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ABSTRACT

A comprehensive theoretical framework for the inverse design of correlation induced effects with optical beams is introduced. Correlation
induced effects are able to modify the intensity distribution of an optical beam drastically via effects such as correlation induced splitting,
focusing, and shifting. The inverse design steps are given analytically, which allows the analysis of several related experiments. Finally, an
algorithm for more complex numerical inverse design is overviewed and demonstrated.
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. INTRODUCTION

Research on the coherence of light has traditionally focused
on common (naturally occurring) low coherence light sources or
highly coherent laboratory equipment. This has undoubtedly led
to several important advances. For example, it was shown by Wolf
that the spectrum of the light radiated by stars should not change
on propagation,’ which is a key enabling factor for astronomi-
cal spectroscopy. Additionally, the considerations of Townes and
Schawlow paved the way for the laser,” triggering a revolution in
optical sciences.

Within the past few decades, the area of partial coherence
has gained increased importance due to the unique properties
of partially coherent light. The first investigations of the unintu-
itive properties of partially coherent light were made in 1987 with
the discovery of the Wolf effect”’ and Bessel correlated fields.” The
Wolf effect was quickly confirmed experimentally,” which sparked
some interest in partially coherent fields. On the other hand, the
inverse problem of determining the structure of a source from mea-
surements of the field’s radiation pattern was found, in general,
not to admit a unique solution.” Given a priori knowledge,
attempts to identify the source have been made with the delta
correlated fields,® the quasi-homogeneous sources,”'’ the Gaussian
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Schell-model beams,'"'? the coherent-mode representation,'’ as

well as through scattering media.”

Interest in partial coherence was renewed with the discov-
ery of correlation induced focusing'” '’ and splitting'®"” of light
beams, among many other correlation induced effects.”’** Notably,
novel experiments have validated several of the theoretical predic-
tions for the properties of nonconventional correlations.'**”** Fields
with novel correlation functions usually exhibit unique propagation
properties; for example, nonuniformly correlated light beams have a
shifted focus on propagation.'” It is important to note that although
these are reminiscent of nonlinear effects, no material properties
are involved. That is all correlation induced effects also occur upon
propagation through a vacuum.

However, the process of discovering new correlation induced
effects has been somewhat cumbersome so far, as it normally
involves the introduction of a genuine representation” for a cor-
relation function, its analytical propagation, and the investigation
of whether there are new effects due to the particular correlation
function used. Although there is nothing wrong with this approach
per se, it is quite inefficient. There are infinitely many correlation
functions, and going through them one by one in hopes of discover-
ing something new is not feasible. Still, it is desirable to investigate
beams that produce correlation induced effects since they can often
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be superior with respect to completely coherent beams. For example,
they are resistant to signal degradation when propagating through
turbulent media.” " Such a forward design approach is, therefore,
fundamentally limited.

In the present work, we introduce a comprehensive framework
for the inverse design of correlation functions for experimentally
realizable, on-demand effects. In other words, we start with a desired
correlation induced effect and examine which type of coherence
function can produce such an effect. We find the analytical forms for
a variety of effects and compare these to some recent experimental
efforts. Furthermore, we show the potential of correlation induced
effects in problems such as inverse design.

The present work is structured as follows: we begin by review-
ing the propagation of partially coherent beams with the angular
spectrum approach at the beginning of Sec. II. We then move on
to the Fresnel and Fraunhofer approximations for partially coherent
light and derive propagation equations based on linear transforma-
tions of the corresponding Wigner function. In Sec. 111, we briefly
consider the genuine representation in the context of our propa-
gation function, after which we show some particularly important
analytical expressions for inverse design in Sec. I'V. Finally, we show-
case the wider capabilities of our approach with a numerical design
algorithm in Sec. V before presenting conclusions in Sec. V1.

