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A B S T R A C T

Rigorous scheduling that uses hard heuristics and allows forceful shutdown of process units, whether
intentionally or unintentionally, in the copper smelting process always harms the process operation. This
way of process scheduling often results in sub-optimal process operation. Although a flexible scheduling
framework that empowers process units to make independent operational decisions is desirable, the inter-
dependencies among these units continue to pose a challenge in its design. This study presents a hierarchical
scheduling framework for the copper smelting process, which uses price-based heuristics to resolve process
inter-dependencies among the process units. These inter-dependencies arise due to the bottlenecks present in
the process. Taking advantage of market theory, the coordinator uses PI controllers to find the appropriate
prices to address the inter-dependencies. Two case studies are presented to demonstrate that the proposed
framework effectively resolves all the process inter-dependencies, indicating its potential for application in
other large-scale scheduling applications.
Nomenclature

FSF:

Set:
Process scheduling horizon ℎ(min), ℎ ∈ {1, 2, 3,… ,𝐻} ⊂ Z+, 𝐻 is the
maximum scheduling horizon

Variables:
𝐹𝑆𝐹 ℎ

𝐹𝑅(ton/min) = concentrate feed rate at time ℎ
𝐹𝑆𝐹 ℎ

𝑃 (ton/min) = FSF matte production at time ℎ
𝐹𝑆𝐹 ℎ

𝑀 (ton) = mass of FSF at time ℎ

Parameters:
𝑚𝑔(percentage) = matte grade
𝑓𝑒𝑒𝑑𝑚𝑎𝑥(percentage) = maximum input concentrates feed rate
𝑓𝑒𝑒𝑑𝑚𝑖𝑛(percentage) = minimum input concentrates feed rate
𝐹𝑆𝐹 ℎ

𝑈𝐿(ton) = FSF upper capacity limit at time ℎ
𝐹𝑆𝐹 ℎ

𝐿𝐿(ton) = FSF lower capacity limit at time ℎ
𝐹𝑆𝐹 ℎ=0

𝑀 (ton) = FSF initial inventory level

PSC:

Sets:
Batch problem horizon 𝑡(min), 𝑡 ∈ {1, 2, 3,… , 𝑇 } ⊂ Z+ 𝑎𝑛𝑑 𝑇 ≪ 𝐻 , 𝑇
is the maximum batch problem scheduling horizon
PSC unit number 𝑛, 𝑛 ∈ {1, 2, 3,… , 𝑁} ⊂ Z+, 𝑁 is the total number of
PSC units
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PSC group/batch number 𝑏, 𝑏 ∈ {{1, 2, 3,… , 𝐵} ⊂ Z+, 𝐵 is the total
number of groups or batches per PSC unit
PSC operation 𝑧𝑖 ∈ 𝑍 = {𝑚𝑎𝑡𝑡𝑒𝑙𝑜𝑎𝑑𝑖𝑛𝑔𝑖 (𝑀𝐿𝑖), 𝑠𝑙𝑎𝑔𝑏𝑙𝑜𝑤𝑖

(𝑆𝐵𝑖), 𝑠𝑙𝑎𝑔𝑠𝑘𝑖𝑚𝑖
(𝑆𝐾𝑖), 𝑐𝑜𝑝𝑝𝑒𝑟𝑏𝑙𝑜𝑤(𝐶𝐵), 𝑏𝑎𝑡𝑐ℎ𝑒𝑛𝑑 (𝐵𝐸)} where 𝑖 ∈ {1, 2, 3,… , 𝐼} ⊂ Z+,
and 𝐼 is the total number of repeated operations

Variables:

𝑏𝑡𝑧𝑖 =
{

1 operation 𝑧𝑖 is executed at time 𝑡
0 otherwise

𝑠𝑡𝑧𝑖 =

{

1 operation 𝑏𝑡′𝑧𝑖 is completed at time 𝑡′ ∀𝑡 ≥ 𝑡′

0 ∀𝑡 < 𝑡′

𝐵𝑃 𝑡
𝑖𝑑𝑙𝑒 =

{

1 𝑏𝑡𝑧𝑖 = 1
0 otherwise

𝐵𝑃 𝑡
𝑚𝑎𝑠𝑠(ton) = matte in PSC unit at time 𝑡

𝐵𝑃 𝑡
𝑒𝑙𝑒(ton) = content of element 𝑒𝑙𝑒 in the PSC matte at time 𝑡. This 𝑒𝑙𝑚

can be iron (Fe) or sulphur (S).
𝐵𝑃 𝑡

𝑀𝐷(ton) = matte required by batch problem at time 𝑡
𝐵𝑃 𝑡

𝐶𝑢(ton) = minimum copper loss point at time 𝑡. We calculated these
points using the methodology outlined in our previous work (Ahmed
et al., 2021).
𝐵𝑃 𝑡

𝑏𝑙𝑜𝑤(ton) = slag or copper-blowing happens at time 𝑡

Parameters:
𝐶𝑢𝑙𝑜𝑠𝑠𝑧𝑖 (ton/min) = The rate of copper loss during operation 𝑧𝑖
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𝑚

𝑟𝑒𝑙𝑒(ton/min) = oxidation rate of element 𝑒𝑙𝑒
𝑛𝑧𝑖 = the position of operation 𝑧𝑖 within the set 𝑍
𝑎𝑥𝑧𝑖 (min) = maximum processing duration of operation 𝑧𝑖

𝑚𝑖𝑛𝑧𝑖 (min) = minimum processing duration of operation 𝑧𝑖
𝑓𝑖𝑥𝑧𝑖 (min) = fixed processing duration of operation 𝑧𝑖
𝑀𝑇𝑓𝑖𝑥(ton) = amount of matte transferred from FSF to a PSC unit
𝑃𝐿𝐵𝑡

𝑃𝑆𝐶 = price value to resolve logistical inter-dependencies at time
𝑡
𝑃𝐹𝐵𝑡

𝑃𝑆𝐶 = price value to resolve flow inter-dependencies at time 𝑡
𝑃𝐿𝐵𝑡

𝐹𝑆𝐹 = price value to resolve FSF lower-level inter-dependencies at
time 𝑡
𝐿𝑇𝐵𝑃 (min) = earliest time for a batch problem to begin loading oper-
ation without generating logistical inter-dependencies
𝐹𝑇𝐵𝑃 (min) = earliest time for a batch problem to begin blowing
operation without generating flow inter-dependencies
𝐹𝑇𝐹𝑆𝐹 (min) = earliest time for a PSC batch to perform loading opera-
tion without generating FSF lower-level inter-dependencies
𝑀𝐷𝑂𝐵𝑡

𝐹𝑆𝐹 (ton) = matte demand by batch problems on other PSC units
at FSF lower limit violating time 𝑡
𝐿𝐿𝐵𝑡

𝐹𝑆𝐹 (ton) = FSF lower capacity limit at time 𝑡

𝐵𝑃 𝑛,𝑏,𝑡
𝑙𝑜𝑎𝑑 (min) =

{

𝑡 𝑙𝑜𝑎𝑑𝑖𝑛𝑔 time of PSC unit 𝑛 during batch 𝑏
0 otherwise

𝐵𝑃 𝑛,𝑏,𝑡
𝑏𝑙𝑜𝑤(min) =

{

𝑡 𝑠𝑙𝑎𝑔 or 𝑐𝑜𝑝𝑝𝑒𝑟 blowing time of PSC unit 𝑛 during batch 𝑏
0 otherwise

𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡(min) =

{

𝑡 start time of batch problem on PSC unit 𝑛 during batch 𝑏
0 otherwise

𝐵𝑃 𝑛,𝑏
𝑒𝑛𝑑 (min) =

{

𝑡 𝑒𝑛𝑑 time of PSC unit 𝑛 during batch 𝑏
0 otherwise

𝐵𝑃 𝑛,𝑏,𝑡
𝑀𝐷 (ton) =

{

Z+ matte demand of PSC unit 𝑛 during batch 𝑏 at time 𝑡
0 otherwise

𝐵𝑃 𝑛,𝑏
𝑙𝑜𝑎𝑑1

(min) =
{

𝑡 first 𝑙𝑜𝑎𝑑𝑖𝑛𝑔 time of PSC unit 𝑛 during batch 𝑏
0 otherwise

𝐵𝑃 𝑛,𝑏
𝑙𝑜𝑎𝑑𝐼

(min) =
{

𝑡 last 𝑙𝑜𝑎𝑑𝑖𝑛𝑔 time of PSC unit 𝑛 during batch 𝑏
0 otherwise

Coordinator:

Set:
Iteration number 𝑘, 𝑘 ∈ {1, 2, 3,… , 𝐾} ⊂ Z+,𝐾 is the maximum number
of iterations

Parameters:
𝑠𝑡𝑎𝑟𝑡𝑛𝑃𝑆𝐶 (min) = start time of PSC unit 𝑛
𝑝𝑟𝑖𝑜𝑟𝑛𝑃𝑆𝐶 = priority of PSC unit 𝑛
𝐿𝐺 = foremost group that has logistical inter-dependencies
𝐹𝐺 = foremost group that has flow inter-dependencies
𝑃𝑆𝐶𝑛

𝑐𝑜𝑛𝑓 = PSC unit 𝑛 is the source of inter-dependencies
𝑃𝑆𝐶𝐿𝐿 = lowest priority PSC unit having logistical inter-dependencies
𝑃𝑆𝐶𝐿𝑈 = highest priority PSC unit having logistical inter-dependencies
𝑃𝑆𝐶𝐹𝐿 = lowest priority PSC unit having flow inter-dependencies
𝑃𝑆𝐶𝐹𝑈 = highest priority PSC unit having flow inter-dependencies
𝑡𝑖𝑚𝑒𝐿𝐴(min) = earliest available time for a batch problem to begin its
loading operation without generating logistical inter-dependencies
𝑡𝑖𝑚𝑒𝐹𝐴(min) = earliest available time for a batch problem to begin its
blowing operation without generating flow inter-dependencies
𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐿𝐷𝐹 (min) = difference between the available and demanded load-
ing times on PSC unit 𝑛 in the group 𝑏 having logistical inter-depend-
encies at time ℎ
𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐹𝐷𝐹 (min) = difference between the available and demanded blow-
ing times on PSC unit 𝑛 in group 𝑏 having flow inter-dependencies a
time ℎ
𝐹𝑆𝐹 ℎ

𝑈𝐿𝑉 (min) = FSF upper limit violation exists at time ℎ
𝐹𝑆𝐹 ℎ

𝐿𝐿𝑉 (min) = FSF lower limit violation exists at time ℎ
𝐹𝑆𝐹 = total number of time instances in a time slot
2

𝑇𝑆
𝐹𝑆𝐹𝑇𝑆𝑆 = portion of 𝐹𝑆𝐹𝑇𝑆
𝑚𝑖𝑛𝑇𝑆 = minimum number of time instances in a time slot
𝑃𝑆𝐶ℎ

𝑀𝐷(ton) = matte demanded by PSC units at time ℎ
𝐹𝑆𝐹 ℎ

𝑀𝐷𝑂(ton) = matte demanded by all other PSC units except the unit
that is the source of FSF lower-level inter-dependencies
𝐹𝑆𝐹 ℎ

𝑈𝐿𝐷(ton) = difference between the available and demanded matte
at time ℎ having FSF upper-level inter-dependencies
𝐹𝑆𝐹 ℎ,𝑘

𝑈𝐿𝐷(ton) = difference between the available and demanded matte
at time ℎ during iteration 𝑘 having FSF upper-level inter-dependencies
𝐹𝑆𝐹 ℎ

𝑈𝐿𝑇 = FSF upper-level inter-dependencies exist at time ℎ (∀ℎ ≤
𝐹𝑆𝐹𝑇𝑆𝑆 )
𝐹𝑆𝐹𝐿𝑇 (min) = foremost time at which FSF lower-level inter-dependen-
cies exist
𝐹𝑆𝐹 ℎ

𝐿𝐿𝐷(ton) = difference between the available and demanded matte
at time ℎ having FSF lower-level inter-dependencies
𝐹𝑆𝐹 ℎ,𝑘

𝐿𝐿𝐷(ton) = difference between the available and demanded matte
at time ℎ during iteration 𝑘 having FSF lower-level inter-dependencies
𝑙𝑜𝑎𝑑𝑛,𝑏,ℎ𝑝𝑟𝑖𝑐𝑒 = price value for the logistical inter-dependencies on PSC unit
𝑛 in group 𝑏 at time ℎ
𝑓𝑙𝑜𝑤𝑛,𝑏,ℎ

𝑝𝑟𝑖𝑐𝑒 = price value for the flow inter-dependencies on PSC unit 𝑛
in group 𝑏 at time ℎ
𝑈𝐿ℎ

𝑝𝑟𝑖𝑐𝑒 = price value for FSF upper-level inter-dependencies at time ℎ
𝐿𝐿ℎ

𝑝𝑟𝑖𝑐𝑒 = price value for FSF lower-level inter-dependencies at time ℎ
𝑃𝑙𝑜𝑎𝑑 = PI controller proportional gain value to calculate prices for the
logistical inter-dependencies
𝐼𝑙𝑜𝑎𝑑 = PI controller integral gain value to calculate prices for the
logistical inter-dependencies
𝑃𝑓𝑙𝑜𝑤 = PI controller proportional gain value to calculate prices for the
flow inter-dependencies
𝐼𝑓𝑙𝑜𝑤 = PI controller integral gain value to calculate prices for the flow
inter-dependencies
𝑃𝑈𝐿 = PI controller proportional gain value to calculate prices for the
FSF upper-level inter-dependencies
𝐼𝑈𝐿 = PI controller integral gain value to calculate prices for the FSF
upper-level inter-dependencies
𝑃𝐿𝐿 = PI controller proportional gain value to calculate prices for the
FSF lower-level inter-dependencies
𝐼𝐿𝐿 = PI controller integral gain value to calculate prices for the FSF
lower-level inter-dependencies

𝑃𝑆𝐶𝑛,𝑏
𝐿𝐼𝐷 =

{

1 logistical inter-dependencies exist on PSC unit 𝑛 in group 𝑏
0 otherwise

𝑃𝑆𝐶𝑛,𝑏
𝐿𝐵𝐺 =

⎧

⎪

⎨

⎪

⎩

1 logistical inter-dependencies exist on PSC unit 𝑛 between group 𝑏
and preceding group

0 otherwise

𝑃𝑆𝐶𝑛,𝑏,ℎ
𝐹𝐴 =

{

1 𝑠𝑙𝑎𝑔 or 𝑐𝑜𝑝𝑝𝑒𝑟 blowing is made to PSC unit 𝑛 of group 𝑏 at time ℎ
0 otherwise

𝑃𝑆𝐶𝑛,𝑏
𝐹𝐼𝐷 =

{

1 flow inter-dependencies exist on PSC unit 𝑛 in group 𝑏
0 otherwise

𝑃𝑆𝐶𝑛,𝑏
𝐹𝐵𝐺 =

⎧

⎪

⎨

⎪

⎩

1 flow inter-dependencies exist on PSC unit 𝑛 between group 𝑏
and preceding group

0 otherwise

𝑃𝑆𝐶𝑛,𝑏
𝑀𝐷 =

{

1 logistical inter-dependency exists at time ℎ
0 otherwise

𝐺𝑃 𝑏
𝑙𝑜𝑎𝑑 =

{

1 logistical inter-dependencies exist in group 𝑏
0 otherwise

𝐺𝑃 𝑏
𝑓𝑙𝑜𝑤 =

{

1 flow inter-dependencies exist in group 𝑏
0 otherwise

𝑖𝑠𝑃𝑆𝐶 =

{

1 PSC inter-dependencies exist in the schedule
0 otherwise

𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐿𝐷 (min) =
⎧

⎪

⎨

⎪

ℎ time difference between the start time and last loading operation
on PSC unit 𝑛 in group 𝑏 at time ℎ
⎩

0 otherwise
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𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ,𝑘𝐿𝐷 (min) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

ℎ difference between the available and demanded
loading times by PSC unit 𝑛 in group 𝑏 at time ℎ
during iteration 𝑘

0 otherwise

𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐹𝐷 (min) =
⎧

⎪

⎨

⎪

⎩

ℎ flow inter-dependencies exist in PSC unit 𝑛 in
group 𝑏 at time ℎ

0 otherwise

𝑖𝑚𝑒𝑛,𝑏,ℎ,𝑘𝐹𝐷 (min) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

ℎ difference between the available and demanded
blowing times by PSC unit 𝑛 in group 𝑏 at time ℎ
during iteration 𝑘

0 otherwise

𝐹𝑆𝐹 𝑛,𝑏
𝐵𝑃𝐿𝐿 =

⎧

⎪

⎨

⎪

⎩

1 PSC unit 𝑛 in group 𝑏 is the source of FSF lower-level
inter-dependencies

0 otherwise

. Introduction

The current copper industry faces a strong need to increase its
roduction, reduce operating costs, and its environmental footprint (Li
t al., 2017). In addition, this industry is struggling to neutralize
he growing market demand considering depletion in the high-quality
opper concentrates and increasing utilization of low-quality concen-
rates (Li et al., 2017; Schipper et al., 2018). The low-quality concen-
rate utilization leads to higher operational costs in terms of copper
osses that adversely affect the process throughput. Given the rising
emand for copper, the stakeholders are interested in finding new
cheduling techniques that improve the process throughput, reduce
opper losses and improve the overall process performance.

