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ABSTRACT

Asraf Khayat: Exploring Viscosity Models for Simulating Non-Newtonian Behavior in Cerebral
Blood Flow

Master of Science Thesis

Tampere University

Master’s programme in Electrical Engineering

September 2023

In this thesis, five different viscosity models were tested in a simulation time of 8 and 17 sec-
onds. The simulation domain, in which the simulations were run, was real 7-Tesla magnetic
resonance imaging data. The used data was meshed into tetrahedra for finite element method
simulations, and the Navier-Stokes equations were employed to solve for velocity and pressure
values. Zeffiro interface tool was used and the finite element method computations were already
implemented. Only the viscosity models were added to the existing tool. The viscosity models
examined include the constant, Carreau-Yasuda, Walburn-Schenck, Generalized power law, and
Casson models.

The primary objective was to assess whether the choice of viscosity model influences simula-
tion outcomes and whether any model exhibits superior performance.

Simulation results are presented through figures, displaying velocity, pressure, and viscosity
values in specific regions of the domain for both shorter and longer simulation times. Additionally,
forward and backward wave separation analysis was conducted during the longer simulations.

The results show that using a varying viscosity model had a damping effect on the velocity
values, and the wave separation seemed to work slightly better when the varied viscosity model
was used. However, no significant variations were observed in pressure values across the different
viscosity models. While a definitive determination of the best-performing model could not be made,
it is recommended to use a varying viscosity model to dampen the velocity values within the
system. Notably, the Casson model demonstrated behaviour similar to that of constant viscosity
and is therefore not recommended.

Keywords: Viscosity, Navier-Stokes, Cerebral blood flow, Finite element method
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TIVISTELMA

Asraf Khayat: Viskositeettimallien tutkiminen ei-Newtonilaiseen kayttaytymiseen aivojen veren-
kierrossa.

Diplomityd

Tampereen yliopisto

Sahkotekniikan Dl-ohjelma

Syyskuu 2023

Téssa diplomityéssa testattiin viitta erilaista viskositeettimallia kahdella eri simulointiajalla. N&-
ma ajat olivat 8 ja 17 sekuntia. Simuloinnissa kaytettiin 7 Tesla magneettiresonanssikuvasta saa-
tua dataa. Data oli hajautettu elementtiverkoksi, joka koostui tetraedreistd. Tdman ratkaisemiseen
kaytettiin elementtimenetelmaa. Elementtimenetelméssa kaytettiin Navier-Stokesin perustuvia yh-
taldita, joista ratkaistiin virtausnopeuksia ja paineita. Ty6ssa kaytettiin Zeffiro Interface -tydkalua
johon elementtimenetelm&an perustuvat laskut oli jo implementoitu. Vain viskositeettimallit tarvit-
si lisata tydkaluun. Tutkitut viskositeettimallit olivat vakioviskositeetti, Carreau-Yasuda, Walburn-
Schenck, generalized power law ja Cassonin mallit.

Paaasiallinen tavoite oli arvioida, vaikuttaako viskositeettimallin valinta simuloinnin tuloksiin ja
onko jonkin mallin tulokset paremmat kuin muiden.

Simulointitulokset esitettiin kuvien avulla. Naissa kuvissa naytettiin virtausnopeuden, paineen
ja viskositeetin arvot tiettyjen valittujen tarkastelualueiden sisélla simulointiajan ollessa seka ly-
hyempi, ettd pidempi. Lisaksi pidempien simulointien tuloksissa hyédynnettiin eteen- ja taakse-
péin menevien aaltojen erotusanalyysia.

Tulokset osoittavat, etté viskositeettimallin kayttd vaikutti vaimentavasti virtausnopeusarvoihin,
ja aaltojen erottelu naytti toimivan hieman paremmin, kun viskositeetin arvo vaihteli. Kuitenkin pai-
neen arvoissa ei havaittu merkittavia vaihteluita eri viskositeettimallien vélilla. Vaikka parhaiten
suoriutuvaa mallia ei voitu yksiselitteisesti m&arittda, suositellaan vaihtelevan viskositeettimallin
kayttéa jarjestelméan virtausnopeuksien vaimentamiseksi. Erityisesti Casson-malli osoitti kayttay-
tyvan samankaltaisesti kuin vakioviskositeetti ja sita ei siten suositella.

Avainsanat: Viskositeetti, Navier-Stokes, Aivojen verenkierto, Elementtimenetelma

Taman julkaisun alkuperaisyys on tarkastettu Turnitin OriginalityCheck -ohjelmalla.
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1. INTRODUCTION

Modelling cerebral blood flow poses a formidable challenge and stands as an active re-
search field (e.g., [5]). Achieving accurate simulations of cerebral blood flow is critical,
particularly as current non-invasive techniques, such as transcranial Doppler ultrasound,
have limitations regarding their applicability to regions with thinner cranial bones. Precise
simulations necessitate attention to fine details within the mathematical model, notably,
the non-Newtonian behaviour of blood.

In this thesis, the influence of various viscosity models and how they change blood flow
dynamics are investigated, specifically their impact on velocity and pressure values. Pre-
vious research (e.g., [18, 19, 1]) has explored different viscosity models, yet it is crucial
to evaluate their performance within a complicated geometry that stems from actual mag-
netic resonance imaging (MRI) data. The elevated viscosity in cerebral blood flow, at-
tributed to densely packed red blood cells in smaller vessels [8], challenges conventional
assumptions of blood as a Newtonian fluid, particularly within the brain.

Past studies have primarily assessed viscosity models based on shear stresses, though
this metric may not be the most suitable [20]. In this work, the mathematical model
presented in [24] is utilized, and simulations are conducted using the Zeffiro interface
tool [23].

The structure of this thesis unfolds as follows: In the theoretical section, an overview is
given of the Navier—Stokes equations, including their derivation, and the variational and
weak forms of partial differential equations are introduced. This section also discusses
the discretization process using the Ritz-Galerkin method, with an example illustrating
the derivation of the weak form for Stokes equations in three dimensions. Additionally,
the physiological aspects of blood flow to the brain are briefly explored.

The third section delves into the simulation framework, introducing the weak form of the
simulation model. It discusses the significance of viscosity and introduces various viscos-
ity models along with their parameterization. The section also outlines the approach for
data extraction from the simulation domain for the analysis of the results.

Subsequent sections present simulation results, followed by a thorough discussion of
these findings. Lastly, in the conclusion section, various aspects of the challenges and
thoughts that have come to light during the thesis process are discussed.



2. THEORETICAL BACKGROUND

2.1 The governing equations

The governing equations in fluid dynamics are continuity, momentum and energy equa-
tion. Here three physical principles are introduced that all of fluid dynamics is based on
[29]:

1. mass is conserved
2. FF'=ma
3. energy is conserved

In this thesis, only points 1 and 2 are of concern since it is assumed that the fluid is
incompressible and thus the full set of Navier—Stokes equations is not needed.

The equations are derived by considering an infinitesimal fluid element that is still large
enough to contain a huge number of molecules. The fundamental physical principles are
applied to the fluid element itself instead of the whole flow field.

2.1.1 Continuity equation (mass is conserved)

The continuity equation is derived from its physical principles fully in [29] and here the
end results of that derivation are only given. The continuity equation in its conservation
form, meaning that we don’t move with the fluid element, is the following:

dp

In this context, u(x,y, z;t) = (ui(x,y, 2;t), us(z,y, z;t), us(x, y, 2; t)) denotes the ve-
locity field, and p represents the density. Throughout this thesis, special attention will be
given to distinguishing whether a variable has vector characteristics.

Furthermore, the divergence of a vector field, denoted as V - u, is defined as:

(‘3u1 1 (9u2 i 8U3 .

Vou= ox oy 0z

This holds true for any three-dimensional (3D) vector w. Given the assumption of this



thesis that the fluid is incompressible. This implies that the density p remains constant,
leading to a specific form of the continuity equation:

V- u(z,y,z;t) =0. (2.1)

2.1.2 The momentum equation (F = ma)

The momentum equation is also derived by analysing an infinitesimal small moving fluid
element. The forces F(x;t) (where x is a vector containing the three Cartesian coor-
dinates) in the momentum equation come from two sources: external forces which are
created by other means than the surrounding fluid of the inspected mass, and from sur-
face forces. External force can, for example, be because of gravity. Surface forces are
created because of the surrounding fluid of the inspected volume (V) and are due to two
sources: the pressure distribution acting on the surface of the fluid element, which is im-
posed by the outside fluid surrounding the fluid element, and shear and normal stress
distributions acting on the surface, which are due to the outside fluid of the fluid element
"tugging
normal and shear stresses of the fluid element are because of viscosity [29]. From here

and "pushing™ on the surface of the fluid element by means of friction. The

on, (z,y, z) and t are dropped from spatially and temporally dependent variables to make
the presentation more clear.

