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ABSTRACT

Since classical interference has become ubiquitous in our modern optical devices
and experiments, it is reasonable to assume that its quantum counterparts could
become as prevalent in the next wave of technologies. The first signs of this can
already be seen in the plethora of potential quantum technological applications
that heavily rely on non-classical multi-photon interference effects. One degree
of freedom where multi-photon interference has not been extensively studied yet
is the transverse-spatial degree of freedom. This lack of studies is surprising
when considering the potential benefits this degree of freedom has demonstrated
in many other technological applications. Hence, our work here aims to increase
our understanding of quantum interference in transverse spatial modes. We do
this by investigating two-photon interference effects in this degree of freedom
and by exploring some of their applications in metrology.

In this thesis, we first define a theoretical framework with which one can
calculate the quantum effects of structured paraxial light fields. We also de-
scribe in detail how one can use phase-only spatial light modulators to shape
and measure the transverse structure of photons. This is done both for the
case of a single mask transformation and so-called multi-plane light conver-
sion schemes. The experimental work of this thesis builds upon these methods
and the theoretical framework to manipulate and utilize the quantum states of
paraxial photons.

In our first experiments, we observed two-photon interference in the transverse-
spatial degree of freedom. Initially, this was done in a complex unitary de-
vice which performs a beamsplitter-like transformation solely in the transverse-
spatial degree of freedom. Thus, this experiment performs the exact analogue
of the famous Hong-Ou-Mandel experiment in the space of transverse spatial
modes. The unitary device was a multi-plane light conversion system. Sub-

sequently, we removed the unitary device and performed similar interference



effects in a simplified setup which was easier to operate. This setup allowed
us to produce high-quality two-photon NOON states between transverse spatial
modes, in a single beam of light.

After demonstrating our capability of producing high-quality NOON states,
we explored their applicability in different quantum metrological tasks. This
was done theoretically with the help of a quantity called quantum Fisher infor-
mation, and experimentally using the simplified quantum interference system.
We applied the NOON states to superresolution experiments in rotations and
longitudinal translations.

Lastly, we were also able to investigate, using our NOON state experiments,
the Gouy phase of a photon number state. As this phase has not been previously
investigated in such a context, it provided us with some new insights into
previously investigated phenomena. For instance, this experiment provides a
simple example of why the so-called effective de Broglie wavelength of photons
is not always a good description of photon number state evolution. It also
allowed us to reaffirm the predictive power of a specific physical interpretation

of the Gouy phase.
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TIVISTELMA

Valon interferenssié esiintyy joka puolella nykyisessé tekniikassamme seké op-
tisissa kokeissa. Téamén takia voisi olettaa, ettd tdmén interferenssin kvant-
timekaanisesta vastineesta voisi tulla yhta tarkea ilmio tulevaisuuden teknolo-
gioissa. Ensimmaéiset merkit kvantti-interferenssin hy6dollisyydestd nakyy useissa
ehdotetuissa kvanttiteknologisissa ratkaisuissa, jotka hyodyntéavat tallaisia in-
terferensseja. Vaikka valon kvantti-interferenssia on tutkittu kattavasti, sita
ei ole juurikaan tutkittu sen poikittaisrakenteita hyodyntden. Tama olisi mie-
lenkiintoinen konteksti kvantti-interferenssin tutkimiselle, strukturoitujen poikit-
taisrakenteiden hyodyllisten ominaisuuksien takia.

Téssa vaitoskirjassa maaritelldéan ensin teoreettinen pohja, jonka avulla parak-
siaalisten valonsateiden kvanttitiloja voidaan laskea ja mallintaa. Kirjassa kay-
dédan myos yksityiskohtaisesti lapi, kuinka vaihetta moduloivilla valon poikit-
taisrakenteen modulaattoreilla voi muovata ja mitata fotonien poikittaisraken-
teita. Tamaé sisdltda metodeja, joissa kiytetddn vain yhtéd poikittaisen vaiher-
akenteen modulointia sekd menetelmia, jotka hyodyntavat montaa perattaista
vaihemodulointia. Kirjassa esiteltévissé kokeellisissa tutkimuksissa kiytetadn
edelld mainittua teoriaa ja kokeellisia menetelmia paraksiaalisen valon kvant-
titilojen manipuloimiseen. Kvanttitiloja hyodynnetédan tdmén jalkeen eri app-
likaatioissa.