In the copper industry, copper smelters are used for copper pro-
uction. The copper smelting process involves various units, and its
erformance depends heavily on the scheduling of these units, which
ave strong inter-dependencies (Ahmed et al., 2021, 2022). If these
nits are scheduled without considering the inter-dependencies among
hem, the process’s throughput will be negatively impacted, potentially
esulting in severe consequences for the smelting process.

The copper smelting process is considered a large-scale process.
raditionally, experienced process personnel has been responsible for
cheduling a large-scale process. Although many scheduling solutions
or the copper smelting process exist in the market, the process per-
onnel is reluctant to use those available solutions as they neglect the
eal industrial practices, ignore inter-dependencies between the process
nits, and the complexity associated with those solutions (Björklund
t al., 2021; Harjunkoski and Grossmann, 2001; Ahmed et al., 2022).

In the copper smelting process, Flash smelting furnace (FSF) and
eirce-Smith converter (PSC) contribute much to the removal of un-
anted elements from the input concentrates and to the copper losses
uring the process operation (Davenport et al., 2002). Both units
re subject to a variety of storage, logistical, and operational con-
traints; hence, strong inter-dependencies between the FSF and PSC
nits. Ahmed et al. (2022). If these units are operated independently,
t will present a significant challenge for process personnel to operate

unit at the optimal operating point and actively respond to any
merging situation (Ahmed et al., 2022). Furthermore, this way of
rocess operation will require a strong collaboration between process
ersonnel to maintain a common understanding of the entire pro-
ess. As copper smelting processes are constantly upgraded to meet
he growing demand, achieving common ground and expertise of all
rocess personnel is sometimes impossible. Hence, modern scheduling
olutions are required that have the potential to resolve process inter-
ependencies and enable process personnel to operate a processing unit
ndependently without a thorough understanding of the process and
oresee the consequences of the operational decisions on the entire
3

melting process. m
For designing a scheduling framework for the copper smelting
rocess, one approach is to select a coordination variable and then
se that variable to address the inter-dependencies of the process.
hoosing a coordination variable requires a thorough understanding of
he process, and it may require continuous redefinition if the process
ynamics or its objective changes continuously. Although this approach
ay be suitable for simple scheduling tasks, it becomes time-consuming

nd challenging to implement when dealing with complex scheduling
pplications such as the copper smelting process.

An alternative approach is to use heuristics (Sobeyko and Mönch,
015; Adams and Seider, 2009; Zhang et al., 2011; Abreu et al., 2022;
anek et al., 2005). Heuristics describe the procedure of unit inter-
ction, information sharing, and methods to resolve conflicts among
he process units. Generally, they are application-dependent, easy to
roubled shoot, and open to adjustment, and they can be designed
ased on industrial practices, derived from a well-known technique,
r based on rigorous decisions to resolve inter-dependencies among
he process units (Ahmed et al., 2022; Ahmed and Vilkko, 2023).
onsidering that a forceful interruption of a unit operation is not

ostered in the copper smelting process, scheduling approaches based
n rigorous heuristics are unsuitable for the copper smelting process.
hus, innovative heuristics-based scheduling solutions are required for
he copper smelting process that allows the process units to make their
wn choices to resolve process inter-dependencies.

In previous work, we presented hierarchical scheduling for a copper
melting process that resolved process inter-dependencies using hard
euristics (Ahmed et al., 2022). Alternative to the previous approach,
his study focuses on a scheduling framework that first determines
he bottlenecks that are the source of inter-dependencies generation
nd then resolves these inter-dependencies by finding suitable prices
sing proportional–integral (PI) controllers. The proposed scheduling
ramework considers a copper smelting process that consists of one FSF
nd multiple PSC units, and it is designed using discrete-time mixed
nteger linear programming (MILP) techniques. The objective is to
ormulate a scheduling framework that maximizes the FSF throughout
hile respecting the FSF storage capacity limits, minimizes the cop-
er losses, and allows the process units to resolve inter-dependencies
ithout being dictated by any external entity.

. Theoretical background

For formulating a scheduling framework for a large-scale industrial
rocess, two well-known approaches are centralized and hierarchical,
hich are used in numerous industrial applications (Ahmed and Vilkko,
023; Harjunkoski and Grossmann, 2001; Cheng et al., 2006, 2007,
004; Popa, 2014). In the centralized approach, all the information
s collected in one place, and then a single large scheduling prob-
em is designed. Generally, this approach requires high computational
esources, challenges in maintaining, and has a single-point failure
nd data-sharing issues if units are manufactured and assembled by
ifferent vendors; therefore, it is suitable for small-scale scheduling
pplications (Cheng et al., 2004; Rokhforoz and Fink, 2021; Gao et al.,
018). In our previous work, we developed a centralized scheduling
ramework for the copper smelting process, and we have demonstrated
hat the centralized approach is not the best option for the copper
melting process (Ahmed et al., 2022).

An alternative to the centralized approach is to use the hierarchical
pproach. Here, a large-scale optimization problem is decomposed
nto several unit-level scheduling problems, which are solved indepen-
ently. To enable unit-level communication and provide an optimal
peration of the process, a top-level entity is used, which is typi-
ally referred to as the coordinator. The coordinator is responsible
or all data exchange between the unit-level scheduling problems and
esolving process inter-dependencies if they arise during the process
peration. Furthermore, it can employ heuristics or other coordination

echanisms to achieve a plant-wide solution.
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Heuristics based on the price-updating scheme are derived from
market theory. Typically, various scarce resources can exist in a market,
and market forces determine prices for these resources. In an open
market, the price rises when the demand for a scarce resource ex-
ceeds its supply and vice versa. Price-based coordination relies first on
identifying the scarce resources in the scheduling application and then
utilizing their prices to coordinate the allocation of these resources to
provide a plant-wide optimal solution.

For designing a scheduling framework for the copper smelting
process, multiple solutions are presented. Pradenas et al. (2003) pre-
sented a heuristic-based scheduling framework for the copper smelting
process that maximizes the process throughput. This framework pro-
duces optimal schedules for the smelting process, which has numerous
operational constraints. Rojas et al. (2006) developed a mathematical
framework for the copper smelting process that maximizes the produc-
tion considering metallurgical, operational, environmental, and other
constraints. An industrial case study is presented to demonstrate the
effectiveness of the proposed framework. Harjunkoski et al. (2006)
developed an interesting scheduling framework for the copper smelting
process using continuous-time MILP techniques where the objective is
to maximize the process throughput. Suominen and M (2016) devel-
oped an innovative continuous-time scheduling framework for a copper
smelter. This framework maximizes smelting production and provides
an optimal schedule. Björklund et al. (2021) proposed an automatic
control solution for the FSF. This solution has online feed rate and
matte level estimators to continuously estimate and monitor the feed
rate and matte level in the FSF. In our previous work (Ahmed et al.,
2022), we presented a simple and effective scheduling framework using
discrete-time MILP techniques where the coordinator uses rigorous
heuristics to resolve process inter-dependencies and provide a feasible
schedule.

Price-based coordination is also used in multiple industrial appli-
cations. Ruben et al. (2013) used price-based heuristics to coordinate
four unique control problems to provide a plant-wide solution. For
price-updating, this framework used Newton’s method. Lavios Villahoz
et al. (2010) used a price-updating scheme for a multi-agent scheduling
process where agents use combinatorial auctions for negotiation and
achieve a plant-wide solution. Sarabia et al. (2013) used price-based
coordination to distribute a scarce resource to various process units.
The problem is divided into multiple unit-level control problems, and
the coordinator is used to calculate prices for resolving the process
inter-dependencies. Several case studies are presented to demonstrate
that the proposed framework improves the process operation and pro-
vides a near-centralized solution. In previous work (Ahmed and Vilkko,
2023), we presented a scheduling framework for the copper smelting
process that uses price-based coordination to resolve part of the process
inter-dependencies. We showed that the proposed framework is suitable
for a copper smelting process in which a forced shutdown or rigorous
scheduling of units results in severe consequences. Two cases are
presented to demonstrate its effectiveness.

3. Copper smelting process

A schematic flow diagram of the copper smelting process is shown
in Fig. 1. The input concentrates with a variable feed rate are fed to
the FSF, which removes undesired elements from the concentrates in
the presence of oxygen to produce slag, gases, and matte. The slag is
periodically removed and brought to the slag processing unit, while the
gases are moved to the gas processing unit. The FSF produces matte
of a specific grade, which is usually defined by the process personnel
beforehand.

Matte is moved periodically to the PSC for further processing. The
matte transfer is carried by a crane, which is placed adjacent to the FSF
and PSC units. Usually, several PSC units operate in parallel. During the
PSC operation, the matte passes through multiple slag-blowing stages
4

to oxidize the iron and sulphur from the matte in the presence of b
oxygen (Davenport et al., 2002). Each slag-blowing stage produces slag,
which is removed from the PSC and shifted to the slag processing unit
at the end of the slag-blowing stage. Following the slag removal, more
matte is added to the PSC. After oxidizing the maximum amount of iron
from the matte, the copper-blowing stage begins, and it continues until
the maximum amount of sulphur remains in the matte. The final matte,
which is generally known as white metal, is transferred to the anode
furnace for further processing. At this movement, the PSC is ready to
produce the next batch.

During the slag-blowing stage, copper is lost to the slag. As the
iron content in the matte reaches a zero level, this copper loss starts
to increase exponentially (Tan, 2007). Furthermore, slag-blowing op-
erations are highly exothermic reactions; therefore, the temperature
inside the PSC must remain within its limits (Davenport et al., 2002;
Harjunkoski et al., 2008). Consequently, the maximum duration of slag-
blowing operations is pre-defined. Nevertheless, the final slag-blowing
operation persists until the maximum amount of iron is oxidized from
the matte. For maintaining the temperature within its operational limits
during the final slag-blowing operation, some coolants (e.g., scrape
from the last batch) are added to the PSC (Davenport et al., 2002;
Ahmed et al., 2021).

4. Problem statement

This study considers a relatively simple copper smelting process,
as shown in Fig. 2. The real copper smelter has more units and com-
plex dynamics; however, the proposed formulation still reflects the
important aspects of a copper smelting process.

Given: A copper smelting process consists of one FSF and multi-
le PSC units only. The FSF processes the same type of concentrates
ontinuously without any break. It is assumed that the FSF never shut
own, and any such attempt leads to fatal consequences. The FSF has a
redefined limited storage capacity. Matte is transferred from the FSF
o a PSC unit using the installed crane. The matte inside a PSC unit
ollows a predefined scheduling recipe.
Goal: The aim is to develop a hierarchical scheduling framework

or copper smelting to operate the FSF at the optimal operating point
nd provides a PSC schedule with a shorter batch time and minimal
opper losses. The motivation is to show that price-based coordination
as the potential to provide an optimal operation of the process by
llowing the process units to make their own decisions for resolving
rocess inter-dependencies.

.1. Inter-dependencies

In this study, FSF and PSC units give rise to the inter-dependencies.
hese inter-dependencies arise as a result of violations in storage,
perational, and logistics constraints that commonly occur during the
opper smelting process. The following section provides a detailed
iscussion of these inter-dependencies.

SF inter-dependencies:
The FSF inter-dependencies arise due to its storage capacity viola-

ions. If the matte production in the FSF is high due to lower matte
rade selection or higher input concentrates feed rate, and the PSC units
o not process the matte as speedily due to their slow functioning or
ome other technical issue, the matte in the FSF reaches to its maximum
alue which generates inter-dependencies. These inter-dependencies
ill be referred to as the FSF upper-level inter-dependencies. On the
ther hand, if PSC units are performing faster or the FSF matte pro-
uction is low, matte in the FSF will fall below its lower level. As the
atte in the FSF must remain above the minimum threshold due to

perational concerns, inter-dependencies will arise if the matte in the
SF falls below its minimum threshold. These inter-dependencies will

e referred to as FSF lower-level inter-dependencies.
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Fig. 1. Copper smelting process .
Source: adapted from Ahmed et al. (2022).
Fig. 2. Simplified copper smelting process .
Source: Adapted from Ahmed and Vilkko (2023).
PSC inter-dependencies:
PSC inter-dependencies arise due to the parallel operation of the

PSC units. During the copper smelting operation, matte is transferred
from the FSF to PSC units using the installed crane. This crane can shift
only a fixed amount of matte from the FSF to a PSC unit in a given
time. Since all PSC units operate independently, two or more PSC units
can simultaneously request matte loading, which generates PSC inter-
dependencies. In this study, such inter-dependencies are identified as
logistical inter-dependencies.

PSC units are prioritized based on their availability in terms of time.
The unit that becomes available first is assigned the highest priority,
5

followed by the next earliest available unit, and the one that becomes
available latest is assigned the lowest priority. For keeping the blister
copper batch production synchronized, matte loading onto a PSC unit
is carried out only after all loading operations on the high-priority PSC
units have been successfully completed. Consequently, logistical inter-
dependencies arise when a PSC unit requests matte loading before a
high-priority PSC unit

The FSF and PSC units produce gases during their operation. The
FSF produces gases continuously since it operates uninterruptedly,
while PSC units produce gases during the slag-blowing and copper-
blowing stages. All the gases are transferred to the gas processing
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unit using the installed pipelines, which have limited transfer capacity.
Since the FSF is operating continuously and stopping the FSF could
result in serious consequences, PSC units are scheduled accordingly to
respect the gas pipeline’s capacity constraint. Therefore, FSF flow inter-
dependencies arise when two or more PSC units are in the slag and
copper blow stage in parallel.

4.2. Assumptions

The copper smelting process has strong thermodynamics; therefore,
thermodynamical factors affect its operation. As the objective is not to
study this process thermodynamics, several assumptions are made in
the study, which are listed below.

