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A B S T R A C T

The purpose of the study is to propose a thermodynamic description of the full magneto-mechanical coupling
in electrical steel sheets, including both elasticity and plasticity influence. Kinematic and isotropic hardening
are considered as state variables and included to a second-order magneto-elastic energy written as a function
of cubic invariants. The simulation of magnetic behaviour of plastified samples subjected to several elastic
stresses reproduce the general trends of measurements carried out on non-oriented Fe-3%Si sheets.
1. Introduction

The electrical steel sheets used in the manufacture of rotating elec-
trical machines are affected by numerous mechanical stresses during
their life cycle. During manufacture, plastification occurs during the
cutting and punching processes. In addition, mechanical stresses in
service can reach several MPa for massive rotors. These different me-
chanical loadings have a great influence on the magnetic behaviour [1].

Indeed, the non-oriented (NO) Fe-3%Si alloy is known to have a
so-called second-order behaviour in the magneto-elastic coupling [2],
i.e., having an initial susceptibility as a function of mechanical stress
passing through a maximum with increasing tensile stress. Moreover,
increasing plasticity implies a drop in initial susceptibility [3,4].

Several approaches have been proposed in the literature to describe
magneto-elasto-plastic coupling. Shi et al. [5] consider that stress and
plastic strain contribute to an effective field. This formulation is uni-
axial and the plastic state is only described using the plastic strain.
Domenjoud and Daniel [6] consider both the influence of the disloca-
tion rate and the additional stress due to plasticity, maintaining a uniax-
ial framework. Hubert and Lazreg [7] propose a multiaxial description
using only kinematic hardening. In this paper, we propose to extend
previous studies which do not provide a multiaxial formulation involv-
ing kinematic and isotropic hardenings. Second-order magneto-elastic
effects are taken into account by identifying the material constants
involved in a recent invariant model [8].

2. Formulation of magneto-elastic coupling

The internal energy density 𝑢 at any scale is a function of the
following extensive thermodynamic variables: the entropy density 𝑠,
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the magnetization 𝒎 and the total strain 𝝐. The internal energy density
variation is the sum of the magnetic, mechanical and thermal powers
so that

𝑢̇(𝒎, 𝝐, 𝑠) = 𝜇0𝒉 ⋅ 𝒎̇ + 𝝈 ∶ 𝝐̇ + 𝑇 𝑠̇. (1)

where 𝜇0 is the permeability of free space, 𝒉 is the magnetic field, 𝝈
is the stress tensor and 𝑇 is the temperature. The use of a Legendre
transformation leads to the definition of the Helmoltz free energy
density 𝑓 which is a function not of entropy but of temperature 𝑇 . A
new Legendre transformation is used to define the free enthalpy density
𝛹 . The Gibbs free energy density [9] is defined using a last Legendre
transformation such that

𝑔(𝒉,𝝈, 𝑇 ) = 𝛹 (𝒎,𝝈, 𝑇 ) − 𝜇0𝒉 ⋅𝒎 (2)

where 𝜇0𝒉 ⋅ 𝒎 is the Zeeman energy density. Using (1), the magneti-
zation, the total strain and the entropy respect the equations of state

𝒎 = − 1
𝜇0

𝜕𝑔(𝒉,𝝈, 𝑇 )
𝜕𝒉

𝝐 = −
𝜕𝑔(𝒉,𝝈, 𝑇 )

𝜕𝝈
𝑠 = −

𝜕𝑔(𝒉,𝝈, 𝑇 )
𝜕𝑇

. (3)

It can be assumed in first approximation that the transformations
are isothermal: the free enthalpy and Gibbs free energy densities do
not depend on the temperature. Writing 𝛹 allows to determine the
associated variables using (2) and (3). For this purpose, 𝛹 can be
decomposed into three parts so that

𝛹 (𝒎,𝝈) = 𝛹mec(𝝈) + 𝛹 coupl(𝒎,𝝈) + 𝛹𝜇(𝒎). (4)
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The mechanical part 𝛹mec (at this point purely elastic) involves the
ompliance tensor 𝐒 [10] such that

mec(𝝈) = 1
2
𝝈 ∶ 𝐒 ∶ 𝝈. (5)

The purely magnetic part 𝛹𝜇 contains the anisotropy energy density
and exchange energy density [9] such that