The body force of the fluid element acting in the x-direction can be described as follows:

pffbv7

where f, is the x-component of the body force per unit mass (k%)’ p and V' are again
respectively density of the fluid element and volume of the fluid element [29]. From this
short discussion, the following surface forces in the x-direction can be formulated:

8 a;m ax 8Z{l‘
——p—l—T +Ty+’7'

( or  Ox oy 0z WV

where p is pressure, 7;; denotes the stress in the j-direction exerted on a plane perpen-
dicular to the i-axis. Body and surface forces can now be combined and added together
to the left side of the momentum equation. The total force in the x-direction is

a a;px ax az:p
_p+T +Ty+7'

= (_831; ox oy 0z

YV +pfaV,

and in the y-direction and z-direction the forces are

Op 01y  OTy,
oy " or "oy oz




and
Op OTw Oy, OTus
e

9z ox | oy | 0z
The m component in F = ma is represented by p V', where p and V represent the
same dimensions as before. Now, when it comes to the acceleration in the x-direction in

Fz:( )V+:0fzv

conservation form for incompressible fluid, it is as follows

0u1
— 4w V-u
ot
For y-direction and z-direction the accelerations are
6uQ
— +uV - u,
at = ?
and 5
U3
— +u3V-u
ot °

Now combining all the equations, the Navier—Stokes equations in conservation form are,

Ouy _ Op  OTye  OTye | 0T
Pop TPV U= et o T oy T s TP

Ous Op Oty Oy  OTyy

it 0= —-= 2.2
Py Tru2V-u (9y+ 5 T o t5. tel (2.2)
Ous B Op 01y 01y 0Ty

pﬁ—i—pu?)v-u— &—'— ox + oy + 0z Tl

The 7;; components are defined as follows

2 0
Tog = —= 0V -u+ 2/Lﬂ
Ox

3
ou
Tyy = —g,uv -u -+ 2”8_;
2 8U3
= —— . 22— 2.
Tz 3/N U+ 2p—=- (2.3)
. L (9u1 (9u2
Tay = Tyo 1= By + O )
. L (?ul 8U3
Tez = Tzz = ﬂ( 82’ + ax )
8u2 3u3

Tyz = Tay = [L(% + a_y)

Where 1 is the viscosity and —§M comes from a hypothesis that Stokes has made [29].
This simplifies with the incompressibility and constant viscosity assumption the Navier—



Stokes equations to

ouq dp
— -Vu=—— A -
pgp trou Vu=—or 4 plu +pf
Ousy dp
P o + puy - Vu = _8_3/ + pAug + pfy
ou 0
Pa—tg + puz - Vu = _8_],29 + pAuz + pf.
And in vector notation
ou
pg + pu-Vu=—-Vp+ pAu + pf (2.4)

Here A is the typical Laplace operator. Sometimes this can be simplified to Stokes equa-
tion when inertial forces are negligible:

0=—-Vp+ pAu + pf.

Though in this thesis neither form above is totally accurate in all simulations in this thesis
since models are also tried which have varying viscosity. The form is a bit more ""rougher"™
with varying viscosity and doesn’t have such a nice simplified form as in 2.4, and it is the
following:

pg—ltl +pu-Vu=-Vp+ V.- [pw(Vu+ (Vu)7)] + pf
2.2 Variational formulation of a PDE

In order to use the finite element method it is needed to first formulate the classical form
of the partial differential equation in the weak form. The idea of the formulation is based
on characterization theorem which can be found [7, p. 35] and is introduced here without
any discussion. Here it is needed to have a symmetric positive bilinear functional ¢ and a
vector space V'

a:VxV-=R,
and a linear functional
(:V —R.
Then the variational form

J(v) := %a(v,v) — Ml



attains its minimum over V' at v iff
a(u,v) =0lv Yv eV, (2.5)

(2.5) is usually called the weak form but sometimes it is referred as the variational form.

Minimal property [7, p. 36] quarantees that every solution to the classical formulation of
the problem is also a solution to variational formulation of the problem

The main problem here is that it is needed to find the right vector space so that the weak
form can be formulated in that space and the assumptions for the functional hold in the
characterization theorem. The boundary conditions are built into the vector space, the
weak form is formulated, and the boundary conditions are brought into the weak form
with the help of Green’s formula.

For the above, the solution always exists in a suitable Hilbert space [7] and for Dirichlet
problem

Lu=f inQ
u=0 ondf). (2.6)

It is important to note that a weak solution within H}(€2) always exists when the second-
order uniformly elliptic partial differential operator L is considered. In [7, p. 40], Section
2.8 outlines the criteria for labeling v € Hj(£2) as a weak solution. In this context, H} (€2)
represents H} () = {u € LL(Q) g—; € L2(Q)}. Here, 02 stands for the boundary of the
domain 2. |

2.2.1 Discretization and Ritz-Galerkin method

For computational purposes, it is always needed to work in a discretized fashion since
doing an "infinite"” number of computations would take, quite understandably, a very long
time. The idea is that the solution to the variational problem .J(v) is approximated in a
finite dimensional subspace S, C S. Then, if u, € S, is a solution to the variational
problem in Sy, it is fully filled that

a(up,v) =lv Yv €Sy

is satisfied. Now, if it is assumed that S, is a N-dimensional subspace, we can write
elements of Sy, in its basis {1, ¥, ..., 5 }. From here, the weak form becomes

a(“hﬂﬁz’) - (£7 1/}2)7 L= 17 27 7N (27)



With Ritz-Galerkin method it is assumed that u;, can be written

N
un =Y Znthn (2.8)
n=1

from this, the weak form above can be written in system of equations

N
> a(hi )z = (Cy), i,j=1,2,..,N, (2.9)
n=1
which can be written in the form
Az=0b,

where A;; = a(v;, ;) and b; := (¢, 1);). Here it can be seen that variational form is not
needed in any way for the discretization of the weak form.

In above the finite dimensional subspace could be chosen to be subspace of the chosen
sobolev space. In this case the method would be called conforming finite element method.
But it can’t be assumed always that the chosen subspace is the subspace that the weak
form is satisfied in the continuous case. A problem of this kind is called non-conforming
finite element method.[7]

2.3 Weak from with constraints

The weak form can’t always be written like in (2.5) and this mostly depends on how the
classical problem is formulated. Now if there are some constraints, the problem becomes
to find (u, A), which is in the product of two vector spaces. The problem is the following:
Find the value of variable u that leads to the minimization of the functional .J(v) within the
selected Hilbert space V, where J(v) is given by the expression:

1
J(’U) = ia(vv U) - (67 U) )
This minimization is subject to the constraint:

b(u, ) = (g,1) Y €W,

Here a is the same as previously and b is continuous bilinear functional such that for
hilbert space W
b:VxW—R.



Also, ¢ belongs to dual space of V and g belongs to dual space of W. Now from this a
saddle point problem can be formulated where it is needed to find (u, A) € V. x W
a(u,v) + blu, \) = (£,v)

(2.10)
b(uv :u) - (g, :u) )

for all . € W. Hence, the objective is to minimize the variational form. The weak form,
incorporating constraints, will resemble the expression mentioned earlier [7].

2.3.1 Weak form for 3D stokes equation

Here a small example is given how from the classical form the weak form is derived. Here
an equation in (3D) with constraints is used that has some relevance to this thesis. The
classical form for Stokes equation with incompressibility assumption is

— pAu+ Vp = pf in (2,
V-u=0 in €, (2.11)

u=ug on 0f).

Itis assumed that p € W such that W = L?(2). Here, H'(2) denotes a Sobolev space of
square-integrable (fQ [u|? dwq < oo) functions with square integrable partial derivatives

H'(Q) = {uel?Q)|Vuel*(Q)} .

Let us denote V = [H'(£2)]® i.e. vector valued functions in physical 3D with each carte-
sian component in H'(Q) such that u,f € V. From the incompressibility condition the
following compatibility condition can be found using Divergence theorem

/ uo(z,y,z;t) -0z, y, 2) dwgg = / u(z,y, z;t) -0z, y, z) dwsg
o oa (2.12)

Z/V-u(x,y,z;t)de:O,
Q

where 11 is the normal to the boundary 02 and u - i gives that how much the flow is to the
direction of the normal, the Hilbert space has to be chosen such that the above condition
is fulfilled and one option is to just choose that the boundary values are zero [7]. This is
a reasonable assumption in the no-slip case. But this doesn’t take into account the inlet
and outlet of the domain.