• The FSF always processes the same type of concentrates.
• This study does not focus on any particular FSF; therefore, the

FSF storage capacity limits are selected arbitrarily.
• The FSF never shut down, and any such action will result in

serious consequences.
• The matte grade is defined by the process personnel beforehand

and remains unchanged during the process operation.
• FSF matte production depends on the matte grade and input

concentrates feed rate.
• All PSC units are the same in dimensions, follow the same

scheduling recipe, and do not require maintenance breaks.
• All the PSC units have a priority number. The PSC unit available

earliest will have the highest priority, and the latest PSC unit will
have the lowest priority. The batch on the highest priority in the
PSC units will begin its operation first, followed by the batch on
the second-highest priority, and so on.

• To resolve logistical inter-dependencies, low-priority PSC units
must wait until all the loading operations to all the high-priority
PSC units are executed successfully.

• If logistical and flow inter-dependencies exist simultaneously,
logistical inter-dependencies are addressed prior to the flow inter-
dependencies.

• To resolve flow inter-dependencies, only one PSC unit must be in
the slag or copper blow stage.

• Oxygen affects the oxidation rate of the unwanted elements in the
copper smelting process. As the objective of this study is not to
study the thermodynamics of the process, this study assumes that
the oxygen supply remains unchanged during process operation.
Therefore, the oxidation rate of unwanted elements remains the
same.

• The temperature inside the PSC remains within its operating
limits by adjusting the oxygen flow. As the oxygen supply does
not change during the process operation, the temperature does
not affect the FSF or PSC performance.

• It is assumed that the temperature always remains within its
operating limits; therefore, no coolants are added to the PSC.

• PSC units always produce the same type of slag.
• Slag treatment and acid processing units have unlimited storage

capacity; therefore, they are ignored.
• All the units are functioning independently with no interaction

between them.

This study focuses mainly on designing a scheduling framework of
he copper smelting process which is independent of thermodynamic
nd other operational factors; therefore, the proposed assumptions do
ot affect the applicability of the proposed framework.

. Framework formulation

The schematic diagram of the proposed hierarchical framework is
hown in Fig. 3. The hierarchical scheduling is based on discrete-time
6

inear MILP techniques and is composed of the FSF model, the PSC
model, and a coordinator. These models are discussed in more detail
here.

5.1. FSF model

The input concentrates are fed to the FSF and converted to slag,
gases, and matte with a specific grade. Typically, this matte grade is de-
fined by process personnel beforehand. The FSF operates continuously,
and its storage capacity limits are defined in advance.

FSF matte production depends on the matte grade 𝑚𝑔 and input con-
centrate feed rate 𝐹𝑆𝐹 ℎ

𝐹𝑅. This production decreases with the increase
in the 𝑚𝑔 as more time is required to remove the unwanted elements
from the matte, while it increases with the increase in the input feed
rate as more concentrate is available. The FSF matte production is given
in Eq. (1), and the amount of matte in the FSF is given by Eq. (2).
In the FSF, the typical objective is to increase its matte production.
As the matte grade remains unchanged during the process operation,
maximization of the input concentrate is the obvious objective of the
FSF, as given in Eq. (3).

𝐹𝑆𝐹 ℎ
𝑃 =

(

𝑎 × 𝑚𝑔 + 𝑐
)

+
(

𝑏 × 𝐹𝑆𝐹 ℎ
𝐹𝑅 + 𝑑

)

∀ℎ ∈ 𝐹𝑆𝐹 ℎ
𝑈𝐿𝑇 , {𝑎, 𝑏, 𝑐, 𝑑} ∈ 𝑅+ (1)

𝐹𝑆𝐹 ℎ
𝑀 = 𝐹𝑆𝐹 ℎ=0

𝑀 + 𝐹𝑆𝐹 ℎ−1
𝑀 + 𝐹𝑆𝐹 ℎ

𝑃 ∀ℎ ∈ 𝐹𝑆𝐹 ℎ
𝑈𝐿𝑇 (2)

max
𝐹𝑆𝐹𝐹𝑅

𝐻
∑

ℎ=1
𝐹𝑆𝐹 ℎ

𝐹𝑅 +
𝐻
∑

ℎ=𝐹𝑆𝐹 ℎ
𝑈𝐿𝑇

[

𝑈𝐿ℎ
𝑝𝑟𝑖𝑐𝑒×

(

𝑃𝑆𝐶ℎ
𝑀𝐷 + 𝐹𝑆𝐹 ℎ

𝑈𝐿 − 𝐹𝑆𝐹 ℎ
𝑀

)]

(3)

𝑓𝑒𝑒𝑑𝑚𝑖𝑛 ≤ 𝐹𝑆𝐹 ℎ
𝐹𝑅 ≤ 𝑓𝑒𝑒𝑑𝑚𝑎𝑥

During the simulation, the FSF model receives time instances at which
FSF upper-level inter-dependencies exist 𝐹𝑆𝐹 ℎ

𝑈𝐿𝑇 , price 𝑈𝐿ℎ
𝑝𝑟𝑖𝑐𝑒, total

matte demand by the PSC units 𝑃𝑆𝐶ℎ
𝑀𝐷, and the FSF upper capacity

limit 𝑈𝐿ℎ
𝐹𝑆𝐹 from the coordinator. However, as no FSF upper-level

inter-dependencies exist at the beginning of the simulation, the frame-
work initializes the 𝐹𝑆𝐹 ℎ

𝑈𝐿𝑇 with all the time instances (𝐹𝑆𝐹 ℎ
𝑈𝐿𝑇 = ℎ).

If the framework finds FSF upper capacity limit violations during an
iteration 𝑘 (𝑘 ≠ 1), it solves the FSF model only for the time instances
that are stored in 𝐹𝑆𝐹 ℎ

𝑈𝐿𝑇 . However, if no FSF upper limit violations
exist in the schedule during an iteration 𝑘 (𝑘 ≠ 1), the framework
will use its latest available solution. After solving the FSF model, it
returns the FSF matte 𝐹𝑆𝐹 ℎ

𝑀 and feed rate 𝐹𝑆𝐹 ℎ
𝐹𝑅 to the coordinator.

At this point, the FSF model is waiting for further guidance from the
coordinator.

5.2. Batch problem

This study considers 𝑁 independent PSC units producing 𝐵 number
of batches; therefore, the framework solves a maximum of 𝑁 ×𝐵 inde-
pendent PSC scheduling problems during an iteration. For simplicity,
this scheduling problem is referred to as batch problem.

In a batch problem, only one operation is carried out at a time, as
iven in Eqs. (4). For scheduling operations in a batch problem, this
tudy uses two variable sets. The first variable set, 𝑏𝑡𝑧𝑖 , is used to identify

the occurrence of an internal operation, while the second variable set,
𝑠𝑡𝑧𝑖 , ensures that operations inside a batch problem are performed ac-
cording to the predefined scheduling recipe. For scheduling of internal
operations, Eqs. (5)–(6) are used. Here, 𝑛𝑧𝑖 represents the position of
operation 𝑧𝑖 in set 𝑍 (∀𝑧𝑖 ∈ 𝑍). The processing time of an operation is
either fixed, or its optimal value is computed by the batch problem as
given in Eqs. (7)–(8).
∑

𝑧𝑖∈
𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝑏𝑡𝑧𝑖 ≤ 1 (4)

𝑠𝑡𝑧𝑖 = 𝑠𝑡−1𝑧𝑖
+ 𝑏𝑡𝑧𝑖 (5)

∑

𝑧𝑖∈

𝑇
∑

𝑡=1
𝑠𝑡𝑧𝑖 ≥

(

𝑛𝑧𝑖 × 𝑏𝑡𝑧′𝑖
)

𝑧′𝑖 = operation preceding 𝑧𝑖 (6)

𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛
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Fig. 3. Hierarchical scheduling framework.
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𝑇
∑

𝑡=1
𝑏𝑡𝑧𝑖 = 𝑓𝑖𝑥𝑧𝑖 ∀𝑧𝑖 = 𝑀𝐿𝑖, 𝑆𝐾𝑖 (7)

𝑚𝑖𝑛𝑧𝑖 ≤
𝑇
∑

𝑡=1
𝑏𝑡𝑧𝑖 ≤ 𝑚𝑎𝑥𝑧𝑖 ∀𝑧𝑖 = 𝑆𝐵𝑖, 𝐶𝐵 (8)

During the PSC operation, the amount of matte present in the PSC
and the impurities in this matte are calculated using Eqs. (9) and (10).
During the PSC operation, copper loses to the slag, and its amount in
the slag is calculated using Eq. (11). To minimize copper losses, this
study uses a simple and efficient scheme, which has been proposed in
our previous work [for details, check (Ahmed et al., 2021)].

The slag-blowing and copper-blowing timings are stored in 𝐵𝑃 𝑡
𝑏𝑙𝑜𝑤,

s given in Eq. (12). The batch problem demand for the matte is
alculated using Eq. (13). Furthermore, the batch problem operation
imes are stored in 𝐵𝑃 𝑡

𝑖𝑑𝑙𝑒 using Eq. (14). This 𝐵𝑃 𝑡
𝑖𝑑𝑙𝑒 is used as a penalty

erm to reduce unnecessary idle times in the schedule.
During the simulation, batch problems receive three sets of in-

ormation from the coordinator. The first set consists of the earliest
vailable time 𝑡𝑖𝑚𝑒𝐿𝐴 to perform loading operations and the price
𝑜𝑎𝑑𝑛,𝑏,ℎ𝑝𝑟𝑖𝑐𝑒 to address PSC logistical inter-dependencies. The second set
onsists of the earliest available time 𝑡𝑖𝑚𝑒𝐹𝐴 to execute slag or copper-
lowing operations and the price 𝑓𝑙𝑜𝑤𝑛,𝑏,ℎ

𝑝𝑟𝑖𝑐𝑒 to address the PSC flow
nter-dependencies. The last set includes the earliest available time
𝑆𝐹𝐿𝑇 to perform the loading operation without generating FSF lower-

evel inter-dependencies, the matte requested by the batch problems on
7

m

ll other PSC units 𝐹𝑆𝐹 ℎ
𝑀𝐷𝑂 and the price 𝐿𝐿ℎ

𝑝𝑟𝑖𝑐𝑒 to resolve the FSF
ower-level inter-dependencies at a batch level.

𝑃 𝑡
𝑚𝑎𝑠𝑠 = 𝐵𝑃 𝑡−1

𝑚𝑎𝑠𝑠 +
∑

𝑧′𝑖∈
𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝑀𝑇𝑓𝑖𝑥 × 𝑏𝑡𝑧′𝑖
−

∑

𝑧𝑖∈
𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛

(𝐶𝑢𝑙𝑜𝑠𝑠𝑧𝑖 + 𝑟𝑒𝑙𝑒) × 𝑏𝑡𝑧𝑖

∀𝑧′𝑖 ∈ 𝑀𝐿𝑖, 𝑧𝑖 ∈ {𝑆𝐵𝑖, 𝐶𝐵}

(9)

𝑃 𝑡
𝑒𝑙𝑚 = 𝐵𝑃 𝑡−1

𝑒𝑙𝑚 +
∑

𝑧′𝑖∈
𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝑓 [(𝑚𝑔)] × 𝑏𝑡𝑧′𝑖
−

∑

𝑧𝑖∈
𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛

(𝐶𝑢𝑙𝑜𝑠𝑠𝑧𝑖 + 𝑟𝑒𝑙𝑒) × 𝑏𝑡𝑧𝑖

∀𝑧′𝑖 ∈ 𝑀𝐿𝑖, 𝑧𝑖 ∈ {𝑆𝐵𝑖, 𝐶𝐵}

(10)

𝑃 𝑡
𝐶𝑢 = 𝐵𝑃 𝑡−1

𝐶𝑢 +
∑

𝑧𝑖∈
𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝐶𝑢𝑙𝑜𝑠𝑠𝑧𝑖 × 𝑏𝑡𝑧𝑖 ∀𝑧𝑖 ∈ 𝑆𝐵𝑖 (11)

𝑃 𝑡
𝑏𝑙𝑜𝑤 =

∑

𝑧𝑖∈
𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝑏𝑡𝑧𝑖 ∀𝑧𝑖 ∈ {𝑆𝐵𝑖, 𝐶𝐵} (12)

𝑃 𝑡
𝑀𝐷 = 𝐵𝑃 𝑡−1

𝑀𝐷 +
∑

𝑧𝑖∈
𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝑀𝑇𝑓𝑖𝑥 × 𝑏𝑡𝑧𝑖 ∀𝑧𝑖 ∈ 𝑀𝐿𝑖 (13)

𝑃 𝑡
𝑖𝑑𝑙𝑒 =

∑

𝑧𝑖∈
𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝑏𝑡𝑧𝑖 ∀𝑧𝑖 ∈ 𝑍 (14)

For addressing inter-dependencies, each batch problem uses
qs. (15)–(22) to retrieve the corresponding prices, available times
o perform loading, slag, or copper-blowing operations, the relevant

atte demand of the batch problems on other PSC units, and the
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corresponding FSF lower capacity limits from the information that
it received from the coordinator. How the coordinator calculates the
given information is discussed in Section 5.3.

The objective of the batch problem is to minimize the copper
losses, impurities in the matte, idle time in the schedule, and re-
solve inter-dependencies, as given in Eq. (23). The batch problem
treats all the prices as penalty terms. Based on the calculated price
values by the coordinator, the batch problem reschedules its loading
times, slag-blowing, or copper-blowing times to resolve the process
inter-dependencies.

𝑃𝐿𝐵𝑡
𝑃𝑆𝐶 =

{

𝑙𝑜𝑎𝑑𝑛.𝑏.ℎ𝑝𝑟𝑖𝑐𝑒 𝑡 =
(

ℎ − 𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡

)

0 otherwise
(15)

𝑃𝐹𝐵𝑡
𝑃𝑆𝐶 =

{

𝑓𝑙𝑜𝑤𝑛.𝑏.ℎ
𝑝𝑟𝑖𝑐𝑒 𝑡 =

(

ℎ − 𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡

)

0 otherwise
(16)

𝐿𝐵𝑡
𝐹𝑆𝐹 =

{

𝐿𝐿ℎ
𝑝𝑟𝑖𝑐𝑒 𝑡 =

(

ℎ − 𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡

)

0 otherwise
(17)

𝑇𝐵𝑃 = 𝑡𝑖𝑚𝑒𝐿𝐴 − 𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 (18)

𝑇𝐵𝑃 = 𝑡𝑖𝑚𝑒𝐹𝐴 − 𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 (19)

𝑇𝐹𝑆𝐹 = 𝐹𝑆𝐹𝐿𝑇 − 𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 (20)

𝐷𝑂𝐵𝑡
𝐹𝑆𝐹 =

{

𝐹𝑆𝐹 ℎ
𝑀𝐷𝑂 𝑡 =

(

ℎ − 𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡

)

0 otherwise (21)

𝐿𝐵𝑡
𝐹𝑆𝐹 =

{

𝐹𝑆𝐹 ℎ
𝐿𝐿 𝑡 =

(

ℎ − 𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡

)

0 otherwise (22)

min
𝐵𝑃𝐶𝑢,𝐵𝑃𝑒𝑙𝑒,
𝐶𝑢𝑟𝑎𝑡𝑖𝑜 ,𝐵𝑃𝑖𝑑𝑙𝑒

𝑇
∑

𝑡=1
𝐵𝑃 𝑡

𝐶𝑢 +
𝑇
∑

𝑡=1
𝐵𝑃 𝑡

𝑒𝑙𝑒 +
𝑇
∑

𝑡=1
𝐵𝑃 𝑡

𝐶𝑢 +
𝑇
∑

𝑡=1
𝐵𝑃 𝑡

𝑖𝑑𝑙𝑒

+
𝑇
∑

𝑡≤𝐿𝑇𝐹𝑆𝐹

𝑃𝐵𝐿𝑡
𝐹𝑆𝐹×

(

𝑀𝐷𝑂𝐵𝑡
𝐹𝑆𝐹 + 𝐵𝑃 𝑡

𝑀𝐷 − 𝐿𝐿𝐵𝑡
𝐹𝑆𝐹

)

+
𝑇
∑

𝑡≤𝐿𝑇𝐵𝑃

𝑃𝐿𝐵𝑡
𝑃𝑆𝐶×

[ (

𝐿𝑇𝐵𝑃 × 𝑠𝑡𝑀𝐿1

)

−𝐿𝑇𝐵𝑃
]

+
𝑇
∑

𝑡≤𝐹𝑇𝐵𝑃

𝑃𝐹𝐵𝑡
𝑃𝑆𝐶×

[ (

𝐹𝑇𝐵𝑃 × 𝐵𝑃 𝑡
𝑏𝑙𝑜𝑤

)

−𝐹𝑇𝐵𝑃
]

(23)

At the end of the iteration, each problem uses Eqs. (24)–(28) to de-
termine loading times 𝐵𝑃 𝑛,𝑏

𝑙𝑜𝑎𝑑1
, 𝐵𝑃 𝑛,𝑏

𝑙𝑜𝑎𝑑𝐼
, slag and copper-blowing times

𝐵𝑃 𝑛,𝑏,𝑡
𝑏𝑙𝑜𝑤, the batch end time 𝐵𝑃 𝑛,𝑏

𝑒𝑛𝑑 , and matte demand 𝐵𝑃 𝑛,𝑏,𝑡
𝑀𝐷 , and send

them to the coordinator. After this, the batch problem is waiting for
further instruction from the coordinator.

