface roughness. If we atightcurve-based model and a radar-based one, or two versions of
tach the wedge above to the surface of a sphere of radarsd & model based on yby data. If the_model ertori=ri remains

x h=w=1= r,wehaveY 0:01 2, so adding a boulder of small, we can estimate shapes with& 0:01 (such as Apollo)
sizer=10 change¥ by Y  0:0001. If we consider a specialt® be reasonably YORP-stable against global model errors in the

arrangement of in nitesimal wedges on the surface, all pointirggnse of the relative YORP errjory =Yj. Any instability in this
in an ordered way such theh = candh?! d andhl! cd error is caused by the inevitable smallnes¥ ofather than the

we obtain an upper bound size ofj Yj. ) . . .
7 7 Another interesting case is the “bouldereet”; it represents
31 =2 W 26in d d = 3cW | 51y @ local model error, or an actual local change of the shape due
4, , 'Sncosrsn =35 1 {5 some physical perturbation. We made random local changes

L ] to bodies and measured the YORP change; a scatter plot sim-
so a moderate surface roughness 0:1 yields Y . 0:01.In jjar to that of global perturbations is shown in Fig. 6. In this
principle, one can coat a sphere such that it looks smooth aigte  most of the YORP changes are negligible, while some
yet is, paradoxically, quite prone to YORP. The upper bouigmp toj Y=Yj  0:1. As in the analytical estimate above,
cannot be reached by a realistic unordered surface Structifg, velative YORP changes remain well bounded for shapes
but Y . 0:001 is plausible. Thus, taking asmgle large boulgith v & 0:01 (such as the plotted case of Apollo), while
der or the unseen small-scale surface structure into account hgpes withy . 0:001 are no longer YORP-stable against lo-
small asteroid can changeupto Y . 0:001. cal shape perturbations.

Given the analytical scale estimatesYoéind Y above, are In Table 1, we show sample values¥ffor a number of as-
there YORP-stable asteroid shapes in reality? We measuredi}gjy shapes (obtained from the DAMIT website). Note again
YORP valuesY and their perturbationsY for some targets, ity js size-independent, and the samples represent typical as-
when the shape perturbations were global nonconvex radius Ygiqig shapes rather than estimates for the actual bodies, many
tuations r of varying magnitude (by low-order Laplace serles)gf which are large and not &cted by YORP.
andY was computed by ray-tracing. A sample perturbation IS 1 qm yp the analytical and numerical stability estimates

shown in Fig. 4. For each shape and sequence of perturbatigfs e a5 a rough order-of-magnitude classi cation scheme, we
r! Y, one can de ne an upper boukg,x such that can de ne YORP stability classes as

S h ri
1Y kmaxw (52)  stability class= n = round log,,Y + 1:8 ; (53)
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than the smaller-scale irregularities (the cited value is based on
the adopted nonconvex shape solution; the convex one has an
even highery = 0:012). Indeed, Eger is notable for being one
of the few asteroids for which lightcurves indicate strong non-
convexities Purech & Kaasalainen 2003). Some main features
can be sketched from photometric dabafech et al. 2012), but

the solution is not unique, which may cause the discrepancy be-
tween the expected and real YORP strengths.

As in the analytical estimates, the amplitude change=Yj
dominated our numerical perturbation cases. This means that,
for most of the 3( )-curve,Y determines the stability class.
However, when is close to the values at which(") vanishes
(i.e., usually around 55 and 125), the changes in the
phase and shape of the curve induced by the shape perturbation
are signi cant for the relative change in("). Near these oblig-
uities, all shapes are YORP-unstable.

Fig. 6. Plot of h ri=ri versusj Yj=Y for di erent local perturbations
of the asteroid Apollo. Only one facet group of the asteroid is peg - : .

turbed at a time, :fnd only thyis section degriesrq:hi. With local per—p . Conclusions and discussion

turbations less than 10%, the relative chang¥ imostly remains be- We have presented a concise formalism for analyzing YORP-
low 10%. Therefore, we can conclude that the asteroid Apollo is Iocalll)élated quantities. Using the characteristic torque function of
YORP-stable. the body, de ned by Eg. (8), one can readily write the general
Eq. (15) for the YORP torque as well as its main secular com-
ponents of interest: the one changing the rate of rotation and
the one altering the obliquity. The motion-averaged results can

Table 1.List of the YORP capacity of di erent asteroid shapes.

Asteroid Y (10 3) be given for both zero (Egs. (22), (31)) and nonzero (Eq. (43))
Alexandra 1.60 thermal inertia. Since the averaging integrals are analytical re-
Apollo 6.61 gardless of the shape, the formulae also provide a convenient set
Daphne 1.55 of basis functions for representing YORP computations of non-
Eger 8.27 convex shapes.

Eunomia 0.72

The YORP eect as such is stable in principle; i.e., a small

Eléféfaephos 057958 change in the shape leads to a small chanyein the YORP
Kalliope 118 capacity Y. What causes the unpredictability is the relative
Massalia 595 change Y=Y because most asteroids tend to havelose to
Metis 2.96 zero. Here we have derived a number of analytical and numer-
Nysa 1.66 ical estimates on YORP stability, and, based on these, surmise
Pandora 4.08 that most asteroids tend to be YORP-unstable, though some can
Psyche 1.84 reach a stable class. The stability class is determined by the
Sappho 4.16 YORP capacityy : the larger the capacity, the better the relative

YORP stability. For convex polyhedra, a simple approximation
of Y is obtained from thé>,-coe cient of 3( ):
5 X

where roundX) gives the integer closest tg, and the con- Y 64 A 1)g 3coS# 1 ; (54)
stant 1.8 was chosen to set the lower class limi¥Yto= 5 :
10" 3. Most asteroid shapes are in the regime  1; some whereA, x;, and ; are the area, centroid, and unit normal of
reachn= 0, and mostly propeller-type shapes have 1. afacet, and¥ is the polar angle of the normal (see Appendix).
Depending on the stability class, all the perturbation scenariphis approximation can also be used directly for slightly non-
above can chandeY =Yj from tens of percent to orders of magconvex shapes to obtain a rst estimate; for these, the sum over
nitude for typical asteroid shapes in a quite natural manner. figets is almost similar to a convex case.
a ballpark estimate, we could call shapes witt= 0 locally Here we have simpli ed the YORP business to the extreme
YORP-stable and globally semistable, while those with 1  at the expense of accuracy, but Eq. (54) provides some equa-
are locally semistable and globally unstable. All shapes in tifignal economy: with it (and its variants for other torques), we
classesn < 1 are YORP-unstable, and those in 1 can approximates( ) andY and estimate the YORP stability
YORP-stable. of a body. For more strongly nonconvex shapes, one can con-

Most of the shapes in Table 1 areni=  1; only “Massalia”, struct the best- t convex shape by, e.g., scaling the convex hull
“Apollo”, “Geographos”, and “Eger” are im = 0. For the suitably (semianalytical generalizations of NVO7 via a pertur-
last three of these more stable ones, the YOR&cehas been bation of this shape are also relatively straightforward, but they
observed directly from lightcurves (Kaasalainen et al. 200[gse the conceptual simplicity with no certainty of better accu-
Durech et al. 2008, 2012). The stability estimate is consistemtcy). If the uctuations around this surface do not exceed, say,
with the good correspondence between the computed and alienth part of the radius, the analytical result is reasonably re-
served YORP acceleration for Apollo and Geographos. For Egkable if Y & 0:01. ForY  0:001, the accuracy of any YORP
the correspondence is not as good. The valu¢ tfus indicates estimate (not just the types discussed here) is uncertain due to
that this is more due to its unknown sizable nonconvex featurtee instability. Fory . 0:0001, all YORP estimates are likely to

Notes.The size is not considered here.
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be invalid, and only upper bounds can be given. The same apterpreted as the Dirac-delta limit of the function-based form of
plies to YORP estimates made near the obliquity at which ti. (13), so we obtain an exact result for the cegentsT),, of

averaged net torque vanishes, regardless.of a convex polyhedron by applying the same limit to Eq. (A.2):
An unstable class does not mean that all shape perturbations X
induce a large change ™, but that suitable ones can do soT, = N,m1 A DY) (A.4)

It would be interesting to explore the YORP stability properties i

in “shape space” by evaluating andY for a large number . .
of both convex and nonconvex shapes and their perturbatid}fierexi denotes the centroid of the fadetf G( ) andx( ) are
ned with spherical harmonics seriespr T\, can be com-

by craters and valleys. This would shed more light on the ro ; A . !

of the YORP e ect in the evolutionary history of asteroids. FoPUted analytically as mentioned earlier, or with quadratures, es-
example, a small asteroid with a low YORP capacity is Iikel9ec'T‘5;1"y Lr(]ebede\(l-TLa(ljkov 08 h(flf.aas?]lamen_et al. 2012).

to undergo a more stochastic YORPeated spin evolution than "¢ Change ! 7 uetos li Lng the O”%"_'I]_ to SO“_F)Q” ."he"

one with a higher value of , since even small alterations of the<! X Xo. IS easily computed by writing ! wit
shape may be signi cant for the YORP ect. T()=6()x% : (A5)

project “Modelling and applications of stochastic and regular surfaces in inve
problems”. We thank David Vokrouhlicky for valuable comments that improved

the manuscript. Tim = Nlml G()(xo )Y, ™ yd (A.6)
2
Appendix A: Polyhedral representations XS

AcknowledgementsThis work was supported by the Academy of F|nlanc:£g|us the coe cientsTim change a3im! Tim Tim, With
Z

o N Ao )Y,
The torque over a planar facet of ar&ais given by the torque i

density at the centroid of the facet multiplied by the facet area, . . . . . . . S
y P y \%r;lch, if G( ) is written as a spherical harmonics series, is sim-
0

as is easily veri ed by taking the integral (13) on the facet alon =
in a coordinate system transformed to the facet plane. Thus, e, [ evaluate by writing the products4f and the components
with the Legendre recursion relations and using the orthog-

the YORP torque of a convex polyhedrorkat 0 is S
onality integral.

X o X
AT @

i j=1

= i A.l
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ABSTRACT

Context. Many databases on asteroid brightnesses (e.g. ALCDEF, WISE) are potential sources for extensive asteroid shape and spin
modelling. Individual lightcurve inversion models require several apparitions and hundreds of data points per target. However, we can
analyse the coarse shape and spin distributions over populations of at least thousands of targets even if there are only a few points
and one apparition per asteroid. This is done by examining the distribution of the brightness variations observed within the chosen
population.

Aims. Brightness variation has been proposed as a population-scale rather than individual-target observable in two studies so far. We
aim to examine this approach rigorously to establish its theoretical validity, degree of ill-posedness, and practical applicability.
Methods. We model the observed brightness variation of a target population by considering its cumulative distribution function (CDF)
caused by the joint distribution function of two fundamental shape and spin indicators. These are the shape elongation and the spin
latitude of a simple ellipsoidal model. The main advantage of the model is that we can derive analytical basis functions that yield
the observed CDF as a function of the shape and spin distribution. The inverse problem can be treated linearly. Even though the
inaccuracy of the model is considerable, databases of thousands of targets should yield some information on the distribution. We
employ numerical simulations to establish this and analyse photometric databases that proviéatsularge numbers of data

points for reliable brightness variation estimates.

Results. We establish the theoretical soundness and the typical accuracy limits of the approach both analytically and numerically.
We propose a robust brightness variation observalbllased on at least ve brightness points per target. We also discuss the weaker
reliability and information content of the case of only two points per object. Using simulations, we derive a practical estimate of
the model distribution in the (shape, spin)-plane. We show that databases such as Wide- eld Infrared Survey Explorer (WISE) yield
coarse but robust estimates of this distribution, and as an example compare various asteroid families with each other.

Key words. methods: statistical — methods: numerical — techniques: photometric — minor planets, asteroids: general —
methods: analytical

1. Introduction The variation among each target's brightnesses, sampled

Most of the current roughly one thousand asteroid shape &¥§" @ Wide range of rotation phases, can mostly be attributed to
spin models, such as the ones given in the Database of Astlg shape elongatlon and the sub-Earth aspect angle of_thg object.
oid Models from Inversion Techniques (DAMIY; are based on The more detailed shape of the body, and especially its irregu-

photometry (Kaasalainen & Lamberg 20@jrech et al. 2015). larity, is another important factor, but this cannot be included in

Databases from large sky surveys and the inversion methgdgopulation-level_model due to its complexity. The elongation

of sparse lightcurves (Kaasalainen 20@rech etal. 2009 and aspect have simply describableets on the brightness vari-

ZOlga) will greatl exoand the list of models of indi\}idual a’lsqtion, with monotonous dependencies. The detailed illumination
9 Y exp viewing geometry also have a somewhat complicatedte

) - d
teroids. However, the databases also contain measurements&ﬁﬁhnately if we include these factors as a part of the mod-
are not su cient for individual models, but nevertheless can b&ling error ’by simply using opposition geometry in the model

expected to provide information on the statistical shape and SFHQy will not make a large contribution to the total error budget

distributions of the observed asteroid populations. Such m&@;%ve will discuss below.

surements are, for example, brightness sequences ranging fro o .
P 9 g ging A realization of the statistical approach was presented by

a few points to full lightcurves. These can be transformed in ; - . )
statistical data by examining the population-level distribution g'zabo & Kiss (2008). They included over “1pieces of pair-

the brightness variation within each observed sequence.  Wise brightness dierences and, while their study did not con-
tain analytical or numerical inspection of the generic inverse

1 http://astro.troja.mff.cuni.cz/projects/asteroids3D/ problem, they concluded that a statistical analysis is possible.

web.php The asteroid populations were characterized by shape elongation

Article published by EDP Sciences A139, page 1 of 16
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distributions. A similar type of observable and method was us&d Observables and forward problem

by McNeil etal. (2016). We aim to establish the usefulness ﬁ;nthis section, we de ne our model and formulate the forward
the statistical approach by investigating the inverse problem b o h
bp y gaung b Qroblem. We introduce our main observable, denoted hased

analytically and numerically by simulations, including the rol L : . o
of the insu cient model and other assumptions that do not nedn the variation of squared brightness intensities, and show why

essarily hold in practice. We also seek to de ne a good obseflis useful both analytically and by its information content. We

able of the brightness variation such that its information conteC Prie y consider the applicability of measurements with only
is as high as possible. two observed points. Mathematical details are given in Appen-

A . dices A and B.
~ We generate cumulative distribution functions (CDFs) of the

ties of the population. We choose the CDF since it is the mqgjg paper, we use the terms brightness and projection area inter-

?'rbeit well-get.ned,fand steéple data p']Odt;JCt deglcrib'\i/lng the dtgﬁangeably, because they are physically almost the same (up to
ribution statistics of a one-dimensional observabie. VIorever, & jing factor) for dark targets when the viewing and illumi-

analytical study of the inverse problem requires the CDF integ tion directions coincide (Kaasalainen & Lamberg 2006). We

of the model in the rst place. To keep our model CDF simplg, o simplify the model (semiaxesb; c) with b = ¢ = 1 and
and solvable, we choose to utilize as few parameters as pogsis .

Sk p := b=a for describing the shape elongation (the smaller
ble, namely the shape elongatiprand the spin . We de ne p o ~
as the ratio of the equatorial widths of the asteroid, amslthe the p, the more elongated the body). This is a coarse shape ap

o . - OTET, CT roximation for individual targets of general shape, but even if
ecliptic polar angle of the spin axis. The main principle is to de- 9 9 P

. ) . : . - r model is actually not very realistic in practice, it should por-
rive analytical basis functions that describe the contribution Qg y Y b P

: h h . y some coarse-scale population tendencies correctly when we
the proportion of targets in a givenand p-bin to the observed y,,e many observations. Indeed, as we will show by simulations,
CDF. These functions allow both the inspection of the informa-o | a5t have a model that represents theots of shape
tion content of the data and the use of robust inversion metho Ringation and spin direction in a roughly correct manner
In particular, we show that it is possible to obtain information '
about the distribution in addition tap.

In addition to the thorough analysis of the inverse problerd;1- Amplitude A and its CDF C(A)
one of our main goals is to introduce an especially useful obse[\s; the polar aspect angle of the viewer be given bgos =
able, , that is a measure of the variation of the squared inten§i- o '\herev is the spin direction (given by the polar coordi-
ties of a sequence. The estimatean be employed in a variety s () in the inertial frame) ana the line of sight (unit
of contexts. Cibulkova et al. (2016) usedo investigate bright- vectors). Due to model symmetry, we only need to consider the
ness data that were not saient for sparse lightcurve inversionjnanal'o =2. With for the longitudinal angle in a co-
but suitable for creating a number of most probable simple astgfginate frame xed to the ellipsoid, the areaf the ellipsoid's

oid models. These were used especially to demonstrate the Sl%ﬁection in the directio s (Connelly & Ostro 1984)
periodic anisotropy of the distribution of rotation longitudes.

S
As the shape and spin distributions of asteroid populations - . .
are complex to interpret by themselves, we aim to introdu¢e= abhc sir? ‘230§ + sir? imz + cof
a tool for comparing the distributions of dérent populations. a b c

We do not make astronomical interpretations of the populatio St
or their di erences, but our objective is to show that the CD
based method is a useful tool for the statistical investigation
populations.

We use asteroid databases that provide a number (usually-at psit cog +sin’ sin’ +cog
least ve) of points for e ectively one rotation: that is, obtained -
essentially randomly within a few nights such that the aspect= 1+ (p? 1)sirf co¢ : @
angles of the Earth and the Sun areeetively constant. This o ) ) )
allows the use of analytical basis functions for the CDFs as wal€ statistical observable can be anything that describes the vari-
as a rigorous study of the inverse problem. Other scenarios &N of the brightness as the target rotates (ata Ye# simple
be used as well, but these require additional assumptiorfsrany€rsion is the peak-to-peak amplitude; here we consider the ra-
purely numerical treatment, further increasing the model noist® A = Lmin=Lmax = Lj =0=L] ==2 (i.€. an “inverse amplitude™:

In Sect. 2 we formulate the observables and the forwaldf Smaller thet, the larger the variation). Thus we have cho-
problem of the derivation of a CDF from the population mode?.‘.enetrgf fﬁgggrggtrgnginp to Ir%rﬁtn(; (\)N<e vleoul dllilgea:girottgi?]at
In Sect. 3 we discuss the solution methods of the inverse probl Iwam litudeA is basedgon intens¥t - we do not use maanitudes
and prove its fundamental uniqueness and stability properties, § amp Y, 9

order to verify the applicability of our method and obtain imcorgmywhere. The assumption is that all objects rotate about an axis

mation on the level of error, we perform realistic simulations iQhedelllp_smd sc-axis), which p_rdoducr?s the ((j)bserved p;Ojek(;tIOI’]S
Sect. 4 to assess the information content in practice. In Sect5 omhln ' .'?‘t rstd_wgbco_ny ?r the ran qmggss ofto be h
we use observations from databases to analyse asteroid famifie: _tort] ee‘;’;,' Iorm Istri E“OE o dTOt"?‘SO'? axis b'reCt'O”Sd%” the
We do not consider observational biases here: we simplytakeWﬂ%fSp eres, later, we take the-distribution to be caused by a
available data at face value and analyse them as such. Additi%rﬁ'- ing viewing position.

ally, we introduce a tool for a statistical comparison of distinct '€ a@mPplitudeAis given by

families. Conclusions are presented in Sect. 6, and mathematical 9 q

details are given in Appendices A to C. A= co@ +p2sit = 1+(p? 1)sirf: )

1 terms of our model de nitions, the brightnesscaled against
tg]{e maximal possible valuea is
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Using the amplitude, we can derive analytical basis functions,
the linear combination of which yields the CKA) of a popu-
lation with a given distribution op (and ); see Appendix A for
details.

