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Abstract— Today, numerous machine learning (ML) appli-
cations offer continuous data processing and real-time data
analytics at the edge of wireless networks. Distributed real-time
ML solutions are highly susceptible to the so-called straggler
effect caused by resource heterogeneity, which can be mitigated
by various computation offloading mechanisms that severely
impact communication efficiency, especially in large-scale scenar-
ios. To reduce the communication overhead, we leverage device-
to-device (D2D) connectivity, which enhances spectrum utilization
and allows for efficient data exchange between proximate devices.
In particular, we design a novel D2D-aided coded distributed
learning method named D2D-CDL for efficient load balancing
across devices. The proposed solution captures system dynamics,
including data (time-varying learning model, irregular intensity
of data arrivals), device (diverse computational resources and
volume of training data), and deployment (different locations and
D2D graph connectivity). To decrease the number of communi-
cation rounds, we derive an optimal compression rate, which
minimizes the processing time. The resulting optimization prob-
lem provides suboptimal compression parameters that improve
the total training time. Our proposed method is particularly
beneficial for real-time collaborative applications, where users
continuously generate training data.

Index Terms— Online distributed learning, device-to-device
communications, coded computing, data compression, load bal-
ancing.

I. INTRODUCTION

MERGING applications of collaborative machine learn-
ing (ML) for vehicular [1], [2], factory [3], and aerial
automation [4] leverage wireless infrastructure to facilitate dis-
tributed training and data exchange. Examples of such appli-
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cations include simultaneous localization and mapping [5] or
cooperative sensing [6], where multiple users jointly train a
common model related to their operating environment. In such
scenarios, wireless connectivity plays a fundamental role in
supporting real-time collaborative training and inference.

To avoid excessive data transfers in the network, collab-
orative applications may rely on the principles of federated
learning (FL) [7], which, however, are challenged by resource
heterogeneity. Due to diverse communication and computation
capabilities, some of the participants may hinder the collab-
orative performance causing the so-called straggler effect.
Existing methods to reduce the impact of stragglers includes
mechanisms, such as coded computing [8], [9], over-the-air
computing [10], [11], or specific resource allocation [12], [13],
[14] and scheduling [15].

Another approach to improving spectrum utilization and
communication efficiency in general is in device-to-device
(D2D) offloading [16] that shifts the data exchange from
the vertical user—server to the horizontal D2D plane, thus
relieving the load on the cellular network [17]. While D2D
connectivity facilitates efficient data exchange between the
proximate devices, especially in highly heterogeneous systems
with dense connectivity [18], straightforward methods of infor-
mation offloading may compromise user data privacy [19].

To reduce the communication overhead while maintaining
a certain level of data privacy, we propose a novel D2D-
aided coded distributed learning method, where the network
facilitates collaborative training and inference via a joint opti-
mization of learning and offloading. Using the example of the
least squares regression estimator, we provide a comprehensive
assessment of the proposed method under dynamic conditions
that include the model drift.

A. Related Work

Current straggler mitigation solutions in FL can be divided
into communications and coding theory methods. An illus-
trative example of the former is [12], which proposes a
joint resource and power allocation scheme minimizing the
overall training time subject to specific FL. constraints, such
as maximum delay, available bandwidth, computational capac-
ity, energy consumption, and others. Alternatively, the work
in [15] excludes the stragglers by following the policy
designed to balance iteration time and gradient divergence.
Aggregation of partial results can become a bottleneck when
the number of users exceeds the pool of channel resources.
To overcome this constraint, [10] introduces a broadband
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analog aggregation technique, which enables simultaneous
transmission of the user outputs along with their summation
directly in the air.

The research in coded distributed ML approaches builds
on the idea of distributing one common matrix-to-vector
multiplication operation by finding an optimal computational
load for each user, compressing the original data to its optimal
size, and forwarding it to the users for further processing.
This idea is adapted for FL in [20] by solving a linear
regression problem with distributed gradient descent. The
method proposes offloading excessive computational load to
a computationally stronger server by finding the optimal load
allocation. In reality, however, central servers that simultane-
ously handle multiple applications may not always provide
sufficient computational resources for each particular ML
training task.

The coded FL solution is further extended in [9] by a
privacy budget analysis and the use of random Fourier feature
mapping [21], which allows for predicting non-linear func-
tions while preserving the linearity of operations required by
coding. The results in [20] and [9] demonstrate that coding
significantly reduces the training times while achieving similar
convergence in the number of iterations. Importantly, higher
privacy budgets may induce slower convergence, which is
reflected in a privacy—utility tradeoff as discussed, e.g., in [22],
[23]. In our work, we address this fact by considering the
choice of a compression rate that minimizes the convergence
time of the distributed online regression, which has not been
covered by the existing coded distributed FLL methods.

Data compression [23] applied to coded offloading is one
of the ways to achieve differential privacy [24]. The idea
here is to add noise to the original data to reduce the risks
of revealing a single data point if the rest of the data are
compromised. Adding Gaussian or Laplace noise to the data
to achieve differential privacy was extensively covered by the
existing literature, and we direct the reader to [25, Sec. II] and
[26, Sec. 4]. Even though this approach became extremely
popular for privacy preservation in FL, adding noise cannot
accelerate data processing. In contrast, the encoding proce-
dure that we apply in our method introduces certain privacy
guarantees while simultaneously reducing computational and
communications costs. Another approach for privacy preserva-
tion in FL is applying cryptographic methods based on multi-
party computing. These approaches provide stronger privacy
guarantees but usually require time-consuming decoding of the
encrypted data before the actual processing. In our proposed
solution, we resort to the privacy-aware encoding procedure
that exploits properties of the underlying ML algorithm to
enable computing over the encoded data directly and, there-
fore, to decrease the total training time.

While offloading to a computationally stronger server
enhances the computing performance and mitigates the strag-
gler effect, communication efficiency becomes the key bot-
tleneck, which is further challenged by the growing number
of participants and the size of the ML model. The main
approaches to lowering the communication overhead include
decreasing the size of the update at each iteration (e.g., using
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data compression or sketching [27]) or reducing the total
number of iterations [28]. Alternatively, D2D connectivity
may enhance spectrum utilization and network communica-
tion efficiency by decreasing the load of user—server data
exchange [16]. D2D communications are regarded in the
survey [17] and multiple related works as a potential mecha-
nism for leveraging user proximity to improve FL solutions.
However, the degree of information leakage over a D2D
link remains largely unexplored. The recent work in [29]
proposes the use of direct communications for collaborative
caching, however, without addressing the privacy aspects of
D2D transmission explicitly. We argue that privacy is a key
factor in collaborative D2D-aided computing [19] and aim
at bridging the indicated gap in performance evaluation and
optimization of the distributed learning process mindful of user
privacy.

B. Main Contributions

We propose a novel D2D-aided load balancing solution
(named D2D-CDL) for privacy-aware and communication-
efficient distributed learning in highly dynamic environments.
Our framework is capable of addressing the time and space
heterogeneity of (i) the data (time-dependent learning model,
model drift, varied intensity of data arrivals), (ii) the device
(diverse computational resources and volume of training data),
and (iii) the deployment (different locations and D2D graph
connectivity). The proposed method is deemed to be the most
beneficial for collaborative scenarios with high computational
heterogeneity and under dynamic environments, where the
employed ML model needs to be retrained in an online
manner. In more detail, the core contributions of this work
can be summarized as follows:

o D2D-aided load balancing. We introduce D2D-aided
privacy-aware load balancing for real-time collaborative
applications to decrease the network communication load
and mitigate the impact of stragglers. Specifically, our
proposed solution is proven to reduce collaborative train-
ing times by up to X2 as compared to the baseline FL
scenario. The proposed method is especially beneficial
under high computational heterogeneity and dense con-
nectivity of the users. If the computation resources are
homogeneous, the performance is identical to that of the
baseline.

o Coded distributed learning. We apply data compression
using random Gaussian matrices to preserve user privacy
and reduce the volume of data offloaded onto D2D links.
We analyze the privacy budget of the proposed method
using e-mutual information differential privacy, which is
known to be stronger as compared to (&,0)-differential
privacy [30].

e Approximate convergence rate. We assess the conver-
gence rate of the proposed method and provide approxi-
mations for the cases where the data are clean vs. fully
compressed. We establish the optimal compression rate
achieving the minimum processing time by solving a
joint convergence rate and load allocation optimization
problem.
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Fig. 1. TIllustration of our D2D-aided distributed learning scenario. Two
devices collaboratively train a model by exchanging updates with the central
server at each iteration. The server coordinates distributed learning process
and aggregates partial gradients from the participants. Devices with lower
computational capacity may offload compressed or coded data to more capable
neighbors to accelerate the training process. Offloaded data are removed from
the transmitting device to prevent data duplication.

o Performance analysis. We support our analytical results
with extensive system simulations. We vary the com-
putational heterogeneity level, user mobility, and model
dynamics to demonstrate that if the parameters are chosen
according to the proposed strategy, our solution outper-
forms the baseline at all times.