𝐵𝑃 𝑛,𝑏
𝑙𝑜𝑎𝑑1

=
{

𝑡 𝑏𝑛,𝑏,𝑡𝑧𝑖 = 1 ∀𝑧𝑖 = 𝑀𝐿1
0 otherwise

(24)

𝐵𝑃 𝑛,𝑏
𝑙𝑜𝑎𝑑𝐼

=
{

𝑡 𝑏𝑛,𝑏,𝑡𝑧𝑖 = 1 ∀𝑧𝑖 = 𝑀𝐿𝐼
0 otherwise

(25)

𝑃 𝑛,𝑏,𝑡
𝑏𝑙𝑜𝑤 =

{

𝑡 𝑏𝑛,𝑏,𝑡𝑧𝑖 = 1 ∀𝑧𝑖 = {SBi, CB}
0 otherwise

(26)

𝑃 𝑛,𝑏
𝑒𝑛𝑑 =

{

𝑡 + 𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 𝑏𝑛,𝑏,𝑡𝑧𝑖 = 1 ∀𝑧𝑖 = 𝐵𝐸

0 otherwise
(27)

𝑃 𝑛,𝑏,𝑡
𝑀𝐷 = 𝐵𝑃 𝑡

𝑀𝐷 (28)

.3. Coordinator

The heart of this study is the coordination mechanism between the
SF and the PSC units. The coordinator is responsible for solving all
nter-dependencies between the process units and providing a feasible
chedule using a price updating scheme.

In the proposed scheduling framework, the FSF and PSC units are
he bottleneck for the process. During the process operation, matte is
roduced by the FSF and consumed by the PSC units. If the matte in the
8

SF violates its upper or lower storage limits, FSF inter-dependencies e
ill arise. Therefore, this study considers the matte as a scarce re-
ource that must be distributed optimally to the PSC units to guarantee
quilibrium between supply and demand. PSC units are the bottleneck
ue to the timing of PSC operations. As discussed in Section 4.1, PSC
nter-dependencies exist in the schedule when a unit requests matte
oading or blowing at a time that conflicts with the scheduling policy.
herefore, the operation time of the PSC unit is a scarce resource, which
enerates PSC inter-dependencies. By considering PSC operation time
s a scarce resource, this study will guarantee that the batch problems
xecute their operations according to the scheduling recipe.

For the optimal distribution of shared resources, this study utilizes
he principles of free market theory. In an open market, prices of
ommodities are adjusted continuously to maintain an equilibrium
etween supply and demand. Ideally, the supply and demand of a
carce resource should be equal. If so, the price of the resource remains
nchanged. But in actual markets, the supply and demand of a scarce
esource keep fluctuating, and so do their prices. If a scarce resource
s in excess, market forces will reduce its price to increase market
emand. On the contrary, if demand exceeds the supply, the price is
aised to lower its demand. This study leverages market phenomena by
mploying a price adjustment scheme for the optimal distribution of
carce resources and provides an optimal schedule.

At the start of the simulation, the coordinator initializes the 𝐹𝑆𝐹 ℎ
𝑈𝐿𝑇

ith all the scheduling time instances (𝐹𝑆𝐹 ℎ
𝑈𝐿𝑇 = ℎ) and sends it the

SF model. The FSF model solves the scheduling problem and returns
he FSF matte and feed rate trajectories to the coordinator. Further-
ore, it assigns priorities to the PSC unit using Eq. (29). After each

teration, the coordinator receives loading timings, blowing timings,
nd start and end times from all the batch problems.

𝑟𝑖𝑜𝑟𝑛𝑃𝑆𝐶 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

ℎ𝑖𝑔ℎ𝑒𝑠𝑡 unit 𝑛 has the lowest 𝑠𝑡𝑎𝑟𝑡𝑛𝑃𝑆𝐶
ℎ𝑖𝑔ℎ𝑒𝑠𝑡 − 1 unit 𝑛 has the second lowest 𝑠𝑡𝑎𝑟𝑡𝑛𝑃𝑆𝐶
⋮
𝑙𝑜𝑤𝑒𝑠𝑡 unit 𝑛 has the highest 𝑠𝑡𝑎𝑟𝑡𝑛𝑃𝑆𝐶

(29)

To assist in the inter-dependencies management and to reduce the
omputational demand, the coordinator divides all the batch problems
n all the PSC units into different groups. The grouping is carried out
uch that the first batch problem on each PSC unit is assigned to Group
, the second batch on each PSC unit to Group 2, and the final batch
roblem on each PSC unit to Group 𝐵, as shown in Fig. 4. However, if
he start time of the batch problem is higher than the maximum end
ime of the batch problem within a group, the batch problem is not
dded to the given group but to the following one if the batch start time
s less than the maximum end time of the batch in the next group. The
rouping of the batch problems allows the framework to examine and
olves the inter-dependencies in ascending order of the group number
nd produces the batches in a synchronized manner.

Logistical inter-dependencies exist in a group if a batch problem on
low-priority PSC unit begins its operation before the batch problems

n the preceding high-priority PSC units. Thus, the coordinator uses the
𝑃 𝑛,𝑏
𝑙𝑜𝑎𝑑1

and 𝐵𝑃 𝑛,𝑏
𝑙𝑜𝑎𝑑𝐼

to determine batch problems that are the source
f the logistical inter-dependencies, as given in Eqs. (30). It assigns
value of 1 to batch problem 𝑏 on the PSC unit 𝑛 if loading oper-

tions are not performed according to the scheduling recipe. As PSC
nter-dependencies can exist between the groups, the coordinator uses
q. (31) to determine if logistical inter-dependencies present between
he batch problems of the current and the following group. Similarly,
he coordinator uses Eq. (32) to calculate the blowing times for the
ntire scheduling horizon and then identifies batch problems that gen-
rate flow inter-dependencies within a group or between the groups,
s given in Eqs. (33)–(34). In addition, the coordinator rearranges the
atte demand of the batch problems over the entire scheduling horizon
sing Eq. (35). Moreover, the coordinator updates the start time of

ach batch problem using Eq. (36). At this point, the first step of the
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Fig. 4. PSC units availability .
Source: Adapted from Ahmed and Vilkko (2023).
coordination task is completed.

𝑃𝑆𝐶𝑛,𝑏
𝐿𝐼𝐷 =

⎧

⎪

⎨

⎪

⎩

1 (𝐵𝑃 𝑛̄,𝑏
𝑠𝑡𝑎𝑟𝑡 + 𝐵𝑃 𝑛̄,𝑏

𝑙𝑜𝑎𝑑𝐼
) ≥ (𝐵𝑃 ̄

𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 + 𝐵𝑃 ̄

𝑛,𝑏
𝑙𝑜𝑎𝑑1

)
∀{𝑛̄,

̄
𝑛} ⊆ 𝑛, 𝑝𝑟𝑖𝑜𝑟̄𝑛𝑃𝑆𝐶 < 𝑝𝑟𝑖𝑜𝑟𝑛̄𝑃𝑆𝐶

0 otherwise
(30)

𝑃𝑆𝐶𝑛,𝑏
𝐿𝐵𝐺 =

⎧

⎪

⎨

⎪

⎩

1 (𝐵𝑃 ̄
𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 + 𝐵𝑃 ̄

𝑛,𝑏
𝑙𝑜𝑎𝑑𝐼

) ≥ (𝐵𝑃 𝑛,𝑏+1
𝑠𝑡𝑎𝑟𝑡 + 𝐵𝑃 𝑛,𝑏+1

𝑙𝑜𝑎𝑑1
)

∀
∑𝑁

𝑛=1 𝑃𝑆𝐶
𝑛,𝑏
𝐿𝐼𝐷 = 0, 𝑝𝑟𝑖𝑜𝑟̄𝑛𝑃𝑆𝐶 = 𝑙𝑜𝑤𝑒𝑠𝑡

0 otherwise
(31)

𝑃𝑆𝐶𝑛,𝑏,ℎ
𝐹𝐴 =

{

1 ℎ = (𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 + 𝐵𝑃 𝑛,𝑏,𝑡

𝑏𝑙𝑜𝑤) ∀𝐵𝑃 𝑛,𝑏,𝑡
𝑏𝑙𝑜𝑤 ≠ 0

0 otherwise (32)

𝑃𝑆𝐶𝑛,𝑏
𝐹𝐼𝐷 =

⎧

⎪

⎨

⎪

⎩

1 (𝑃𝑆𝐶 ̄
𝑛,𝑏,ℎ
𝐹𝐴 + 𝑃𝑆𝐶 𝑛̄,𝑏,ℎ

𝐹𝐴 ) > 1
∀{𝑛̄,

̄
𝑛} ⊆ 𝑛, 𝑝𝑟𝑖𝑜𝑟̄𝑛𝑃𝑆𝐶 < 𝑝𝑟𝑖𝑜𝑟𝑛̄𝑃𝑆𝐶

0 otherwise
(33)

𝑃𝑆𝐶𝑛,𝑏
𝐹𝐵𝐺 =

⎧

⎪

⎨

⎪

⎩

1 (𝑃𝑆𝐶 ̄
𝑛,𝑏,ℎ
𝐹𝐴 + 𝑃𝑆𝐶𝑛,𝑏+1,ℎ

𝐹𝐴 ) > 1
∀𝐵𝑃 ̄

𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 ≤ ℎ ≤ 𝐵𝑃 𝑛,𝑏+1

𝑒𝑛𝑑 , 𝑝𝑟𝑖𝑜𝑟̄𝑛𝑃𝑆𝐶 = 𝑙𝑜𝑤𝑒𝑠𝑡
0 otherwise

(34)

𝑃𝑆𝐶ℎ
𝑀𝐷 =

𝑁
∑

𝑛=1

𝐵
∑

𝑏=1
𝐵𝑃 𝑛,𝑏,𝑡

𝑀𝐷 ∀ℎ = 𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 + 𝑡 (35)

𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 = 𝐵𝑃 𝑛,𝑏−1

𝑒𝑛𝑑 + 1 (36)

The second step of the coordinator dealt with identifying the type
of inter-dependencies and taking the necessary measures to solve them.
How the coordinator manages these inter-dependencies is discussed in
turn.

5.4. PSC-inter-dependencies

PSC inter-dependencies exist in the schedule due to the violation of
logistical or flow constraints. Therefore, the coordinator uses Eqs. (37)
and (38) to see if logistical or flow inter-dependencies exist in the
schedule. If such inter-dependencies present in the schedule, the co-
ordinator assigns a value of 1 to 𝐺𝑃 𝑏

𝑙𝑜𝑎𝑑 or 𝐺𝑃 𝑏
𝑓𝑙𝑜𝑤 for each conflicting

group 𝑏.

𝐺𝑃 𝑏
𝑙𝑜𝑎𝑑 =

⎧

⎪

⎨

⎪

⎩

1
𝑁
∑

𝑛=1
𝑃𝑆𝐶𝑛,𝑏

𝐿𝐼𝐷 > 1 or
𝑁
∑

𝑛=1
𝑃𝑆𝐶𝑛,𝑏

𝐿𝐵𝐺 > 1

0 otherwise
(37)

𝐺𝑃 𝑏
𝑓𝑙𝑜𝑤 =

⎧

⎪

⎨

⎪

1
𝑁
∑

𝑛=1
𝑃𝑆𝐶𝑛,𝑏

𝐹𝐼𝐷 > 1 or
𝑁
∑

𝑛=1
𝑃𝑆𝐶𝑛,𝑏

𝐹𝐵𝐺 > 1 (38)
9

⎩

0 otherwise
The coordinator assigns a value of 1 to 𝑖𝑠𝑃𝑆𝐶 if PSC inter-depend-
encies exist in the schedule; otherwise, it will assign a value of 0, as
given in Eq. (39). A value of 0 means that the coordinator will not
examine the schedule against PSC inter-dependencies and will check
for FSF inter-dependencies only.

The coordinator addresses PSC inter-dependencies in ascending or-
der of the group number, and it uses Eqs. (40) and (41) to determine the
foremost group number that has the PSC inter-dependencies. When a
group has both logistical and flow inter-dependencies, it is advisable
for the coordinator to first address the logistical inter-dependencies.
The reason for this is that solving logistical inter-dependencies can
potentially resolve some of the flow inter-dependencies, thus reducing
the computational costs of the framework.

𝑖𝑠𝑃𝑆𝐶 =

⎧

⎪

⎨

⎪

⎩

1
𝐵
∑

𝑏=1
𝐺𝑃 𝑏

𝑙𝑜𝑎𝑑 ≥ 1 or
𝐵
∑

𝑏=1
𝐺𝑃 𝑏

𝑓𝑙𝑜𝑤 ≥ 1

0 otherwise
(39)

𝐿𝐺 =
{

𝑏 𝐺𝑃 𝑏
𝑙𝑜𝑎𝑑 = 1 and 𝐿𝐺 = 0

0 otherwise (40)

𝐹𝐺 =

{

𝑏 𝐺𝑃 𝑏
𝑓𝑙𝑜𝑤 = 1 and 𝐹𝐺 = 0

0 otherwise
(41)

Logistical inter-dependencies
Logistical inter-dependencies could exist in the schedule at multiple

points. If a group has multiple logistical inter-dependencies, resolving
all of them at once means solving several batch problems simulta-
neously. This simultaneous solution of the batch problems may not
guarantee a feasible solution as it ignores the multilateral effects while
solving the batch problems. Therefore, addressing all the logistical
inter-dependencies could lock up the framework between two local
solutions that could prevent it to return a feasible solution. For this rea-
son, this study intends to solve logistical inter-dependencies affiliated
with a single batch problem during a single iteration.

