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Abstract

We introduce three measures of complexity for families of sets. Each of the
three measures, that we call dimensions, is defined in terms of the minimal num-
ber of convex subfamilies that are needed for covering the given family. For upper
dimension, the subfamilies are required to contain a unique maximal set, for dual
upper dimension a unique minimal set, and for cylindrical dimension both a unique
maximal and a unique minimal set. In addition to considering dimensions of par-
ticular families of sets we study the behaviour of dimensions under operators that
map families of sets to new families of sets. We identify natural sufficient criteria
for such operators to preserve the growth class of the dimensions.

We apply the theory of our dimensions for proving new hierarchy results for logics
with team semantics. To this end we associate each atom with a natural notion or
arity. First, we show that the standard logical operators preserve the growth classes
of the families arising from the semantics of formulas in such logics. Second, we
show that the upper dimension of k 4 1-ary dependence, inclusion, independence,
anonymity, and exclusion atoms is in a strictly higher growth class than that of any
k-ary atoms, whence the k + 1-ary atoms are not definable in terms of any atoms
of smaller arity.

1 Introduction

Families of sets are well-studied in discrete mathematics and set theory (see e.g. |Bollobas
[1986]). Sperner families and downward closed families are examples of basic building
blocks that can be used to analyse complex families. Considerations on ways how to
represent a family as a union of more basic families leads us to several concepts of dimen-
sion. Given the finite size of the base set, we use our dimensions to associate families of
subsets of the base set with better quantitative measures than their mere size. We show
that certain canonical operations on families of sets preserve dimension. This allows us
to isolate dimension bounded collections of families of sets.
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By restricting attention to families of subsets of Cartesian powers of finite sets we
obtain finer distinctions between dimensions, as such subsets can be considered relations
in the usual way. Such families arise in the context of so-called team semantics. In ordinary
Tarski semantics of first order logic a formula and a model are associated with the set of
assignments satisfying the formula in the model. It is natural to consider such a set as a
subset of the Cartesian power of the domain of the model. In team semantics satisfaction
is defined with respect to sets (‘teams’) of assignments. Accordingly, any formula becomes
associated with a family of subsets of such a Cartesian power. We use our dimensions
and preservation results for logical operations to prove new non-definability and hierarchy
results for logics based on teams semantics. Examples of such logics are dependence logic,
independence logic and inclusion logic.

The background of our work for this paper is the following. Ciardelli defined in his
Master’s Thesidl| a dimension concept, in the case of downward closed families, namely
the cardinality of the set of maximal sets, or equivalently, the smallest number of power-
sets that cover the family. He proved the preservation properties for basic propositional
logic operations, including intuitionistic implication, and referred to them as Groenendijk
inequalities. In Hella et al. [2014] a similar dimension concept was introduced in modal
logic, including preservation of dimension results for logical operations of modal depen-
dence logic. Hella and Stumpf used a form of dimension to prove a succinctness result
for the inclusion atom in modal inclusion logic (Hella and Stumpf] [2015]). In Lick and
Vilander| [2019] the notion of dimension was generalized from downward closed families
to arbitrary families. They proved preservation of dimension under propositional oper-
ations, and computed the dimension of dependence and exclusion atoms in the context
of propositional logic. An important step in the background of this paper has also been
Liick [2020].

There are several other dimension concepts in discrete mathematics. Perhaps the most
famous is the matroid rank, which coincides with the usual concept of dimension in the
case of vector spaces and with degree of transcendence in the case of algebraically closed
fields. However, our families do not necessarily satisfy the Exchange Axiom of matroids
and therefore this concept does not work in our context. Another well-known dimension is
the Vapnik—Chervonenkis- or VC-dimension. In Section we argue that VC-dimension
is not preserved by logical operations in the sense that our dimension is. Therefore it
does not serve our purpose well in this paper. Still another dimension is the length of
a disjunctive normal form in propositional logic. We show in Section that this is
equivalent to one of the dimensions (cylindrical dimension) we investigate.

The concepts we introduce in this paper belong to discrete mathematics with no
immediate connection to logic. Thus part of this paper can be read with no knowledge
or interest in logic. However, our applications come from logic, more exactly from team
semantics. We believe that our results are a potentially interesting new contribution to
discrete mathematics of families of sets. At the same time, we suggest that our results
lead to a new approach to definability questions in team semantics and, in particular,
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yield a new strong hierarchy result (Theorem [5.9)).

An outline of the paper

Section 2 presents the basic concepts of our dimension theory. We define three notions
of dimension for arbitrary families of sets and give some elementary basic properties of
these notions. We define the basic operators on families of sets that we will use in our
results. Finally, we introduce some concepts from logic that are relevant for our results.
In particular, we introduce the so-called team semantics which gives rise to a wealth of
interesting families of subsets of Cartesian products M* of finite sets, raising the question
what the dimensions of these families are.

Section 3 introduces some technical tools for explicit dimension computations. Such
computations are at the heart of our results.

In Section 4 we introduce the concept of a growth class. These classes are used
to measure the rate of growth of dimension of definable sets of subsets of a Cartesian
product M* when the finite size of M increases. Some important results are proved
about preservation of dimension under operators. These preservation results will make it
easier to estimate the growth class of a given definable family of sets.

In Section 5 we put our results together and indicate applications. Our main appli-
cation is Theorem which gives strong hierarchy results for a number of logics based
on team semantics. We also observe that several logical operations that occur in the
literature of team semantics are not of the kind that preserve dimension. This allows us
to use the quantitative method of dimension to obtain qualitative distinctions between
logical operations.

In Section 6 we address the obvious question why not apply the VC-dimension. The
answer turns out to be that VC-dimension is not preserved under the logical operations
that we are mainly interested in, such as conjunction, disjunction, existential quantifier
and universal quantifier.

In Section 7 we relate one of our dimension concepts to an invariant related to dis-
junctive normal forms of Boolean polynomials. This allows us to make some conclusions
about dimensions of random families of sets.

Finally, in Section 8 we show that it is impossible to obtain on infinite domains the
kind of results we are after. The desired hierarchy results are simply false on infinite
domains.

2 Basic notions

2.1 Families of sets

In the sequel, our applications will build on heavy use of combinatorial results in the
subfield often called set-system combinatorics. We start with commonly used notions.



We use standard set-theoretic notation, including the shorthands

UAZ UAand ﬂA: ﬂA,

AcA AeA

the latter being unambiguous only if A # ). In addition, we write
[A,B] ={C | AcCc B},
for any sets A and B. Note that if A Z B, then [A, B] = 0.

Definition 2.1. Let A be a family of sets. The family A is an interval or cylinder, if there
exist Ag and A; such that Ay C A; and A = [Ag, A1]. The family A is convez if for all
S, T € A, we have [S,T] C A. Ais downwards closed if A € Aand S C A imply S € A.
The family A is a Sperner family if for all distinct S,T € A we have S € T'. Finally, A
fulfills the Zorn condition if it is closed under nonempty unions of chains, i.e., if C is a
nonempty chain (or a nonempty family linearly ordered by inclusion), then | JC € C. A
stricter notion is also useful: A is closed under unions if for every subfamily B C A, we

have B € A.

Note that if a family of sets is downward closed or a Sperner family, then it is also
convex. The concept of a upward closed family is also useful in set theory but is lacking
here, as applications of our methods are very much leaning towards downward closed
families.

The concept of Zorn condition is mainly relevant in the context of infinite families.
Our emphasis is, however, on finite families of finite sets, for which the Zorn condition,
as we have formulated it, trivially holds. We have weakened the standard condition by
imposing the requirement only on nonempty chains. The only notable effect is that the
empty set is not required to be included in a family fulfilling the Zorn condition, thus
allowing all the finite families to meet the condition.

For A a family of sets, we denote the family of all maximal (with respect to inclusion)
sets in A by Max(A). Similarly, Min(.A) is the set of all minimal sets in 4. Observe that
Max(A) and Min(A) are always Sperner families.

Definition 2.2. A family of sets A is dominated (by |J.A) if |[JA € A. The family A is
supported (by (.A) if A is nonempty and (A € A. Naturally, we say that A is dominated
convez if it is dominated and convex. Similarly, A is supported convez if it is supported
and convex.

In other words, a family A is dominated by a set D if and only if D is the largest
element in A with respect to inclusion. Similarly, A is supported by a set S if and only if
S is the smallest element in A with respect to inclusion. We spell out some of the easily
seen connections between the basic concepts in the following lemma.

Lemma 2.3. Let A C P(X) where X is a set. Denote ~A={X N A|Aec A}

(a) The family A is an interval if and only if it is dominated, supported and convex.
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(b) A is convex if and only if A is conver.
(c) A is dominated if and only if A is supported. ]

We proceed to the central dimension concepts which will be studied throughout this
paper. The upper dimension was first defined for downwards closed families in |Hella
et al| [2014] and subsequently generalized for arbitrary families in [Liick and Vilander
[2019]. The definition presented here is an equivalent reformulation of the latter. We
also introduce two new dimension concepts. The idea of the dual upper dimension is that
many of the underlying ideas behind the upper dimension work if the inclusion order is
reversed, as the previous lemma indicates. The third concept, cylindrical dimension, can
be seen as a combination of the two mentioned dimension concepts.

Definition 2.4. Let A be a family of sets. We say that a subfamily G C A dominates

A if there exist dominated convex families Dg, G € G, such that Jgeg Do = A and

UDe = G, for each G € G. The subfamily K C A supports A if there exist supported

convex families Si, K € IC, such that | J, o Sk = A and (| Sk = K, for each K € K.
The upper dimension of the family is A

D(A) = min{|G| | G dominates the family A},
the dual upper dimension is

DY(A) = min{|G| | G supports the family A}
and the cylindrical dimension is

CD(A) = min{|I| | (A;)es is an indexed family of intervals with UAi = A}.

il
Proposition 2.5. Let A be a family of set. Then
(a) If G dominates A, then Max(A) C G, and if H supports A, then Min(A) C H.
(b) D(A) < CD(A) and DI(A) < CD(A).
(¢) |[Max(A)| < D(A),|Min(A)| < DI(A) and max{| Max(A)|,| Min(A)[} < CD(A).
If, in addition, A is convez, then

CD(A) < D(A)D(A).

Proof. (a) Suppose G dominates A and M is maximal in the family A. By definition,
there are dominated convex families D¢, G € G, such that | J,.; Dg = A and |JDg = G,
for each G € G. In particular, there is G € G such that M € Dg and M C G. However,
by maximality of M and as G € G C A, this impies M = G and M € G. Consequently,
Max(A) C G. The dual statement is proved similarly.
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(b): Let (A;)ier be an indexed family of minimal size of intervals covering A, i.e.,
Uier Ai = A. Write A; = [B;, (], for each i € I, and consider the families B = {B; | i €
I} and C = {C; | i € I'}. Then A, is a convex set supported by B; and dominated by C;,
for + € I. Consequently, B supports A and C dominates A, which implies

DY(A) < |B] < |I| = CD(A) and D(A) < |C| < |I| = CD(A).

(c) Item a clearly implies | Max(A)| < D(A) and |Min(A)| < D4(A). Combining
these results with item b gives max{| Min(A)|, | Max(A)|} < CD(A) for the cylindrical
dimension.

For the last part of the proposition, assume now that A is convex. Let G be a family of
minimal size that dominates A and K be a family of minimal size that supports A. Then
D(A) = |G| and D4(A) = |K|. Let I be the set of pairs (G, K) € G x K with K C G. By
convexity of A, we have [K,G] C A, for each (G, K) € I. On the other hand, if A € A,
then there has to be G € G such that A C G, as G dominates A, and similarly K € K
such that K C A. This means that A € [K, G|, for some interval [K, G| with (G, K) € I.
Consequently,

A= {J K6,
(G,K)el
which implies

CD(A) < |I] <G x K| = D(A)DY(A).
O

Clearly, if A C P(X) with n = |X| € N, then CD(A) < 2". One gets easily a modest
improvement to this result, which is the best possible upper bound, as the succeeding
example shows.

Proposition 2.6. Let X be a nonempty finite set withn = |X|, and let A C P(X). Then
CD(A) <27
Hence also, D(A) < 2771 and DY(A) < 271

Proof. Fix b € X and consider the partition of P(X) in pairs {A, AU {b}}, where A C
X ~ {b}. For each such pair, AN {A, AU {b}} is either empty or one of the intervals
[A, Al = {A}, [AU{b}, AU{b}] = {AU{b}} or [A, AU{b}] = {A, AU{b}}. Consequently,
there is a family of at most 2"~! intervals, the union of which is A. The remaining claims
follow from Proposition [2.5 O]

Example 2.7. Let X be a nonempty finite set of n elements. Consider the family
E={AC X ||A| is even}.

Let G be a subfamily of £ which dominates £. Let A € £ and suppose that A is dominated
by G € G, which means that A belongs to certain dominated convex family Dg where
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Dg C € and |UDg = G. By convexity, [A,G] C Dg C €. Note that A,G € & both have
even size. However, the interval [A, G| would contain sets of odd size unless A = G. As
this holds for arbitrary A € &, we conclude that G = E£. Hence, D(E) = |E| = 2", By

symmetry, we get DYE) = 271 too. Combined with the last two propositions, we have
that CD(E) = 2" 1.

2.2 Operators

In addition to studying the dimensions of fixed families of sets we are also interested in
the behaviour of dimensions under various operators. An operator on families of sets on
a fixed base set X is a function A: P(P(X))" — P(P(X)) for some positive integer n.
In some applications to team semantics it is useful to consider more general operators
of the form A: P(P(X))" — P(P(Y)) with different base sets X and Y. We list in
the next example some natural set-theoretic operators that we will study further in the
forthcoming sections. For the related topic of Boolean algebras B with operators B — B
see e.g. [Venema| [2007].

Example 2.8. Let X be a base set.

(a) Union and intersection. The union operator A : P(P(X))? — P(P(X)) on the
base set X is defined by AX(A,B) = AU B. Similarly, the intersection operator
AX: P(P(X))? — P(P(X)) on X is defined by AX(A,B) = ANB.

(b) Complementation. Complementation on X is the unary operator AX: P(P(X)) —
P(P(X)) defined by AX(A) =P(X) \ A.

(¢) Tensor disjunction and conjunction. The idea of tensor disjunctiof?| AX : P(P(X))? —
P(P(X)) and tensor conjunction AX: P(P(X))? — P(P(X)) is to take unions
and intersections inside the families: AS(A,B) = {AUB | A € A,B € B} and
AX(A,B)={ANB|Ac A B e B}.

(d) Tensor negation. Pushing complementation inside a given family, we obtain tensor

negation: AX(A) ={X VA | Ae A}.

(e) Projections. Let f: X — Y be a function. The (abstract) projection operator corre-
sponding to [ is obtained by lifting f to a function Ag: P(P(X)) — P(P(Y)) in the
usual way: Ar(A) = {f[A] | A € A}, where f[A] denotes the image {f(a) | a € A}
of A under f.

(f) Inverse projections. Given a function f: X — Y, we can also define a useful operator

Ap1: P(P(Y)) = P(P(X)) as follows: Ap-1(B) ={A € P(X) | flA] € B}.

(9) Existential and universal quantification. Consider the concrete projection function
fZ X = YfOTX :X() Xoee XXm_l and Y :XO X "'Xz'—l XXH—I Xoee XXm—l

2We call this operator tensor disjunction, since it gives the team semantics for disjunction.



defined by f(ag,...,am-1) = (Ao, -+, @i—1, 011, -, An_1) (i.e., [ is the projection to
coordinates j # i). Note that B € A;(A) if and only if there is A € A such that
for each tuple @ € B there exists some element a € X; such that the extension of a@
by a as the ith component is in A. Thus, Ay corresponds to the logical operation of
existential quantification, and accordingly we denote it by A3,

Similarly, we define an operator AY,: P(P(X)) — P(P(Y)) that corresponds to uni-
versal quantification: Given a set B € P(Y), let B[X;/i] = {(ag,...,am-1) € X |
(agy -y @i1, i1y - - am_1) € Bya; € X;}. Then we let AL (A) = {B € P(Y) |
B[X;/i] € A}.