In an approximation consistent with the coarseness of the
model, it is practical to divide the population under study into a
moderate numben of bins in each of which all members have
the samep (and ). Then, if we have only-bins and isotropic,
the CDF of the values oA observed in the model population is

X
CA = wFi(A); ©)
i=1

where the basis functiorts (A) are, from Eq. (A.2),

8
E Y A p
Fi(A) = 3 A0 A> p: (4)  Fig. 1. Sample basis functior on a set of bing;, wherei = 1, :: ;, 20.

1 p?’

The range of the monotonously increaskgs [0; 1], andF; = 1
atA = 1 (Fig. 1). The occupation numbers of the bins are given
by w;.

Let us now include the-distributior? by assuming that there
is a concentration of viewing geometries towards the ecliptic
plane (see Appendix A). If we assumeg, ( j)-grid,i = 1,::;,
landj = 1,::: m, then we haven = Im bins in the grid. We can
write the CDFC(A) as

X
CA) = wjFi(A) ®)
i

where, from Eq. (A.4), the monotonously increasing basis func-
tions Fj; (A) with the range [0 =2] are,

8
(03 A 1
% pAz_pz B Fig. 2. Sample basis functions;; on a set of binsig; j), wherei =
Fij(A) = § 3 arCCOSg—Pﬁ; pi<A<F(p; j) 1;:::;20 _andj = 1 115, 19. The shape of the basis functions shows that
" ' they are linearly independent.
C o5 A F (pi j)

©) 2.2. Brightness variation
q . . .
whereF (p;; j) = si® j+p?cog . The Fij(A) are sig- If the amplitude cannot be measured directly, a practical observ-
. . . ! . i able is the brightness variation around some mean value, requir-
moidal functions (Fig. 2), approaching the step function whqﬁg fewer points. Using intensity squared, to get rid of the

P! l(stepatA=1)or ;! O(stepatA = p). Because gqyare root in integrands, we obtain from Eq. (1) a simple aver-
of our choice of scale op andA', parts of theF; tenc_J tp pa_ck age quantity over model rotation at a constant
together at the low end @, making them less well distinguish- Z,

able than those with the slope in the higher end\olbut on the
other handp-values less than 0.4 are not likely for real celesti
bodies.

The occupation numbers:; are assigned to each bin. It
should be noted that occupation levels proportional to siean o ) o
a uniform density on the direction sphere: that is, a condtant Now, a measure of variatidrior L* over a rotation is
For applications, we adopt the convention of reporting the actual P q R "
(relative) target numbens; for agiven -slot (absorbing the fac- (L) = F(L* hL#=)% = Hsin™ (p D(cos 14

5 =L 1+sir? (p? 1)cog d
£|_| 7 . +sin” (p ) co

1 . 2 .
1+ Esm2 (P> 1)

tor sin ), and we plot these as the density functions (DF; number Z, =

L. S ] ; ) o 5 1 1
densities in rather than on the sphere) in the following sections. = sir? (1 p?) > (cod cog )d + I

0
; ) p_

2 We note that our is measured from the pole: 0 . The el- = sir? 1 p2)= 8
lipsoidal model, however, folds here all solutions ahto the interval
0 =2; that is, the model cannot distinguish between pole lafi- Other de nitions could be used as well, but this form leads to simple
tudes above and below the ecliptic plane. closed-form formulae.
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and normalizing this withi_?i yields 3. Inverse problem
s i In this section, we consider the fundamental properties of the in-
- p) = 2 2 = L_ verse problem version of the forward model above before mov-
(G p = (L) = 1 ) - . . .
B} hL?i ing to realistic shapes and numerical results in the following sec-
1 1 1# 1 tions. In particular, we present and prove a uniqueness result that
=p- ————— = (7) shows how the distributions of bothand can be uniquely ob-
272 s (1 p) 2 tained from the CDIE(A). That is, we show why-data contain
We note that 0 123, Thus, by Eq. (2), our brightness?u?:’i‘\?;b;%ufslisg'lgfr?ggwst;ﬁgeomge)ét-gh(')?gn;g' e ‘;‘;‘r‘gﬁ]ﬁ;‘
variation is directly related to ;/he amplitudg mixed for a single observation of(i.e. a lightcurve). The point
1 1 1! 1 1 181 is that, under the ecliptic-plane assumption of Appendix A, the
= - Z - A= 1 + = g) distribution of in a large population separates thesets from
T R 2 g8 2 (©) each other

This is a particular advantage of the biaxial model: we can use For t_he p-onl.y case of isotropic, the inverse prpblem can
all available estimates @ (available for dense lightcurves) an € cast linearly in matrix form. From Eq. (3), we write
together to form &£(A). One can also directly comput&€a( ) pw=C: 9
with a procedure similar to that of Appendix A, resulting in sim-
ilar types of integrals, but we choose theébased formulation as whereC 2 R w 2 R"; M;i = Fi(A)), andFi(A;) are given by
it is more intuitive and leads to simpler equations. The end reskl. (4). Thek observed values ok (derived from ) are sorted
is naturally the same in both cases. For the triaxial ellipsoidjraascending order, and the vec@rcontains the observed CDF:
similar simple conversion betweefand is not possible since each elemer; = j=kis the value ofC(A)). In Appendix C, we
would depend on (andb) in addition toA (Cibulkova et al. discuss the analytical stability results of the distribution func-

2016). p tion f(p) obtained fromC(A) (i.e. -scatter data). In particular,
The condition 0 1= 2 from Eq. (7) may be violated atwe show that the inverse problem is not strongly ill-posed: the
some measurements bf ; ; p) when the parametep is low errors in the details of the observed CDF do not amplify fast in

(<0:4). The maximal theoretical value of for all lightcurve the error of the recoveref{p).

shapes (not just those from ellipsoids) approaches one, given byln the inverse problem of fulf(p; ), we can write Eq. (5)
a boxcar-shaped lightcurve with half of the values at a constamthe form of Eq. (9) as well; no 2 R, w 2 R" andM is a
level and half approaching zero. Real lightcurves have lower vil- n-matrix (0 = Im),

ues of because the lightcurve is smoother than the step-function o N N .

type. If > 1= 2 (this may happen due to an irregular shapé’,I = Fu(A) o Fm(A) i Fa(A) n Fm(A)
outliers, andbr particular spacing of the sample points), it fol

. A A .~"and the occupation numbevg; are given inw with indexin
lows that the amplitudé becomes purely imaginary accordingjiiar to M abpove 18 9 9

to Eq. (8): For c_omputational purposes, we have omitted com- Unigueness resultPerhaps surprisingly, the distribution of
plex amplitudes in our study (these are rarely encountered). pand is unambiguously recoverable; that is, the bin model
coe cientsw; are uniquely determined by tf&A). To show

2.3. Two-point brightness variation this, we noti_ce that the pairs of end points (i.e. the valueA of

) between whiclF;; changesA atFj; = 0 andA. atF;; = =2),
Th_e accuracy o_f the estimate depend; on the number of datge unique for eac;;. Any combination ofF;; will start to
points (and their coverage of the rotational phase) used to @vyiate from zero at the lowe#t of the set, and stop chang-
pr_o>_<|mate L2 3. To_analyse the_lnformatlc_)n conter_n of t_he;ng at the highest, of the set. Thus both end points of &)
minimal case of two points per rotation, we brie y consider simsannot be matched by a superposition of othg; so theF;;
ple pairwise brightness derences. For a group &f points for are Jinearly independent (see Fig. 2 for illustration). Since the
one target, the number of such valueBl{N _ 1)=2, ordered such mqdelC(A) is a linear combination of the;;, thew; are unique
thatthe dierence 0< q  1i5q = LaimmeLbrigher. We d0 N0t for the observedC(A). As w; are the occupation numbers of
need to have more than one such pair for one target, so one oy (;: ;) bin, this proves that the fufp and distribution is
ject does not have to cover the rotational phases well. This is f{i§quely obtained for the ecliptic-orbit model.
observable used in Szabo & Kiss (2008). We examine its proper- | we want to use regularization to smooth the solutions for

ties from the inversion point of view in Appendix B. Since theitherpor , we may apply, for example, the following (1) n
turn out to be considerably inferior to those ofabove all, N0 reqgularization matrix in the-only case:

information can be obtained on the distribution dfwe do not

consider the two-point data further in the main text or database g Hpn p); i=]
analysis. (Rp)ij = 5 Hpis1  P); j=i+1
McNeill et al. (2016) used a similar type of observable, with - U elsewhere

the two points connected by a short time interval getively
yielding the slope of a lightcurve). This problem is even mo
complicated as it necessarily introduces the rotation period of { Cirections only; one can construct more general matrices, but

targetinto the forward model, with overlappingazts ofp, spin, we found these to suce for our problem. The occupation num-

and period distributjons (see Appendix B). Thu_s, i_n practice', trB%rs can be obtained as a solution to an optimization problem:
observable necessitates the heavy use of a priori assumptions’in

the inverse problem. Aga_in, this i_s outside our aim of mi_nim =argmin kC  Mwié + kakaz + KRwW ; wW2RY:
use of parameters and prior functions, so we do not consider the w
slope version of two-point data further. (20)

and its generalization for thepy )-grid, as well as similarhR
ith . These approximate the gradients at eaghn the p- and
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To obtain the solutiom;"we create an extended mattik 4.1. Synthetic data

. p_ M . C Since the modelling errors and samplingeets in CDF con-

M =R, pRp C=80 ym (11) struction dominate over the noise of original brightness data
R Om 1) and the CDF errors do not show as signal noise, no stan-

assuming agg; )-grid of the sizen = Imwith, respectivelyl and dard error estimates are available. Therefore, the only way to
gag )9 B +resp test the reliability of our method is via simulations. In our

mequally spaceg- and -values, and we nd the least-square o : .
solution of Mw = G with the constraint that each element 0?ietup, we utilize synthetic data for brightness measurements and

ttempt to reconstruct thepy( ) distributions. In the simula-

W be larger than or equal to zero. The extended veClaiue tions with the synthetic data, we use the same geometries (i.e.
to the regularization ensures that there are always more eotlp%

tions than unknowns regardless of the number of original d%dd;ﬁgfr:gnaﬁ%cﬁreisgz?enn?eeﬁ?nthinaqz ?r?f%?r;;otirgnmtﬁa?satfemiged

points inC. Due to the instability of the problem, the direct uny, 3o oo "asteroid databases, such as the Lowell Observatory
constrained matrix solution would lead to negative values, butin, .- - (Bowell et al. 2014), the Asteroid Lightcurve Data Ex-
for example the Matlab environment, the positivity constraint thange Format (ALCDEF' Warner et al 2011), the Uppsala As-
simple to enforce with a standard function. We found that thflgfroid Photometric Catalogue (UAPC; Lagerkvist etal. 1987;
is more practical than nonlinear optimization with, for exampley; .o et al. 2001) and the Wide-Field Infrared Survey Ex-
W = exp@). g_lorer (WISE; Mainzer et al. 2011).

durg\ée gggg‘gfgeungr;:Qr?tt’frg?nsﬂ'tﬁtgﬁvzgn;:rd;tt;n?:ifsr?gf In our forward model, we take asteroid models from DAMIT
' q . ghteur : and apply basic transformations such as stretching on them to
all, noise does not show as signal deviations because CDFs

fain a desired shape distribution with a large number of ob-

monotone curves. The error in the observed CDF curve is essellic For DAMIT shapes, the concept of elongation is no longer

tially due to convolution (the distribution function is multlplledlas well de ned as for ellipsoids, but we estimate= b=a sim-

by the error probability function under the CDF integral), caug, " ohoosinga to be the longest diameter in the equatorial
ing the smoothing of the curve (very noisy data would prodgc -plane, and the width in the corresponding orthogonal direc-
featureless CDF resembling a step function). In our analysis, !

do not attempt to deconvolve the original CDF, since the convé?l‘hlgotgiﬁ gwsali’t;\é)(leeg\(/aaﬂﬁrefiyg;r(u} dflgtr”tggtggj (Zvclttg one peak

lution (i.e. error) function is not known: in addition to the ran- : . . :

L . For computing the brightnesses of the synthetic asteroids, we
dom and systematic brightness errors, it depends on the number . nination of the Lommel-Seeliger and Lambert scatter-
and temporal distribution of the data points. Also, the addlthlq laws as in Kaasalainen & Lamberg (2006). We also add ran-
of more measurements does not |l the gaps between p.omtso%%n perturbations t to simulate noise. When the brightness
in lightcurves: it alters the whole shape of the CDF. A V'Sual%nction has been computed,can be obtained using the dis-
good density of points in a CDF does not imply that its S.ha‘?:?ete approximation of (L%)=h_2i from the available synthetic
is near the correct theoretical one from in nitely many pointg, " oints close enough in time to depict one rotation in a xed
Computationally, one can use very high densities for interpol Sometry. Then, we get from Eq. (8), and thus, the CDF @t
ing between the actual CDF values to construct the values in Gt is C(A) Otf{er scattering mddelé such as i—lapke's could be
g?git)\s/gf\t/g;iotge::vﬁinci ?T?:S ngg?vfiIt?olrjzi;tr\:\?a];g"ciglgl?nnuvr\/ri‘ §bd as well, but this represents only small brightness changes to
the positivit cohstraint of t);]e squtFi)on based on Eq. (11) 9 eparate objects and is thus not relevant to the collective results

gbvious)I/ _values lower than about 0.4 start tc?becorﬁe u here. In fact, asteroid models in DAMIT are mostly constructed
realistic, so gr?e could also use an additioﬁal regularization fu ﬁs—ing the combined Lommel-Seeliger and Lambert law, so this
. ) o g Wioice reproduces the typical observed asteroid brightnesses best
tion and a lower limit onp-values. We have, however, used thﬁ,| this simulation
whole scale since the ostensibly unrealigtivalues are usually In the inverse problem, we attempt to reconstruct the original
not heavily occupied and may carry information. For exampISrst ;

especially for smaller asteroids. the smaNalues may also in- ribution. First of all, the competence of our method depends
specially ’ Ve y on how close our obtained distribution is to the griginal one. We
dicate irregular shapes (and the shadowingas of nonzero

solar phase angles) or an otherwise increased “noise level” (gan check numerically how well the function seriegw; Fij (4)

8 . f g. (5) converges to the CDF &, C(A), by computing the
to systematic and modelling errors. In any case, the CDF metf} tive error:
is meant to give a quick overview of a population instead 0 ’
a detailed portrait, so trying to extract information via priorC(A)  ; wjFij(A) eq @ kC Mwk
constraints is not a key concept here. An abundance of smatt KCAK = ICK (12)
p-values may also indicate that the data are simply not-su
cient or otherwise suitable for a reliable result, so such a warniRgjure 3 depicts a typical t of the analytical basis functidhg
should not be suppressed by regularization. to the data created with complex shapes and sampled more
sparsely than implicitly assumed by the CDF integrals. We can
see that the model usually ts CDF data perfectly, so the analyti-
cal basis functions provide a very good set despite the crudeness
To assess the performance of our method with actual data afithe model approximations. The main question is thus the ac-
to check the eect of the simpli ed model, we perform severalcuracy of the result rather than the explainability of the model.
simulations. In Sect. 4.1, we explain the setup for our simula- In our simulations with synthetic data, we generate popula-
tions and experiment with the synthetic data, giving graphic@ns with a single p; ) peak in their joint distribution, and we
presentations of both actual and computed J solutions. In attempt to reconstruct this peak. Each asteroid can have multi-
Sect. 4.2, we discuss ways to apply a post-solution “deconvople brightness measurements, and we require at least ve obser-
tion” in order to correct the systematic errors in the solution; theation points for a valid estimate of the variation observable
corrected solutions are graphically presented as well. From the results of the simulations, we have found this to be

4. Simulations
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) ) . P .
Fig. 3. Function series j; w;; F;; from Eq. (5) plotted in the same gure
with the CDFC(A) from data. The minimal error in the tting should o3 0z 03 04 03 08 07 0a 63
be noted.

Fig. 4. Actual joint distribution of p; ) (top lef) of synthetic aster-
oids compared to the solution of the WISE-based inverse prokfgm (
the typical minimum number of data points for sampling oniéght). The colours depict the occupation number of eggh)-cell (on
rotation of the target. This is also simple to estimate ana|y§1[t_)|trary scales). The absolute value Qf the ecliptic |a'tltl.'1de of the spin
cally by considering the possible permutations of random saf¥s ieggﬁ’;?fglggg t;%fg’t’;‘e(’s’ﬁ;%‘;“edl'gﬁéz igontggcfggzgz ]E’r'g;el)eao(ttﬁﬁl
ples of a boxcar-shaped sm;,lsmdal signal: then t_he average e?fbi:) to right (sphere). On thmttomis the solution of the inverse prob-
of dr(_)ps fast fr(_)m the 50% of two sample points to Clos_e Bm after applying deconvolution for correction.
10% with ve or six points. Such error levels already t well in
the total error budget. Numerical examples of lightcurves give
similar results.

In order to obtain enough observations oand thus accu-
rate distributions, we use populations of 1000 asteroids. This i§
arealistic population size, as real major databases contdfi+
10* objects. Smaller populations start to g from too sparse *
sampling of geometries. Also, the systematic errors caused b
the inaccurate assumptions of the model and the sparsity of rota
tional phases in estimation are best counteracted by the averag«
ing e ect of a large number of samples. For the bips? [0;1] -
and ; 2 [0; =2], where we have selectéd= 1, ::: 20 and
j = 1;:::;29, with a random point near the centre of each N
equally spaced bin to represent itor p value. This way, ev-
ery bin is about @5 0:05 units in size, and the computation of
the inverse problem is fast enough.