To address logistical inter-dependencies in a group, the coordinator
uses Algorithm 1 that consists of three steps. In the first step, the
coordinator determines all the conflicting PSC units, as represented
by 𝑃𝑆𝐶𝑛

𝑐𝑜𝑛𝑓 . From these units, it identifies the highest priority and
the lowest priority PSC unit and stores them in 𝑃𝑆𝐶𝐿𝑈 and 𝑃𝑆𝐶𝐿𝐿.
As priorities of the PSC units determine the order of their operation,
logistical inter-dependencies in a group are addressed by rescheduling
the batch problem on the lower priority PSC unit, as mentioned in

Section 4.2.
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Fig. 5. Flow slots formulation.
Logistical inter-dependencies arise due to the wrong time of the
loading operations of the batch problem on the PSC unit 𝑃𝑆𝐶𝐿𝐿.
Therefore, the coordinator uses the second step of the Algorithm 1
to calculate the time between the start and the last loading opera-
tion of the batch problem on the PSC unit 𝑃𝑆𝐶𝐿𝑈 and store them
in 𝑡𝑖𝑚𝑒̄𝑛,𝑏,ℎ𝐿𝐷 (

̄
𝑛 = 𝑃𝑆𝐶𝐿𝐿). The 𝑡𝑖𝑚𝑒̄𝑛,𝑏,ℎ𝐿𝐷 contains the time instances at

which the batch problem on the PSC unit 𝑃𝑆𝐶𝐿𝐿 must not execute
loading operations to resolve the logistical inter-dependencies between
PSC units. In addition, the coordinator calculates the earliest available
time at which the batch problem on the PSC unit 𝑃𝑆𝐶𝐿𝐿 can start
its loading operation without generating logistical inter-dependencies.
This earliest available time is always the time instant next to the last
loading operation of the batch problem on the PSC unit 𝑃𝑆𝐶𝐿𝑈 , and
it is stored in 𝑡𝑖𝑚𝑒𝐿𝐴. As PSC operation time is a scarce resource, the
coordinator calculates the difference between the available and the
demanded loading times for the batch problem on the PSC unit 𝑃𝑆𝐶𝐿𝐿
and stores it in 𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐿𝐷𝐹 . At this point, the second step is completed.

Logistical inter-dependencies exist between two groups when a
batch problem in a succeeding group begins its loading operation before
the loading operations to all the batch problems in Group 𝐿𝐺. As
the framework objective is to produce PSC batches in a synchronized
manner, the batch problems in the succeeding groups must wait un-
til the loading operations of the batch problems in the Group 𝐿𝐺
are executed successfully. Therefore, after addressing all the logistical
inter-dependencies in Group 𝐿𝐺, the coordinator uses the third step of
Algorithm 1 to learn if inter-group logistical inter-dependencies exist in
the schedule.

To address inter-group logistical inter-dependencies, the coordina-
tor calculates all the conflicting time instances between the Group 𝐿𝐺
and the succeeding group and saves it in 𝑡𝑖𝑚𝑒𝑛,𝑏+1,ℎ𝐿𝐷 , if exist any. If
inter-group logistical inter-dependencies exist, it calculates the earliest
available time at which the batch problems in the succeeding group
can freely begin their loading operations without generating logistical
inter-dependencies. After that, the coordinator calculates the difference
between the available and demanded time for the loading operations
of the batch problems in the succeeding group, which is stored in
𝑡𝑖𝑚𝑒𝑛,𝑏+1,ℎ𝐿𝐷𝐹 .

For monitoring logistical inter-dependencies, the coordinator saves
the conflicting time instances 𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ,𝑘𝐿𝐷 during the iteration 𝑘, as given
in Eq. (42). Addressing logistical inter-dependencies means reschedul-
ing a batch problem from the beginning. Therefore, if a batch problem
in the group 𝐿𝐺 is the source of the logistical inter-dependencies
10
which was also the source of flow inter-dependencies during a previous
iteration, the coordinator will reset to zero the flow inter-dependencies
parameters (𝑓𝑙𝑜𝑤𝑛,𝑏,ℎ

𝑝𝑟𝑖𝑐𝑒 = 0, 𝑡𝑖𝑚𝑒𝐹𝐴 = 0 ∀𝑏 ∈ 𝐹𝐺).

𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ,𝑘𝐿𝐷𝐹 =

{

𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐿𝐷 𝑘 + +

𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ,𝑘𝐿𝐷 otherwise
(42)

To address the logistical inter-dependencies, the final task of the
coordinator is to use a PI controller to calculate the prices. This con-
troller considers both the present and past conflicting time instances,
as given in Eq. (43). Using the PI controller, the coordinator can more
effectively manage the price updating mechanism and ensure that the
optimal prices are founded with less computational demand.

𝑙𝑜𝑎𝑑𝑛,𝑏,ℎ𝑝𝑟𝑖𝑐𝑒 =
(

𝑃𝑙𝑜𝑎𝑑 × 𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐿𝐷𝐹
)

+
(

𝐼𝑙𝑜𝑎𝑑 ×
𝑘−1
∑

𝑘=1
𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ,𝑘𝐿𝐷𝐹

)

∀𝑏 = 𝐿𝐺 (43)

The coordinator sends the 𝑙𝑜𝑎𝑑𝑛,𝑏,ℎ𝑝𝑟𝑖𝑐𝑒 and the 𝑡𝑖𝑚𝑒𝐿𝐴 to the batch
problems. The corresponding batch problem solves its optimization
problems and returns the solution to the coordinator. If logistical inter-
dependencies still exist in a group 𝐿𝐺, the coordinator uses the same
procedure to calculate the new price 𝑙𝑜𝑎𝑑𝑛,𝑏,ℎ𝑝𝑟𝑖𝑐𝑒 and performs a new
iteration. Otherwise, it examines the flow inter-dependencies or FSF
inter-dependencies in the group.

Flow inter-dependencies
Flow inter-dependencies exist in the schedule when two or more

batch problems are in the slag-blowing or copper-blowing stage si-
multaneously. Flow inter-dependencies can exist within a group or
between consecutive groups. Resolving all the flow inter-dependencies
simultaneously ignores the interconnection between the conflicting
batch problems that affect the quality of the solution. Therefore, the
coordinator will only address the flow inter-dependencies of the batch
problem on the highest priority PSC unit among the conflicting units
within a group during a single iteration. However, for inter-group flow
inter-dependencies, the conflicting batch problems of the succeeding
group are solved simultaneously to address the flow inter-dependencies
between the current and the succeeding group. The approach that the
coordinator uses to resolve flow inter-dependencies is presented in
Algorithm 2.

The coordinator divides all the flow inter-dependencies into dif-
ferent flow slots. These flow slots are made such that each flow slot
contains consecutive time instances with flow inter-dependencies, as

shown in Fig. 5. The framework has the potential to tackle single or
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Algorithm 1: Logistical inter-dependencies
Begin

First step
1: Initialization
𝑃𝑆𝐶𝑛

𝑐𝑜𝑛𝑓=0
𝑃𝑆𝐶𝐿𝐿=0
𝑃𝑆𝐶𝐿𝑈=0
2: for 𝑏 = 1 to 𝐵 do

for 𝑛 = 1 to 𝑁 do
if
(

𝑏 = 𝐿𝐺 and 𝑃𝑆𝐶𝑛,𝑏
𝐿𝐼𝐷 = 1

)

then
𝑃𝑆𝐶𝑛

𝑐𝑜𝑛𝑓 = 1
else

𝑃𝑆𝐶𝑛
𝑐𝑜𝑛𝑓 = 0

end
end

end
3: for 𝑛 = 1 to 𝑁 do

if
(

𝑃𝑆𝐶𝑛
𝑐𝑜𝑛𝑓 = 1

)

then
if 𝑝𝑟𝑖𝑜𝑟𝑛𝑃𝑆𝐶 > 𝑝𝑟𝑖𝑜𝑟𝑛−1𝑃𝑆𝐶 then

𝑃𝑆𝐶𝐿𝑈 = 𝑛
end

end
end
4: for 𝑛 = 1 to 𝑁 do

if
(

𝑃𝑆𝐶𝑛
𝑐𝑜𝑛𝑓 = 1 and 𝑃𝑆𝐶𝑛

𝑐𝑜𝑛𝑓 ≠ 𝑃𝑆𝐶𝐿𝑈
)

then
if 𝑝𝑟𝑖𝑜𝑟𝑛𝑃𝑆𝐶 < 𝑝𝑟𝑖𝑜𝑟𝑛−1𝑃𝑆𝐶 then

𝑃𝑆𝐶𝐿𝐿 = 𝑛
end

end
end

Second step
1: for 𝑏 = 1 to 𝐵 do

for 𝑛̄ = 1 to 𝑁 do
for

̄
𝑛 = 1 to 𝑁 do
if
(

𝑏 = 𝐿𝐺, 𝑛̄ = 𝑃𝑆𝐶𝐿𝑈 and ̄
𝑛 = 𝑃𝑆𝐶𝐿𝐿

)

then
for ℎ = 1 to 𝐻 do
if
(

𝐵𝑃 𝑛̄,𝑏
𝑠𝑡𝑎𝑟𝑡 ≤ ℎ ≤

(

𝐵𝑃 𝑛̄,𝑏
𝑠𝑡𝑎𝑟𝑡 + 𝐵𝑃 𝑛̄,𝑏

𝑙𝑜𝑎𝑑𝐼

)

)

then
𝑡𝑖𝑚𝑒 ̄

𝑛,𝑏,ℎ
𝐿𝐷 = ℎ

else
𝑡𝑖𝑚𝑒 ̄

𝑛,𝑏,ℎ
𝐿𝐷 = 0

end
end

end
end

end
end
2: for 𝑏 = 1 to 𝐵 do

for 𝑛 = 1 to 𝑁 do
if
(

𝑏 = 𝐿𝐺 and 𝑛 = 𝑃𝑆𝐶𝐿𝑈
)

then
𝑡𝑖𝑚𝑒𝐿𝐴 = 𝐵𝑃 𝑛,𝑏

𝑠𝑡𝑎𝑟𝑡 + 𝐵𝑃 𝑛,𝑏
𝑙𝑜𝑎𝑑𝐼

+ 1
else

𝑡𝑖𝑚𝑒𝐿𝐴 = 0
end

end
end
3: for 𝑏 = 1 to 𝐵 do

for 𝑛 = 1 to 𝑁 do
if
(

𝑏 = 𝐿𝐺 and 𝑛 = 𝑃𝑆𝐶𝐿𝑈
)

then
𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐿𝐷𝐹 = 𝑡𝑖𝑚𝑒𝐿𝐴 − 𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐿𝐷

end
end

end
11
Third step
1: for 𝑏 = 1 to 𝐵 do

for 𝑛 = 1 to 𝑁 do
if

(

𝑏 = 𝐿𝐺 and 𝑃𝑆𝐶𝑛,𝑏
𝐿𝐵𝐺 = 1

)

then
for ℎ = 1 to 𝐻 do
if

(

̄
𝑛 = min(𝑝𝑟𝑖𝑜𝑟𝑛𝑃𝑆𝐶 ), 𝑛̄ = max(𝑝𝑟𝑖𝑜𝑟𝑛𝑃𝑆𝐶 )

)

then
if
(

(

𝐵𝑃 ̄
𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 + 𝐵𝑃 ̄

𝑛,𝑏
𝑙𝑜𝑎𝑑𝐼

)

≤ ℎ ≤
(

𝐵𝑃 𝑛̄,𝑏+1
𝑠𝑡𝑎𝑟𝑡 + 𝐵𝑃 𝑛̄,𝑏+1

𝐿𝑜𝑎𝑑𝐼

)

)

then
𝑡𝑖𝑚𝑒𝑛,𝑏+1,ℎ𝐿𝐷 = ℎ

else
𝑡𝑖𝑚𝑒𝑛,𝑏+1,ℎ𝐿𝐷 = 0

end
end

end
end

end
end
2: for 𝑏 = 1 to 𝐵 do

for
̄
𝑛 = 1 to 𝑁 do
if

(

𝑏 = 𝐿𝐺 and
̄
𝑛 = min(𝑝𝑟𝑖𝑜𝑟𝑛𝑃𝑆𝐶 )

)

then
𝑡𝑖𝑚𝑒𝐿𝐴 = 𝐵𝑃 ̄

𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 + 𝐵𝑃 ̄

𝑛,𝑏
𝑙𝑜𝑎𝑑𝐼

+ 1
else

𝑡𝑖𝑚𝑒𝐿𝐴 = 0
end

end
end
3: for 𝑏 = 1 to 𝐵 do

for 𝑛 = 1 to 𝑁 do
if

(

𝑏 = 𝐿𝐺
)

then
𝑡𝑖𝑚𝑒𝑛,𝑏+1,ℎ𝐿𝐷𝐹 = 𝑡𝑖𝑚𝑒𝐿𝐴 − 𝑡𝑖𝑚𝑒𝑛,𝑏+1,ℎ𝐿𝐷

end
end

end
nd

multiple flow slots of a batch problem at the same time. Considering
only one flow slot could increase the number of iterations, which
the framework requires to find a feasible solution. However, it will
ensure that the schedule has the minimum batch time, thus maintaining
solution quality and preventing the framework from blocking between
two local sub-optimal solutions. Therefore, this study will address only
the foremost flow slot of a batch problem during a single iteration.

To tackle the flow inter-dependencies in the group, the coordinator
uses the first step of the Algorithm 2 to find PSC units that generate flow
inter-dependencies. Next, it finds out the lowest and the highest priority
PSC units from the 𝑃𝑆𝐶𝑛

𝑐𝑜𝑛𝑓 , which are stored in 𝑃𝑆𝐶𝐹𝐿 and 𝑃𝑆𝐶𝐹𝑈 .
ubsequently, the coordinator uses the second step of the Algorithm 2
o calculate the foremost flow slot of the batch problem on the PSC unit
𝑆𝐶𝐹𝐿.

The 𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐹𝐷 consists of time instances during which the batch prob-
lem 𝑃𝑆𝐶𝐹𝑈 performs its blowing operation. For resolving flow inter-
dependencies, the batch problem on the unit 𝑃𝑆𝐶𝐹𝐿 must reschedule
its blow operation such that it does not perform blowing operation at
time instances that are stored in 𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐹𝐷 . The earliest available time
at which the batch problem 𝑃𝑆𝐶𝐹𝐿 can begin its blowing operation
is the time instant after the batch problem on the unit 𝑃𝑆𝐶𝐹𝑈 has
completed its blowing operation. Therefore, the coordinator calculates
this earliest available time and stores it in 𝑡𝑖𝑚𝑒𝐹𝐴. The 𝑡𝑖𝑚𝑒𝐹𝐴 is the time

instant at which the batch problem on the unit 𝑃𝑆𝐶𝐹𝑈 ends its blowing
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operation, and the batch problem 𝑃𝑆𝐶𝐹𝐿 can begin its blowing without
generating inter-dependencies.

Similar to logistical inter-dependencies, the coordinator treats PSC
blowing time as a scarce resource to resolve flow inter-dependencies.
The batch problem on the unit 𝑃𝑆𝐶𝐿𝑈 demands time instances 𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐹𝐷
or the blowing operation, but the coordinator will offer it the time
𝑖𝑚𝑒𝐹𝐴 to begin its blowing operation. The coordinator calculates the
ifference between the available and demanded time and stores it in
𝑖𝑚𝑒𝑛,𝑏,ℎ𝐹𝐷𝐹 .

Like the logistical inter-dependencies, flow inter-dependencies could
xist between consecutive groups. Resolving inter-group logistical inter-
ependencies can potentially address the flow inter-dependencies be-
ween the groups. However, when a profusion of unnecessary idle times
s present in a group, dealing with only logistical inter-dependencies
ay not address the inter-group flow inter-dependencies. Thus, the

oordinator checks for the inter-group flow inter-dependencies after
esolving inter-dependencies in Group 𝐿𝐺.

