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ABSTRACT

Jussi Pasanen: Backstepping control for nonlinear systems

Master of Science Thesis

Tampere University

Degree Education in Engineering and Natural Sciences

June 2024

In systems theory a nonlinear system is a mathematical model that describes the behaviour of

a state in a space with the use of differential equations. The state describes a point in the space

and the differential equations describe the movement of the state in the space at a given time.

Systems can also have some controllable outside inputs present in it, which are called control

inputs. Controlling a system is a process in which the control input within a system is used to

affect the behaviour of the state of a system.

The goal of this thesis is to familiarize the reader with the concept of stability and describe one

nonlinear control method and give examples along the way to give better understanding of the

method described. We introduce the backstepping method for two dimensional systems and see

that the recursive application of this process can be used to stabilize larger systems.

Backstepping is a nonlinear control method, in which systems with a cascading structure are

recursively stabilized starting from a one dimensional subsystem. We show that if a subsystem can

be stabilized using one state variable as a "pseudo-controller" the controller can add an integrator

to this "pseudo-controller" and use it to stabilize the next subsystem within a system. This process

can be repeated until the whole system is stabilized and the process terminates when the actual

stabilizing controller is designed using all of the controllers from previous steps.

We see that backstepping is especially useful when stabilizing systems in a strict feedback

form, because the stability reached with backstepping for this class of systems is global and

asymptotic. Other systems can also be stabilized with backstepping, but then the stability is

contained within some neighbourhood around the origin.

We also show that backstepping can be implemented to stabilize systems with uncertainties,

when the uncertainties fall under certain assumptions. These uncertainties can be any undesired

forces affecting the system, which the controller wants to terminate as they affect the behaviour

of the system. This process is called adaptive backstepping and we see that by overpowering or

recursively estimating these uncertainties we can cancel them out with the final control input, so

they do not affect the stability of a system.

Keywords: Nonlinear system, Nonlinear control, Backstepping, System theory, Control theory,

Nonlinear stability
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Diplomityö

Tampereen yliopisto

Tekniikan ja luonnontieteiden koulutus

Kesäkuu 2024

Systeemiteoriassa systeemi on matemaattinen malli, jolla voidaan kuvata tilamuuttujan käyt-

täytymistä tilassa differentiaaliyhtälöiden avulla. Tilamuuttuja kuvaa pistettä avaruudessa ja diffe-

rentiaaliyhtälöt mallintavat tämän tilan liikettä ajan suhteen. Systeemit voivat sisältää myös hal-

littavan ulkoisen parametrin, jota kutsutaan ohjaussignaaliksi. Epälineaarisessa säädössä tällä

ohjaussignaalilla ohjataan systeemin käyttäytymistä halutulla tavalla.

Tämän työn tavoitteena on esitellä lukijalle epälineaarisen systeemin stabiilius käsitteenä ja

esitellä yksi epälineaarinen ohjausmenetelmä esimerkkien kanssa auttamaan menetelmän ym-

märtämistä. Epälineaarisista ohjausmenetelmistä esittelemme backstepping-ohjauksen kaksiulot-

teiselle systeemille ja näytämme, kuinka tämän rekursiivisella soveltamisella voidaan stabiloida

ulottuvuudeltaan suurempia systeemejä.

Backstepping-ohjaus on epälineaarinen ohjausmenetelmä, jossa systeemejä, joiden tilamuut-

tujat ovat peräkkäin riippuvaisia toisistaan, stabiloidaan rekursiivisesti aloittamalla yksiuloitteisesta

alisysteemistä. Näytämme, että jos alisysteemi voidaan stabiloida käyttämällä yhtä tilamuuttujaa

pseudo-ohajussignaalina, voidaan seuraava alisysteemi stabiloida lisäämällä integraattori tähän

ohjaussignaaliin. Tätä prosessia jatketaan kunnes kaikki alisysteemit on stabiloitu, ja menetelmä

päättyy siihen kun viimeisessä vaiheessa suunnitellaan oikea ohjaussignaali käyttämällä tuloksia

aikaisemmista vaiheista.

Huomaamme, että backstepping-ohjaus on erityisen hyödyllinen stabiloitaessa systeemejä tiu-

kassa takaisinkytkentä muodossa, koska tällöin saavutettu stabiilius on globaali ja asymptoottinen.

Muitakin systeemejä voidaan stabiloida tällä menetelmällä, mutta tällöin stabiilius keskittyy johon-

kin alueeseen origon ympärillä.

Näytämme myös, että backstepping ohjausta voidaan soveltaa systeemeihin, jotka sisältävät

ulkoisia häiriösignaaleja, kun ne noudattavat annettuja oletuksia. Nämä häiriötekijät voivat olla mi-

tä tahansa ulkoisia voimia, jotka vaikuttavat systeemin käyttäytymiseen ei halutulla tavalla. Tätä

prosessia kutsutaan mukautuvaksi backstepping-ohjaukseksi ja huomaamme, että kumoamalla

tai rekursiivisesti arvioimalla häiriösignaaleja voimme poistaa niiden vaikutuksen systeemiin syö-

tetyllä ohjaussignaalilla.

Avainsanat: Epälineaarinen systeemi, Epälineaarinen ohjaus, Backstepping, Systeemiteoria, Sää-

töteoria, Epälineaarinen stabiilius

Tämän julkaisun alkuperäisyys on tarkastettu Turnitin OriginalityCheck -ohjelmalla.
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1. INTRODUCTION

When analyzing systems, we are often interested in the stability of a system near its

equilibrium points, which refers to the behaviour of the state of a system near these points.

Equilibrium points are points where the trajectory of a system stays, when it reaches them.

The stability of a system means that when the trajectory of a system begins near one of

these equilibrium points, it stays near them and sometimes even approaches it. Nonlinear

stabilization is a process, where a suitable control signal is designed such that the system

becomes stable.

Stabilization of nonlinear control systems is a demanding and complex branch of sys-

tems theory, as there is no exact way to stabilize a given system. Instead many authors

have created multiple different methods for stabilizing nonlinear systems, from which this

thesis focuses on backstepping. There is not an exact date, when backstepping method

was developed, but multiple authors like Petar V. KokotoviÂc, Laurent Praly, Ioannis Kanel-

lakopoulos and many others have made strides in developing and honing this technique

in their work [13], [15], [9].

Backstepping is useful when stabilizing systems with a cascading structure, where the

total system is constructed of subsystems, that radiate out of a subsystem that can be

stabilized. This recursive structure allows the controller to use the states of the systems

as so called "pseudo-controllers" to stabilize a subsystem and "back-out" to the next sub-

system by adding a controller to the subsystem. This process is recursively repeated

until the end of the system is reached, where the actual controller is designed, which is

created using the previous "pseudo-controllers". This actual controller then stabilizes the

whole system. This backing-out is where the method gets its name.

The goal of this thesis is to familiarize the reader with the concept of nonlinear stability

and one stabilization method and to give examples of this process using said stabilization

method. This thesis is aimed at readers who are familiar with university level mathematics

interested in getting to know the basic concepts of stability in nonlinear systems theory

and understanding the idea of nonlinear stabilization. To better understand this text reader

should have some prior knowledge about differential equations and multivariable calculus.

We begin this thesis by defining the concept of stability for a nonlinear system, where we

mainly follow the books Nonlinear Systems Third Edition by Hassan Khalil [12], Nonlinear
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System Theory by John L. Casti [6] and Nonlinear System Dynamics by W. Richard Kolk

and Robert A. Lerman [14]. We also introduce a method called the direct Lyapunov

method to help us determine the stability of a system using auxiliary energy functions

describing the total energy of a system.

Next we introduce the concept of regular backstepping for systems with no disturbances,

which closely follows the book Nonlinear Systems Third Edition by Hassan Khalil [12].

We begin by introducing the backstepping procedure and then extending it to systems,

where the nonlinearities present are strictly dependent on the previous state variables of

the system. These systems are called strict feedback systems, for which the backstep-

ping procedure is particularly effective, as it yields global results in stabilization. In the

chapter 4.3 we also introduce a way to stabilize a mobile wheeled robot with the use of

backstepping, which follows an article Recursive Backstepping Stabilization of a Wheeled

Mobile Robot by Faical Mnif [7].

In the last section we introduce two ways of stabilizing systems with uncertainties with

backstepping, which is called adaptive backstepping. The other method introduced, which

follows the book Nonlinear Systems Third Edition by Hassan Khalil [12], focuses on over-

powering the uncertainties by choosing sufficiently large control parameters for the con-

troller. We see that when the uncertainties satisfy some given conditions dependent on

the system, the stability reached is asymptotic, and even global when the assumptions

hold globally. In the last section we introduce adaptive backstepping with the use of tuning

functions, which follows an article Adaptive nonlinear control without overparametrization

by Miroslav KristiÂc, Iannis Kanellakopoulos and Petar V. KokotoviÂc [15]. In this method

the uncertainties are approximated with tuning functions, which are then used to design

a controller and an update law in the last step of the process.
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2. PRELIMINARIES

In this section we go through some preliminary information we need in some of the results

presented in this thesis. These results mostly consist of some properties of functions, that

are used in proofs later or are otherwise relevant to the work. First we introduce some

results considering the continuity or Lipschitz continuity of functions and the concept of

positive definitess and semi-definitess for matrices and functions. After that we introduce

the concept of comparison functions, which are an important tool regarding the analysis

of nonlinear systems.

First we go through a property of continuous real valued functions on a compact set,

which is needed in a proof later. Intuitively continuity of a function can be characterized

as the function having no sudden jumps or gaps in its graph. More precise definition of

continuity can be found on [10, Definition 5.3.1]. A set being compact means that it is

closed and bounded.

Theorem 2.1. [2, Theorem 4.28] [10, Corollary 5.3.13] Let f : S → R be a real valued

function from a metric space S to Euclidean space R. Assume that f is continuous on a

compact X ⊂ S. Then there exists a point p ∈ X such that

f(p) = sup f(X).

Next we introduce the concept of Lipschitz continuity and an important result of Lipschitz

continuous functions regarding the uniqueness of a solution of a state equation ẋ(t) =

f(t, x(t)), which is a mathematical model for a physical system. We say that a system is

locally Lipschitz continuous, if for some constant L > 0 it satisfies

∥f(t, x(t))− f(t, y(t))∥ ≤ L∥x(t)− y(t)∥, (2.1)

for all (t, x(t)) and (t, y(t)) in some neighborhood of (t0, x(t0)), where x(t0) is the initial

state of x(t). This initial point is the starting point for the trajectory of a system. [12, page

87]

When studying the properties of a given state equation ẋ(t) = f(t, x(t)), it is important

to know if a solution is unique or not. The solutions of the state equation are those x(t),
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that solve the state equation for all t in the domain of interest. These solutions are also

called the trajectories of a system. The next result gives us a criteria for the uniqueness

of a given solution.

Theorem 2.2. [12, Theorem 3.3] Let D ⊂ R
n be a domain and f : [t0,∞) ×D → R

m

be a piecewise continuous function in t and locally Lipschitz continuous in x for all t ≥ t0

and all x ∈ D. In addition let W be a compact subset of D such that x0 ∈ W , and

suppose that every solution of

ẋ = f(t, x), x(t0) = x0

is entirely in W . Then there is a unique solution that is defined for all t ≥ t0.

Another important property of functions and matrices in this thesis is the concept of posi-

tive definitess and semi-definitess, which we introduce next.

Definition 2.3. [3, Page 1] A real valued n × n square matrix A is positive semidefinite,

if for all x ∈ R
n

xAxT ≥ 0 (2.2)

and positive definite, if

xAxT > 0. (2.3)

Definition 2.4. [24, Pages 98-99] Let D ⊂ R
n, such that 0 ∈ D is an interior point. A

function f : D → R, with f(0) = 0 is said to be positive definite in D, if

f(x) > 0, ∀x ∈ D, x ̸= 0, (2.4)

and positive semidefinite in D, if

f(x) ≥ 0, x ∈ D. (2.5)

For negative definitess and semidefinitess the same applies, but with the distinction that

the inequalities hold other way around.

Next we introduce the concept of Lie derivatives. It is not always possible to use the ba-

sic derivative introduced in the elementary mathematics courses when discussing vector

fields. Therefore we have to extend the notion of derivative for vector fields, which is

called the Lie derivative.
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Definition 2.5. [21, Page 146] Suppose X = (X1, ..., Xn)
T is a vector field in R

n. For a

function f : Rn → R we define the Lie derivative of f in the direction of X as

LXf =
n
∑︂

i=1

Xi

∂f

∂xi
(2.6)

In this definition the notation xi means the i-th variable of the function f . Later in the

thesis we also come across notation fi, which means that f is a vector function and we

express its i-th component this way.

In the last part of this preliminary chapter we introduce comparison functions. They are

useful, when studying the stability properties of nonlinear systems, and are later used

to show alternative way of expressing asymptotic stability after we have defined it. Here

notations such as R
+ mean the set of nonnegative real numbers. We first define class-K

functions.

Definition 2.6. [11, Definitions 1, 2] A function α : R+ → R
+ is class-K, if it is continu-

ous, α(0) = 0 and strictly increasing. Notation α ∈ K[0,a) is used when α : [0, a) → R
+,

where a ∈ R
+. Notation α ∈ K∞ means that α ∈ K and in addition lims→∞ α(s) = ∞.

Class-K functions have useful properties concerning their invertibility. Consider a function

α ∈ K\K∞. Since α is continuous and strictly increasing, there exists a constant a ∈ R,

such that lims→∞ α(s) = a. This implies that there exists an inverse function on the

interval [0, a), which is also continuous, zero at zero and strictly increasing and therefore

α−1 ∈ K[0,a). For functions α ∈ K∞ the inverse is defined globally and consequently

α−1 ∈ K∞. Next we define class-L functions.

Definition 2.7. [11, Definition 3] A function σ : R+ → R
+ is class-L, if it is continuous,

strictly decreasing and lims→∞ σ(s) = 0

Useful properties between class-K and class-L functions are the following results con-

sidering their composite functions. Here we denote f(g(x)) = (f ◦ g)(x). Suppose

α, α1, α2 ∈ K and σ ∈ L. Then the following hold

α1 ◦ α2 ∈ K
α ◦ σ ∈ L.

Next we define class-KL functions and after that we introduce three important Lemmas

regarding comparison functions we need later in the thesis.