We have plotted some all-round cases of the | distribu- °°
tion of the forward model and the solution distribution of the
inverse problem (from data mimicking WISE) in Figs. 4-8. In @
the forward model, the peak of the;() distribution has been -
placed in the middle, bottom left, top left, bottom right, and top
right positions in the|; ) plane, respectively. In Fig. 4, we no-
tice that the approximate location of thp; ()-peak is correct, Fig. 5. Actual joint distribution of ¢; ) (top lef) of synthetic aster-
but the solution spreads when moving away from the peak, peigs compared to the solution of the WISE-based inverse prokitemn (
ticularly when moving towards= 2 (spin direction in the ecliptic right). Here we have tgst_ed how gccurately the solutiqn is obtaingd ifthe
plane). In addition, the peak is too much to the lefpiaxis (to- peak of bothp and  distributions is low. On th@ottomis the solution
wards more elongated bodies). The same phenomenon cad!ffdeconvolution added.
observed in the other gures as well. In Fig. 6, when the peak
was located in the top left corner of thp; () plane (elongated
bodies in the ecliptic plane), the contour looked visually messy
every time. Hence, we included an additional plot of the solwat lightcurve because of local shape irregularities. In addition,
tion of the inverse problem in thepy ; DF(p; )) coordinates. Figs. 5, 7, and 8 show a trend of the peak of thgolution to
From the three-dimensional perspective, we notice that the peadive slightly towards the middle (away from the= 0 and
of the shape elongation is once again too far in the left-axis, = =2 ends). The error is common but does not occur every
and the solution spreads when moving away from the peak. time. In general, the errors are encountered because of both mod-
deed, these errors are systematic, and they occur in a solutionedfing errors and noisy measurements. They are rather regular
ery time. Thep-shift is inevitable: even in the absence of nois&nd predictable, and therefore, it is possible to formulate a post-
near-spherical targets with = 1 do not portray a completely solution correction in order to revise the solution distribution.

, R
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Fig. 6. Actual joint distribution of ; ) (top lef of synthetic aster- Fig. 8. Actual joint distribution of ¢; ) (top lef) of synthetic aster-
oids compared to the solution of the WISE-based inverse prolifgm (oids compared to the solution of the WISE-based inverse prokigm (
right). To make the solution plot more easily readable, we have plotteght). Here we have tested how accurately the solution is obtained if the
it from another perspective on thettom right with thez-axis depicting peak of bothp and distributions is high. On thbottomis the solution

the weightsvof each ¢; ) bin. Here we have tested how accurately theith deconvolution.

solution is obtained if the peak of the distributions is low fieeind high

for . On thebottom leftis the solution with deconvolution. . . .
shifted about 0.Jp-units to the left due to noise. Therefore, we

choose P = 0:1 when we use WISE data. The systematic error
in direction is irregular, and there is no way to know whether
the obtained is too small or too large. For, we observed that
the obtained distribution is usually accurate if the actupkak

is somewhere near4 (usually when 2 [0:5;1]), but if the
actual peak is near the extreme end values & @r then the so-
lution tends to shift the peak away from the extremes, towards
the middle values.

We show the deconvoluted solution in the bottom gures of
Figs. 4-8 (bottom left picture in Fig. 6). The deconvolution has
been used to correct the solution presented in the top right pic-
ture of the same gure. The corrected solution is close to the dis-
tribution shape of the forward model in the top left picture. We
will apply deconvolution solely on the joinp( ) distribution.

In order to reduce errors and loss of information, the marginal
and distributions are presented without corrections. In their
cases, the main point is that the peak of phdistribution is usu-
ally slightly more to the right in the-axis than in the obtained
solution.

01 02 03 04 05 06 07 08 09
o

Fig. 7. Actual joint distribution of f; ) (top lef) of synthetic aster-
oids compared to the solution of the WISE-based inverse prokitem (
right). Here we have tested how accurately the solution is obtaine

the peak of the distributions is high fprand low for . On thebottom | this section, we plot distributions of dérent asteroid fam-

" Results from astronomical databases

is the solution with deconvolution. ilies and introduce a method for comparing such distributions.
The setup we use is very similar to the one used for synthetic
4.2. Correction in (p, )-plane data. We receive our data (geometries, brightness values, mea-

) ) ) ) ) surement times) from the WISE database. We downloaded the
The “deconvolution” of the noisy solution “image” in thegata from the Infrared Science Archive: infrared Processing and
(p; )-plane is a visual aid based on experiments performed ARalysis Center (IRSAPAC archivé) and used the same selec-
the synthetic data. With the help of simulations, we were ableign criteria as Ali-Lagoa et al. (2014). The combined ALCDEF
acquire a good understanding of how much our computatiogaAPC lightcurve database (hereafter called simply ALCDEF)
solution typically di ers from the actual distribution when ongs also useful for various analyses, but its denser lightcurves
assumes that there is a dominant peak in the latter. This way, W@Iding improved estimates) do not really compensate for the
could deduce the typical point-spread function of the solution Jgrger number of objects in the WISE data that is crucial to the
the plane. We introduce damping on bins further away from tiighustness of the statistical CDF approach, as discussed earlier.
peak of the centre of the solution. Then we move the valugs of/oreover, the lightcurves sample well only asteroids with short
a constant ( xed) step to the rights, ! p; + P. According to
our simulations with the WISE database, the solution is typicalty http://irsa.ipac.caltech.edu/Missions/wise.html
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rotation periods, because observations fromedent nights usu-
ally cannot be combined together because of poor or completely
missing calibration. The large number of brightness variation
samples, rather than the accuracy of the observable, is the main
reason why the method can tolerate the crude underlying shape
model. Even though the WISE data are in mid-infrared wave-
lengths (we used measurements at 12 andr@p, the derived
for them is essentially the same as from the projected area since
the infrared regime mainly causes a lag in the lightcurves (com-
pared to visual data) that does nokat the brightness variation
(Durech et al. 2016a).

Another possible rich source of asteroid photometry is the
Lowell Observatory photometric database Bowell et al. (2014),
which was used by Oszkiewicz et al. (2011) and Cibulkova et al.
(2016). However, the large errors of photometric points @f1—
0.2 mag would bring another source of systematic error into our
model.

We consider one-estimate to consist of measurements done ) ) }
within a three-day time window to keep the observing geometryg: 9._gomfp§1.nson of the rparglnal DF'; of thehShape. e'?”g?‘“‘gﬂr .
su ciently constant. We only accept estimates based on at Ié§ ?Org(':us of dierent sizes from WISE data. The vertical axis depicts

L7 . pation number of eaghkslot (on an arbitrary scale). The shape

ve measured values. In principle, our model requires the phaéﬁngation decreases from left (thin cigar) to right (sphere).
angle between the Sun and Earth to be close to zero degrees.
However, adding this restriction would greatly reduce the num-
ber of brightness measurements we could use, and would eventu-
ally lead to a considerably lower number ofalues. According
to simulations performed on synthetic data, the error caused by a
non-zero phase angle is so small compared to other error sources
that its e ect is negligible. Therefore, we set a very liberal re-
quirement that

arccosésun €eary 30 (13)

5.1. Discussion about bias

Before we move on to plotting asteroid families, we discuss
some possible sources for biases. The number of possible
-estimates varies between asteroids; if an asteroid yrekts
timates of , we can formally give each of these estimates the
weight I=n. However, if there are many estimates associated with
some asteroids, there could be a bias, as the solution could be
favouring such targets. We checked if the solution wascéed _
if we only took one estimate for each target. There was no e
tl_ceable change from the situation Whe_n all es_ter_lateS were Cﬁg itude of the spin axis decreases from left (perpendicular to the ecliptic
sidered, so we can conclude that there is no signi cant bias fr ne) to right (in the ecliptic plane).
the weights of individual asteroids when using large databases
for a large number of objects. This underlines the safety in large

numbers, so the method can be used even if we do not knmﬁ. _— .
which observation is from which asteroid and use alktimates P distribution forD < 8 km was located at a near-spherical value
“plindly”. of b=a = 0:85. Of course, the distribution tail of smaivalues

As we know from asteroid lightcurves, large asteroids af OUr result forD < 10 km is more due to systematic and model
generally more spherical than small asteroids. This was afgé0"s (especially irregular shapes) than to actually very elon-
shown by Cibulkov4 et al. (2016), for example. We checked ﬂggted bodies.
result by comparing WISE subpopulations of dient sizes. We Similarly, large asteroids tend to have their spin axes closer
divided the WISE asteroids into four subpopulations: ones with the ecliptic plane than the small ones (see Fig. 10), which
diameterD < 10 km ( 65000 bodies), 10 km D < 25 km qualitatively agrees with the results of Hanu$ et al. (2011) and
( 6000 bodies), 25 km D < 50 km ( 1000 bodies), an® Durech et al. (2016b), who studied the distribution of spins of as-
50 km ( 1000 bodies). While the population sizes are noticéeroids on a sample of several hundred individual models. Con-
ably di erent (the number of small asteroids clearly surpasdeary to the results based on individual models where the spins
the number of large ones), the subpopulations were selectecas® clustered towards poles of ecliptic £ 0 in our notation),
that each of them would have a saiently large sample size in our analysis shows that small asteroids have a remarkably sharp
order to acquire reliable results. The obtained distributions cqreak extending some 1%n both sides of the ecliptic spin lati-
rmed that large asteroids indeed tend to be more spherical (¢ade of 50, but the lack of values 0 might be caused by
Fig. 9 for comparison). Our result is considerablyelient from some systematic ects of our simple model (but we note the
the one obtained by McNeill et al. (2016), where the peak of tieeect of sin in the plot as discussed in Sect. 2.1).

g. 10. Comparison of the number densities of the spior asteroids
di erent sizes from WISE data. The absolute value of the ecliptic
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Fig. 11. Contour solution of the jointg; ) distribution based on WISE
(left) and WISE-ALCDEF data (ight). Deconvolution is not used to
preserve the double-peak information.

When comparing asteroid families, the size of the targets
may thus be a factor. The shape amdspin di erence between
two families may be partly driven by the dérence in their size
distributions. On the other hand, the best statistical material is
acquired without adding the size as another dimension in the
distribution function since there usually are just not enough tdpig. 12. Comparison of the marginal DF$of) of the shape elonga-
gets to split a family into size bins. Thus we report the fanily tion p for the entire WISE popu_latlon and merges from WISE and
and distributions here as such, using all family members with\-CPEF databases, and of their marginal CDBst{on).
out considering the size distribution a bias factor, even though a
closer analysis between families may require taking at least the . o
division into small and intermediate sizes into account. The pfd- erence. The CDF derence tells whether the distributions
portion of large asteroids is small, so their contribution to tHe really di erentin the rst place, and the DFs give additional
population distributions is usually small as well. As an exampl@&tails of the potential dierences.
we investigated the Eos family of well over 3000estimates. Finally, we ran tests to see if there is a bias associated with
We performed some comparisonspodnd  distributions for the the selected database. WISE is one of the largest databases, with
whole family and its subset of smaller bodies with a diameterr method being able to cover about 85000 asteroids. We can
less than 20 km. For the distribution, the inclusion of large as-get about 86 000 values offrom WISE, which means we can
teroids mainly aected the width of the peak and there was r@et approximately one value for our observable from each aster-
noticeable dierence in the distributions. The dirences were 0id. Indeed, WISE is one of the biggest asteroid databases avai-
even smaller for the distribution. These results suggest thdgble. The average number of brightness measurements available
the biases caused by large objects are insigni cant and we viflf one isimii 9. The ALCDEF lightcurve database contains
include full populations in our examples. For this and other cordbout 14 000 asteroids suitable for our method, and yields about
parison purposes, we propose a measure areince tailored to 39 000 values of , resulting in less than three values ofrom
our case (instead of the Kolmogorov—Smirnov test that typicalach asteroid. For ALCDEFRn i 18. Despite its smaller sam-
produces indecisive statistics). ple of asteroids, the ALCDEF's-per-asteroid ratio is better than

Let S; andS, be two sets of population samples. Ryrlet  WISE's. The drawback of the ALCDEF is the weak or nonexis-
Fp(Si) andF (S;) be the CDFs for the marginal distributions otent calibration as well as selectionets.

DF solutions forp and , respectively (normalized to the inter-  We perform a consistency check by comparing two distri-
val [0; 1]). We de ne the statistical dierence measure betweerbutions. First, we compute the solution of the inverse problem
S; andS; as using all s obtained from the WISE population. Then we do the
8 same, but using all thes from both WISE and ALCDEF. The
3Dp(S1;S2) = « Fp(S1) Fp(S2) (14) (p; )-plane plots are shown in Fig. 11.
.SD (S1:S2)= « F(S1) F (S The p distributions of WISE and WISEALCDEF are
plotted in Fig. 12, while the distributions of WISE and
where usuallyk = 1,k = 2 ork = 1, and  is a norm-based WISE+ALCDEF are plotted in Fig. 13. We have not used decon-
scaling factor to x the statistical dierence to the same magnivolution procedures since, being designed for one-peak distribu-
tude for all norms; typically, 1 = 1=4, ,=1and ; = 2. The tions, they would smooth out the two-peaked result. palis-
casek = 1 is used in the Kolmogorov—Smirnov test. In additiottributions, a visual inspection shows some eliences between
to theL! norm, we will also compute the! andL? norms, as the DFs, such as the unrealistic boospefalues around 0.4 by
this way we will have a better understanding of the type of statisie ALCDEF addition. The CDFs are similar enough to suggest
tical di erence, for example, do the distributions eli in terms that the added ALCDEF data do not greatly distort ghdistri-
of the maximum or mean derence. Generally, our simulationsution. For , on the other hand, the addition of the ALCDEF
suggest that in this context two distributions can be considemata shifts the distribution to the right, and thdistribution ob-
statistically di erent if D > 0:2, although one number does notained from the hybrid data is obviously dirent from the one
tell the whole story, and it is more instructive to perform a visualith WISE data only. Therefore, we conclude that there may be
inspection on the marginal DF and CDF plots. a database-related bias included, especially with thelutions,

In Eq. (14), we chose to compare the CDFs rather than thed it is advised to use caution in the selection of a database.
DFs since the latter is the derivative of the former and CDFsdeed, the ALCDEF data are distorted by a number of selec-
are monotone functions, so computing the norm of theiedi tion e ects due to the visibility and popularity of the targets.
ences is more stable when one aims at one number depictingWISE targets are more evenly and comprehensively spread and
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. . . . Fig. 15. Obtainedp distributions for the asteroid families Vesta, Euno-
Fig. 13. Comparison of the marginal DF$of) of the spin for the mia, Hygiea, and Themis.

entire WISE population and merged from WISE and ALCDEF
databases, and of their marginal CDBstfon).

Fig. 16. Obtained distributions for the asteroid families Massalia,
Flora, Eos, and Koronis.

Fig. 14. Obtainedp distributions for the asteroid families Massalia, . o ) )
Flora, Eos, and Koronis. The shape elongation and spin distributions for eighedi

ent asteroid families are shown in Figs. 14-17. The obtained
shape elongation distributions are drent from those obtained
observed from a satellite, so the biases are smaller. Due to fijsS2aP0 & Kiss (2008), who assumed a uniform distribution

and the su ciently large number of database targets, we cofif spin axes and utilized the less relia_tble two-poir_1t brightness
sider WISE data more reliable for distribution analysis and uSgatter observable. The number of available asteroid samples per
them in the studies below amily in the WISE database varies. Flora and Eos have about

3000 WISE samples, while Vesta, Eunomia, Hygiea, and Themis
have 1000-2000. Koronis has 642 WISE samples, while Mas-
5.2. Examples of distributions and their comparison salia is limited to only 154 samples. According to our simu-
lations, solving the inverse problem several times for Koronis
Below we list some results from family distribution reconstrudeads to fairly good regular solutions, so the sample size can be
tion and comparison by their inferred marginal distributionp of trusted to be large enough. Massalia, on the other hand, has sta-
and . We chose families that were interesting from a statisticlility problems with the small sample size, so its results cannot
point of view, mainly to demonstrate the features, atences, be considered to be as reliable as the others, but we include it
and similarities the method can discover. Obviously, in additidar completeness. Typically, a sample of at least 500 objects is
to the interpretation and analysis of the results, there are magguired in order to obtain stable solutions that can successfully
other families as well as populations other than families to cof¢cover from the model errors and noise.
sider in further work from astronomical points of view. We note We observed that the Alauda family (some 800 samples) con-
that the computed distributions for asteroid families vary slighttpins a somewhat higher ratio of near-spherical bodies than other
inthe gures, justto illustrate that randomized inverse grids leddmilies. This is likely to be an intrinsic quality of the family, as
to slightly di erent details in distribution solutions. the same result holds when the large asterdids 20 km) have
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Fig. 17.Obtained distributions for the asteroid families Vesta, Euno-
mia, Hygiea, and Themis. Fig. 19. Comparison of the marginal DFtf) of the spin for Ge on
and Koronis families, and of their marginal CDREm(ton).

di erence measures. The very similardistributions of the
Ge on and Koronis families are shown in Fig. 19, while the
¥ =S d distributions of the Phocaea (some 1000 samples) and Alauda
. families are plotted in Fig. 20. Phocaea has slightly more as-
teroids with spins closer to perpendicular to the ecliptic plane,
while both families have heavy tails close to the plane. Gene-
° rally, our solutions appear to give less weight to the values of
close to 0 or=2. In the case of = 0, this is partly due to the
factor of sin in the occupation numbers. For= =2, this can
be due to, for example, size distribution, noise, and orbit posi-
tions away from the ecliptic plane. In our simulations, we did
not nd any particular mechanism or tendency for the scarcity
of solutions close to the ecliptic plane. Finally, in Fig. 21, we
give an example of the clearly dérent shape distributions of
the Themis and Alauda families.

To con rm the reliability of distributions of and p for in-
dividual families, it would be ideal to compare our CDFs with
those constructed from individual models derived by lightcurve
inversion. Unfortunately, this is not possible at this stage, be-
cause the number of known models for a typical family is a
few tens at most (Hanus et al. 2013). Another possibility would
be to compare CDFs reconstructed frometient and indepen-
dent data sets. For example, the elience between Themis and
Alauda families is also signi cant when we do the same analy-
sis with the Panoramic Survey Telescope and Rapid Response
System (Pan-STARRS) data (Cibulkova et al., in prep.).