For the weak formulation it is needed to use the definition of divergence, this was defined



the following way in the beginning of the theory section
ow;
v —
w: Z o
Now using the above and product rule of differentiation

3 v:0u;
jOU;

=VuVv+v-Au

Divergence theorem can be applied when integrating over some domain and it is the

following:
/ V- (vVu)dwg = / (vVu) - ii dwg
Q 80
And thus
/ (vVu) - ndwsg = / Vu:Vvdwq + / v - Audwg
80 Q Q
and

/ V- (vq)dwg = / vq - Ndwyn = / v - Vgdwq + /(V - v)gdwg
Q 0 Q Q

The system 2.11 is multiplied with a smooth enough test functions (v, ¢) € VxW. These
are significant factor of the weak formulation. From this it is of interest to find numerical
solution to the following form:

a(u,v) +bi(v,p) = (£, v),

(2.13)
b2(u7 Q) = 0 .

Here
a(u,v) /Vu Vvdwq — / (vVu) - ndwsgq ,
o0

bl(v,p):—/ (V-v de—i—/ - pv dwaq ,
Q a0

bg(u,q):/gq(V~u)de,

(0, v) = (£, v)12(0)
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For the above it is needed to find Hilbert space V x W such that the so-called inf-sup
condition is satisfied and Brezzi’s splitting theorem is satisfied from that. It is fortunate that
we can identify the following appropriate Hilbert spaces: V = [H!(Q)]? for the conditions
described above. Now the solution is guaranteed to exist and to be unique [7]. It can
be seen also from the formulation that the boundary conditions are integrated into the
weak form which makes it necessary to include the boundary conditions in the considered
solution space. Now it would be left to discretize the weak form as was shown in 2.2.1.
This is just mainly choosing a finite subspace and using linearity of integration to change
the order of summation and integration. The system of equations which are derived from
this process can now be represented as matrices.

2.4 Blood flow to brain

Since in this thesis, the aim is to explore different viscosity models and to make the used
simulation model here more accurately simulate cerebral blood flow, it is necessary to
understand how the blood flows to the head. In this section these concepts are shortly
introduced and some terminology is introduced regarding human arteries. Also, some
figures are introduced to make it easier to understand what is being talked here, since the
terminology isn’t self-explanatory.

When blood leaves from the heart it goes to aorta, the biggest artery in the human body.
From there it goes to so-called aortic arch which provides all the blood for the brain, but
from aortic arch blood flow to the brain divides into multiple branches, this can be seen
in 2.1a. The blood flow is divided into left and right carotid arteries which are both called
common carotid artery (CCA) and also to left and right vertebral artery (VA). VA originates
from the subclavian arteries (SA), which provide blood flow to the left and right arm. VAs
run next to the spinal cord as can be seen in 2.1b. They connect to form basilar artery
(BA) and basilar artery connects to the circle of Willis 2.1c where it divides again to two
posterior cerebral arteries (PCA). Before BA reaches the circle of Willis, there are multiple
branches that branch out from it to circulate blood flow to the cerebellum of the brain as
can seen in figure 2.1d.

The left and right CCA further divide to internal carotid artery (ICA) and to external carotid
artery (ECA) at the carotid bifurcation. The left and right ICA continue to the circle of
Willis but the ECAs supply the face and the neck with blood so they don’t connect to the
circle of Willis. ICA then bifurcates to middle cerebral artery (MCA) and anterior cerebral
artery (ACA) as can be seen in 2.2a and 2.2b. ICA is also connected to the PCA via
posterior communicating artery PcomA as seen in 2.1c. Both of the left and right ACAs
are connected to each other with a anterior communicating artery (AcomA) 2.1c.

So the brain gets its blood from VA/BA, PCA, MCA, and ACA. There is one more branch
from ICA that supplies blood to the brain, anterior choroidal artery (AchA). Vascular terri-
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(a) Arteries supplying the brain [6]

! (d) Basilar artery and its branches to
(c) Circle of Willis [6] cerebellum [6]

Figure 2.1. All the arteries supplying brain and circle of willis

tories in different layers of the brain can be seen in figure 2.3
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(a) middle cerebral artery [6] (b) Anterior cerebral artery [6]

Figure 2.2. Branchings of MCA and ACA
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Anterior Cerebral Artery (ACA)
Middle Cerebral Artery (MCA)
Posterior Cerebral Artery (PCA)
Anterior Choroidal Artery {AChA)

Cortex, white matter
and a few grey nuclei

Figure 2.3. Network of arteries in different levels of the head based on the origin of the
artery [6]
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3. METHODS USED AND MATERIALS

In this section, details are given about the overall simulation framework, viscosity, and
models used in this thesis, the regions chosen for inspection, and what kinds of quantities
are used for analyzing the results.

3.1 Elements/basis functions meshing and MRI data

The magnetic resonance imaging (MRI) data used in this thesis is from [26] and the
segmented data used here is the same as in [25]. One of the downsides to this data is
that there are no extensive details of the individual that the data was taken from. Because
of this fact, it is not possible to fine-tune some of the parameters of the viscosity models
used here based on some of the meaningful values of the individual’s blood flow.

The domain is meshed to tetrahedra. The elements for this kind of mesh could be chosen
from Lagrange polynomials. Here in this thesis polynomials of degree one are used
for pressure and velocities. Using higher-degree polynomials would give more accurate
results but it would increase the computational time of the simulations.

3.2 Simulation model

The model used for simulations in this thesis relies on the pressure—Poisson equation
(PPE). One of the most important things for solving differential equations are the bound-
ary conditions. The model here has time-dependent boundary conditions because it is
interesting to model a dynamical system. The model here is the one that is used in [24].
The overall scheme of the model will be introduced here, but not much attention will be
given to discretization because of its complicated nature and because it is not the main
point of this thesis. For those interested in all of the details, the model can be found in its
entirety in the previously mentioned paper.
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The model is the following for the system

pg—ltl +p(u-V)u—V- (u(Vu+ Vu')) + Vp = pf in Q x [0,7T], (3.1a)
V-u=0 inQx[0,7], (3.1b)
u(m7y7za0) =0 on Q, (310)
1 dp
) = pB) A
p((lf7y,2,t) p ($7yazyt> g/\ 8ﬁ on 89 (31d)

Here p'®) is the source pulse on the boundary that acts as the source of the velocity field.
Now taking divergence of 3.1 and assuming that there needs to be a pressure difference
on the boundary for blood to flow out of the arteries, the following system conceived from
that

Ap=V- (V ~p(Vu + VuT)) in €2, (3.2a)
Vp-a=—(\p— p(B)) on 012, (3.2b)

where ( is defined as -

8@

T A

Here (Q denotes the total volumetric blood flow rate through the arteries. A, is the cross-
sectional area of an individual arteriole. p is a reference pressure value. |0f| is the
total surface area on the boundary of the domain. In the equation 3.2b 1 is the inward
normal to the domain on the boundary and thus there is a minus sign in the equation.
The equation 3.2b tells that p needs to be bigger than p(Z) for the blood to flow outside of
arteries to the arteriole. Some other assumptions were also made which changed 3.2b

\ (0%p 92p(B)
to Vp -1l = =5 (5% —

), where v is defined as

(1+5)*|0Q Aap
STV

(1 + B)? is related to the increase in the vessel diameter. The weak form for 3.2, from
which the pressure is solved from, is

b(p,q) =2 / V- ((Vu)Vu)dwg
@ (3.3)

- /Qqu-((Vu) u)dwq, -

For these functions, spaces have to be chosen, as was shown in the theory section.
Spaces for the functions were defined as: p,q € W := L*(Q), u € V, := [H}(Q)]?,
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f € V:=[HY(Q)]?. Here b : W x W — R is defined as follows:

b(p,q) == / g(Vp,Vq)dwg — / qg(Vp, i)dwaq
Q 15)9)
2

0
Z/g(Vp,Vq) dwo+CA== [ q(p—p™) dwaq .
Q ot? Jan

Weak form for 3.1, from which the velocity is solved, is the following

a(u,v) = —/Qg(Vp, v) dwg . (3.4)

Where a; : Vo x Vy — Ris

0
a(u,v) ::E/ng(u,v)dwg+/gpg(u-Vu7v) dwg

—2 /Q g((Vu)"Vpu,v) dwg + /Qu (Au: Vv)dwg

—/pg(f,v) dwg .
Q

Here u,v € Vj and g (f, v) denotes the inner product between f and v.

3.3 About viscosity

If the fluid is isotropic and incompressible, meaning that the direction from which the
viscosity is being analyzed doesn’t matter, then the viscosity is usually related to the
stresses on the sides of the infinitesimal fluid element by S = M% [8]. Here S is the
stress and z is the distance from the wall, and thus if the liquid is moving in a pipe, then
Z_: increases as the point of inspection is more in the center of the pipe because of the
assumed no-slip condition. j—’; is often referred as rate of shear.