Definition 2.8. [11, Definition 4] A function β : R+ ×R
+ → R

+ is class-KL, if for each

fixed t ∈ R
+, β(·, t) ∈ K and for each fixed s ∈ R

+, β(s, ·) ∈ L.
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Lemma 2.9. [11, Lemma 18] Let W : Rn → R
+ be a continuously differentiable positive

definite function. Then for all x ∈ R
n there exists α ∈ K∞ and σ ∈ L independent of x

such that

W (x) ≥ α(∥x∥)σ(∥x∥). (2.7)

Lemma 2.10. [11, Lemma 20] For any continuous positive definite function W : R+ →
R

+ there exists β ∈ KL such that if y(·) is any locally absolutely continuous function

defined on some interval [0, T ], with y(t) ≥ 0, ∀t ∈ [0, T ] and y(·) satisfies

ẏ(t) ≤ −λW (y(t)) (2.8)

for almost all t ∈ [0, T ] for some λ ≥ 0 with y(0) = y0 ≥ 0, then

y(t) ≤ β(y0, λt), ∀t ∈ [0, T ]. (2.9)

Lemma 2.11. [11, Lemma 24] For every continuous and positive definite function W :

R
+ → R

+ there exists α ∈ K∞ such that α is locally Lipschitz continuous on its domain,

continuously differentiable on (0,∞) and

α(s) ≤ W (s)α′(s), ∀s > 0. (2.10)
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3. STABILITY OF NONLINEAR SYSTEMS

In this section we introduce the concept of stability within a nonlinear system, which plays

an important role in control theory of nonlinear systems. We mainly focus on Lyapunov

stability and asymptotic stability, but there exists other kinds of stabilities defined for non-

linear systems, such as input-to-state stability. The stability of a nonlinear system focuses

on the equilibrium points a system has and the behaviour of the trajectory of the system

near these points. If the trajectory of a system stays near the equilibrium points, when the

trajectory begins near the equilibrium point, the equilibrium point is said to be stable in

the sense of Lyapunov. If in addition to the previous the trajectory tends to the equilibrium

point as time approaches infinity, the equilibrium point is said to be asymptotically stable.

We begin the section by introducing the state equation for a nonlinear system and giving

a more mathematical explanation for equilibrium points. After that we introduce Lyapunov

functions, which are an important tool for studying the stability properties of a system.

They can be thought of as expressing the total energy within a system. Then we finally

give conditions for the stability of an equilibrium point. In the last section we introduce

LaSalle’s invariance principle, which gives a sufficient condition for asymptotic stability.

3.1 Lyapunov stability analysis

In this section we focus on an autonomous nonlinear system, which has the state equation

ẋ(t) = f(x(t)), x(0) = x0, (3.1)

whereD ⊂ R
n is the domain of interest, which contains the origin, x(t) is a n-dimensional

state vector, x0 is the starting point for the trajectory of a system, often called the initial

point and f : D → R
n is a locally Lipschitz mapping. The system being autonomous

means that the nonlinearity f within the system has no explicit dependency on the time

t and is only a function of the state of the system x(t). An autonomous system is also

sometimes called time invariant system in the literature. [12, Page 112]

We say that a point x(t) = x∗ is an equilibrium point for the system (3.1), if f(x∗) = 0.

This means that the state of the system does not change at this point for all future time

and the state therefore stays in this point, if it begins at this point. A system can have
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multiple equilibrium points. The stability analysis focuses on analyzing the trajectory of a

system, when the trajectory does not start from an equilibrium point. [12, Page 2-3]

In this thesis we focus on studying the origin as the equilibrium point of the system, so we

have x∗ = 0. If the origin is not an equilibrium point for a system, it can be made into one

with a change of variables that shifts the equilibrium into the origin. Equilibrium points are

the solutions to the equation f(x) = 0 and can be found by solving this equation.

From the different types of stability defined for nonlinear systems we focus on defining

Lyapunov stability and asymptotic stability as they are defined on the sources [6] and

[14]. Lyapunov stability geometrically means that if the initial point of a system is at most

a certain distance δ away from the origin, the trajectory of the system stays within a larger

uniformly bounded distance ϵ away from the origin, and that the distance δ is dependent

on the distance ϵ. Asymptotic stability is a stronger form of stability and it requires that the

state of the system approaches zero as t grows without bound in addition to the trajectory

being bounded.

Definition 3.1. (Lyapunov stability) The equilibrium at the origin for the system (3.1) is

stable in the sense of Lyapunov, if for every ϵ > 0 there exists δ > 0 such that, if ∥x0∥ < δ,

then ∥x(t)∥ < ϵ for all t ≥ t0.

Definition 3.2. (Asymptotic stability) The equilibrium at the origin for the system (3.1) is

locally asymptotically stable, if it is stable in the sense of Lyapunov and we can choose δ

such that

∥x0∥ < δ =⇒ lim
t→∞

∥x(t)∥ = 0.

The origin is called globally asymptotically stable, if the result for asymptotic stability holds

for any starting position x0.

As we can see from the definitions, asymptotic stability guarantees Lyapunov stability, but

not the other way around. To study the stability of the equilibrium points of a system we

use the direct method of Lyapunov, which we introduce next. The method uses auxiliary

energy functions, called Lyapunov functions, to study the behaviour of the system with

respect to its equilibrium points. These Lyapunov functions can be thought of as express-

ing the total energy of the system, and they study the change of that total energy. If the

total energy is bounded by some value or approaches zero as the time variable t tends to

infinity the system is stable. Although it is not always possible to express the total energy

of a given system, Lyapunov functions still give a way to study the stability properties of

a system. Lyapunov functions can be used to study the stability properties both globally

and locally, but it is important to note that if a system has multiple equilibrium points, the

stability of these equilibrium points can not be global. This is due to the criteria of global
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stability requiring the equilibrium point to be stable with every initial point and choosing

another equilibrium point as the initial point causes the trajectory to stay in that equilibrium

point indefinitely. [14]

Lyapunov functions, denotet with V , use the state of the system x(t) to study the total

energy of the system. This can be characterized as the distance between the state of

the system and the equilibrium point. If the system is stable, it will move towards the

state of the lowest energy, which gives a sufficient condition for the stability of a nonlinear

system. The time derivative of the Lyapunov function being strictly negative suggests that

the system is stable. The challenging part about Lyapunov stability analysis is, that there

is not an exact way to determine a unique Lyapunov function for a system or even know if

one exists. However luckily some common candidates such as V (x) = 1
2
x2 exist, which

allows us to at least start our stability analysis somewhere.[14]

Lyapunov functions, introduced by and named after their creator Aleksandr Lyapunov,

have specific criteria that they need to meet to be viable candidates for stability analysis.

We introduce these criteria in the definition of a Lyapunov function, which is from the

source [14, Page 184]. In the framework of this thesis we are only studying the origin as

the equilibrium for the system, which is taken in to consideration in the definition. For other

equilibrium points the criteria stay the same, but it is necessary to make the distinction,

that the equilibrium point is removed from the domain of interest.

Definition 3.3. A function V : D → R is a Lyapunov function if the following properties

hold:

1. V (x) and its first derivatives are continuous.

2. V (0) = 0.

3. V (x) > 0 for all ∥x∥ > 0,

4. lim∥x∥→∞ V (x) = ∞ for all x ∈ R
n.

It is worth to mention, that in the definition the variable x is independent of a given system,

but when studying the stability of a given system we use its trajectory, x(t) with the Lya-

punov function. We often talk about Lyapunov function candidates, as not all Lyapunov

functions are suitable to analyze the stability properties of a given system.

The challenge in Lyapunov stability analysis is, that if a selected Lyapunov function can-

didate is not viable, nothing has been done to determine about the systems possible

stability. All that has been achieved is that one Lyapunov function candidate has been

eliminated from the possible choices.

Using the composite function derivative, we can express the derivative of V (x(t)) for a

given system. Let V be a Lyapunov function for the system 3.1 and x(t) its solution. The

derivative V̇ (x(t)) of the Lyapunov function V is
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V̇ (x) =
n
∑︂

i=1

∂V

∂xi
ẋi (3.2)

=
n
∑︂

i=1

∂V

∂xi
fi(x)

=
∂V

∂x
f(x),

where xi and fi denote the i-th component of the vectors x(t) and f(x(t)).

With this derivative in hand, we can express the Lyapunov’s stability theorem, which gives

us a way to study the stability of a system with the use of a Lyapunov function.

Theorem 3.4. [12, Theorem 4.1] (Lyapunov’s stability theorem) Let the origin be an equi-

librium for a autonomous system 3.1 and D ⊂ R
n be a domain that contains the origin.

Let V : D → R
n be a Lyapunov function for (3.1). If

V̇ (x) ≤ 0 (3.3)

for all x ∈ D, the origin is Lyapunov stable. Moreover, if

V̇ (x) < 0 (3.4)

for all x ∈ D \ {0}, the origin is asymptotically stable.

Proof. The proof follows the proof of Theorem 4.1 from the source [12]. The first part of

the proof focuses on proving Lyapunov stability and latter part proves asymptotic stability.

We begin the proof by defining a ball of radius r for a given ϵ > 0. Choose r ∈ (0, ϵ] such

that

Br = {x ∈ R
n | ∥x∥ ≤ r} ⊂ D.

Let α = min∥x∥=r V (x), and from (3.3) we know that α > 0. For β ∈ (0, α) let’s define

Ωβ = {x ∈ Br | V (x) ≤ β},

which is in the interior of Br. We show this via contradiction. Assume Ωβ is not in the

interior of Br. This means that there exists a point p ∈ Ωβ which lies on the boundary of

Br. At this point V (p) ≥ α > β, which implies that p /∈ Ωβ which creates a contradiction.

So it must be that Ωβ is in the interior of Br. From (3.3) it follows that
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V̇ (x) ≤ 0 ⇒ V (x(t)) ≤ V (x(0)) ≤ β, ∀t ≥ 0.

This means that for any x0 ∈ Ωβ the trajectory stays in Ωβ for all t ≥ 0. From Ωβ being

closed by definition and bounded due to being contained in Br we can deduce that it is

compact, and from the Theorem 2.2 it follows that (3.1) has a unique solution defined for

all t ≥ 0, when x0 ∈ Ωβ .

From the fact that V (x) is continuous and V (0) = 0 we can deduce, that there exists

δ > 0 such that

∥x∥ ≤ δ ⇒ V (x) < β.

With this knowledge, we can define a ball with a radius δ such that

Bδ ⊂ Ωβ ⊂ Br,

which implies

x(0) ∈ Bδ ⇒ x(0) ∈ Ωβ ⇒ x(t) ∈ Ωβ ⇒ x(t) ∈ Br.

This directly shows, that

∥x(0)∥ < δ ⇒ ∥x(t)∥ < r ≤ ϵ, ∀t ≥ 0,

which means that the origin is stable in the sense of Lyapunov. To prove asymptotic

stability first we assume that the property (3.4) holds in addition to the previous properties.

We can choose δ corresponding to some ϵ the same as we did in the previous part. The

goal is to show that when ∥x0∥ < δ the state of the system approaches zero. From the

previous part, we know that for every r ∈ (0, ϵ], we can choose β > 0 such that Ωβ ⊂ Br.

This implies that it is sufficient to show that V (x(t)) → 0 as t→ ∞. Because V (x(t)) is

monotonically decreasing and bounded below by zero, we have

V (x(t)) → c ≥ 0 as t→ ∞,

and our goal is to show that c = 0. We can do this with a contradiction. Assume c >

0. From the properties of V (x) we know, that there exists some d ∈ (0, r) such that

V (x) ≤ c, when ∥x∥ ≤ d. This means, that we have Bd ⊂ Ωc. Because c > 0, the limit

V (x(t)) → c implies, that the trajectory x(t) is outside of the ball Bd, when t ≥ 0. We
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can define a compact subset S ⊂ D, such that S = {x ∈ D | d ≤ ∥x∥ ≤ r}, and from

the Theorem 2.1 we are able to define

−γ = max
x∈S

V̇ (x).

From (3.4) we know that −γ < 0. We have

V (x(t)) = V (x0) +

∫︂ t

0

V̇ (x(τ))dτ ≤ V (x0)− γt.

The right side of the inequality becomes negative eventually, when t grows, which is a

contradiction with the assumption c > 0 completing the proof.

Lyapunov stability theorem can therefore be rephrased as follows.

Corollary 3.5. The origin of (3.1) is stable in the sense of Lyapunov if there exists a

Lyapunov function V for which V̇ (x(t)) is negative semidefinite. In addition the origin is

asymptotically stable if V̇ (x(t)) is negative definite.

This result gives us a tool to study the stability of nonlinear system, if viable Lyapunov

function is found. But as stated before, it is not always easy to find a suitable Lyapunov

function for a problem. Next we give an example of applying the direct method of Lya-

punov to a system.

Example 3.6. One of the most commonly known systems in physics is the simple pendu-

lum, where an object with a mass of m is swinging from a rod with the length l. The mass

of the rod is not taken into consideration, and we assume that it is zero. We denote with θ

the angle between the upright resting position of the mass and the current location of the

mass, and we assume that the pendulum is free to swing, with only the friction coming

from air resistance slowing the swings. The air resistance is proportional to the speed of

the swinging with some coefficient k and there is a downward gravitational force acting on

the mass, which equals to mg, where g is the gravitational acceleration. We can express

the dynamics of this system with the equation

mlθ̈ + klθ̇ +mg sin θ = 0,

which is derived using the Newton’s second law of motion. [12]

To get the system to be of the form (3.1) we can express the angle and its rate of change

as the state variables. We can do this by setting x = (x1, x2) = (θ, θ̇), and we can use
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the equation of the pendulum to get the state equations. For ẋ1 we get ẋ1 = θ̇ = x2 and

for ẋ2 = θ̈ we can solve for θ̈ in the above equation.

mlθ̈ + klθ̇ +mg sin θ = 0

θ̈ = − k

m
θ̇ − g

l
sin θ

ẋ2 = − k

m
x2 −

g

l
sin x1.

This yields the following state equation for the dynamics of the pendulum

ẋ1 = x2

ẋ2 = − k

m
x2 −

g

l
sin x1,

which has the equilibrium points (nπ, 0), for n ∈ Z. We can however focus on the equi-

librium points (0, 0) and (π, 0), because the rest of the equilibrium points are repetitions

of these positions. The first equilibrium is the downward resting position of the pendulum

and the second equilibrium represents the state, where the pendulum is resting facing

upwards. The latter equilibrium is not stable, which can be concluded from the fact, that

even the slightest disturbance would make the pendulum swing again, and it would not

be able to return to the equilibrium point again, due to the loss of energy from the air

resistance.

To study the stability properties of the equilibrium at the origin, we can use the Lyapunov

function candidate

V (x) =
g

l
(1− cos x1) +

1

2
x22,

which is derived from the kinetic and potential energy of the pendulum. [12] For the

derivative of the Lyapunov function we get
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V̇ (x) =
∂V

∂x1
ẋ1 +

∂V

∂x2
ẋ2

=
g

l
sin(x1)ẋ1 + x2ẋ2

=
g

l
sin(x1)x2 + x2(−

k

m
x2 −

g

l
sin x1)

= − k

m
x22.

We can see, that the derivative of the Lyapunov function is negative semidefinite, so we

can conclude that the origin is stable in the sense of Lyapunov. In the next section we in-

troduce a sufficient condition for asymptotic stability, when the derivative of the Lyapunov

function is negative semidefinite, so we can return to this example then.

Global asymptotic stability for the system (3.1) can also be shown using comparison

functions. Before stating and proving this theorem we give an alternative way to define a

Lyapunov function using comparison functions. The definition is from the source [11].

Definition 3.7. A Lyapunov function V : Rn → R
+ for a system (3.1) is continuously dif-

ferentiable function such that there exists α1, α2 ∈ K∞ and a continuous positive definite

function W : Rn → R
+, for which

α1(∥x∥) ≤ V (x) ≤ α2(∥x∥) (3.5)

and

V̇ (x) ≤ −W (x), (3.6)

for all x ∈ R
n.