The remainder of this text is organized as follows.
In Section II, we describe our distributed online learning sce-
nario and introduce the key assumptions of our system model.
In Section III, we provide a detailed analysis of the limitations
and privacy aspects of the proposed communication-efficient
compression mechanism. In Section IV, we derive an algo-
rithm achieving the optimal load allocation and solve the joint
convergence rate and load allocation optimization problem.
In Section V, we support our analysis by offering numeri-
cal results for several illustrative scenarios. In Section VI,
we conclude by sharing the key outcomes and highlighting
the most beneficial applications of the proposed solution.

II. SYSTEM MODEL

In this section, we provide a detailed description of the
online learning model, outline our key system-level assump-
tions behind the scenario of interest, and introduce the target
metrics employed for evaluating the performance of our frame-
work. Hereinafter, vectors and matrices are given in bold as
well as lowercase and uppercase, respectively, while non-bold
lowercase variables are scalars.

A. Scenario Description and Learning Model

Regression model. We consider a distributed online learning
scenario, where a network of N dynamic heterogeneous users
with the assistance of a central server (base station or access
point) collaboratively solves a regression problem (see exam-
ple in Fig. 1). Let X € R™*? denote a combined dataset that
consists of m feature vectors x; € R? and the corresponding
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observations y; € R; particularly, m = Ef\il {;, where ¢; is
the number of data points at the device 7. In general, solving a
regression problem is equivalent to selecting a function g(x;)
that predicts a response y; with the lowest error. For a set of
functions g(x;,3), the regression problem can be formulated
as finding the parameter vector 3* € R that minimizes the
empirical risk constructed on the basis of X, y:

t = i L y X5, Y4 = i ) 1
A" = arg min ; (B;x;,9;)| = arg min f(8), (1

where L£(-) is the loss function determined by the regression
model and f(8) is the empirical risk multiplied by m (i.e.,
the cost function). We assume that x; are centralized, i.e.,
E[x,] = 0 and var[z, ;] = v (z; is an element of x;), which
can be achieved with data normalization.

In practical models, e.g., artificial neural networks (ANNs),
the loss function £(-) and the corresponding cost function
f(+) are in general non-convex. However, stochastic gradient
descent (SGD) [31] remains one of the most popular methods
for solving the optimization problem in (1) for such models.
The main focus of our D2D-CDL framework is SGD, and,
as an example, we consider the least squares regression
model with the empirical risk f(3) = 3 [||Xﬂ - yHg} This
linear model can be extended to a non-linear formulation by
utilizing feature mappings, such as random Fourier feature
mapping [21], which approximate the corresponding kernels
and convert a linear regression into a kernel regression prob-
lem. With such a feature mapping, the original data are
projected onto a higher dimensional space wherein linear
problem formulations can be efficiently applied. As a result,
the linear model may achieve performance levels comparable
to those of more complex models, such as neural networks [9].

Online SGD. The estimated dependency ¢(-) can vary over
time so that the training data become outdated and may no
longer be useful in estimating the current value. Therefore,
we focus on an online learning setup, where the data samples
and the corresponding observations are being streamed con-
tinuously. We divide the overall training time into iterations of

duration 7T'. During each iteration ¢, user ¢ processes the data

x )73’1( )} generated by the end of the previous iteration

whlle simultaneously collecting new training data for the
next iteration. Our further analysis holds for every iteration,
and, hence, we omit any iteration indexing except for the
cases where we specifically address two consecutive iterations.
Therefore, by the beginning of the tagged iteragion, user ¢ has

, Xi c R&-xd’
and the corresponding observations y; = (Yi1,-..,¥ie) s
yi € R, while the total generated data and the corresponding
observations are X = (XJ,...,X})" € R™*? and y =
(y1,...,yN)" € R™, respectively.

In our framework, the optimization problem in (1) is solved
with SGD, which iteratively updates the parameter vector 3 )
until a stopping condition is met. The online SGD updates
the parameters of the regression model using new training
data at each iteration. In this work, we focus on the batched
version of SGD, which utilizes the data batches collected

generated ¢; data points X; = (x],...,x],.
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TABLE I

SUMMARY OF SYSTEM PARAMETERS
Notation Description Notation Description
N Number of users m Total number of points per iteration
d Number of features o Noise of observations
a Learning rate X Data matrix, X € R™?*¢
y Vector of observations, y € R™ g Estimated function
,@(t) Estimate of regression model at iteration ¢, ,B(t) € R4 G Compression matrix, G € R¢X"
X Matrix of compressed data, X € R¢*d y _ Vector of compressed observations, y € R¢
f Cost function (empirical risk) Vf, Vf  Gradient of f for clean and compressed points
5 Privacy budget 4; Batch size of user ¢ per iteration
Yi Compression rate of user % Ci Number of compressed points
w; Fraction of compressed points of user % l; Number of points to compress
a; Computational rate of user ¢ (operations per second) T* Total processing time for all users, deadline
T; Processing time of user % T; ¢a Gradient computation time
T cpr Compression time Ticm D2D transmission time
b Size of floating number in bits ™D D2D transmission rate (bit/s)
F{ D D2D proximity radius L Loss function

during the previous iteration. At the end of the ¢-th iteration,
the estimate ﬁ(t“) is updated according to the rule ﬁ(tﬂ) =
BY) — vy, where Vf©) = XOT (XOB0 — y) is the

gradient of the least squares linear regression cost function
f(B) and « is the learning rate. The choice of « for the
least squares linear regression model is addressed below in
subsection IV-C. We also assume that the employed variables
correspond to the current iteration ¢ unless noted otherwise,
and therefore omit the iteration indexing.

B. Centralized Assistance

We focus on the case of centralized network assistance,
where a server is responsible for arbitrating the entire learning
process, collecting the results of local calculations, and dis-
seminating the updates. Particularly, at the beginning of each
iteration ¢, the server broadcasts the global model 3 to the
users. Then, the i-th user computes a partial gradient

Vfi = X{ (XiB —yi) 2

and transmits it to the server. Here, index (¢) is omitted for
brevity; however, all variables are time-dependent. The server
aggregates partial gradients of the users, obtains a full gradient
Vf = 27]\;1 Vf; of this iteration, and updates the global
model. In our online learning scenario, we assume that the
training process is continuous, and, thus, we do not introduce
any stopping conditions.

C. Computational Resources

In our setup, the basic computational operation is multiply-
accumulate (MAC), which computes the inner product of two
d-dimensional vectors. One MAC is equivalent to 2d+ 1 float-
ing point operations and is used for compact and straightfor-
ward analytical expressions. The computational power a,; of
the ¢-th user is defined as the number of MAC operations
per second, or the MAC rate (MACR). The values a; remain
constant during each iteration but may vary between them.

1) Computational Heterogeneity: We assume that compu-
tational resources vary across the users and follow a certain
distribution that determines the heterogeneity level in the
system and, thus, affects the optimal load allocation and
iteration time.

We consider a so-called multi-tenancy scenario, where
multiple services of different owners may co-exist in a shared
environment and can only receive limited support from the
network. Under this scenario, any third-party intelligent edge
applications are lower-priority to the network server, which
cannot allocate resources for their demanding computational
tasks.