Now on the other hand if the fluid isn’t assumed to be isotropic but still the incompress-
ibility assumption is valid, then the stresses on the side of the infinitesimal fluid element
can be defined as already has been done in 2.3. Figure 3.1 illustrates the stresses to
x-direction.

Blood is a shear-thinning fluid, meaning that as the rate of shear increases, the viscosity
values should decrease [8]. The figure 3.2 illustrates the relationship between the rate
of shear and viscosity. It can be seen that viscosity varies quite a lot when the rate of
shear is lower. Thus, models should be considered that take this kind of behaviour into
account. In the next section, a few promising models are going to be explored, but it is
not an extensive list, and more of them can be found in the literature.
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3.3.1 Different models for viscosity

There are multiple models for modelling the shear-thinning property of viscosity. Some of
these models are also suited for fluids that are shear-thinning or shear-thickening. One
of these is, for example, the power-law model of Ostwald and de Waele [4]. It has the
following form:

cn—1

p(y) = my

If n > 1 then the fluid is shear thickening, and if n < 1 then the fluid is shear thinning [4].
Here - is rate of shear and is a scalar quantity, it is defined from strain tensor +,; which
was defined from [4] as

Vij = Wi + Ui

’.)/11 712 ’713
= Y21 V22 Vo3
_’.}/31 ’.)/32 ;}/33
[ ou ou ou ou ou
250 (Go t o) (G &)
— ou ou ou ou ou,
= |Gt o) 26 (5t o)
Ous ou Ous ou ous:
|(Gor T 5ay) (Gas T aas) 260
From this the rate of shear was defined as
1 3 3
=500 D i) (3.5)
j=1 i=1

The limitation of the power law is that it has singularity at zero shear rate and its inability
to capture high shear rate dependency in comparison to empirical data [15]. This will still
be a problem with some of the other models considered in this thesis, but shear rates will
be limited to not going to near zero for more stable simulations. There are other models
that have tried to fix this problem, and a popular one is the Carreau-Yasuda (3.6) model,
which the author of [4] modified based on Carreu’s model [9] and on Yasuda’s model [31].
Power-law and Carreau-Yasuda models were tried in [4] for polymer liquids and not for
blood. Still, since the models can be made to adhere to the shear-thinning behaviour, it is
of interest to try them out in this thesis. The Carreau-Yasuda model is the following:

1) = oo + (10 — proo)[1 + (M) (3.6)

Here p is the zero-shear-rate viscosity; which means the viscosity of the fluid at its
resting position. ji. is the infinite-shear-rate viscosity, that is, the viscosity value of the
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fluid when the rate of shear is very high. A is a time constant, n is similarly the exponent
from the power-law, and a is dimensionless parameter. Its purpose is to connect the zero
shear rates to the power-law region. These parameters are usually chosen based on
experimental data.

Another model that should be considered is the generalized power-law model, which, as
the name says, tries to accommodate the original power-law model to all shear rates. The
model was introduced in [3] and is the following:

() = AH)F" T (3.7)

Here A(¥) and n(¥) were defined in [3] the following way,

A(Y) = oo + Ap exp[—(1 + %' exp(ﬁ)]
n(y) := ne — An exp[—(1 + % exp(%;'l)] :

7 is again defined as usual but the other parameters vary based on experimental data.

The previous models explored were heavily related to the power-law model. There are
also models that take into consideration the hematocrit levels, meaning the number of
cells the blood contains. The total percentage of these cells is mostly because of the red
blood cells [27], since white blood cells and platelets make up very small portions of the
total number of cells. One of these models comes from Casson’s equation, which is the
following [14]:

VT = /Ty + V- (3.8)

Here 7, is the yield stress in the shear of the fluid, which, is dependent on the hematocrit
values. The dependence is calculated the following way, 7, = 0.01- (0.625 - H)?. Here H
is the hematocrit value which is in 0 < H < 1 range. In [8] the value of 7, is approximated
to be in range 0.0015-0.0050 Pa for blood in a normal human. The effect that hematocrit
percentage has on the yield stress can be seen from the figure 3.3. Here n = 1o - (1 —
H)™23, and in [18, 16] value 1, = 0.0012 was given. Referencing Eq. 3.8, equation
T = py can be employed to define viscosity. Thus, when considering viscosity within the
framework of Casson’s equation, we arrive at the following expression:
(vTy + Vny)?

)= VY T VI 3.9
() B (3.9)

This elegant relationship, as elucidated by Fung in the work of [14], offers insight into the
interaction between viscosity and the parameters involved. It was also mentioned in [14]
that 3.8 is suited well for 4/ < 10s~! and for hematocrit values less than 40%.

One another model that takes into account hematocrit levels is the Walburn-Schneck
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Figure 3.3. How yield stress varies with respect to hematocrit levels with five different
blood samples [8]

model [28]. What is additionally interesting about this model is that it also takes into
account how much fibrinogen and globulins there are in the blood. These are the proteins
that are contained in blood plasma [8]. In [28] it was also argued that red blood cells are
primarily responsible for the non-Newtonian behaviour of blood, thus it makes sense to
include information about hematocrit levels somehow into the equations. In [28] the author
empirically came up with a model which is also called Walburn-Schneck, the model is the

following
TPMA, . .5
Y .

H? )
Here C; = 0.00797, C5 = 0.0608, C3 = 0.00499, and C; = 14.5855. TPMA is the
value that takes into consideration the amount of proteins in the blood, the values seem

w(y) = 0.1Cy exp(CoH) exp(Cy

(3.10)

to be chosen from between 15¢ — 384. H here is the chosen hematocrit percentage.

3.4 Parameters for the simulations

Before the results of the simulation can be introduced, it is necessary to list some of the
parameters and other details about the simulations.

The simulations were conducted with varying simulation times, first with 8-second simu-
lations, and the second part with 17-second simulations. The pressure input pulse wave
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was generated as in [24] with the following formula,

t—1t t—1t t—1
(B) . _ P T D
P (x;t)=Aapw ( Lpjc ) +Aarw ( Lojc ) +Aapw (LD/C) )

Here w is the Blackman-Harris window. The parameters were chosen the following way
in [24]: ap = 0.50, apr = 0.30, ap = 0.25, Lp = 0.55, Ly = 0.55, Lp = 0.60,
tp = 0.05, t7 = 0.20, and tp = 0.38. A is setting the waveform so that the highest value
reaches 50 mmH g. The cycle length is one second and from this the following waveform

is generated which can be seen in figure 3.4.

50
A
45

40 —

Pressure (mmHG)
X
T

Figure 3.4. Input pulse of 60 beats per minute

Now for the parameters in the models. For Carreau-Yasuda (3.6) there are multiple
parameters that could be used in this model. The most popular parameters seem to

be according to multiple sources ([10, 1, 13]) the following: u. = 0.00345 Pa s,
o = 0.056 Pa s, A = 1.902 s, a = 1.25, and n = 0.22. In [13] different parame-

ters for 3.6 were also used to compare the results, but since these parameters assume
the viscosity values to be between 0.0022-0.022 Pa s, these parameters won’t be con-
sidered any further. On the other hand in [18] some other parameters were tried which
assume the viscosity to be in the range 0.00345-0.056 Pa s. These parameters were
tried on the other part of the simulations. The parameters are: ., = 0.00345 Pa s,
to = 0.056 Pa s, A = 3.313 5, a = 2, and n = 0.3568.

For the generalized power law model, 3.7, the parameters seem to not vary in the liter-
ature. For example in [16, 18, 19, 13] the parameters used were the following: t., =
0.00345, no, = 1.0, Ap = 0.025, An = 0.45, a = 50, b = 3, ¢ = 50, and d = 4.
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Interestingly [16] also modified the generalized power law model to include other person-
specific information. They added to the model hematocrit values, temperature and TPMA
dependencies. This would be more ideal than other models considered in this thesis, but
because of time considerations, it is going to be left out.

The Casson viscosity model doesn'’t really have that many parameters that can be changed.
Mo is kept constantly at 0.0012, at least this was the case as was referred to previously in
the discussion. Thus, the only value that can be varied is the hematocrit level. For all the
models for the simulations, the hematocrit value is going to be kept at 40%.

Finally, the only model left that is used in this thesis is the Walburn-Schneck model (3.10).
For this model, values for parameters C, ,C5 ,C3 ,and C, were given already above,
and the same values can be found in multiple different sources, for example in [18, 1,
16]. TP M A value varies between 15-38 % as was mentioned before. In the previously
mentioned sources, this value was selected to be 25.9 ¢ and the same value will be used
in this thesis.