Theorem 3.8. [11, Definition 5] The origin is globally asymptotically stable for a system

(3.1), if there exists a Lyapunov function V for the system and a function β ∈ KL such

that for all x0 ∈ R
n

∥x(t)∥ ≤ β(∥x0∥, t), t ≥ 0. (3.7)

Proof. The proof follows the Example 2.1 from the source [11]. Assume, that there exists

a Lyapunov function V (x) for a system (3.1). Lemma (2.9) guarantees the existence of

α ∈ K∞ and σ ∈ L such that for all x ∈ R
n we have

W (x) ≥ α(∥x∥)σ(∥x∥) (3.8)
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for continuous positive definite function W (x). For the Lyapunov function V (x) we have

α1, α2 ∈ K∞, for which there exists inverse functions α−1
1 , α−1

2 ∈ K∞. With these we can

define

α̂ = α ◦ α−1
2 ∈ K∞

σ̂ = σ ◦ α−1
1 ∈ L,

and use them to define Ŵ : R+ → R
+ as

Ŵ (s) = α̂(s)σ̂(s). (3.9)

The product of class-K∞ function and class-L function yields a positive definite function,

which means that Ŵ is positive definite. Now using (3.5), (3.8) and the definitions of α̂, σ̂

and Ŵ we can bound the condition (3.6) such that

V̇ (x) ≤ −W (x) ≤ −α(∥x∥)σ(∥x∥) ≤ −α(α−1
2 (V (x)))σ(α−1

1 (V (x))) = −Ŵ (V (x)).

(3.10)

Now using the lemma (2.10) we know that there exists β̂ ∈ KL, such that for all x(0) =

x0 ∈ R
n

V (x(t)) ≤ β̂(V (x0), t), t ≥ 0. (3.11)

With this and by manipulating the upper and lower bounds in (3.5) we get

∥x(t)∥ ≤ α−1
1 (V (x(t))) ≤ α−1

1 (β̂(V (x0), t)) ≤ α−1
1 (β̂(α2(∥x0∥), t)). (3.12)

Now we can define β ∈ KL for which

β(∥x0∥, t) = α−1
1 (β̂(α2(∥x0∥), t)), (3.13)

which finally gives

∥x(t)∥ ≤ β(∥x0∥, t), (3.14)

which means every solution is bounded with every initial value. Next we want to note that
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for any Lyapunov function V there exists a continuously differentiable function α ∈ K∞

satisfying α′(s) > 0 with any s > 0, such that Vα(x) = α(V (x)) is a Lyapunov function.

We define

α̂1 = α ◦ α1 ∈ K∞

α̂2 = α ◦ α2 ∈ K∞,

which yields

α̂1(∥x∥) ≤ Vα(x) ≤ α̂2(∥x∥).

We see that Vα satisfies the condition (3.5) from the definition 3.7.

Since α is continuously differentiable and α′(s) > 0 with any s > 0, we have

V̇α = α′(V (x))V̇ (x) ≤ −α′(V (x))W (x) (3.15)

for all nonzero x. This means the condition (3.6) is also satisfied from the definition 3.7

and therefore V̇α is a Lyapunov function.

Next we define Ŵ to be a continuously differentiable function defined as in (3.9) so it

satisfies the condition (3.10). The lemma 2.11 yields a continuously differentiable function

α ∈ K∞ such that

α(s) ≤ Ŵ (s)α′(s), (3.16)

for any s > 0. Now repeating the calculations made in (3.6) and (3.15) for Vα(x) =

α(V (x)) we get

V̇α ≤ −α′(V (x))W (x) ≤ −α(V (x)) = −Vα(x),

for any nonzero x. This means the Lyapunov function Vα is strictly decreasing for any

initial value meaning the system (3.1) is globally asymptotically stable.

3.2 LaSalle’s invariance principle

The theorem 3.4 gives us conditions for stability in the sense of Lyapunov and asymptotic

stability, but the conditions in this theory for asymptotic stability can be relaxed. More
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specifically the negative definiteness requirement is not necessary in all cases. This re-

laxation of the requirements of asymptotic stability focuses on cases, where the derivative

of the Lyapunov function is negative semidefinite, but if the equation V̇ (x) = 0 has only

origin as its solution, the system is asymptotically stable. This relaxation is useful later,

when discussing backstepping, as the goal there is to get the derivative of a given Lya-

punov function to be negative semidefinite. This property, called LaSalle’s invariance

principle then gives us a way to determine that a given system is asymptotically stable,

even though it does not fulfill the criteria described in the corollary 3.5.

This result is introduced by Joseph LaSalle in his original article Some Extensions of

Liapunov’s Second method [16]. The first two theorems give us results that are then

needed for the final theorem, which is named after the founder Joseph LaSalle, so before

we get to that we introduce the preliminary theorems needed to prove the result.

In this section we consider a nonautonomous system described in (3.1) and we assume,

that origin is an equilibrium point for the system. We begin by introducing the concept

of a limiting set. Let x(t) be a solution of (3.1). A point p belongs to a positive limiting

set, denoted by Γ+, of x(t) if for every ϵ > 0 and T > 0, there exists t > T such that

∥x(t)−p∥ < ϵ. This can also be interpreted as x(t) approaching the point p as t tends to

infinity and in addition x(t) approaching a set M , which contains the set Γ+. The positive

limiting set of x(t) is nonempty, compact and positively invariant, if x(t) stays bounded

for all t ≥ 0. [16]

Set is said to be positively invariant, if each solution, which starts from the set, stays in

the set for all t > 0. For the positive limiting set this means that if x(0) ∈ Γ+, then

x(t) ∈ Γ+ for all t > 0. We say that x(t) approaches some set A as t tends to infinity,

if for every ϵ > 0 there exists a point in time T , such that for every t > T there is p ∈ A

with ∥x(t)− p∥ < ϵ.[16]

With these preliminaries in hand, we can express the first theorem needed for LaSalle’s

invariance principle.

Theorem 3.9. [16, Theorem 1] Let Ω be a compact set, for which every solution x(t) of

(3.1) starting from ω stays in it for all t > 0. Let V (x) be a Lyapunov function for (3.1),

such that V̇ (x) ≤ 0, ∀x ∈ Ω. Finally let us define E = {x ∈ Ω | V̇ (x) = 0} and let M

be the largest invariant set contained in E. Then every solution x(t) of (3.1) starting in Ω

approaches M as t→ ∞.

Proof. The proof follows the proof of Theorem 1 from [16]. Let x(t) be a solution of (3.1),

such that x(0) ∈ Ω. Then for every t > 0 x(t) ∈ Ω. Since V̇ (x) ≤ 0, ∀x ∈ Ω, we can

deduce, that V (x(t)) is a nonincreasing function with respect to t and is bounded from

below by some constant c on Ω. The positive limiting set Γ+ of x(t) is contained in Ω,

since Ω is compact and because V (x) is continuous function, we have V (x) = c on Γ+.
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Since Γ+ is an invariant set, we have V̇ = 0 on Γ+ and M being the largest invariant set,

where V̇ = 0 we can conclude that Γ+ in contained in M . Therefore we must have, that

x(t) →M as t→ ∞.

This theorem allows us to give the next result as a corollary for the global case.

Corollary 3.10. Let V : Rn → R be a continuously differentiable for all x ∈ R
n. Assume

that

1. V (x) > 0, for all ∥x∥ ≠ 0

2. V̇ (x) ≤ 0, for all x ∈ R
n.

Let E = {x ∈ R
n V̇ (x) = 0} and M be the largest invariant set contained in E. Then

every solution of (3.1), which is bounded for t ≥ 0, approaches M as t→ ∞.

To continue, we need a way to determine the boundedness of the solutions, which we will

discuss next.

The boundedness of all solutions for t ≥ 0 is a type of stability for a system. This kind of

stability is called Lagrange stability and the next theorem gives us a Lyapunov method for

determining this type of stability and gives us the last piece needed for LaSalle’s invari-

ance principle.

Theorem 3.11. [16, Theorem 4] (Lagrange stability theorem) Let Ω be a bounded neigh-

borhood of the origin and Ωc be its complement. Assume that W : Ωc → R is a continu-

ously differentiable function satisfying

1. W (x) > 0, for all x ∈ Ωc

2. Ẇ (x) ≤ 0, for all x ∈ Ωc

3. W (x) → ∞, as ∥x∥ → ∞.

Then each solution of 3.1 is bounded for all t ≥ 0.

Proof. The proof follows the proof of Theorem 4 from [16]. W being continuous in ωc

implies, that it is bounded on the boundary of Ω. Let W (x) ≤ l1 on the boundary of the

sets. From the third property of W we know that for each l > 0 there exists r > 0 such

that W (x) > l, when ∥x(t)∥ ≥ r. If we choose l > l1, the solutions starting from Ω can

not leave the radius ∥x(t)∥ ≥ r, since W is a nonincreasing function. This means every

solution starting from Ω is bounded for all t ≥ 0.

Now we assume, that x(0) ∈ Ωc. Let W (x(0)) = l0 and choose l > l0. If the solution

x(t) stays in Ωc, we have W (x(t)) ≤ l0 < l, and therefore ∥x(t)∥ < r, since W is

nonincreasing. The solution therefore must be bounded, and if it enters Ω, we already

showed that it stays bounded, which concludes our proof.
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Now with the corollary 3.10 and the theorem 3.11 in hand we can express the Lasalle’s

invariance principle as follows.

Theorem 3.12. [16, Theorem 5] (LaSalle’s invariance principle) Let V : Rn → R be a

continuously differentiable function satisfying

1. V (x) > 0, for all ∥x∥ ≠ 0

2. V̇ (x) ≤ 0, for all x ∈ R
n

3. V (x) → ∞, as ∥x∥ → ∞.

If V̇ (x) is not identically zero for any other solution than the origin, the system 3.1 is

asymptotically stable.

Proof. From (3.5) we know that the origin is stable in the sense of Lyapunov, and from

the theorem 3.11 it follows that every solution stays bounded for all t ≥ 0. This means,

that from the corollary 3.10 it follows that every solution approaches M as t → ∞.

Because the origin is the only point, where V̇ (x) = 0, the set M contains only the origin

and therefore every solution approaches the origin as t → ∞ meaning the system is

asymptotically stable and concluding our proof.

The next example shows how Lasalle’s invariance principle can be used on the pendulum

system introduced in the example 3.6

Example 3.13. Let us return to the pendulum example we described in the last section.

There we ended up on the result that the origin is a Lyapunov stable equilibrium, due to the

fact that the derivative of the Lyapunov function V̇ (x) = − k
m
x22 is a negative semidefinite

function. But With the LaSalle’s invariance principle we can conclude, that the origin is

in fact asymptotically stable equilibrium, which makes sense due to the fact that if given

enough time, the freely swinging pendulum will return to the origin if given enough time.

If we look at the derivative of the Lyapunov function, we can easily see that V̇ (x) = 0, if

x2 = 0. This means that we can define a set

E = {x ∈ R
2 | V̇ (x) = 0} = {x ∈ R

2 | x2 = 0},

and we want to show that the largest invariant set belonging in E is the origin. Let x(t)

be a solution that is contained in E for all t ≥ 0. Because x2 is identically zero, we can

deduce



20

ẋ2 = 0

− k

m
x2 −

g

l
sin x1 = 0

sin x1 = 0

x1 = 0, −π < x1 < π.

Thus the largest invariant set in E must be the origin and therefore we conclude, that the

origin must be asymptotically stable equilibrium for the pendulum system. The origin is

not globally asymptotically stable, due to the system having two equilibrium points.

This section focused on the stability of a system, which is very important to this thesis, as

in the next section we introduce the concept on nonlinear control and introduce backstep-

ping as one possible nonlinear control method. The goal of backstepping is to stabilize

a given system, which means transferring it to a state in which it is stable as we have

defined stability for a system. We also heavily use Lyapunov functions in the upcom-

ing sections and repeatedly apply Theorem 3.4 and Theorem 3.12 to show that a given

system is asymptotically stable.
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4. NONLINEAR CONTROL AND BACKSTEPPING

In this thesis we use the terms nonlinear control and nonlinear stabilization interchange-

ably. There are other nonlinear control methods, but they are outside of the scope of

this thesis so they will be omitted from the discussion. In nonlinear control we focus on

systems with a control input, denoted with u(t), present. The systems are of the form

ẋ(t) = f(x(t), u(t)).

The control input u(t) can be a scalar or a vector depending on the system it is in.

Before discussing nonlinear control and showing an example where it is used, we intro-

duce the idea of stabilization for linear systems. In the next section we talk about the

existence of a stabilizing controller, so this can clarify what it means for the system. Let

us consider a linear system of the form

ẋ(t) = Ax(t), (4.1)

where A is a n× n state matrix. The system (4.1) and the matrix A is said to be stable, if

the eigenvalues of A are located in the left hand side of the complex plane. This can also

be characterized as the state of the system approaching zero as time tends to infinity.[25,

Theorem 2.3]

Now for a linear system with a control input expressed as

ẋ(t) = Ax(t) + Bu(t), (4.2)

we can define stabilizability. This means that for the system (4.2) there exists a control

input u(t), which makes the system stable. We can define feedback form u(t) = Kx(t),

which yields

ẋ(t) = Ax(t) + Bu(t) = Ax(t) + BKx(t) = (A+BK)x(t).

This form allows us to use the stability criteria introduced earlier for linear systems. The
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system (4.2) is stabilizable, if there exists a matrix K such that the matrix A + BK is

stable. [25, Pages 43-44]

If we want to preserve a control input in the system, we can define u(t) = Kx(t) + ũ(t),

where ũ(t) is now used as the control input. For nonlinear systems the stabilizing control

input would be of the form u(t) = h(x(t)), where h is some function depending on the

state of the system.

We introduce the idea of nonlinear control with the following example regarding a pendu-

lum system. In this example we can also see that an appropriate choice of the control

Lyapunov function is required. We later introduce the concept control Lyapunov function.

They serve a similar function in nonlinear control as Lyapunov functions do in Lyapunov

stability analysis acting as auxiliary energy functions for a system with a control input.

Example 4.1. Consider a system with a control input u ∈ R of the form

ẋ1 = x2

ẋ2 = − sin(x1) + u,

where we have replaced the term for the air resistance with a torque input u. For this

system we can see, that by setting u = 0 the origin is an equilibrium point for this system,

so our goal now is to choose suitable u such that the system becomes stable in the origin.

First let us try the Lyapunov function candidate V (x) = 1
2
x21 +

1
2
x22, for which we get the

time derivative of

V̇ (x) = ∇V (x)f(x, u)

= x1ẋ1 + x2ẋ2

= x1x2 − x2 sin(x1) + x2u.

This can be made negative semidefinite, with the correct choice of u. However for any x,

for which x2 = 0 the derivative vanishes identically. Later, when we introduce the concept

of control Lyapunov function, we can see that our first choice of control Lyapunov function

is not suitable for this system. [21]

Now we try another control Lyapunov function candidate V (x) = 2x21+x
2
2+2x1x2, which

is positive definite quadratic form, and therefore suitable candidate. We get the derivative
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V̇ (x) = ∇V (x)f(x, u)

= (4x1 + 2x2)ẋ1 + (2x2 + 2x1)ẋ2

= (4x1 + 2x2)x2 + (2x2 + 2x1)(− sin(x1) + u).