𝛹𝜇(𝒎) = 𝐾1(𝛾21 𝛾
2
2 + 𝛾22 𝛾

2
3 + 𝛾21 𝛾

2
3 ) +𝐾2(𝛾21 𝛾

2
2 𝛾

2
3 ) + 𝐴∇𝜸 ∶ ∇𝜸 (6)

where 𝜸 is the direction of the magnetization, 𝐾1 and 𝐾2 are the mag-
netocrystalline constants and 𝐴 is the exchange constant. Regarding
the coupling energy 𝛹 coupl several propositions are available in the
literature. We have chosen an invariant formulation at the scale of the
magnetic domain recently proposed in the literature, i.e. which verifies

𝛹 coupl(𝒎,𝝈) = 𝛹 coupl(𝑟 ⋆𝒎, 𝑟 ⋆ 𝝈) ∀𝑟 ∈ O (7)

with O the full octahedral group. Such a function is proposed in [8] :

𝛹 coupl = 𝑐210𝝈d ∶ (𝒎⊗𝒎)d + 𝑐201𝝈d̄ ∶ (𝒎⊗𝒎)d̄+

𝑐220(𝝈d)2 ∶ (𝒎⊗𝒎)d + 𝑐b
202(𝝈

d̄)2 ∶ (𝒎⊗𝒎)d̄

1 + 𝛿
√

3
2 (𝝈

d + 𝛽𝝈d̄) ∶ (𝝈d + 𝛽𝝈d̄)
+

𝑐a
202(𝝈

d̄)2 ∶ (𝒎⊗𝒎)d + 𝑐211(𝝈d̄𝝈d) ∶ (𝒎⊗𝒎)d̄

1 + 𝛿
√

3
2 (𝝈

d + 𝛽𝝈d̄) ∶ (𝝈d + 𝛽𝝈d̄)

(8)

where (∙)d and (∙)d̄ refer to the diagonal and anti-diagonal parts. Denot-
ing 𝐈 the fourth order identity tensor, 1 the second order identity tensor
and 𝒆𝑖 the canonical basis of the cube, these projections are defined as

(∙)d =

[

𝐈 − 1
3
1⊗ 1 − 1

2
∑

𝑖<𝑗
𝒆𝑖𝑗 ⊗ 𝒆𝑖𝑗

]

∶ (∙) (9)

nd

∙)d̄ = 1
2
∑

𝑖<𝑗
𝒆𝑖𝑗 ⊗ 𝒆𝑖𝑗 ∶ (∙) (10)

with

𝒆𝑖𝑗 = 𝒆𝑖 ⊗ 𝒆𝑗 + 𝒆𝑗 ⊗ 𝒆𝑖 (𝑖 ≠ 𝑗). (11)

The first material coefficients are directly related to the usual magne-
tostrictive constants [8] so that

𝑐210 = − 3
2𝑀2

s
𝜆100 and 𝑐201 = − 3

2𝑀2
s
𝜆111 (12)

with 𝑀s the saturation magnetization. The parameters 𝑐220, 𝑐a
202, 𝑐

b
202,

211, 𝛿 and 𝛽 are so-called second-order material constants. In the
bsence of more detailed studies on the topic, they have to be identified
umerically for each material.

. Simulations of Fe-3%Si magneto-elastic behaviour

.1. Simplified multiscale model

For this study, the Gibbs free energy has been expressed at the
cale of one magnetic domain (𝛼). For simplification reasons, we have
eglected the effects of incompatibilities, i.e. the magnetic field and
tress are homogeneous in each grain (gr) and each domain such that

= 𝒉gr = 𝒉𝛼 and 𝝈 = 𝝈gr = 𝝈𝛼 . (13)

t is common practice and more accurate to use an iterative self-

onsistent scheme [11], but we have preferred to maintain this hy-
othesis for the purpose of describing the various concepts. The exten-
ion to the use of localization consists of considering plastic variables
omogeneous at the grain scale, in the same way as elastic variables.
2

Table 1
Material constants for Fe-3%Si.

Parameter Value

𝑀s 1.61 ⋅ 10−6 A m−1

𝜒0 9600
𝐾1 38 kJ m−3

𝐾2 0 kJ m−3

𝜆100 23 ppm
𝜆111 −4.5 ppm

Table 2
Identified second order magneto-elastic constants.