Note that the union and intersection operators AX and A% do not depend on the base
set X. Thus, in the sequel we will denote these operators for the sake of simplicity by U
and N, as they actually are what is usually denoted U and N. The same holds for tensor
disjunction and conjunction, whence we will use the notation AV B := AX (A, B) and
AN B :=AX(A,B). On the other hand, both complementation AX and tensor negation
AX depend on X, whence we do not introduce any shorthand notation for them.

Note further that the projections A%i- do not depend on X = Xyx---xX,,_1, since the
length and the i-th component of any tuple @ is uniquely determined: (aq,...,an_1) =
(bo, - .., bpy—1) if and only if m = m' and a; = b; for all i < m. However, the universal
projection operator A clearly depends on the base set X. Thus, for the sake of uniformity
we keep using the notation AZ.

2.3 Tensor operators

We have seen in Example that the disjunction and conjunction connectives give rise to
tensor disjunction and tensor conjunction operators. This idea can of course be generalized
to arbitrary connectives. We introduce here the related concept of tensor operator, and
show that they preserve intervals but not necessarily dominated convex or supported
convex families.

Definition 2.9. Fix a base set X and let ® be a binary operation on the set {0, 1}, i.e.,
® is a map {0,1} x {0,1} — {0,1}. Then the corresponding set-theoretic operation is
x: P(X)? — P(X),

AxB={ze X |xalz)®xp(z)=1}

where ¢ is the characteristic function related to a set C'. The tensor operator corre-
sponding to ® is AX: P(P(X))* = P(P(X)),
AX(A,B)={AxB| A€ A BeB}.

Remark. (a) Naturally, we often identify the binary operation ® with the corresponding
connective, especially on the notational level. We also overload the notation, writing
in the sequel simply

A®B=AX(ADB).
Note though, that this notation is independent of the set X only if 0 ® 0 = 0.



(b) We could have considered n-ary operations on {0, 1} in general, which appears to be
a non-trivial generalization, but we refrain ourselves from doing that here. Even so,
it is worth-while to have notation

—SA=AYA) ={XNA|Ac A}
for the unary operation corresponding to negation.

Note that we always have A® ) =0 ® B = ().

There are 2* = 16 binary operations on the set {0,1}, 4 of which (constant functions
and projections) are rather trivial. Among the 8 zero-preserving (i.e., 0®0 = 0) operations
there are 5 non-trivial tensor operations, which are listed below except for the case A®B =
B — A, which is the set difference with the roles reversed.

connective set-theoretic operation  tensor operation

disjunction V union U AVvB={AUB| A€ A, Be B}
conjunction A intersection N ANB={ANB|Aec A BeB}
“p but not ¢” set difference \ A-B={ANB|Ac A BeB}

exclusive disjunction @ symmetric difference A A& B ={AAB|Ac A, B € B}

If the connective ® is commutative (resp. associative), then the corresponding tensor
operation is commutative (resp. associative), too, but as we shall see in the next example,
the same does not apply to idempotence. In general, the well-known logical equivalences
do not transfer to equalities about tensor operations. This means that, in contrast to
propositional logic where we often reduce problems to some small set of basic connectives,
it is better to consider tensor operators separately.

Example 2.10. Suppose the base set X is infinite and A = {{z} | x € X}. Consider the
families

A, =AV...VA,

n times

forn € Z,. An easy induction shows that A, = {B C X | B # (,|B| < n}, so these
families are all different. In particular, AV A = Ay # A, so the tensor operation V is
not idempotent, though the binary operation \/ on {0, 1} is. A similar example shows that
A (as a tensor operator) is not idempotent either.

Elaborating on this example, one sees that distributive law does not hold for V and A,

either. Choose B =C = {X} with A as above; then
ANBVC)=AN{X}=A#AVA=(ANB)V (ANAC).

We do not aim at a complete analysis on how the tensor operations behave, but we
shall show that they preserve intervals. In connection with the following lemma we will
have thus one way to compute the result of tensor operation.



Lemma 2.11. Let ® be a binary operation on {0,1}, and let A;, B; € P(P(X)) be families
of sets, fori € I and j € J. Then

() 5)-yaen

iel jeJ iel,
jeJ

Proof. The reader can either prove this as an easy exercise, or wait until Section [4, where
it is shown that tensor operators are so-called Kripke operators and that the Union Lemma
holds generally for Kripke operators. O]

We need some auxiliary concepts to handle intervals and tensor operators. We depart
for a moment from classical logic (Kleene introduced his logic in [Kleene, 1952, §64]), and
introduce a new truth value N # 0, 1 for "unknown’. ﬂ

Definition 2.12. Let ® be a binary operation on {0,1}. We define Kieene’s extension &
of ® as follows. Write Vo = {0}, V1 = {1}, Vi = {0,1} and A®B = {a®b | a € A,b € B},
for A, B C {0,1}. Then ® is determined by the rule:

u®v = w if and only if V, ® V,, =V,

for u,v,w € {0,1,N}. Overloading once again the notation, we shall denote also the
extension by ® instead of ® in the sequel.

Example 2.13. In order to calculate 1 AN\, one observes that Vi AVi = {1} A {0,1} =
{1A0,1A1} ={0,1} = Vp, so IAN = N, or simply 1 AN = N. On the other hand,
VoAV ={0A0,0A1} ={0,0} = Vi, which implies 0 AN = 0.

Definition 2.14. (a) The characteristic function of a family of sets A C P(X) is
Ea: X —{0,1,N},
1, for E(x) ={1}
Ealz) =< N, for E(z) ={0,1}
0, for E(z)= {0}
where F(x) = {xa(x) | A€ A}
(b) We say that x: X — {0,1} is compatible with the function £: X — {0, N, 1} if for all
x € X, () # I\ implies x(x) = &(x).
Lemma 2.15. Let A C P(X).
(a) For all A € A, we have that x 4 is compatible with & 4.

(b) The family A being an interval is equivalent to the following being true for every
AC X: A e A if and only if xa is compatible with £4. Conversely, if A is an
interval then the condition holds.

3This symbol stands for the letter "u’ as written in runes. 'Unknown’ is ukjent’ in Norwegian.
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Proof. (a) Let A € A and for every z € X. Using the notation of the previous definition,
we note that xa(z) € E(z). Thus, either £4(z) = xa(x) or E4(z) = N, and compatibility
follows.
(b) Suppose
A ={AC X | xais compatible with {4}.

Put B = £'[{1}] and C = £;'[{1,N}]. Then for every A C X, compatibility of x4 with
&4 is equivalent to the condition B C A C C. Hence, A = [B, C]. The converse direction
is easy. O

Lemma 2.16. Let ® be a binary operation on {0,1} and A,B C P(X). Then for every
x € X, it holds that

Saen() = Ealz) ® E5(2).
Proof. Write E¢(z) = {xc(z) | C € C}, for C C P(X) and z € X. Then

Easep(x) = {xc(z) | C € A® B}

={xa:p(x)| A€ A, B e B}
={xalx)® xp(z) | Ac A BeB}
={xa(z) | Aec A} ® {xp(z) | B € B}
= E4(z) ® Ep(z).

Employing the notation that was used to define Kleene’s extension, we may write this
equation as

VEA@B(JC) = V&A(x) ® v&s(x)?
ie., Eaen(T) = Ea(r) ® Ep(T). O

Proposition 2.17. Let ® be a tensor operator. Then if A,B C P(X) are intervals, then
so is A® B, too. Indeed, if we write & = Epep, Co = {1} and Cy = £71[{N, 1}], then
A® B =[Cy, C].

Proof. By case (a) of Lemma we have that A® B C [Cy, C4]. Let C € [Cy, Cy]. As
C' € [Cy, (], the characteristic function x¢ is compatible with £ 445. By Lemma , we
know that & 455 = £4®E. This enables us to choose (picking the values x(© (z) and xV (x)
separately for each # € X) functions x¥, x(: X — {0,1} such that yo = @ ®x®, x@
is compatible with &4 and x(!) is compatible with £z. Finally, by case (b) of Lemma m,
we see that there are A € A and B € B with x4 = x¥ and xp = x", which implies
C=AxBe A®B. O

2.4 Families of teams

The abstract concept of a family of sets is so general that it arises naturally in numerous
contexts in mathematics. However, in this paper our focus is on families of sets arising
in logic, with applications to logic in mind. These families are collections of sets on the
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To T1 T2

1 1

Ot Ot = =

2 4
3 6
4 8
Table 1: A team.

base set of the form of a Cartesian product M™. This is because we will consider sets of
so-called assignments into a model M. Thus the elements of our base set are assignments.
This particular form of the base set leads to dimension computations which do not arise
in the abstract setting. This is simply because finite tuples manifest more complicated
combinatorial properties than mere elements. To avoid trivialities we assume |M| > 2.

Let us see how sets of what we call assignments arise in logic. In classical logic one
associates with a given formula ¢(zq,...,z,_1) with the free variables xo, ..., x,,_1 and
a given structure M the set of m-tuples satisfying the formula ¢ in M:

¢M7f = {(QOa s 7am—1) € M™ | M >: ¢(a0’ ce 7am_1)}'

Here “M = ¢(ag, ..., an-1)" refers to the truth definition (a.k.a. satisfaction relation) of

the logic that ¢(xg,...,2Z,_1) is considered a formula of. For first order logic the truth
definition is given in standard textbooks of logic and can be found e.g. in [Vadnanen,
2011} Section 6.2]. We follow the usual convention and call elements (ag, ..., am—1) of

MT assignments. Sets ¢M of assignments are aptly called definable subsets of M™. The
definable subsets of M™ form a Boolean algebra with Boolean operations corresponding
to the logical operations of first order logic. The study of this algebra is a well-known
method in logic.

In the same way as classical logic gives rise to definable sets of assignments, so-called
dependence logic (Vaananen [2007]) that we will now recall gives rise to definable families
of sets of assignments as follows. If M is a model, a team in M is a set T of assignments
s (i.e. functions) which map a fixed set dom(s) = {zo, ..., x,_1} of variables, called the
domain of s (and of T'), to M. See Table [l|for an example of a team. The rows of a team
are assignments. In principle, a team is simply a table of data. The source of the data can
be anything. A good intuition is that the data comes from some experiments concerning
the ‘attributes’ {xq,...,Zn_1}, each row representing one experiment. Another useful
intuition is that the table of data is (a part of) a database. We identify the function s
with the tuple (s(zg),...,s(z,_1)) and a team with a subset of M™.

Teams can manifest phenomena that single assignments cannot. For example, the
team of Table [1| manifests the circumstance that x, does not completely determine o
but x; does. In dependence logic (Vaananen| [2007]) we have so-called dependence atoms
(see Definition the semantics of which is defined by means of teams and could not
be defined meaningfully in terms of single assignments. Every formula ¢ of dependence
logic, or any other logic the semantics of which is based on teams, with free variables in
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T=(xg,...,Tm_1), gives rise to the set of teams

o)™ = {T C M™ | M |=1 ¢}, (1)

where M =1 ¢ is the satisfaction relation defined in Definitions and below. We
consider the families ||¢]|""" an interesting special case of families of subsets of M™.

If / < m, there is a canonical projection M™ — M*. We may identify T C M’ with
T*={se€ M™:s|(ecT} In thisway it is possible to think of a subset of M* at the
same time, via 7™, as a subset of M™, although literally, of course, T' # T™.

Many of the results of this paper hold for arbitrary families of sets but when applied
to families of the form ||¢||""", results pertaining to dependence and independence logics
obtain.

In order to make more exact we now recall the inductive definition of M =1 ¢
from Véaananen [2007], first for logical operations (Definition and then for new atoms
(Definition 2.19)). If a € M, then s(a/z) is the unique assignment s’ such that s'(z) = a
and s'(y) = s(y) for variables y in the domain of s other than x. If F': T — P (M) ~ {0},
then T[F/x] = {s(a/x) | s € T,a € F(s)}. Finally, T[M/x] = {s(a/z) |a € M,s € T}.

Definition 2.18. (a) M =1 ¢, where ¢ is atomic or negated atomic if and only if every
assignment s in 1" satisfies ¢.

(b) M =1 ¢ A if and only if M =7 ¢ and M =1 1.

(¢) M =1 ¢ Vo if and only if there are U and V such that T'=U UV, M =y ¢ and
M vy 1. (Tensor disjunction)

(d) M Er ¢ ® ¢ if and only if there are U and V such that T =U NV, M Ey ¢ and
M =y 1. (Tensor conjunction)

(e) M Er ¢ V ¢ if and only if M f=1 ¢ or M f=7 . (Intuitionistic disjunction)
(f) M {=r 3¢ if and only if there is F : T'— P(M) ~ {0} such that M =rip/q .
(g) M =r Voo if and only if M |=ra ¢.

This defines M =1 ¢ for every first-order formula ¢ in negation normal form (i.e.
negation occurs in front of atomic formulas only). Note that [Vaanénen [2007] uses only
the first two of the four binary connectives in Definition 2.18f We have kept here the
usual notation A and V for these connectives. Intuitionistic disjunction was mentioned in
Vaananen [2007] and elaborated on in |Abramsky and Vaananen| [2009]. Tensor conjunc-
tion does not seem to have been studied before, and its role is minor here, too.

It might seem that ¢V is a more ‘natural’ disjunction than ¢ V ¢. What is natural
depends, of course, on one’s intuition about =r. InVaananen [2007] an alternative game-
theoretic definition of M =1 ¢ is given and in that context ¢ V 1 is a natural connective
corresponding prefectly to the disjunction of classical propositional calculus.
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By Definition [2.18|a), for every first-order literal (i.e., atomic or negated atomic) ¢
we have ||¢]|™" = [0, ™). The same is true if ¢ is any formula of first order logic. Thus
for first order ¢ the family ||¢||™" is dominated (by ¢*%), downward closed, convex and
supported (by ().

Note further that for composite ¢ the family ||¢]|** can be obtained from the corre-
sponding families for the components of ¢ by applying one of the operators introduced in
Example [2.8] For conjunction and (tensor) disjunction we have

T it T
lo v = o] v [l

Furthermore, for tensor conjunction and intuitionistic disjunction we have

lo ol = I8 A )
lo v ™ = (Il Ul
Note however, that in the case of existential and universal quantifiers, the quantified
variable needs to be dropped from the tuple ¥ = (zo, ..., Z,_1), as it has become a bound
variable: - .
Bzl = A5 (o))
vzl = AN (llM),

where 7~ is the tuple obtained from ¥ by deleting the component x;.

We now recall the extension of M =1 ¢ from first order ¢ to new non-first order atoms.
Below, the restriction of a team 7" to Z, in symbols T' | Z, is the set {s [ ¥ : s € T}. We
use len(Z) to denote the length of the variable (or other) sequence Z.

Definition 2.19. (a) Dependence atom, introduced inVaananen|[2007]: M Er =(Z,y)
if and only if s(Z) = ¢'(¥) implies s(y) = §'(y) for all s,s" € T. This atom says that
in the relevant data (i.e. 7') the values of & completely determine the value of y. We
allow len(Z) = 0 and call =(y) the constancy atom. More generally, M E=r =(y)
if and only if s(y) = s'(y) for all s,s’ € T that is, y has only one value in the entire
team T'.

(b) Exclusion atom, introduced in |Galliani| [2012]: M |=7 Z | ¥ if and only if for every
s, s € T we have s(¥) # (). We assume len(Z) = len(¢) > 0. This atom says that
in team T the values of & cannot occur also as values of /.

(c¢) Inclusion atom, introduced in |Galliani| [2012]: M |=7r & C ¥ if and only if for every
s € T there is ' € T such that s(¥) = s'(y). We assume len(Z) = len(/) > 0. This
is in a sense the opposite of the exclusion atom: all values of ¥ must occur also as
values of 7.