This can be made negative semidefinite with the proper choice of u, when x1 + x2 ̸= 0

and in addition the expression is negative for any other nonzero x. We can verify this

by examining the case, where x1 + x2 = 0. In this case the second term vanishes, but

looking at the first term we get

(4x1 + 2x2)x2 = (−4x2 + 2x2)x2 = −2x22,

which is negative, when x2 ̸= 0 and if x2 = 0 we would have x2 = −x1 = 0. So

the latter choice of control Lyapunov candidate is in fact correct when considering the

stabilization of the system. Now we can choose suitable u to make the derivative of

this control Lyapunov function negative for all x, which can for example be achieved with

u = sin(x1)− k1x1 − k2x2, where k1, k2 > 0. [21], [12]

To verify this we have

V̇ (x) = (4x1 + 2x2)x2 + (2x2 + 2x1)(− sin(x1) + u)

= (4x1 + 2x2)x2 + (2x2 + 2x1)(−k1x1 − k2x2)

= (4− 2k1 − 2k2)x1x2 + x22(2− 2k2)− 2k1x
2
1,

and with suitable coefficients k1 and k2 we can make this expression negative semidefinite

and therefore make the system stable in the sense of Lyapunov. In addition we can use

Lasalle’s invariance principle like we did earlier for the pendulum system to actually get

the result that the origin is asymptotically stable equilibrium.

4.1 Lyapunov design of a stabilizing controller for an affine

nonlinear system

In this section we introduce how you can design a stabilizing feedback law for an affine

nonlinear system, which makes a small compact neighbourhood of an equilibrium globally

attractive. This can be done with designing a control Lyapunov function for a given system

in the desired form. To show the design procedure for the control Lyapunov function we

follow the sources [20] and [21, Pages 246-249]. Let us consider an affine nonlinear
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system of the form

ẋ(t) = f(x(t)) + g(x(t))u(t), (4.3)

where x(t) ∈ R
n for n ≥ 2 is the state of the system, u(t) ∈ R

m is a control in-

put, U = R
m is the control input space and f and g are continuous vector fields, for

which f(0) = 0 and g(x(t)) = (g1(x(t)), ..., gm(x(t)). We can apply Lyapunov’s sec-

ond method described earlier to design a stabilizing feedback law to make the origin a

globally attractive equilibrium for the system (4.3). We start this by defining a continuous

positive scalar function h(x), which has the time derivative dependent on the control in-

put u, which is radially unbounded and designing a control law u, which makes the time

derivative of h(x) strictly negative. This can be then shown to be the control Lyapunov

function for the system we are analyzing. After that we show this design procedure for

the system (4.3). Why we do this is because systems that can be stabilized using back-

stepping later have a cascading structure and this gives us a good stepping stone for

describing the backstepping structure later on.

Let h be a continuous function defined on R
n, which has the time derivative

ḣ(x) = Lfh(x) + uLgh(x) = Lfh(x) + u1Lg1h(x) + ...+ umLgmh(x), (4.4)

where Lf and Lg denote the Lie derivatives of h along f and g respectively. Our goal is

to assign some negative value to ḣ, which is possible in the points where Lgh(x) ̸= 0 due

to the control input. Therefore the difficulty lies in the points, where Lgh(x) = 0, which

motivates us to make the following definition for the control Lyapunov function. Here we

change the notation h to V to be more in line with the previous discussion regarding

Lyapunov’s second method.

Definition 4.2. (Control Lyapunov function) A positive function V : Rn → R is a control

Lyapunov function for system (4.3) if the following are satisfied

1. V (0) = 0

2. V ∈ C1(Rn)

3. V (x) → ∞, when ∥x∥ → ∞
4. LgV (x) = 0 =⇒ LfV (x) < 0 or x = 0

5. For each initial state x0 ̸= 0 there is some positive time σ ∈ T and some control

ω ∈ R
m defined on [0, σ) admissible for x0 such that, for the path ξ = ϕ(x0, ω)

corresponding to the control and an initial state the following inequalities hold
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V (ξ(t)) ≤ V (x0) ∀t ∈ [0, σ)

V (ξ(σ)) < V (x0)

The radially unboundedness of V makes it global control-Lyapunov function.

Let us also introduce an important property that (global) control-Lyapunov functions posess.

Lemma 4.3. [21, Lemma 5.7.4] Let ẋ = f(x, u) be a continuous-time system and V :

R
n → R a continuous functions, which is radially unbounded and positive definite. A

sufficient condition for V to be a control-Lyapunov function is that for every x ∈ R
n there

exists some u ∈ R
m such that

∂V

∂x1
ẋ1 + ...+

∂V

∂xn
ẋn = ∇V · f(x, u) < 0 (4.5)

Proof. Proof follows the proof of lemma 5.7.4 from [21]. We pick any x ∈ R
n, x ̸= 0 and

any u ∈ R
m such that (4.5) holds. For small σ > 0, the control on [0, σ] is admissible

for x, with ω(t) = u. We denote the corresponding trajectory with (ξ, ω) and from the

continuity of ∇V and f(·, u) we may choose small enough σ such that

dV (ξ(t))

dt
= ∇V (ξ(t)) · f(x, ω(t)) < 0

for all t ∈ [0, σ]. From this it follows that V (ξ(t)) < V (x) for t > 0. This shows that V

fulfills all the necessary properties of control-Lyapunov function.

So now our goal is to choose u such that

LfV (x) + u1Lg1V (x) + ...+ umLgmV (x) < 0, (4.6)

holds for all x ̸= 0. One way to go about this is to just define u = k(x), where the

function k just chooses an u for each x ̸= 0 such that (4.6) holds. The properties of

V then ensures that the value of V decreases along the trajectories and trajectory itself

converges to zero as t grows.

One example of this is, if we know a suitable control input u can be chosen from a compact

subset U0 ⊂ R
m, containing suitable control inputs, and there exists a unique minimizer

to

min
u∈U0

LfV (x) + u1Lg1V (x) + ...+ umLgmV (x),
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we can choose this minimizer as the control u = k(x). This approach is often used in

different applications, but it has its challenges. One such challenge could be that the

function k may not be sufficiently regular such that the system obtains unique solutions

for every initial conditions. The minimizing may also be very difficult to perform in some

cases and usually we desire the control input to be smooth for implementation purposes.

To tackle the issue of smoothness we show a result that guarantees that it is always

possible to find a smooth function u = k(x). We look for a mapping k : Rn → R
m, which

vanishes at the origin such that k restricted to R
n \ {0} is smooth such that

∇V (x) · [f(x) + k1(x)g1(x) + ...+ km(x)gm(x)] < 0 (4.7)

for every nonzero x.[21]

next we define the small control property here, because if any u = k(x) happens to be

continuous at the origin, the small control property for V must hold as well

Definition 4.4. (Small control property) ([21, Page 247],[20, Definition 2]) A Lyapunov

function V satisfies the small control property, if for every ϵ > 0 there exists δ > 0 such

that for nonzero x, when ∥x∥ < δ, there exists some u = k(x) with ∥u∥ < ϵ such that

LfV (x) + u1Lg1V (x) + ...+ umLgmV (x) < 0,

holds.

We can form the following theorem using these results

Theorem 4.5. [21, Theorem 5.9.10] Let V : Rn → R be smooth and positive definite

such that for each x ̸= 0, there exists u ∈ R
m such that (4.6) holds. Then there exists

a function k, which vanishes at the origin and is smooth on R
n \ {0} satisfying (4.7). In

addition, if V satisfies the small control property, then k can be chosen such that it is

continuous at the origin.

Proof. The proof follows the proof of theorem 5.9.10 in the source [21], in which we

construct a fixed real-analytic function of two variables ϕ and then design a feedback law

by evaluating this function pointwise with the directional derivatives along f(x) and gi(x).

Let S be an open subset of R2 defined as

S = {(a, b) ∈ R
2 b > 0 or a < 0}.

Let q : R → R be any real analytic function, for which q(0) = 0 and bq(b) > 0, when

b ̸= 0. We later discuss the case q(b) = b. We want to show that a function of the form
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ϕ(a, b) =

⎧

⎨

⎩

a+
√

a2+bq(b)

b
b ̸= 0

0 b = 0

is real-analytic, whenever (a, b) ∈ S. We can do this by considering the algebraic equa-

tion on p given by

F (a, b, p) = bp2 − 2ap− q(b) = 0, (4.8)

which is solved for each (a, b) ∈ S with p = ϕ(a, b). The case b = 0 can be trivially

shown to solve (4.8), and for the case b ̸= 0 we see from the quadratic formula, that p

is the solution for (4.8). We want to show, that the derivative of F , with respect to p is

nonzero for each point (a, b, ϕ(a, b)), with (a, b) ∈ S. The derivative is

∂F

∂p
= 2(bp− a),

which equals −2a > 0 for b = 0 and 2
√︁

a2 + bq(b) > 0 for b ̸= 0. The derivative

is nonzero for every point (a, b, ϕ(a, b)), from which it follows from the implicit function

theorem that ϕ(a, b) is real analytic.

Assume, that V satisfies (4.6) and define

a(x) = ∇V (x) · f(x)
bi(x) = ∇V (x) · gi(x).

For bi(x) we can define B(x) = (b1(x), ..., bm(x))
T , from which we can define

β(x) = ∥B(x)∥2 =
m
∑︂

i=1

bi(x)
2.

With these notations and the property 4 of control Lyapunov function the condition (4.6)

is equivalent to (a(x), β(x)) ∈ S, whenever x ̸= 0.

Now we can use these to construct a feedback law k = (k1, ..., km)
T , for which the

elements are of the form

ki(x) = −bi(x)ϕ(a(x), β(x)), (4.9)
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for x ̸= 0. In addition k(0) = 0. The function k is smooth as a function of x and for each

x ̸= 0 we have

∇V (x) · [f(x) + k1(x)g1(x) + ...+ km(x)gm(x)]

= a(x)− ϕ(a(x), β(x))β(x)

= −
√︁

a(x)2 + β(x)q(β(x)) < 0,

so the condition (4.7) is true.

Next we want to show the continuity of k at x = 0. To do this we assume that V satisfies

the small control property and with the choice q(b) = b, the function k is continuous at the

origin. We can choose any small ϵ > 0 for which there exists δ > 0 such that ∥k(x)∥ < ϵ,

when ∥x∥ < δ. Because k(0) = 0, we can safely assume that β(x) ̸= 0 in the following

portion.

Let ϵ0 =
ϵ
3
. The function V is positive definite and continuously differentiable. This means

that it has the minimum at x = 0 and therefore ∇V (0) = 0. Continuous differentiability

means that whenever x is small every bi(x) must be small. This and the small control

property means that there exists δ > 0 such that for small nonzero x satisfying ∥x∥ < δ

there exists some u, with ∥u∥ < ϵ0 such that a(x) + B(x)u < 0 and

∥B(x)∥ < ϵ0. (4.10)

We first check the case a(x) > 0. We have a(x) < −B(x)u and we get a(x) < ϵ0∥B(x)∥
from Cauchy-Schwartz inequality. This gives us

|a(x)| < ϵ0∥B(x)∥, (4.11)

whenever 0 < ∥x∥ < δ. In addition we can observe that

bϕ(a, b) = a+
√
a2 + b2 ≤ 2|a|+ b,

for every (a, b) ∈ S, where b > 0. This means that whenever 0 < ∥x∥ < δ and a(x) > 0

we have

ϕ(a(x), β(x)) ≤ 2ϵ0
∥B(x)∥ + 1

and using (4.10) we get
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∥k(x)∥ = ϕ(a(x), β(x))∥B(x)∥ ≤ 3ϵ0 = ϵ,

as was desired. Next we consider the case, where for x we have a(x) ≤ 0. In this case

we have

0 ≤ a(x) +
√︁

a(x)2 + β(x)2 ≤ β(x),

so 0 ≤ ϕ(a(x), β(x)) ≤ 1 and we get

∥k(x)∥ = ϕ(a(x), β(x))∥B(x)∥ ≤ ϵ0 < ϵ,

which completes the proof.

For one dimensional systems, where n = m = 1 we can use (4.9) to get an explicit

expression for the feedback law k. Consider a system

ẋ(t) = f(x(t)) + g(x(t))u. (4.12)

With the assumptions that if g(x) = 0 and x ̸= 0 then xf(x) < 0 the system is stabilizable

with the control feedback

k(x) =

⎧

⎨

⎩

−LfV (x)+
√

|LfV (x)|2+|LgV (x)|4

LgV (x)
if LgV (x) ̸= 0

0 if LgV (x) = 0
(4.13)

The feedback law is continuous on the origin, if the Lyapunov function for the system sat-

isfies the small control property. That means the origin can be made globally continuously

asymptotically stable. [21], [20]

If we use the expression (4.13) to the system (4.12), for which the assumptions we made

hold, with the Lyapunov function V (x) = 1
2
x2 we get
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k(x) = −xf(x) +
√︁

|xf(x)|2 + |xg(x)|4
xg(x)

= −xf(x) +
√︁

|x|2|f(x)|2 + |x|4|g(x)|4
xg(x)

= −xf(x) + |x|
√︁

f(x)2 + x2g(x)4

xg(x)
.

And then substituting u = k(x) to (4.12) the system becomes

ẋ = −sign(x)
√︁

f(x)2 + x2g(x)4,

where sign(x) is the sign function defined as

sign(x) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

−1 if x < 0

0 if x = 0

1 if x > 0

The existence of a stabilizing control input for affine systems gives us a good first ap-

proach to backstepping. Systems we often might stabilize using backstepping have affine

nonlinear one dimensional subsystems contained in them, so theorem 4.5 gives us the

guarantee that these subsystems contained in the total system can be stabilized, so the

next section will focus on finding these stabilizing controllers.

4.2 Nonlinear stabilization using backstepping

There exists multiple different methods for stabilizing nonlinear systems, which each have

their own advantages and weaknesses. From the different methods we will focus on back-

stepping. The strenghts of backstepping are that for a certain class of systems the asymp-

totic stability gained is global and that the controller doesn’t need to know the Lyapunov

function for the system, because it is constructed simultaneously with the backstepping

process. It is worth to mention that here the controller refers to the person designing

the control signal, but controller is also used as a term for the final control signal for the

backstepping process.

The main idea of backstepping is to begin with a one dimensional system, which is known

to be stabilizable with some feedback, and then adding an integrator to the input of the

system. The theorem 4.5 guarantees the existence of the stabilizing control signal for the
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classes of systems we will discuss. This new augmented system is then stabilized by

constructing a new stabilizing feedback law, which is then shown to be stabilizing for a

new Lyapunov function. This process is then repeated as may times as it takes to reach

the last one dimensional system present in the total system. So the process requires that

a given system is divided into subsystems, with a cascading connection. [13]

The class of systems, for which backstepping is especially good stabilization method, are

so called strict-feedback systems, because for systems in this form the stability gained

is global. We later present the form in which systems are classified as being in strict

feedback form. Of course backstepping can still be used to stabilize systems, which are

not in strict feedback form, but the stability gained for these systems is not necessarily

global, but a nonvanishing region of stability is still guaranteed. [13]

Backstepping can also be used to stabilize systems with parametric uncertainties, where

some of the nonlinearities present in the system have an unknown coefficient in them.