In figure 3.5 the different models and their behaviour between 0.1—30% can be seen.
The lower limit for shear rate is set to 0.1 in the figure since with some of the models
the viscosity starts increasing without a bound when the shear rate gets close to zero.
Also, in the simulations, the viscosity value for every model is capped to be in range
0.00345-0.056 Pa s.

0.09 I
— Carreau-Yasuda
Generalized power law
Casson
Walburn-Schneck
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o
°
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o
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0.02 7 \\ -
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Figure 3.5. Different viscosity models with 0.1-30 shear rate
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Now it has to be mentioned that the simulation model that is used here to simulate the
flow uses the so-called Leray-a model for the nonlinear velocity component in 3.1 and
also for the viscosity. Thus, the viscosities won’t have such a nice-looking smooth curve
as was pictured in 3.5, and the curve is going to look more scattered, as can be seen in
figure 3.6.

0.06 . . . .

0.05 1

0.04 _

Viscosity (Pa s)

0 200 400 600 800 1000
Shear rate (1/s)

Figure 3.6. How the Leray-o model affects the viscosity models

The simulations are being done with Zeffiro Interface code package [23]. The tool used
in this thesis has some other additional parameters as can be seen in 3.7. Some of the
parameters in the tool are not important for simulation and are meant for the microcir-
culation, i.e. the capillaries for example. In this thesis, the simulation is focused on the
bigger arteries in the brain. In 3.7 there can be seen an option for "plot sphere”, this
plots the region where the input pulse is inserted to the nodes. There are going to be two
different lengths in time for simulation, 8 and 17 seconds, and with the shorter 8-second
simulations the sphere that gives the input pulse to nodes can be seen in figure 3.8. As
can be seen in the figure, the input pulse is given to both vertebral artery 2.1b and to the
actual circle of Willis 2.1c. Maybe a more ideal situation would be to give the input pulse
to the left and right common carotid arteries 2.1a, but these parts are not available in the
simulation geometry, and in later simulations, the input is given to parts that stem from
these missing left and right common carotid artery.
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Figure 3.8. Nodes inside the spheres that receive the input pulse

3.5 First two regions of interest

As mentioned just before, in this thesis, two different simulation times are going to be
used: 8 and 17 seconds. In the first shorter simulation, two points of interest are taken in
the domain. This approach makes analyzing the results much easier since the geometry
is very complex. One of the regions is located at the anterior cerebral artery in the A3 and
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A4 areas; this region can be seen in figure 2.2b. The other selected region is a bit harder
to find where it originates from. It could be that it also stems from the anterior cerebral
artery. The selected regions can be seen in figure 3.9. These two regions were chosen
since their diameter varies significantly, well, significantly in the scale of cerebral arteries.

Figure 3.9. Two regions chosen for inspection

From Matlab, it can be estimated that the diameter for the lower part of the region in 3.9
is around 2.4 mm. This seems to agree with the estimate that the region is in the A3 or
A4 part of the anterior cerebral artery since similar diameters were also measured in [11].
For the other region of interest, the upper part in Figure 3.9, the estimated diameter in
Matlab was 1 mm. Most likely, this part stems from the middle cerebral artery; at least this
is what can be observed from figure 2.3. Even still, finding where the exact segment is
or where it stems from is difficult, even when the diameter can be directly estimated from
Matlab. Thus, it is difficult to compare the values simulated to real in-vivo measurements
at the exact location. From these locations, averages of the values in the regions were
taken. It has to be mentioned that the pressure in the head is usually described in a bit
different way than in the rest of the body since both the arterial pressure and the pressure
from the liquid inside the skull affect the overall pressure. Usually, blood pressure in the
brain is given as cerebral perfusion pressure (CPP). This is related to the arterial pressure
in the following way: CPP = MAP—ICP [12]. Here MAP is the mean arterial pressure and
ICP is the intracranial pressure, which is related to the liquid inside the skull. The formula
for calculating MAP is the following:

MAPzDP+%(SP—DP). (3.11)

Where SP is the systolic pressure of the cardiac cycle and D P is the diastolic pressure
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of the cardiac cycle. One more thing worth mentioning. Since the velocities have three
dimensions, it is not possible to directly use the calculated values for inspection and a
direction must been taken. In the figure 3.10 the assumed directions of the flow can be
seen. A node was selected close to both of the regions in the assumed flow direction.
The difference was taken between all the nodes in the regions and with the node in the
assumed direction. These values were normalized and then the dot product was taken
between the velocity components of the nodes and this previously calculated vector. More
specifically, the relation v - d = ||v||||d||cos(#) was used. Here v is the velocity vector,
d is the normalized direction vector, and 6 being the angle between these two. In figure
3.11 it is shown with the solid lines the direction vector from each of the nodes inside the
inspected region. This is a bit crude way to do it, but this way it is very fast to just select
a direction that you want to inspect the velocities in.

(a) Direction taken in the first region (b) Direction taken in the second region

Figure 3.10. Assumed direction of flow in the selected regions

3.6 Another three regions and longer simulation time

For better comparison, longer simulations were also run. Three regions were taken this
time, one being the same as before, and the other areas were a bit less complex. Two
other regions were taken in this case since it seemed that the first region of interest before
was in a very complex place and it was hard to find in vivo measurements for that location.
This time, three regions were chosen with roughly the same diameter. These regions can
be seen in 3.12. This time, the inspected points stem from the anterior cerebral artery,
which is the upper part of 3.12, the right middle cerebral artery, which is the middle part
of 3.12, and the left middle cerebral artery, which is the lower part of 3.12.

For these simulations, the input pulse was inserted with spheres with a smaller diameter
than originally shown in 3.8, which have two 10 mm-diameter spheres. The two ways to
insert the input pulse into the system can be seen in 3.13. How to insert the input pulse
into the system is not quite clear, but the configuration 3.13b was tried as one option for
the sources because it reflects more realistically the location where the blood flow comes
to the brain. The spheres were chosen to be smaller because there were more sources
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Figure 3.11. The way velocity direction was chosen. The ball and the dots inside it
demonstrate the region of inspection. The big blue dot is outside of the region and chosen
direction

Figure 3.12. Three regions chosen for inspection with longer simulation time
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this time. In 3.13a the location of the spheres is the same, but this time the diameter
of these spheres is 5 mm each. Another major thing that changed was the amount of
regularization used so that it was possible to get more stable simulations for a longer
time. The direction of the velocities was also taken similarly, as could be seen before,
which is outward from the direction of the sources.

In these regions, one additional technique is used to analyze the results, which wasn’t
used for the previous shorter simulation time results. This technique is called wave sep-
aration in time domain [22]. This was employed in order to better understand the results
since the signals were very random at times. Velocities and pressures are separated into
forward and backward waves with the following equations from [22]:

T

Py =) dP.(t) + Py, (3.12)
t=0
T

Us =Y dUL(t) + U, (3.13)
t=0

where dP and dU are just temporal differences within the nodes and 7' is the whole
simulation time. The forward and backward waves for velocity and pressure can be then
collected with the following formulas

AP, (1) = %(dP(t) 4 pedU(1), (3.14)
dU. (1) = %(dU(t) + ‘”; it)). (3.15)

m

Using the formula from [22], ¢ (wave speed in “*) was calculated with sum of squares

1 [xar
S op\ X dU

Here, the summation is taken of pressure and velocity differences over one cardiac cycle.

method which is

There will also be histograms added to these results, which weren’t included in the previ-
ous results.
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(a) Two spheres with 5mm diam- (b) Three spheres with 3mm di-
eter each ameter each

Figure 3.13. Two different ways to insert the input pulse to the nodes
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4. RESULTS

In this section, the results are going to be briefly introduced. Mainly the results are gonna
be given as figures. There are many figures, so here only examples are given what they
contain and the rest are going to be in the appendix A. In the longer simulations, the
wave separation mentioned in section 3 was used and averages of velocity, pressure,
and viscosity values will also be shown. Wave separation would have been done for the
first set of results but this method was only discovered later on when analyzing longer
simulation times.

In figure 4.1 the average velocities (in *') can be seen from the upper region in figure 3.9.
The averaged area is the one that can be seen more closely in 3.10a. The cube in that
figure has sides that have a length of 3 mm each. In the figure 4.1 on the left side, where
the whole recorded simulation time can be seen, are the runs with all the simulations with
the shorter 8-second simulation time. Next to the averages, there are figures that are
length of one second. This is the time for one cardiac cycle. All the cardiac cycles, and
their values, are collected from 2 to 8 seconds. All the values at a particular time during
the cardiac cycle are shown with cyan colour. The median is shown with a solid line. Zero
values were dropped out from these since there are many of them because of the no-slip
condition, and the median line would have been just zero. These were the results for
velocities for the upper region of 3.9, for the lower region the results can be seen in A.1,
which is in appendix A. These results are averaged in a slightly larger cube which has 4.8
mm sides, this cube can be seen better in figure 3.10b.