(d) Anonymity atom, introduced in Vaananen [2023]: M |=r & T y if and only if for
every s € T there is s’ € T such that s(Z) = §'(Z) and s(y) # '(y). We assume that
Z is non-empty. This atom says that values of & do not reveal uniquely the value of
y, but leave some freedom for y.
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(e) Independence atom, introduced in |Gradel and Vaananen [2013]: M =y & Lz ¥
if and only if for every s,s" € T such that s(Z) = §'(Z) there is s” € T such that
s"(Z) = s(2), 8"(¥) = s(¥) and s"(y) = §'(¥). In other words, keeping the values of Z
constant, any two assignments s € 7" and s’ € T' can be combined into a (possibly)
new assignment s” € T which takes its value at # from s and its value at ¢ from '
We assume that 7 and ¢ are non-empty. The atom & L ¢, corresponding to the case
7 is empty, is called the pure independence atom, while 7 1 > ¢/ is otherwise called the
conditional independence atom.

(f) The general concept of an atom: Suppose C'is a class, closed under isomorphisms,
of pairs (A, T) where A is a set and T is a team in A with domain Z. We can associate
with C'a new atom a(Z) and define M =1 ac () to hold if and only if (A, T [ %) € C,
where A is the domain of the model M.

By closing the respective atom under the logical operations (b), (¢), (f) and (g) of
Definition [2.18 we obtain respectively dependence logic, constancy logic, exclusion logic,
inclusion logic, anonymity logic and (pure or conditional) independence logic.

Note that we defined =(Z,y) for single variable y only. This is because =(Z, ) for a
vector ¥ = (y1 ..., ¥yn), which we adopt now as a shorthand, can be defined as

=@ y1) Ao N =(T,yn).

We use the same convention for =(y).

If ¢ is a dependence atom or an exclusion atom, then H(bHMf is, as can be easily
verified, downward closed and supported by () but not necessarily closed under unions or
dominated. If ¢ is an inclusion atom or an anonymity atom, then [|¢||*” is, as can be
likewise easily verified, closed under unions and dominated by M'**® but not necessarily
downward closed or supported. For details we refer to |Vaananen [2007], |Galliani [2012].

Example 2.20. An example of a sentence combining dependence atoms and logical oper-
ations s the following formula which is satisfied by a team T in a model of size n if and
only if |T | | < n*/2, where len(Z) = k:

W=, 2) NT | g).

Herelen(y) = k. An ezample of a sentence combining a number of different atoms as well
as logical operations is the following formula which is satisfied by a team T if and only if
|'T | Z| is even:
JuFIy3Z(YZ LENGCZNZC T
AN(u=vANZCY)V(u£vATCZ2))
ANGLZAN=(Z9) N=(772).

We will also consider the extension of first-order logic with Lindstrom quantifiers
(see Lindstrom| [1966] for definition). For the sake of simplicity, we restrict attention to
Lindstrém quantifiers of type (r) for some positive integer r (i.e., quantifiers binding a

15



single formula). Such a quantifier Qx is associated to any isomorphism closed class K of
structures of the form (A, R), R C A". If ¢ is a formula and 7 is an r-tuple of variables,
then applying the quantifier Qx we obtain a new formula Q%% in which all occurrences
of the variables in g are bound.

Adding Lindstrom quantifiers to logics with team semantics was first considered by
Engstrom| [2012]. We follow here his definition for the semantics of Qx. First, we adapt
the notation used for existential quantifier: if F: T — P(M"), then T[F/§] = {s(b/7) |
seT,be F(s)}.

Definition 2.21 (Engstrom| [2012]). [f

M =7 Qky if and only if there exists F': T — P(M") such that M |=rip/y ¢ and
(M,F(s)) e KforallseT.

The semantics of Lindstrom quantifiers can also be formulated in terms of operators
that map sets of the form [|o||** to sets || Q7 ¥||™*, where Z consists of the variables in
the tuples ¥ and 3. To work out the details of these operators, we fix a quantifier Q. of
type (r), the length m > r of Z, the tuple £ = ({, ..., l,_,) for which 7 = (Zegy -+ 20,_1),s
and the universe M of the model. Note that there is no reason to assume that the
components of ( are in ascending order; the quantifier Qx can be applied to any r-tuple
of distinct variables in 2. On the other hand, we can assume w.l.o.g. that & lists the
rest of the variables in Z in ascending order, i.e., for each i« < m —r, z; = z;, where
J&A{ly,....l—1yandi=|{k<j|k¢{l,...,0—1}}|. Thus, 7 is obtained from 7 and
i/ by re-ordering the latter and shuffling according to . We use the notation z = 7 Q7Y

to denote this shuffling, and similarly ¢ = a ® [l; for tuples ¢, a, b of elements in M.
Assume then that S C M™ is a team with domain {2, ..., 2,-1}. For each @ € M™"
the (-restriction of S on @ is the set Slal; = {b e M" | 6@55 € S}. Furthermore,
the (K, 0)-projection of S is the set T 7(S) == {a e M™™" | (M, S[d];) € K}. The idea
here is that if T = 7 7(5) for some team S € |47, then defining F': T — P(M") by
F(@) = S[a); for each @ € T, we see that the truth condition of Definition holds for
the team 7', provided that S = T[F/y]. It is clear that T[F/y] C S, and the converse
inclusion holds if and only if {ad € M™ " | S[a]; # 0} C T. We say that T is the proper

—

(KC, £)-projection of S, in symbols T' = WZZ(S), if this condition holds.
The argument above shows that if 7' = 7 -(S) for some team S € [4|*7, then

T € ||Qcy ™", Assuming that (M,0) ¢ K, the converse implication is also true.
Indeed, if M =1 Qxy, then there is a function F': T" — P(M") such that M |=pp/gq ¢
and (M, F(d)) € K for all @ € T. Since (M,0) ¢ K, F(d) # 0 for every @ € T, whence
T = 7y (T[F/4)). Moreover, the condition {a@ € M™™" | S[a]; # 0} C T clearly holds for
any team S of the form T'[F/y]. Thus, we see that T' = WZ[(T[F/QD.

4Engstrom| [2012] uses the semantics defined here only for monotone quantifiers. For non-monotone
quantifiers he introduces a more complicated semantic clause, which is justified by certain additional
assumptions that do not apply in our setting.
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Note however, that if (M,0) € K, the argument for 7' = m 7(T[F/]) fails: by the
definition we always have mc 7(T[F/g]) C T, but if (@) = @ for some @ € T, then
a ¢ 7 7(T[F/y]). In this case the correct condition for a team T being in the family

1Qxc7¥||** is that there exist teams S € ||| and T" C T such that 7" = WQE(S).

We are now ready to define the operators on families of teams correspondingvto Lind-
strom quantifiers.

Definition 2.22. The (K, £)-projection operator A%;: P(P(M™)) — P(P(M™7)) is
defined separately in two cases. ’

o If (M,0) ¢ K, then for each A € P(P(M™)),

A%;(A) ={BeP(PM™™"))|B=r" _(A) for some A € A}.

e If (M,()) € K, then for each A € P(P(M™)),

A%;(A) ={BeP(PM™™T)) | WZ,Z(A) C B for some A € A}.

m

By the argument given before Definition [2.22] the operator A’]g 7 captures the seman-

tics of the quantifier Qx:
oW MF m M,z
[Qegvl™™ = AN (Jp)").

Note further that the standard existential and universal quantifiers are special cases of
Lindstrom quantifiers: 3 = Qi for the class K3 = {(A,R) | RC A, R # 0}, and V = Qx,
for Ky = {(A, R) | R = A}. Thus, the corresponding operators are also identical: for each

i <m, AM" = A%[;} and A" = A’]g}, where £ =i (i.e., £ is of length 1, and ¢, = i).

For this reason there is no need to consider the operators AY™ and A}™ separately in
the sequel.

Remark. Note that if (M,0) € K and M =y ¢, then M =7 Qxy for any team T.
Indeed, if F': T — P(M") is the function with F(s) = 0 for all s € T, then T[F/y] = 0,
whence the truth condition in Definition holds. Every formula ¢ in the extension
of first-order logic by the atoms listed in Definition has the Empty Team Property:
M =y ¢ holds for all models M (see Vaananen|[2007]). It is easy to see that the same holds
also if we add arbitrary Lindstrom quantifiers to the logic. In fact, with the exception
of logics with the non-empty atom (see Definition , all the logics we consider in this
paper have the empty team property. Thus we see that a quantifier Q)i becomes trivial
(on M) in our setting if (M, () € K, as in this case M =1 Qxy¢ holds for every team T
and every formula ).
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3 Dimension calculations

In this section we compute exact values, or in some cases just upper and lower bounds,
to upper, dual upper and cylindrical dimensions of some important concrete examples of
families of sets. This will be used later to estimate dimensions of definable families of
teams in various logics built around the atoms of Definition [2.19

3.1 Convex shadows and hulls

In this subsection, we develop some auxiliary tools useful in concrete dimension calcula-
tions. In particular, we introduce the notions of convex shadow and the dual notion of
dual convex shadow, which facilitate the calculation of upper and dual upper dimension
of a given family. The point is, that when we need to check if a subfamily dominates the
given family, the convex shadows are the canonical dominated convex families we need to
relate to the sets in the dominating family.

Definition 3.1. Let A be a family of sets and A € A. The conver shadow of A in the
family A is the family
Oa(A)={B C A|[B,A] C A}.

Similarly, the dual convex shadow of A in A is
OYMA)={Bec A|ACB,[A B]C A}
A set A € Ais called critical in A if its convex shadow is maximal in the family
{05(A) | B € A}.

We use the notation

Crit(A) = {A € A| A critical in A}.

Similarly, we define the notion of dual criticality. We denote the family of dually critical
sets in A by Critd(A):lla.

Lemma 3.2. Let A be a family of sets and A € A.

(a) Oa(A) is the largest dominated convex family C C A with |JC = A. Similarly, 9*(A)
is the largest supported convex family C C A with (C = A.

(b) A family G € A dominates A if and only if Ugeg Oc(A) = A. Dually, H C A
supports A if and only if | Jycq 07 (A) = A.

(¢) Suppose that the family A satisfies Zorn condition. Then there is a family G domi-
nating A such that G C Crit(A) and |G| = D(A). The dual result also holds.
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Proof. The proofs of the dual claims are similar to the primary claims, so we shall skip
them.

(a) Clearly, 04(A) is a dominated convex subfamily of A with |JA = A. Suppose
C C A is another dominated convex subfamily with | JC = A. For C € C, we have
[C, A] C C C A by convexity of C, so C C d4(A).

(b) If Ugeg 9a(A) = A, then the dominated convex families da(A) € A, G € G,
witness that G dominates .A.

Conversely, suppose that G dominates A and the families Dg, G € G, witness that
(meaning that | Jge; Do = A and |JDg = G, for each G € G). Then by the preceding
claim, we have that for every G € G, D C 0a(A), implying Ugeg 9a(A) = A.

(c) Pick a subfamily Gy C A dominating A such that |Gy| = D(A). Let G € Gy, and
consider the family

Be={A€ A|dc(A) CIa(A)}.

First we establish that B satisfies the Zorn condition. Indeed, let K C By be a chain.
As K C A and A satisfies the Zorn condition, we have that B = [JK € A. We need to
show further that 0g(A) C dp(A). Let A € 0g(A) and C € [A, B]. Studying the chain
K'={CNK | K € K}, we observe that for each K € K, we have that A = ANG C
ANK C CnNK C K, implying that C N K € [A, K| C 0k(A), as A € 0g(A) C 9k (A).
Hence, C N K € A and since this holds for each K € K, we have that X' C A. As A
satisfies the Zorn condition, we have that C = CNB=CUK =K' € A. As C € A,
for every C' € [A, B], we get [A, B] C A and consequently A € 0p(A). Summarizing,
we have that dg(A) C 0p(A) implying B € B, which means that Bg satisfies the Zorn
condition.

As B¢ satisfies the Zorn condition, by Zorn’s lemma, there is a maximal element in
Bg, say, Dg. The maximality of Dg clearly impies that Dg is critical in A. Recall
that Dg € Bg means also that dg(A) € dp,(A). Collect these set together and put
G={D¢ | G € Go}. As Gy dominates A, we have | Jgeq, dc(A) = A, which now clearly
implies

U 96(A) = | dps(A4) = A,
Geg Gego
Hence, G also dominates A, and |G| < |Gy| = D(A), so |G| = D(G). O

Convex shadows and dual convex shadows are maximal subfamilies satisfying the
appropriate properties. The similar operations that produce superfamilies instead of
subfamilies are called hulls. We shall utilize these latter concepts in later sections.

Definition 3.3. Let A be a nonempty family of sets. The convex hull of A is
H(A) = U [A, Al]?

A A eA

the dominated (convez) hull of A is

H(A) = [4.U4].

AeA
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and the supported (convex) hull is

H(A) = [ [N44].

AcA
We set also H(() = 0.

If the family of sets is finite, we may drop the braces from the notation in the customary
manner, writing H.(Ao, ..., Ax—1) instead of H.({Ao,...,Ak_1}), or H*(Ao,..., Ax_1)
instead of H.({Ao, ..., Ax_1}). Note the special cases H.(A, B) = [A,AUB|U[B, AU B]
and H*(A,B) =[ANB,AJU[AN B, B].

We omit the proof of the following lemma, as it is straightforward.

Lemma 3.4. Let A be a nonempty family of sets. Then

(a) H(A) is the least convexr family containing A,

(b) H.(A) is the least dominated convex family containing A and
(c) H*(A) is the least supported convex family containing A.

Note that there is no unique least dominated, or supported, convex family containing
the empty family (all the singletons do).

3.2 Dimensions of particular families

In this subsection, we calculate the dimensions of some concrete families of sets that are
relevant to team semantics but certainly are familiar from other contexts, too. These
calculations will be the basis of our results in the next section.

For non-empty finite base sets X and Y, here is a list of families that we consider:

F={fCXxY|fisamapping },
X={RC X x X | dom(R) Nrg(R) = 0}
Ic ={RC X x X | dom(R) C rg(R)},
Y ={RC X xY | Ris anonymous},
I, ={AxB|ACX,BCY},
where we call a relation R C X X Y anonymous if for all x € dom(R) there exist distinct
v,y €Y with (z,v),(z,vy) € R.
We calculate the dimensions of these families with the aid of shadows and critical sets.

The families 7 and X" are the easiest cases, as they are downward closed. We handle each
of the other families in separate lemmas of their own.

Lemma 3.5. Assume that m = |X| > 2. Let R,S € Zc.
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(a) If S C R, then

[S, R] C Zc if and only if dom(R ~\ idx) C rg(59).

(b) We have
Or(Zc) ={T €Ic |T SR, ACrg(T)}

where A = dom(R \ idx).
(c) For AC X, put Ry = (A x X)Uidx. Then we have that Ry € Zc and

On,(Ic) = {T € I | dom(T ~ idy) C A C rg(T)}.

(d) We have Crit(Zc) = {Ra | A C X}.
(e) Crit(Zc) N {Ra) | @ € X} is a family of smallest size that dominates Ic.
(f) Denote B =rg(R). Then

OMIc)={T € Ic | RC T, dom(T \idx) C B} = [R, Rp].

(g9) CritY(Zc) = {R € Ic | R~ is a mapping}.
(h) CritY(Zc) ~ {{(a,a)} | a € X} is the smallest family that supports Ic.

Proof. (a) Suppose dom(R \ idx) C rg(S) and consider T" € [S, R], i.e., S CT C R. Let
x € dom(T"). Pick y such that (x,y) € T. If x = y, then trivially = € rg(T"). Otherwise
x # 1, SO

z € dom(7T \idy) C dom(R \ idyx) C rg(S) C rg(T).
Thus in both cases, we have x € rg(T"), so dom(7) C rg(7). Hence T' € Zc, and
[S,R] C Zc.

Suppose to the contrary that dom(R \ idx) Z rg(S). Then we may choose = €
dom(R ~\ idx) ~ rg(S). Pick y # x with (z,y) € R, and consider T = S U {(z,y)}.
Clearly, € dom(T), but z ¢ rg(T) = rg(S) U{y}, so T ¢ Zc. This proves that
[57 R] < Ic.

(b) This is a direct application of the previous item.

(c) We first note that dom(R4) = X =rg(Ra), as idx C R, implying that R4 € Zc.
It is easy to see that " C R4 if and only if dom(7 \idx) C A, so the latter result follows
from the preceding item.