Backstepping procedure for systems with parametric uncertainties is called adaptive back-

stepping and it is later discussed and shown for systems, where the uncertainties in the

system are bounded by some upper limit.

It is worth to mention here that backstepping is not a single control technique, but instead

it can be thought of as a collection of multiple techniques sharing the same idea. For

example the controller can focus on cancelling out the nonlinearities in the system with

the control input or dominating the nonlinearities in the system. [17]

As stated at the start of this section, recursively applying backstepping can be used to

stabilize strict-feedback systems

ẋ(t) = f0(x(t)) + g0(x(t))z1(t)

ż1(t) = f1(x(t), z1(t)) + g1(x(t), z1(t))z2(t)

...

żk(t) = fk(x(t), z1(t), ..., zk(t)) + gk(x(t), z1(t), ..., zk(t))u(t),

(4.14)

where x ∈ R, u is a scalar control input, zi are scalars, and the functions fi vanish at

the origin, which in this context means, that fi(0, ..., 0) = 0 for every index i. The term

strict-feedback refers to the functions fi and gi and being strict-feedback means that the

nonlinearities of fi and gi are only dependent on the state variables x, z1, ..., zi. We make

the assumption that the functions gi are nonzero over the domain of interest. [12]

To introduce the backstepping procedure, we first have to introduce the concept of an

integrator within a system. Consider a system of the form
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ẋ(t) = f(x(t), u(t)) (4.15a)

y(t) = h(x(t)), (4.15b)

where x ∈ R
n is the state of the system, u ∈ R

m is the control input and y ∈ R
m is

the output of the system. In integral control we want to get the measured state y(t) of the

system to approach some value r as t grows without bound. This measured state is the

state of the system in this and upcoming sections. This can be achieved by stabilizing the

system at an equilibrium point in which y(t) = r. Adding an integrator in to the system

means, that we measure the regulation error e(t) = y(t) − r in the system. We denote

σ̇ = e and we get the augmented system

ẋ(t) = f(x(t), u(t)) (4.16a)

σ̇ = h(x(t))− r. (4.16b)

The goal now is to stabilize this system at a desired equilibrium point (x∗, σ∗), such that σ∗

produces the desired control input u∗, which is a control input that is needed to maintain

an equilibrium at x∗. [12, Pages 478-481]

Intuitively we say that an integrator in a system is a variable, that remembers the steady

state error within a system and accumulates it over time. Integrating this error gives a

system response, which over time forces this error to approach zero and makes the state

of the system to approach the desired state.

Now we can show integrator backstepping procedure to nonlinear system of the form

η̇ = f(η) + g(η)ξ, (4.17a)

ξ̇ = u, (4.17b)

which gives us a tool to recursively stabilize systems, which contain cascading subsys-

tems. The term cascading refers to the structure of the system, in which the control input

u enters an integrator and its integral ξ enters the subsystem (4.17a). This system has a

state vector X = (η, ξ) ∈ R
n+1 and control input u ∈ R. The goal is to design a back-

stepping control law such that the state vector X approaches zero as the time t grows

indefinitely. We make the assumption that the functions f and g are zero at the origin and

that they are continuously differentiable in the space R
n.
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Let ϕ(η) be a smooth feedback control law that is zero at the origin, that stabilizes the

origin of the (4.17a), when we use it as the control input ξ. We get a system

η̇ = f(η) + g(η)ϕ(η) (4.18)

that has asymptotically stable equilibrium at the origin. We assume that there exists a

known Lyapunov function V1(η) for which

∂V1
∂η

[η̇] =
∂V1
∂η

[f(η) + g(η)ϕ(η)] ≤ −W (η), (4.19)

holds for some function W which is positive definite on the space R
n.

To continue we add and subtract the term g(η)ϕ(η) from (4.17a) to get

η̇ = f(η) + g(η)ξ + g(η)ϕ(η)− g(η)ϕ(η)

= f(η) + g(η)ϕ(η) + g(η)[ξ − ϕ(η)].

We do this to introduce a change of variables z = ξ − ϕ(η) to the system. This can be

interpreted as the error between the state of the system and the feedback control law and

our goal is to find u such that z approaches zero as t grows indefinitely.

After the change of variables system (4.17) is of the form

η̇ = f(η) + g(η)ϕ(η) + g(η)z (4.20a)

ż = u− ϕ̇(η), (4.20b)

and because f , g and ϕ are known functions we get the following expression for ϕ̇ using

the chain rule and (4.17a)

ϕ̇(η) =
∂ϕ

∂η
[f(η) + g(η)ξ]. (4.21)

We treat the term u − ϕ̇(η) as the control input for the system and set v = u − ϕ̇(η) to

get the following representation for (4.20)
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η̇ = f(η) + g(η)ϕ(η) + g(η)z (4.22a)

ż = v. (4.22b)

We can see, that the system (4.22) has the same form as the system (4.17), with the

added advantage, that with a zero as the input for the system (4.22a) it is asymptotically

stable. This can be utilized in the design of v to stabilize the whole system. For the

Lyapunov function for the overall system (4.17) we have the expression

V (η, ξ) = V1(η) +
1

2
z2. (4.23)

With this function using the property (4.19) we get

V̇ =
∂V

∂η
[f(η) + g(η)ϕ(η) + g(η)z] + zv

=
∂V

∂η
[f(η) + g(η)ϕ(η)] +

∂V

∂η
g(η)z + zv

≤ −W (η) +
∂V

∂η
g(η)z + zv.

To continue, we can choose the control input v as follows

v = −∂V
∂η

g(η)− kz,

where k > 0 to obtain the result

V̇ ≤ −W (η)− kz2.

This shows, that the origin of the original system is asymptotically stable and we can

obtain the state feedback control law by substituting v, z and ϕ̇ into the change of variables

v = u− ϕ̇, which yields

u =
∂ϕ

∂η
[f(η) + g(η)ξ]− ∂V

∂η
g(η)− k[ξ − ϕ(η)]. (4.24)

Global asymptotic stability demands, that all the assumptions made hold globally and

V (η) is radially unbounded.

We can summarize the results in the following theorem.
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Theorem 4.6. [12, Lemma 14.2][23, Theorem 1.1] Consider a control system of the form

(4.17) defined on R
n+1 with smooth vector fields f and g, which vanish at the origin. Let

η = ϕ(η) be a stabilizing state feedback law for the subsystem (4.17a), with ϕ(0) = 0,

and let V1(η) be a Lyapunov function that satisfies

∂V1
∂η

[f(η) + g(η)ϕ(η)] ≤ −W (η), (4.25)

for a positive definite function W (η) defined on R
n. The backstepping control law

u =
∂ϕ

∂η
[f(η) + g(η)ξ]− ∂V

∂η
g(η)− k[ξ − ϕ(η)], (k > 0) (4.26)

stabilizes the origin (η, ξ) = (0, 0) of the system (4.17) with the total Lyapunov function

V (η, ξ) = V1(η) +
1

2
[ξ − ϕ(η)]2. (4.27)

In addition, if the assumptions made hold globally and V1(η) is radially unbounded, the

origin will be globally asymptotically stable.

Next for a more general system we can consider

η̇ = f(η) + g(η)ξ (4.28a)

ξ̇ = fa(η, ξ) + ga(η, ξ)u, (4.28b)

for which fa and ga are smooth functions. If ga is nonzero over the domain of interest, we

can use the input transformation

u =
1

ga(η, ξ)
[ua − fa(η, ξ)] (4.29)

to reduce (4.28b) to the integrator ξ̇ = ua. If there exists a stabilizing state feedback

control law ϕ(η) and a Lyapunov function V (η) such that the conditions of theorem 4.6

hold we can stabilize the origin of (4.28) with

u =
1

ga(η, ξ)

[︃

∂ϕ

∂η
[f(η) + g(η)ξ]− ∂V

∂η
g(η)− k[ξ − ϕ(η)]− fa(η, ξ)

]︃

, (4.30)

as the stabilizing state feedback control law for some k > 0 and
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Vc(η, ξ) = V (η) +
1

2
[ξ − ϕ(η)]2 (4.31)

as the overall Lyapunov function. With recursive application of this procedure we can

stabilize strict-feedback form systems (4.14). We show this with a general example by

stabilizing a strict-feedback form nonlinear system, that has three equations, which follows

the pages 595 to 596 from the source [12].

Example 4.7. Consider a system of the form

ẋ(t) = f0(x(t)) + g0(x(t))z1(t)

ż1(t) = f1(x(t), z1(t)) + g1(x(t), z1(t))z2(t)

ż2(t) = f1(x(t), z1(t), z2(t)) + g1(x(t), z1(t), z2(t))u(t).

For simplicity, we do not denote the time dependence after this for x(t), zi(t) or u(t) and

instead we denote them as x, zi and u. We assume, that for the subsystem ẋ there exists

a stabilizing state feedback z1 = ϕ0(x) that vanishes at the origin, and a corresponding

Lyapunov function V0(x), which satisfies

∂V0
∂x

[f0(x) + g0(x)ϕ0(x)] ≤ −W (x),

where W is positive definite function.

With ϕ0(x) and V0(x) we can apply backstepping to the (ẋ, ż1) subsystem.

This system is a special case of the system (4.28), with η = x, ξ = z1, u = z2, f = f0,

g = g0, fa = f1 and ga = g1, which allows us to use (4.30) and (4.31) to stabilize the

subsystem. Using these results we get the state feedback control law

ϕ1(x, z1) =
1

g1(x, z1)

[︃

∂ϕ0

∂x
(f0(x) + g0(x)z1)−

∂V0
∂x

g0(x)− k1(z1 − ϕ0(x))− f1(x, z1)

]︃

and the Lyapunov function

V1(x, z1) = V0(x) +
1

2
(z1 − ϕ0(x))

2,

where k1 > 0 is the design parameter, which can be used to modify the controller.



37

With ϕ1(x, z1) and V1(x, z1) we can move on to stabilizing the total system, which is

again a special case of (4.28), with η = (x, z1)
T , ξ = z2, u = u, f = (f0 + g0z1, f1)

T ,

g = (0, g1)
T , fa = f2 and ga = g2. In this step we use (4.30) and (4.31) to design the

total Lyapunov function and stabilizing controller for the whole system. Using the results

we got earlier we get the control input

u(x, z1, z2) =
1

g2(x, z1, z2)

[︃

∂ϕ1

∂x
(f0(x) + g0(x)z1) +

∂ϕ1

∂z1
(f1(x, z1)

+g1(x, z1)z2)−
∂V1
∂z1

g1(x, z1)− k2(z2 − ϕ1(x, z1))− f2(x, z1, z2)

]︃

and the total Lyapunov function

V2(x, z1, z2) = V1(x, z1) +
1

2
(z2 − ϕ1(x, z1))

2,

which stabilizes the total system.

In the next section we introduce the backstepping process to a slightly more complex

system, but before that we give an example of stabilizing a two dimensional integrator

system with backstepping.

Example 4.8. Consider a system of the form

ẋ1 = x2 − x31 (4.32a)

ẋ2 = u (4.32b)

We start by stabilizing the origin of (4.32a) and consider x2 as the pseudo-control for this

system. We can use the Lyapunov function V1(x1) =
1
2
x21 and use x2 = ϕ(x1) = −x1 as

the control input for the system. We get the expression ẋ1 = −x1−x31 for the first system

and for the composite derivative of the Lyapunov function we have

V̇1(x1) = x1ẋ1 = x1(−x1 − x31) = −x21 − x41 ≤ −x41.

The derivative of the Lyapunov function is less or equal than the positive definite function

(with negative sign added) −x41, which means our control input ϕ(x1) stabilizes the origin

of the system (4.32). Now we use the backstepping procedure by defining a change of

variables z = x2 − ϕ(x1) = x2 + x1. It is worth to mention, that here x2 is not the

pseudo-control input anymore, so the terms in z do not cancel each other out. Now we
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can define the complete Lyapunov funtion for the system (4.32) as V (x1, z) = V1(x1) +
1
2
(x2 − ϕ(x1))

2 = V (x1) +
1
2
z2 which gives us the following expression for the derivative

of this function

V̇ (x1, z) = x1ẋ1 + zż

= x1(x2 − x31) + (x2 + x1)(ẋ2 + ẋ1)

= x1(x2 − x31) + (x2 + x1)(u+ x2 − x31),

where the expressions from the derivatives are from (4.32). Now our goal is to find the

control input u such that it stabilizes the origin of the system (4.32). We begin this by

adding and subtracting x22 from the right side of the equation to get

V̇ (x1, z) = x1(x2 − x31) + (x2 + x1)(u+ x2 − x31) + x22 − x22

= x1x2 − x41 + (x2 + x1)u+ x22 + x1x2 − x2x
3
1 − x41 + x22 − x22

= −x41 − x22 + (x2 + x1)u+ 2x2(x2 + x1)− x31(x2 + x1)

= −x41 − x22 + (x2 + x1)(u+ 2x2 − x31).

Now we can define u = x31 − 2x2 − (x2 + x1) to get

V̇ (x1, z) = −x41 − x22 − (x2 + x1)
2 ≤ −x41 − x22,

which makes the derivative less than or equal to a positive definite function (with negative

sign added) −x41−x22. This means that the control input u we chose stabilizes the system

(4.32). To confirm the asymptotic stability of this system we can apply Lasalle’s invariance

principle 3.12 to the total Lyapunov function to see that the origin is the only solution for

which the solution of the derivative equals to zero.

4.3 Backstepping control of a four-wheeled mobile robot

In this last section, we will examine a real world applied example more thoroughly, than

the previous examples contained in this thesis. The example focuses on developing a

dynamic controller for a four wheeled mobile robot, for which the dynamics of it can be

expressed as a nonlinear chained form system, which can be stabilized using backstep-

ping. The procedure for the backstepping is introduced in the source [7], which this sec-

tion follows. It is worth to mention, that the journal in which this article was published is

not necessarily the most academically reliable, and the peer review process might not be
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up to the standards of academic articles. However this article mainly consists of straight

forward calculations, and therefore the correctness of these calculations can be verified.

This section can be thought of as a pseudo peer review of the article simultaneously as

we go through the preliminaries and calculations present in the article.

The wheeled mobile robots can be expressed as mechanical systems, in which the sys-

tem is described with nonintegrable kinematic constraints, which can not be eliminated

from the equations of the system. These kinds of systems are called nonholonomic sys-

tems. The nonintegrable kinematic constraints translate to the system having constraints

on its velocity, which can not be derived from the position constraints in the system. The

kinematic constraints are nonintegrable, as they are described by functions, which can

not be reduced to geometric constraints via integration. [4], [18], [22]

The class of systems, which describe the wheeled mobile robot are of the form

ẋ1 = u1

ẋ2 = u2

ẋ3 = x2u1
...