2) Server Computational Capacity: We assume that the net-
work assistance is limited to performing only basic operations,
such as aggregation of partial gradients or updating and broad-
casting the global model. Hence, the computational capacity
of the server cannot be allocated for gradient computations
and is assumed to be equal to zero.

D. Deployment and Direct Connectivity

The regression model is trained distributively by the users,
which can move within a certain area of interest.

1) D2D Assistance: The users are allowed to establish D2D
connections with their neighbors within the proximity radius
Rp fixed across the network. The parameter Rp is selected by
the server based on the path loss information and the chances
that D2D link availability would persist throughout an iteration
time. We define a set of users V'(7) located within the distance
of Rp from the i-th user. The transmission rate rp over a direct
link is constant and kept equal for all users.

2) Data Offloading: The participants may leverage direct
connectivity to offload their encoded data to more capable
neighboring devices while preserving certain privacy guaran-
tees of data transmission. To prevent from data duplication,
the devices do not retain the offloaded data and discard them
upon receiving a confirmation of successful transmission. The
routing of the transferred data follows the shortest path strategy
but can in principle be selected arbitrarily depending on the
desired implementation.

3) Link Reliability: We assume that unreliability of the
wireless channel caused by, e.g., fast-fading effects or cross-
cell interference is handled by the medium access control
protocol and does not have a direct impact on the performance
of the trained model. The signaling overheads, such as those
incurred by channel estimation, can be incorporated into the
communications model.
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4) Mobility During Iteration: We assume that the iteration
time is sufficiently short so that the resources, the connectivity
graph, and the set of available neighbors A/ () for the i-th
user remain unchanged during one iteration. Therefore, one
may assume that the server can effectively plan the operation
based on the knowledge available at the start of each iteration.
This assumption may hold in practice if the data exchange
sessions are sufficiently short, which requires the support of
high transmission rates.

5) Roles of Participants: In our setup, all users simulta-
neously gather new training data from the environment, e.g.,
by using their built-in sensors, and process the data collected
during the previous iteration. The users with less abundant
computational capacities or larger amounts of data to process
may leverage the computational heterogeneity.

E. Performance Metrics: Privacy and Convergence

We evaluate the performance of the proposed offload-
ing strategy by employing two key performance indicators,
e-mutual information differential privacy and convergence of
the optimization process.

1) Differential Privacy: We estimate the privacy budget € of
our solution by using mutual information differential privacy,
which allows for information-theoretic analysis while being
stronger than commonly used (g, §)-differential privacy [32].

Definition 1 (s-MI-DP, [30]): Let D be a set of data points
drawn from a probability distribution pp (D), d; € D be the
j-th data point of D, D_; = D\ d; be the set obtained from D
by excluding the j-th point, and Y be an arbitrary measurable
set. The random mechanism ¢(-) : R — Y satisfies e-mutual
information differential privacy (e-MI-DP) if

sup I(d;;¢(D)[D_;) <e. 3)
J,pp (D)

In other words, (3) determines the privacy budget of the
mechanism and represents an upper bound on the amount of
information that can be learned about the j-th data point by
knowing the transformed data (D) and the remaining data
points D_.

2) Convergence Time: We evaluate the learning conver-
gence by measuring the convergence time, which is the mini-
mum time required to reach the target performance. For sim-
plicity, as the performance function at iteration ¢, we consider

. . (t) _ g*

the normalized error of the regression model % and,
.. . () _g=

thus, the convergence time is defined by min, B _—Bll: g

. IR
We note that all our results readily extend to the normalized

mean squared error (NMSE) or the coefficient of determina-
tion (R-squared). For illustrative purposes, we measure the
convergence time in both iterations and time units since the
results are observed to be qualitatively different depending on
the duration of one iteration. Conversion from iterations to
seconds can be readily conducted by multiplying the number
of iterations by the single iteration time.

III. D2D-AIDED CODED DISTRIBUTED LEARNING

In this section, we outline our D2D-aided coded distributed
learning solution for efficient and privacy-aware online learn-
ing over a wireless network. We derive upper and lower
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bounds on the compression rate and establish the optimal
compression rate that minimizes the iteration time. We also
assess the achievable privacy budget of our D2D-CDL method
by considering two cases: compressed data transmission over
a D2D link and partial gradient transmission.

A. Proposed D2D-CDL Solution

We propose a load-balancing approach that reduces the
overall training time by utilizing the possibility for devices
with lower computational resources to transfer their excessive
load to stronger proximate devices. In the proposed frame-
work, the straggling devices compress a part of their data
using Gaussian coding matrices and transmit the coded data to
the stronger devices as advised by the network. The stronger
devices calculate the local gradients using both their private
uncoded data and the coded data shared by their weaker
neighbors. In addition to being differentially private [22],
[23], the applied data compression mechanism reduces the
sizes of offloaded data, thereby decreasing the communication
overheads for data exchange and, consequently, shortening the
total training time.

Our load balancing solution extends the conventional FL
paradigm by enabling privacy-aware data offloading with
the privacy guarantees as discussed below. As the employed
coded offloading scheme departs from the conventional FL
principles, our solution, in fact, offers better privacy guarantees
when compared to the standard FL. The coding mechanism
applied by our method makes the model updates differentially
private, which potentially improves the robustness of the
trained model to inversion attacks, where the training data can
be reconstructed from the intercepted updates.

Here, we provide a more detailed description of one iteration
of the proposed D2D-CDL solution. In our method, the
server utilizes the available information on the user states to
determine the load-balancing parameters subject to a certain
deadline T'. The weaker users that are incapable of meeting the
deadline T" compress and offload their excessive data to their
stronger neighbors. We label the users as strong if they meet
the deadline 7' and are capable of processing the compressed
data received from the weaker devices. Based on the state of
the users, the server also calculates the optimal shares of data
points to be offloaded; the optimal allocation is addressed in
Section IV.

During each iteration, the (weaker) users that are advised
to share their coded data via D2D links perform the following
three operations: data compression and coding, data exchange,
and computation of gradients (illustrated in Fig. 2). Upon a
successful data exchange, the weaker users delete the offloaded
points to decrease the volume of locally processed data and
prevent from bias in the model updates toward the duplicated
data. Once the users have transmitted or received their data
points, the weaker users compute the partial gradient using
the remaining available data points. At the end of an iteration,
the server aggregates the partial gradients, updates the model,
and broadcasts the update to all the participants.

As a baseline solution, we select the FL approach, wherein
the data are processed locally at the devices, and one iteration
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Fig. 2. Time diagram for one iteration of D2D-CDL.

time is bounded by the processing time of the weakest user.
We note that although the convergence time in iferations may
not be higher than that for D2D-CDL, we demonstrate that
our solution is capable of providing a load allocation with
notably lower convergence time in time units.

B. Fundamental Operations and Time Costs

To keep the complexity of our system model reasonable,
we assume that the time required for the server to aggregate the
partial gradients and broadcast the global model is negligibly
small, and, thus, we do not include it as part of the total
processing time. To incorporate this service time, one may
integrate it into the interval T'. Next, we list the corresponding
time costs based on the MAC complexities C(+) of the gradient
calculation, compression, and data transmission. We note that
the costs of the listed operations do not depend on the particu-
lar communication or computational model, which, therefore,
can be selected arbitrarily depending on the scenario.

1) Data Compression: Let ~; be the compression rate of the
i-th user and ¢; = ~;¢; be the number of compressed points
of the i-th user. We define the compression matrix of the i-th
user G; as a ¢; X ¢; real-valued matrix, the elements of which
are drawn from the normal distribution with zero mean and
the variance of 1/ \/¢;. Hence, the compressed data and the
compressed observations are calculated as

yi = Giyi. 4

The gradient of the compressed data can be expressed as

XI (Xi8-¥:) = XIGIG: (X:iB—yi). (5

X; = GiX;,

Vf; =

If we represent GIG; = GTG; + I, the gradient in (5) can
be expressed as a sum of “clean” and noise terms

Vii=XI(XiB+y:), Vii=XIGIG(X:B+y:),

respectively. Since the least-squares loss function for the linear
model is convex, the noise term V fl impairs the convergence
of gradient descent, while the impact of coding noise increases
with the total amount of coded data in the system.