In figure 4.2 some results for the pressure values can be seen from the upper region in
3.9. The values are averaged in the same size of an area as previously. In the figure,
the results are presented the same way as previously with velocities. First, on the left,
there are the averaged values from the cube with 3 mm sides for the whole collected
simulation time with all of the viscosity models. Then on the right again the values from
the recorded simulation time from 2 to 8 seconds, and the averaged pressure values from
that time interval, are collected to a single cardiac cycle. Again all the values in cyan
color correspond to a value that occurred in that specific time instance during the cardiac
cycle. The median is also again shown with the solid line. The results similarly for the
lower region in 3.9 can be seen in figure A.2 in A. The calculated values with 3.11 can be
seen in table 4.1 for the first region.
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Viscosity values are given for both upper and lower regions of 3.9 in the figure 4.3.

Now for the results from the other set of longer simulations, that is from 0 to 17 seconds.
In these simulations, there are a few major differences that were described in the last
section. The results have, in addition to the same information that was contained in the
previous, the wave separation figures. The second set of simulation results are repre-
sented in a form seen in figure 4.4. There are similar results in the upper and lower part
of 4.4. The upper part shows the simulation results when the input pulse is inserted into
the system in the following way that is shown in figure 3.13b. The results on the lower
part, below the separated line, are simulated the way shown in figure 3.13a. In addition
to the previous similar data that was given for the shorter simulation time, the figures also
contain the attempt at separating the forward and backward waves with the method de-
scribed in 3.12. An example of this can be seen in figure 4.4b where the pressure wave
is being separated. In this figure, and all other separated figures, the forward wave is
separated with blue colour and the backward wave is separated with orange colour. The
separated wave is always on the right of the figure it is being separated from. In addition
to this wave separation, the additional figures compared to the shorter simulation also
contain histograms for velocity and pressure values. These can be seen for example in
4.4i and 4.4h. These histograms show the interquartile range (IQR) of values, which is all
the values from the average values of the inspected region over the simulation time from
9 to 17 seconds that belong in the 25-75% range of values. The interdecile range (IDR)
is also shown, which shows the values mentioned before between 10-90%. In addition,
the rest of the average values are shown with blue colour. Both of the histograms have
the information given in the same way. The example figure here shows the results from
the upper region of figure 3.12 with the Carreau-Yasuda viscosity model. The rest of the
results with all of the viscosity models and the other regions can be found in the appendix
A. The difference between the figures with viscosity models and those with constant vis-
cosity model is that the constant viscosity doesn’t have the viscosity values in the figures,
since it is constant.
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Figure 4.1. On left are the average velocity values of the upper region of 3.9 on the 2-8
second interval. On the right all the average values from the region every 1 second from
the 2—8 second are collected to a single 1 second interval. This corresponds to period of
one cardiac cycle. The values corresponding to a specific time during the cardiac cycle
are given with the cyan color. Median is given with the solid line
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Constant| Carreau-Yasuda | Walburn-Schneck | Generalized power law | Casson
%> Region1| 90 93 93 92 88
o
.ué_’ Region2| 96 89 89 88 91
§ Region 1| 87 94 95 95 84
(&)
© .
S | Region2| 90 93 94 93 86
3
N
§ Region 1| 89 91 89 84 83
o
o .
E Region 2 97 90 91 90 90
§ Region1| 87 101 100 96 84
= .
< || Region 2 92 91 98 94 89
Vi
%> Region1| 86 95 99 94 82
°
£ | Region2| 95 93 92 89 91
%> Region 1| 84 100 93 84 78
°
X || Region 2 96 91 104 95 86
n

Table 4.1. MAP values in mmHg with different viscosity models in the two regions with
the shorter simulations for every cardiac cycle. Region one refers to the upper region of
3.9 and region two refers to the lower region of 3.9.
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Figure 4.2. On left are the average pressure values of the upper region of 3.9 on the 2—-8
second interval. On the right all the average values from the region every 1 second from
the 2—8 second are collected to a single 1 second interval. This corresponds to period of
one cardiac cycle. The values corresponding to a specific time during the cardiac cycle
are given with the cyan color. Median is given with the solid line
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5. DISCUSSION

There are multiple ways the results could be analyzed. Some of the papers compare
the results from different models by comparing the wall shear stresses in the generated
mesh, for example, this is done in [19]. Some other papers try to analyze if the non-
Newtonian models behave differently from the Newtonian model in arteries that are known
to have some arterial disease, this approach would be too difficult here since there is no
specific information about the possible defects that the person might have who’s MRI
data used here. For example, in [13] it was found that the non-Newtonian behaviour
had a more significant effect on flow within the aneurysm, and in [1] many existing non-
Newtonian viscosity models were tested with patient-specific arterial models where the
velocities were measured in a center of an artery which had a mild stenosed area, these
results were compared with the different models. The results were also compared to
actual in-vivo measurements from the patient. This would be the most ideal case since
then a conclusion could be made that which one of the models performs the best after
changing the parameters, such as the hematocrit levels, to match the patient-specific
values. One other method of analyzing results could be using wave intensity analysis
and wave separation analysis which can be done in the time domain as was shown in
[30], the wave separation part was utilized in the second longer set of simulations. It has
to be noted here that the previously mentioned papers, except for [20], are simulating
other arterial parts in the body, and not cerebral blood flow. Also, the geometry of the
simulation here is quite different from the ones that are used in the previously mentioned
papers that analyze different viscosity models. Thus, the results from these papers might
not be directly applicable here.

In this section, the focus is mainly on comparing the previously shown results with each
other. As said before, it is not possible to know if in the MRI data used here there are any
defects in the arteries. The values are also going to be compared to see if they correspond
to realistic values. Shear stresses were omitted from the results in the previous section
since there was already quite a bit of other information. Some peculiarities can already
be seen from the results, so adding this information wouldn’t probably have brought more
insight.
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5.1 Observations from the shorter simulation runs

The first shorter simulations were run from 0 to 8 seconds and values were collected after
2 seconds of the simulation time, as was mentioned in chapter 3. In these simulations,
the wave separation method was not used yet since this approach was only discovered
later on, but nevertheless, pressure, velocity and viscosity values that were collected
from these simulations are valuable since the simulation time was shorter with different
regularization values than in the second longer simulations.

Firstly, it was seen that with constant viscosity, the velocities kept on increasing in positive
and negative values without damping. This has probably something to do with the reflec-
tions that occur in the model. However, it was seen that when the viscosity model was
not constant, the velocities peak in positive and negative values didn’t increase as much.
A change in viscosity had a damping effect on the velocity values. This is something that
was discussed in [20]. The papers referenced in this thesis mostly used shear stresses
to compare the differences between viscosity models, but in the paper [1], in figure 4, it
can be seen that constant viscosity had one of the highest velocities in a stenosed artery.
It was also mentioned in [20] that the damping effect is mostly relevant in smaller vessels,
which is understandable since the viscosity values don’t really change in higher velocities.
It was also noted at [20] that the blood viscosity and the wall viscosity are not identical and
that wall viscosity attenuates and widens the signal, while blood viscosity mostly causes
just attenuation. Selecting the right viscosity values seemed to be critical, since when
the model was run with a higher constant viscosity, the blood didn’t flow at all during the
simulations. This just further affirms that selecting the model for viscosity is important be-
cause the blood needs to flow in the system while also having enough damping to affect
the flow.

In the figure 4.1 the average velocities in the region of the artery with a smaller diameter
were seen; this will be called the first region. It can be seen that the velocity profiles differ
quite a bit. The Casson model is the only one that more closely resembles the Newtonian
model. This is because, with the Casson model, the achieved viscosity values are almost
identical to the constant ones. It just shows that the velocities in the system are too
high for the Casson model to be used here since it was mentioned that it works well for
shear rates less than 10 % Carreau-Yasuda model and generalized power law model also
resemble each other’s behaviour quite well. In the first 5 to 6 seconds, all the different
models reflect realistic blood velocity values in the head, or at least the values that were
reported in [17], although the paper doesn’t exactly mention the first region of interest that
we are inspecting here. But it seems that the negative flow is also quite high with all of the
models in some parts, which probably isn’t too realistic. Still, different viscosity models
also dampen those values somewhat nicely in the end part of the simulations. One more
thing that is interesting here is that it is not possible to distinguish the input pulse wave
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from the velocity profiles at all, and the wave looks more random. This might be because
of the complex geometry and the reflections that occur in this system. It seems that all
the viscosity models have the same behaviour in this regard in the first region.