Il. PROPAGATION OF PARTIALLY COHERENT BEAMS

To begin with, we need convenient propagation formulas for
the correlation functions. The cross spectral density (CSD) at the
initial plane z = 0 is defined as’’

W(p1p5) = (E"(p)E(p))), 1

where E(p) is a member of a statistical ensemble of monochro-
matic realizations, asterisk denotes complex conjugation,
p; = (x;, yg»), with j=1,2, contains the transverse spatial coor-
dinates at the initial plane, and the frequency w is left implicit for
brevity. The spatial signal forms a Fourier transform pair with the
angular domain signal,

1 el ’ . N g2 I
E(x):W[wE(P)eXP(_""P)dP> @

which is also known as the angular spectrum. Here, x = (kx, k) con-
tains the transverse wave vector components. Therefore, the CSD
can be transformed to the angular correlation function (ACF) with
the generalized Wiener-Khintchine theorem,

A(k1,%2) = (E*(x1)E(x2))
1 o ., ‘ , /
= W/];X’ W(pi.p,) exp [1(1(1 p— K2 'Pz)]
x dZP; dZP;' (3)

The ACF can be used to propagate the field to any plane z by
imposing a propagation phase of the form

A(x1,%22) = A1, %) exp [i( ko — k21 )z], (4)

where k;j = y /k? - K? is the wave vector component toward the

propagation direction, k; = |kj|, k; being the wave vector in free space
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at a frequency w. In general, k; can be complex, so evanescent waves
are implicitly accounted for. The spatial domain correlation function
can be retrieved with

W(py,p,52) = ﬂmA(Kl’Kz) exp [i(kzz - k;)z]
X exp [—i(xl p - K2 ~p2)] d’x) d’x, (5)

where p; = (%), yj) contains the transverse coordinates at the plane
z > 0. Note that the initial plane coordinates were defined under
Eq. (1) with the primed symbols.

Combining Egs. (3)-(5), we can write the propagated CSD in
the explicit form

W(py.py2) = ﬁf[:f[:W(Pi»Pé)

X exp [i(;cl .p; — 1% 'P;)]dzpi dzp;

x exp [l(kZZ - k;l)Z]

x exp [71'(’(1 P K2 'Pz)]d2xl dzkz. (6)
Furthermore, according to the Fubini-Tonelli theorem, " we

can rearrange the order of integrals if the function to be integrated
fulfills the requirement,

[ 1fepldxdy < oo, )

which is always fulfilled with genuine optical correlation functions
due to the requirement of finite energy. Therefore, we can cast the
propagated CSD into the simplified form

W(pypy2) = (Tlryfff[:W(pi,p;)

xexp {~i[x1-(p, = p}) ~ %2+ (p, ~ p1) ]}
x exp [i(ka — ki )z] i d*xp dp dp (8)

We emphasize that these propagation equations hold for any quasi-
monochromatic statistically stationary field of any state of spa-
tial coherence described by W(p),p;) at the initial plane. The
employed notation is shown in Fig. 1. However, evaluating four
two-dimensional integrals is tedious. We can further simplify the
equations by employing a few common approximations.

FIG. 1. Basic geometry of a propagation problem. The intensity at the initial plane
(left, primed coordinates) is transformed to the intensity at a propagated plane
(right); the dotted line shows a constant intensity contour. The angle 6 corresponds
to the divergence angle when the propagation has been taken to the far-zone,
while 6 is significant in the near-zone.
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A. Fresnel propagation

As a first approximation, we consider the propagation of
paraxial narrowband fields such that the first term of the Taylor
expansion of

2

2
ksk- 21, ©
is sufficient to model the propagation properties of such fields. Here
k = |k| = wo/c is the magnitude of the wavevector evaluated at the
center frequency of the field, wo, and cis the speed of light in vacuum.
Inputting this into Eq. (8) and integrating with respect to x; and &
yields the usual Fresnel propagation integral for partially coherent

light,

W(p,,p,2) = (zim)z[[:W(Pi>P;)

N2 2
><exp[fik(p1 P = (P, =p5) ]dzp; d’pl. (10)

2z

If we now expand the squares in the exponential and intro-
duce the average p = (p, + p,)/2 and Ap = p, — p,, difference coor-
dinates, we can rewrite the Fresnel propagation equation in the
following, inspiring, form:

k \? L pA o,

/ ! 4 /
xexp(—ikpAp —P e +pAp)dz;)'dzAp'. (11)
z

where W(p’,Ap") = W(p' — Ap'/2,p" + Ap'/2) is the rotated CSD.
This form is reminiscent of a Wiener-Khintchine relation, except
that there is a term that couples the average and difference
coordinates together.