Fig. 18. Contour solution of the jointg;, ) distribution of the Alauda
family (top leff), the deconvoluted smoothing of the same soluttop ( . . .
right), and the normalized marginal distributions fomiddie) and ~ 6. Discussion and conclusions

(botton). The black solid curve (sin) depicts the curve shape of a con-EEe statistical CDF approach is a fast way of testing hypotheses

stant level of spin distribution on the sphere. Deconvolution is not us AR . ) :
for the marginal distributions in order to avoid the loss of informatioRPOUt Shape and spin distributions of asteroid populations with-
in the smoothing. out constructing models of separate objects. It is applicable for
discovering the existence of peaks in distributions of parameters
and for comparing the distributions of dirent populations.
been ltered out. The contour solution of the joinp;() dis- There are numerous possibilities of analysing and comparing
tribution, both with and without deconvolution, as well as thasteroid families, and a comprehensive analysis and interpreta-
marginalp and distributions (without deconvolution) for thetion of results is not the aim of this paper. Our main goal was
Alauda family are plotted in Fig. 18. We plotted an additionab discuss the usefulness and various aspects of the CDF ap-
sin curve in the plot to illustrate what the spin DF would proach, and build mathematical tools for its @ent use. As
look like if it was uniformly distributed on the sphere. we have seen, the data and inversion procedures of the prob-
To show examples of derence classes between familiedem are, in fact, very simple and fast to generate and apply as
we consider cases of small, borderline, and large values of tweh. The main burden lies in the judicious interpretation of the

01 02 03 04 05 06 07 08 09 01 02 03 04 05 06 07 08 09
P 3
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noise is su ciently low (at most 0.05 mag or so). If the data noise
is large, the whole point of using the brightness variations as the
observable is challenged, and the prior information needed for
regularization would dominate the solution. Typically, high noise
means that the regd-information on near-spherical bodies dis-
appears, and theinformation is similarly severely diluted. For
low observational noise, we can additionally use a deconvolution
Iter to correct the systematic errors caused by modelling errors
and noise. The deconvolution is a visual tool which attempts to
illustrate what the distribution of the parameters actually looks
like, based on prior information obtained from simulations per-
formed for synthetic data.

Trans-Neptunian objects (TNOs) are especially interesting
from the statistical point of view due to their slow orbital motion.
Since their observing geometries change very slowly, proper
individual models of TNOs cannot be made with the current
ground-based instruments in less than tens of years. Also, for
TNOs the solar phase angle is essentially zero, leading to am-
Fig. 20.Comparison of the marginal DFp) of the spin for Phocaea biguous shape solutions from photometry. The statistical ap-
and Alauda families, and of their marginal CDE®{ton). proach, however, applies to TNOs just as well as to other popu-
lations so long as there are sdient targets in the observed
set. This is, in fact, the only way to model TNO populations
with data from large-scale surveys. A bonus with TNOs is that,
because of the essentially xed geometry and near-zero solar
phase angle, all calibrated survey data points are usable for
-estimation even if they are separated by long time intervals.
With main-belt asteroids, sparse data points from one appari-
tion may be usable together forestimates if one uses a solar
phase correction as in Kaasalainen (20@rech et al. (2009),
or Cibulkové et al. (2016). The additional systematic error from
this is not necessarily very large considering the total error
budget.

We emphasize that the statistical use of brightness variation,
while a promising approach, should always be treated with cau-
tion. Above all, any proposed type of observable and imple-
mentation should be checked with realistic simulations where
the synthetic data are created with a modeledent from the
one used in inversion. The information potential of each dataset
should be assessed by using its actual observing geometries in
the simulations. These simulations yield insight into the unique-
ness and stability properties and accuracy expectations. Based
on analytical considerations and simulations mimicking real
databases, we advocate the use of tlwbservable and the cor-

results. A scrutiny of the usable databases may well be necd&sPonding analytical basis functions in the inverse problem.
sary, as some data sources may cause skewed results due to bie plan to o er a software application as a statistical (and

ases antbr noise. simulation) tool that can be used for experimenting withedi

We introduced a robust observable that can provide inforni&nt populations that are de ned by the user. It may also be use-
tion on both the shape elongation and spin properties of asteritto construct solution procedures tailor-made for input popu-
populations, and performed an analysis on the theoretical balgiions. For example, one can create basis functions numerically
ground, providing also some examples of the obtained distrifyt making synthetic CDFs for eactp;( )-bin with DAMIT-
tions, inspected from the statistical point of view. In our analysigased shapes placed in the orbits of the populations.
we proved that unique solutions can be obtained for both shape
elongation and spin distributions, and we performed numeridgknowledgementdNVe would like to thank Matti Viikinkoski for valuable com-

. . . . R : ents and discussions as well as assistance with software. This research was
simulations in order to verify that they coincide with the an%pported by the Academy of Finland (Centre of Excellence in Inverse Prob-

Iytlcal_results. Itis mteretstl_ng to note that, while the apun_d_anﬁﬁns), and H.N. was supported by the grant of Jenny and Antti Wihuri Founda-
of orbits close to the ecliptic plane means that many individugn. JD. and H.C. were supported by the grant 15-04816S of the Czech Sci-
asteroid models necessarily have an ambiguity of 180 degrees Foundation. VAL has received funding from the European Union's Horizon
in the spin longitude (Kaasalainen & Lamberg 2006), the sarfe0 research and innovation programme under grant agreements Nos. 640351

L . : . : d 687378. This publication also makes use of data products from NEO-
ecliptic orbital con guration makes possible the populatlon—levé,‘ylsa which is a project of the Jet Propulsion LaboratGajifornia Institute

information on spin latitudes. of Technology, funded by the Planetary Science Division of the National Aero-
Due to the model noise and the assumptions made, we cammaetics and Space Administration. In addition, this research made use of the
expect to obtain detailed, high-resolution solutions of the diStEASA/IPAC Infrared Science Archive, which is operated by the Jet Propulsion

f . : oratoryCalifornia Institute of Technology, under contract with the National
butions, but we get the overall picture when the observatiorgl ;. tics and Space Administration.

Fig. 21.Comparison of the marginal DF®() of the shape elongatiqn
for Themis and Alauda families, and of their marginal CDBst{on).
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Appendix A: CDF integrals and analytical basis a(p)and = =2, our CDFC(A) is, analogously with Eq. (A.2)
functions and using Eq. (A.1),
We recall the expression of the amplitudlegiven by Eq. (2): Zag 21
q—— C(A) = f(p; )dx
) 2 o
A= 1+ (p? 1)sirf: P
ZTem 0

From this expression, the curves of constai the (p; )-plane f(p; ) arccosp—— dxgdp:
are given by 0 1 x

. (A.4)
cog a(p) = A g = ga(p): (A.1) (The use oix is merely a matter of convenience for the integra-

1 tion limits.)

The solutions for 4 are convex “ripples” starting from the point. Tr}:e basis functions, that is, any CIIKA) caused by al: ob-
(p= 0. = =2) (upper left corner) foA = 0 and continuing jects having given xedp; and j, are now easy to write in closed
to the lines = O andp = 1 for A = 1 (lower right corner). form. They are obtained by replacimgand in the integrands

: : : by the xed p; and j, settingf = 1, and using the integra-
Denoting the model DF of elongation Hyp), we write the un- 7 * .~ . - ) - i )
normalized CDFC(A) as tion limits to describe the inequalities betwegmandp; to de-

ne the piecewise functiol©(A). This replaces the integral by a

Z b Z - sum of such basis functions each multiplied by the correspond-
C(A) = f(p) sin d dp; ing weight of thep; and ; bin. The resulting basis functions are
0 A(P) given in Sect. 2.1.

where the minimal shape elongation needed to produce amPIi-The above assumption of most orbits to be close to the eclip-
tudeA, obtained at = =2, is pmax(A) = A. With a change of UC Plane is only approximate, and one can always de ne popu-
variablex = cos , we get lations (especially those of near-Earth asteroids) for which it is
not true even approximately. Thus the validity of this assumption

Z, Z pm VAN p should be checked for the targets used. However, as we show in
C(A) = f(p) dxdp = f(p) ga(p)dp: (A.2) Sect. 4, the assumption works quite well (given the large model
0 0 0 error budget in any case) with typical asteroid populations for

which there is some concentration of viewing geometries-su

We can also include the ect of spin distribution. Assumingto ciently near the ecliptic plane.

be isotropic and the observation directions to be inj#plane
of the inertial frame (as they approximately are for the majorit . .
of asteroids, when this plane is that of the Earth's orbit), we Stuéppendlx B: lll-posedness caused by two-point
the DFf () (or the joint DFf(p; ) with p). The minimal aspect ~ variation observables

angleis min = =2 . Now, substitutinge = (cos ;sin 0) As earlier, we consider the case wheis (approximately) the
into cos =egsin cos +esin sin +e3cos , we have same for the pair. Now we have, for two rotation phasgsnd ,
cOS =sin cos ; 1+ (p2 1)sirf cod _ 2

) ) ) L 1+ (P2 1)sirf co? o '
where = e is assumed isotropic (evenly distributed longi- ) .
tudes of spins and observing directions). It is sient to explore S0: With 0< q 1, that is, o (due to symmetry, we only
the region 2 [0; =2] as other quadrants are just symmetrig€€d to consider the interval 0 =2), we de ne isoq
multiples. contours in the ( ) plane (for givenp; o) by

The curves of constant N ¢ 1
rap o )=

(P2 1)(cog  g?co o);

S0, to have viable solutions fog from sir? 4 = r, we must have
a, o, and

1

cos
= arccos—— A.3
0) - (A3)

inthe (; )-plane are now expanding “ripples” of increasing 2
starting from the point (= =2; = 0)for = 0. The CDF for cog ?)2

+2cod o= g p; o) COF o

is, with x = cos (but retaining the argumentin the DF for 1
convenience), so exist for givenp;q; oonlyifs 1;thatis,
Z - Z 0 P
c()= f()sin d d cos’ o R 1) t(q; p):
Z_iz ° Denoting
= f ()sin d g p )= P &= P
, Qs 0 8a;p; o) :=arccos S p; o); {(g; p) = arccos (G p);
Z gy our CDF is thus
Eq.(A3) f( )arccos_p_cos dx: fq Z 7 ;p; o)z =2 a0
1 x? Cy(a) = f(p) sin °d °d d odp
. L . . 0 f(gp) _0 (@p; o; )
(Di erentiatingdC ( )=d vyields sin whenf = 1 as expected Z, Z 57 yqp ) D
for isotropic spins.) R = f(p) 1 r(gp; o )d dodp:
Using the complement & (i.e.C in the decreasing direc- 0 fgp) o
tionfrom = =2to = 0)to write the number of states between (B.1)
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Again, we can include the-distribution by expanding the inte-and from tables of integrals we nd that this is

gral in the same way as with Eq. (A.4). X 1 +11 1n+1 !
_The basis functiorGi(q) for a given p; in the two-point c(a)= A2 c,A" S L N B I
brightness scatter case is, from Eq. (B.1), n n+1 2 20 20 2
g EZ q p where F; is the Appell hypergeometric function. This form
Gi(g =5 "=2 Reapi: o de do q>p: can be transformed into the usual Gauss hypergeometric func-
© fgp) 0 ' Fh 0 o ' tion ,F; so that
(B.2) X

CA)=A?  CrAKGn(A);

Although the -integral can be given in terms of elliptic func- n

tions, this is best computed by evaluating the double integral nur-1

merically. The maximum value @;(q) is obtained af| = 1: where |
Z ,Z 2 n+l 1n+4 , X
— . . L2 — 2j.
Gi(1) = . . dd 0=§ Gn(x) = 2oF1 5 E’T'X j b?XJ,
Our basis functions5; are closed-form expressions of thos ith
computed by Monte-Carlo sampling in Szabo & Kiss (2008).
These can be used to determine hdistribution, although we mio 1 @+ )
found the accuracy inferior to the solution based on the variatile= :1+4 L @; =
observable , which was to expected. s i @

In principle, we can expan@; to G;j;(q) for a (p;; ;)-grid in 4 n
the same way tha; were expanded t6;;. However, a notable (so @)o = 1= b), and
di erence between the two-index basis function&-adr g- data p_
is that theG;; () all reach their maxima at the same pairt 1 - 2
since the two-point comparison can always contain two equal 2(n+1) n+4
brightnesses for angand . Thus the j-curves of thes;; () of 2
a givenp; form a curve family with the same abscissae for theo k,, O decreases monotonously as increases, and
minimum @ = p;) and maximumd = 1); thatis, members of thelim,; k, = 0. The decrease is moderate, approximated by, for
family can easily be mimicked by a superposition of other merexample, (n+1) 1[Iog@- +3)] **forn < 100. For the gamma
bers unlike in the case 6%;(A). A number of simulations indeedfunction, (n+1=2)=""(2n 1)!=2"and (n)=(n 1)\
con rmed thatG;; are not usable for solving the inverse problem Suppose the observe@(A) is expanded (to hold for
in practice; that is, -information is not recoverable froogdata. 0 A 1)as
Adding prior assumptions on the joint distribution did not help X
either, as it resulted in too heavy regularization, causing the A = A2 aA™
lution to become almost entirely prior-based.

The same problem plagues the lightcurve slope estimate of
McNeill et al. (2016) from two neighbouring points, exacerbatethen
by the e ect of the rotation perio®. For any basis function, the a; = ¢k, ) ¢, = &=k} ¢, = ap=ky;
abscissae for the two-point ratidie at some minimunsy(p; P) _ 1 _ N
and maximums = 1. The same abscissae apply not only to aft3 = Caks + Cikib ) €3 = (8 cikiby)=s;

» but also to in nitely many other combinations pfandP that ang so on recursively; that is,
yield the sames,,. Thus any basis function can be mimicked by M1
E‘w Cn 2iKn 20 ZE

n+3

n=1

numerous dierent superpositions of basis functions at otber 1
P, and , making the solution of the inverse problem ambiguous = i
without heavy prior assumptions. i=1

) . ) where p] is (n + 1)=2 or n=2 for, respectively, odd or even
Appendix C: Stability properties of shape n. Thus, all coe cientsc, are obtained, and their error grows

distribution from observed brightness variation as H,, which is much slower than in, for example, lightcurve

We can analyse the inverse problem of determinig) with Nversion. _ .

the same approach as in lightcurve inversion Kaasalainen & YW note that we can write a formal, more user-friendly one-
Lamberg (2006): we expand both the obser@d) and f(p) to-one mapping between the polynomial cagents determin-
as function series, and examine the relationship between tHgg f(P) andC(A). If p 2 [0; 1], and we expand (assumirfgp)
coe cients. This shows if all coecients of f(p) can be deter- t©© Vanish fast enough whem! 1)

mined, and also how fast their errors grow as a function of theirf(p) X

degree. p=—=1= dp"
Let us expand (p) as the polynomial 1 p
A . we have
f(p)= cp’; p2[01]: X Za q
n=1 C(A) = dn Dn A2 p2dp
For isotropic , n 0
x Za Po—0 X F, loml.m3.q
_ " P 4o _ 2 2FL B
C(A ) Cn . p—pl—pzdp, A ) dpA — :
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which is simply where
CA) = A2 dhkA™ h(A) := A1 c?)+c?2
" Now
s0 we obtain a simple relationship between data and model: X Za P
an CA= ¢ p" gus(p)dp;
dn = E n 0
We also note that the above applies to the general triaxial e||ﬁ,"_‘d this is
soid as well. Let us now have a xed, 1,b= 1, anda= 1=p. A2 X 1 n+11 1
CA)= p=— CA" F1 s

Then O AT 55
A2:pzsinz +c2co¥ | n+ 1 .Az.!

S +c2cog | > lamt

so the isoA curves are given by This can be used to de ne a series expansion for the ob-

2 p? servedC(A) with new basis functions instead of polynomials, so

A
cog a3(p) = gas(p) = m; we have the same kind of one-to-one correspondence as above.
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ABSTRACT

Context. Many asteroid databases with lightcurve brightness measurements (e.g. WISE, Pan-STARRS1) contain enormous amounts

of data for asteroid shape and spin modelling. While lightcurve inversion is not plausible for individual targets with scarce data,

it is possible for large populations with thousands of asteroids, where the distributions of the shape and spin characteristics of the

populations are obtainable.

Aims. We aim to introduce a software implementation of a method that computes the joint shape elopgatirspin latitude
distributions for a population, with the brightness observations given in an asteroid database. Other main goals are to include a

method for performing validity checks of the algorithm, and a tool for a statistical comparison of populations.

Methods. The LEADER software package read the brightness measurement data for a user-de ned subpopulation from a given

database. The observations were used to compute estimates of the brightness variations of the population members. A cumulative

distribution function (CDF) was constructed of these estimates. A superposition of known analytical basis functions yielded this CDF

as a function of the (shape, spin) distribution. The joint distribution can be reconstructed by solving a linear constrained inverse

problem. To test the validity of the method, the algorithm can be run with synthetic asteroid models, where the shape and spin

characteristics are known, and by using the geometries taken from the examined database.

Results. LEADER is a fast and robust software package for solving shape and spin distributions for large populations. There are

major di erences in the quality and coverage of measurements depending on the database used, so synthetic simulations are always

necessary before a database can be reliably used. We show examplesrefides in the results when switching to another database.

Key words. methods: analytical — methods: numerical — methods: statistical — minor planets, asteroids: general —
techniques: photometric

1. Introduction user). As shown in Nortunen et al. (2017), such estimates are

. . L . su_cient for robustly reconstructing the shape elongation and
Photometric observations of total (disk-integrated) brightnes Rliptically symmetric) spin latitude distributions of the popu-

are by far the most abundant source of information on astero Son when there are thousands of samples available. The de-
in the sense of population coveragaufech et al. 2015). There yoymination of the spin distribution requires the population to be

are currently some thousand shape and spin models from pigminated by orbits concentrated near the ecliptic plane.
tometry for individual asteroids — for example, see the Database . Lo .
In this paper, we describe in detail the software package

of Asteroid Models from Inversion Techniques (DAMfTsite — \%gnitudes and Elongations of Asteroid Distributions Estimated

and tens of thousands more will be obtained from sparse - - o
tometry from various sky surveys such as Panorangic Su? pidly (LEADER) for obtaining the shape and spin distribu-

Telescope and Rapid Response System (Pan-STARRS), G;%gls. The mathematical prlnglples are present_ed in Nortunen
and Large Synoptic Survey Telescope (LSST). Infrared photoffl.2- (2017), but the computational aspects require further expo-
etry from, for example, the Wide- eld Infrared Survey Explore?mo.n given here. The main issues are the choice of the grid dis-
(WISE) mission can also be added to visual data to obtain S&r%tlzatl_on level in solving the inverse problem, experimenting
and surface material parameters for thousands of taigate¢h Vit Various setup choices to establish the stability of the result,
etal. 2016). the “deconvolution” of the result distributions in the shape-spin

Even larger population-level attributes can be obtained l tgr}lgpﬁl’eaggr;georgsagg?;oryggrigzriség]:lsaflnophse(if:‘orgtsdy;ghe;ge)
using all available photometric measurements from the rich s 99 P

vey databases also when the data are notcsent for individ- the method itself is quite robust in the sense that the inaccuracy
ual models, as shown in Nortunen et al. (2017) and CIbUIkOJiethe underlying ellipsoidal model is well tolerated since only

et al. (2017). We refer to such data as scarce photometry to dis- N X . X ;
tinguish it from sparse photometry. The possibility of obtair(%e large-scale elongation and spin estimates are obtained, the

ing population-level attributes is based on the principle of usim operties and coverage of the database entirely dictate the reli-

even a few data points per target to construct a set of brig ility of the results.

ness variation estimates for a given population (de ned by the This paper is organized in the following manner. In Sect. 2
we present the main algorithm, some computational details, and

1 http://astro.troja.mff.cuni.cz/projects/asteroids3D/ the visualization by deconvolution, while in Sect. 3 we discuss
web.php the implementation of the necessary simulations from synthetic

‘check the reliability of the inversion. We emphasize that, while

Article published by EDP Sciences A91, page 1 of 10
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data and the comparison routines between populations. In Sec®.4Phase angle correctioepending on the phase anglewe
we illustrate the use of the LEADER package with examples. We should apply either an exponential or a linear correction to
sum up in Sect. 5, and in the appendix we describe some mainthe brightness valudg ), as explained in Kaasalainen et al.

components of the software.