(d) To prove that each critical set in Z¢ is of the form R4, for some A C X, let R € Zc.
Denote A = dom(R ~\ idy). One easily sees that R C R4, and now the previous items
imply that Or(Zc) C Or,(Zc). Consequently, it is enough to show that the shadows of the
sets R4, A C X, are incomparable. Let A, A" C X, A # A’. Suppose first that |[A] > 2.
Let f be any permutation of A without fixed points. Then dom(f \ idx) = dom(f) =
A = 1g(f), so the preceding item implies that f € Or,(Zc), but f & Or,, (Zc). If A =10,
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we see similarly that § € Ogr,(Zc) \ Or,,(Zc). Now suppose A = {a} is a singleton.
Then there is b € X, b # a, such that A" # {a,b}. Consider T' = {(a,b), (a,a)}. Then
dom(T") = {a} C {a,b} = 1g(T'), whence T € Or,(Zc) but T' & Og,, (Zc).

(¢) By Lemmal3.2] we know that Crit(Zc) dominates Zc, and we can find a dominating
family of the smallest size from the collection of its subfamilies. Now the proof of the
preceding item actually show that Crit(Zc) ~\ {Ra} does not dominate Zc, for any A C X
which is not a singleton. However, Crit(Zc) \ {Ry, | @ € X} does, as we see from the
following: Let a € X and let R € Zc be any set with a € dom(R \idx). Pick b # a with
(a,b) € R. Then a € dom(R) C rg(R), but also b € rg(R), so a,b € rg(R). Item ¢ now
shows that R C R4 where A =rg(R), and |A| > 2.

(f) The first equality is a direct consequence of item a. For the second equality,
it is enough to observe that Rp is, by definition, the largest 7" C X x X such that
dom(7 \idyx) C B.

(g) Assume that R C S and rg(R) = rg(S) = B hold for R,S € Zc. Then by the
previous item, we have that 9°(Zc) = [S, Rp] C [R, Rg] C 0%(Zc). Consequently, R can
have a maximal dual shadow only if R € Z¢ is minimal among all the relations having
the same range, i.e., if R7! is a mapping.

Let us check that this condition is also sufficient, i.e., if R € Zc and R™! is a mapping,
then R has a maximal dual shadow among the dual shadows 9°(Zc), for S € Zc. We
need to consider only the case when S C R and S™! is also a mapping. But then rg(S) =
dom(S™') € dom(R™!) = rg(R) = B, which implies that dom(Rp \ idx) = B & rg(S).
Hence, Rp ¢ 9°(Zc) and consequently 0%(Zc) € 0%(Zc). This means that R has a
maximal dual shadow.

(h) Denote C = CritY(Zc) ~ {{(a,a)} | a € X}. We first show that C supports Zc.

Let R € Zc. If rg(R) is a singleton, say, rg(R) = {a}, then we must have R = {(a,ay}
and R € 9°(Zc), where () € C. Otherwise, we select any Ry C R with (R)~! a mapping

and rg(Ry) = rg(R) and observe that Ry € C. The rest is proved similarly as above. [
Lemma 3.6. Assume |Y| > 2.

(a) Let RC R C X xY. Then

[R,R)]CY < R,R €) and dom(R) = dom(R').

(b) Crit(Y) = {AxY | AC X} is the smallest family that dominates Y.

(c) Critd(Y) ={fUg | AC X, f,g: A=Y Vo € A: f(x) # g(x)} is the smallest family
that supports ).

Proof. (a) This is obvious from the definition of ).

(b) Consider the following shadowing relation C between elements of ): R C S if and
only if R € 05()). This appeared actually already in the previous item, so for R, S € Y,
it holds that R C S if and only if R C S and [R,S] C Y if and only if R C S and
dom(R) = dom(S). It is immediate that C is a partial ordering on ). Thus, if R C 5,
then Or()) C 0s(Y). This implies that, in order for an element of ) be critical, it must
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be maximal with respect to C. It is easy to see that these maximal elements are of the
form A x Y, for some A C X. As each R € ) is also included in the set dom(R) x Y
for which R C dom(R) x Y, we also see that {A xY | A C X} dominates Y. A x Y is
certainly critical, as adding any (¢,d) € A X Y to A x Y destroys anonymity.

(c) By Lemma item d, Crit4()) supports the family ). Studying the shadowing
relation further, we observe that for R, S € ), we have that R C S if and only if
S € 0%(Y). Consequently, dual critical sets are those which are minimal with respect to
the shadowing relation. These are exactly the sets of form fUg where f,g: A — Y and for
all z € A we have f(z) # g(x). Clearly all such sets have to be included in a supporting
family (to support themselves), so Critd()) is the smallest family that supports Y. [

Lemma 3.7. Suppose | X|,|Y| > 2. Let AC X and B CY. Then:
(a) If |A|,|B| > 2, we have Oax5(Z1) = 0*B(Z,) = {A x B}.
(b) If |A] <1 or |B| <1, then Oaxp(Z,) = P(A x B).
(c) If |A| =1 and |B| > 2, then
OMVB(T)={AxD|BCDCY}.
Similarly, |A| > 2 and |B| = 1 implies 04*B(Z,) ={C x B| AC C C X}.

(d) If |A| = |B| = 1, then 04*B(Z)) consists of set of the form A x D and C x B with
ACCCXand BCDCY.

(e) OY(T.) consists of all the sets C x D where C C X, D CY and |C| <1 or |D| < 1.
(f) The critical and dual critical families of T, are

Crit(Z,) ={Ax BC X xY | |A] >2,|B| > 2}
U{{a} xY |ae X}
U{X x {b} | be Y}

Crit"(Z,) ={Ax BC X xY | |A| > 2,|B| > 2} u {0}.

(9) For each R € L, , the shadow Or(Z,) is an interval.

Proof. (a) If |A| > 2 and |B| > 2, any addition or deletion of a point (z,y) to or from
A x B results in a set that is not a Cartesian product of the form A’ x B’, which implies
the result.

(b) The claim is trivial if either of the sets A or B is empty, so assume by symmetry
that A = {a}. Then every subset of A x B can be written as A x B’ for some B’ C B, so
anB(ZL) = P(A X B)

(c) Suppose A = {a} and |B| > 2. Let R € Z, with R O A x B. Write R=C x D
where C' C X and D C Y with C O Aand D DO B. If C' # A, it is easy to see that
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CxD ¢ 0**B(Z,) as we can pick c € O\ A and b € B, whence Ax B C (Ax B)U{c,d} C
C x D, but (A x B)U{e,d} ¢ Z,. In contrast, for every D C Y with D O B we have
[Ax B,Ax D] CT, as A is a singleton.

For items (d) and (e), the proof is quite similar to the proof of item (c).

(f) Consider first the set A x B where |A| > 2 and |B| > 2. Then by items (a)—(e),
the only convex shadow or dual convex shadow that covers A x B is the shadow or dual
shadow of A x B itself. Hence, A x B is both critical and dual critical.

Consider then the case A = {a} (a € X) is a singleton. By item (b), among the sets
A x B the set A x Y has the largest shadow, including the case B = (). The symmetric
case when B is a singleton and A varies is handled in the same way. For the dual case,
items (c)-(e) show that the empty set has the largest dual shadow.

(g) This follows from items (a) and (b), as we observe that {A x B} = [Ax B, A X B|
and P(A x B) = [0, A x B]. O

Theorem 3.8. Let X and Y be finite base sets with ¢ = | X| > 2 andn = |Y| > 2. Then:

D(F) =n", DYF) =1, CD(F) = D(F),
D(X) =2°-2, DY(Xx) =1, CD(X) = D(X),

¢
D(Zc) =2 —¢, DYZc) =1+ (i) k. CD(Zc) = DY(Zo),

D(Z,) =@ —t-1)@ —n—1)+t+n,  DYT|) =@—t-1)@"—n-1)+1, CD(Z,) = D(T,),

Proof. Observe first that the family F is downwards closed, so it is trivially supported
by {0}, implying D4(F) = 1. Downwards closedness and finiteness of F also implies that
D(F) = |Max(F)|. Clearly, the maximal sets in F are just total functions f: X — Y,
so there are |Y|X! = nf of them and D(F) = n’. Finally, the downwards closedness of
F implies that for any such maximal f, we have 9;(F) = P(f) = [0, f], i.e., shadow are
intervals. Hence, CD(F) = D(F).

The family X is obviously also downward closed, so we have D4(X) = 1 and CD(X) =
D(X) in this case, too. It is easy to see that the maximal set in X are of form A x B
where {A, B} is a partition of the set X. (In contrast, ) =0 x X = X x ) € X is not
maximal, as {(a,b)} € X for any distinct a,b € X.) The number of possible A’s, i.e.,
non-empty proper subsets of X is indeed 2" — 2.

In all the other cases, we have already determined dominating and supporting families
of the smallest sizes in the previous lemmas, so the rest is simply combinatorial counting.
By Lemma|3.5] items d and e,

D(Zc) = | Crit(Ze)  {Ryy | a € X}| = [P(X)] ~ |X] =2 1.
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By item f, dual shadows are always intervals, so CD(Zc) = DY(Zc). A combinatorial
calculation related to items g and h gives the formula for D4(Z¢).

By Lemma item b, {AxY | A C X} is the unique smallest subfamily dominating
Y, and obviously it is equipotent with P(X), so D()) = 2. By item c, the set in the
smallest family supporting ) are of the form f U g where f,g: A — Y with A C X and
for everu z € A we have f(x) # g(x). If the size k = |A| is known, there are (i) ways to

choose A, and given that A and = € A, there are (};) ways to choose the pair {f(z), g(z)}

(this is all that matters). So for every A with size k, there are (Z)k ways to choose fUg.
Summing this up for different sizes of A, we get the displayes formula. CD()) = D(}),
as dual shadows are intervals.

By Lemma[3.7item g, shadows are intervals, so CD(Z, ) = D(Z,). Calculating the sizes
of critical and dual critical subfamilies (determined in item f) with get the corresponding
formulas for upper dimension and dual upper dimension. n

There remains one interesting team-semantics-related class of families of sets we need
to investigate. Let X, Y and Z be non-empty finite sets. We shall consider

Tio={|JAxB.x{c}) | Ve€e Z(A.C X, B.CY)}.

This time we will content ourselves on evaluating only lower and upper bounds for this
family instead of the exact values. However, this is done within a more general framework
which can be applied to other similar cases.

Definition 3.9. Families of sets A and B are called similar if there exists a bijection
f: X — Y such that A C P(X) and

B={f[A]| A e A}.
It is then straightforward to show that:
Proposition 3.10. Let A, B and C be families of sets. Then:
(a) If A and B are similar, then D(A) = D(B), DY(A) = D4B) and CD(A) = CD(B).

(b) If B= ANP(B) for some B, then D(B) < D(A), DYB) < D4(A) and CD(B) <
CD(A).

Definition 3.11. Let (A;);c; be an indexed family of families of sets. Then its general
tensor disjunction is the family

VAi={{J4 | VieI(4 A}

i€l 1€l

Note that if the base sets of the families A; C P(X;) are all disjoint, i.e., if (X;);es
is a disjoint family, then there is a natural bijection A — (A N X;);c; between \/ A; and
iel
[Lic; Ai- In the other end of the spectrum, if A is closed under unions, then \/ A = A.
icl
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Proposition 3.12. Let (A;)ic; be an indezed family of families of sets. Then
CD<\/ AZ-> <[ cp,).
iel el
Proof. Pick, for each i € I, an index set J; and intervals £, ;, j € J; with |J;| = CD(A;)
and UjEJi Li; = A;. Write £;; = [B;;,C;;]. Foreach f € J = ][..;Ji, consider the
interval Ly = [By, Cy] where
Bf = UBi:f(i) and Cf = Uoi’f(i)'
iel iel

Then clearly |J| = [[,c; [i| = [L;c; CD(A;) and \/ A; = U, Ly O

el

el

As a corollary, we get the desired estimates.
Proposition 3.13. Let X, Y, and Z be finite base sets with ¢ = |X| > 2, n = |Y| > 2
and s = |Z| > 1. Then
2= —1)(2" —n—1)+1<min{D(Z,.,.),DNZ. )}
<CD(Zrs) <(2°—0—1)(2" —n—1)+L+n).
Proof. For each ¢ € Z, put
Jo=T1.NPXxY x{c})={AcxB.x{c} | AcC X, B.CY)}.

Clearly, J. is similar to Z,, so by Theorem and Proposition [3.10] case a, we have

(28— —1)(2" —n—1)+1=min{D(Z,),DYZ.)} = min{D(J.), D} T.)}.
Since J. =T, « NP(X x Y x {c}), Propositions and further imply that

min{D(7.), DY(J.)} < min{D(Z,.),DYZ..)} < CD(Z, ).

It easy to see that \/ J. =7, ., so now when we combine the results of Theorem and
ceEZ
Proposition [3.12] we get the inequality

CD(Z..) =CD(\/ Z) < [[CD(Z) = (2 = (= 1)(2" = n— 1) + L +n)*.

ceZ ceZ

O

In our logical application, when we apply Theorem and the previous proposition
to determine the dimension functions of the corresponding atomic formulas, we shall
face a technical complication: The dimension functions of formulas depend on the set of
variables that are interpreted in the teams of assignments. The previous result corresponds
exactly to the situation where only the variables occuring in the atomic formula are
interpreted, but there might be dummy variables to be considered. We shall need the next
proposition to overcome this difficulty: the effect of dummy variables is not critical. In
this intended application, the surjective function in the proposition will be the restriction
of the assignment to the occurring variables.
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Proposition 3.14. Let p: X — Y be a surjection. Recall that the inverse projection is
the operation A,-1: P(P(Y)) = P(P(X)),

Ap1(V) ={A e P(X) | plA] € V}.

Let BC P(Y) and A = A,-1(B). Suppose that s,r € N are constants such that for each
y €Y, we have |[p~{y}| < s, and for each B € B, we have |B| < r.
Then
D(A) = D(B), DY(A) < 5" DYB) and CD(A) < s" CD(B).

Proof. Choose a subfamily G C B such that G dominates B and D(B) = |G|. Now clearly
G = {p'[G] | G € G} dominates A, so D(A) < D(B). If there were a family G” C A
dominating A such that |G”| < D(B), then G* = p[[G"]] = {p[4] | A € G"} would
dominate B contrary to the definition of the upper dimension. Hence, D(A) = D(B).
The cases of dual upper dimension and cylindrical dimension are slightly more in-
volved. The point is that even if L were minimal in B, the inverse image p~![L] is not in
general minimal in A. Call A a selective inverse image of B, if p|[A] = B and p [ A is an
injection. Note that A is a selective inverse image of B if and only if A is a minimal set
with p[A] = B. Choose now K that supports B and D4(B) = |K|. Consider the family K’
of all sets A € A such that A is selective inverse image of some B € K. Clearly K’ sup-
ports A. Each B € K has at most s/Z| < s" selective inverse images, as for every b € B,
we have [p~*{b}| < s. Hence, D4(A) < |K'| < s"D(B). In the case of the cylindrical
dimension, the proof is similar. O

3.3 Dimensions of definable families

We have defined three dimension concepts for totally arbitrary families of sets on a finite
base set. We now apply these concepts to definable families of subsets of a Cartesian
product M™. In particular, we are interested in calculating the three dimensions for
families of the form [|¢||*"*. We rely totally on the computations performed in Section .

Lemma 3.15. If ¢ is first order, then D(||¢||""") = D4(||¢|*") = CD(||¢|*"") = 1.

Proof. The claim follows from the fact that, as we noted above in Section if ¢(7) is
first order, then [|¢||™" = [0, »*7]. This makes the dimension computations trivial. [

As alluded to in Section team semantics permits the extension of first order logic
by a number of new atoms (see Definition leading to dependence logic (Vaananen
[2007]), inclusion logic (Galliani [2012]), exclusion logic (Galliani [2012]), independence
logic (Galliani| [2012]), and anonymity logic (Vaananen|[2023]). In order to estimate the
dimensions of families definable in these logics we first note the following consequence of
Theorem 3.8

The following theorem, indicating the dimensions of the various atoms, is summa-
rized also in Tables [2| and |3 where f(n) ~ ¢g(n) means, keeping m and k constant,
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atom D Dd CD notes

r=y 1 1 1
=(y) n™ 1 nm len(y) = m
FCy 2" —nm 1 + 1 + len(¥) =len(y) =m
N Yk=a (" )k Zgnzz (" )&
rly 2" =2 1 2 -2 len(Z) = len(y) = m
— nm n"m nm n k nm —
Ty 2 i S (W) (5)T 2 i len(Z) =m
=(z,y) n" 1 n'" len(Z) =m

Table 2: Dimensions of atoms.

lim, f(n)/g(n) =1and f(n) € ~[g(n), h(n)] means, keeping m, k and s constant, asymp-
totically g(n) < f(n) <h(n), or more exactly liminf,, f(n)/g(n) > 1 and liminf, h(n)/f(n)
> 1.