The above result can be further simplified by collecting the Ap’
factors in the exponent and introducing the Wigner representation
of the CSD as™

1\? e
Wg(p',tc)=(%) [m W(p',Ap") exp (i - Ap")d*Ap’,  (12)

so that we can write the Fresnel integral in the following, final form:

2
vinaner= (1) on(a2)

oo _ U !
x[ Wg(p',kp P )exp(—ik’)?Ap)dzp'. (13)

Z

This is the main result of our work. We have reduced the Fresnel
propagation integral to a single two-dimensional Fourier trans-
form over a deformed Wigner distribution. The deformation due to
propagation is governed by a linear transformation of the form

U !

P TP

, = > (14)
k(p-p)/z P
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where

1 0
T= , (15)
—kjz kfz

is the transformation matrix due to propagation. The matrix
T has two contributions of equal weight: the on-diagonal ele-
ment corresponds to stretching, and the off-diagonal element causes
shearing.

Let us consider the intensity distributions observed at differ-
ent propagation lengths. The intensity is found along the diagonal of
the CSD by setting p, = p, = p, which is equivalent to setting Ap = 0
in the average and difference coordinates, W(p,0,z) = S(p,z). This
yields

S(p,z) = (5)2/:: Wg(p',k%ﬂ)dzp'. (16)

That is, we can calculate the intensity distribution of the propagated
partially coherent field by simply integrating its deformed Wigner
distribution. This is a particularly useful formula for the design of
more complex correlation induced effects, which will be investigated
in more detail in Sec. V.

B. Fraunhofer propagation

The Fraunhofer approximation is a special case of the Fresnel
formula, where the beam has propagated to the far-zone. This prop-
agation length has customarily been evaluated as a distance after
which the beam no longer changes shape, and mathematically, it has
been found to be a length that is much greater than the Rayleigh
length for a partially coherent beam, given by zr = kwgB/2.”” "’
Here, wy is the initial width of the beam, and 8 € [0, 1] is a parameter
that is related to the overall degree of coherence (DOC) of the field.
Since it is limited within the interval between 0 and 1, it is enough
to consider the Rayleigh length of a completely coherent field when
evaluating whether a beam is in the far-zone.

To move from the Fresnel to the Fraunhofer approximation, we
assume that the term p’Ap’ in Eq. (11) can be neglected, as for prop-
agation distances z > zp, it becomes insigniﬁcant with respect to
the other length scales at play. With this approximation, the Fresnel
integral can be evaluated directly in terms of the Fourier transform
of the CSD, i.e.,

k \? ik k &k

where A(x1,%;) is the angular spectrum given by Eq. (3).

Therefore, the far-zone correlation function has the same func-
tional form as the ACF. Note that the ACF is not modified upon
propagation and, therefore, has the same form at the far-zone as
in the initial plane (apart from a change of scale). The Fourier
transform relationship between the initial plane CSD and the ACF,
therefore, limits the possible correlation induced effects obtained in
far-zone propagation. However, a lot of freedom is retained since
changes to the phase of the initial plane CSD are not visible in its
intensity distribution.
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Moreover, in the Fraunhofer regime, we can write the intensity
distribution in three equivalent ways, as in

k 2 ° Vi ik / Vi

S(p:2) = (T”Z) f[ _W(p :AP’)eXP(—;PAP )dzp'dzAp
(5 [ W ko)
=(7) S Wele'ske/2)dp

(Z—L)ZA(kp/z,O). (18)

Therefore, it is evident that the far-zone intensity distribution is
entirely determined by the diagonal of the ACF, A(x,0), which is
influenced by the form of the initial plane CSD. The second equality
is again marginal over a Wigner distribution, with only stretching
and no shear. In other words, Eq. (16) asymptotically approaches
the functional form of Eq. (18) as the beam propagates toward the
far-zone. The Wigner distribution is an object that connects the
intensity distribution at the source plane to any other plane of prop-
agation, and if we take the other marginal instead, we obtain the
source plane intensity,

S(p',0) o< /::Wg(p',kp/z)dzp. (19)

The Wigner distribution allows for an alternative path for
computing the dependence between the initial plane CSD and the
far-zone intensity distributions. We emphasize that these propaga-
tion equations are quite general and hold for paraxial and quasi-
monochromatic statistically stationary fields of any state of spatial
coherence.