2. Main algorithm for computing distributions

The main algorithm consisted of roughly three phases. First, we
had a forward model for computing the brightness variation esti-
mate from observations. Then, we considered the inverse prob-

lem and determined the joinp{ ) distribution. Finally, we plot-

ted the results and applied a deconvolution Iter to smoothen the

solution.

2.1. Forward model: brightness variations

We considered a population ®f asteroids. For our analysis,
we required a large population, withh & 1000. In the forward
model, our observable is the brightness deviation estimadar
objective is to obtain one or mores for each asteroid. With the
observed brightness valueswe de ned as

(L2,
hai

@)

where (L?) is a measure of variation fok? as de ned in
Nortunen et al. (2017):

p—
(L = " hL2 hL2):
We used the squared brightnegsfor convenience; a more de-

tailed explanation is given in Nortunen et al. (2017). We were
then able to compute the amplituddrom each , and from all

the amplitude values of the population, we constructed the cumu-

lative distribution function (CDFE(A). To obtain the brightness
deviation estimates, we analyzed the data le of asteiroichere
i =1,:::; N, repeating the following steps for each le:

3.

(2001). Let us consider a single set of measurements. If
min; ; < 8 in the set, we required that the phase angle
changes no more than one degree, that is:
(max ) (min ) 1:

I

©)
If the phase angle does change for more than one degree, we
applied an exponential correction. In other words, we applied

an exponential curvaexp(@ ) into the (; L) data, and used
it to normalize the brightness data into the form

L()
; ; : 4
aexpb )’ a>0;b<0 4
If minj ; 8 in the set, we required that the phase angle

changes at most two degrees:

(max i) (min j) 2: (5)
I I
If the phase angle changes more, we applied a linear correc-
tion by using a least squares t of the forra (+ b) into the
(; L) data, and use it to normalize the brightness data into

LO) .
a+b ©

We note that with a small number of points, the correction
may be unstable and can be omitted.

For each measurement set, we computed the brightness vari-
ation using Eq. (1). In Nortunen et al. (2017), we derived
how and the amplitudé are directly related:

v
A= 1

a<o:

1 1Bt

3 +§ (7)

We omitted any complex-valued or non- nite amplitudes.

1. From the data le, we read the Julian date, intensity, and thghen all the brightness variations and amplitudesr(dA) have
directions of the Earth and Sun (these should be compute@éfen computed, we sorted the amplitudes in an increasing order.
not given) as seen from the asteroid translated into the origithen the CDF ofA is simplyC(A) = i=kfori=1,::; k.

We denoted the direction vectors of the Earth and &y

andey, respectively. For each data point, we computed the

phase angle between the Sun and the Earth, and requiré)dz' Inverse problem: obtaining the joint distribution

that
2

In Nortunen et al. (2017), we used a limit of,; = 30

= al‘CCOSésun eeartk) tol+

for the WISE database. For the Pan-STARRS1 database,%

used ¢ = 20. We ltered out each brightness measure-

ment where the phase angle exceeds this given tolerance? [

addition, we required that a set of measurements has bk
done within a small enough change in geometry, and at le5
ve brightness values are required for a valiéstimate. For w
Pan-STARRS1, the phase anglehanges rapidly in time, so
we could have used a condition that all measurements in a
are done within, for example, three days, to keep the cha
in the phase angle small. For the WISE database, more |

for latitudes and elongations

In the inverse problem, our objective is to determine the distri-
butions of two parameters, the shape elongafidh [0; 1] and
the spin latitude 2 [0; =2]. We modelled the asteroids with

shape of a triaxial ellipsoid, with semiaxasb andc, and
b = ¢ = 1. With this model, the shape elongation is simply
b=a. Here a smalp value corresponds to an elongated body,
le p = 1 describes a sphere. For the spin latitude, O rep-

gents a spin direction that is perpendicular to the ecliptic plane,
ile = =2 means the spin direction is in the ecliptic plane
Our model does not have any way of distinguishing whether the

latitude is above or below the ecliptic plane. We assumed

R the observations are concentrated near the ecliptic plane.
1is assumption does not usually hold entirely; the amount of

eral rules can be used with the time span, as the phase alx@féatlon in the ecliptic latitudes of the observations depends on

changes at most4 within a one-week-long set of measurez \ye note that in our convention,is the complementary angle of the
ments. With this set of rules, we separated the measuremepigitionally used . This is due to mathematical purposes. To avoid
on a single data le into multiple sets. After that, we anaconfusion, we use radians instead of degrees for the values ofiaur

lyzed each set individually for computing
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the orbits of the population and the sampling epochs in databas#h our extended linear system being
used. As a result, the computeddistribution tends to be less ~
accurate than thp distribution. We tested the validity of the asV'W = c 11

sumption, and for the databases we used in this paper, some 93%,ptain the occupation numbevs;, we solved forw from
of the observations were concentrated within2d sector near Eq. (11) by using, for example, &tlab's? linear least squares

the ecliptic plane. method with a positivi o 7
. . positivity constraint; 0. The peak of the joint
_To solve the inverse problem, we created a gridNgf N p; ) distribution is simply the §; ;) bin with the highest oc-
bins for our @; ) values. For our algorithm, we typically use upation numbewy;
hj -

Np = 20 andN = 29, so every bin is approximatelyd® 0:05
units in size, and equally spaced. We choge (j) as a random
point near the centre of each bin. Alternatively, as the valus. Visualization
p < 0:4 are expected to have lower occupation numbers than the . _P

higher p values, we may lower the resolution for such valueg|0 estimate the goodness of the(](é) = ij wyFig(A) from
Similarly, since the occupation numbers forare expected to g. (8), or the equwalgnt forn€ = Mw from Eq. (10),
be somewhat proportional to sir(this means a uniform densityWe may plotC and Mw in the same plot. The relative error

C Mwk=kCk is usually less than 1% when the population
:i)gnansupmhgre?)s’ IS(\;VV\\,/: I%Z?%%&gﬁﬁ?gggﬁ% :r? \(/)(fe #%V:Z;g;csjlg%gntains at least 1000—2000 objects. For the actual joint distri-

values smaller thare 4. bution f(p; ), wheref(p;; ;) = Wipandwi; are the occupation

In Nortunen et al. (2017), we derived how the CO@) can numbersw; normalized such that i;; f(pi;; ;) = 1, we may
be expressed in an analytical integral form when we have in niftet thle tSOIUt'IC;n e t f(lp; ) e'thei as alti}rtaTer;dlmens_lor}e:jl sur.—t
observations available in every geometry. When we used a etP ot, O|5|6-‘l erna 'Vf y(E\)s acon o;.lrdp ot. d gmarglna ensity
of points (i; ;), we were able to expres¥A) as the following unctions (DFs) can also be computed fpand :
superposition: X o
X fp) = W ()= W (12)
CA = wjFy(A) ® D
ij
. . As a post-processing tool, we may apply deconvolution to cor-
Here w; %re the occupation numbers (weights) of each bict tor dispersion in the obtained solution. The deconvolution
CHOEL is used as a primarily visual tool, and it is applied only for the
8 o: A p joint (p; ) distribution, not the marginal DFs. In order to know
§ ' p what kind of post-solution correction is needed, synthetic sim-

2 2
Fi(A)=3 5 arccos—p2—; p<A<F(p; ) (9) ulations (Sect. 3.1) should be performed on the database used.
sin j 1 p? : S . . -
AF () With the synthetic simulations, we gained understanding of the
accuracy levels of the method, and were able to detect system-
are analytical basis functions, where atic errors associated with the database. As the solution tends to
q__— spread when moving away from the peak, it is a common pro-
F(pi; j)= sir |+ pi2 cog | cedure to introduce dampening to bins away from the peak. Let
i andj be the indices for the statistical peak of the solution,
Next, we constructed the data mathk(with krows andN, N that is, the bin with the highest occupation number. Then, the
columns) such that each column ldf contains a basis function dampening we applied is
Fij(A). When we writeC(A) =: C 2 R¥, the superposition of -
Eg. (8) can be written as a linear system, WEOTT = 4
SR (TS TR R O
Mw= C; (10) . . , .
Usually it su ces to choos@ = 1, but if heavier dampening
where the unknown vectar 2 R™ N contains the occupationis required, we may choose a largerAs the solution of the
numbersw; of each bin. Before solving the system, the use ghape elongatiop is often shifted too much to the left (towards
regularization is highly recommended, especially for the morgore elongated values), for example, by the amout 0, we

unstable . LetRybean (N, 1) N (N, N) matrix that may additionally shift thep values to the right (towards more
is meant to smooth the solution fpr andR be the respective spherical values):

Np (N 1)  (Np N)regularization matrix for . For indices

2

(13)

ij, we have: P = min(p + P;1): (14)
15per P), i= For the WISE database, we chosE = 0:1 in Nortunen et al.
(Ro)ij = N 15p p); j=i+1 (2017). The more noisy the database is, the higher the required
; 0. elsewherg shift P is. For , the error behaviour is much harder to model

and may lead to exaggerated correction, so typically we did not
and similarly forR . The regularization matrices approximat@pply any correction in the direction. However, we acknowl-
the gradients at eaahy; in the p- and -directions. For the reg- edge that the solution tends to avoid extreme ends, so values
ularization parameters, we typically used valugs= 0:1 and near = 0 (perpendicular to the ecliptic plane) and values near

= 1. Now, let us create an extended matvband an extended = =2 (in the ecliptic plane) have a tendency to shift away
vectorC: from the end points, moving towards the middle.
M The computation times of the main algorithm are negligi-
- p- - c ble. Depending on the size of the inspected population, reading
M:ip pRpé C=E>0(Np N é
R ON(N 1) 3 The MathWorks, Inc, Nitlab R2014a, Natick, 2014.
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the geometries from a database may take a few minutes, while From now on, we proceed as in Sect. 2.1. We require at least
the computation of the solution via the inverse problem is even ve L values for a valid estimate, and if necessary, we
faster. Therefore, it is easy to experiment withelient grids for only consider the measurements that have been done within

the solution of the inverse problem, or to test elient popula- a short time span to keep the changes in geometry small. If
tions. The latter means it is also fast to compare populations, necessary, we apply phase correction on the sets, and nally,
which we will discuss in more detail in Sect. 3.2. we compute andA for each set as in Egs. (1) and (7). We

sort the amplitudes in an increasing order, and construct the
CDFC(A) as in Sect. 2.1. As the actupland distributions

are known with the synthetic data, it is often illustrative to
In Sect. 3.1, we discuss an essential test when using theplot the marginal DFs and the contour plot of the joipg ()
LEADER package: accuracy estimation by running simulations distribution.

on synthetic data. Simulations are the only way to gain an
derstanding of how applicable the main algorithm is for a giv
database, and they should be performed on every database bef;
those can be reliably used. In Sect. 3.2 we describe an extend]
of the main algorithm, an application for comparing shape eloft €
gation and spin latitude distributions of two populations.

3. Main implementations of LEADER

he next phase is to obtain the solution of the inverse problem.

}%is done in the same way as that described in Sect. 2.2. The
hical presentation of the results, as well as possibly applying
convolution lter, is done identically to Sect. 2.3.

3.2. A comparison of two populations

3.1. Verifying the method using simulations based A comparison between user-determined populations is typically

on synthetic data desirable. Taking into account that the database used tends to
rcause biases in the “absolute” values of distributions, the rela-
tive di erences between distributions can be expected to be more
ur_obust results from the database.

The only way to test the correctness of the obtained solutio
to run simulations based on synthetic data, where phe ) dis-
tribution of the arti cial population is known, and see how acc ) . .
rately the solution is obtained. The test can additionally be use For pzowlatlolTasl gndszf, we ran g}e al_g?nthm _desfcnbed
to detect systematic errors. The level of accuracy has a strong\d _ectl. - he co e(r:]te the, d(p)’ a?] ( )dm or_matlondrom
pendence on the database used (Nortunen et al. 2017), so wh _fagorlt ms, wherg and are the grid points, and(p)
ever we start to use a new database, it is necessary to run si ( ) are the marginal density functions, computed from the

- . ormalized occupation numbeng as in Eq. (12).
lations to see how well our method performs with the database First, we computed the CDFs for the marginal DFs, denoted

The synthetic simulations begin by choosing a single pegk andF -
for the (p; ) distribution. Let us denote this peag ( ). Now, P )
let us assume we run the simulation férasteroids in a popu- xn X
lation. Then, we repeat the following steps for each asteiroidFj, = f(p); F,= () (16)
wherei = 1,::;, N: i=1 j=1

1. We choose an asteroid model from DAMIMith a shape With the CDFsFy(S1), Fp(S2), F (S1) andF (S;) computed,
elongationp = b=a (herea is the longest diameter in thewe were able to compute the statistical eliences as de ned in
equatorialxy-plane, and is the width in the correspondingNortunen et al. (2017):

orthogonal direction) that is close to the peak vatueFor g8
example, we have set a criterion, §Dp(31;32)= k Fp(S1) Fp(S2) a7
ip pj 0075 (15) "D (S1iS2)= « F(S1) F(S2) s

We may apply basic transformations, such as stretching, where we computed casks= 1, k = 2 andk = 1, with the
DAMIT objects in order to get the intended shape elongatigtaling factors ; = 14, , = 1and ; = 2. As a general rule
value for the asteroid. We compute the normal and area tsfrthumb, the statistical dierence between two populations can
each facet of the body. be considered signi cant iD & 0:2. Naturally, one number does
2. The next step is to construct the brightness data and ourot tell everything about the quality of the statistical ience,
estimate. We choose afrom Gaussian distribution, with  which is why we used several dérent norms. Plotting the DFs
as the mean value, and)8 as the standard deviation (with gand CDFs) of both populations in the same gure is often more
restriction that 2 (0; =2)). We also x the longitude by illustrative in terms of analyzing derences.
choosing it from a uniform distribution, 2 [0; 2 ].
3. Next, we need geometries from the asteroid database we are . .
studying. We read the data from a data le belonging to th4t 1€Sts with synthetic data and other examples

database. We extract the direction vectors of the Sun and {henis section, we demonstrate two applied examples of our
Earth from the data le, and lter out the cases when thgethod. First, we run a series of synthetic simulations to test the
condition of Eq. (2) is violated. Next, we transform thesgyjigity of the WISE database. In all of our examples, we used a
vectors to the asteroid- xed frame using a coordinate tranggstomized version of the WISE database, which was compiled
formation (Kaasalainen etal. 2001), with our xedand . o the original data irDurech et al. (2016). The algorithm
Mfescribed in Sect. 3.1 was executed several times farent

(p; ) peak values and population sizes. In the second example,
we computed thef, ) distributions for two populations using
the algorithm from Sect. 2, and compared the distributions us-
4 We have chosen DAMIT as the source for synthetic models doe toiftg the al?orithm from Sect. 3.2. Both examples were executed
rich variety of realistic shapes. using Mat ab softwaré.

€sunandeqarin Then we compute the total brightndstor the
target. Finally, we add a minor Gaussian perturbatiobn to
simulate noise.
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We checked the accuracy of our method by observing how
well we were able to reconstruct the peak of the jomt () dis-
tribution. In our setup, we took a populationigfasteroids from
DAMIT, with the shape elongation and spin latitude and longi-
tude known for each asteroid model. We used the geometries of
the asteroid, the Sun, and the Earth that were computed for the
WISE database iurech et al. (2016). We observed how ac-
curately the p; ) peak was computed for the population, and
repeated this 50 times, each time having aedént, randomly
generatedff; ) peak. This way, we gained a good understand-
ing of how accurately the method computes the peaks for the
given population size, no matter where the most occupied bin
lies in the f; )-plane. After this, we repeated the same sim-
ulation setup for another population size; we considered popu-
lations ranging from 100 to 5000 asteroids in order to see how
the accuracy of the method improves with a growing number of
asteroids in the population.
Plots of di erent population sizes are presented in Figs. 1
and 2. Each plot draws the actyalor peak versus the com-
putedpor peak, respectively, also showing the ideal case when
the solution is completely accurate. As we can see from the plots
in Fig. 1, the variance in thp peak decreases noticeably when
the population size increases. In addition, there is an obvious sys-
tematic error that the peak has been shifted “down”, towards
more elongated shapes. This shift is mainly due to the model
(and data) noise. For example, a spheroidal shape with surface
irregularities, estimated g = 1, produces photometric varia-
tion interpreted ap < 1 by the smooth ellipsoidal model. For
peaks withp & 0:6, the shift is about 0.1 units, whereas for lower
peaks, there is a bigger shift. In realistic populations, shapes with
p < 0:5 are rare, so it is safe to assume that the value opthe
peak is much higher than 0.5. Hence, it usually sas to expect
that the computeg peak is 0.1 units too low for WISE data.
In order to check whether the above result is a bias related
to the asteroid database or our way of determining the shape
elongation, we repeated the simulations with an alternative way
to computep. We considered the contours of the DAMIT-based
shapes and computed the ellipsoid (with semiaasdb, where
a b) that best ts the contours, and then we computed the
shape elongatiorp = b=a. We observed that this produced no
di erence in the simulations, so we conclude that the bias is
caused by the database; the bias caused by our de nitign of
is random rather than systematic. From now on, we will use
our original de nition of p (rather than nding the best ellip-
tical t for contours), as it is more simple and computation-
ally faster. To correct the systematic error encountered with the
WISE database, we shift thevalues up by 0.1 units in the de-
convolution phase.
As we can see in Fig. 2, the location of the computgubak
is a coarse approximation of the actual position. The variance
in the accuracy is large. While a bigger population does Mg 1. synthetic simulations illustrating how the accuracy of theo-
prove the accuracy of the peak, the variance always remaingtn increases when the population size increases from 100 to 5000
some extent. Low values perpendicular to the ecliptic plan@steroids, with the geometries from WISE. The black, dasked %"
have alower variance, while the higlpeaks in the ecliptic plane line presents the ideal case when the computed solution is completely
have a high variance, suggesting that the solution is moderatatyurate.
unstable if the actual is high. Since the tail of the computed
distribution tends to spread towards the ecliptic plane, as seenThe simulations presented in Figs. 1 and 2 were done with
in Nortunen et al. (2017), it is not surprising that the computeth equally spacedp( ) grid. We tried simulations where we
peak tends to shift away from the ecliptic plane. Similarly fautilized a lower resolution for dierentp and values, but we
low values, the computed peak shifts away from the low emdticed that it reduced the accuracy of the method, especially for
of the range. A systematic correction foris complicated to , when using WISE database. The most accurate results were
implement, so we merely note that caution should be used withtained by using an equally spaced grid. Alternatively, as it is
the obtained solution, as our method yields coarse estimates etremely unlikely thap < 0:4, we could cut our grid by includ-
the spin latitude distribution. ing only values ofp 2 [0:4; 1]. However, we choose to include
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Fig. 3. Contour solution of the jointg; ) distribution, computed from
WISE (top) and combined WISE & Pan-STARRSHdtton) databases.

with the Pan-STARRS1 database is presented in Cibulkova et al.
(2017). We are also interested in whether we can “combine” the
databases by taking estimates computed from measurements
taken from both WISE and Pan-STARRS1 databases. Therefore,
we have performed a preliminary examination on whether our
method works and is accurate with combined databases. When
we are trying to determine the shape and spin distributions of a
certain subpopulation, such as an asteroid family, we may not
always have a sucient number of targets in separate asteroid
databases. In such cases, we may attempt to supplement the
number of s by taking observations from multiple databases,
provided our method remains accurate.