Theorem 3.16. Suppose |[M| = n.

(a) Let o be the dependence atom =(Z,y), where len(Z¥) = m, and let Z = ¥y. Then
M,z M,z nm M,z
D([laf™*) = CD(l|af ™) = n"" and D([laf|™7) = 1.

(b) Let o be the exclusion atom I | i, where len(Z) = len(y) = m, and let 2 = &y. Then
D([|af|*"*) = CD([|o[*"7) = 2" = 2 and D*([ja||*"?) = 1.

(c) Let a be the inclusion atom & C ¢, where len(Z) = len(y) = m, and let Z = Zy. Then
D(flaf"?) = 2" —n™ and DY(||a)| ") = CD(||a|™7) = 1+ 3205, (") )&

(d) Let a be the anonymity atom & T y, wherelen(Z) = m. ThenD(||a]|™?) = CD(||a||"?)
o g wn o b
= 2" and Dd(Ha”M ) :Zkzo(k>(2) :

(e) Let o be the pure independence atom & L i, where len(Z) = m and len(y) = k, and
let 2= &§. Then D(|a|*?) = CD(||a|*?) = 2" —n™ —1)(2"" —n* —1) +n™ +n*
and DA(||a||™?) = (27" — ™ — 1)(2"" —nF — 1) +1.

(f) Let a be the conditional independence atom T 1z y, where len(Z) = m, len(y) = k,
len(@) = s, and let Z = Zay. Then (2" —n™ — 1)(2" —n¥ — 1) + n™ + nkF <
D([laf**) < CD(llaf|™) < (2" = n™ = 1)(2" = n¥ —1) +0™ +0F)" and (2" ~
nm—1)(2" —nF — 1) +1 < DI(Jla|™?) < (27" —nm —1)(2"" —nk — 1)+ 1)"".

Proof. (a) Letting F = {f C M™ x M | f is a mapping }, Theorem gives D(F) =

CD(F) = n"" and DY(F) = 1. By Definition we have F = [la||™"* and the claim

follows. The short argument is the same in each other case (b)-(f). In (f) we use Propo-

sition 3.3l ]

We may notice that, keeping m and k fixed, the upper and the cylindrical dimension
of the dependence atom grows faster than the respective dimensions of the other atoms,
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atom D,D4, CD notes

i ~ QA len(Z) = m, len(7) = k
T Lgyg ~ 207t on™ T ey (7) = m, len(7) = k, len(@) = s

Table 3: Approximate dimensions of independence atoms.

except the relativized independence atom. Varying m and k we obtain a host of com-
parisons between dimensions of the atoms. These will become relevant below when we
combine the atoms with logical operations.

Let us now define the important concept of locality:

Definition 3.17. A formula ¢ of any logic, with the free variables &, is said to be local
if for all models M and teams T with ¥ C dom(7") we have

MEr ¢ & MErngz¢.

All the atoms of Definition [2.19] are local and the logical operations of Definition [2.18]
as well as all Lindstrom quantifiers (see Definition , preserve locality.

The semantics defined in Definition has a variant called strict semantics (Galliani
[2012]). In strict semantics we define the meaning of tensor disjunction by M =7 ¢ V 9
if and only if T'=Y U Z such that M =y ¢, M =z ¢, and Y N Z = (). The meaning of
existential quantifier in strict semantics is M =7 Jz¢ if and only if there is F' : T — M
such that M |=pp/, ¢. For dependence logic this change of semantics has no effect
because of downward closure. However, inclusion logic with strict semantics is not local.
We will not consider strict semantics in detail in this paper.

It is also important to notice that above we have calculated the dimensions of the
families of teams related to certain atomic formulas relative to the variables occurring in
the formulas. In general, we need to consider atomic formulas — and, furthermore, also
other formulas — as subformulas of larger formulas, so we need to attach also other variables
in the context. Usually, the following estimates are good enough for our purposes.

Proposition 3.18. Let M be a structure and ¢ a local formula with a common vocabulary,
y the sequence of variables occurring in ¢ and ¥ a finite sequence of variables extending .
Suppose M has size n, r is constant such that for every team T in variables § we have
that M =1 ¢ implies |T| <r, and t = len(Z) — len(y). Then

D(ll¢lI™™") = D(ll¢ll™"), DUl *"7) < n" D(l|¢[|*"") and CD(|lg]"*) < n' CD(||¢[*"7).

Proof. This is a simple application of Proposition m Put k£ = len(y). Consider the
case where T = M Y = M* p: T — Y is the natural projection, A = |¢||""
and B = HngMg The locality of ¢ implies that A = A,-:1(B), and for each y € Y,
lp~H{y}| = n', and for every T € B, it holds that |T| < r. As |Y| = n*, the results
follow. O
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4 Growth classes and operators

Although the basic dimension concepts above apply perfectly to any family of sets, we
can say more when we focus on families of subsets of Cartesian powers of finite sets i.e.
families of teams. In such a framework the concept of a growth class arises naturally and
is the topic of this section.

4.1 Growth classes

As we apply our dimensional techniques to definability problems on the class of finite
structures, we are constantly facing the dilemma that it is usually not sufficient to consider
a single structure and families of sets arising from team semantics in that structure, but
we rather have to consider the class of all appropriate finite structures. That means that
we have to accept the possibility that the size of the base set may change, which calls for
a dynamical way to handle matters. To that end, we consider growth classes.

In the definitions that follow, we generalize the arithmetical notation in a pointwise
fashion, e.g., for functions f,g: N — N we set f + g to be the function N — N such that
(f+9)(n) = f(n)+g(n), forn € N, and f < g means that f(n) < g(n) holds for every
n € N.

Definition 4.1. A set O of mappings f: N — N is a growth class if the following condi-
tions hold for all f,g: N — N:

(a) If g € O and f < g, then f € O.
(b) If f,g € O, then f+ g € O and fg € O.

The point of growth classes is that they are closed under natural operators arising
from logical operations. As it turns out, if we figure out the growth classes of some
atoms, anything definable from those atoms by means of most of the logical operations
we deal with will be in the same growth class. Thus the growth classes represent important
dividing lines.

We are interested in the following particular classes:

Definition 4.2. For k£ € N, we use E; to denote the class of functions f: N — N such
that there exists a polynomial p: N — N of degree k and with coefficients in N such that
foralln € N

fn) < 2°0.

We use Fj, to denote the class of functions f: N — N such that there exists a polynomial
p: N = N of degree k and with coefficients in N such that for every n € N\ {0,1} we
have that

f(n) < nPm

Note that [, is the class of bounded functions and Fy the class of functions of poly-
nomial growth. The following is immediate:
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Proposition 4.3. Fach Ey, and Fy, (for k € N) is a growth class. Furthermore, we have
that
EoCFyCE, CF C--- CE; CFy-

Definition 4.4. To each formula ¢ with free variables in Z allowing a team-semantical
interpretation we relate the following dimension functions:

Dimy z: N — Card, Dimy z(n)

sup {D(HﬁbHMf) | M is a model, | M| = n} 7

Dim?; z: N — Card,  Dim",z(n) = sup {Dd(H(bHM’f) | M is a model, |M| = n} ,

CDimyz: N — Card, CDimgz(n)

sup {CD(HqﬁHM’f) | M is a model, [ M] = n} .

The following examples follow from Theorem [3.16}

Example 4.5. (a) CDimy z(n) = 1, hence CDimy z is in Eo, for every first order ¢.
Hence the same holds for Dimy z and Dim%, z, by Proposition .

(b) Dim_(z,)z,(n) = n™, hence Dim_z )z, is in Fy, where len(7) = k. The same holds
for CDim_z) z,- However, Dim®_z, z,(n) = 1, whence Dim®_z ) z, is in Eo.

(¢) Dimgzz5(n) = 27" — 2. hence Dimgz,z5 is in Ei, where len(Z) = len(y) = k. The

same holds for CDimg;z;. However, Dim%z; z7(n) = 1, whence Dim%z ;27 is in Eo.
(d) Dimgcyz7(n) = 2" — n*, hence Dimgcgzy is in By, where len(Z) = len(7) = k.
(¢) Dimgy,z,(n) = 2", hence Dimgry z, € Ei, where len(Z) = k.

(f) Dimg g zzg(n) € [r,7™], where r = (2" —n™ — 1)(2"° —n* — 1) +n™ + n*, hence

Dimg, _gzz5 15 in Epyprs, where len(z) =k, len(y) = m, and len(?) = s.

For a summary of the above example, see Table [dl Note that the last row of the table
indicates an upper bound only.

In the example above, the growth classes of the dimension functions of some atoms
were determined relative to variables occurring in the formula. In the general case, it is
conceivable that the dimension functions are not preserved in the same classes. We need
the following concept to show that the situation is, by and large, conserved.

Definition 4.6. A formula ¢ with free variables 7 is of degree k € N if there is a polyno-
mial function p: N — N of degree k, with coefficients in N, such that the following holds:
For every structure M of size n € N for the common vocabulary, if M =1 ¢ holds for a
team in variables Z, then |T| < p(n).

For a local formula with k£ free variables the degree is always at most k.
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amil X Y Z atom o Dim, Dim4, CDim,
Jamily

F ME M =(zZ,t) By Eo Iy,

X Mk MF |y Eg Eo K,

Ic Mk MF rCy E; I, I,

Yy MF M Ty [Eg Fo E,.

7, M* M TLZ Eppy  Ern  Epy
IJ.,. MF MY M T 129 Erpirs Ervirs Ergigs

Table 4: Growth classes of families arising from atoms.

Proposition 4.7. Let |l € N, O be a growth class, ¢ be a local formula of degree k, vy be
the tuple of variables occurring in ¢, and X be a finite tuple extending y.

(a) If Dimg g is in @, then Dimy z is also in O.
(b) If F), C Q and Dim%; ; is in O, then DimY, z is also in Q.
(¢) If B, C O and CDimg 5 is in O, then CDimy z is also in O.

Proof. The proof is a direct application of Proposition[3.18| Fix the polynomial function p
of degree k witnessing that ¢ is of degree k, and put ¢t = len(Z) — len(y). Consider an
appopriate structure M of size n. By the Proposition (putting r = p(n)), we have

D(||¢|| ") = D(||¢||*")
DA(||||*%) < n™ DA(||¢||¥) and
CD(||¢||™7) < n'™ CD(||o||*"7).

As tp is a polynomial function of degree k, the function n — n?(™ is in I}, and the results
follow. O

It is worth noting that dual and cylindrical dimensions of formulas do not behave as
well as upper dimension when new variables are added (see Theorem . Thus the dual
or cylindrical dimension of a formula may be in E,, but when new variables are taken
into account, even if they do not occur in the formula, the (dual or cylindrical) dimension
may jump into Fy as a a new factor n" may appear.

4.2 Kripke-operators

Our goal in this section is to find natural criteria for operators to preserve growth classes.
We start by defining a class of operators that is inspired by the Kripke semantics of modal
logic. Let X and Y be nonempty base sets, and let R C P(Y) x P(X)" be an (n+ 1)-ary
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relation. Then we define a corresponding operator Az: P(P(X))” — P(P(Y)) by the
condition

Ae A'R(Ao, R ,Anfl) = ElAO € AO ..dA, € An,1 : (A, Ao, R ,Anfl) € R.

Note that Az can be seen as the n-ary second-order version of the function mapping the
truth set of a formula ¢ to the truth set of ¢y in a Kripke model.

Definition 4.8. Let X and Y be nonempty sets. A function A: P(P(X))" — P(P(Y))
is a (second-order) Kripke-operatoiP} if there is a relation R C P(Y) x P(X)" such that

In the next example we go through the operators introduced in Example 2.8, and
check which of them are Kripke-operators.

Example 4.9. (a) Intersection of families is a Kripke-operator on any base set X : If
A, B CP(X) and C € P(X), then C € AN B if and only if there exist A € A and
B € B such that (C, A, B) € Rn, where Rn is the simple relation {(D,D,D) | D €
P(X)}-

(b) Union of families on X is not a Kripke-operator. This is because for any relation
R C (P(X))? and any nonempty family A C P(X) we have Ag(A,0) =0 # A =
AU D. However, defining Ry~ = {(A,A,0),(A,0,A) | A € P(X)} we obtain a
Kripke-operator Ag_. that captures union when restricting to families that contain (.

(c) It is also easy to see that complementation AX is not a Kripke-operator: Ag (D) = ()
for any relation R C (P(X))?, but AX(0) = P(X) # 0.

(d) Tensor disjunction and tensor negation on X are Kripke-operators: clearly AV B =
A, (A, B) and AX(A) = Ar_(A) where Ry = {(AUB,A,B) | A,B € P(X)} and
S={(X~NAA) | AecP(X)}. More generally, for any binary operation ® on the

set {0,1} the corresponding tensor operator is a Kripke-operator: AX = Ag,, where

Re ={(A*B,A B)| A BecP(X)} (see Definition ,

(e) Projections and inverse projections are Kripke-operators. Indeed, if f: X — Y is a
function, then clearly Ay = Ag,, where Ry = {(f[A], A) | A € P(X)}. Similarly,
Apr=Ag,_,, where Ry = {(4, f[4]) | A € P(X)}.

(f) Finally we observe that the (IC,Z)—projection operators AM; corresponding to Lind-

strom quantifiers are Kripke-operators: by Definition |2.24 we have AMT = Ag Ry
where Ry ;= {(B,A) | B = Wi[(A)} if (M,0) & K, and Ry ;= {(B, A) \ T ( )
B} if (M,0) € K.

In particular, the existential quantification operators AM™ and the universal quantifi-
cation operators A%m are Kripke-operators.

'\1

This notion is defined by [Liick [2020]; he calls functions satisfying the condition just “operators”.
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An important property of Kripke-operators is that they preserve unions of families:

Lemma 4.10 (Union Lemma). Let Ag: P(P(X))" — P(P(Y)) be a Kripke-operator,
and let A¥ € P(P(X)), k € K;, be families of sets for some index sets K;, i <n. Then

(U AL A= U arlal, A,

keKy keKn 1 keK

where we use the notation k = (koy .. kn_1) and K = Ko X -+ X K,_;.

Proof. Using the notation A; = J,. K AP for i < n the left hand side of the equation
can be written as A := Ag(Ag,...,A,_1). The claim follows now from the chain of
equivalences below:

AcA & Vi<ndA;e A (A Ay,..., A1) ER
& Vi<ndk e K;3A, € A¥ (A Ay,..., A1) €ER
& FkeK:Aec Ag(Al, . . A

& A€ Upep Ar(Al, .. A,
O

Kripke-operators that preserve the property of being dominated (and/or supported)
and convex have a crucial role in our considerations. This is because for such an operator
Ag the (corresponding) dimension of the image Ag (Ao, ..., A,—1) is at most the product
of the dimensions of A;, i < n, and consequently, A preserves growth classes.

Definition 4.11. Let A: P(P(X))" = P(P(Y)) be an operator. We say that A weakly
preserves dominated (supported, resp.) convezity if A(Ao, ..., A,_1) is dominated (sup-

ported, resp.) and convex or A( Ay, ..., A, 1) = ) whenever A; is dominated and convex
for each ¢ < n. Furthermore, we say that A weakly preserves intervals if A(Ay, ..., An_1)
is an interval or A(Ay, ..., A,_1) = ) whenever A; is an interval for each i < n.

Example 4.12. (a) Propositz’on shows that each tensor operator ® weakly preserves
intervals. (In this case, if A and B are nonempty, then so is A® B, too, so we could
blatantly state that ® preserves intervals, dropping the specifier “weakly”.)