I1l. GENUINE REPRESENTATION

Apart from the propagation formulas, another important ingre-
dient for the inverse design is the genuine representation. That is,
for a correlation function to be physically realizable, it must admit a
genuine representation, which can be written as”

W(p,.p,) = /::p(v)H*(p;,'U)H(p;,'u)dz'u. (20)

Here, p(v) is a non-negative weight function, and H (', v)
represents an arbitrary kernel, usually written as a Fourier kernel

H(p','v) = T(p') exp [—ian(p') . 'u], (21)
where f(p') is a function that depends only on the initial plane
position p’, and 7(p") is in general a complex amplitude function.

With these choices, we can evaluate Eq. (20) to obtain
W(pi.p3) = Clp}, p5)8(Af), where
Clpyp5) = 7" (p))(p5), (22)

Af = f(p3) —f(p}), and

s = [ “p(w)exp(-izndf w)dv,  (23)
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is proportional to the spectral DOC. Notice how all intensity infor-
mation and constant phase factors are contained in C(p, p},), while
the correlations are shaped by g(Af).

However, both the function g(Af) itself and its argument
f cannot be chosen arbitrarily but must fulfill at least the following
three conditions:

(i) g(Af) is equal to the spectral degree of coherence up to a
phase term, so Re{g(Af)} € [-1,1];
(i) due to (23), the function g(Af) must be Fourier-transform-
able, ie, g:L'(R?) - Cand;
(i) iff(py) = f(p}), then it must follow that g(Af) = g(0) = 1, to
ensure normalization of p(v).

Within the constraints dictated by these conditions, we can
freely choose the mathematical forms of g(Af) and f(p") while still
retaining compliance with the genuine representation. For example,
we can choose p(v) as a Gaussian function and f as a linear func-
tion to get the usual Gaussian Schell-model correlation. If we choose
f as a quadratic function, then we get a nonuniformly corre-
lated CSD. Essentially, p(v) and f can be any linear combina-
tion of elementary functions that fulfills the conditions outlined
earlier.

Similarly, the complex amplitude 7(p) cannot be chosen arbi-
trarily, but must abide by the condition of being a finite-energy-
carrying function, i.e., 7(p) € L*(R?), and it must be continuous
and smooth so that 7€ C* to ensure compliance with Maxwell’s
equations.

It is important at this point in our analysis to remark on the
physical meaning of the function g(Af). Although it was noted
earlier that the correlations in the field are shaped by the func-
tion g(Af) itself, this does not necessarily mean that g(Af) is the
spectral DOC. The latter is, in fact, defined as

W(p}.p5)

RAAEIVErINTs)

(24)

If we now insert the definition of the CSD in terms of the function
g(Af).ie, W(pl,p',) = C(pl,p3)g(Af), above, we get

C(p1,p5)

Lpy) = ——=L222_o(Af).
u(pypy) s(p;)s(p;)g( \f)

(25)

From this result, we can clearly see that u(p],p,) = g(Af) only if
C(p1>py) = /S(p7)S(py), which implies that 7(p”) € R.

This result allows us to complement our claim made in Sec.
[T A, that the propagation of a partially coherent field amounts
to a deformation of the governing Wigner distribution. In fact,
the above-mentioned results clearly show that any CSD admit-
ting a genuine representation at the initial plane will also have a
genuine representation at any other plane of propagation. This is
mainly due to the fact that the linear map imposed by propagation
only changes the coordinates and not the genuine representation
itself.
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To show this explicitly, let us substitute the expression of
W(p},p,) in terms of the genuine representation into the Fresnel
equation of Eq. (11) to obtain

W(pyp2) = (%) [ Zcwipear)

VAV _ )2
Xexp[—ik(pl Pl) (Pz Pz) :|d2p1 dzp;, (26)

2z

from which we can derive the corresponding intensity distribution
as

S0 = (55 ) [ "t astar)

CIN2 (o T2
*l'k(p pl) ZZ(P pz) :|d2p; dzp;, (27)

X exp[

which is, in fact, equivalent to Eq. (16). Unfortunately, these equa-
tions do not appear to admit an analytical solution for general
expressions of the functions C(p},p;) and g(Af’). To gain more
insight on the physics of the above-mentioned equation, let us then
consider the quasihomogeneous case and consequently assume that
Clp1-p3) =/ S(p1)S(py) ~ S(p") and g(Af') = w(Af") depends
only on the distance between coordinates (i.e., it follows the Schell-
model), Af' = Ap’ = p’ — p;, while being narrow with respect to
S(p"). With these approximations, we can perform the integra-
tion over Ap’ in the above-mentioned expression, which gives the
following result:

kN (=P =P\ps
Sip2) = (2712) [oo S(e )p( Az )d - (28)
where p is the weight function introduced in Eq. (20). That is, the
propagated intensity is essentially a cross-correlation between S(p")
and the deformed weight function p.