The MAC complexities for compressing the data and the
observations are C(G;X;) = ¢;l; = vi¢? and C(G;y;) =
cil;/d = ~;l? /d, respectively. We define the MAC complexity
of a compression operation as the sum of C(G;X;) and
C(Giyi), therefore, C(GiXi,Giyi) = (1 + 1/d)’yzf72 The

T

time required to compress ¢; data points and observations into
~:¢; compressed points and observations is given by

1
T cpr(i) = (1 + d) vilZa;t. (6)

2) Gradient Computation: The MAC complexity of the
operation in (2) is C(Vf;) = 2¢;. Hence, the time required
to compute the gradient of ¢; data points is

T ga(li) = 207" (7)

3) Data Transmission: For the sake of consistency,
we assume that rp is given in MAC/s. A transformation to
transmission rate 7p in bit/s can be given as #p = (2d+1)bsrp,
where by is the size of a floating point number in bits.
Therefore, the time required to transmit ¢; data points and
observations is

ﬂ,cnl(gi) = (1 + il) gi/’ﬂl_)l' (8)

The discussed data compression or sketching mechanism
can be applied to models beyond the linear case, albeit it
may result in more substantial performance degradation due
to a more complex form of the gradient. There are several
alternative methods to adapt our framework to a broader class
of models, such as neural networks. One approach is to utilize
transfer learning, where the neural network may serve as a
pre-trained feature extractor for the output linear model dis-
tributively trained for a specific task. Another approach could
be based on the recently proposed Neural Tangent Kernel [33],
which represents the training of wide ANNs as a kernel
regression problem with a convex least-squares loss. The
sketching mechanism may be applied to accelerate the second-
order optimization as proposed in [34], although its distributed
implementation remains an open question. We believe that due
to the limited computational and energy resources of mobile
devices, the transfer learning-based approach is more feasible
for mobile edge computing as compared to retraining or fitting
a neural network from scratch.

C. Limitations of Data Compression

Below, we sequentially consider each stage of our
D2D-CDL method in detail. We analyze two essential aspects
of the data compression: the achievable compression bounds
and the differential privacy budget introduced by compression.
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1) Bounds on Compression Rate: By utilizing the com-
pression property, we (i) decrease the transmission time by
reducing the number of transmitted data points and (ii) may
potentially decrease the data processing time by reducing the
total volume of points in the system. While the first expectation
is intuitive, let us comment on the second one. Consider the
case where the i-th user compresses and forwards lz = w;l;
points to reduce the gradient computation time, where w; is
the share of points to be compressed. In the baseline approach,
where partial gradients are computed locally, the processing
time is based solely on the calculation of the gradient, i.e.,
T; ¢a(¢;). Then, the compression and forwarding of the com-
pressed points should not exceed the local processing time,
which is formally

Ti,gd(gi - éz) + Ti7cpr(gi> + Ti,cm(’yéi) S Ti,gd(fi); or (9)
Ti,gd(gi) - Ti,cpr(gi) — Ti,cm(’ygi) > 0. (10)

The expression in (9) implies that the time required to
compress lz points TLCp,.(lZ,-), offload %& compressed points
Tiycm('yéi), and compute the gradient of ¢; — /; remaining
points T; gq (¢; — fi) should not exceed the time required to
compute the gradient of ¢; points T; 4q(¢;) without performing
any offloading. Substituting the expressions (6)-(8) for T; ..,
T gd, and T; oy into (10), we may obtain an upper bound
on the maximum compression rate given the number of
transmitted points l; as

0<y< (0.5(1+1/d)(l?i+ai/rp))71. (1)

Since the compression mechanism produces an integer
number of points, the offloaded data should be compressed
into at least one point. Hence, we obtain a trivial lower bound:

S 1
Y= =
¢;

Based on the above discussion, we can formulate the
following Proposition.

Proposition 1 (D2D-CDL Optimal Compression Rate):
For the ¢-th user, the optimal compression rate that minimizes
the time of one iteration in D2D-CDL is given by

12)

g (13)

where w; is the share of compressed points. Hence, the number
of compressed points for any user is ¢ = 1.

Proof: Consider a scenario where the channel conditions
are ideal and rp — oo. Substituting the latter into the upp?r
bound in (11), we obtain 0 < ~ < (0.5(1+1/d)éi) .
One can readily see that the multiplier 2(1 + 1/d)~"! is
bounded within 1 for d = 1 and 2 for d — oo. Since the
number of compressed points is an integer, and its upper
bound is achieved only in the asymptotic case, any number
of transmitted points ?; is always compressed into one with
the compression rate in (13). O

After deriving the bounds for the compression rate, we con-
tinue by assessing the differential privacy budget of the pro-
posed solution.
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2) Differential Privacy: In our D2D-CDL framework, the
wireless channel is exploited in two cases: while sharing the
data points over a D2D link and while transmitting the partial
gradient to the server. We tailor the results of [22] to analyzing
the privacy budget of a direct link, where the compression
mechanism in (4) is used to offer a certain privacy level.

Proposition 2 (D2D-CDL Direct Link Privacy Budget): The
D2D link privacy budget introduced by the data compression
is given as

1
— . 14
Wi¢(Xi)> (1

Proof: The employed coding and compression transform
in (4) achieves e-MI-DP if

1
g > §log2 (1 +

Yili
2e; _ 1’

P(Xi) > (15)

2

where ¢(X) = minjep. g {22:1 x7 ; — max; xfj} [22].
Rearranging (15), we obtain

X; 228 1 i
e e VR

4 Y(Xs)

Calculating the logarithm of (16), we express the privacy

budget ¢; as

+ 1.

vi < (16)

1 Vil
;> =1 1 . 17
5_20g2<+w(xi) (17)
Substituting the optimal compression rate (13) into (17), one
may establish
> 1 1 1+ !
g; > =lo —_ .
g 082 with(Xy)
|
Corollary 1: Let x, , be the (u,v)-th element of X;, and
X2 pe the set Xi_(u’v) without the element X, ,. The
privacy budget of compressed gradient transmission is
max (xu)v;Vﬁ | X;(u’v)) <eg.
p(X;

Proof: This Corollary follows directly from the
data processing inequality I(xy,0; G X, | X;(u’v)) >
I(xy,0; Vi | X_(“"”)). O

We note that the compression mechanism alone does not
necessarily yield the privacy budget demanded by the users or
the target application. To achieve the required privacy level,
one may additionally apply sequential composition [25] of

differentially-private mechanisms, such as adding Laplace or
Gaussian noise.

IV. OPTIMIZATION OF D2D-CDL PARAMETERS
A. Optimal Load Allocation in D2D-CDL

We propose a method for finding the optimal load allocation
in terms of the total processing time. Let 7" be the target
deadline. Each user meets this deadline if

—wily) + Tj epr(wils) + L(wi > 0)T5 cm(1).
(18)

T > Ti,gd(éi
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The inequality in (18) can be expressed in terms of T; zq(¥;).
Substituting T; q(¢;) by its definition of (7) into T; cpr(¢;)
given by (6), we obtain T; cpr(w;il;) = % (1—|—é) wiT; ga(ls),
and T; gq(¢; —w;l;) = (1 — w;) T} ga(¢;). Then, the expression
in (18) can be represented as

T* > (1 + Dw;)Ti ga(€:) + I(w; > 0) (2D + 1) rpt, (19)

where D = (0.5(1+1/d) —1) < 0.

Let us find the share w; of points, which should be com-
pressed and offloaded by the i-th user to meet the preset
deadline 7. Rearranging (19) as an equation, we establish
the optimal share of points as

o= (T* — Tiga(li) = (2D + 1)7‘51)
! T'i,gd(gi)D 4

B (T* — 2007t — (2D + 1)r51)
B 2€Za;1D +’

(20)

where (-); = max{0, -} truncates ; to zero if the processing
time of the ¢-th user is already lower than the deadline.

The users that process their data before the target deadline
T* can potentially spend their residual time on computing the
gradients of the data points offloaded by the weaker users.
The number of points that can be additionally processed by
the i-th user is given by

T — v; - a;
Ti,gd<1) 2

(T" —vi), 2D
where v; = 2(1 + D&;)la; ! +1(@; > 0)(2D + 1)rp! is the
processing time of the i-th user. We further refer to the value
of b; as the “gradient capacity” of the i-th user.