(b) Suppose now the binary operation ® on the set {0,1} is not monotone. Recall that
monotonicity of ® means that for all a,a’,b,b € {0,1}, whenever a < a’ and b <V,
then a®b < o’ ® V' where < is the natural ordering of the truth values with 0 < 1. 10
of the 16 operations are not monotone, i.e., all apart from the constant operations,
projections, conjunction and disjunction. As ® is not monotone, there is ¢ € {0,1}

with
) c®0=1 O®c=1
etther or
c®1=0 l®c=0.
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By symmetry, assume the former pair of equations. Consider now any A C P(X),
and choose C' =0 if c =0, and C = X if ¢ = 1. Note that {C'} = [C,C] C P(X) is
an interval, so it is both dominated convex and supported convexr. Now

(CY@A={C+A|Ac A} ={XA|Ac A} =-A

Picking any A that is nonempty, dominated convex, but not supported conver, we
see that {C} ® A = = A is nonempty, but not dominated. Thus, ® does not weakly
preserve dominated convexity. Similarly, interchanging the roles of “dominated” and
“supported” we get that ® does not weakly preserve supported convezity.

Theorem 4.13. Let Ag: P(P(X))" — P(P(Y)) be a Kripke-operator, and let A =
AR(A07 s 7An71)-

(a) If Ar weakly preserves dominated convezity then D(A) < D(Ap) - ... - D(An_1).
(b) If Ar weakly preserves supported convexity then DY(A) < DY(Ap) - ... - DY A,_1).
(¢) If Ar weakly preserves intervals then CD(A) < CD(Ag) -...-CD(A,_1).

Proof. (a) By Definition , for each ¢ < n there are dominated and convex subfamilies
A C Ai, k € K;, such that A; = Uk, AF and |K;| = D(A;). For each tuple k=
(Koy -+, kyo1) in K := Ko x -+ x K, 1, let Az denote the family Ag (A, ... LA,
By our assumption, each Aj; is either dominated and convex, or empty. By Lemma [4.10}
A = Ujeg A Thus we see that D(A) < [K| = |Ko| ... |[Knp_1| = D(Ag) - ... - D(An_1).

Claim (b) is proved in the same way just by replacing dominated convexity by sup-
ported convexity. Finally, to prove (c) it suffices to observe that a non-empty family is
an interval if and only if it is dominated, supported and convex. O

As seen above in Example there are well-behaved operators that are not Kripke-
operators, but on the other hand, most of the operators arising in our applications are
Kripke-operators. Moreover, we can prove relatively simple exact characterizations for
weak preservation of dominated convexity and supported convexity for Kripke-operators.

Below we will use the notation

RIA] == {(Ag, ..., An1) | (A, Ag,..., Ap i) €R).

Lemma 4.14. Let Ag: P(P(X))" — P(P(Y)) be a Kripke-operator for finite X and
Y. Then Ar weakly preserves dominated convezity if and only if the following condition

holds:

(+*) If (Ao, ..., An_1) € RIA], (Bo,...,Bn_1) € R[B], and C € H.(A, B), then there are
Co,...,Chy such that (Co,...,Ch_1) € R[C] and C; € H.(A;, B;) for each i < n.
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Proof. Assume that (%) holds. Let A; be dominated convex sets with maximum sets D;
for i <n. If Ag(Ao,..., A,_1) # 0, it contains maximal sets. We show first that it has
a unique maximal set.

Thus, assume that A and B are maximal sets in Ag(Ay,...,A,—1). Then there are
Ai, Bi € A, i < n, such that (Ag, ..., A, 1) € R[A] and (B, ..., B,_1) € R[B]. By (%),
there are C; such that (Cy,...,C,1) € R[AU B] and C; € H.(A;, B;) C A; for each
i <n. Hence AUB € Ar(Ay,...,A,_1). Since A, B C AU B, this is possible only if
A= B.

To prove that Az (Ao, ..., A,_1) is convex, assume that A C C C B, (A, ..., An_1) €
R[A] and (B, ..., B,-1) € R[B]. Then C € [A, B] = H.(A, B), whence by (x*), there
are C; such that C; € H.(A;, B;) C A; for each i < n and (Cy,...,C,—1) € R[C]. Thus,
C e AR<A0, .. 7An—1)-

Assume then that Az weakly preserves dominated convexity. Let (Ag,..., A,_1) €
RI[A], (By,...,Bn-1) € R[B], and C € H.(A, B). Since the families A; := H.(A4;, B;),
i < n, are convex and dominated, there is a set D € Ag(Ao,...,A,—1) such that AU
B C D. Now C € H.(A,B,D), and since Ar weakly preserves dominated convexity,
H.(A,B,D) C Ar(Ay,..., An_1). Thus (x*) holds. O

Lemma 4.15. Let Ag: P(P(X))" — P(P(Y)) be a Kripke-operator for finite X and
Y. Then Ar weakly preserves supported convezity if and only if the following condition
holds:

(**) If (Ao, ..., An_1) € RIA], (Bo, ..., Bn 1) € R[B], and C € H*(A, B), then there are
Co,--.,Ch_1 such that (Cy,...,C,_1) € RI[C| and C; € H*(A;, B;) for each i < n.

Proof. The claim is proved in the same way as the previous result. O]

4.3 Point-wise Kripke-operators

Many natural Kripke-operators Ag are point-wise in the sense that the relation R[A] is
completely determined by its behaviour on singletons {a} C A.

Definition 4.16. A Kripke-operator Ag: P(P(X))" — P(P(Y)) is point-wisd|if, for any
A e P(Y), R[A] is determined by the relations R[{a}], a € A, asfollows: (Ay,...,A,—1) €
R[A] < for each a € A thereis (A8,..., A% ) € R[{a}] such that A; =, 4, A% for i < n.

a€A

Liick proved (Liick| [2020]) that all point-wise Kripke-operators A preserve flatness: if
A;, i < n, are flat (i.e., dominated and downward closed), then A(Ay,...,A,_1) is also
flat. We generalize this result to dominated convexity.

Theorem 4.17. If Ag: P(P(X))" — P(P(Y)) is a point-wise Kripke-operator for finite
X and Y, then it weakly preserves dominated convezity.

6In [Liick [2020] this notion is defined under the name “transversal”.
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Proof. 1t suffices to show that R satisfies the condition (#*) of Lemma Assume for
this that (Ao, ..., A,—1) € R[A], (By,...,Bn-1) € R[B], and C € H,(A,B) = [A,AU
B]U[B, AU B]. We assume that C' € [A, AU BJ; the case C' € [B, AU B] is similar.

Since Ag is point-wise, for each a € A there are sets Af such that A; = (J, .4 Af for
i <mn,and (A%, ..., A% |) € R[{a}]. Similarly, for each b € B there are sets B’ such that
B; = Uyep BY for i <n, and (Bf,..., B ;) € R[{b}].

Now, for each @ < n, we define Cf := Af for all c € A, and Cf := Bf forallce C' N A
(note that A € C and C' \ A C B). Let C; := |, Cf for i < n. By Definition we
have (Cy,...,Ch_1) € R[C].

We still need to show that C; € H.(A;, B;) for i < n. Clearly Cf C A; U B; for each
c € C, whence C; C A; U B; for i < n. Furthermore, A; = (J,c4 AY = U.cs O C G,
whence we conclude that C; € [A;, A; U B;] C H.(A;, B;). O

On the other hand, it is not the case that all point-wise Kripke-operators weakly
preserve supported convexity. This is seen in the next example.

Example 4.18. (a) Let X = {a,b}, and let R be the relation {(Y, X) | Y # 0} C P(X)?.
Then Ag is clearly point-wise, but it does not weakly preserve supported convexity,
since the family H*(X) = {X} is convex and supported, but its image Ar({X}) =
{{a}, {b}, X} is not supported.

(b) More generally, if Ag: P(P(X))" — P(P(Y)) is a point-wise Kripke-operator and
there are tuples ({a}, Ao, ..., An_1), ({b}, Bo, ..., Bun_1) in R such that a # b and A;N
B; # 0 for some i < n, then Ag does not weakly preserve supported convexity. This
is because by Definition RIO] = {(0,...,0)}, whence O ¢ Ar(H*(Ao, Bo),-- -,
H*(An_1, Bn_1)) even though ) € H*({a},{b}).

To avoid the problem exhibited in the example above, we consider the following addi-
tional requirement for (point-wise) Kripke-operators:

Definition 4.19. A Kripke-operator Ag: P(P(X))" — P(P(Y)) is separating if A; N
B; = 0 for all i < n whenever (Ay,...,A,_1) € R[{a}], (Bo,...,Bn-1) € R[{b}] and
a # b.

Theorem 4.20. If Ag: P(P(X))" — P(P(Y)) is a point-wise and separating Kripke-
operator for finite X and Y, then it weakly preserves supported convezity.

Proof. We show that R satisfies the condition (¥’) of Lemma . Thus, assume that
(Ao, ..., An—1) € R[A], (By,...,Bn-1) € R[B], and C € H*(A,B) = [ANB,AJU[AN
B, B]. We consider the case C' € [AN B, AJ; the other case is similar.

By Definition [£.16] for each i < n and each a € A there are sets A? such that
(Ag,..., A2 ) € R[{a}] and A; = J,. 4 A7. Similarly, for each b € B, there are sets BY

»£in—1
such that (Bf,...,B% ;) € R[{b}] and B; = |J,.5z B}. We define now C; = |, A for
i < n. Then by Definition we have (Co,...,C,_1) € R[C].
It is clear from the definition that C; C A;. Thus, to complete the proof it suffices to

show that A; N B; C C; for each i < n. To show this, assume that d € A; N B;. Then
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there are elements a € A and b € B such that d € A? and d € B?. As Ay is separating
this implies that e = b€ AN B C C, whence d € A = C¢ C (. O

Recall from Example [4.9|the Kripke-relations Rn, Ry and Ry 7 ¥, »that define the Kripke-
operators that correspond to conjunction, (tensor) disjunction and quantification with
the Lindstrom quantifier Qx. We prove next that the corresponding Kripke operators are
point-wise and separating.

Proposition 4.21. The operators AM™  AM™ and A]]\g;; are point-wise and separating.

Proof. Note first that Rn[A] = {(A4, A)} for any A € P(M™). Hence we have (Ag, A;) €
Rn[4] if and only if Ay = A = A = (J;-4{a} if and only if for each @ € A there are
sets AZ, AT such that (Ag, A) € Rn[{a}] and A; = (J;o4 A7 for @ < 2. Thus AY™ is
point-wise. Since Rn[{a}] = {({a},{a})}, it is clearly separating, too.

Consider then the tensor disjunction operator on M™. By the definition of R\ we have
Rv[{a}] = {({a},{a}), ({a},0),(D,{a})} for any @ € M™. Using this it is straightforward
to verify that AM™ is point-wise and separating.

Finally we show that the (I, 6) -projection operator AM ~ is separating and point-

wise. Assume first that (M,0) ¢ K. Then by the deﬁmtlon of Ry 7 we see that for any
tuple @ € M™™", Ry z[{a}] = {S € P(M™) | = -(5) = {a}}. Clearly S NS = 0 if
WZ[(S) = {a} and WZ[(S,) — {b} for @ # b, whence A/C,Z is separating.

To show that A%gf is point-wise, observe that S € Ry 7[T]if and only if T' = 77, Z(S)

{a e M | Slal; € K}. Assume first that this equality holds. Then S = J;., S
where S%:={¢€ S |c=a®; b for some b € M"}. Moreover, the equality implies that
Sldly € K, whence S € Ry z[{a}] for all @ € A.

S|

Assume then that S = (J;o, S% for some sets S7 € Ry s{a}], @ € A. Then by
definition 7’ q(S“) = {a} for each @ € A, whence WKZ(S) = Uger 2 (S%) = T, and
consequently S € R zIT).

In the case (M,0) € K, we have Ry [T ={5 e P(M™) | m, ﬂ( ) € T}. This just

means that () is added to R, y[{a}] for each @ € M™ ", Clearly this does not affect
the proof that AMT is separating. The proof that it is point-wise also goes through by

defining S% = () for aeT~ WKZ(S) O

We end this section by showing that not all of the Kripke-operators of Example
are point-wise and separating.

Example 4.22. (a) Consider the restricted union operator Ag . on a base set X. By the
definition of Ry~ we have Ru«[{a}] = {({a},0), (0,{a})} for any a € X. Hence Ag_.
is clearly separating. However, it is not point-wise: if a # b, then ({a},0) € Ru«[{a}]

and (0, {b}) € Ru-[{0}], but ({a},{b}) = ({a} UD, D U{b}) ¢ Ru-[{a, b}].

(b) Tensor conjunction on a base set X with at least three elements is not point-wise: if
a,b,c € X are distinct elements, then ({a,b},{a,c}) € Ra[{a}] and ({b,c},{a,b}) €
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R/\[{b}]7 but ({CL, b} U {b7 C}, {CL? C} U {b7 C}) = ({CL, ba C}, {CL, ba C}) ¢ R/\[{a7 b}] It is
neither separating as the intersection of first components {a,b} and {b,c} (as well as
that of the second components) is nonempty.

By a similar argument we see that tensor negation and other non-monotone tensor
operators are neither point-wise nor separating.

Note however that, as mentioned in Examplel[{.13, all tensor operators weakly preserve
intervals. Moreover, we will later prove that tensor conjunction weakly preserves both
dominated and supported convezity (see Proposition .

4.4 Logical operators preserving dimensions

We are now ready to prove that the basic logical operators of first-order logic (except for
negation), as well as arbitrary Lindstrom quantifiers, preserve growth classes.

Corollary 4.23. Let O be a growth class, and let ®im be one of the dimension functions
Dim, Dim¢ and CDim. Furthermore, let ¢ = ¢(T) and ¢ = (&) be formulas of some
logic L with team semantics.

(a) If Dim, z, Dimy z € O, then Dimypy z € O.
(b) If ’Dim(b,f, ’Dimwj € Q, then @imqngj € 0.

(c) If Dimy z € O, then Dimg, , -~ € O and Dimy, , -~ € O, where T~ is T without the
component x;.

(d) If Qx is a Lindstrém quantifier, ¥ = Z @yy and Dim, z € O, then Dimg, 542 € O.

Proof. (a) Let M be a finite model, and let len(#) = m. By Proposition [4.21] the operator
AM™ is point-wise and separating, whence by Theorems |4.17| and [4.20| it weakly preserves
both dominated and supported convexity. Thus it follows from Theorem that

D(ll¢ A1) = DI N [ < DAl M) - D(l4 ")

for each of the dimensions D € {D, D% CD}. Since this holds for all finite models M, we
have @imd,wj < @imd,@; . @imd,,f, and hence @imd,Wj e 0.

(b) is proved in the same way as (a).

(c) follows from (d) as a special case.

(d) Let M be a finite model. As in (a), it follows from Proposition and Theo-
rems [4.17| and [4.20| that the operator Afg; weakly preserves both dominated and sup-

ported convexity, whence using Theorem {4.13| we see that

D([Qxgol™?) = DAY (I01M)) < D(l|g]I™)

for each of the dimensions D € {D,D? CD}. Hence Dimg, 547 < Dim,z, and conse-
quently Dimg, 542 € O. O
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The list of logical operators that preserve growth classes of dimensions can be extended
by simply appealing to basic definitions. We have already seen in Example that all
tensor operators (weakly) preserve intervals. Moreover, in spite of the fact that tensor
conjunction is not point-wise (see Example [£.22b)), we can prove that it weakly preserves
both dominated and supported convexity.

Proposition 4.24. The operator A, weakly preserves dominated convexity and supported
converity.

Proof. Assume that 4y and A; are dominated and convex. We show first that A, (Ao, A1)
is convex. Thus, assume that A C C' C B and A, B € Ax(Ap, A;). Then there are
Ao, By € Ag and Ay, B; € Ay such that A= AyNA; and B= ByNB;. Let Cy = AguC
and C; = A;UC. Then Ay C Cy and Cy C AgU B C AgU By, and since Ay is dominated
and convex, AqgU By € Ay. Thus, by convexity of Ay, we have Cy € Ay. In the same way
we see that C; € A;. Observe now that C C CoNCy C (AgNA)UC =AUC =C,
whence C' € A, (Ag, Ay).