This is the second result of our work. If a partially coherent field
is described by a certain genuine representation at the initial plane
z = 0, its representation at any other plane z > 0 will still be genuine,
and the intensity distribution of the field at any plane z > 0 is given
by the cross-correlation between the initial intensity distribution of
the field and the genuine weight function p(x), suitably deformed
according to the propagation matrix T introduced in Sec. I1.

IV. ANALYTICAL INVERSE DESIGN

We may start our design process by specifying that we have an
initial plane CSD W(p},p,), from which we fix only the diagonal
element, i.e., the initial plane intensity distribution S(p’). Then we
say that we want this intensity distribution to evolve upon propaga-
tion to a different functional form, S(p,z). That is we choose what
the initial plane and propagated intensity distributions look like and
try to find the CSD that allows this to happen.

For a general field, one could, at least in principle - apply
the general propagation formula of Eq. (8) between the initial and
propagated planes and compute the required form of W(p},p,).
However, this problem is underdetermined and involves tedious
integrals—it is not an analytically tractable problem. Therefore,
when the field is strongly diverging or three dimensional, a numeri-
cal solver would be required. This could be in the form of an iterative
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Fourier transform algorithm (IFTA), where one would start from an
initial guess for the initial plane CSD, then propagate it a small step,
update, and repeat until the field behaves in the desired way. Due to
the underdetermined nature of the problem, the solutions obtained
with such an algorithm may not be unique.

If the field is paraxial, then the analytical expressions simplify
greatly, and one merely needs to find the marginals of a linearly
transformed Wigner distribution, as in Eq. (16), and from there,
reconstruct the correct CSD for the desired correlation induced
effect. While computationally less expensive, even this requires a
numerical solver, which we briefly discuss in Sec. V. Finally, by
approximating that the field is quasihomogeneous, we obtain equa-
tions that are relatively simple to solve analytically. If one is con-
cerned with transient effects (such as focusing or object avoidance),
then Fresnel domain expressions such as Eq. (28) need to be consid-
ered. However, a large variety of correlation induced effects can be
manufactured with the far-zone (Fraunhofer) expressions, as we will
show next.

Let us now take the inverse Fourier transform over both sides
of the first equality of Eq. (18). We can recast the Fraunhofer
propagation equation so that

oo oo /
[ W(p',ap")dp' = f S(p,z > zx) exp (ik%)dzp. (29)

If we assume again a quasihomogeneous field, we can approximate
W(p', Ap") ~ S(p")u(Ap"), in which case we have

52 S(p,z>> zr) exp (ik%"’)dzp
JS(hdp

u(bp') = , (30)

which allows us to build any quasihomogeneous CSD unambigu-
ously since the right hand side contains only terms, which we are
free to choose in any way we want (as long as the quasi-homogeneity
is fulfilled). As long as the far-zone intensity distribution is not
pathological, the above-mentioned equation fulfills the necessary
conditions for admitting a genuine representation. Furthermore,
the constraint of the spectral DOC, 0 < [u(Ap")| < 1, needs to be
met, and |4(0)| = 1 holds, which is always fulfilled when energy is
conserved.

In Secs. IV A-IV C, we will look at some well-known examples
that have been extensively studied and experimentally confirmed.
These examples validate our approach and highlight the possibili-
ties we have for controlling the intensity distribution at the target
plane.