The minimum deadline achievable with our D2D-CDL is
given by the following Lemma.

Lemma 1 (D2D-CDL Achievable Deadline): Let W =
argmax; 15 gq (£;) be the index of the weakest user. If the users
form a connected graph, then the achievable deadline is

N N
T*=2(1+ Dow)lway' +Ta if > bi >y (@ > 0),
=1 =1

(22)

where 1(.) is the indicator function, Ty is the maximum
delivery delay, w; is defined by (20), and b; follows from (21).
Proof: Proof is given in Appendix A. O
Corollary 2: D2D-CDL achieves the minimum total pro-
cessing time of T* = 0.5Tw, ga(fw).

Proof: This statement holds for rp — oo, R — o0,
and follows from two facts: the total processing time is
bounded by the processing time of the weakest user and
vy = O-5TW,gd(€W) for d — oo and oy = 1. 1

The communication overheads associated with the D2D-
aided data offloading depend on the density of the connectivity
graph, the extent of connectivity between strong and weak
user devices, and the available wireless resources. In scenarios
with low mobility and high transmission rates, the connectivity
graph can be considered near-static, and the neighbor selection
function for offloading can take advantage of the shortest path
search on a graph.
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We note that minimization of the iteration time 7™ does
not necessarily result in better learning convergence. In fact,
decreasing 7" might cause the opposite effect as coding
introduces additional noise into the system. These two con-
flicting trends create a tradeoff that allows one to optimize the
allocations w; by balancing the iteration time and the learning
convergence as addressed in subsection IV-C below.

B. Choice of Learning Rate

Uncoded points. We select the learning rate of o based on
an estimate of the Lipschitz constant L, where ||Vf(8;) —

V£(Bs)||l2 < L||B; — Bs|2 for any 3,, 3, € R? Hence, for
the uncoded points, we may continue by

IV (B1) = VI (Ba)l]2

L= sup
B1,B,€R? 1181 — Ball2
XTX —
o IXXB-B
B1,8,€R? ||/61 - /62H2

The above is an /s-operator norm of the matrix Xy = XTX
and equals to the largest singular value of X x. As the singular
values of a covariance matrix are also its eigenvalues, the
expression in (23) can be estimated using various techniques
for approximating the spectral distributions for symmetric
real-valued random matrices [35], [36], [37]. Denoting the
maximum eigenvalue of matrix XTX as Apax (X7X), we may
continue by

L(d,m) = Amax (XTX), 24)

where the specific values of L(d, m) can be estimated based
on the properties of streamed data. For the case where all
points are uncoded, the learning rate is selected as «(d, m) =
2[L(d,m)]" according to the well-known rule o = 2
Our experimental results suggest that for a wide range of
parameters d and m, the convergence provided by «(d, m)
is either optimal or tightly close to the optimal case and can
only be improved marginally.

Coded points. If all points in the system are coded with the
same coding rate v = %, then the corresponding Lipschitz
constant can be estimated as the only non-zero singular
value of the matrix (GX)TGX since the rank of GTG is
constrained by ¢ = 1, i.e., rank(GTG) = 1. The estimated
values of the Lipschitz constant L.(d, m) and their functional
dependency on d and m may also be reconstructed empirically
or estimated w.r.t. the constant L(d,m) for the uncoded case.
Hence, the learning rate for the fully coded points is selected
as ao(d,m) = 2[Le(d,m)] "

Partially coded points. For the case where only some of the
users decide to compress their data, we choose the learning
rate for each user individually as follows. Based on the
share of compressed points w;, each user utilizes the corre-
sponding Lipschitz constant for the coded points acl(d, m)

and selects the learning rate as c.,; = 2 LLc(d7 fz)} . The
common Lipschitz constant is estimated based on the total
number of uncoded datalpoints in the system, that is, o, =
2 {L(d,m—zz].\]:1 l@)} . Each user multiplies the partial
gradient of the compressed points with the individual learning
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rate . ;, while the partial gradients of uncoded points are
weighed with the common learning rate «,. At the server,
weighed compressed partial gradients are summed up, and the
model is updated based on the weighed compressed partial
gradients and the weighed uncoded partial gradients. The
estimated «,; may lead to instability, especially when such
an estimation is based on small data batches.

C. Convergence Estimates for D2D-CDL

In this subsection, we present theoretical approximations for
the linear model error evolution under uncoded, fully coded,
and partially coded regimes. The model error evolution of the
baseline FL also follows the approximation for the uncoded
scenario offered in the following Theorem.

Theorem 1 (Approximation of Error Evolution Without
Coding): If all points in the system are uncoded, then the

®)
evolution of the normalized regression error % an
be approximated by the following function:
t *
H/B()_/@ H2 —_ —amut (25)
18712 7

where v is the variance of features, o is the learning rate,
m is the total number of samples, and d is the number of
predictors.

Proof: Proof is given in Appendix B. O
The use of the coding mechanism employed by our D2D-
CDL introduces additional noise impeding the convergence
of the gradient descent. The following Theorem considers the
extreme case where all data are compressed into a single point.

Theorem 2 (Approximation of Error Evolution for Fully
Coded Option): If all points in the system are coded with the
coding rate v = =, where {; is the number of coded samples

éi’
at device 1, then the evolution of the normalized regression

) _ g~
error %7'?2"2 can be approximated by
®) _ g
Hl6 _ IB H2 — —acmcvt’ (26)
18712

where . is the learning rate selected for the coded solution,
Mme = Zfil L; is the total number of samples to code, v is
the variance of features, and d is the number of predictors.
Proof: Proof is given in Appendix C. O
The optimal load allocation strategy under device heterogene-
ity implies that the devices compress unequal shares of their
data. The model error evolution for this partially coded case
is given by the following Corollary.
Corollary 3: Let o, = Zzn 1E° o, iwils + an by denote the
aggregate learnir]z\(/g rate selected for the D2D-CDL solution,

where by = m— Z wil; is the number of uncoded points, m is
=

the total number of samples, and d is the number of predictors.
Then, the time evolution of the normalized regression error

Hﬁﬁjﬁ%”z can be approximated by:
(®) * 1a
|8 :ﬁ 2 —am(1-am)i0+Dow)~ B o)
18712
where D = % (1 + é) — 1. The shares of coded points Oy

and w; are given by (20).
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Proof: Proof follows immediately from Lemma 1 and
Theorem 2. O
The derived approximations assume feature independence,
which may not always hold in practice. To address this, one
can employ techniques such as the principle component analy-
sis, which reduces the dimensionality of the original data and
eliminates any correlation among the features. Additionally,
we observe that the learning rates «, and «,. are related
as o, < a. when the estimate in (24) is applied. This
also confirms the theoretically slower convergence in terms
of iterations for D2D-CDL as compared to the baseline FL.
The optimal share wyy that minimizes the total convergence
time can be found by maximizing the coefficient of ¢ in (27).
Hence, we may formulate the following optimization problem:

anlte)§ ) 101+ D)

1 aw
2y
(28)

ow

max ., (£o)4o (1

where {y = m — Z w;{; is the number of uncoded samples.

For the sake of sunphcuy, we disregard the dependence
of a;, on £o(@w) since the change in ag(@w) is marginal
compared to the change in the iteration time as wyy varies.
Hence, one may rewrite the problem in (28) as

N N -1
(1+DUJW)72€LG1 )
—m + ; <—2€iaf1D )Jr&
(14 Daw) '
Coupling (28) and the feasibility condition in (22), we arrive

at the following Corollary.
Corollary 4: The optimal share wyy is characterized by:

N
+B (Z]I(wi >0) — bi> ,
+

min
ow

(29)

2521 (Wi - 1) 4

ww = arg min
ww 1+ Dww

i=1
where B > 1 is the penalty and w; is given by (20).

The above optimization problem is convex, and the optimal
solution can be determined numerically. If one explicitly
incorporates the dependency of a,, on £, into (28), the updated
estimate w; may yield even better system performance. Our
subsequent experiments indicate that varying w; around this
suboptimal heuristic value can only result in statistically
insignificant convergence improvements.