To estimate the bias caused by databases, we inverted
. . . . a subpopulation of about 70000 asteroids from the WISE
the whole interval [01] for completeness, since having high ocgatabase, and compared the results with those obtained from a
cupation numbers on low values is usually a good indicator ofjgint WISE and Pan-STARRS1 sample (containing the afore-
some systematic error; that is, Igywalues in the grid are useful mentioned WISE asteroids, and an additional subset of about
for error checking. 70000 asteroids from the Pan-STARRS1 database that is used in
For future research, we are interested in testing our meth@ibulkova et al. 2017). In the latter sample, we took the bright-
with the Pan-STARRS1 database (Cibulkova et al. 2017). \Wess variations from each asteroid, and used the combinetb
tested the accuracy of the method with Pan-STARRS1 usicgnstruct the CDIE(A). Here we only considered the asteroids
synthetic simulations, and found that the shape elongatien that had brightness data available in both databases; this was to
highly accurate, whereas the solution of the spin latitude avoid selection eects, that is, to ensure that the drences be-
more unstable, as can be expected due to the scatter in the oltegren databases are not caused by observed targets bearg di
vation geometries. A more detailed analysis of using our methent. We plotted the computeg;( ) distributions in Fig. 3, and a

Fig. 2. Synthetic simulations similar to the ones in Fig. 1, but for
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Fig. 4. Comparison of the marginal DFsof) for WISE population
and combined WISE & Pan-STARRS1 databases, and of their marginal
CDFs potton), for shape elongatiop.

Fig. 6. Synthetic simulations illustrating the accuracy of thd€top)
and (botton) solutions, using geometries from WISE and a com-
bined WISE & Pan-STARRS1 database. The black, dasked X’
lines present the ideal case.

peak has been shifted towards the ecliptic plane in the combined
population.

Fig. 5. Comparison of the marginal DFs$of) for WISE population To determine whether the dérences are caused by our

and combined WISE & Pan-STARRS1 databases, and of their margiﬂﬁ‘?thc’d or the c_iatabases, we ran synthetic simulations, using
CDFs potton), for spin latitude . geometries obtained from the above-mentioned databases. Once

again, we only took geometries from the targets that had been in

observed in both databases. The results from the synthetic simu-
comparison of the marginal DFs and their CDFs in Fig. 4gfor lations have been plotted in Fig. 6, in a format similar to that in
and in Fig. 5 for . No deconvolution has been used for the joirftigs- 1 and 2. The accuracy of tpesolution is clearly unaected
distributions of Fig. 3, as we wanted to preserve the informatié¥ the combining of the databases, so the slighedénces in
about multiple peaks as well as the spreading behaviour. ~ the computedp distributions in Fig. 4 are likely to be caused

Even with half of the population taken from WISE, the com@ the di erences in the databases. Als more sensitive to the

bined WISE and Pan-STARRS1 population provides noticeallyS€rving geometries, the accuracy of treblution deteriorates
di erent distributions compared to merely considering the WISgSter than that of the solution when we combine databases.
population. For the marginal distributions of the shape elonga- We conclude that combining databases may lead to insta-
tion, the di erences are minor, despite the moderately BigH) bilities, so combining databases may not be useful if they are
values in Fig. 4. The second double peak is so dominant in t@nstructed in a dierent manner. If a database contains enough
combined database that it dampens the more elongated peaktalgets in a subpopulation, combining it with other databases will
served from the mere WISE population. In addition, the righiot necessarily increase the accuracy of the method. Further-
tail of the distribution is somewhat heavy when using combinedore, this example shows how much bias the choice of database
databases. Nevertheless, a visual inspection indicates that tleseduces, which further emphasizes that no database should be
di erences in the distributions are small, and should not bélindly used with our method. Instead, every time we are intro-
considered signi cant. Meanwhile, the dérences are greater induced to a new database, it is crucial to run synthetic simulations
the marginal distributions of the spin latitude in Fig. 5, as thein order to test the validity and error levels of the method.
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5. Discussion and conclusions to be extensive at a rst glance. The simulations are necessary to

. determine this.
We have introduced the LEADER software package for the fas?
estimation of population-level distributions of shape elongationsknowledgementsiVe would like to thank Matti Viikinkoski for his valuable
and spin latitudes of asteroids. The method itself is demonstraptyments and feedback with the software implementation. This research was

i i i i ported by the Academy of Finland (Centre of Excellence in Inverse Prob-
robust and designed to extract all the available information frcﬁew)s). H.N. was supported by the grant of Jenny and Antti Wihuri Foundation.

databases that contain at least a few photometric points for e publication also makes use of data products from NEOWISE, which is
target (and preferably thousands of targets), when the data @pgoject of the Jet Propulsion Laboratt@glifornia Institute of Technology,

not su cient for individual models of the targets. However, wéinded by the Planetary Science Division of the National Aeronautics and Space

cannot overemphasize the necessity of testing the usefulne inistration. In addition, this research made use of the NASKC Infrared
p Y 9 dm‘ ce Archive, which is operated by the Jet Propulsion Labor&alijornia

the database W_Ith simulations base_d _on synthetic data at the s itute of Technology, under contract with the National Aeronautics and Space
geometries as in the database. This is the only way to assess@nistration. We would also like to thank the reviewer for insightful com-
reliability of the inversion result, which is essentially dictated byents that improved this paper. Last but not the least, we would like to thank
the database. qoseﬂDurech and his research group for providing important feedback concern-

The synthetic simulations provide a good overview of tHg the software package.
applicability of the database. If the geometries are undersampled
or the number of reasonably good brightness variation estima&a@r
h Lo ; SO erences
is low, the acquisition of useful population-level distribution
estimates is not possible regardless of the method. We h@ikelltovlé,l;-, Nortunen, HDurech, J., & Kaasalainen, M. 2017, A&A,

i ; i submitte

alSOﬂ?hOl/jvrl hl;)W dl?:rent the re;sultshbecomebyvhen;&va\tl'ltch;ng tBurech, J., Carry, B., Delbo, M., Kaasalainen M., & Viikinkoski, M. 2015,
another database. -or example, wnen com 'n'ng_ Imates Asteroids IV, ed. P. Michel et al. (Tucson: U. Arizona), 183
from both WISE and Pan-STARRSL, the bias introduced tfrech, J., Hanus, J., Ali-Lagoa, V., Delbo, M., & Oszkiewicz, D. 2016,
the spin latitude is signi cant compared to using observations Proceedings of the International Astronomical Union, S318, 170
from merely the WISE database. As our examples show, soﬁ?@sa'a'”eHr" % Torlppav J. & MU'”Iff‘Je"v K'|2281§Iczg:'égf'iz3g
databases are more informative than others even if they all s¢&Hiunen: H., Kaasalainen, Mourech, J., etal. 2017, A&A, 601,
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Appendix A: Structure of the software package

In this appendix, we present the overall structure of LEADE
as a rough-scale pseudocode, as well as listing the key functi

of the software package. First we discuss the main routine, then

the variant used for synthetic simulations, and the application
comparing distributions. The software package presented he
designed for analyzing the WISE database.

The database is available for download in DAMIT, under th
Software sectioh

A.1. Main routine

The principle of the main functiomeader_main_WISE has
been presented on Table A.1. We assumed the population ¢
sists of N asteroids, and for each asteroid, we have a data
available. For each datale, we read the geometries, mg
surement times and brightness intensities using the funct
Icg_read_WISE. We split the observations into multiple set

according to the principles mentioned in Sect. 2.1: all mea

surements in the same set must be done within a small eno
change in geometry, and at least ve observations are requir,

aasalainen: LEADER

function leader_main_WISE

I? i=1:N

P écall function lcg_read_WISE(datafile i)
read datafile
split data into measurement sets
compute eta for each set
compute A from eta
return A

endfunction

end

for
eis

e

A_sort = sort(A_vec)

for j=1:length(A_sort)

ON- CDFA()) = jllength(A_sort)
lend

la_

|¥Il function leader_invert

P create (p, beta) grid

" create Mtilde, Ctilde

:ghw = Isgnonneg(Mtilde, Ctilde)

return W

Then for each set, we computed the brightness variatiand | o qfunction

amplitudeA using Eq. (7). After analyzing all data les, we had
a list of amplitudes (the vectdx_vecon Table A.1). We sorted
the elements of the vector into an increasing order, and th
we construct the CDF oA. In the inversion phase (function
leader_invert ), the matrixM and the vectolC are gener-
ated as explained in Sect. 2.2. Th@tlab functionlsgnonneg
computes the solution to the non-negative least-squares prob

call function leader_plots
€N plot contour in (p, beta) plane

compute marginal distributions

draw marginal distributions for p and beta
endfunction
lem
call function leader_postprocess_WISE

find (p, beta) peak

dampen bins away from the peak

P_new = P + deltaP

draw deconvoluted contour in (p, beta) plane
endfunction

min Mw C;; wherew 0
w

Finally, we used the functioteader_plots to plot the solu-
tions, and the functioteader_postprocess_WISE to decon-
volute the solution visually.

A.2. Synthetic simulator endfunction

We have presented the principle of the synthetic simula-

tor leader_synth_main_WISE on Table A.2. We assumed alable A.1. Pseudocode of the main function of LEADER.
population of N asteroids. For each target, we xed a de-
sired (Pwanted wanted Value, and we chose the longitudganted
from a random uniform distribution [@ ]. Then, we kept A 3 Comparison of asteroid populations
selecting randomized and stretched asteroid models from the o o ] ]
DAMIT database, until we had an asteroid with the desiped ~ The application for the statistical comparison of asteroid
value (within a certain tolerance). Then we read measuremggpulations is callecast_comparison_WISE, and its princi-
dates and geometries (direction of the Sun and Earth) fréi¢ has been presented on Table A.3. We ran the main routine
the database we were testing (for example, WISE). We xdg@der_main_WISE rst for population 1, saving the usguland

= wanted@Nd = wantes @nd used them to transform the direc- grids and th_elr marginal DFs into va_rlablek, bgtal ,fpl e_md
tion vectors of the Sun and Earth into the asteroid's own franf@etal . We did the same for population 2, saving the grids and
Then, for each geometry, we used a scattering law to computeit@ir marginal DFs respectively into variablp8, beta2, fp2
brightness intensity., adding a small Gaussian noise. The regndfoeta2 . Then we called the subfunctidtS_comparison
of the algorithm is identical to the main routine: we split the datBhe subfunction constructs the CDFs of each marginal DF, with
into measurement sets, computeandA for each of them, con- CplandCp2being the CDF ofp for populations 1 and 2, and
structed the CDFE(A), used the subfunctiokeader_invert CblandCb2being the CDF of for populations 1 and 2, re-
to compute the solution distribution, and nally visualized th&pectively. To compare the CDFs, we interpola@aRandCb2
solution withleader_plots  andleader_postprocess_WISE  at the grid points of population 1. Then we computed the statis-
subfunctions. It is recommended that some ne-tuning is dofigal di erences as de ned by Eq. (17). Finally, we plotted the
in the deconvolution functioridader_postprocess_WISE )to marginal DFs and their CDFs as in Figs. 4 and 5 to illustrate the
reshape the solution closer to the synthepic () distribution di erences of the distributions.
from the forward model.

5 http://astro.troja.mff.cuni.cz/projects/asteroids3D/
web.php?page=download_software
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function leader_synth_main_WISE

for i=1:N
set p_wanted, beta_wanted, lambda_wanted

while ( |p-p_wanted| > tol )
call function damit_model
read random datafile
return vertex and face information
endfunction
apply stretch on vertices
call function leader_ellipsoid
compute a, b, ¢, p = b/a
return p
endfunction
endwhile

call function
leader_brightness_synth_WISE(datafile i)
beta=beta_wanted, lambda=lambda_wanted
call function Icg_read_synth_WISE
read datafile
return dates, geometries
endfunction
compute L for each geometry, add noise
split data into measurement sets
compute eta for each set
compute A from eta
return A
endfunction
end

A_sort = sort(A_vec)
for j=1:length(A_sort)
CDFA(j) = jllength(A_sort)
end
plot synthetic contour in (p, beta) plane

call function leader_invert
create (p, beta) grid
create Mtilde, Ctilde
W = Isgnonneg(Mtilde, Ctilde)
return W
endfunction

call function leader_plots

plot contour in (p, beta) plane

compute marginal distributions

draw marginal distributions for p and beta
endfunction

call function leader_postprocess_WISE

find (p, beta) peak

dampen bins away from the peak

P_new = P + deltaP

draw deconvoluted contour in (p, beta) plane
endfunction

endfunction

function ast_comparison_WISE

load populationl

call function leader_main_WISE
return pl, betal, fpl, fbetal

endfunction

load population2

call function leader_main_WISE
return p2, beta2, fp2, fbeta2

endfunction

call function KS_comparison
create CDFs of fpl, fp2, fbetal, fbeta2
% CDFs are called Cpl, Cp2, Cbhl, Cb2
Cp2i = interpolate Cp2 at pl
Cb2i = interpolate Cb2 at betal
for k=[1, 2, inf]
Dp = alpha_k*||Cp1-Cp2i||_k
Db = alpha_k*||Cb1-Cb2i||_k
end
plot margin distributions in the same figure
plot CDFs in the same figure
return Dp, Db
endfunction

endfunction

Table A.3. Pseudocode of the statistical comparison of two asteroid

populations.

Table A.2. Pseudocode of the synthetic simulator implementation of

LEADER.
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ABSTRACT

Context. A considerable amount of photometric data is produced by surveys such as Pan-STARRS, LONEOS, WISE, or Catalina.
These data are a rich source of information about the physical properties of asteroids. There are several possible approaches for using
these data. Light curve inversion is a typical method that works with individual asteroids. Our approach in focusing on large groups
of asteroids, such as dynamical families and taxonomic classes, is statistical; the data areciestt$ar individual models.

Aims. Our aim is to study the distributions of shape elongatiemand the spin axis latitudefor various subpopulations of asteroids

and to compare our results, based on Pan-STARRS1 survey, with statistics previously carried out using various photometric databases,
such as Lowell and WISE.

Methods. We used the LEADER algorithm to compare thea and distributions for various subpopulations of asteroids. The
algorithm creates a cumulative distributive function (CDF) of observed brightness variations, and comphw@attite distributions

with analytical basis functions that yield the observed CDF. A variant of LEADER is used to solve the joint distributions for synthetic
populations to test the validity of the method.

Results. When comparing distributions of shape elongation for groups of asteroids wighediit diameter®, we found that there

are no di erences foD < 25km. We also constructed distributions for asteroids wittedgnt rotation periods and revealed that the

fastest rotators witlP = 0 4 h are more spheroidal than the population vidth 4 8 h.

Key words. minor planets, asteroids: general — methods: statistical — techniques: photometric

1. Introduction database (Bowell et al. 2014). Even though the parameters could
be determined for individual asteroids, the uncertainties are large
The spin states (rotational periods and directions of the spind the results are only supposed to be used in a statistical sense.
axes) and shapes of individual asteroids can be determimslvever, this model cannot be used for the photometric data
from photometric data by light curve inversion (Kaasalainen &om the Panoramic Survey Telescope & Rapid Response Sys-
Lamberg 2006Purech et al. 2015, and references therein). Fegm (Pan-STARRS) because there are not enough measurements
these methods, mainly dense photometric data are used becaasgering long enough time intervals.
they sample well the rotational peridd The preliminary esti-  Another statistical study was carried out by Nortunen et al.
mate of P can substantially reduce the computational time r¢2017) using data from the Wide-eld Infrared Survey Ex-
quired for the determination of unique sidereal rotational perioglorer (WISE) databade These data also could not be ana-
Up to now, almost a thousand models have been derived usifiged with the method from Cibulkové et al. (2016), however,
this method and most of these are stored in Database of Aspesrtunen et al. (2017) developed a new model and described
oids Models from Inversion Techniques (DAMIDurech et al. physical parameters for subpopulations of asteroids using dis-
2010). tribution functions. This method is not meant to invert the shape
In Cibulkové et al. (2016), we described a dient approach and spin characteristics of individual light curves; the inversion
that is suitable for photometric data that are sparse in time aM@rks only on a population scale, where we consider the shape
produced by all-sky surveys and consist typically of a few me@nd spin distributions of a large population. In Nortunen et al.
surements per night overl0 yr. These data are not suitable fof2017) as well as in this paper, we constructed cumulative dis-
ordinary sparse light curve inversioryrech et al. 2005, 2007). tribution functions (CDFs) of the variation of brightness for
In Cibulkova et al. (2016), we used the mean brightness and@lected groups of asteroids and studied the inverse problem.
dispersion in individual apparitions to derive the ecliptical longil "€ parameters of the model are the shape elongatarand
tude and latitude of the spin axis and the shape elongation of as-
teroids from photometric data stored in the Lowell Observatoty http://irsa.ipac.caltech.edu/Missions/wise.html

Article published by EDP Sciences A86, page 1 of 10
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the ecliptical latitude of the spin axis. The advantage of thisSThe amplitudeA is based on intensity here, not on magnitudes.
method is that it can be used even if only few points and oléith the amplitudes known, we can create their CO@).
apparition are available for an asteroid. A similar approach was To solve the joint distribution fob=a and , we create a grid
used by Szabo & Kiss (2008) and McNeill et al. (2016). of bins (b=a);; ;) 2 [0;1] [0; =2], where i= 1,::: kand

While in Nortunen et al. (2017) we mainly studied the vaj = 1,:::, |. Our goal is to determine the proportion of each bin.
lidity and accuracy of the method and practical applicability odow, the CDF can be written as a linear combination of other
astronomical databases, in this work we applied the model fomctions,
photometric data from Pan-STARRS1 and performed an anal- X
ysis focusing on large subpopulations of asteroids using €Y =  WjFij(A); (3)
Latitudes and Elongations of Asteroid Distributions Estimated i
_I?r?p'dly (LEADER) algorithm (Nortunen & Kaasalainen, 2017}, .00 . (a) are monotonously increasing basis functions de-

e structure of this paper is as follows: in Sect. 2, we brie Yved by JNortunen etal. (2017), i.e
describe the model; in Sect. 3, we describe the used data from ’ T
Pan-STARRS1 sky survey; in Sect. 4, we test the accuracy of the 8 o: A (b=a)
determination of model parameters by simulations on synthetic ' _ :
data; in Sect. 5, we construct distributions of shape elongations g A? (b=a)?
b=a and ecliptical latitudes of the spin axis for some subpopg.. A=s 2 arccos——g———; (b=a)i<A<F ((b=a);; )
ulations of asteroids and analyze the results; and in Sect. 6, \'A/g sin j 1 (b=a)?
summarize the main results.