The results for the average velocities in the second region of the bigger artery diameter
are shown in figure A.1. Here, the velocity profiles look more similar to each other than in
the first region. This shows that the different viscosity models are not that important in all
parts of the arteries in the brain. Still, if the goal is to simulate the whole arterial system
of the brain, it seems that taking a varying viscosity model into account might be a good
idea. Also, even when the velocity profiles look the same, viscosity still provides some
dampening to the system. It could also be seen that the velocities were increasing in
both the positive and negative flow directions. Since the velocities are high, the viscosity
doesn’t change too much in this region and stays low; this can be seen in figure 4.3. Thus,
the dampening effect isn’t observed in the same way as it was observed in the first region.
It seems that other considerations need to be taken to dampen the flow in regions closer
to the source of the flow. In this region, the flow values almost stay in the realistic value
range, as was observed in [17] but drift soon to higher unrealistic values. But in contrast
to the other region, here the effect of the input pulse could be clearly distinguished from
the velocity profile.

In both of the above mentioned figures, all the values for average velocities in each car-
diac cycle, in both of the regions were also collected into a single cardiac cycle as was
mentioned in the previous chapter. The boundary values were removed since they are all
zero, and they would force the median to be zero. The median is shown in these figures
with a solid line. This was more of an attempt to see if it was possible to distinguish the
input pulse from the velocity profiles, and this was of course possible in the second re-
gion, where the velocity profile was already quite clear, but in the first region, this method
wasn’t so successful.

In figure 4.2 the average values for pressure (in mmHg) from the first region of interest
can be seen, and in figure A.2 the average pressure values (in mmHg) from the second
region of interest can be seen. As mentioned before, the pressure in the head is usually
described a bit differently. In 4.1 the MAP values were given, and they were calculated
with the formula given in 3.11. It was mentioned that the CPP value ranges from 60—
150 mmHg in [21] and so the MAP value varies around 75-165 mmHg, since ICP varies
between 7—15 mmHg in healthy subjects [12]. Now, finding what would be a normal range
for MAP values in healthy humans was a bit more difficult since most studies are focused
on the value when the patient has been admitted to the hospital because of, for example,
head trauma. However, in [2] it was mentioned that the optimal value for CPP ranges from
65 to 95 mmHg. That would mean the MAP would be in the 80 to 110 mmHg range. The
values fit in this range that were shown in the table 4.1. There was no major difference, but
the Casson model seemed to have slightly lower pressure values than the other models.
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Lastly, there was one weird thing about the pressure profile, and that was that it wasn'’t
possible to see from the figures the 50-mmHg difference that happens in the input pulse.

It is also interesting to note that the pressure values did stay in the range of realistic val-
ues in both regions, a fact that did not happen with velocities. Changes in the smoothing
parameter will help in this regard, as was seen with the longer simulation results. Other
than that, the profile of the average pressure in the regions probably doesn’t have that

([}H

much importance. That is, since it can’t be used to derive other "important™ results, such
as shear stress, which is derived from the velocities. "Important™ is used to describe
shear stress because this is just mainly question if shear stress actually is the most rele-
vant metric in the case of analysing defects in arteries, which, according to some sources
([20]), might not be so important. One more thing maybe worth mentioning about the
pressure profile is that the flow profile, which in this case is identical to the velocity profile,
should resemble each other in the case that there are no reflections [20]. It seems that
reflections have a big role in both of the regions since the velocity and pressure waveform

differ from each other quite a lot.

5.2 Observations from the longer simulation run

In the second set of simulations, there are more ways that the data was presented with.
With all the models the velocity values for the upper region of 3.12 increased without
damping with the 5 mm ball, this configuration can be seen in the figure 3.13a. This on
the other hand wasn’t the case when the source nodes were contained within the three 3
mm spheres, which is the configuration in figure 3.13b. For example, it was seen in figure
4.4, A.11, and A.8 that the velocities increased much slower and stayed much more in the
acceptable velocity ranges. With these simulations, it can also be seen that it is easier to
distinguish the pulsatile behaviour of the values with constant viscosity models, as was
the case in the previous simulations. In previous simulations, there was a problem that
with constant model the velocity values kept on growing in positive and negative value,
but for comparison it didn’t happen here with the middle and lower region in 3.12. It
is also somewhat confusing that with Casson and constant model positive and negative
peak values were lower than for other models in the lower and middle region in 3.12. The
damping effect was still visible in the upper region of 3.12 with the models. The velocities
are also still very high in both directions as can be seen from the velocity histogram.
Looking at the results from all of the viscosity models, none of the models seemed to fix
this issue.

The way that the pressure behaved was also dependent on how the pulse was inserted or
which viscosity model was used. The constant model and the Casson model had the most
stable behaviour with pressure values for the whole simulation time. With generalized
power law, Walburn-Schneck, and Carreau-Yasuda models, the pressure usually starts
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going dramatically up or down in value at the end of the simulation. It was interesting
that with Walburn-Schneck, this problem only occurred when the pulse was inserted with
two spheres that had the bigger diameter, and then for the previously mentioned other
two models, this behaviour was with the smaller spheres. The pressure tables were not
calculated here in the longer simulation, as was done in 4.1. This was because the
calculated average pressure values didn't seem to have a drastic change; the drastic
change usually only occurred at the end of the simulations.

The method of separating the velocity and pressure signals was also tried in this second
part of the simulations. It seems that the separation didn’t work as well as hoped. This
observation comes from the fact that the forward wave for velocities should have positive
velocities and the backward wave for velocities should have negative velocities. Most of
what happened was that the separated velocities went to positive and negative. It seemed
that with Walburn-Schneck, the separation worked sometimes better for the velocities; it
also worked slightly better with the other Carreau-Yasuda parameters that were tested
only for this longer simulation. How the separation works has a lot to do with how the
parameter ¢ was calculated in 3.14. There were multiple ways to do this, and the one
used here was given in section 3 and it uses the sum of squares method. One of the
other options could have been to calculate it the following way, with equations given in [8]

1 AA
D Yo (5.1)
1
v pD

In 5.1 A is the cross-sectional area, and % measures the overall change in this area.
Ap. is the small pressure change in the area. The smaller the change in the cross-
sectional area is, the smaller 5.1 is. This then increases the pulse wave speed 5.2. It
was also stated in [22] that the sum of squares method doesn’t perform well in regions
where reflections occur. This seems to be the case here, but it can be seen from the
figures where constant viscosity was used that the separated waves aren’t that clear.
The separation was much clearer when viscosity models were used, so it seems that the
viscosity models do lower the effect of reflections and make the inspected quantities less
random.
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6. CONCLUSION

In this thesis, some possible viscosity models were explored. There are still other possible
viscosity models that could have been explored. However, the ones used in this thesis
are already quite versatile since they all have adjustable parameters. All of them don’t
have important adjustable parameters, so an ideal model would be one that had patient-
specific information such as blood hematocrit levels, information about temperature, and
protein concentration levels. The models used in this thesis could have also been tried
with different values for the parameters, but the ones used here were the most typical
ones used in other papers. It is also not possible to say which of the viscosity models
gives the most accurate simulation results for the person that the MRI data was taken
from. To confirm this kind of information, actual measurements should be taken from the
person. It was seen that dampening is needed in the system, but other considerations
will probably be needed since, with both of the simulation attempts, the negative velocities
were quite frequent and high. Maybe this is just the problem with longer simulation times,
and simulations should have been shorter. But the idea was to let the system have a
period where it gets to normal flow from zero flow; this is why collecting the simulations
never started from the 0-second mark. From all this, it is hard to come to a conclusion
about which model is the best, but for dampening reasons, it would be good to implement
one of the varying viscosity models other than Casson, since it behaved similarly to the
constant model. Maybe a model needs to be used that achieves higher viscosity values
than these models. It might even be that a constant viscosity model with higher viscosity
would have done a better job than any other model used here. Even if no conclusion
could be drawn about the best model, the tools implemented and the methods used here
will help clarify that aspect in the future if needed.

From both longer and shorter simulation results, it wasn’t always possible to see the
pulsatile behaviour that should stem from the input pulse. This was especially hard to
see with the pressure profiles. It wasn’t also possible to see the 50 mmHg difference
that occurs in the input pulse from the results; this would need some further investigation
since it probably affects the viscosity results as well. Sometimes velocity profiles showed
the pulsatile behavior quite well, and other times the signal looked more random. This is
why the wave separation method was implemented: to see if it was possible to find the
original pulse that had one high peak per second. It seemed that with viscosity models,
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the signal separation was a bit more clear.

The viscosity values with all of the models were also limited to the range of 0.00345-
0.0056 Pa s. It wasn’t clear if this was the best approach, and maybe the upper and lower
limits for viscosities could have been changed.