V. SELECTED NUMERICAL RESULTS
A. Simulation Setup

In our numerical example, the computational power distri-
bution of the users is produced by an arithmetic sequence that
increases linearly between the minimum and the maximum
values Ain and Ap.x. We control the computational hetero-
geneity by adjusting the heterogeneity factor p = m‘“ . Lower
values of p correspond to higher degrees of computat10nal
heterogeneity in the system. For all experiments, we set the
minimum computational rate at A,,;, = 4 - 102 MAC/s.

We consider line-of-sight millimeter-wave D2D links by
assuming the free-space 2path loss propagation model, i.e.,

P = P,GiGrx (ﬁ) , where P, and P, are receive
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TABLE 11
(t) _g*
COMPARISON OF THE BASELINE FL AND OUR D2D-CDL IN TIME UNITS AND ITERATIONS TO ACHIEVE NORMALIZED ERROR W <1073
FOR STATIC MODEL ﬁ*; IMPROVEMENT IS UP TO X 1.95 FOR THE OPTIMAL CODING STRATEGY (EQ. (20))
Share of D2D-CDL: equal coding strategy D2D-CDL: optimal coding strategy (Eq. (20))
compressed data | Iterations | Iteration time, s | Total training time, s | Iterations | Iteration time, s | Total training time, s
ow = 0.2 41 0.04 1.84 (x1.11) 41 0.04 1.84 (x1.11)
ww = 0.4 47 0.04 1.92 (x1.07) 41 0.04 1.64 (x1.25)
ww = 0.6 57 0.04 1.99 (x1.00) 41 0.04 1.43 (x1.43)
ww = 0.8 82 0.03 2.52 (x0.81) 41 0.03 1.23 (x1.67)
wow = 1.0 > 200 0.03 > 10 42 0.03 1.05 (x1.95)
[ Baseline FL | 41 [ 0.05 [ 2.05 [ 41 [ 0.05 [ 2.05 |
T——D2b-CDL W [——D2D-CDL e D2D-CDL
s - - —Baseline FL 2 T - - - Bascline FL s & - - ~ Baseline FL
N —— Maximum wyy = 0.20 P IR Maximum wy = 0.20 3 —— Maximum wy = 0.20
3 e 0 Maximum wy = 0.40 56 Mgt o3 v Maximum wy = 0.40 25F Vi "rY rvaeaual™ ) |—— Maximum wy = 0.40
2 B Maximum wy = 0.60 ) «1.81 Reduction Maximum wy = 0.60 1.53 Reduction Maximum wy = 0.60
10 Maximum wy = 0.80 2 Maximum wyy = 0.80 2 ——— Maximum wyy = 0.80
i i 35 5  — ww =100 s 0 12 14 d6 18 0 2 Maximum wiy = 1.00| 04 12 14 16 18 20 22 24 Maximum wy = 1.00

18: = 8112/118" 112

Fig. 3.

and high mobility with Vinax = 10 m/s (right). Dynamic model 3*: normalized error

vi. Improvement is up to x1.95, x1.81, and x1.53, respectively.

TABLE III
SUMMARY OF MODELING PARAMETERS

Notation Description T 40kValu§yn i
N Number of users 5 25
l; Batch size per user 20 10
m Number of points per iteration, N¢; 100 250
P Heterogeneity factor 0.2

Amin Minimum computational rate 4-10% MAC/s
Amax Maximum computational rate, Amin/p | 2- 102 MAC/s
Vax Maximum velocity 1 m/s, 10 m/s
WR Angular rate (dynamic model) 4.7-10~2 rad/s
o Data noise Not est. | 0.0
Rp D2D proximity radius I'm

Pix Transmit power T0O dBm

f Carrier frequency 60 GHz

w Bandwidth 1 GHz

0 Half-power beamwidth /9 rad

No Noise power spectral density —163 dBm/Hz

and transmit powers, Gty and G,y are directivity gains of
transmit and receive antennas, f is the carrier frequency,
D is the distance between the transmitter and the receiver,
and c is the speed of light. The transmit antenna radiation
pattern corresponds to the half-power beamwidth 6, while the
reception is assumed to be omnidirectional. The corresponding
directivity gains are approximated using a spherical cup area,
ie., Gix = ﬁs@/?’ G:x = 1. For simplicity, we assume that
the transmit beams of active D2D links are perfectly aligned.

The parameters of the wireless links are based on the
IEEE 802.11ay standard [38, Section 28]. Higher levels of the
receive power at short distances allow using the modulation
and coding scheme (MCS) 8 [38, Table 28-68] with the QPSK
modulation and 3/4 code rate. The interference is calculated
by adding the receive powers from other simultaneously

103 . . . . . . . . .
o

.
50
Time, s

Comparison of the baseline FL and D2D-CDL in terms of time and iterations for no mobility (left), low mobility with Vinax = 1 m/s (middle),

18" —p* |12

IR and processing time for the optimal compression rate

active directional transmitters w.r.t. the directional transmit
antenna pattern and the corresponding gain toward a particular
receiver. The resulting transmission rate, rp, is calculated via
the Shannon-Hartley theorem based on the current signal-to-
interference-plus-noise ratio (SINR) and the bandwidth of W.
Here, we do not explicitly consider the channel reliability,
thereby assuming that the effects of slow and fast fading are
compensated by the corresponding built-in mechanisms of the
medium access control protocol, such as beam tracking, error
correction, automatic repeat request, and others.

Based on the selected parameters from Table III, the
resulting transmission rate is on the order of tens of Gpbs,
which makes the offloading time negligibly short as compared
to the computational times in the considered experimental
scenario. In our simulation study, the signaling overheads can
be incorporated by adjusting the transmission rate with an
appropriate correction factor.

The user mobility is modeled according to the Random
Waypoint Model. At the start of the training process, the two-
dimensional locations of the users are uniformly distributed
within the area of interest. The movement time is divided
into frames of duration T%, and each frame includes Tr /T
iterations, where 7' is the duration of one iteration of the
learning process. At the beginning of each frame, the users
randomly choose their directions and velocities V' < Vijax,
which they maintain throughout the frame.

B. Performance Evaluation of D2D-CDL: Idealistic Case

We demonstrate the advantages of D2D-CDL with the opti-
mal coding on a synthetic dataset under an idealistic scenario
of no mobility and infinite D2D radius. We generate a linear
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Fig. 4. Comparison of the predictive performance under naive (left) and coded offloading-aided (right) device sampling strategies for non-i.i.d. data distribution.

model 3* and training batches X € R™*? from a normal
distribution. For each batch, we compute the corresponding
observations y = X3* + z, where z is a Gaussian distributed
value with zero mean and the standard deviation of ¢ = 0.01.

We divide m = 250 points equally between N = 25 users,
that is, each user computes the partial gradient over ¢; =
10 points. To illustrate the effects of optimal coding, we com-
pare the performance of D2D-CDL with the optimal coding
rate (13) and with the fixed equal coding rates for all users.
We introduce a representative level of heterogeneity by setting
the heterogeneity factor to p = 0.2. As shown in Table II, our
results demonstrate that the optimal coding strategy leads to
the normalized model error of 1073 x1.95 faster than for the
baseline FL, while the equal coding strategy does not yield
a substantial improvement in performance and provides only
a x1.11 reduction in the total training time.

Comparing the results for the baseline FL and the D2D-
CDL strategies, we may conclude that although the baseline
FL has faster convergence in terms of iterations, our D2D-
CDL method with the optimal coding strategy compensates
for a marginal increase in the number of training iterations
due to coding noise. In addition, D2D-CDL with the equal
coding strategy, while achieving the same reduction in terms
of the duration of one iteration, is unable to compensate for
slower convergence caused by higher levels of coding noise.

C. Combining D2D-CDL With Device Sampling

Device sampling is a conventional technique to mitigate the
straggler effect and reduce the communication overheads in
FL. Here, we address the approaches of incorporating device
sampling into our D2D-CDL in the scenarios with non-i.i.d.
user data distributions. In the considered setup, the straggling
users generate rare data, which, if dropped, can result in
a considerable degradation of the predictive performance.
A naive strategy would be to exclude the straggling devices to
minimize the total processing time. In particular, the results in
Fig. 4 (left) demonstrate that the model overfits on the data of
stronger devices if one disregards the rare data. In D2D-CDL,
we can retain these data by compressing and offloading them
to stronger neighbors before excluding the stragglers, which

reduces bias in the trained model as demonstrated in Fig. 4
(right).