>

A F ((b=a)i; j);
2. Model Q)
In our model, we approximate the shape of an asteroid Wijfhere F ((b=a);; ) = a sir? j+ (b=3)2co® . Each basis
a simple, biaxial ellipsoid. We denote the semiases b = function F;;(A) describes the contribution made by objects in a

¢ = 1, and we choosb=a as the parameter that describes th&ven bin (b=a);; ;) to the CDFC(A). The weightsw; are the

shape elongation of an asteroid. We have ®=a 1, with a - : . ] :
h - : occupation numbers of each bil&);; ;). We can write (3) in
smallb=a presenting an elongated body d&weé = 1 presenting a an equivalent form,

sphere. This shape approximation is very coarse, but with a high
number of observationg (0%, it portrays statistical tendenciesmw = C: (5)
of a population accurately. For realistic shapes, the proportion
of highly elongated valuels=a < 0:4 is negligible, and for most Where each column of the matriv contai_ns a basis function
shapeshb=a > 0:5. However, for completeness, we include affij(A), the vectorw contains the occupation numbeng, and
the values O< b=a 1 in our grid; if the solvech=a distribu- the vectoiC contains the CDEE(A). For solving (5), we use lin-
tion contains an unusually high proportion of values below 0.8ar least squares methods in, for example, Matlab, along with
it is usually an indicator of error in the solution, caused by noiéggularization and a positivity constraint thag 0. With
andor instabilities. the weightsw; solved, we have the proportion of each bin
Our second parameter is the spin co-latitugdevhich is de- ((b=)i; ). _

ned as the ecliptic polar angle of the spin axis. The connec- With the joint distribution forb=a and  obtained, we com-
tion between and the aspect angle of the pole is explaindeite the marginal DF$, andf for both parameters,
in Nortunen et al. (2017). In the ellipsoid model, the values of X "

are xed in the interval [0 =2]. In other words, there is no - W f = Wi 6)
way to distinguish whether the spin latitudes are above or belo@™® =~ ™’ o
the ecliptic plane in our model. In our convention= 0 indi- F1 =t
cates that the spin direction is perpendicular to the ecliptic plame,addition, we compute the CDFs for the marginal DFs. Let
while = =2 means the spin is in the ecliptic plane; this wags denote the CDFs d%,— andF . Now, we assume that we
the convention in Nortunen et al. (2017), but it was the oppostiétained these CDFs for two subpopulatioBsandS,, where
in Cibulkova et al. (2016). We assume that most orbits are in thre: CDFs are denoted &g (S1), Fb=a(S2), F (S1); andF (Sy),
ecliptic plane. and we want to measure statistical diences of the populations.

Assuming we have the brightness intensitiesmeasured Some of these measures were used in Nortunen et al. (2017) as

with the data given by an asteroid database, we use the brightrfegsws:

variation as our observable,
Dp=a(S1:S2) = «kkFp=a(S1)  Fo=a(S2)k; (7)
(5]
S

The squared intensitiﬁlsz are used for the meahL? and Wherek = 1;2;1 and  are norm-based scaling factors, =
the variation (L2) := ' N2 hL2)2 instead of the standard1=% 2=1and ; = 2. Each norm provides a derent kind of
brightnessL to obtain more simple, closed-form formula far information about the statistical derences of the populations.

From Nortunen etal. (2017), the amplitudecan be directly 1he cas& =1 corresponds with the Kolmogorov-Smirnov test
computed from as follows: (for details see Nortunen et al. 2017; or Nortunen & Kaasalainen

2017). As a general rule of thumb, two distributions are consid-

4 1 ered signi cantly di erent statistically ifD & 0:2. However, a
A= 1 1 i 1 @) visual inspection on the marginal DF and CDF plots is also rec-
8 2

D b (sis)= «kF (S) F Sk ®

ommended for obtaining a better understanding of the statistical

A86, page 2 of 10



H. Cibulkova et al.: Distribution of shape elongations of main belt asteroids derived from Pan-STARRS1 photometry

180000 ; ; ‘ ‘ ‘ ‘ ‘ 700000
160000 ] 600000 -
140000
120000
100000
80000
60000
40000

1 500000
400000
300000 r
200000
100000

0

20000 | 0 5 10 15 20 25 30 35 40
0 ‘ e
0 10 20 30 40 50 60 70 80 a [deq]
Dt [min] Fig. 2. Histogram of the solar phase angle€or measurements in the

w- Iter.
Fig. 1. Histogram of time intervals between measurements invthe

band Iter from the Pan-STARRSL survey.
It is possible that for the same asteroid we had two (or even

 erences. Th detale description of e LEADER sowafl) 51 megelremerts n ha case, each st was ncor

can be found in Nortunen & Kaasalainen (2017) and the s
ware itself is available in DAMIT databa&e

4. Synthetic simulations for accuracy estimation

3. Data Before we computed the solution of the inverse problem from

The 18 m Pan-STARRS1 survey telescope (Hodapp et al. 20d43. (5) for any Pan-STARRS1 subpopulation, we performed
Tonry et al. 2012), build atop of Haleakala, Maui, started igs thorough analysis concerning whether the method is reli-
three-year science mission in May 2010. Photometric data wékde and accurate with the given database. To do this, we used
obtained in six optical and near-infrared lterg, ¢, i, z, y; and Synthetic data created according to the procedure described in
w). Because of the distinct survey goals and patterns, most of tertunen & Kaasalainen (2017). We chose a peak offthke ( )
asteroids were observed in a widebamdter ( 400 700 nm). distribution. For each asteroid in the considered population we
We used the unpublished high-precision calibrated chip-stagtose a shape model from DAMIT, wibFapamr ~ b=awanted
photometry (Schlay et al. 2012) with photometric errors anf:075. The rotation period was chosen randomly between 3 and
selected detections of a good photometric quality. Only PSF-Iikg& h from a uniform distribution; we did not use rotation periods
and untrailed detections were considered. Our subset sparfiieéh DAMIT, as they could be biased. Next, we used the real
from April 11, 2011 until May 19, 2012. In total, we had phoPan-STARRS1 geometries and times of observations and com-
tometric data for 348 210 asteroids with about 20 measuremepitéed the synthetic brightness using a combination of Lommel-
for an asteroid on average. The second highest number of megeliger and Lambert scattering laws. To simulate noise, we
surements was in theband, where we had data for 136 463 agdded a minor Gaussian perturbation2%. Our aim was to
teroids. Only thew-band data provided enough measuremenfid how well the solution distribution computed from Eg. (5)
for a reasonable application of our model. We brie y discuss ttf@incides with the known, synthetic distribution. For simplic-
results from the- Iter and compare these with results from thdty, we were interested in reconstructing the highest peak of the
W= Iter in Sect. 5.7. joint (b=a; ) distribution. The peak is de ned as the bin with
The typical time interval between two measurements in ttfe highest occupation numbers. If there were any obvious sys-
w-band lteris 17 min (see Fig. 1). However, not all the datdematic errors in the computed solution, we attempted to apply a
were applicable to our model. Our conditions on the data wedesterior correction to the solution. Similar synthetic simulations
the following: were used by Nortunen et al. (2017) to estimate the accuracy of

o . the method for the WISE database and to create a deconvolution
1. The time interval between measurements is greater than 0|ﬁ;r to the contour image of the solution.

day ( 14 min). In the case of a shorter interval the rotationa
period would not be randomly sampled over one rotation of

hours, and in the case of a longer minimum interval w&1. Number of bodies in a population
would lose a signi cant amount of data, as we can see fr:

Fig. 1 We created 50 synthetic populations, each contaiftNnaster-

L oids, and each population having a distinct, single peak chosen
2. Then, we limited the solar phase angléo be 20 . In the - .
model we assume this angle to be close to zero, howe\{at%naio\ﬂélﬁ'iﬂ:i‘;‘:ﬂgﬂ’;:éigpn)’ \;)V:apklﬁge:eéhﬁ;ﬁﬁ( th)ey
in the data, there are not enough measurements witt0 , e N i
erfore. e hav o choose som reasonabe vale see IREC® 1 ¢ 1 Popuatos o v o 100 10 5000 e
Fig. 2). As described in Nortunen et al. (2017; they used y 4

30 ) the error caused by this condition is negligible our method increases with a growing number of asteroids. The

3. Finally, we required at least ve measurements satisfyirﬁsu'ts from these simulations were plotted in Fig. 3fea and
r

- A s .4for .
previous conditions within three days to keep the geome . . )
of observation suciently constant; this is the same condi- Theb=aplots in the left column of Fig. 3 show that the accu

tion as in Nortunen et al. (2017). racy of the obtalnedl_):a ghstnbutlon is |mpr_oved substantially

as the population size increases. There is always some over-
2 http://astro.troja.mff.cuni.cz/projects/asteroids3D/ shoot and undershoot whérma . 0:4, but this is a rare prob-
web.php lem; with real data, we typically have=a & 0:5, so the peak of
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Fig. 3. Synthetic simulations showing how the accuracy of our methddg. 5. Synthetic simulations using a xeda; ) peak for a popu-
improves forb=a with a growing number of asteroids (from 100 tdation of 10000 asteroids. Thep left plot shows the actuabta; )
5000). The plots have the real peak of the distribution plotted vs. thistribution, thetop right shows the computedba; ) distribution, and
computed peak. The black dashed line of the fgrm x depicts the the bottomshows thetop right solution with a deconvolution lIter ap-
ideal situation when the actual and computed peaks are the same. plied.

Because of the low accuracy of thesolution, we recommend
that caution is used when interpreting the computetistribu-
tion. At best, our method can provide a coarse approximation
regarding where the peak is located.

In addition to determining the correct position of the peaks,
we are interested in the overall shape of the joint distribution. It
is a typical tendency that the computed distribution spreads too
much, especially in direction, and the distribution has a heavy
tail toward the spin directions in the ecliptic plane. To correct
this error, we applied a deconvolution lter to the computed dis-
tribution. In this post-solution correction, we introduced some
dampening by reducing the occupation numbers of bins when
moving further away from the highest peak, that is, the bin with
the biggest occupation number. A similar method was used in
~ Nortunen et al. (2017). An example of a typical solution and the
0~ s n e ects of deconvolution is plotted in Fig. 5. In the simulation, we

Actual used a single, xedl{=a; ) peak for a population of 10000 as-
teroids, with the geometries from Pan-STARRS1 database. We
only reduced the spreading of the solved distribution in the post-
solution correction; we did not shift the position of the=; )

the distribution is also expected to be above 0.5. With a popuf%?—ak' ) _

tion of less than 1000 asteroids, there is a slight overshoot when We emphasize that the accuracy of the solution has a strong
b=a > 0:5; i.e., the solution suggests the shapes are slightly mélapendence on the asteroid database used. Our method should
spherical than they actually are. But as the population size &@Ver be used as a black box for a database. Instead, whenever

ceeds 1000 asteroids, the computation of ke peak is very We begin to use a new database, we should always test the va-
accurate wheb=a > 0:5. lidity of our method with synthetic simulations. As the level and

Unfortunately, much of the information is lost in the in- distribution of noise in the database is rarely known, synthetic

version carried out for the Pan-STARRS1 database, as seefiijjlations are typically the only way to estimate the error of our
Fig. 4. For a population of less than 500 asteroids, no actipthod. For comparison, we performed similar synthetic simula-

information can be recovered. For 600—1000 bodies, there i1QS for WISE database in Nortunen & Kaasalainen (2017), and
slight increase in accuracy, but overall, the solution is too noi results obtained from WISE and Pan-STARRS1 databases

to provide accurate information on The improvement of the &€ considerably dierent.

accuracy is noticeable for populations with 2000-5000 aster-

oids, and the method provides a rough estimate on the locatjoh |, yence of the rotation period

of the peak; when the peak is low (perpendicular to the eclip-

tic plane), the obtained solution also has a loweak and vice Next, we studied how accurately we are able to reproduce the
versa. With the Pan-STARRS1 database, our assumption thatkhewn (=a; ) distribution when we created synthetic data with
majority of the orbits is in the ecliptic plane may not hold welldi erent rotation period®. We chose the following intervals
which considerably reduces the accuracy of the beta distribution.P: (i) 3 12 h; (ii) 12 24 h; and (iii)) 24 96 h. The syn-

Computed
Computed

0.5
Actual

Fig. 4. Synthetic simulations similar to Fig. 3, but for
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thetic populations contained 2000 asteroids each. The results are

plotted in Fig. 6. Considering thig=a distribution, forP < 12h Fig. 7. Distributions ofo=aand for Flora family constructed for grow-

our method provides reliable results. Fdr> 12 h the solution ing number of asteroids that were included (from 100 to 1000).

prefers values df=a 1 (spheroidal bodies) and moreover, the

solution becomes unstable fora < 0:6. As to the distribu-

tion, for 3< P < 12h we noticed a correlation between actud®s in Cibulkova et al. 2016). To compare the distributions, we

and computed, but forP > 12 h, the is too unstable to recover calculatedDy- andD according to Egs. (7) and (8). The bins

any accurate information about the distribution. in the distributions ob=a and were chosen randomly, hence,
The fact, that our computed distributionste for slow ro-  for each two subpopulations that were compared, we processed

tators P > 12h) peak ab=a 1 is probably due to the time dis-10 runs and obtained 10 values Df= and_D : frqm which

tribution of Pan-STARRS1 measurements. For most asteroi#§, calculated the mean values. For the distributiotaf we

data were obtained during a single night, i.e., a few hours. If tBose 14 bins from 0 to 1, however, because the shape elonga-

real P is much longer, the data cover only a small fraction of tHéon b=a < 0:25 is improbable, there was only one bin from 0 to

full light curve (showing the time evolution of brightness dur0-25, then one bin from 0.25 to 0.4 and 12 bins from 0.4 to 1.

ing the wholeP). The changes of brightness are thus small af@r the distribution of we chose 20 bins from 0 te-2, specif-

our model interprets these changes as belonging to a spherdfgly: 15 bins for > 434 and then we always selected one

asteroid. We constructed the distribution Rffrom the Aster- bin in following intervals: 322 434,31 372,247 31,

oid Lightcurve Database(LCDB; Warner et al. 2009) for the 185 247 ,and 0 185 to consider that the distribution pole

asteroid included in Pan-STARRS1 database and we found figtudes is uniform in sin.

most of the asteroids have . 15h. Nevertheless, the sample

of objects in the LCDB database is biased and the number§o{ Effect of the number of asteroids in a subpopulation

slow rotators is underestimated since it is observationally dit=™ pop

cult to determine long periods (Marciniak et al. 2015; Szab@yhen comparing subpopulations with each other we have to take

etal. 2016). into account that they contain dérent numbers of asteroids. To

nd which population is large enough for stable results, we per-

formed the following test. We used data for the Flora family

and we randomly chose 100 of its members and ran our model

Finally, we tested the in uence of the orbit inclination $ion 10 times. We obtained 10 distributionstsfa and from which

our solution since in the model we assumelsin0. When cre- we calculated one mean distribution lofa and one for . We

ating the synthetic data, we used Pan-STARRS1 geometriesageated this for a sample of 200 randomly chosen asteroids,

2000 asteroids with sin  0:2, i.e., the rst population, and then 300, 400, and so on, up to the sample of 2000 asteroids. All

2000 asteroids with sin> 0:2, i.e., the second population. Thenean distributions of these subpopulations of Flora are shown in

resulting distributions ob=a and are not statistically dierent Figs. 7 and 8. For the distribution bfa we see that the results

for populations with small and high inclinations of orbits. Foare stable from 800 asteroids in the subpopulation. However,

b=a, the computed peak corresponds with the actual peak, bmt the results are much more unstable, the distributions are

for , we nd that the model shifts the peak to middle valueglearly di erent even in Fig. 8 that contains populations with

which is the same problem as in Fig. 4. 1100 to 2000 asteroids. With a growing number of bodies the

peak of distribution is higher and the number of asteroids with
=2 decreases.