To prove that A, (Ao, A1) is dominated, it suffices to observe that if Ay and A; are
dominated by Dy and Dy, respectively, then clearly A (A, .A;) is dominated by Dy N D;.

The proof that A, weakly preserves supported convexity is similar. O

Finally, for the union operator we obtain the following dimension inequalities:

Proposition 4.25. Let Ay, A; C P(X) for a base set X, and let A = Ay U Ay. Then
D(A) < D(Ag) +D(A;), DYA) < DY(Ap) + D4(A;) and CD(A) < CD(Ap) + CD(A,).

Proof. Observe that if a subfamily Gy dominates Ay and a subfamily G; dominates A;,
then clearly Gy U G; dominates Ay U A;. Thus, D(A) < |Gy U G| < |Go| + |G1]. The first
inequality follows from the case where Gy and G; are of minimal cardinality. The other
two inequalities are proved in the same way. O

We can now add the cases of tensor connectives and intuitionistic disjunction to Corol-

lary |4.23]

Corollary 4.26. Let O be a growth class, and let ®im be one of the dimension functions
Dim, Dim¢ and CDim. Furthermore, let ¢ = ¢(Z) and ¢ = (&) be formulas of some
logic L with team semantics, and let ® be a binary tensor connective.

(CL) If Dimy z, Dimy, 5z € O, then Dimyyy z € 0.
(b) ]f @im(b,f, @imwj S @, then @im(b@wj e Q.
(¢) If CDimy z, CDimy, z € O, then CDimggy 2 € O.

Proof. (a) Let M be a finite model. By Proposition we have

D(love ) = D(lo] ™ ulll*7) < DA™ + DIl M)

40



for each of the dimensions D € {D, D% CD}. Since this holds for all finite models M, we
have Dimgyy 7 < Dimgy z + Dimy, 7, and hence Dimyyy 7 € O.

(b) Using Proposition and Theorem we obtain the inequality Dimygqy z <
Dimy z - Dimy, z. Thus we see that Dimypy z € O.

(c) is proved in the same way as (b) by using Proposition [2.17] (see Example in
place of Proposition [£.24] O

5 Applications

The main application of our dimension theory is to hierarchies of definability in logics
based on the atoms of Definition [2.19) and the logical operations of Definition [2.18 We
obtain also non-expressibility results for some other connectives and quantifiers based on
observations that they do not preserve dimension.

5.1 Hierarchy results

We can now apply our results to obtain hierarchy results for extensions of first order
logic by various team-based atoms. We start by defining a family of logics the definition
of which is based solely on dimension-theoretic considerations. We use these somewhat
artificial logics as yardsticks to compare more traditional logics.

Definition 5.1. (a) The logic LE{ is the closure of literals and all atoms whose upper
dimension function is in the growth class E; under the connectives A, V, V, @®, and
any Lindstrém quantifiers. Similarly LF} for Fy.

(b) The logic LFY is the closure of literals and all atoms whose dual dimension function
is in the growth class F; under the connectives A, V, V, ®, and any Lindstrom
quantifiers.

(¢) The logic LF is the closure of literals and all atoms whose cylindrical dimension
function is in the growth class [F;, under the connectives A, V, V, any tensor operators,
and any Lindstrom quantifiers.

We did not define what would be denoted LEZ and LE{, for the very special reason
that the estimates given by Proposition [3.18] are not good enough for the dual and the
cylindric dimensions, rendering logics based on them less natural. See remarks at the end
of Subsection (4.1

The logics defined above have some unusual properties. For example, each logic is
closed under all Lindstrom quantifiers which means that every property of finite models,
closed under isomorphism, is definable in each of these logics. On the other hand, each
of these logics is limited as to what their formulas can express. In classical logic formulas
and sentences have more or less the same expressive power because we can always form
a sentence from a formula by substituting constant symbols in place of free variables. In
team semantics this does not work because constant symbols do not convey the plural
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nature of team semantics. The reason for the introduction of these logics is that they
help us estimate and delineate dimensions of formulas and thereby expressive power of
formulas in a multitude of logics.

Theorem 5.2. (a) The upper dimension of every formula in ILEY is in the growth class Ey.

(b) The upper (dual, cylindrical) dimension of every formula in LFY (LFY, LFSP, re-
spectively) is in the growth class Fy.

Proof. (a) By Definition |5_1 the atoms of LE,? are in ;. By an inductive argument based
on Corollaries M and [4.26|the upper dimension of every formula from LEY is in Eg, too.

(b) By Definition 5.1/ the atoms of LF{ are in F;. By an inductive argument based on
Corollaries and [4.26, again, the upper dimension of every formula of IL,IF,? is in Fy,
too. The argument is the same in the case of LFf and LF§”. O

Note that we have not added the intuitionistic implication — (see Definition |5.10)) to
the lists of logical operations in the above definition. The reason is that we want to keep
dimension under control and intuitionistic implication increases dimension exponentially
(Lemma . The non-empty atom NE is in L]Eg . For k£ > 0 the logics ILIE,?, ]LIE , and
LES, LF,, LF?, and LF{ are closed under 3', but never under V' (see Section )

The trivial properties of the logics of Definition [5.1] are summarized in the following
lemma (see also Figure |1)):

Lemma 5.3. (a) LF{ C LFy,,, LFy C LF.,,, and LF C LF§,,.
(b) LE] C LF{ CLE[,,.
(c) LF{ C LFY and LF{ C LFP.

As it turns out, a crucial factor in the hierarchy results is the length of variable-tuples
allowed in the atoms. Let us therefore specify the concept of arity for our atoms:

Definition 5.4. We say:

e the atom =(Z,y) is k-ary, if len(¥) = k,

the atoms ¥ | ¥ and & T y are k-ary if len(Z)(= len(y)) = k,

e the atom » Ly #3 is m + max(k,[)-ary, or alternatively (k,l,m)-ary, if len(f;) =
m,len(ty) = k, and len(fs) = I,

e the atom f, L #3 is max(k, [)-ary, or alternatively (k, 1)-ary, if len(t3) = k, and len(fs)

= l,
e a general atom acZ (as in Definition [2.19)) len(Z) = k, is called k-ary,
e a logic is k-ary (respectively, (k,l)-ary or (k,l, m)-ary) if its atoms are.
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Figure 1: Logics built from growth classes.

We name logics according to their atoms (Section . If we allow only at most k-ary
dependence atoms in dependence logic, we call the logic k-ary dependence logic. Similarly
for anonymity, exclusion etc logics.

Note that the definition of arity for particular atoms, let us call it the effective arity,
takes into account the character of the atom and, in consequence, differs from the defini-
tion of arity, let us call it the actual arity, for general atoms. In each case effective arity
of the atom is lower than the actual arity.

Theorem 5.5. (a) k-ary inclusion, anonymity, and exclusion logics are all included in
LEY.

(b) The k-ary dependence logic is included in LFY .
(c) The (k,l,m)-ary independence logic is included in L]Fgax(k,l)m.

Proof. (a) By Theorem m the atoms of the k-ary inclusion, anonymity, exclusion and
independence logics have upper dimension in Ey.

(b) The proof here is entirely similar: By Theorem the k-ary dependence atom
has upper dimension in . O

The following theorem is our main application of the dimension analysis of families of
sets of n-tuples.

Theorem 5.6. (a) The k + 1-ary inclusion, anonymity, and exclusion atoms are not
definable in LEY .

(b) The k + 1-ary dependence atom is not definable in LFY .
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(c) The (k,1,m)-ary independence atom is not definable in LFY if i < max(k,[)+ m.

Proof. Suppose len(Z) = len(y) = k + 1. By Theorem the upper dimension of
|Z C 7™ is 2" — n¥F*t1. Therefore Dimgcy > ¢ Ex. The argument is the same in the
other cases. N

Despite the above non-definability results, there are some obvious and also some not so
obvious inter-definability results between the atoms. The basic picture is that dependence
atoms are definable from the independence atoms but not from the inclusion atoms. The
inclusion atoms are definable from the independence atoms but not from the dependence
atoms. In both cases the non-definability is a consequence of structural properties of the
logics, namely, dependence logic is downward closed and inclusion logic is closed under
unions (of teams). The known relationships are as follows:

Proposition 5.7 (|Galliani [2012]). (a) The k-ary dependence atom =(Z,y) is definable
from the k + 1-ary exclusion atom with the formula

Vz(z =y V Tz | Zy)
and also in terms of the k + 1-ary pure independence atom with the formulcﬂ
VZ Jw((Z#ZVw=y)AZy L Zw).

In the other direction, the k-ary exclusion atom t; | ty is definable from the k-ary
dependence atom with the formula

VEU1U2( :(5, ul) VAN :(27 Ug) VAN ((Ul = U9 N Z_'7'é t_i) V (Ul 7é (%) N Z_'7'é Fg)))

(b) The k-ary exclusion atom Z | §j can be defined in terms of the k-ary inclusion and the
k-ary pure independence atoms with the formula:

W(ECINYLZANY#2).
(¢) The k-ary inclusion atom t; C ty can be defined from the (k,2)-ary pure independence
atom with the formula
‘v’vlvgé’((i%ﬂ/\é’%ﬂ)\/(vl %1)2/\27&{2)\/«1}1 :’UQ\/E\:FQ)/\ZJ_Uﬂ)Q))

It is also definable from the k-ary anonymity atom with the formula (Rdnnholm
12018))

oy (x = y) VY Ywa Iy3z(((wy = wa AT =1) V (mwy = wa AT =12)) AY T 2)).

"Here, as in the sequel, Z = & is shorthand for /\f:1 z; = x; and, respectively, Z # & is shorthand for

\/f:l T2 = Ty
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(d) The k-ary anonymity atom & T y is definable in terms of the k+ 1-ary inclusion atom
with the formula
Ju(—u =y A Zu C 7y).

(e) The (k,1,m)-ary independence atom ty 1y ts is definable in terms of the k+1+m-ary
dependence atom, k + m-ary exclusion atoms, and the k + | + m-ary inclusion atom
with the formula

Vpgr Jurusuzua (A, :(ﬁgﬁ’,“l)) A ((ur # up A (BT | Brt2))V
(up = ug A ug # ug A (P | tltg)}!
(ur = ug Aug = uyg A (PGr C thtats)))).

(f) The (k,l,m)-ary independence atom & Lz i is definable in terms of the (k+m,l+m)-
ary pure independence atom with the formula (Wilke [2022])
VpqRuIw((Z# pV Z# gV ud = TY) N(Z# PV Z# VP F# GV Z=p) Apu L qim)).
Note that (a) above is in harmony with Theorem as for n > 2
2" 2 < <2 g,

Corollary 5.8 (Hierarchy Theorem). Dependence logic, exclusion logic, inclusion logic,
anonymity logic and pure independence logic each has a proper definability hierarchy for
formulas based on the arity of their non-first order atoms.

The Corollary holds in fact in a stronger form:
Theorem 5.9. Suppose k is a positive integer.

(a) The k-ary dependence atom is not definable in the extension of first order logic by
< k-ary dependence (or any othmﬂ < k-ary) atoms, < k-ary independence, exclusion,
inclusion, anonymity, constancy atoms, and any Lindstrom quantifiers.

(b) The k-ary exclusion atom is not definable in the extension of first order logic by < k-
ary exclusion, inclusion, anonymity, dependence, independence, constancy (or any
other < k-ary) atoms, and any Lindstrém quantifiers.

(c) The k-ary inclusion atom is not definable in the extension of first order logic by < k-
ary inclusion, exclusion, anonymity, dependence, or constancy (or any other < k-ary)
atoms, and any Lindstrom quantifiers.

(d) The k-ary anonymity atom is not definable in the extension of first order logic by < k-
ary inclusion, anonymity, exclusion, dependence, constancy (or any other < k-ary)
atoms, and any Lindstrom quantifiers.

8See Definition
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(e) The k-ary independence atom (whether pure or not) is not definable in the exten-
sion of first order logic by < k-ary independence, inclusion, anonymity, exclusion,
dependence, constancy (or any other < k-ary) atoms, and any Lindstrém quantifiers.

There are many open problems arising from comparing the definability results of
Lemmal5.7/and the non-definability results of Theorem[5.9f We mention a few in Section[7]

Theorem [5.9| shows that the translations in Lemma [5.7| necessarily involve increase of
arity.

Earlier hierarchy results have been mostly for sentences. In Durand and Kontinen
[2012] it is shown that k-ary dependence atom is weaker than k + 1-ary dependence atom
for sentences in vocabulary having arity k + 1. In |Galliani et al. [2013] it is shown that
independence logic with k-ary independence atoms is strictly weaker than independence
logic with k + 1-ary independence atoms on the level of sentences. In|Hannula| [2018] it is
shown (using similar results from Grohe [1996] on transitive closure and fixpoint operator)
that inclusion logic with £ — 1-ary inclusion atoms is strictly weaker than inclusion logic
with k-ary inclusion atoms for sentences when k£ > 2. As to earlier results for formulas,
in [Ronnholm| 2018, Theorem 5.17, Corollary 5.18] it is shown that the fullness (the
property of containing every assignment of the appropriate kind) of a team with domain
{z1,..., 241}, which can be defined by means of the k + l-ary inclusion atom, cannot
be defined in the extension of first order logic by what are called k-invariant atoms in
Ronnholm| [2018] and any downward closed atoms.

5.2 Other atoms and logical operations

The atoms and logical operations A, V, V, V, and 3 are by no means the only ones that
can be or have been considered. In this section we first introduce two new atoms that
have particularly big upper or other dimension. We then show that many other logical
operations occurring in the literature actually fail to preserve dimension. We use this
to conclude some interesting non-definability results concerning these alternative logical
operations.

Intuitionistic implication and disjunction

Definition 5.10 (Intuitionistic implication). The intuitionistic implication ¢ — 1) is
defined by M |=r ¢ — ¢ if and only if every Y C T that satisfies in M the formula ¢
satisfies also the formula .

As the following lemma demonstrates, the dependence atom can be defined in terms
of the constancy atoms and the intuitionistic implication:

Lemma 5.11 (Abramsky and Véénénen [2009)). = =(z1,..., 2, Y) Hﬂ(( =(T1)A... A
=(zn)) = =())

YWe use = ¢ < 1 as a shorthand to “For all models M and all teams T, M |7 ¢ if and only if
M =7 9.
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This gives an example where the use of ¢ — 1 leads to something we know is ex-
ponential (Example . It shows that we cannot hope to prove that the dimension of
¢ — 1) is in general better than exponential in the dimensions of ¢ and .

Note, that we can add intuitionistic implication to ILIEgy, because it does not increase
upper dimension, when the latter is bounded by a constant.

Intuitionistic disjunction can be defined in terms of constancy atoms:

Fo VYo ITy(=@) A=A (z=yAd)V(z=yAY)).

But since it increases upper dimension additively, it cannot be defined in first order logic
alone. In fact, the formula x = y V -2 = y has upper dimension 2.

The non-empty atom N

Definition 5.12 (The non-empty atom). The non-empty atom NE is defined by M =7 NE
if and only if T' # 0.

The atom NE says that a team is non-empty. Most of the atoms we have considered
(dependence, inclusion, independence, etc) satisfy the Empty Team Property, i.e., the
empty team satisfies the atom (see the remark in the end of Section and our logical
operations (conjunction, disjunction, existential quantifier, universal quantifier) preserve
the Empty Team Property. Thus we can immediately observe that NE is not definable in
them. Still it is sometimes useful. For example, we may want to enhance the disjunction
oV to (¢ ANE)V (1 ANE). The latter would be satisfied by a team which splits into
a team satisfying ¢ and a team satisfying v, both non-empty. An example in natural
language would be the statement “On Mondays I play tennis or go to swim” with the
intention that both cases actually happen.

Lemma 5.13. The upper dimension of NE is 1. The dual upper dimension D(||NE||™)
and the cylindric dimension CD(||NE||*7) in a domain of size n are n*, where k = len(Z).