A. Shifting beams

As the first example, we consider a beam that has a Gaussian
distribution at the initial plane and otherwise retains its functional
form but shifts on propagation. The spectral intensity distribution at
the source plane takes the form of

72
S(p") = exp (*%)» 31)

0
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while the spectral intensity in the far zone is written as

2 2 2

Z; Z +

S(p.z) = Z—I; exp [—R(ijzfo)], (32)
0

where p, is the shift parameter and zr = kw§f/2 is the Rayleigh range

introduced earlier, with 8 = (1 +wj/ 03)71/2 chosen to correspond
to a Gaussian Schell-model beam, with wy and oy being the rms
width and coherence width of the source, respectively. In the case
of a quasihomogeneous field with 0y <« wy, the Rayleigh range is
approximated as zr = kwooo/2.

The source spectral DOC can now be obtained with the help of
Eq. (30) as

A 2
u(Ap') = exp 7L2 Fip, - Ap' ). (33)
(o)

In other words, the shifting of a partially coherent beam on prop-
agation is caused by a linear phase term in the coherence function,
as one would expect from the basic properties of the Fourier trans-
form. This is entirely consistent with the theory and experiments
performed in Ref. 23.

B. Intensity redistribution

Next, we consider beams, which attain a completely new type
of intensity distribution as they propagate to the far-zone. In practi-
cal terms, there are infinitely many different intensity distributions
one could choose from. For the sake of this example, we look at a
family of beams that have the same initial plane spectral intensity
distribution as in Eq. (31) but instead attain flat-topped intensity
distributions after propagation to the far-zone.

One such spectral intensity at the far zone is given by the multi-
Gaussian function™

1 MM (1)1 2 2 2
sp.) = 5> (M) p[w”] (34)

Copzy \m m 0

where Cp = ¥4 (214)(7173:”_1 is the normalized factor. Taking sim-
ilar steps as earlier, the corresponding source complex DOC for a

quasihomogeneous field is expressed as

1 & (M (-1)™! Ap”
wh= LS (VT ()
b0 = X ) P e (35)
which is consistent with the form of DOC in Ref. 38 as well as the
experiments laid out in Ref. 24. In a similar fashion, we could design
initial plane correlations that produce any other physically realizable
intensity distribution in the far-zone.

C. Self-splitting beams

As the last simple example, we take beams that split into sev-
eral sub-beams upon propagation. Consider the Laguerre Gaussian
Schell-model beams, whose spectral intensity at the source plane is
still Gaussian as earlier but splits at the far-zone, where its spectral
intensity is expressed as*

2 2 2 2 2
Z zZ Z
S(p.z) = ;‘; Ln(f—;;l; ) exp (7 wR’: > ) (36)
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Again, recalling that we consider the quasihomogeneous case, the
source spectral DOC is derived as

, A 2 2
u(sp") =Ln(%)exp(f%), (37)

0 09

which takes a form similar to the one employed in Ref. 39 and is
compatible with the experiments laid out in Ref. 18. These exam-
ples show that the behavior of the beam can be deduced from a few
simple Fourier type relations applied to the initial plane correlation
function. In Sec. V, we will introduce a more advanced example,
which is most conveniently handled via numerical techniques.

V. NUMERICAL INVERSE DESIGN

Although the analytical approach allows us to design a large
variety of different types of correlation induced effects, it is inher-
ently limited to rather simple cases. More specifically, the analytical
method outlined earlier works only for transformations between the
source plane and the far-zone, for beams that follow the Schell-
model and are quasi-homogeneous. These are rather strict limita-
tions, and therefore, it is desirable to consider more general design
cases where the beam may not be quasi-homogeneous, the corre-
lations might not follow the Schell-model, and there are no direct
transformations between the source plane and the far-zone.

A. Implementation

In the following, we introduce the specific numerical imple-
mentation for more general design tasks. This will allow us to later
design a beam with transient effects, i.e., a beam that shows uncon-
ventional properties upon propagation but only within a limited
volume. Let us consider the Fresnel domain formula, which is of the
form

S(p,z) = (5)2[: We(a,b—c)d’p’. (38)

This formula describes a beam that moves from the far-zone toward
the source plane as the parameter c is increased. That is, a larger
shear corresponds to shorter propagation, and when ¢ — oo, the
expression is at the source plane. This behavior can be confirmed
by considering Eq. (18), where c is zero. This causes two problems:
first, numerical propagation cannot handle infinities. Second, a large
shear also requires a large data window, which shrinks as the beam
propagates toward the far-zone. Without rescaling the transverse
axes, it would appear that the beam narrows as it propagates, and
proper scaling must be introduced to recover the correct behavior.
A computationally simple method to overcome this is by
changing variables in Eq. (16) so that x; = k(p — p') /z and, therefore,

pl=p -k,
S(p,z) :/ng(p—sz/k,xc)dzxc. (39)

In this equation, we can keep . constant, and the propagation
is entirely handled by shearing along the p-axis. Note that the
amplitude scaling factors are absorbed into the integral in this
representation, further simplifying the numerical propagation.