D. Hyperplane Dynamics

Further, we model the case where the hyperplane follows a
sine function with random initial phase shifts ¢ ~ Uni[0, 27|
for each predictor. That is, the j-th component of the model
at the t-th iteration has the form of 37 (t) = sin(y; + wrt),
where the angular rate wp is fixed for all the components.
For example, Fig. 3 (left) compares our D2D-CDL with the
optimal coding rate against the baseline for wg = 4.7 - 1072
rad/s. Our method shows similar performance in terms of
iterations while reducing the training times by approximately
x2 at the error level of 2.2 - 1073, Optimal coding leads to
identical convergence so that the performance curves overlap.

E. Impact of Direct Connectivity

In our experiments, we construct the following mobility
scenario. The movement time is divided into frames having the
duration of T = 5 seconds, 20 frames in total. Each frame
incorporates several iterations, while the iteration time is fixed
as the total processing time of the baseline FL. method. At the
beginning of an iteration, the users instantly change their
positions along the movement vector and perform distributed
gradient computation according to the D2D-CDL solution.
In this experiment, we assume that the connectivity graph is
static, and, thus, we do not consider specific search algorithms
for the shortest path discovery in the connectivity graph or the
best neighbor selection for data offloading.

We employ the same dynamic model as in subsection V-D.
We control the dynamics of our model by changing the
maximum velocity Vi .x. The results for the “slow” model
with Viax = 1 m/s and the “fast” model with Vi, = 10 m/s
are presented in the middle and the right-hand side plots of
Fig. 3, respectively. Frequent fluctuations in the processing
time for the “fast” model are due to the continuously changing
connectivity graph. Despite that, the “fast” model always
outperforms the baseline and provides 35% processing time
reduction at the error level of 2.5 - 1073,
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TABLE IV

COMPARISON OF THE BASELINE FL AND OUR D2D-CDL ON kin40k
DATASET IN TERMS OF TIME AND ITERATIONS TO REACH R? > 0.9.
IMPROVEMENT IS UP TO X 1.92

Share of D2D-CDL: optimal coding strategy
compressed data | Iterations [ Tteration time, s | Total training time, s
ww = 0.2 155 0.09 13.95 (x1.08)
ww = 0.4 150 0.08 12.00 (x1.25)
ww = 0.6 155 0.07 10.85 (x1.38)
ww = 0.8 155 0.06 9.30 (x1.61)
ww = 1.0 156 0.05 7.80 (x1.92)

[ Baseline FL | 150 ] 0.10 I 15.00 |

FE. Realistic Dataset: kin40k

Assuming that the users are static, in this set of experiments,
we illustrate the behavior of our proposed solution on realistic
datasets. We explore the kin40Ok dataset (4 - 10* points, d = 8)
generated with a realistic robot arm simulator [39, Ch. 5].
A typical regression problem related to the kin40Ok dataset
is to predict the distance from the robot arm end-point to a
fixed position given 8 joint angles of the arm. The problem is
inherently non-linear and, therefore, one should project the
original data onto a higher-dimensional feature space using
kernel functions or feature mapping, which can be utilized
in the case of distributed training [21]. A popular kernel
function applied to kin40k is a squared exponential kernel with
automatic relevance determination (SE ARD):

_1 _ —1 _ T
k(x1,%0) = 0 - e~ 21X B Gamxa) T

(30)

where ¥ = diag (h3,...,h3) is a diagonal matrix of squared
length-scales h%,...,h% and o. is a scaling factor. The SE
ARD kernel allows adjusting 23, ..., h2 individually for each
predictor depending on its importance or relevance to the target
[40, Sec. 1.2.3]. The magnitude of the length scale is inversely
proportional to the relevance: varying the irrelevant features
with large length scales has a low impact on the prediction.
As a result, the feature selection procedure is automatic
and reduces to optimization of the kernel hyperparameters
0 = (hy,...,hq,00).

The positive definite kernel k(x1,x2) and the correspond-
ing feature mapping ¢: R'*¢ — R are related as
k(x1,%x2) = ¢(x1)¢p(x2)T. Since (30) is a non-degenerate
shift-invariant kernel, we approximate ¢(x) with a random
Fourier feature mapping (RFFM) [21] as

o(x) = \/? [cos(xwl +¢1),...,cos(xw; + ‘Pd)} ,

where w; ~ N (O,E_l) is a d-dimensional random vector,
@i ~ Uni[0, 27], and ¥ is defined in (30). In the experiments,
we apply x300 feature expansion resulting in the dimension-
ality of d = 8 x 300 = 2400. Since the data are stored as
float32 format and the offloaded data are compressed into a
single point, the size of the offloaded data is 9.6 KB, which
is transmitted over negligible time given our wireless model
parameters.

We assume that the first 10* points of the employed dataset
have been observed by the users previously and utilized
to fit the hyperparameters 6. Based on [41, Sec. 2.1.2,
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5.4.1], we may accurately estimate 6 by maximizing the log-
likelihood log p(y|X, 0) using the GPML toolbox [42].

The remaining 3 - 10* points are used to train the
model and compare the performance of the baseline FL
with our proposed D2D-CDL. We divide the test data
into 300 batches of size m = 100 and evenly distribute
them between N = 5 users. At each iteration, the users
compute the gradient over ¢; = 20 points according to
the proposed solution. We estimate the predictive perfor-
mance of our collaboratively trained model by measuring
the coefficient of determination as

R* =1~ |ly - XB3/lly - Ely]lI3.

which characterizes the goodness-of-fit using new data from
the next iteration.

The predictive performance for the optimal choice of the
compression rate ; and the heterogeneity factor of p =
0.2 is illustrated in Fig. 5, where we smoothen the curves
by averaging with a 10-point sliding window to reduce the
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Fig. 7.

performance fluctuations. The vertical dashed lines indicate
the time instances at which the model reaches the predictive
performance of R? > 0.9. For convenience, the results of
this experiment are summarized in Table IV. We note that the
baseline FL has better convergence in terms of iterations by
design, while our D2D-CDL method compensates for a mod-
erate increase in the number of iterations with a considerably
shorter single iteration time.

Similar to the experiment with a synthetic dataset, we also
vary heterogeneity factor p to understand the effect of system
heterogeneity on the performance. In Fig. 6, we illustrate the
time required to achieve R? = 0.90 on kin40k dataset; the time
is averaged over the window of 10 iterations to mitigate the
presence of random effects. The curves display the maximum
achievable deadline T* averaged over 10* experiments for
each heterogeneity factor p. The noise caused by high com-
pression may degrade the performance at certain iterations,
which produces a peak of the curve wy, = 1. Such behavior
is caused primarily by the quality of estimation of the learning
rate for coded points a.; and by the compression of particular
small data batches.

In Fig. 7, we study the communication efficiency of D2D-
CDL by measuring the share of the total amount of data
transmitted over D2D with and without the proposed compres-
sion method. The communication efficiency tends to decrease
with a growing heterogeneity factor p: the curve periodically
drops when more weak users engage in offloading. At the
heterogeneity factor of p = 0.4, the system has exactly | N/2]
weak offloading users. While their number is saturated and
fixed, the total amount of offloaded data decreases, which
explains a steady decline in the communication efficiency
after p = 0.4. This trend is better visible for larger numbers
of users as in Fig. 7(b), while for their smaller numbers,
the maximum communication efficiency can be achieved by
varying the value of wy as we conclude from Fig. 7(a).

VI. CONCLUSION

In this work, we developed a novel communication-efficient
D2D-aided distributed learning solution with privacy-aware
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Communication efficiency of D2D-CDL on kin40k dataset for varied heterogeneity factor p.

load-balancing capabilities. To accelerate the learning process,
we coupled the convergence rate of distributed online regres-
sion with the optimal compression rate. The key features of
our method include:

1) The system is sensitive to the level of heterogeneity,
which can be observed by comparing the results for
equal and optimal compression rates in Table II. The
weakest user limits the total processing time, and this
effect is reduced by the use of compression. The het-
erogeneity level also significantly affects the communi-
cation efficiency of the proposed solution, as shown in
Fig. 7.