ẋn = xn−1u1,

(4.33)

where x = (x1, x2, ..., xn) ∈ R
n is the state of the system and u = (u1, u2) ∈ R

2 is the

control input. [7] Within the context of this example we focus on the case, where n = 4

and also assign a set value for one of the control inputs present in the system.

The class of systems in which (4.33) falls under cannot be stabilized with the classic meth-

ods present in stabilizing continuous time-invariant systems, which means some other

control method is needed. [7], [5] The chained form of this system allows backstepping

to be a suitable control method in stabilizing this form of system. However the stability

obtained with the backstepping procedure is not necessarily asymptotic and the controller

obtained in [7] is discontinuous.

Before applying backstepping to (4.33), let us briefly examine how this form for the system

is achieved, because it is not entirely straight forward. We can express the dynamics of

the system with five degrees of freedom, two constraints regarding the velocity of the

mobile robot and two control inputs. The control inputs control the angle of rotation of

each wheel and the steering angle of the wheels with respect to the body of the mobile

robot. Let us denote with (x, y) the position of the centre of the axle between two rear

wheels, which can be thought of as the position of the car. Next we denote with θ the

orientation of the body of the mobile robot with respect to the x-axis and let ψ and µ
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be the control inputs described earlier respectively. Also we denote with l the distance

between the two axles of the car and with r the radius of the wheels. With these in hand

we can write the velocity constraints of the wheels as

sin(θ + µ)
d

dt
(x+ l cos(θ))− cos(θ + µ)

d

dt
(y + l sin(θ)) = 0 (4.34a)

sin(θ)ẋ− cos(θ)ẏ = 0, (4.34b)

And with the trigonometric properties of sin(θ+ µ) and cos(θ+ µ) and by calculating the

time derivative we can rewrite the constraints as

sin(θ + µ)ẋ− cos(θ + µ)ẏ − l cos(µ)θ̇ = 0 (4.35a)

sin(θ)ẋ− cos(θ)ẏ = 0, (4.35b)

from which we can begin transforming these constraints to the dynamics of the system.

[7], [18]

These constraint are kinematic and nonholonomic, so they can be written in a matrix form

as W (q)q̇ = 0, where q = (x, y, θ, ψ, µ). [18] We can also partition W = (W1,W2)

with respect to qx = (x, y) and qr = (θ, ψ, µ). We can now write the constraints in the

forementioned matrix form, where

W1 =

⎡

⎣

sin(θ + µ) − cos(θ + µ)

sin(θ) cos(θ)

⎤

⎦

and

W2 =

⎡

⎣

−l cos(µ) 0 0

0 0 0

⎤

⎦ .

This partition gives us the desired matrix form and we can continue. In regards to contin-

uing, it is worth to mention, that W1 is not invertible, when µ = 0. [7]

Next we need some properties of a Lagrangian system, for which we will omit the discus-

sion of, because it is not relevant information regarding the backstepping, but you can see

the more general results considering Lagrangian systems in [19] and results considering

the current example in [7].
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The steps considering the Lagrangian of this system you can refer to [7]. The most

important part of it worth mentioning is the fact that we define new control inputs τ1 = ψ̈

and τ2 = µ̈. We now get the following dynamics of the wheeled mobile robot:

ẋ = ψ̇r cos(θ) (4.36a)

ẏ = ψ̇r sin(θ) (4.36b)

θ̇ = ψ̇
r

l
tan(θ) (4.36c)

ψ̈ = τ1 (4.36d)

µ̈ = τ2. (4.36e)

To simplify we now define ψ̇ = ω1 and µ̇ = ω2 and use change of coordinates

x1 = x

x2 =
tan(µ)

l cos3(θ)

x3 = tan(θ)

x4 = y

u1 = ω1µ cos(θ)

u2 =
1 + tan2(θ)

l cos3(θ)
ω2 +

3 tan(θ) tan2(µ)

l2 cos3(θ)
.

Substituting these changes of variables finally gives us

ẋ1 = u1 (4.38a)

ẋ2 = u2 (4.38b)

ẋ3 = x2u1 (4.38c)

ẋ4 = x3u1, (4.38d)

which was the desired form of the system, so now we can focus on stabilizing this system.

[7]

As is usual for backstepping, we begin with a change of variables. Here we can transform

the entire system (4.38) into z-coordinates with the change of variables zi = xn−i+1,

which gives us (z1, z2, z3, z4) = (x4, x3, x2, x1) and (4.38) transforms into
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ż1 = z2u1 (4.39a)

ż2 = z3u1 (4.39b)

ż3 = u2 (4.39c)

ż4 = u1. (4.39d)

This system has two control inputs u1 and u2, and we can give a set value for one of

them to make the backstepping process more simplified. The equation (4.40d) is a good

candidate, because we can guarantee the convergence of z4 by choosing a sufficient u1.

We could just choose u1 = −z4, to guarantee the convergence, but we can give more

control over the convergence by adding a positive coefficient k4 > 0 to the control input,

so we set u1 = −k4z4. This gives us a transformed system

ż1 = −k4z2z4 (4.40a)

ż2 = −k4z3z4 (4.40b)

ż3 = u2 (4.40c)

ż4 = −k4z4, (4.40d)

which only has one control input u2, which we want to choose, such that (4.40) is stabi-

lized. [7]

It has been shown on [7], that if an initial state belongs to a set

Ω0 = {x(0) ∈ R
4 | x1(0) ̸= 0},

the control input guarantees boundedness for the state of the system and makes the origin

of the system exponentially attractive, so before we begin the backstepping process, we

assume that the initial state belongs to the set Ω0. [7]

We begin the backstepping with the subsystem (4.40a), for which we consider z2 as the

pseudo-control input. For the first Lyapunov function we can use V1 = 1
2k4
z21 . We have

the coefficient k4 present in the Lyapunov function, because we can that way reduce it

from the equation of the derivative. Calculating the time derivative of V1 yields

V̇1 =
1

k4
z1ż1 = −z1z2z4. (4.41)

We already have the negative sign present in the time derivative, so we can just focus
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on reducing the z4 term in the equation. We can achieve that with the stabilizing function

z2 = ϕ1 = k1
z1
z4

, where we have the coefficient k1 > 0 so the controller can control

the rate of convergence within the system. Substituting the stabilizing function into (4.41)

yields

V̇1 = −k1z21 ,

which means we have stabilized the first subsystem and can move onto the next subsys-

tem.

For the second subsystem (4.40b) we begin by introducing a new variable α2 = z2 − ϕ1,

which represents the error between z2 and the stabilizing function ϕ1. We do this second

change of variables, because the first one was to get the system to a form that can be

stabilized with the backstepping process, and this second change of variables is for the

backstepping itself. Solving for z2 = α2 + ϕ1 and substituting it into the ((4.40a),(4.40b))-

subsystem yields

ż1 = −k4z4(α2 + ϕ1)

α̇2 = −k4z3z4 − ϕ̇1,

where we know consider z3 as the pseudo-control which we use to stabilize this subsys-

tem. For the second Lyapunov function candidate, we can take

v2 = V1 +
1

2k4
α2
2 =

1

2k4
z21 +

1

2k4
α2
2. (4.42)

We again have the coefficient 1
k4

on the second term just for simplifications in the calcu-

lations. For the time derivative of (4.42) we get

V̇2 =
1

2k4
z1ż1 +

1

2k4
α2α̇2

= −z1z4(α2 + ϕ1)− α2(z3z4 +
ϕ̇1

k4
)

= −z1z4ϕ1 − z1z4α2 − α2(z3z4 +
ϕ̇1

k4
)

= V̇1 − α2(z1z4 + z3z4 +
ϕ̇1

k4
).

We already have made V̇1 negative semidefinite, so we can focus on the latter term of the
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equation. We want to choose z3 = ϕ2 such that the subsystem is stabilized with respect

to the Lyapunov function candidate we have chosen. This can be achieved, by making the

term in brackets multiplying −α2 equal to k2α2, where we want to apply another control

coefficient k2 > 0 to better control the behaviour of the trajectory. We can choose

z3 = ϕ2 = −z1 + k2
α2

z4
− ϕ̇1

k4z4
,

and substituting this into (4.42) yields

V̇2 = V̇1 − k2α
2
2 = −k1z21 − k2α

2
2,

which means our second stabilizing function stabilizes the ((4.40a),(4.40b))-subsystem

and we can move forward.[7]

As we did in the second step, we begin the third and last step by introducing a change

of variables α3 = z3 − ϕ2, which again represents the error between the actual state of

z3 and the stabilizing function we have used. Using this change of variables we get the

transformed system

ż1 = −k4z4(α2 + ϕ1)

α̇2 = −k4z4(α3 + ϕ2)− ϕ̇1

α̇3 = u2 − ϕ̇2.

(4.43)

Now our goal is to choose the actual control input u2 such that (4.43) is stabilized. We

can use the total Lyapunov function candidate

V3 = V2 +
1

2k4
α2
3 =

1

2k4
z21 +

1

2k4
α2
2 +

1

2k4
α2
3, (4.44)

for which we get the derivative

V̇3 =
1

k4
z1ż1 +

1

k4
α2α̇2 +

1

k4
α3α̇3

= −z1z4(α2 + ϕ1)− α2z4(α3 + ϕ2)−
1

k4
α2ϕ̇1 +

α3

k4
(u2 − ϕ̇2)

= −z1z4ϕ1 − α2(z4ϕ2 +
ϕ̇1

k4
)− z1z4α2 − α2α3z4 +

α3

k4
(u2 − ϕ̇2)

= V̇2 − α2α3z4 +
α3

k4
(u2 − ϕ̇2).
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We already know, that V̇2 is negative semidefinite due to our previous steps, so we want

to focus on choosing u2 such that the two latter terms equal −k3α2
3. We can further make

this easier by taking α3 as the common factor to get

V̇3 = V̇2 + α3(
u2
k4

− α2z4 −
ϕ̇2

k4
).

From this we can see, that with the choice

u2 = k4α2z4 − ϕ̇2 − k3k4α3

we get by substituting

V̇3 = V̇2 − k3α
2
3 = −k1z21 − k2α

2
2 − k3α

2
3,

which makes V̇3 negative semidefinite and therefore we have stabilized the system. We

again add the coefficient k3 > 0 to give better control to the controller. We already made

(4.40d) stable in the beginning, so we do not need to further stabilize the system.

In this section we have introduced the method of recursive stabilization using backstep-

ping for several types of systems, which have no outside disturbances. In the next section

we apply these methods for systems, which have some unknown, but constarined uncer-

tainties present in them. This is called adaptive backstepping.
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5. ADAPTIVE BACKSTEPPING FOR NONLINEAR

SYSTEMS WITH UNCERTAINTIES

Systems in real-world applications often have some sort of uncertainties present, that

affect the behaviour of a given system. These uncertainties arise from the fact that in

real world mechanical systems often have saturated outputs and they therefore can not

measure the output with certainty. In this section we introduce two methods of stabi-

lizing uncertain systems with backstepping, when the uncertainties satisfy some given

conditions.

Adaptive nonlinear control has many challenges present, when trying to stabilize a system

with uncertainties. For example, when discussing stability and the boundedness of signal

for a given system, mathematically the controller might satisfy the conditions in which the

stability of a system is achieved, but in practice there may arise multitude of problems

regarding the stability. This is because these theorems do not rule out the possibility,

that before the time goes to infinity, there happens something within the closed loop sys-

tem, which makes it unstable. In addition some component failures or other unexpected

changes in the plant that the controller is incorporated in to can make the system unsta-

ble. For more thorough explanation about the problems within adaptive backstepping and

adaptive nonlinear control you can refer to the source [1].

5.1 Adaptive backstepping for systems with constrained

uncertainties

Consider a single-input nonlinear system

η̇ = f(η) + g(η)ξ + δη(η, ξ) (5.1a)

ξ̇ = fa(η, ξ) + ga(η, ξ) + δξ(η, ξ), (5.1b)

which is defined on some domain (η, ξ) ∈ D ⊂ R
n+1 containing the origin, where

η ∈ R
n and ξ ∈ R. We assume, that all functions in the system (5.1) are smooth in the

domain D and ga(η, ξ) ̸= 0. In addition the functions f, g, fa and ga are known and f and
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fa vanish at the origin. Lastly we assume that the uncertainties satisfy

∥δη(η, ξ)∥2 ≤ a1∥η∥2 (5.2a)

|δξ(η, ξ)| ≤ a2∥η∥2 + a3|ξ| (5.2b)

for all (η, ξ) ∈ D, for some positive constants a1, a2 and a3 ∈ R. [12]

The inequality (5.2a) restricts the uncertainty present in the system to an upper bound,

that depends only on the value of η, which restricts the class of uncertainties that are

present in the system. This is less restrictive than some other methods for stabilization,

which often require δη = 0. As for the backstepping procedure described earlier, we

assume that there exists a stabilizing feedback law ξ = ϕ(η), which is zero at η = 0, and

a smooth Lyapunov function V (η), which satisfies

∂V

∂η
[f(η) + g(η)ϕ(η) + δη(η, ξ)] ≤ −b∥η∥22 (5.3)

in the domain D for some positive constant b ∈ R. We can see from the inequalities (5.3)

and (5.2a) that η = 0 is an asymptotically stable equilibrium point for the system

η̇ = f(η) + g(η)ϕ(η) + δη(η, ξ),

which allows us to continue the backstepping procedure. [12]

To continue, we assume that the control feedback ϕ(η) satisfies

|ϕ(η)| ≤ a4∥η∥2 (5.4a)

∥∂ϕ
∂η

∥2 ≤ a5, (5.4b)

over the domain D for some positive constants a4, a5 ∈ R. We can now obtain the

Lyapunov function for the whole system, just as we did earlier for backstepping without

uncertainties, by

Vc(η, ξ) = V (η) +
1

2
[ξ − ϕ(η)]2. (5.5)

Now derivating the total Lyapunov function along the trajectories of (5.1) we get
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V̇c =
∂V

∂η
(f +gϕ+ δη)+

∂V

∂η
g(ξ−ϕ)+(ξ−ϕ)[fa+gau+ δξ−

∂ϕ

∂η
(f +gξ+ δη)], (5.6)

and with the control

u =
1

ga

[︃

∂ϕ

∂η
(f + gξ)− ∂V

∂η
g − fa − k(ξ − ϕ)

]︃

(5.7)

and the inequality (5.3) we get

V̇c ≤ −b∥η∥22 + (ξ − ϕ)[δξ −
∂ϕ

∂η
δη]− k(ξ − ϕ)2, (5.8)

for some k > 0. [12]

Now we can use inequalities (5.2) and (5.4) to obtain

V̇c ≤ −b∥η∥22 + 2a6∥η∥2|ξ − ϕ| − (k − a3)(ξ − ϕ)2,

which holds for some constant a6 ≥ 0. By requiring k > a3 +
a2
6

b
we finally obtain

V̇c ≤ −σ[∥η∥22 + |ξ − ϕ|2],

for some σ. [12] This finally allows us to conclude the result with the following theorem,

which we have just proved.