By employing Eq. (39), it is rather straightforward to con-
struct a numerical algorithm for propagating beams with any state
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of coherence. The algorithm can start from any physically realiz-
able CSD, which is then propagated by shearing the corresponding
Wigner function. The shearing can be accomplished with a two-
dimensional affine transformation or by shifting each row of the
Wigner function with commands like “circshift” in Matlab. The
affine transformation corresponds directly to the shear map, but it
resizes the data window as the shear increases. Shifting each row
accomplishes the same effect without resizing the data window and
may be the preferred method, especially when memory is an issue.
However, one needs to be careful that the Wigner function does
not wrap onto itself when using this method, which will happen as
long as the beam is propagated far enough (depending on the zero
padding around the Wigner distribution).

Next, we will consider how to numerically design correla-
tion induced effects. We consider one dimensional correlations for
simplicity and employ a type of coherent mode superposition,

W(x1,x2) = Y cnen (x1)en(x2), (40)

where ¢, is a non-negative weight function and e, (x) are shifted and
tilted Gaussian coherent modes, with an explicit form of

o) = exp | -2 e i), (a)

with x, and a, being the shift and tilt parameters, respectively. The
modes may not be orthonormal, and thus they are not defined in the
same manner as laser modes. Still, any incoherent superposition of
the form of Eq. (40) yields a genuine correlation function.

One can start the design process in any plane of propagation
and move into Wigner space. In the Wigner space, the shift para-
meter causes the elementary contribution to move along the p’-axis,
while the tilt parameter will move the contribution along the p-axis.
This process is graphically outlined in Fig. 2, and it gives access to the
whole Wigner space. By suitably distributing mutually uncorrelated
elementary modes, it is possible to add energy where it is needed.

Increasing ay,

Increasing xj

FIG. 2. Schematic representation of the design process in Wigner space. Two
Gaussian modes are shown, with the effect of varying the shift and tilt parameters.
Solid red lines go through the centroids of the modes, whereas the dashed red
lines denote the origin. The blue curves on the edges of the Wigner space show
the corresponding marginals.
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In principle, it is also possible to remove energy from the
Wigner function, and it is not uncommon to have areas where the
Wigner function takes on negative values. However, causing nega-
tive dips in the Wigner space by hand does not seem like an effective
design method since it very easily causes the intensity to take on
negative values. Therefore, the safest method is to add energy in the
desired region via the shifted and tilted coherent modes.

B. Transient effects

We can now take one of two paths: either (i) design a propa-
gated Wigner function at the plane where we want to see the effect
and back-propagate it to the initial plane, or (ii) design the initial
plane Wigner function while keeping in mind that propagation will
shear it. In both cases, one needs to consider the distribution in
terms of the tilt and shift parameters visualized in Fig. 2.

Let us say that we want to produce a novel correlation function
that combines two different effects: self-splitting and self-focusing.
Moreover, we want this to happen inside a limited volume, such that
it is a transient effect. For this purpose, it is convenient to consider
option (ii). That is, we can arrange energy in the Wigner function
such that the source plane and far-zone intensities are Gaussian,
while a shear along one axis (propagation) will cause the inten-
sity distribution to evolve in an unexpected manner. This can be
achieved by arranging the energy in slanted columns: as the beam
propagates, the column will first turn upright (self-focusing), after
which it will slant in the opposite direction. By adding more columns
side-by-side, we can introduce sub-beams (self-splitting).

In Fig. 3, we present a beam that has specifically designed
correlation induced properties (see supplementary material for the
corresponding Matlab code). It consists of 303 shifted and tilted
Gaussian modes as described by Egs. (40) and (41). The modes
form three sub-beams, each containing 101 modes, weighted with
a Gaussian function. The beam starts off with a shape close to a
Gaussian beam, which then splits into three self-focusing sub-beams.