To address inter-group flow inter-dependencies, the coordinator
ses the third step of the Algorithm 2 to calculate all the conflicting
ime instances between the Group 𝐹𝐺 and the preceding group, which
re saved in 𝑡𝑖𝑚𝑒𝑛,𝑏+1,ℎ𝐹𝐷 . Next, it determines the earliest available time
or the batch problems in the preceding group to begin their blowing
peration without generating inter-dependencies, as represented by
𝑖𝑚𝑒𝐹𝐴. For inter-group flow inter-dependencies, 𝑡𝑖𝑚𝑒𝐹𝐴 is always the
ime next to the end time of the batch problem on the PSC unit 𝑃𝑆𝐶𝐹𝐿.
urthermore, it calculates the difference between the available and the
emanded time.

To monitor flow inter-dependencies during the simulation, the coor-
inator uses Eq. (44) to save the conflicting time instances during each
teration. Like logistical inter-dependencies, the coordinator uses the PI
ontroller to determine optimal price, as given in Eq. (45). However,
batch problem with flow inter-dependencies may be the source of

ogistical inter-dependencies during a previous iteration; therefore, the
oordinator shares the flow and logistical inter-dependencies parame-
ers 𝑓𝑙𝑜𝑤𝑛,𝑏,ℎ

𝑝𝑟𝑖𝑐𝑒, 𝑡𝑖𝑚𝑒𝐹𝐴, 𝑙𝑜𝑎𝑑𝑛,𝑏,ℎ𝑝𝑟𝑖𝑐𝑒, and the 𝑡𝑖𝑚𝑒𝐿𝐴 with the batch problems,
nd performs a new iteration. The conflicting batch problem solves
he scheduling problem and returns the relevant information to the
oordinator. The coordinator formulates the schedule and investigates
he presence of flow inter-dependencies. If such inter-dependencies
xist in the schedule, it performs the same actions. Otherwise, it looks
or the FSF inter-dependencies or logistical inter-dependencies in the
chedule.

𝑖𝑚𝑒𝑛,𝑏,ℎ,𝑘𝐹𝐷𝐹 =

{

𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐹𝐷 𝑘 + +

𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ,𝑘𝐹𝐷 otherwise
(44)

𝑙𝑜𝑤𝑛,𝑏,ℎ
𝑝𝑟𝑖𝑐𝑒 =

(

𝑃𝑓𝑙𝑜𝑤 × 𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐹𝐷𝐹
)

+
(

𝐼𝑓𝑙𝑜𝑤 ×
𝑘−1
∑

𝑘=1
𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ,𝑘𝐹𝐷𝐹

)

∀𝑏 = 𝐹𝐺 (45)

.5. FSF inter-dependencies

FSF inter-dependencies arise during the simulation when the matte
n the FSF violates the storage capacity limits. The FSF produces the
atte, and PSC units consume it for batch production. If matte produc-

ion is high due to a higher feed rate or lower matte grade selection

Algorithm 2: Flow inter-dependencies
Begin

First step
1: Initialization
𝑃𝑆𝐶𝑛

𝑐𝑜𝑛𝑓=0
𝑃𝑆𝐶𝐹𝐿=0
𝑃𝑆𝐶𝐹𝑈=0
𝑠𝑡𝑜𝑝1=false
𝑠𝑡𝑜𝑝2=false
12
2: for 𝑏 = 1 to 𝐵 do
for 𝑛 = 1 to 𝑁 do
if

(

𝑏 = 𝐿𝐺 and 𝑃𝑆𝐶𝑛,𝑏
𝐹𝐼𝐷 = 1

)

then
𝑃𝑆𝐶𝑛

𝑐𝑜𝑛𝑓 = 1
else

𝑃𝑆𝐶𝑛
𝑐𝑜𝑛𝑓 = 0

end
end

end
3: for 𝑛 = 1 to 𝑁 do

if
(

𝑃𝑆𝐶𝑛
𝑐𝑜𝑛𝑓 = 1

)

then
if

(

𝑝𝑟𝑖𝑜𝑟𝑛𝑃𝑆𝐶 > 𝑝𝑟𝑖𝑜𝑟𝑛−1𝑃𝑆𝐶

)

then
𝑃𝑆𝐶𝐹𝑈 = 𝑛

end
end

end
4: for 𝑛 = 1 to 𝑁 do

if
(

𝑃𝑆𝐶𝑛
𝑐𝑜𝑛𝑓 = 1 and 𝑃𝑆𝐶𝑛

𝑐𝑜𝑛𝑓 ≠ 𝑃𝑆𝐶𝐹𝑈
)

then
if

(

𝑝𝑟𝑖𝑜𝑟𝑛𝑃𝑆𝐶 < 𝑝𝑟𝑖𝑜𝑟𝑛−1𝑃𝑆𝐶

)

then
𝑃𝑆𝐶𝐹𝐿 = 𝑛

end
end

end

Second step
1: for 𝑏 = 1 to 𝐵 do

for 𝑛̄ = 1 to 𝑁 do
for

̄
𝑛 = 1 to 𝑁 do
if

(

𝑏 = 𝐿𝐺, 𝑛̄ = 𝑃𝑆𝐶𝐹𝑈 and
̄
𝑛 = 𝑃𝑆𝐶𝐹𝐿

)

then
for ℎ = 1 to 𝐻 do
if

(

𝑃𝑆𝐶 𝑛̄,𝑏,ℎ
𝐹𝐴 + 𝑃𝑆𝐶 ̄

𝑛,𝑏,ℎ+1
𝐹𝐴

)

> 1 then
𝑡𝑖𝑚𝑒̄𝑛,𝑏,ℎ𝐹𝐷 = ℎ

else
𝑡𝑖𝑚𝑒̄𝑛,𝑏,ℎ𝐹𝐷 = 0

end
end

end
end

end
end
2: for 𝑏 = 1 to 𝐵 do

for
̄
𝑛 = 1 to 𝑁 do
if

(

𝑏 = 𝐿𝐺 and
̄
𝑛 = 𝑃𝑆𝐶𝐹𝐿

)

then
for ℎ = 1 to 𝐻 do
while 𝑠𝑡𝑜𝑝1 = false do

if
(

(

𝑡𝑖𝑚𝑒̄𝑛,𝑏,ℎ𝐹𝐷 + 𝑡𝑖𝑚𝑒̄𝑛,𝑏,ℎ+1𝐹𝐷

)

≥ 1 and

𝑡𝑖𝑚𝑒̄𝑛,𝑏,ℎ+1𝐹𝐷 = 0
)

then
𝑡𝑖𝑚𝑒𝐹𝐴 = ℎ + 1
𝑠𝑡𝑜𝑝1 = 𝑡𝑟𝑢𝑒

else
𝑡𝑖𝑚𝑒𝐹𝐴 = 0

end
end

end
end

end
end
3: for 𝑏 = 1 to 𝐵 do

for 𝑛 = 1 to 𝑁 do
if

(

𝑏 = 𝐿𝐺, and 𝑛 = 𝑃𝑆𝐶𝐹𝐿
)

then
𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐹𝐷𝐹 = 𝑡𝑖𝑚𝑒𝐹𝐴 − 𝑡𝑖𝑚𝑒𝑛,𝑏,ℎ𝐹𝐷

end
end

end
end
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Third step
1: for 𝑏 = 1 to 𝐵 do

for
̄
𝑛 = 1 to 𝑁 do
if

(

𝑏 = 𝐿𝐺 and
̄
𝑛 = min(𝑝𝑟𝑖𝑜𝑟𝑛𝑃𝑆𝐶 )

)

then
for ℎ = 1 to 𝐻 do
if

(

𝐵𝑃 ̄
𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 ≤ ℎ ≤ 𝐵𝑃 ̄

𝑛,𝑏
𝑒𝑛𝑑

)

then
for 𝑛 = 1 to 𝑁 do
if

(

𝑃𝑆𝐶 ̄
𝑛,𝑏,ℎ
𝐹𝐴 + 𝑃𝑆𝐶𝑛,𝑏+1,ℎ

𝐹𝐴
)

> 1 then
𝑡𝑖𝑚𝑒𝑛,𝑏+1,ℎ𝐹𝐷 = ℎ

else
𝑡𝑖𝑚𝑒𝑛,𝑏+1,ℎ𝐹𝐷 = 0

end
end

end
end

end
end

end
2: for 𝑏 = 1 to 𝐵 do

for
̄
𝑛 = 1 to 𝑁 do
if

(

𝑏 = 𝐿𝐺 and
̄
𝑛 = min(𝑝𝑟𝑖𝑜𝑟𝑛𝑃𝑆𝐶 )

)

then
for ℎ = 1 to 𝐻 do
while 𝑠𝑡𝑜𝑝2 = false do

if
(

(

𝑡𝑖𝑚𝑒̄𝑛,𝑏,ℎ𝐹𝐷 + 𝑡𝑖𝑚𝑒̄𝑛,𝑏,ℎ+1𝐹𝐷
)

≥ 1 and

𝑡𝑖𝑚𝑒̄𝑛,𝑏,ℎ+1𝐹𝐷 = 0
)

then
𝑡𝑖𝑚𝑒𝐹𝐴 = ℎ + 1
𝑠𝑡𝑜𝑝2 = 𝑡𝑟𝑢𝑒

else
𝑡𝑖𝑚𝑒𝐹𝐴 = 0

end
end

end
end

end
end
3: for 𝑏 = 1 to 𝐵 do

for 𝑛 = 1 to 𝑁 do
if

(

𝑏 = 𝐿𝐺
)

then
𝑡𝑖𝑚𝑒𝑛,𝑏+1,ℎ𝐹𝐷𝐹 = 𝑡𝑖𝑚𝑒𝐹𝐴 − 𝑡𝑖𝑚𝑒𝑛,𝑏+1,ℎ𝐹𝐷

end
end

end
nd

and the PSC units are not fast enough to consume the matte, the FSF
upper capacity limit will reach. To address the FSF upper capacity limit
violations, temporarily shutting down the FSF unit can be proposed as a
possible solution. However, due to the potentially serious consequences
of shutting down the FSF unit, this approach cannot be employed as a
viable method of process operation. Hence, the FSF must readjust its
feed rate to ensure an optimal process operation. On the other hand,
if matte production is low, the FSF may not fulfill the demands of the
PSC units; consequently, the FSF’s lower capacity limit will be violated
which will make the PSC units the bottleneck for the entire process.
If mechanical and operational conditions prevent the FSF unit from
increasing production, the only viable option for maintaining process
operation is to reschedule the PSC units more effectively to mitigate
FSF lower capacity violations.
13

t

To check the FSF inter-dependencies in the schedule, the coordi-
nator uses the matte available and demanded trajectories (𝐹𝑆𝐹 ℎ

𝑀 and
𝑃𝑆𝐶ℎ

𝑀𝐷) and assigns a value of 1 to each capacity violating time
nstance, as given in Eqs. (46) and (47). In this study, the coordina-
or addresses the FSF upper inter-dependencies before the FSF lower
nter-dependencies.

𝑆𝐹 ℎ
𝑈𝐿𝑉 =

{

1 ∀ 𝑃𝑆𝐶ℎ
𝑀𝐷 <

(

𝐹𝑆𝐹 ℎ
𝑀 − 𝐹𝑆𝐹 ℎ

𝑈𝐿
)

0 otherwise (46)

𝑆𝐹 ℎ
𝐿𝐿𝑉 =

{

1 ∀ 𝑃𝑆𝐶ℎ
𝑀𝐷 >

(

𝐹𝑆𝐹 ℎ
𝑀 − 𝐹𝑆𝐹 ℎ

𝐿𝐿
)

0 otherwise (47)

SF upper-level inter-dependencies
FSF upper-level inter-dependencies arise due to its upper stor-

ge limit violation. As the FSF operates continuously, FSF upper-
evel inter-dependencies may exist at several time instances in the
chedule. The coordinator is free to handle several or part of such
nter-dependencies during a single iteration. Simultaneous handling of
ultiple FSF upper-level inter-dependencies has the advantage that the

oordinator will address all such inter-dependencies quickly and with
ower computational demand. Nevertheless, this approach may result in
ccasional unnecessary reductions in the FSF feed rate, thereby decreas-
ng overall throughput. In addition, handling multiple FSF upper-level
nter-dependencies simultaneously could sandwich the coordinator be-
ween two local solutions; thus, the framework will terminate without
eturning a feasible solution. Therefore, this study intends to address
nly part of the FSF upper-level inter-dependencies during a sin-
le iteration to maintain a good solution quality. Similarly to flow
nter-dependencies, upper-level inter-dependencies in the FSF are also
egregated into distinct time slots. The division is done to ensure that
ach time slot includes one or more successive time instances where
onflicts arise. The coordinator will address only the first time slot from
he given time slots during a single iteration.

A time slot may encompass multiple conflicting time instances.
ince the FSF operates as an integrator, addressing even a portion
f a time slot may suffice to resolve the entire time slot or shorten
ts span. While handling a fraction of a time slot during a single
teration increases the computational requirements of the framework,
his approach guarantees high-quality solutions by sustaining optimal
SF performance.

To address the inter-dependencies at the upper level of the FSF,
he coordinator employs a two-step approach outlined in Algorithm 3.
n the first step, the coordinator uses the 𝐹𝑆𝐹 ℎ

𝑈𝐿𝑉 to determine the
arliest available time slot, denoted as 𝐹𝑆𝐹𝑇𝑆 . The coordinator then
alculates a portion of the time slot, represented by 𝐹𝑆𝐹𝑇𝑆𝑆 , that will
e handled during the next iteration. Here, 𝑝𝑎𝑟𝑡𝑇𝑆 refers to the portion
f 𝐹𝑆𝐹𝑇𝑆 being considered. Its value is predetermined and influenced
y factors such as the available computational power, the expertise of
rocess personnel, and the optimal gap of the solver. If a time slot
ontains only a few time instances that are shorter than the predeter-
ined minimum time 𝑚𝑖𝑛𝑇𝑆 , the coordinator will utilize the entire time

lot 𝐹𝑆𝐹𝑇𝑆 . After determining the number of conflicting time instances
𝑆𝐹𝑇𝑆𝑆 , the coordinator determines the times at which the FSF upper-

evel inter-dependencies exist, which are stored in 𝐹𝑆𝐹 ℎ
𝑈𝐿𝑇 . At this

oint, the first step is completed.
The framework resolves the FSF upper-level inter-dependencies by

djusting the FSF feed rate. In situations, where the FSF matte pro-
uction is high, reducing the feed rate only at the conflicting time
nstances may not address the inter-dependencies; and the coordinator
ust consider the time instances prior to conflicting times to resolve

he FSF upper-level inter-dependencies. If so, the second step of the
oordinator becomes active, where the coordinator examines the feed
ate 𝐹𝑆𝐹 ℎ

𝐹𝑅. If the 𝐹𝑆𝐹 ℎ
𝐹𝑅 at the conflicting time instances 𝐹𝑆𝐹 ℎ

𝑈𝐿𝑇 is
lready set to its minimum value 𝑓𝑒𝑒𝑑𝑚𝑖𝑛 during a previous iteration,

ℎ
he coordinator adds one more time to the 𝐹𝑆𝐹𝑈𝐿𝑇 . This new time
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instance always precedes the first conflicting time instance. At this
point, the second stage is completed.