Proof. Non-emptyness is a convex property dominated by the maximal team. Hence the
upper dimension of NE is 1. It is supported by the family of all singleton teams. Hence
the dual upper dimension and the cylindrical dimension of |NE||*"*, len(Z) = k, is n*. O

Corollary 5.14. Dim z is in Ey while Dim%g z and CDimy z are in Fy.

The atom NE is an example of an upper dimension 1 operation which still extends the
expressive power of first order logic.

The quantifiers V!, 3!, and §*

We now recall three quantifiers which represent alternative definitions for the semantics of
ordinary quantifiers 34 and V. As we shall see, these alternative quantifiers do not preserve
dimension in the same strong sense as the received 4 and V.
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Definition 5.15. If a € M, let F, be the constant function F,(s) = {a} for all s € T. The
3'-quantifier is defined as follows: M |=r 3'z¢ if for some a € M we have M g, /4 ¢.
The V!-quantifier is defined as follows: M |=r V'z¢ if for all @ € M we have M f=1(g, /4 ¢.
The public announcement-quantifier 'z is defined as follows: M =1 §'z¢ if for all a € M
we have M =1, ¢, where T, = {s € T : s(x) = a}.

We shall now see that the quantifiers V!, 6* and 3' do not preserve upper dimension,
whence they are not Lindstrom quantifiers in the sense of Definition [2.21]

Lemma 5.16 (Galliani| [2013]).

(a) = V'zg(z) ¢ Va(=(z) = ¢(z))

(b) [ dtad(z) < Viy(z #y V é(z))

(c) E =(x1,.... 20, y) < 0'my..6 0, =(y)

(d) B =21,y Ty y) & V2 V20 (21 £ 21 VoLV 2, # 3V =(Y)).

Items (a) and (b) show that V'x¢ and §'zé(x) increase upper dimension of ¢ at most
exponentially. Ttems (c) and (d) shows that, as operators, 6'z¢(x,y) and V'z¢(z) increase
dimension in the worst case exponentially. This shows that we cannot hope to prove that
they are in general better than exponential. This also shows that these operators do not
arise from a Lindstrom quantifier.

Note that by iterating V'x or 6'x we can defined dependence atoms of arbitrary arity.
This shows that V'z and §'z increase dimension more than any k-ary atom for a fixed k.

Lemma 5.17.

(a) | 3w < 3x(=(x) A ¢).

(b) B =(z) < Fy(z=y).

Proof. Easy. O

Hence 3! increases upper dimension at most linearly. Also, 3' does indeed increase
dimension, as the dimension of x = y is 1 and the dimension of =(x) is n. Hence 3" is
not first order definable and not definable even if we add arbitrary Lindstrom quantifiers
to first order logic.

The point is that 3! preserves dimension in the growth class where constancy logic is,
but not in the lower growth class where FO is.
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Uniform definability

Uniform definability, introduced by P. Galliani, is a phenomenon which does not exist in
classical logic. It seems to be particularly characteristic to team based logics. Roughly
speaking, a quantifier Qz¢(z,y) is uniformly definable in a logic if there is a single defi-
nition which works by substitution. In classical logic all definitions are uniform. In team
based logics some quantifiers are definable but the definition is not uniform. In this section
we use our dimension theory to prove this fact.

Definition 5.18 (Galliani [2013]). A generalized quantifier (which need not be a Lind-
strom quantifier) @ of a logic L is said to be uniformly definable in another logic Lo if
the logic Ly has a sentence ®(P), P unary, with only positive occurrences of P, such that
for all formulas ¢(x,y) of the logic Ly we have

= Qui(z,y) < ®(d(z,y)/P(2)).
Similarly, if there are several formulas, as in Qryd(x, 2)¥(y, 2).

Example 5.19. The equivalence

= Fwg(x,y) « Io(=(z) A d(x,y))

shows that the quantifier 3* is uniformly definable in dependence logic, with ®(P) the
formula 3x(=(z) A P(x)). The equivalence

Fo Ve 3Ty(=@)A =@ A(r=yAd)V (e =yAp))

shows that the intuitionistic disjunction is uniformly definable in dependence logic, with
O (P, Py) the formula 3xTy(=(x) AN =) AN((z =y AN By) V (~x =y A Py).

Lemma 5.20. Suppose
= Quo(r,y) < B(¢(2,y)/P(2))
where ®(P) is a sentence in dependence logic. Then

Dimgqp(ey),ay () < (0™ - Dimg(g ) ()",

where k is the length of ®(P) and m is the mazimum of the lengths of ¥ such that =(Z,y)
for some y occurs in (P).

Proof. We use induction on ®. The cases of atoms =(Z,y), the atom P(z) and other
atomic formulas are clear. The induction step for the connectives and the first order

quantifiers follow from Corollary m

Corollary 5.21 (Galliani| [2013]). The quantifier V' is not uniformly definable in depen-
dence logic.
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Proof. Suppose ®(P), a sentence of length [, defines ¥ uniformly in dependence logic.
Let m be as in Lemma(5.20] Then there is by Lemma a formula W(P) of dependence
logic, obtained from ®(P) by k repeated substitutions, which defines =(z1,...,zx,y). By
Lemma we obtain an upper bound of ™" 1" for Dim _,, xk,y),fy(”)- However, we

.....

know from Example H that Dim (s, s 42 (n) = n"". O

-----

Although Corollary is not new, its proof shows that the concept of upper dimen-
sion offers a general method for demonstrating failure of uniform definability.

The “at most half” atom

Definition 5.22 (The “at most half” atom). Suppose len(z) = k£ and the model M has
size n. We define a new atom as follows: M |=p H(Z) if |{s(Z) | s € T} < n*/2.

Note that H(Z) is clearly definable in dependence logic (see Example [2.20)).
Theorem 5.23. Suppose len(z) = k. The upper dimension of H(Z) is ~ ﬂQ"k_glog(").

Proof. |Bollobas, 2001, Page 4]
[

Corollary 5.24. Suppose len(Z) = k. The atom H(Z) is not definable in the extension
of first order logic by < k-ary dependence (or other) atoms.

The parity atom

Definition 5.25 (The parity atom). Suppose len(Z) = k. The k-ary parity atom is
defined by M ¢ E(Z) if and only if |{s(Z) | ¥ € T'}| is even.

Note that E(Z) is definable in independence logic (see Example [2.20)).
Lemma 5.26. The upper, dual and cylindrical dimension of the k-ary E(Z) is onf-1,
Proof. This is a special case of Example [2.7] O

Corollary 5.27. The k-ary E(Z) is definable from the independence atoms but not from
l-ary independence atoms for | < k.

(In)dependence friendly logic

The so-called dependence friendly existential quantifier, as in independence friendly logic
(Mann et al.|[2011]), can be defined in terms of the dependence atom. Hence we can
estimate its effect on the dimension of a formula. We have

= Su/ie & Jo(=Fa) Ag)
= =) & F/fE=2)
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Corollary 5.28. The quantifier 3x/y, len(y) = k, is not definable in the extension of
first order logic by < k-ary independence, inclusion, exclusion, dependence and constancy
atoms.

A kind of “dependence friendly” disjunction can be defined as follows: M 1 ¢ Vz 1
if T =Y UZ such that M =y ¢, M £z ¢ and if 5,8 € T with s(Z) = §'(¥), then
(seYesdeY)and (se Z < s € 2).

Lemma 5.29. = ¢ Vz ¢ < Juv(=(Z,u) A =(Z,0) A(lu=v — @) A (u# v —1)).

In the proof of Lemma [5.29|it is actually enough to use the 2-valued dependence atom
=(Z,y) A (=(y) V =(y)). This has dimension 2", when len(Z) = k and the domain
has cardinality m. Dimension analysis shows the full dependence atom cannot be defined
from the s-valued dependence atom =,(Z,y), defined by

=T, y) AN (=) V...V =(y)) (s disjuncts)

for any s > 0. The 2-valued dependence atom =, (Z,y) can be defined from Vz and
constancy atoms as follows:

Juv(=(u) A =(v) A (y =uVzy =v)).

This shows that the operation ¢z does not preserve dimension. The situation is similar
to the dependence friendly existential quantifier.

6 Other topics

We mention here some other topics that are not directly related to our main results.

6.1 VC-dimension

An important dimension in finite combinatorics is the Vapnik-Cervonenkis (VC) dimen-
sion of a family of sets. It is defined as follows: Let us say that a set A is shattered by a
family H of subsets of a finite set if {h N A | h € H} contains all the subsets of A. The
VC-dimension of H is the largest cardinality of a set shattered by H. This dimension has
turned out to be useful e.g. in learning theory (Vapnikl [1995]). However, it does not have
the same flexibility as our dimension concepts and does not seem to be applicable in the
kind of analysis we have at hand in this paper.

The VC-dimension of the family of teams of an even number of k-tuples in a domain
of n elements is n*. Yet evenness can be expressed in independence logic. As the VC-
dimension of the independence atom is 1, this shows that our logical operations do not
preserve VC-dimension.
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6.2 Cylindrical dimension and the DNF

Our cylindircal dimension for a family of sets is actually known in the study of disjunctive
normal forms (DNF) of Boolean functions: Suppose X = {ay,...,a,} is a finite set. We
fix a proposition symbol p; for each i € [1,n]. Now subsets A of X correspond canonically
to valuations (truth functions) v of {p1,...,p,}. Respectively, families A of subsets of X
correspond to Boolean functions on {py, ..., p,} and thereby to propositional formulas ¢ 4
in {p1,...,pn}. This brings a connection between families of sets and Boolean functions
(O’Donnell| [2014]). An interval I = {Y C X | A CY C B} corresponds to the set I of
valuations in which some proposition symbols have a fixed value, namely p; for a; € A
must be 1 and p; for a; ¢ B must be 0. The set I can be defined in propositional logic
with a conjunction of literals i.e. propositional symbols and their negations. If a family
A of subsets of X can be expressed as the union of d intervals, then the defining formula
¢4 can be taken to be a disjunction of d conjunctions of literals. In the theory of Boolean
functions our concept of cylindrical dimension corresponds exactly to the concept of length
m(f) of the shortest disjunctive normal form for the Boolean function f, meaning the
smallest number of disjuncts in the disjunctive normal form of f. The conjunctions in
such a “minimal DNF” (where we also stipulate that these consist of as few variables as
possible) are the well-known prime implicants of f. The algorithm of Quine| [1955] and
McCluskey determines these and hence also the number m(f). A classic result about
m(f) is the following estimate (Glagolev| [1964]) for almost all f of n Boolean variables:

2" log1 2"

“ (logn)loglogn logn

Thus this is also an estimate for the cylindrical dimension of almost all families of subsets
of a set of n elements. The DNF-dimension has been studied extensively and more
estimates have been found, see Korsunovi [1969], Makarov| [1964], Weber| [1982], Kuznetsov
[1983], |Aslanyan| [1983], [Romanov, [1983]. For example, in [Kuznetsov| [1983] the following
better lower bound is proved
(1—¢,)- 2"
logn — loglogn’

(2)

where lime, = 0, for almost all Boolean functions on n variables.

In the following application of the estimate , we measure probabilities of team
properties by using the uniform distribution for teams on k + 1 variables in a model of
size n. Note that in a non-rigid model a random team property is almost surely not
definable in any logic. Therefore the interesting case is the definability of random team
properties in rigid models.

Corollary 6.1. In the class of finite rigid models a random k-+1-ary team property (k > 1)
1s almost surely not definable in the extension of first order logic by k-ary dependence,
independence, inclusion, exclusion and anonymity atoms.

Proof. If arandom k+ 1-ary team property is definable in ILIFy, its cylindrical dimension is
asymptotically n™ . But by the cylindrical dimension is asymptotically almost surely
at least of the order 27", O
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We do not know whether upper dimension and dual upper dimension have been isolated
in the study of Boolean functions and whether they have a role there.

6.3 Infinite models

Our dimension analysis can be adapted to the realm of infinite domains but it does not
have similar power. The infinite dimensions tend to be all the same and we do not get
applications to definability. In fact, the hierarchy results are false in the following sense:
Three and higher arity dependence atoms can be expressed in terms of binary dependence
atoms. The trick is to use the binary dependence atom to introduce a pairing function:

Theorem 6.2. In infinite domains all dependence atoms are definable in terms of 2-
ary dependence atoms. Respectively, in infinite domains the ternary independence atom
xyz L uvw can express all dependence, independence, inclusion, anonymity, and exclusion
atoms.

Proof. Suppose (z,y) — (x,y) is a pairing function (i.e. (z,y) = (2/,y/) if and only if
x =2’ and y = ¢/) on the (infinite) domain. We prove the following typical case:

E =(ryz,u) < Vo, Vy Ju (=(21y1, ur)A
v952Vy25|u2( :(95292, Uz)/\
(71 =22 Ay = 12) <> Uy = up)\
(r1=2 Ay =yANxs=u ANyp = 2) = =(ug,u))))

(3)

Suppose a team T satisfies =(xyz,u). Let Y be the extension of T by giving all
possible values for x1, zo,y; and y5. We further extend Y to Z by giving values to u; and

us as follows:
s(u1) = (s(z1), 8(y1)), s(u2) = (s(x2), (y2))-

Clearly, Z E =(z1y1,u1) and Z | =(zaya, uz). Also, obviously, Z = (x1 = 23 Ay =
Y2) < up = ug. Suppose then {s, s’} C Z satisfies 11 =z Ay; = y Axe = uy Ays = z and,
moreover, s(uy) = §'(uz). A direct calculation yields s(u) = s'(u).

Conversely, suppose T satisfies the right hand side of . Thus, if T is extended by
giving all possible values for x1, x9,y; and y», and then further extended to Z by giving
suitable values to u; and us, then Z satisfies the quantifier-free part of the right hand
side (3)). To prove the left hand side of , suppose s, € T agree about xyz. Let f
be a function such that if s € Z, then s(u1) = f(s(z1),s(y1)). Then, if s € Z, then
s(ug) = f(s(x2),s(y2)). Clearly, f is one-one. A calculation yields s(uy) = s'(ug). Since
7 satisfies =(ug,u), we obtain s(u) = s'(u). O

It remains open, whether the unary dependence atom or the binary independence
atom have similar universal power. It remains also open whether the arity hierarchy of
the inclusion atom collapses.
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7 Conclusion

We have defined three dimension like notions in discrete mathematics and applied them
to obtain hierarchy and undefinability results in the area of team semantics. Our results
demonstrate that in finite models the arity of atoms puts a definitive bound on what can
be expressed. In terms of our approach, the arity of the atoms of a sentence completely
determines the dimension of the sentence, and team properties of higher dimension cannot
be expressed even if we add all possible Lindstrom quantifiers. On the other hand, this
is only true if certain nicely behaving logical operations are the only ones that are used.
If certain strong (from the perspective of our approach) logical operations, such as the
intuitionistic implication, are allowed, the dimension analysis fails. Thus our quantitative
analysis can be used to show the rationale of choosing some logical operations over some
others.
We list below some open questions that remain unanswered by our results:

(1) Is the k-ary dependence atom definable in terms of k-ary independence, exclusion,
inclusion, anonymity, constancy atoms, and some Lindstrom quantifiers?

(2) Is the k-ary anonymity atom definable in terms of the k-ary inclusion atom?

(3) Is the k-ary independence atom definable in terms of the k-ary pure independence
atom?

(4) Is the (k,l,m)-ary independence atom definable in terms of the max(k,[) + m-ary
dependence, anonymity, exclusion and inclusion atoms?

(5) Dependence, exclusion, inclusion, anonymity and independence atoms arise in a nat-
ural way from the classes F, X, Zc, Y and Z, , and for each of these atoms we have
proved an arity hierarchy result. Furthermore, all the classes are first-order definable.
Does there exist some other first-order definable families A C{R | R C X; x---xX,,}
such that the corresponding atoms satisfy similar hierarchy result, and first-order logic
extended with the atoms is strictly contained in dependence/exclusion or inclusion
logic?

(6) Our dimension functions are either polynomial or exponential. Is this a general phe-
nomenon for first order definable atoms i.e. is there a Dichotomy Theorem for first
order definable atoms? Is it a decidable question to decide whether the dimension
function is polynomial?
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