(a) x10*
20
z 10 3
e
2
I 0
5
5 -10 1
220 0
0 20 40 60 80 100 120
z [arb. units]
b c d
s (b) (c) (d) .
g 0.5
7 » ' . - -
é 0 N 4 : '.I - - i » 0
= 0\
3 ! e 0.5
7 Ty N 27
N P S o S F 04 .- = .
20 0 20 0 20 0 20

x [arb. units] x [arb. units] x [arb. units]

FIG. 3. Beam evolution upon propagation for the inverse designed beam. (a) inten-
sity distribution, (b) the corresponding DOC at z = 0, (c) in the focal plane at
~z =50, and (d) in the far-zone at z = 120. In (b)—(d), the intensity distribution

at each plane is overlaid with a black dashed line.
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After further propagation, the beams recombine and approach a
near-Gaussian shape in the far-zone. This example shows novel
propagation behavior for partially coherent beams by combining
two well-known correlation induced effects (namely, self-splitting
and self-focusing). This shows that the inverse design of such effects
offers great flexibility.

Note that the correlation functions shown in Figs. 3(b)-3(d)
do not correspond to the Schell-model, although the beam
has low coherence (the CSDs are narrow along Ax direction).
This presents, therefore, a novel tool for designing correlation
functions.

VI. DISCUSSION AND CONCLUSIONS

In the present work, we have developed a comprehensive
framework for inverse designing partially coherent beams, which
exhibit unusual effects upon propagation. The process consists of
first defining what type of effect we wish to see and then find-
ing the form of the correlation function that can achieve this.
We analytically examine three well-known examples, which have
been demonstrated experimentally as well. We then move on to
demonstrate the numerical implementation with a novel correla-
tion induced effect, combining self-focusing and self-splitting. The
method is fairly flexible, and it can be used to design a wide vari-
ety of correlation functions for quasi-monochromatic beams. Note
that we are not limited to Schell-model sources. The method is not
applicable to surface waves, highly divergent fields, or pulses in the
present form.

Although we consider only propagation through free space, the
method is also applicable to beams propagating in linear media with
a refractive index that is not unity. This will simply affect the magni-
tude of the wavevector and, therefore, the distance at which these
effects occur. Turbulent and/or nonlinear media would affect the
design process less predictably; in some cases, the method might
be applicable, whereas in others, it does not work at all. The out-
come would strongly depend on the properties of the medium and
the field.

This study is entirely theoretical, and a few words on the exper-
imental realizability are in order. First of all, the analytical examples
in Sec. I'V concern quasihomogeneous (Schell-model) beams, which
may be generated with standard tools of coherence research. That is,
by first taking a low coherence beam—generated from a single mode
laser that is sent through a rotating ground glass, for example—and
subsequently filtering the beam with a suitable phase and/or inten-
sity mask. On the other hand, the example shown in Sec. V does not
follow the Schell-model and, therefore, its synthesis is more complex
as well.

The shifted and tilted coherent mode superposition that was
used to generate the example can be realized experimentally as well.
For example, one can have an intensity mask with pinholes at the
desired locations dictated by the values of x,. When incoherent
light is incident from behind the mask, the pinholes will filter the
beam such that the light emerging from each individual pinhole is
completely coherent, but there are no correlations between the two
different pinholes. This gives us the desired shifts, and the mutual
weights of the modes can be controlled with either a secondary
intensity mask or by varying the pinhole sizes. Then, the tilt a, can
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be realized by imposing a linear phase at each pinhole. This can be
performed via a 4f imaging system together with a spatial light mod-
ulator or with a lens array on top of the intensity mask (which could
be produced with 3D printing, for example).

Therefore, the concepts presented here are entirely possible to
realize experimentally as well. Paired with the inverse design steps
outlined here, this opens up many new possibilities for design-
ing novel correlation induced phenomena, including on-demand
effects.

SUPPLEMENTARY MATERIAL

See supplementary material for a Matlab script used to produce
Fig. 3. The code contains three parts: first part constructs the corre-
lation function with the shifted and tilted modes, second propagates
the resulting correlation function by deforming the corresponding
Wigner function, while the third part produces a figure similar to
Fig. 3. The deformation of the Wigner function is plotted in real
time.
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