Theorem 5.1. [12, Lemma 14.3] Consider a nonlinear system with uncertainties de-

scribed by (5.1), where the uncertainties satisfy (5.2). If there exists a stabilizing state

feedback ϕ(η) for (5.1a), which satisfies (5.4), and a Lyapunov function V (η), which sat-

isfies (5.3), then the state feedback (5.7) stabilizes the origin of the system (5.1) with a

sufficiently large k. In addition if all of the assumptions made in the proof hold globally

and V (η) is radially unbounded, the origin will be globally asymptotically stable.

To demonstrate this backstepping procedure consider a nonlinear system of the form,

which is a simplified version of a similar system given in [12]

ẋ1 = x2 + δ1(x) (5.9a)

ẋ2 = x3 + δ2(x) (5.9b)

ẋ3 = γ(x)[u− α(x)] + δ3(x), (5.9c)
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defined on some domain D ⊂ R
3 containing the origin. We again assume, that γ(x) ̸= 0

and that all the functions in the system are smooth for all x = (x1, x2, x3)
T ∈ D. Let α

and γ be known functions and δ1, δ2 and δ3 be uncertain terms satisfying

|δi(x)| ≤ ai

i
∑︂

k=1

|xk|, (5.10)

for all x ∈ D, where the nonnegative constants a1, a2, a3 ∈ R are known. The inequali-

ties (5.10) give an upper bound to the uncertainties in the system that depend on the state

of the system, which restricts the class of uncertainties to those that can be stabilized with

this method of backstepping. [12]

We begin the backstepping procedure on the subsystem (5.9a), where we view the term

x2 as the pseudo-control input for this system, and the uncertainty δ1 satisfies the in-

equality |δ1(x)| ≤ a1|x1|, for some known positive constant a1. We can stabilize the

origin x1 = 0 with a feedback control x2 = ϕ(x1) = −k1x1, where k1 > 0 is sufficiently

large. In this case we require k1 > a1, which can be seen by choosing a Lyapunov

function V1(x1) =
1
2
x1. If we differentiate this Lyapunov function we get

V̇1 = x1ẋ1 = x1[−k1x1 + δ1(x)] ≤ −(k1 − a1)x
2
1, (5.11)

which is negative, when k1 is chosen such that k1 > a1. We can do this by choosing any

k1 = a1 + 1.

This means we have stabilized the origin of the first subsystem, and can continue to the

subsystem (5.9b), where now x3 = ϕ(x2) is seen as the pseudo-control input and the

uncertainty δ2 satisfies |δ2(x)| ≤ a2(|x1| + |x2|), for known constant a2 > 0. Let us

introduce a change of variables z2 = x2 + (a1 + 1)x1 and rewrite the subsystem as

ẋ1 = z2 − (a1 + 1)x1 + δ1(x)

ż2 = x3 + δ2(x) + (a1 + 1)(x2 + δ1(x)).

Now we can use V2(x1, z2) =
1
2
x1 +

1
2
z2 as the Lyapunov function to get
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V̇2 = x1ẋ1 + z2ż2

= x1(z2 − (a1 + 1)x1 + δ1(x)) + z2(x3 + δ2(x) + (a1 + 1)(x2 + δ1(x)))

≤ −x21 + z2(x3 + δ2(x) + (a1 + 1)(x2 + a1|x1|)).

Choosing x3 = −k2z2 − (a1 + 1)(x2 + a1|x1|) yields

V̇2 ≤ −x21 − k2z
2
2 + δ2(x)

≤ −x21 − k2z
2
2 + a2(x1 + x2)

≤ −x21 − (k2 − a2)z
2
2 ,

which means we stabilize the subsystem with a sufficiently large k2 by choosing k2 > a2.

The last step goes similarly, but there we just have to choose u, which is the proper control

input for this system, such that the derivative of the total Lyapunov function V (x1, x2, z3)

is negative definite, where z3 = x3 − (−k2z2 − (a1 + 1)(x2 + a1|x1|)).[15]

In the next example we stabilize a two dimensional system, with two constrained uncer-

tainties present in them.

Example 5.2. Consider a system

ẋ1 = x2 + θ1x1 (5.12a)

ẋ2 = θ2x2 + x1 + u, (5.12b)

where θ1 and θ2 are unknown parameters, that satisfy |θ1| ≤ 1 and |θ2| ≤ 1
2
. This

system takes the form (5.9) if we define δ1(x) = θ1x1 and δ2(x) = θ2x2, which then

satisfy |δ1(x)| ≤ |x1| and |δ2(x)| ≤ 1
2
|x2|. This means we can apply backstepping to this

system to stabilize it in the origin x = 0. We start with the subsystem (5.12a)

ẋ1 = x2 + θ1x1,

for which we can take x2 as the pseudo-control input and set x2 = ϕ1(x1) = −k1x1. Let

V1(x1) =
1
2
x21 be the Lyapunov function for this system, for which we obtain
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V̇1 = x1ẋ1 = x1(−k1x1 + θ1x1) = −(k1 − θ1)x
2
1 ≤ −(k1 − 1)x21.

Now with the choice k1 > 1 we have stabilized the system. Let us choose k1 = 2 for

simplicitys sake and apply backstepping to the system. To backstep, we apply a change

of variables z2 = x2 − ϕ(x1) = x2 + 2x1 and rewrite the system as

ẋ1 = −2x1 + θ1x1 + z2

ż2 = θ2x2 + x1 + 2(x2 + θ1x1) + u.

We use V (x1, z2) =
1
2
x21 +

1
2
z22 as the total Lyapunov function for the system, for which

we obtain

V̇ = x1(−2x1 + θ1x1 + z2) + z2(θ2x2 + x1 + 2(x2 + θ1x1) + u)

= −(2− θ1)x
2
1 + z2(x1 + θ2x2 + x1 + 2(x2 + θ1x1) + u).

Choosing u = −2x1 − 2(x2 + θ1x1)− k2z2 yields

V̇ = −(2− θ1)x
2
1 + z2(θ2x2 − k2z2)

= −(2− θ1)x
2
1 − k2z

2
2 + z2θ2x2

≤ −(2− θ1)x
2
1 − k2z

2
2 +

1

2
|z2||x2|

≤ −(2− θ1)x
2
1 − k2z

2
2 +

1

2
|z2||z2 − 2x1|

≤ −(2− θ1)x
2
1 − (k2 −

1

2
)z22 + |z2||x1|

and with the requirement k2 >
1
2
+ 1 we stabilize the origin for the whole system with our

control input u.

5.2 Adaptive backstepping with tuning functions

The adaptive backstepping procedure we just described mainly focuses on overpowering

the uncertainties present in the system with the choice of sufficiently large control param-

eters ki. This however is just one way to do adaptive backstepping, and now we introduce



52

other method, which uses so called tuning functions in the backstepping process. This

method was first introduced in the source [15] and the following part follows that source.

The design process is similar to the backstepping methods mentioned earlier as it divides

the system into subsystems and every subsystem is stabilized with its "own" Lyapunov

function and stabilizing function. Where this method differs is that we add a tuning function

τi to every i-th order subsystem and design a parameter estimate θ̂(t) in addition to the

control feedback u in the final step of the process. The class of systems, for which this

method works for are said to be parametric-strict-feedback form systems and they are of

the form

ẋi = xi+1 + θT gi(x1, .., xi), 1 ≤ i ≤ n− 1 (5.13a)

ẋn = g0(x) + θT gn(x) + β0(x)u, (5.13b)

where θ ∈ R
p is a vector containing the unknown constant parameters. We assume that

g0, β0 and the components of gi for i = 1, ..., n− 1 are smooth nonlinear functions in R
n.

In addition we assume that β0(x) ̸= 0 for every x ∈ R
n. [15]

As said earlier, the design process is recursive, as it is for every backstepping variation,

so here we introduce the steps for stabilizing the system (5.13). We begin by introducing

a change of variables z1 = x1 and z2 = x2 − ϕ1, where ϕ1 is the stabilizing function

for the first subsystem. This change of variables allows us to write the equation ẋ1 from

(5.13) as

ż1 = z2 + ϕ1 + θTg1(x1), (5.14)

for which we use the stabilizing function ϕ1 as the control to stabilize the first subsystem

with respect to a Lyapunov function

V1 =
1

2
z21 +

1

2
(θ̂ − θ)TΓ−1(θ̂ − θ). (5.15)

In the expression for (5.15) θ̂ is the parameter estimate we design at the last step and Γ

is p× p positive definite real matrix, that can be freely selected by the designer. [15] [8]

For the derivative of the Lyapunov function (5.15) we get

V̇1 = z1(z2 + ϕ1 + θ̂T g1) + (θ̂ − θ)TΓ−1(
̇̂
θ − Γz1g1). (5.16)

With this expression we could let z2 = 0 to get x2 = ϕ1, if x2 was the actual control input
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for the system. In addition we would use the update law
̇̂
θ = τ1, where

τ1(x1) = Γz1g1(x1) (5.17)

and choose

ϕ1(x1, θ̂) = −c1z1 − θ̂T g1(x1), (5.18)

to get V̇1 = −c1z21 . Because x2 is not the actual control input for the system, we do not

do this, but still retain τ1 as the first tuning function and ϕ1 as the first stabilizing function.

What this means is that we do not use the update law
̇̂
θ = τ1, and instead postpone the

decision about
̇̂
θ to a later step. [15]

With the first tuning function and stabilizing function (5.17) and (5.18) respectively we get

the following expression for V̇1

V̇1 = −c1z21 + z1z2 + (θ̂ − θ)TΓ−1(
̇̂
θ − τ1). (5.19)

With (5.18) the subsystem (5.14) becomes

ż1 = −c1z1 + z2 + (θ + θ̂)T g1(x1), (5.20)

and for (5.19) we cancel out the second term z1z2 in the next step. We save the tuning

functions and stabilizing functions for each step to then design the total tuning function

and control feedback u in the last step using them. [15]

Due to the recursive nature of backstepping, next we express the second step and after

that the i-th step of the process, because all of the steps until the last subequation follow

the same structure. We express the second step to get a better understanding of the

structure of the i-th step, as it involves the stabilizing functions constructed in the earlier

steps. As we did in the first step, we begin the second step by introducing a change of

variables z3 = x3 − ϕ2, which allows us to rewrite the expression for ẋ2 as

ż2 = z3 + ϕ2 + θT g2(x1, x2)−
∂ϕ1

∂x1
(x2 + θT g1)−

∂ϕ1

∂θ̂

̇̂
θ. (5.21)

Here it is worth to mention that the latter terms in the expression come from the change of

variables from the first step, where we introduced z2 = x2−ϕ1. Differentiating this expres-

sion then gives the two latter terms from (5.18) by using the chain rule of differentiation.

[15]
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In (5.21) we use ϕ2 to stabilize the (z1, z2)-subsystem formed by (5.20) and (5.21) with

respect to a Lyapunov function V2 = v1+
1
2
z22 . Like in the other backstepping procedures,

we use the same method of constructing a new Lyapunov functions for the subsystems

we stabilize in the steps. We get the following expression for the derivative of V2 by using

(5.19) and (5.21)

V̇2 =− c1z1 + z2

(︃

z1 + z3 + ϕ2 −
∂ϕ1

∂x1
x2 −

∂ϕ1

∂θ̂

̇̂
θ + θ̂T (g2 −

∂ϕ1

∂x1
g1)

)︃

+ (θ̂ − θ)TΓ−1

(︃

̇̂
θ − Γ(z1g1 + z2(g2 −

∂ϕ1

∂x1
g1))

)︃ (5.22)

Again we now form the tuning function and stabilizing function by treating x3 as the actual

control for this system. We let z3 = 0 and eliminate θ̂ − θ from (5.22) with an update law
̇̂
θ = τ2, where

τ2(x1, x2, θ̂) = Γ(z1g1 + z2(g2 −
∂ϕ1

∂x1
g1)) = τ1 + Γz2(g2 −

∂ϕ1

∂x1
g1) (5.23)

and then we would design ϕ2 such that we get V̇2 = −c1z21 − c2z
2
2 . This can be achieved

by choosing ϕ2 such that the term in brackets multiplying z2 equals to −c2z2. This can be

achieved by choosing

ϕ2(x1, x2, θ̂) = −z1 − c2z2 +
∂ϕ1

∂x1
x2 +

∂ϕ1

∂θ̂
τ2 − θ̂T (g2 −

∂ϕ1

∂x1
g1). (5.24)

It is worth to mention that we replace
̇̂
θ with τ2 in (5.24). Because x3 is not the actual

control input, we have z3 ̸= 0 and we do not again use the update law τ2 =
̇̂
θ, but we still

retain τ2 and ϕ2 as the second tuning function and stabilizing function respectively to be

used later in the process. [15]

With (5.23) and (5.24) we get the following expression for (5.22)

V̇2 = −c1z21 − c2z
2
2 + z2z3 + (z2

∂ϕ1

∂θ̂
+ (θ − θ̂)TΓ−1)(τ2 − ̇̂

θ) (5.25)

and the following expression for (5.21)

ż2 = −z1 − c2z2 + z3 + (θ − θ̂)T (g2 −
∂ϕ1

∂x1
g1) +

∂ϕ1

∂θ̂
(τ2 − ̇̂

θ). (5.26)

This second step shows that the previous changes of variables and the tuning and stabi-

lizing functions stay present in the expressions. This should clarify where the expressions
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in the i-th step come from, which we will introduce next.

As we did in the previous steps, we begin by introducing a change of variables zi+1 =

xi+1 − ϕi and solving for xi+1 we can rewrite ẋi = xi+1 + θT gi(x1, ..., xi) as

żi = zi+1 + ϕ1 + θT gi −
i−1
∑︂

k=1

∂ϕk

∂xk
(xk+1 + θTgk)−

∂ϕi−1

∂θ̂

̇̂
θ. (5.27)

In this expression the last two terms come from the previous change of variables. As for

the previous steps, we use ϕi as the pseudo-control to stabilize the system described by

the states zi with respect to a Lyapunov function Vi = Vi−1+
1
2
z2i . For the derivative of Vi

we get the following expression

V̇i = −
i−1
∑︂

k=1

ckz
2
k + (

i−2
∑︂

k=1

zk+1
∂ϕk

∂θ̂
)(τi−1 − ̇̂

θ)

+ zi

(︄

zi−1 + zi+1 + ϕi −
i−1
∑︂

k=1

∂ϕi−1

∂xk
xk+1 −

∂ϕi−1

∂θ̂

̇̂
θ + θ̂T (gi −

i−1
∑︂

k=1

∂ϕi−1

∂xk
gk)

)︄

+ (θ̂ − θ)TΓ−1

(︄

̇̂
θ − Γ

i
∑︂

j=1

zj(gj −
j−1
∑︂

k=1

∂ϕj−1

∂xk
gk)

)︄

.