2) The system performance is highly sensitive to the con-
nectivity quality. If the users form disjoint subgraphs,
the performance is limited by the weakest user and by
the number of stronger users in the same subgraph.

3) Our method has the capability to capture dynamically
changing models. Comparing the performance of our
solution to that of the baseline FL in Fig. 3, we observe
that the proposed D2D-CDL not only follows the model
dynamics but also introduces notable processing gains.

In the future, we aim to extend this research by adapting
D2D-CDL to, e.g., support vector machines and Bayesian
models and by developing kernel selection solutions. Our
study on the privacy aspects of D2D-CDL can also be
expanded by establishing explicit privacy guarantees or by
combining various differentially-private mechanisms.

APPENDIX

A. Proof of Lemma 1

Let a; = a and a3 = a + J, § > 0, be the computational
powers of the weakest user and a stronger arbitrary user,
respectively. Without loss of generality, we assume that the
users have equal numbers of points {1 = ¢, = { as there
exists 0': 2(Iy + A)(ag + &) = 2(¢1)(az + 6), A > 0. The
function v; is linear and monotonically increasing with w;
hence, the maximum processing time for each user is achieved
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for w; = 1. Let w; = wy = 1, then

Q N (1 + D)Tgﬁgdwg) _ a
141 (1 + D)Tl,gd(gl)

and the total processing time in D2D-CDL is bounded by the
processing time of the weakest user.

According to (13), it is optimal to compress any number
of points into one. By definition of the gradient capacity b;,
the ¢-th user is able to process additional ¢; points without
increasing the total processing time. Let K = Zfil I(w; > 0)
and J = vazl ¢i, where I(w; > 0) is the indicator function.
Therefore, the system can process K > J compressed points
by distributing them across the network with the maximum
delay of Tj.

<1,
a-+o

B. Proof of Theorem 1

Let us consider the evolution of ﬁ(t) for the case where no

data are being coded in the network. The update Bl =
ﬁ(t) — aVf can be reformulated as
ﬁ(t-s-l) _ ﬁ(t) _a (E [Vf(t)} + £(t)) ’ 31

where E [Vf(®)] is the expectation of the gradient and ¢®
is the corresponding noise component. The gradient can be
represented as a sum of point-wise components, i.e., Vf(*) =
Py Vf;t) , where m is the total number of points and Vf;t)
is the gradient for an individual point (x;,y;), x; € R? and
y; € R. Here, x; = (z;1,...,%;q4)7 and y; correspond to an
arbitrary point, and, hence, we further omit index j for clarity.
Given the data noise z; with zero mean and the standard
deviation of o, we may continue by calculating the gradient
expectation as

E {Vf(t)} = mE [Vf;tq =mE [XT(XB(t) —y)]
= mE[xT(x(8 - ") — 9= mE[x¥]( 8- 8").

(32
Approximating (31) by a continuous process, we obtain
d8®
gt = —am (IE [xTx] (ﬁ(t) — B*) + f(t)) . (33)

We may further approximate the evolution of ﬁ(t) with an
ordinary differential equation (ODE) as

d

48 _ —amE [x™x] (8 — 87).

dt
Substituting 3 = 3; — B} into (34) and expanding the product
E [xTx] and B, we arrive at a system of d ODEs for 1 < ¢ < d
as follows:

dg;
dt

(34)

= —am <E[$1I1]B1 —+...+ ]E[l’?]/él +...+ ]E[Ill'd]ﬁd) s
(35)

which, due to the independence of features, can be rewritten
as

ds; . 3 3
dtl = —amE[ZL’i]; E[zk| Bk — amuf;,

(36)
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where v = var(z;) is the variance of the i-th feature. Multi-
plying (36) by E[z;] and summing up all ODEs, we denote
d

B =Y. E[x]3k and continue by
k=1

dB d )
o om <Z (E [x;]) —l—v) B,

i=1

(37)

which results in the general solution having the form of

—am vpll(]]i[mi])2+v t

B=e¢ = , where the constant is omitted.
Therefore, (36) can be rewritten as
!
dﬁl —am ‘IW (E[z:])24v ¢ -
P —amlE[z;]e i=1 —amvf;.  (38)

The solution of (38) can be sought in the following form:
!

P (E[z:])%4v ¢

~ —am
B = Ci(l)efamvt + CZ-(2)€ e (39)
Substituting (39) into (38), we may establish
d —1
CY =E[z] (Z (E [a:i]f) : (40)
k=1

while C'Z.(l) follows from the initial conditions addressed below
and defines the particular solution to the corresponding Cauchy

d
problem. Here, we assume . (I [2;])® # 0; otherwise, (39)

would include only one ternllf_aéld be solved trivially.

Let the initial hyperplane value be equal to a vector of zeros,
ie., 39 = 0. The initial condition for (38) is, thus, defined
by Bz‘ = -3, Ci(l) = -6 + C’Z.(Q), and the particular
solutioﬁ:foollows from (39) as

—(xmpi (E[z4])2¢
k=1

E [z
ﬁi — _5;e—amvt 1+ y [.’L‘]

B3 (Elai])?

k=1

—e

(41)

We note that (41) determines the evolution of 3; = BZ — B

7

which, however, is tightly coupled with the variable 3;. If all

features are centralized, i.e., E[z;] = 0, (41) becomes 3 =
B* (1 — e~2™m), which yields the normalized error of
||/3_ﬂ*||2 —amut
a7 — ¢ ) 42)
18" []2

where « is the learning rate, m is the total number of points
utilized at each iteration, v is the variance of features, and no
data are being coded. For non-centralized features, we may
assume |3;] > e; then, the evolution of the relative error
LB=B"1l is pounded by

IEHIB
(1 —epyeomt < BBz o camig () )
1872
. —am (]E[w,i])Zt
where ey = Bl (e k= s }in%eo = 0.

Rl
szl(ﬂ*?[zi])2
In this case, (42) provides an approximation for the evolution
of the model approximation error for the uncoded data.
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C. Proof of Theorem 2

Let us consider the case where the data of all users are
coded. We rely on the results of Proposition 1 and let ¢ = 1 for
all the users. In particular, a tagged user utilizes a random
matrix G € RY" = (gy,...,g,) and transforms ¢ data points
. L ¢
into a coded point X = (3_;_; 9;%j1,---, ), 9;Tja) and a

coded observation § = Zﬁzl 9;yj. The corresponding data

noise can be expressed as z = Z§:1 g;zj, and, thus, E[Z] =
0 and var[Z] = lo2.

Here, we follow the proof of Theorem 1. The regression
model is updated according to (31), with the only difference
being that all the gradients are calculated based on the coded
data. Therefore, the gradient at the server is the sum of
N gradients of the individual coded points, ie., Vf(!) =
25:1 Vf,it). The corresponding expectation of the gradient
for the N-th user is given by

E|V/{"| =E&T(28" - 7))

~EX'R(BY - p") -z =E[x%] (8" - 8),
(“4)

where z is the noise of the coded data and index k is omitted
for brevity. Based on g; ~ N(0,1), we may conclude that
E[z,] =E {Z?zl gjx‘ij] = 0 for ¢ points coded into ¢ = 1.
The variance of the coded vector can be derived as a sum of
the products of two random variables as

¢ ‘
var [Z;] Zvar g;%; :Z xj]zﬁv—ZE[:vj].
= po
(45)

The conclusions of Theorem 2 hold for E[Z;] = 0 and the
variance is given by (45). Substituting (45) into (42), we arrive
at the following expression for the normalized error:

!

Bi
Liv— ]E[:EJ] t

H/G _*/3 ||2 —e “im1 j=1 , (46)

187l
where «. is the corresponding learning rate for the coded data.
In the case of E[z;] = 0, the convergence is the fastest for

the selected «. and the given v, and the model approximation
error evolves as

1B — Bl
18712

where m,. is the total number of coded points at all devices.

— efacmcvt’ (47)
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