It is not clear if the best approach was to take the values from the regions and take the
averages. This was a good approach to lowering the effect of outliers in the region, but
maybe a better option from the get-go was to use histograms to get a nicer presentation
of the values and their quantities that occur in the regions. Still, taking averages was a
nice way to get to see some kind of profile that occurs in the region. It could have also
been that the area from which the averages were taken should have been larger.

It is hard to say how much similarity the simulated results would have had if the weak form
had been formulated differently. One thing that surely affects the results is the inserted
pulse and its peak, which is a bit high. Lessening the peak a bit to maybe more realistic
values would at least probably dampen the results a bit and have the results stay at more
realistic values for longer. Also, not only could the pulse peak be changed but also the
pulse frequency. In the simulations, the pulse was one cardiac cycle per second. It was
also seen that it had an effect on how the input pulse was inserted or how large the
area chosen for the input pulse was. One other thing that was seen to help stabilize the
results for a longer time was the changes in the regularization parameter for velocity. This
parameter was changed quite arbitrarily, and it is not quite clear what the best values are
for the regularization parameters, so different values were tried experimentally. The input
pulse given to the system is also given to quite a large area in some of the simulations;
maybe a smaller area would be more realistic overall.
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Figure A.1. On left are the average velocities of the lower region of 3.9 on the 2-8 second
interval. On the right all the average values from the region every 1 second from the 2-8
second are collected to a single 1 second interval. This corresponds to period of one
cardiac cycle. The values corresponding to a specific time during the cardiac cycle are
given with the cyan color. Median is given with the solid line.
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Figure A.2. On left are the average pressure values of the lower region of 3.9 on the 2-8
second interval. On the right all the average values from the region every 1 second from
the 2—8 second are collected to a single 1 second interval. This corresponds to period of
one cardiac cycle. The values corresponding to a specific time during the cardiac cycle
are given with the cyan color. Median is given with the solid line
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Figure A.3. Results from the simulation with the constant model from the upper region
shown in 3.12. Upper part above the line has results shown when the input signal was
inserted in the system with three 3 mm spheres and below the line with two 5 mm balls
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Figure A.7. Results from the simulation with the Carreau-Yasuda model from the lower
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Figure A.8. Results from the simulation with the generalized power law model from the
upper region shown in 3.12. Upper part above the line has results shown when the input
signal was inserted in the system with three 3 mm spheres and below the line with two 5
mm balls
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Figure A.9. Results from the simulation with the generalized power law model from the
middle region shown in 3.12. Upper part above the line has results shown when the input
signal was inserted in the system with three 3 mm spheres and below the line with two 5
mm balls



57

—120

(=) —
E 115 :E’ Fiio}
£ £ E
® 110 E o 105
105 z § v N
8 @ £ 100
E 100 B: 1] 02 04 06 ‘-;JH
Time (5}
10 12 14 16
Time (s) Time (s) (c) Pressure values collected to
(a) Full pressure (b) Pressure separated one cardiac cycle
@ 05 Q -
E E g |
2 0 2 E 0
3 8 RN
E 05 E g-ss .,
0 0.2 04 0.6 08
-1 Time {s)
10 12 14 16
Time (s) Time (s) (f) Velocity values collected to
(d) Full velocity (e) Velocity separated one caridac cycle
45 %108
- ;ruloals [IFull data
§ 0.3 _lg': 018 _!:::
z 4 %, z
3 5 O § 0.1
3 E £
= 0.05 005
3.5
10 12 14 16 Dj ‘I 0 1Iha_‘l I U—l .1 L] ||h;'_|
Time (s) Welocity (mis) Velocity (mis)
(g) Viscosity values (h) Velocity histogram (i) Histogram pressure
5100 100
I T =
E% E o0
= =i
2 70 2 £ '
& © - -
o 60 o 70 wl:- 02 04 06 0.8
Tirna (s}
10 12 14 16
Time (s) Time (s) (l) Pressure values collected to
(j) Full pressure (k) Pressure separated one cardiac cycle
2
2
— Forward
E E 1 Tosf
20 2 = o
S E 0 é D:.
g -1 g I .08 »
2 0.2 - 04 08 08
Time (5]
10 12 14 16 10 12 14 16
Time (s) Time (s) (o) Velocity values collected to
(m) Full velocity (n) Velocity separated one cardiac cycle
%102
»3.9
gS.B DZ; :;:“"‘ 02 i g
;,3_7 é~\115 R é,-3.15 —EE
gs 6 § v 3o
S = £
3.5 J\ 0.05 . |-|‘ 0.05 .
10 12 14 16 Eﬂj I_l o '_‘2 u.'l-i‘IJ“-‘I| BQ 'I(lI!'-
Time (s) Velocity {mis) Prassure (reHg)
(p) Viscosity values (q) Velocity histogram (r) Pressure histogram

Figure A.10. Results from the simulation with the generalized power law model from the
lower region shown in 3.12. Upper part above the line has results shown when the input
signal was inserted in the system with three 3 mm spheres and below the line with two 5
mm balls
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Figure A.11. Results from the simulation with the Walburn-Schneck model from the upper
region shown in 3.12. Upper part above the line has results shown when the input signal
was inserted in the system with three 3 mm spheres and below the line with two 5 mm
balls
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Figure A.12. Results from the simulation with the Walburn-Schneck model from the mid-
dle region shown in 3.12. Upper part above the line has results shown when the input
signal was inserted in the system with three 3 mm spheres and below the line with two 5
mm balls
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Figure A.13. Results from the simulation with the Walburn-Schneck model from the lower
region shown in 3.12. Upper part above the line has results shown when the input signal
was inserted in the system with three 3 mm spheres and below the line with two 5 mm
balls



A

5

61

Lo 2
£
£ £
S0 29
a a
o o )
o o 0.85 0.2 {:;imi:;(i oe
10 12 14 16
Time (s) Time (s) (c) Pressure values collected to
(a) Full pressure (b) Pressure separated one cardiac cycle
—_ 2 —_
E! E 5
% 0 % § ola
S 4 ° 2N
o [ 31
"2 = R :
10 12 14 16 fine (el
Time (s) Time (s) (f) Velocity values collected to
(d) Full velocity (e) Velocity separated one caridac cycle
%108
E0Ful dala
0,15 R 0.2 E:ju:dsla
© 3.6 L har i
n‘; z f 2018 =
= E 041 -1
7358 E iy
3 & &
< 3.56 oos 0.05 H_‘
10 12 14 16 Ch 02'5—1_[ a0 s
Time (s) Welocity (m/s) Pressure (mmHg)
(g) Viscosity values (h) Velocity histogram (i) Histogram pressure
> —
T [=) =
€ 90 I £
E £ i=
£80 o éau v
=}
§ 70 ﬁ E 7o '-" i
o & 1] 0z u:ime tsu}ﬁ 08
10 12 14 16 10 12 14 16
Time (s) Time (s) (1) Pressure values collected to
(j) Full pressure (k) Pressure separated one cardiac cycle
5
Q @ .
£ E £2
>0 - =10
£ :
> >0 =
-5 o 0z 0.4 0.8 0.8
Time ()
10 12 14 16
Time (s) Time (s) (o) Velocity values collected to
(m) Full velocity (n) Velocity separated one cardiac cycle
%1073
358 012 Erﬂ‘ﬂd‘" E:::asla
'5? . 0.1 QR 0.15 - liaR
= % 0.08 g
‘2356 gn.us g
o o
g Z:; 0.08
3.54 ’
10 12 14 16 o o . u-_‘ 0 = P
Time (S) Walocity (m/s) Pressure (mmHg)

(p) Viscosity values

(q) Velocity histogram

(r) Pressure histogram

Figure A.14. Results from the simulation with the Casson model from the upper region
shown in 3.12. Upper part above the line has results shown when the input signal was
inserted in the system with three 3 mm spheres and below the line with two 5 mm balls
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Figure A.15. Results from the simulation with the Casson model from the middle region
shown in 3.12. Upper part above the line has results shown when the input signal was
inserted in the system with three 3 mm spheres and below the line with two 5 mm balls
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Figure A.16. Results from the simulation with the Casson model from the lower region
shown in 3.12. Upper part above the line has results shown when the input signal was
inserted in the system with three 3 mm spheres and below the line with two 5 mm balls
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Figure A.17. Results from the simulation with the Casson model from the upper region
shown in 3.12. Upper part above the line has results shown when the input signal was
inserted in the system with three 3 mm spheres and below the line with two 5 mm balls
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Figure A.18. Results from the simulation with the cary2son model from the middle region
shown in 3.12. Upper part above the line has results shown when the input signal was
inserted in the system with three 3 mm spheres and below the line with two 5 mm balls
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Figure A.19. Results from the simulation with the cary2son model from the lower region
shown in 3.12. Upper part above the line has results shown when the input signal was
inserted in the system with three 3 mm spheres and below the line with two 5 mm balls
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