Algorithm 3: FSF upper-level inter-dependencies
Begin

First Step
1: Initialization
𝐹𝑆𝐹𝑇𝑆=0
𝑠𝑡𝑜𝑝1=false
𝑠𝑡𝑜𝑝2=false
𝑒𝑥𝑡𝑟𝑎=false
2: for ℎ = 1 to 𝐻 do

while 𝑠𝑡𝑜𝑝1 = false do
if

(

(

𝐹𝑆𝐹 ℎ
𝑈𝐿𝑉 + 𝐹𝑆𝐹 ℎ+1

𝑈𝐿𝑉
)

> 1 and 𝐹𝑆𝐹 ℎ+1
𝑈𝐿𝑉 ≠ 0

)

then
𝐹𝑆𝐹𝑇𝑆 = 𝐹𝑆𝐹𝑇𝑆 + 1

else if
(

𝐹𝑆𝐹𝑇𝑆 ≠ 0
)

then
𝑠𝑡𝑜𝑝1 = 𝑡𝑟𝑢𝑒

else
Goto step 2

end
end

end
3: if

(

𝐹𝑆𝐹𝑇𝑆 >> 𝑚𝑖𝑛𝑇𝑆
)

then
𝐹𝑆𝐹𝑇𝑆𝑆 =

( 𝑝𝑎𝑟𝑡𝑇𝑆
100

× 𝐹𝑆𝐹𝑇𝑆
)

else
𝐹𝑆𝐹𝑇𝑆𝑆 = 𝐹𝑆𝐹𝑇𝑆

end
4: for ℎ = 1 to 𝐻 do

while 𝑠𝑡𝑜𝑝2 = false do
if

(

𝐹𝑆𝐹 ℎ
𝑈𝐿𝑉 ≠ 0 and 𝐹𝑆𝐹𝑇𝑆𝑆 ≠ 0

)

then

𝐹𝑆𝐹 ℎ
𝑈𝐿𝑇 = ℎ

𝐹𝑆𝐹𝑇𝑆𝑆 = 𝐹𝑆𝐹𝑇𝑆𝑆 − 1
end
else if

(

𝐹𝑆𝐹𝑇𝑆𝑆 = 0
)

then
𝑠𝑡𝑜𝑝2 = 𝑡𝑟𝑢𝑒

else

Goto step 4
end

end
end

Second Step
1: for ℎ = 1 to 𝐻 do

if
(

𝐹𝑆𝐹 ℎ
𝑈𝐿𝑇 ≠ 0, 𝑓𝑒𝑒𝑑ℎ𝐹𝑆𝐹 = 𝑓𝑒𝑒𝑑𝑚𝑖𝑛 and 𝑒𝑥𝑡𝑟𝑎 = 𝑓𝑎𝑙𝑠𝑒

)

then

𝐹𝑆𝐹 ℎ−1
𝑈𝐿𝑇 = ℎ − 1

𝑒𝑥𝑡𝑟𝑎 = 𝑡𝑟𝑢𝑒
end

end
nd

After determining the conflicting time instances, the coordinator
alculates the difference between the available and demand matte, as
iven in Eq. (48). Like PSC inter-dependencies, the coordinator uses
he PI controller to calculate the prices. As the FSF inter-dependencies
ould appear at the same conflicting time instances during different
terations, the coordinator records the 𝐹𝑆𝐹 ℎ

𝑈𝐿𝑇 using Eq. (49). The
I controller uses the current and past conflicting time instances to
alculate the prices for the FSF model, as given in Eq. (50).

The coordinator sends the 𝑈𝐿ℎ
𝑝𝑟𝑖𝑐𝑒, 𝑃𝑆𝐶ℎ

𝑀𝐷, and the matte upper
imit 𝐹𝑆𝐹 ℎ

𝑈𝐿 to the FSF model. The FSF model solves the optimization
roblem and returns the mass and input feed rate trajectories to the
14

oordinator. The coordinator investigates the schedule against the FSF
upper-level limit violation. If a violation is found, the coordinator exe-
cutes the same actions and performs a new iteration. This exchange of
information continues until all the FSF upper-level inter-dependencies
are addressed in the schedule.

𝐹𝑆𝐹 ℎ
𝑈𝐿𝐷 =

{

𝐹𝑆𝐹 ℎ
𝑀 − 𝑃𝑆𝐶ℎ

𝑀𝐷 − 𝐹𝑆𝐹 ℎ
𝑈𝐿 ∀𝐹𝑆𝐹 ℎ

𝑈𝐿𝑇 ≠ 0
0 otherwise (48)

𝐹𝑆𝐹 ℎ,𝑘
𝑈𝐿𝐷 =

{

𝐹𝑆𝐹 ℎ
𝑈𝐿𝐷 𝑘 + +

𝐹𝑆𝐹 ℎ,𝑘
𝑈𝐿𝑇 otherwise

(49)

𝑈𝐿ℎ
𝑝𝑟𝑖𝑐𝑒 =

(

𝑃𝑈𝐿 × 𝐹𝑆𝐹 ℎ
𝑈𝐿𝐷

)

+
(

𝐼𝑈𝐿 ×
𝑘−1
∑

𝑘=1
𝐹𝑆𝐹 ℎ,𝑘

𝑈𝐿𝐷
)

(50)

FSF lower-level inter-dependencies
FSF inter-dependencies arise if the FSF matte level falls below its

lower capacity limit. It could occur when the FSF produces the matte at
a lower rate and the PSC units demand faster matte loading. Therefore,
the coordinator must instruct the PSC units to reduce their matte
demand without adding unnecessary idle times to the schedule.

FSF lower-level inter-dependencies could exist in the schedule at
various time instances. Like the FSF upper-level inter-dependencies,
the framework has the potential to consider all or part of these inter-
dependencies during a single iteration. Considering all the FSF lower-
level inter-dependencies means simulating multiple batch problems in
parallel. Consequently, two or more batch problems may start produc-
ing the same solution during two or more consecutive iterations. If
this happens, the coordinator will not resolve the FSF lower-level inter-
dependencies, and the framework may terminate without returning a
feasible solution. In an ideal situation where the coordinator may find
a viable solution, the solution quality will be lower because of the
unnecessary idle times in the schedule. Therefore, this study addresses
only the first FSF lower-level violations during an iteration to ensure
that the framework produces a feasible solution with a high level of
quality. In scenarios where the demand for matte is lower or fewer
batches are produced, resolving the foremost lower limit violation may
potentially resolve the subsequent FSF lower limit violations in the
schedule.

To handle the inter-dependencies due to FSF lower-level violations,
the coordinator uses Algorithm 4. Initially, it identifies the first instance
where the FSF lower storage limit is violated. After that, it finds
the batch problem that has requested for the matte loading at the
conflicting time 𝐹𝑆𝐹𝑇𝐿 during the previous iteration. For this, the
coordinator uses the batch problem start time (𝐵𝑃 𝑛,𝑏

𝑠𝑡𝑎𝑟𝑡) and loading
times (𝐵𝑙𝑜𝑎𝑑1 , 𝐵𝑙𝑜𝑎𝑑𝐼 ) and assigns a value of 1 to the batch problem 𝑏
on PSC unit 𝑛 if the conflicting time instance 𝐹𝑆𝐹𝐿𝑇 belongs to it;
otherwise, it assigns a value of 0.

The coordinator uses Eq. (51) to store the matte demand at the
conflicting time instance 𝐹𝑆𝐹𝐿𝑇 . It helps the coordinator to react
promptly if the FSF lower-level violation starts recurring at the time
𝐹𝑆𝐹𝐿𝑇 in the schedule. Lastly, the coordinator uses the PI controller
to calculate the prices, as given in Eq. (52). If the prices are optimal,
it will enable the conflicting batch problem (𝐹𝑆𝐹 𝑛,𝑏

𝐵𝑃𝐿𝐿 = 1) to readjust
its matte demand at the time instance 𝐹𝑆𝐹𝐿𝑇 .

𝐹𝑆𝐹 ℎ,𝑘
𝐿𝐿𝐷 =

{

𝐹𝑆𝐹 ℎ
𝐿𝐿𝐷 ∀ℎ = 𝐹𝑆𝐹𝐿𝑇 , 𝑘 + +

𝐹𝑆𝐹 ℎ,𝑘
𝐿𝐿𝐷 otherwise

(51)

𝐿𝐿ℎ
𝑝𝑟𝑖𝑐𝑒 =

(

𝑃𝐿𝐿 × 𝐹𝑆𝐹 ℎ
𝐿𝐿𝐷

)

+
(

𝐼𝐿𝐿 ×
𝑘−1
∑

𝑘=1
𝐹𝑆𝐹 ℎ,𝑘

𝐿𝐿𝐷
)

∀ℎ = 𝐹𝑆𝐹𝑇𝐿 (52)

The coordinator sends the prices 𝐿𝐿ℎ
𝑝𝑟𝑖𝑐𝑒, matte demand of other

batch problems 𝐹𝑆𝐹 ℎ
𝑀𝐷𝑂, 𝐹𝑆𝐹𝐿𝑇 , and the FSF lower limit 𝐹𝑆𝐹 ℎ

𝐿𝐿
to the conflicting batch problem (∀ 𝐹𝑆𝐹 𝑛,𝑏

𝐵𝑃𝐿𝐿 = 1). After solving the
scheduling problem, the conflicting batch problem reports its solution
to the coordinator. The coordinator verifies the schedule and examines
whether any FSF lower-level inter-dependencies exist in the sched-

ule. If such inter-dependencies are present, the coordinator initiates a
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Algorithm 4: FSF lower-level inter-dependencies
Begin

1: Initialization
𝑠𝑡𝑜𝑝1 = 𝑓𝑎𝑙𝑠𝑒
𝐹𝑆𝐹𝐿𝑇 =0
𝐹𝑆𝐹 𝑛,𝑏

𝐵𝑃𝐿𝐿=0
𝐹𝑆𝐹𝑀𝐷=0
𝐹𝑆𝐹 ℎ

𝑀𝐷𝑂=0
2: for ℎ = 1 to 𝐻 do

if
(

𝐹𝑆𝐹 ℎ
𝐿𝐿𝑉 ≠ 0 and 𝑠𝑡𝑜𝑝1 = 𝑓𝑎𝑙𝑠𝑒

)

then
𝐹𝑆𝐹𝐿𝑇 = ℎ
𝑠𝑡𝑜𝑝1 = 𝑡𝑟𝑢𝑒

end
end
3: for 𝑏 = 1 to 𝐵 do

for 𝑛 = 1 to 𝑁 do
if

(

(

𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 + 𝐵𝑃 𝑛,𝑏

𝑙𝑜𝑎𝑑1

)

≤ 𝐹𝑆𝐹𝐿𝑇 ≤
(

𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡 + 𝐵𝑃 𝑛,𝑏

𝑙𝑜𝑎𝑑𝐼

)

)

then
𝐹𝑆𝐹 𝑛,𝑏

𝐵𝑃𝐿𝐿 = 1
end

end
end
4: for 𝑏 = 1 to 𝐵 do

for 𝑛 = 1 to 𝑁 do
if

(

ℎ = 𝐹𝑆𝐹𝐿𝑇
)

then
𝐹𝑆𝐹 ℎ

𝐿𝐿𝐷 = 𝑃𝑆𝐶ℎ
𝑀𝐷 − 𝐹𝑆𝐹 ℎ

𝑀 + 𝐹𝑆𝐹 ℎ
𝐿𝐿

else
𝐹𝑆𝐹𝑀𝐷 = 0

end
end

end
5: for ℎ = 1 to 𝐻 do

if
(

ℎ = 𝐹𝑆𝐹𝐿𝑇
)

then
for 𝑏 = 1 to 𝐵 do

for 𝑛 = 1 to 𝑁 do
if

(

𝐹𝑆𝐹 𝑛,𝑏
𝐵𝑃𝐿𝐿 = 0

)

then
for 𝑡 = 1 to 𝑇 do

if
(

𝑡 = (𝐹𝑆𝐹𝐿𝑇 − 𝐵𝑃 𝑛,𝑏
𝑠𝑡𝑎𝑟𝑡)

)

then

𝐹𝑆𝐹 ℎ
𝑀𝐷𝑂 =

𝑁
∑

𝑛=1

𝐵
∑

𝑏=1
𝐵𝑃 𝑛,𝑏,𝑡

𝑀𝐷

else
𝐹𝑆𝐹 ℎ

𝑀𝐷𝑂 = 𝐹𝑆𝐹 ℎ−1
𝑀𝐷𝑂

end
end

end
end

end
end

end
end

new iteration of the same procedure. However, if no FSF lower-level
inter-dependencies exist in the schedule, it searches for the other inter-
dependencies. If it finds anything against the scheduling policy, it reacts
accordingly and performs a new iteration. However, if the schedule is
free of all FSF and PSC inter-dependencies, the coordinator returns the
schedule, and the framework terminates.

6. Case studies

In order to showcase the effectiveness of the proposed scheduling
framework, this study presents two case studies. The FSF matte grade
15
Table 1
Framework parameters.

Parameter Description Value

𝑚𝑔 matte grade 64 (percent)
𝑓𝑒𝑒𝑑𝑚𝑖𝑛 minimum feed rate 10 (percentage)
𝑓𝑒𝑒𝑑𝑚𝑎𝑥 maximum feed rate 100 (percentage)
𝐹𝑆𝐹 ℎ

𝑈𝐿 minimum FSF capacity limit 70 (ton)
𝐹𝑆𝐹 ℎ

𝐿𝐿 maximum FSF capacity limit 180 (ton)
𝑝𝑎𝑟𝑡𝑇𝑆 step size to solve FSF inter-dependencies 10 (percentage)
𝑚𝑖𝑛𝑇𝑆 minimum time instances in a given slot 1
𝑀𝑇𝑓𝑖𝑥 matte transferred from FSF to PSC 20 (ton/min)

𝑟𝐹𝑒 iron oxidation rate 0.240 (ton/min)
𝑟𝑆 sulphur oxidation rate 0.0330 (ton/min)
𝑚𝑎𝑥𝑆𝐵1

slag blow 1 maximum length 50 (min)
𝑚𝑖𝑛𝑆𝐵1

slag blow 1 minimum length 5 (min)
𝑚𝑎𝑥𝑆𝐵2

slag blow 2 maximum length 60 (min)
𝑚𝑖𝑛𝑆𝐵2

slag blow 2 minimum length 5 (min)
𝑓𝑖𝑥𝑆𝐾𝑖

slag removal time 1 (min)
𝑓𝑖𝑥𝑀𝐿𝑖

loading time 1 (min)
𝐶𝑢𝑆𝐵1

Copper loss rate during slag blow 1 0.0103 (ton/min)
𝐶𝑢𝑆𝐵2

Copper loss rate during slag blow 2 0.052 (ton/min)
𝐶𝑢𝑆𝐵3

Copper loss rate during slag blow 3 0.1 (ton/min)

and its maximum and minimum input feed rates remain constant. The
composition of input concentrates plays a key role in the copper smelt-
ing process. While the proposed framework is capable of providing a
viable solution for all types of input concentrate, a commonly utilized
input concentrate is selected to provide a more practical solution. This
study does not focus on a specific FSF; therefore, the FSF storage
capacity limits are chosen arbitrarily.

Each PSC operation begins with two loading operations, followed by
a slag blow operation and then a slag removal operation. Production of
a batch of blister copper is assumed to involve four loading operations,
three slag blow operations, three slag removal operations, and a single
copper blow operation.; therefore, 𝐼 = 3. The blister copper batch is
ready when the iron and sulphur content of the matte drops below 2
percent (98 percent copper). In addition, each loading operation from
the FSF to a PSC unit is limited to a maximum transfer of 20 tonnes of
matte by the crane. The process parameters are given in Table 1, which
remain unchanged. Both case studies are solved with GAMS using the
CPLEX 12.7 solver, and the default optimality gap (10 percent) is used
during the simulations (Bussieck and Meeraus, 2004; IBM, 2017).