4.3. In uence of the orbit inclination

5. Distributions of the ratio of axes  b/a

In this section, we rst test how many asteroids have to be insgp. Asteroids with different diameters

studied subpopulation to obtain reliable results because typically

we compare subpopulations that containatient numbers of as- First, we focused on groups of asteroids with efient diam-
teroids. Then we construct the distributions of shape elongatietersD. For asteroids that hav® derived from the observa-
b=a for various subpopulations of main-belt asteroids. Specitions of WISE satellite, we used that value and for other aster-
cally, we tested asteroids with dirent diameters, derent ro- oids we used diameters from the AstOrb catalog. We divided
tation periods, dynamical families, taxonomic classes, and s@steroids into seven groups with < 3km, 3 6km, 6 9km,
populations of asteroids located in various parts of the main b2lt12km, 12 15km, 15 25km, andD > 25km, and compared
these groups with each other. For < 15km, we have in all

3 http://www.minorplanet.info/lightcurvedatabase.html ve groups more than 1200 asteroids, however, there are only
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1100 —— ' sl T A Table 1. ParameteD,, for selected pairs of populations that were
025 1200 ‘ 008 1 7\ compared.
s 02 [ 1400 / - . Z \
5 ol %ggg — //' \ IR g:gg t
5 R \ Populations Dom(L) Dpm(L?) Dpm(L})
! L D =15 25km;>25 km 0.164 0.269 0.351
1 0 010.203040506070809 1 D =12 15km; 15 25 km 0.091 0.146 0.189
1 sinb P=0 4h;4 8h 0.369 0.537 0.573
os | P=0 4h;8 15h 0.107 0.163 0.204
g 2 o6 P=4 8h;8 15h 0.450 0.638 0.642
5 L;t 04 Flora; background 0.087 0.159 0.244
8 o - Massalia; background 0.294 0.462 0.554
021 ’ Nysa Polana; background 0.140 0.259 0.399
0 0.2 0.4 0.6 0.8 1 O0 0.10203040506070809 1 VeSta; baCkground 0068 0114 0170
bla sinb Phocaea; background 0.175 0.274 0.367
. . . Eunomia; background 0.079 0.123 0.176
Fig. 8. Same as Fig. 7, but for greater number of asteroids (from 1100 Ge on; background 0.132 0.203 0.270
t0 2000). Maria; background 0.078  0.129 0.186
Koronis; background 0.142 0.244 0.367
03 —r 012 Eos; background 0.084 0.142 0.208
0.25 | 15-25km —— — 0.1} 1525km —— , Hygiea; background 0.098 0.163 0.218
g | 1215km — 0.08 [ 1215km — Themis; background 0.134 0.243 0.342
5 1 == Alauda; background 0.144 0.219 0.250
a C class; S class 0.081 0.129 0.174
= Massalia; background-(iter) 0.273 0.415 0.495
00 010203040506070809 1 Phocaea; background (ter) 0.212 0.291 0.333
sinb w- lter; i- Iter for Nysa Polana 0.095 0.160 0.220

> 25 km —
0.8 | 15-25km ——
12-15 km

Notes.The given values are the mean values from 10 runs of our model.

CDF of b/a
CDF of b

0 010203040506070809 1
sinb

Fig. 9. DFs and CDFs ob=a and for asteroids with 1% D < 15 km
(red lines), 15< D < 25 (blue lines) andD > 25 km (green lines).

990 asteroids with 15 D < 25km and only 223 bodies in theFig. 10. Left cumulative distributions of absolute value of change in
last group D > 25 km), which is not enough for a reliable resultmagnitudej mag for groups of asteroids with derent sizesRight
The distributions for three groups with the largBsare shown cumulative distributions of for groups of asteroids with derent sizes.
in Fig. 9. Although, this is in agreement with the ndings of
Cibulkova et al. (2016) that the asteroids larger tBan 25 km
are more often spheroidal, in this case it might be just a&ce on the left). The possible explanation of this disagreement is that
of the low number of asteroids in the last subpopulation. McNeill et al. (2016) used only measurements with magnitude
The mean values dy, for distributions ofb=a for the three uncertainty 0.02, however, we used all measurements; our only
subpopulations with largest diameters are listed in Table 1. T¢@nditions were rst, the solar phase angke 10 , which is the
distributions ofb=a for groups of asteroids witlD < 15km same condition as in McNeill et al. (2016), and, second, pairs of
are not statistically dierent from the group of asteroids withmeasurements separated by time interval 10<mirt < 20 min.
15 < D < 25km and have a maximum fdr=a  0:8. The We also constructed cumulative distributions of brightness vari-
average axial ratib=a from Pan-STARRS1 survey was also deation to see whether there would be any eiences, but as
termined by McNeill et al. (2016). For asteroids with< 8 km shown in Fig. 10 on the right, the distributions for groups of
these authors found the averdg® to be 0.85, which is a little asteroids with dierent diameters are almost the same.
more spheroidal than our result. A< 25 km, Cibulkova et al. Then we focused on the distributions ofAs we can see in
(2016) found the maximum of distribution bfafor 0.63,i.e., Fig. 9 on the right, they look dierent from results of, for ex-
the asteroids are more elongated, nevertheless, the possibilitynple, Cibulkova et al. (2016) or Hanus et al. (2011), wheee
mentioned there that the results could be in uenced by the undeliastered around 0 due to the Yarkovsky-O'Keefe-Radzievskii-
estimated data noise, which causes shape estimates to be rratiiack (YORP) esct, which shifts near the pole of the eclip-
elongated. tic (e.g., Pravec & Harris 2000; Rubincam 2000). Nevertheless,
We also tried to reconstruct the cumulative distributions @f explained in Sects. 4 and 5.1, we found that the distribution
absolute rate of change in magnitude from work McNeill et abf is considerably in uenced by the number of asteroids in a
(2016), who constructed distributions for asteroids with D <  given subpopulation and becomes atter with decreasing number
8km dividing them into groups 12 km, 2 3km, and so on, to of asteroids. In Fig. 4 we also see that the model tends to shift the
7 8km. They found that with decreasing diameter, the distribpeak to the middle values. The results oare thus not reliable
tions show smaller change in magnitude. However, we could rastd in the following tests we only focus on the distributions of
nd any di erences between individual distributions (see Fig. 18a.
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Fig. 12, on the right. The gure shows that our model is not
able to correctly reproduce pebka . 0:6 for either population,
nevertheless such elongation peak is uncommon; most of the as-
teroids haveb=a > 0:6. Considering 8 > b=a > 0:6, for the
population withP = 8 15h, our model provides slightly more
spheroidal objectsbé@  b=a,cwa+ 0:1) and for the popula-

tion with P = 4 8h, it provides slightly more elongated objects
(b=a b=ascar 0:05). We conclude that the dérence between

b=a distributions for these two populations (shown in Fig. 11) is
due to the method bias that shifts thieta values 0.15 apart.

Fig. 11. DFs and CDFs ob=a for asteroid populations with derent
rotation periods.

5.4. Period from estimated photometric slopes

From this analysis we learned that our distributionsoad for

other asteroid populations can be strongly in uenced by the ap-

propriate period distributions. Unfortunately, our model does not

provide the rotation perioB and the LCDB database contaifs

for only 14000 asteroids. That sample, divided into individual

populations, is not large enough for a statistical purpose. Nev-
Fig. 12. Left distributions of light curve amplitudes from the LcDBertheless, if there are many measurements for an asteroid and if
database for dierent rotation period®. Right synthetic simulations they are appropriately distributed in tinfecan be formally cal-
showing the accuracy of our method for two drent intervals of rota- culated directly from photometric data. More precisely, we need
tion periodP. pairs of measurements close in time and also acsent number

of such pairs.

) . First we derived a general result for the time series of any
Because the number of asteroids with> 25 km in data gjgna|| that is of pure sinusoidal form ofth order only, aug-

from Pan-STARRSL1 is insigni cant in comparison to the nuUmbghented by the mean terty (Oth order)
of smaller asteroids (less than 1%), this dependence on diameter '
does not in uence the results of the following tests. I =1p+cosn! t; 9)

) ] ) where! is the rotation frequency; we chose this form since the
5.3. Different rotation periods starting point is irrelevant. If the estimates of the time derivative

According to their rotation period® provided by the LCDB _dI=dt are available (i.e., measurementsl afithin a short time

database, we divided asteroids into three groups. To ensure %@Nm as with Pan-STARRS1), we can use these to estimate

hence the period = 2=! in a simple manner. Using the
all groups are populous enough for stable results we chose tation (standard deviation)as de ned with Eq. (1), with =

following intervals: (i)P = 0 4 h (1081 bodies); (i) 48 h (1967 |, ) . " - :
bodies); and (iii) 815 h (1071 bodies). We excluded asteroid§d  and computing the [%“ii']”';it‘éfrfé?.yEﬁgt(;’r,by niegrating

with P > 15 h since our simulations with synthetic data showe

the results are not reliable (see also Fig. 6). p= 4np§ 1=hill =dtii: 10
We compare populations with each other and plot their dis- (1)=hil =i (10)
tributions of b=a in Fig. 11. We see that the fastest rotatorSincel = L? for an ellipsoid is of the pure = 2 double-

(P = 0 4h) are on average more spheroidal than the popukiausoidal form (Nortunen et al. 2017), we used Pan-STARRS1
tion with P = 4 8h, but theirb=a distribution is not dierent slope estimateglL?=dtj and their meamjL?=dtji to obtain the
from the third population withP = 8 15h. The mean values ofperiod with the aid of Eq. (10). However, for each asteroid this
Dy are listed in Table 1. requires a number of slope estimates. The derivatididt can

The critical rotation rate is, for the same density, dependdsg approximately calculated from pairs of measurements that are
on the elongation (Pravec & Harris 2000). The spheroidal boclese in time, but there is a lower limit due to the accuracy of
ies are thus able to rotate faster that the elongated bodies, whiata. We chosetd> 10 min to distinguish the change of bright-
is in accordance with our results for the rst two populationsiess from data noise.
However, we were not able to explain why the third popula- To verify if this relation can be used in practice, we per-
tion, with P = 8 15h, should contain more spheroidal astefermed the following test on synthetic data. We used the DAMIT
oids than the population witR = 4 8h. Therefore, using the models and the Hapke scattering model (Hapke 1981, 1993) with
LCDB database we constructed distributions of light curve amandomly chosen parameters and randomly chosen rotational pe-
plitudes for the three above-mentioned populations (see Fig. 1&8)d P (uniformly distributed from 2 to 50 h). Next, we calcu-
Higher amplitudes correspond to larger elongations. The diated synthetic brightness,which we assigned1600 asteroids
tributions of the rst two groups are in accordance with thebserved with Pan-STARRS1 (leaving the geometry of observa-
results from Pan-STARRSL1 data, but for the third populatigions unchanged), for which we had the largest number of mea-
(P = 8 15h), we obtained similar distribution as for the popsurements. From these new synthetic brightnesses we calculated
ulation withP =4 8h. the periodP according to Eq. (10) that should approximate the

To explain this discrepancy we performed another test wislyntheticP.
synthetic data. We used the same setup as in Sect. 4.2, wher&he derivativehplL?=dtji was computed from pairs of mea-
we studied the in uence of the rotation period on the accurasyrements separated by time interval 40 t < 20 min and
of the solution, but we chose populations wRh= 4 8h and we required at least 12 pairs (to calculate the mean value) within
P = 8 15h. The resulting distributions di=a are shown in ve days. The variation L? was also computed within ve days.
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synthetic P [h] Fig. 14. Four parts of the main asteroid belt de ned according to the

) ) ) ) proper semimajor axia; we used proper values afandl from Aster-
Fig. 13.Comparison of calculated and synthetic rotational peFiotihe  oids Dynamic Site (Kne exi & Milani 2003).

red points denote synthetic data without noise, the blue points synthetic
data with noise 0.02.

from Nesvorny et al. (2015). The background for a family is

We tested synthetic data without any noise and also data withmed by asteroids from the same part of the main belt as the
Gaussian noise of 2%. We compared the calcul&edth the family (inner, middle, pristine, and outer), which do not belong
syntheticP by computing the correlation coeient; data with to any other family. We focused on 13 of the most populous
noise show no correlation (the coeient is 0.19) and Fig. 13 families: Vesta, Massalia, Flora, Nysa Polana, and Phocaea in
(blue points) shows there is a strong preference for low valuge inner belt; Eunomia, Ge on, and Maria in the middle belt;
of P. Interestingly enough, the bias is systematic and amountddoronis in the pristine belt; and Themis, Eos, Hygiea and Alauda
an underestimation factor of about 0.5 for the point fan. Appan the outer belt (see also Fig. 14). The typical number of as-
ently noise systematically increases the slope average from téa@ids (for which we have enough data) in a family is few
pairwise slope estimates. The situation for data without noisetfi®usand, for Vesta, Flora and Nysa Polana it is slightly more
slightly better (coe cient 0.30) and if we consider only periodghan ten thousand and for Phocaea and Alauda it is less than
from interval 2 to 30 h, the correlation coeient is 0.65 (see 1000 (the exact numbers are in Table 2). Unlike Cibulkova et al.
also Fig. 13). For periods under 10 h, the points are even m¢2016), who did not reveal any dérences among families, we
tightly clustered near the = y correlation line. found that Massalia has a signi cantly dérent distribution of

The possible reason for this bad correlation could be the ioma from its background, containing more elongated asteroids.
su cient number of measurements from which the mean vdistributions are shown in the left panel of Fig. 15. Also the
ues are calculated. Therefore, to each measurement we addedulative distributions of brightness variationof Massalia
two others, one 0.01 d (34tmin) earlier and the second 0.01 cand its background are signi cantly derent; these are shown
later. In total, we had three times more measurements for eatlthe left panel of Fig. 16. Unfortunately, we cannot compare
asteroid. However, the resultigwere not signi cantly di er- our distribution ofb=a for Massalia with the distribution from
ent from the previous test; in the interval®from 2 to 30 h, the Nortunen et al. (2017) based on WISE data because their sam-
correlation coe cient is 060. ple contained an insucient number of bodies. The mean values

We also tested the relation (10) on real data fro®f Dp= for all families are listed in Table 1. The second largest
Pan-STARRSL1 survey, however, there were only few asteroitiserence between distribution bfa is for the Phocaea fam-
for which we had the required number of measurements (as theg-and its background (see Fig. 15 on the right), nevertheless
scribed above) and at the same time also the information abth valueDpo(LY) = 0:175 is not high enough for a de nite an-
the real rotational period from the LCDB database. For theseer. For Phocaea we only have data for 812 asteroids, however,
bodies we did not obtain a good agreement between the effte small number of asteroids cause the population to be more
mated and real periods. Apparently the use of the period estimsperoidal and, as we can see in Fig. 15 on the right, Phocaea, in
Eg. (10) requires a large number of well-distributed slope paitemparison to its background, contains more elongated objects.
over arotation cycle. Also, alow number of pairs exacerbates the The dj erence between Massalia family and its background
e ects of noise and deviations from the pure double-sinusoi¢@id be due to the derent period distributions. To test this
form. Estimates based on the derivative of a function are usuallyssibility we used the LCDB database and constructed distri-
considerably more unstable than those based on the functiomjftions of P for Massalia and its background. We found that
self. This approach is thus not applicable in practice and we afigssalia really contains fewer objects wRh= 0 4 h and more
not able to corredb=a distributions of other asteroid populationsyith P = 4 8h than its background, which is in accordance
to have the same distributions. with the family members being more elongated (compare with
Fig. 11). However, we have to emphasize that the distribution
of P for Massalia contains only 100 bodies and its background
is represented by 420 bodies, which is not enough for a solid
Next, we compared distributions of dynamical families witksonclusion. For the Phocaea family, we do not have enough de-
their background. The family membership of asteroids was takienmined periods to perform such test as for Massalia.

5.5. Dynamical families
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Fig. 15.Left DFs and CDFs of=a for Massalia family (blue lines) and Fig. 17.Same as in Fig. 15, butin Iter.
its background (red linesRight the same for Phocaea family is shown.

on Planetary Data Systéjn For both classes we had data for
10000 asteroids. We did not nd these two groups to have dif-
ferent distributions of the shape elongatlsm.

Finally, we compared groups of asteroids with elient
semimajor axes (inner, middle, pristine, outer) and withedent
inclinations of orbit. None of the subpopulations is signi cantly
di erent from others.

5.7. Comparison of results from lters w and i
Fig. 16. Left cumulative distributions of brightness variationfor P

Massalia family and its backgrounBight the same for Vesta family We also analyzed Pan-STARRS1 data in thelter

in lter wand lter i is shown. ( 700 800nm, Tonry et al. 2012) and compared the re-
o . _sults with thew- Iter. We had data for 136 463 asteroids and

Table 2. Number of asteroids in individual families and correspondingp, average, there werel0 measurements for one asteroid. We

backgrounds for which we have data from Pan-STARRS1 survey in ?bcused only on taxonomic classes and dynamical families.

terswandi. There were not enough asteroids to study the dependence of the
- elongation of asteroids on the diameter; only a few asteroids
Family Nw _ Background N Background were in the two subpopulations with the largBst
Flora 11291 11029 4135 5316 The number of asteroids in subpopulations containing the
Massalia 4267 11029 1032 5316 taxonomic class S was 6349 and for the taxonomic class C 5813.
Nysa Polana 14741 11029 4675 5316 As in thew lter, the di erence between these two groups is in-
P\rﬁi?ea 11881925 1111%22% 42;3;’ 55%11% signi cant. Then we focused on dynamical families. As in the
Eunomia 4126 12069 2247 6728 w- Iter, we found that Massalia family has a signi cantly dér-
Ge on 2629 12069 1203 6728 ent distribution ob=a from its background. Moreover, the result
Maria 2203 12 069 1243 6728 for Phocaea@p(LY) = 0:212) also suggests that this family
Koronis 4845 1272 1881 775 could have a dierent distribution ob=a from its background.
Eos 8237 6665 4272 4172 However, Fig. 17 does not show a signi cant drence.
Hygiea 4191 6665 1584 4172 To compare results from the Iltens andi directly, we con-
Themis 4181 6665 1588 4172 structed distributions df=a for some families in both Iters and
Alauda 649 6665 489 4172 calculatedDy-. We did not nd any signi cant di erences be-

tween lters. As an example, distributions of Nysa Polana are
o . shown in Fig. 18. We also constructed cumulative distributions
Our distributions ofb=a look di erent from the results of of the prightness variation for some families in both Iters to

Szab6 & Kiss (2008), who determined distributions for eightheck that there are no dirences between lters before the in-
families using data from the Sloan Digital Sky Survey (SDSSjgrsion (see Fig. 16 on the right).
however these authors assumed a xed value of spin axis latitude
for all asteroids, which probably in uenced the results. We also
did not nd any dependence of the distributiontfa on the age 6. Conclusions

of family that they suggested. In this work, we analyzed photometric data from the
Pan-STARRSL1 survey via a statistical approach based on cu-

5.6. Taxonomic classes and different parts of the main belt mulative distribution functions. We applied the model and
o software package LEADER from Nortunen etal. (2017) and

We also compared the distributionsisf of the two most popu- Nortunen & Kaasalainen (2017), which allows us to construct

lated taxonomic classes: S that dominates in the inner mail bgftripution functions of the shape elongatiora and the eclip-

and C that dominates in the middle and outer belt. We assigRgdy| |atitude of the spin axis for some subpopulations of

a taxonomic class to asteroids according to the SDSS-based As-

teroid Taxonomy (Hasselmann et al. 2010, data are availablettps://sbn.psi.edu/pds/resource/sdsstax.html
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rotation period. Finally, by analyzing data in théter, we con-
rmed previous results and we did not nd any signi cant dif-
ferences between subpopulations studied invthker in com-
parison with the- Iter.
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