Parameter Value

𝑐220 2.83 ⋅ 10−18 MPa−1 A−2 m2

𝑐a
202 1.70 ⋅ 10−18 MPa−1 A−2 m2

𝑐b
202 1.41 ⋅ 10−18 MPa−1 A−2 m2

𝑐211 0 MPa−1 A−2 m2

𝛿 4.69 ⋅ 10−2 MPa−1

𝛽 1

Based on (13), the Gibbs free energy 𝑔𝛼 is written explicitly for any
acroscopic loading (𝑯 ,𝝈). The local magnetization is then

𝒎𝛼 = 𝑀s𝜸𝛼 (14)

with

𝜸𝛼 = argmin(𝑔𝛼). (15)

According to (3) the magnetostriction is

𝝐𝛼 = −
𝜕𝑔𝛼(𝒉𝛼 ,𝝈𝛼)

𝜕𝝈𝛼
. (16)

Based on the work of Chikazumi [12], Buiron et al. [13] have in-
troduced a material parameter 𝐴s that allows the evolution of the
volume fraction 𝑓𝛼 of each domain to be described using a Boltzmann
distribution such that

𝑓𝛼 =
exp[−𝐴s𝑔𝛼(𝒉𝛼 ,𝝈𝛼)]

∑

𝛼 exp[−𝐴s𝑔𝛼(𝒉𝛼 ,𝝈𝛼)]
. (17)

his parameter is directly related to the initial susceptibility 𝜒0 (see
11]) so that

s =
3𝜒0

𝜇0𝑀2
s
. (18)

nowing magnetization 𝒎𝛼 , magnetostriction 𝝐𝜇𝛼 and volume fraction
𝛼 for each domain, the grain scale magnetostriction and magnetization
re
𝜇
gr =

∑

𝛼
𝑓𝛼𝝐𝜇𝛼 and 𝒎gr =

∑

𝛼
𝑓𝛼𝒎𝛼 . (19)

The macroscopic magnetostriction and magnetization are then obtained
by averaging the behaviour of each grain, i.e

𝝐𝜇 =
∑

gr
𝑓gr𝝐

𝜇
gr and 𝑴 =

∑

gr
𝑓gr𝒎gr (20)

where 𝑓gr is the volume fraction of each grain.

3.2. Simulations results

The material coefficients used are those commonly found in the
literature for Fe-3%Si [9] and are given in Table 1. The exchange
constant 𝐴 is taken to be 0 in the absence of an orientation gradient
at the domain scale. The six second-order material constants have been
numerically identified using least squares error of longitudinal and
transverse magnetostrictions between the model and the experimental
measurements performed in [14]. The values are given in Table 2.

One can see in Fig. 1 that the model correctly represents the change
in monotonicity characteristic of Fe-3%Si, as well as the change in
sign of its magnetostriction. Then, the model can be enriched with the

magneto-plastic coupling. This is the focus of the next section.
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Fig. 1. Simulations of anhysteretic magnetization (left) and anhysteretic magnetostric-
tion (right) for different applied stresses in the elastic domain.

Fig. 2. Evolution of kinematic and isotropic hardening.

. Including plasticity

Numerous studies have reported on the influence of plasticity on
he magnetic behaviour. In particular, they emphasize the influence of
islocation density [3,15]. Considering only this parameter is insuffi-
ient because it does not allow to take into account the sign of the
lastic deformation. However, the behaviour differs between tension
nd compression as shown by [16]. Sablik et al. have proposed an
pproach that takes into account both the amount of dislocation and the
ardening [17,18]. This approach, although sufficient for uniaxial plas-
icity, is simplifying since it reduces plasticity to two scalars which are
ot consistent with a thermodynamic description. Isotropic plasticity is
ndeed described by two independent thermodynamic state variables:

• the kinematic hardening 𝐗 which is a second-order deviatoric
symmetric tensor. It works as a shift of the stress tensor;

• the isotropic hardening 𝑅 which is a scalar and corresponds to a
change of size of the elastic domain.

he experimental identification of these two quantities requires the
erformance of cycle tests. Indeed, as shown in Fig. 2, tension is not
ufficient to decouple the quantities since the stress reached in the
lastic domain is written as the sum of the yield stress 𝜎Y and the two
ypes of hardening. The distinction is only possible after plasticity in
ompression by measuring the elasticity limits in compression 𝜎min and
ension 𝜎max.

However, plastifying thin sheets in compression is tricky due to the
igh risk of buckling. The contribution of each hardening has been
herefore considered as an additional parameter.