(5.28)

Again, if xi+1 was the actual control input for the system, we would set zi+1 = 0, and

eliminate the term θ̂ − θ from the expression (5.28) with an update law
̇̂
θ = τi, where

τi(x1, .., xi, θ̂) = Γ
i
∑︂

j=1

zj(gj −
j−1
∑︂

k=1

∂ϕj−1

∂xk
gk) = τi−1 + Γzi(gi −

i−1
∑︂

k=1

∂ϕi−1

∂xk
gk). (5.29)

But because xi+1 is not the actual control input, we do not have zi = 0 and do not use

the update law θ̂ = τi. We still retain the expression for τi to be used later. [15]

We can look at the last term from (5.28) and note that using (5.29) we get

̇̂
θ − τi−1 =

̇̂
θ − τi + τi − τi−1 =

̇̂
θ − τi + Γzi(gi −

i−1
∑︂

k=1

∂ϕi−1

∂xk
gk), (5.30)

which allows us to rewrite the last term from (5.28) as
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(θ̂ − θ)TΓ−1(
̇̂
θ − Γ

i
∑︂

j=1

zj(gj −
j−1
∑︂

k=1

∂ϕj−1

∂xk
gk)) = (θ̂ − θ)TΓ−1(

̇̂
θ − τi). (5.31)

Then as the next step we want to choose ϕi such that V̇ = −
∑︁i

k=1 ckz
2
k. This can

be achieved by choosing ϕi such that the bracketed term multiplying zi in (5.28) equals

−cizi. This gives us

ϕi(x1, ..., xi, θ̂) =− zi−1 − cizi +
i−1
∑︂

k=1

∂ϕi−1

∂xk
xk+1 +

∂ϕi−1

∂θ̂
τi

+ (
i−2
∑︂

k=1

zk+1
∂ϕk

∂θ̂
Γ− θ̂T )(gi −

i−1
∑︂

k=1

∂ϕi−1

∂xk
gk).

(5.32)

We retain this stabilizing function again to be later used in the last step of the process.

[15]

With (5.32) we can express (5.28) as

V̇i = −
i
∑︂

k=1

ckz
2
k + zizi+1 + (

i−1
∑︂

k=1

zk+1
∂ϕk

∂θ̂
+ (θ − θ̂)TΓ−1)(τi − ̇̂

θ), (5.33)

and the closed-loop form of (5.27) as

żi =− zi−1 − ciz1 + zi+1 + (θ − θ̂)T (gi −
i−1
∑︂

k=1

∂ϕi−1

∂xk
gk)

+
∂ϕi−1

∂θ̂
(τi − ̇̂

θ) + (
i−2
∑︂

k=1

zk+1
∂ϕk

∂θ̂
Γ)(gi −

i−1
∑︂

k=1

∂ϕi−1

∂xk
gk).

(5.34)

Recursive application of the i-th step can be used as many times as it is needed to reach

the end of the system, where we finally choose the stabilizing function and tuning function

for the whole system. [15]

Now we can move on to the last step, where our goal is to design the update law
̇̂
θ = τn

and the feedback control u for the whole system (5.13), with respect to the changes

of variables we made in the previous steps. We also start this step with a change of

variables. We let zn = xn − ϕn−1 so we can rewrite ẋn as
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żn = g0 + θTgn + β0u−
n−1
∑︂

k=1

∂ϕn−1

∂xk
(xk+1 + θT gk)−

∂ϕn−1

∂θ̂

̇̂
θ. (5.35)

The goal now is to choose
̇̂
θ and u such that the full system described by żi is stabilized

with respect to the total Lyapunov function Vn = Vn−1 +
1
2
z2n. This translates to making

V̇n nonpositive. [15]

The derivative of Vn is of the form

V̇n =−
n−1
∑︂

k=1

ckz
2
k + (

n−2
∑︂

k=1

zk+1
∂ϕk

∂θ̂
)(τn−1 − ̇̂

θ)

+ zn

(︄

zn − 1 + β0u+ g0 −
n−1
∑︂

k=1

∂ϕn−1

∂xk
xk+1 −

∂ϕn−1

∂θ̂

̇̂
θ

+θ̂T (gn −
n−1
∑︂

k=1

∂ϕn−1

∂xk
gk)

)︄

+ (θ̂ − θ)TΓ−1

(︄

̇̂
θ − Γ

n
∑︂

j=1

zj(gj −
j−1
∑︂

k=1

∂ϕj−1

∂xk
gk)

)︄

,

(5.36)

and we can see that to eliminate the last term from the expression we can choose an

update law

̇̂
θ = τn(z, θ̂) = Γ

n
∑︂

j=1

zj(gj −
j−1
∑︂

k=1

∂ϕj−1

∂xk
gk)

= τn−1 + Γzn(gn −
n−1
∑︂

k=1

∂ϕn−1

∂xk
gk),

(5.37)

from which we can also obtain

̇̂
θ − τn−1 = Γzn(gn −

n−1
∑︂

k=1

∂ϕn−1

∂xk
gk). (5.38)

Now we can rewrite (5.36) in such a form, where it is straight forward to obtain the control

u. The derivative of the Lyapunov function can be written as
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V̇n = −
n−1
∑︂

k=1

ckz
2
k + zn

(︄

zn−1 + β0u+ g0 −
n−1
∑︂

k=1

∂ϕn−1

∂xk
xk+1 −

∂ϕn−1

∂θ̂

̇̂
θ

+(θ̂T −
n−2
∑︂

k=1

zk+1
∂ϕk

∂θ̂
Γ)(gn −

n−1
∑︂

k=1

∂ϕn−1

∂xk
gk)

)︄

.

(5.39)

The goal is to choose u such that V̇ = −
∑︁n

k=1 ckz
2
k, which can be achieved by choosing

u such that the term multiplying zn in (5.39) equals to −cnzn. This can be achieved by

choosing

u =
1

β0

(︄

−zn−1 − cnzn − g0 +
n−1
∑︂

k=1

∂ϕn−1

∂xk
xk+1 +

∂ϕn−1

∂θ̂
τn

)︄

+ (
n−2
∑︂

k=1

zk+1
∂ϕk

∂θ̂
Γ− θ̂T )(gn −

n−1
∑︂

k=1

∂ϕn−1

∂xk
gk),

(5.40)

which stabilizes the system. [15]

Example 5.3. For this example, consider a nonlinear system of the form

ẋ1 = x2 + θx21

ẋ2 = x3

ẋ3 = u,

for which the backstepping procedure was shown in [13] and [15]. For this system we

assume, that the uncertainty θ is some constant, so we can design an adaptive controller

with the use of backstepping and tuning functions. The system has only one uncertainty,

so the matrix Γ present in the backstepping procedure in [15] can be defined as Γ = 1.

We begin the backstepping procedure by introducing a change of variables z1 = x1 and

z2 = x2 − ϕ1, and we consider ϕ1 as the pseudo-control input for the z-subsystem.

We want to choose ϕ1 such that it stabilizes the (z1)-system with respect to a Lyapunov

function V1 = 1
2
z21 +

1
2
(θ̂ − θ)2. The Lyapunov function is the same as used in [15], but

we get this simplified form, due to there only being one uncertainty. Let us also denote

λ(z1) = x21 in the z system. Substituting the change of variables we get

ż1 = z2 + ϕ1 + θλ(z1) = z2 + ϕ1 + θ̂λ(z1)− (θ̂ − θ)λ(z1)
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and the derivative of the Lyapunov function is

V̇1 = z1(z2 + ϕ1 + θ̂λ(z1)) + (θ̂ − θ)(
̇̂
θ − z1λ(z1)).

We can see, that to eliminate the θ̂−θ term in the derivative, we can use a tuning function

τ1 = z1λ(z1) and then use an update law
̇̂
θ = τ1. In addition if x2 was the actual control

to the system, we would have z2 = 0 and we would get V̇1 to be negative definite with

ϕ1 = −z1 − θ̂λ(z1).

Since x2 is not the actual control input to the system, we do not use the mentioned update

law, but we still substitute the tuning function τ1(z1) and the stabilizing function ϕ1(z1, θ̂)

into the expression of the derivative of the Lyapunov function to get

V̇1 = −z21 + z1z2 + (θ̂ − θ)(
̇̂
θ − τ1(z1)).

In this expression, we can see that the first term is negative, so in the forthcoming steps

we focus on cancelling out the remaining terms. This finishes the first step of the back-

stepping procedure.

We begin the second step with a change of variables z3 = x3 − ϕ2, and as in the pre-

vious step ϕ1 was the stabilizing function, we use ϕ2 for the same purpose in this step.

Substituting the change of variables we get a system of the form

ż1 = −z1 + z2 − (θ̂ − θ)λ(z1)

ż2 = z3 + ϕ2 −
∂ϕ1

∂z1
ż1 −

∂ϕ1

∂θ̂

̇̂
θ,

where we have substituted the stabilizing function ϕ1 into the expression for ż1. For this

(z1, z2)-system we use V2 = V1+
1
2
z22 as the Lyapunov function and our goal is to stabilize

the system with the proper choices of ϕ2 and τ2. For the derivative of V2 we get

V̇2 =− z21 + z2(z1 + z3 + ϕ2 +
∂ϕ1

∂z1
(z1 − z2)−

∂ϕ1

∂θ̂

̇̂
θ)

+ (θ̂ − θ)(
̇̂
θ − τ1 + z2

∂ϕ1

∂z1
λ(z1)).

We can see, that to eliminate the term containing θ̂− θ we can use an update law
̇̂
θ = τ2,

where
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τ2 = τ1 − z2
∂ϕ1

∂z1
λ(z1),

which we get straight from the expression of V̇2. Then to get the stabilizing function ϕ2

we assume, that x3 is the actual output and therefore z3 = 0. We can choose ϕ2 such

that the term multiplying z2 in the expression for v̇2 equals to −z2. This can be obtained

by setting

ϕ2 = −z2 − z1 −
∂ϕ1

∂z1
(z1 − z2) +

∂ϕ1

∂θ̂
τ2,

where we have replaced
̇̂
θ with τ2. Again, since x3 is not the actual control input, we do

not use the update law
̇̂
θ = τ2. Still we can substitute the stabilizing function ϕ2(z1, z2, θ̂)

and the tuning function τ2(z1, z2, θ̂) into the derivative of the second Lyapunov function to

get

V̇2 = −z21 − z22 + z2z3 + (θ̂ − θ)(
̇̂
θ − τ2)− z2

∂ϕ1

∂θ̂
(
̇̂
θ − τ2).

Now the two first terms are negative as is desired, so in the third and last step, where we

design the actual control input u and the total tuning function τ3, we focus on cancelling

out the remaining terms.

We begin with a change of variables z3 = x3−ϕ2, and with this and the previous changes

of variables we made we get the transformed z-system of the form

ż1 = −z1 + z2 − (θ̂ − θ)λ(z1)

ż2 = −z2 + z3 − z1 + (θ̂ − θ)
∂ϕ1

∂z1
λ(z1)−

∂ϕ1

∂θ̂
(
̇̂
θ − τ2)

ż3 = u− ∂ϕ2

∂z1
ż1 −

∂ϕ2

∂z2
ż2 −

∂ϕ2

∂θ̂

̇̂
θ.

The goal is to stabilize this system with respect to the total Lyapunov function V3 =

V2 +
1
2
z23 . We begin by writing down the derivative of the total Lyapunov function, from

which we can then see how we should choose the update law and control input to make

the derivative negative definite. The derivative of V3 is given by
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V̇3 =− z21 − z22 − z2
∂ϕ1

∂θ̂
(
̇̂
θ − τ2)

+ z3(u+ z2 +
∂ϕ2

∂z1
(z1 − z2) +

∂ϕ2

∂z2
(z2 − z3 + z1)−

∂ϕ2

∂z2
λ(z1)(

̇̂
θ − τ2)−

∂ϕ2

∂θ̂

̇̂
θ)

+ (θ̂ − θ)(
̇̂
θ − τ2 + z3ω(z1, z2, θ̂)),

where we have used notation

ω(z1, z2, θ̂) =
∂ϕ2

∂z1
λ(z1)−

∂ϕ2

∂z2

∂ϕ1

∂z1
λ(z1)

to get some minor simplifications in the equation. By looking at the derivative of the

total Lyapunov function, we can see what our update law for the tuning function should

be. We want to eliminate the term θ̂ − θ from the expression, so we should choose
̇̂
θ = τ3(z1, z2, z3, θ̂) such that the term multiplying θ̂ − θ is zero. This can be achieved by

simply cancelling out all of the terms in the last brackets. We get the update law

̇̂
θ = τ3(z1, z2, z3, θ̂) = τ2(z1, z2, θ̂)− z3ω(z1, z2, θ̂).

Next, we can solve for
̇̂
θ − τ2 = −z3ω and substitute this into the expression for the

derivative of the total Lyapunov function. The substitution gives us

V̇3 =− z21 − z22 + z3[z2
∂ϕ1

∂θ̂
ω + u+ z2 +

∂ϕ2

∂z1
(z1 − z2)

+
∂ϕ2

∂z2
(z2 − z3 + z1 + λ(z1)z3ω)−

∂ϕ2

∂θ̂
τ3].

Now the goal is to choose u such that the derivative of the total Lyapunov function be-

comes negative definite. We can achieve this by choosing u such that the bracketed term

multiplying z3 becomes −z3. This can be achieved simply by cancelling out all of the

unwanted terms with the choice of u. From the expression of the derivative we can see

that the control should be

u = −z3 − z2 − z2
∂ϕ1

∂θ̂
ω − ∂ϕ2

∂z1
(z1 − z2)−

∂ϕ2

∂z2
(z2 − z3 + z1 + λ(z1)z3ω) +

∂ϕ2

∂θ̂
τ3.

Substituting this into the expression for the derivative of the total Lyapunov function yields

V̇3 = −z21 − z22 − z23 , which means we have stabilized the original system where we
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started from. The equilibrium of this system is (x1, x2, x3, θ̂) = (0, 0, 0, θ) and it is globally

asymptotically stable.
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6. CONCLUSION

In this thesis we introduced the concept of nonlinear stability and backstepping as one

method nonlinear stabilization. In backstepping a controller is designed by recursively

stabilizing subsystems within a system until the whole system is stabilized. The controller

is then designed in the last step using the previous "pseudo-controllers" used to stabi-

lize the subsystems. In addition we introduced two adaptive backstepping methods to

stabilize systems with disturbances, which are common in real world systems. Any un-

desired forces affecting the system can be considered as disturbances and the challenge

of these disturbances is that often they are unknown. The adaptive backstepping meth-

ods give sufficient conditions to the uncertainties and if the uncertainties within a system

satisfy these conditions, adaptive backstepping can be used to stabilize the system.

The main strenght of backstepping is that the controller can recursively design the main

controller using "pseudo-controllers" designed in the stabilization process. This allows the

controller designer to focus on stabilizing one subsystem at a time using their preferred

stabilization method. Backstepping is especially useful when stabilizing systems in a strict

feedback form, because for this class of systems the stability the controller achieves is

global.

The main drawback of backstepping is that when the systems become bigger in the sense

of their dimensions, the designing process needs exponentially more steps in calcula-

tions. In addition backstepping can only be applied to systems within a form, which al-

lows the controller to use the state variables to design stabilizing "pseudo-controllers". If

for example the state variable the controller would use in backstepping is squared in the

subsystem, backstepping can not be applied to the system.

Backstepping is a fairly new method, introduced around the beginning of 1990s, so the

method is still evolving and there are new papers published monthly, which focus on

applying backstepping control to different types of systems with a cascading structure.

The future research about backstepping could therefore open new avenues of applying it

in nonlinear control.
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