CPLEX uses the branch and cut algorithm to address discrete-time
optimization problems. With this algorithm, a well-chosen initial start-
ing point can guide the solver toward the optimal branch, potentially
minimizing computational costs. As the PSC model is a major con-
tributor to the total computational expense, the framework initializes
each batch problem with the solution computed by it in the previous
iteration. Applying this warm start technique can potentially decrease
the required load demand, especially when dealing with a higher
number of PSC units or when producing more batches per unit.

In a schedule, multiple inter-dependencies can occur simultane-
ously. When a single type of inter-dependency is present, the coordina-
tor can address it swimmingly. However, if different inter-dependencies
exist in the schedule, the coordinator must determine the order in
which to resolve them. Theoretically, the coordinator can select any
order. However, the order of inter-dependencies handling affects the
quality of the solution. For example, if logistical and the FSF lower-level
inter-dependencies appear in the schedule simultaneously, solving the
logistical inter-dependencies first can potentially resolve the FSF lower
limit inter-dependencies. Likewise, if both logistical inter-dependencies
and flow inter-dependencies are found simultaneously, logistical inter-
dependencies should be solved before the flow inter-dependencies to
provide a feasible solution with minimal computational resource re-
quirement. The order in which the coordinator handles the inter-
dependencies is shown in Fig. 6.

This study uses PI controllers to compute prices. The performance
of a PI controller typically relies on the values of its proportional and
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Fig. 6. Order of handling inter-dependencies.
integral gains, which affect the coordinator’s performance (Ahmed and
Vilkko, 2023). Usually, these gain values are calculated from the step
response of the process model. While computing the step response
is relatively straightforward for a process with simple dynamics or a
simple input–output model, finding the step response for a process with
complex process dynamics and structure is always challenging.

An alternative approach to computing PI controller gain values
is the trial and error method. This method involves selecting arbi-
trary gain values at the outset and then fine-tuning them through
trial and error, which can be time-consuming. However, for complex
16
processes such as the copper smelting process, where finding the step
response can be challenging, the trial-and-error method remains the
most suitable option.

In the trial-and-error method, the selection of high gain values
means that the controller will react aggressively if there are inter-
dependencies in the schedule. This aggressiveness of the coordinator
seems pleasant since it will reduce the number of iterations necessary
to find a feasible solution. However, the choice of excessively high
values reduces the quality of the solution. On the contrary, opting
for extremely low values of the controller gain leads to an increase
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Table 2
PI controller gain values.

Set FSF upper-level inter-dependencies PSC and FSF lower-level inter-dependencies

𝑃𝑈𝐿 𝐼𝑈𝐿 𝑃𝑙𝑜𝑎𝑑 𝐼𝑙𝑜𝑎𝑑 𝑃𝑓𝑙𝑜𝑤 𝐼𝑓𝑙𝑜𝑤 𝑃𝐿𝐿 𝐼𝐿𝐿
1 100 10 10 1 10 1 10 1
2 1000 100 100 10 10 1 10 1
3 10000 1000 1000 100 10 1 10 1
Table 3
Framework parameters-Case study 1.

Parameter Description Value

𝐹𝑆𝐹 ℎ=0
𝑀 FSF initial mass 150 (ton)

𝑠𝑡𝑎𝑟𝑡𝑛𝑃𝑆𝐶 PSC starting time {0,0,0} (min)
𝐻 scheduling horizon 1200 (min)
𝑇 batch scheduling horizon 220 (min)
𝐾 maximum number of iterations 1000

in the number of iterations, but it also improves the quality of the
solution. The FSF and PSC models treat the calculated prices as a
penalty term in the objective function. As a result, extremely high
gain values can adversely affect the quality solution and computational
costs. Hence, suitable values must be selected considering the available
computational power and size of the scheduling problem.

In order to demonstrate the effect of gain values on framework per-
formance, both case studies are resolved for three different controller
gain values, as outlined in Table 2. The motivation is to demonstrate
that the proposed scheduling framework has the potential to provide
a feasible schedule for any gain value. However, the quality of the
solution varies according to the gain values used. As the FSF does
not contribute to the number of idle times in the schedule, the con-
troller gain values for the FSF high-level inter-dependencies are selected
higher to reduce computational demands.

6.1. Case study 1

The first case study involves one FSF and three PSC units, with
each PSC unit producing three batches, resulting in a total of nine PSC
batches. Table 3 provides the FSF initial inventory level and the avail-
ability of the PSC units. As both PSC units are available concurrently,
the coordinator assigns the highest priority to PSC unit 1 and the lowest
priority to PSC unit 2.

Case study 1 is simulated for the PI controller gain values indi-
cated in Table 2, and their corresponding FSF matte, FSF feed rate,
and PSC schedule are presented in Figs. 7–9. As sufficient matte is
available at the beginning of the simulation and the matte demand
is not high, matte in the FSF remains above the FSF lower level, as
shown in Figs. 7(a)–9(a). Thus, no FSF lower-level inter-dependencies
exist in this case study. In each iteration, the framework collects
information from batch problems and sequentially verifies the presence
of FSF or PSC inter-dependencies in ascending order of the group
number. In each group, the coordinator solves the logistical inter-
dependencies first, followed by flow inter-dependencies. It addresses
the FSF upper-level inter-dependencies as they appear in the schedule.

In this case study, the framework divides all batch problems into
two groups. Group 1 consists of the first batch problem on each PSC
unit, Group 2 consists of the second batch problem, and Group 3 has
the third batch problem on each PSC unit. During each iteration, the
coordinator starts with the batch problems in Group 1 and checks for
PSC inter-dependencies. If inter-dependencies exist in Group 1, they
are resolved first. After settling the inter-dependencies in Group 1,
the coordinator checks for the inter-dependencies between Group 1
and Group 2. If inter-group inter-dependencies exist, the coordinator
resolves them by rescheduling the batch problems in Group 2. Other-
wise, the coordinator checks for the FSF upper-level inter-dependencies
and address them accordingly. Next, the coordinator examines Group 2
17
Table 4
Case study 1.

Set Iterations Computational
time (min)

Batch time (min) Copper loss (ton)

1 538 42.8 452 8.60
2 288 30.2 518 8.66
3 204 25.9 622 8.92

and then Group 3 and performs the same actions if inter-dependencies
exist between the batch problems. Once all the inter-dependencies are
resolved, the framework terminates and returns the final schedule.

Figs. 7(b)–9(b) show that the FSF is utilizing its maximum feed
rate; thus, it is operating at the optimal operating points. However,
the framework adjust the FSF feed rate to address the FSF upper-
level inter-dependencies. The PSC units are producing blister copper
batches in a synchronized manner, as shown in Figs. 7(c)–9(c). These
figures show that the framework resolves all the logistical and flow
inter-dependencies and provides feasible schedules.

The computational time for Case Study 1 is given in Table 4. The PI
controller gain values for Set 1 are lower than Sets 2 and 3; therefore,
the framework required more iterations to solve inter-dependencies.
Thus, the computational time is high. For Set 1, the prices do not
change exponentially during iterations if identical inter-dependencies
appear in the schedule repeatedly. Therefore, the price calculation
strategy moves steadily, and the framework is able to compute the
optimal price. As a result, the quality of the solution is superior to the
Set 2 and 3 gain values. For Sets 2 and 3, the number of iterations is
lower than in Set 1, so the computational time is lower. This is because
the coordinator can quickly determine the optimal prices, thereby
minimizing the computational costs of the framework. Nonetheless,
the objective functions of the FSF and PSC units are penalized by a
higher penalty term. Such actions add unnecessary idle time to the
schedule, making the quality of the solutions inferior. Even with vary-
ing PI controller gain values, the framework can effectively resolve all
scheduling inter-dependencies and produce a feasible solution without
any hindrances.

The amount of copper losses during the framework simulation de-
pends on the quality of the solution, which is determined by the batch
time of the schedule. A shorter batch time indicates that the framework
has optimally selected the duration of slag blows, resulting in lower
copper losses. For the Set 1 gain values, the slag-blowing durations
are computed optimally, leading to lower copper losses compared to
Sets 2 and 3, where the PSC model objective function is penalized
with a higher penalty term. As a result, the slag-blowing durations
are sub-optimal, leading to higher copper losses. Principally, process
personnel seeks solutions that have minimum batch time and copper
losses. Therefore, solutions using Set 1 gain values are preferable for
process operation.

6.2. Case study 2

In Case Study 2, there is one FSF and three PSC units, with each
PSC unit producing five batches, resulting in a total of 15 PSC batches.
This case study considers a lower value for the FSF initial inventory
as compared to Case Study 1, as given in Table 5. The PSC units are
available simultaneously; hence, PSC unit 1 has the highest priority,
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Fig. 7. Case study 1 - Set 1.
Fig. 8. Case study 1 - Set 2.
and PSC unit 3 has the lowest priority. As more batches are produced in
this case study, this case study will have a higher number of iterations,
higher computational demand, and longer batch time.

Case study 2 is simulated for the gain values as given in Table 2, and
the FSF matte, FSF feed rate, and the corresponding PSC schedule are
shown in Figs. 10–12. As insufficient FSF initial inventory is available
at the beginning of the process, FSF lower-level inter-dependencies
exist at time 𝑡 = 30 min, as shown in Figs. 10(a)–12(a). During
each iteration, the coordinator gathers all the relevant information
from all the batch problems and checks for the inter-dependencies in
18
Table 5
Framework parameters-Case study 2.

Parameter Description Value

𝐹𝑆𝐹 ℎ=0
𝑀 FSF initial mass 130 (ton)

𝑠𝑡𝑎𝑟𝑡𝑐𝑃𝑆𝐶 PSC starting time {0,0,0} (min)
𝐻 scheduling horizon 1200 (min)
𝑇 batch scheduling horizon 220 (min)
𝐾 maximum number of iterations 1000
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Fig. 9. Case study 1 - Set 3.
Fig. 10. Case study 2 - Set 1.
ascending order of the group number. For each group, the coordinator
first resolves logistical inter-dependencies, followed by the FSF lower-
level inter-dependencies, and then the PSC flow inter-dependencies.
As in Case Study 1, FSF upper-level inter-dependencies are handled
as they appear in the group by adjusting the FSF feed rate as shown
in Figs. 10(b)–12(b). The framework effectively addresses all logisti-
cal and flow inter-dependencies, ensuring synchronized and feasible
schedules, as depicted in the accompanying Figs. 10(c)–12(c).

The coordinator divides all the batch problems into five different
groups. Group 1 consists of the first batch problem of each PSC unit,
Group 2 has the second batch problem of each PSC unit, and so on.
During each simulation, the coordinator reviews Group 1 first and
resolves the FSF and PSC inter-dependencies, if found in the schedule.
If Group 1 is free of all inter-dependencies, it examines inter-group
19
inter-dependencies between Group 1 and Group 2. If inter-group inter-
dependencies exist, the coordinator resolves them in the same manner
as discussed in Case Study 1; otherwise, it begins to examine Group
2 and performs a new iteration. This process continues until all the
inter-dependencies are addressed successfully. When this happens, the
framework stops and returns the final solution (see Figs. 10(c)–12(c)).

The computational time and copper losses for Case Study 2 is given
in Table 6. For Set 1 gain values, the PSC schedule has the minimum
batch time and copper losses; therefore, the solution is classified as
optimal. For low gain values, the framework determines the optimal
duration of the slag blow that leads to minimal copper losses. Con-
cerning computational costs, this solution is considered inefficient since
it demands more computational time to generate a feasible schedule.
On the other hand, for Set 3 gain values, the number of iterations
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Fig. 11. Case study 2 - Set 2.
Fig. 12. Case study 2 - Set 3.
required by the framework is lower, so the computational demand
is lower. Therefore, this solution is classified as optimal in terms of
computational costs.

For Set 3 gain values, the coordinator penalizes the FSF and PSC ob-
jective functions with a higher penalty term that adds unnecessary idle
times to the schedule, which increases the batch time. Consequently, in
terms of the solution quality, such a solution is termed as poor. For Set
2 gain values, the computational time is lower than the batch time for
the Set 3 gain values, while the batch time is higher than for Set 1; thus,
this solution is classified as sub-optimal. Because process personnel
generally prefer shorter batch time and minimal copper losses, process
personnel will use the solution for the Set 1 gain values.
20
Table 6
Case study 2.

Set Iterations Computational
time (min)

Batch time (min) Copper loss (ton)

1 522 125.2 793 13.29
2 415 55.9 822 14.75
3 236 40.9 1041 14.96

The gain values presented in Table 2 are selected arbitrarily to
illustrate the impact of different gain values on the performance of
the framework and the advantages and disadvantages associated with
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their selection. However, the framework can produce a viable solution
for any given gain values. The choice of gain values depends on the
available computational power, the size of the scheduling problem, the
optimality gap, and the scheduling application in hand (Ahmed and
Vilkko, 2023).

Besides the gain values, the framework performance depends on the
batch problem horizon 𝑇 . If a high value of 𝑇 is selected, the simulation
time of the PSC model increases; consequently, the computational time
of the framework increases. On the contrary, if a too-small value is
selected, the PSC model might not be able to find a feasible solution,
especially when a batch problem is the source of both FSF lower-
level inter-dependencies and logistical inter-dependencies. Therefore, a
suitable value for the 𝑇 must be selected considering the duration of the
PSC internal actions, the number of PSC units employed, and the PSC
maintenance break if considered during the framework formulation.

PI controller tuning parameters influences the framework perfor-
mance. Consequently, it is crucial to establish more stringent guidelines
for selecting these parameters, considering factors such as the available
FSF capacity levels, computational power, and maximum batch time of
the schedule. Nonetheless, the findings of this study highlight that the
suggested scheduling framework generates a viable schedule for a wide
range of tuning parameters, indicating the potential for implement-
ing price-based coordination in various other large-scale scheduling
applications.

7. Conclusion

This study proposes a hierarchical framework for scheduling the
copper smelting process based on MILP. This framework provides an
optimal schedule for the PSC units considering the continuous opera-
tion of the FSF, FSF capacity constraints, and batch synchronization.
The proposed hierarchical framework takes advantage of the market
theory and uses prices to resolve the FSF and PSC inter-dependencies.
The price-based coordination has the potential to provide optimal
coordination between independent FSF and PSC units, and it can enable
the process personnel to take decisions without a deep understanding
of the process.

In this work, PI controllers are employed to determine the optimal
prices, and it is demonstrated that the choice of controller gain values
can significantly affect the quality of the solution. While the framework
can provide a feasible solution for any gain value, using high-gain val-
ues often leads to poor-quality solutions. On the other hand, selecting
lower-gain values requires more computational time, but it results in
better-quality solutions. If the proposed framework is used as an offline
tool, where computational time is less of a concern, process personnel
would be inclined to use lower-gain values to achieve minimum copper
losses. Additionally, this framework can serve as a valuable tool for
process personnel to anticipate the consequences of their decisions and
enhance their understanding of the process.

The study presented only deterministic case studies to demonstrate
the ability of the proposed price-based coordination mechanism to
resolve process operations and operate the copper smelting process at
or near optimal operation points. Future work will involve developing
techniques to calculate optimal controller gain values and identify-
ing other computationally efficient price-updating mechanisms for the
coordinator, which can improve even better solution quality.
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