.1. Adding kinematic and isotropic hardenings

As mentioned before, the kinematic hardening 𝐗 is a second-order
eviatoric symmetric tensor which corresponds to the displacement of
he elastic surface. Thus, the magneto-mechanical free enthalpy density
s written as

coupl coupl
3

(𝒎,𝝈,𝐗) = 𝛹 (𝒎,𝝈 − 𝐗). (21)
Fig. 3. (𝜒0
p , 𝑋) estimated for several levels of plasticity.

n immediate consequence of this assumption is that the material
onstants that are involved in the magneto-elastic formulation (given
n Tables 1 and 2) are still valid and new parameters are not needed.

We assume that isotropic hardening does not affect 𝛹 coupl but influ-
nces the initial susceptibility directly. Indeed, several works suggest
hat the magnetic susceptibility decreases with respect to the square
oot of the dislocation rate 𝑁 [3,15]. Moreover, the hardening of
he material is proportional to

√

𝑁 [10]. In agreement with these
two ideas, Domenjoud et Daniel [6] proposed an evolution of initial
susceptibility 𝜒0

p (which depends on the level of plasticity) inversely
proportional to hardening 𝜎u such that

0
p =

𝜒0

1 + 𝑐𝜎u
(22)

with 𝑐 a material constant. We propose here to keep this form but to
modify the expression of 𝜎u: Domenjoud et al. [6] used two Ludwik
laws to express two regimes of evolution of 𝜎u. This is an approximation
that we correct by keeping the exact definition of the strain hardening
which is the sum of the isotropic and kinematic hardening. Thus,

𝜎u = 𝑅 + 𝐽2(𝐗) (23)

with 𝐽2(∙) =
√

3
2 ∙

′ ∶ ∙′ the second invariant of a second order ten-
sor [10]. The term ∙′ is the deviatoric part of ∙. One can remark that
𝐽2(𝝈) is the von Mises stress. In the case of uniaxial tests, 𝐽2(𝐗) = 𝑋 as
described in Fig. 2.

4.2. Application to Fe-3%Si

Several samples were cut from electrical 0.5 mm thick NO Fe-3%Si
electrical steel sheet and plastified in tension at a given plastic strain.
They were then magnetically loaded under fixed mechanical stress
imposed by a tensile testing machine. The values of 𝜒0

p and 𝑋 were
identified using magnetization measurements for each plastic state. A
serious drawback is that the two hardenings are not distinguishable
with uniaxial tensile tests to identify 𝑐. This will be remedied in the
future by cyclic testing on one set of samples while another set will
be plastified up to the same plasticity level in tension with initial
susceptibility measurement. Nevertheless, one can see in Fig. 3 that
the order of magnitude of 𝑋 and its evolution are plausible. One can
also note a quasi-exponential decrease of 𝜒0

p .
Fig. 4 shows both experimental and simulation results for 𝜖p = 0.4%

and 𝜖p = 5%. An important point is the appearance of the second order
behaviour both in the experiments and simulations, illustrated by the
superposition of the curves at 60 and 80 MPa for 𝜖p = 0.4%. This phe-
nomenon disappears when 𝜖p = 5% because the kinematic hardening
reaches to push the second-order effect beyond the maximum stress of
80 MPa. One can note a clear difference between the calculated and
measured values. This difference is specific to the use of the multi-scale
model, as already noted by Daniel et al. [19]. A possible improvement is
the inclusion of local demagnetizing fields. Nevertheless, general trends
are reproduced, making it possible to identify hardenings. Indeed,
knowing the value of 𝑐, the measurement of 𝜒0

p at 0 MPa allows to
determine 𝑅+𝐽2(𝐗). Measuring the initial susceptibility of the plastified
sample under different tensile elastic loadings is then used to estimate

the value of 𝐽2(𝐗) as in Fig. 3.
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Fig. 4. Simulations (full lines) and measurements (dashed lines) of the magnetization
or different stress levels. Left: 𝜒0

p = 2890 identified on measurements at 𝜖p = 0.4%.
ight: 𝜒0

p = 596 identified on measurements at 𝜖p = 5%.

. Conclusion

A full thermodynamic description is proposed to describe both
agneto-elastic and magneto-plastic coupling. Eight magneto-elastic

oupling constants are used: two first-order and six second-order. The
ffect of plasticity is taking into account by introducing only one new
arameter.

A common limit of this type of study is the difficulty of distin-
uishing kinematic hardening from isotropic hardening. In order to
vercome this, plastification tests will be carried out on electrical steel
heets in compression. Several extensions to this work are also possible.
he first is to measure magnetostriction on plastified specimens. The
econd is to test the model on more complex loads, whether elastic or
lastic. Finally, this work opens up the possibility of non-destructive
easurement of hardening by magnetic measurement.
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