Kirjan ensimmaéisessd kokeellisessa osiossa mitattiin kahden fotonin inter-
ferenssi valon poikittaisrakenteissa. Tama tehtiin ensin laitteella, jolla voidaan
rakentaa mielivaltaisia unitaarisia transformaatioita. Laitteella implementoitiin
transformaatio poikittaisrakenteissa, joka vastaa sdteenjakajan tekeméad trans-
formaatiota. Téten koe vastaa téysin kuuluisaa Hong-Ou-Mandel interfer-
enssikoetta paitsi, etté talla kertaa interferenssi tapahtuu valon poikittaisraken-
teessa eikd valon sdteen kulkusuunnissa. Koe toistettiin seuraavaksi yksinker-

taistetussa koejérjestelyssid. Téssd kokeessa nédytettiin, ettd samanlainen in-
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terferenssi saadaan aikaiseksi poistamalla unitaaritransformaatiolaite. Talla
helpommalla koejérjestelylld kyettiin tuottamaan laadukkaita kahden fotonin
NOON tiloja yksittdisessd valonséteessa.

Kirjan toisessa kokeessa hyddynnettiin naitd valon NOON tiloja erin&isissa
metrologisissa applikaatioissa. Ennen mittauksia, valon hyodyllisimmét kvant-
titilat identifioitiin Fisher-informaation avulla. NOON tiloja kdytettiin tdmé&n
jalkeen kvantti-ilmioita hyodyntévissa pyorahdyksen ja pitkittaissiirtymén mit-
tauksissa.

Kirjan viimeisessé osiossa mitattiin monen fotonin tilan Gouy-vaihetta nailla
samoilla NOON tiloilla. Koska valon Gouy-vaihetta ei ole ennen mitattu tal-
laisessa kontekstissa, mittaustulokset tuovat uutta ndkokulmaa fotonien kayt-
taytymiseen. Nama mittaukset esimerkiksi paljastivat, ettd aiemmissa tutkimuk-
sissa hyodynnetty monen fotonin de Broglie aallonpituus ei kuvaa téysin monen
fotonin tilojen ominaisuuksia. Tamén lisdksi tuloksista huomattiin, kuinka erés
tulkinta klassisen Gouy-vaiheen alkuperdstd pystyy myds ennustamaan monen

fotonin Gouy-vaiheen kiyttaytymisen.
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1 INTRODUCTION

Ever since the first experiments demonstrating the wave nature of light in the
early 1800s, interference of light has been a very important tool for uncover-
ing different fundamental properties of light, and in building modern sensors
and other devices. One of the first interference experiments was the famous
Young’s double slit experiment [1], which contributed to the acceptance of the
wave theory of light. After Young’s experiment, interference of light started
to become a much more common tool in studying the nature of light, until it
eventually reached its ubiquitous status.

A few decades after the wave properties of light had become commonly ac-
cepted, Maxwell showed that light could be described as an electromagnetic
wave [2] and formulated the extremely powerful set of equations describing
electromagnetic fields. While these equations have proven their worth and are
being used to describe the behaviour of light in most of our modern devices,
Albert Einstein’s description of the photoelectric effect at the beginning of the
1900s brought doubt to whether they provided the complete picture [3]. After
this revelation, the modern quantum mechanical description of light started
to take form with the combined effort of many physicists. These new descrip-
tions gave us photons or light quanta, but their implications for interference
were not fully understood initially, as is evident from Dirac’s famous state-
ment: “Bach photon then interferes only with itself. Interference between two
different photons never occurs.” [4]. The experimental and theoretical efforts
conducted from the 1960s through the 1980s forced researchers to re-evaluate
Dirac’s maxim [5]. During this time, the progress in light-based technologies
and the quantum mechanical theory of light led to theoretical and experimen-
tal investigations into the interference of two photons. These investigations
were performed both with independent lasers [6-9] and quantum states of light

[10-13]. Other types of quantum interference that were also studied around



the same time were true single photons interfering with themselves [14] and,
depending on one’s definition of interference, the concurrent research on en-
tanglement [15-18|. Eventually, all this quantum interference research led to
arguably one of the most famous quantum interference experiments which was
performed in 1987 by Hong, Ou, and Mandel [19]. In this experiment, the
authors showed that, under certain conditions, when two photons arrive at a
beamsplitter, they bunch to the same mode and always exit the beamsplitter
together. Similar experiments were then published by other researchers soon af-
terwards |20, 21| and the effect has since become very important for subsequent
research and technological innovation [22]. For a more detailed description of
the history of research into quantum interference, see references [5, 22].

Even from this brief and incomplete description of the events leading up
to the so-called the Hong-Ou-Mandel (HOM) experiment, we can see the in-
credible amount of work and novel concepts it has taken for us to be able to
accurately describe and engineer complex multi-photon quantum effects. As
classical interference of light is already an important part of the technology
of our current world (e.g. in gravitational wave detection [23]), the work put
into studies of the quantum interference of light could enable a new wave of
light-based technologies. This could be, for example, in linear optical quantum
computing [22, 24] or quantum repeaters for optical quantum communication
[22, 25|, where quantum interference is an important effect enabling these tech-
nologies.

Since quantum interference is a general interference phenomenon for light,
it can occur in any of its degrees of freedom. This includes the photon paths
where Hong, Ou, and Mandel started, but also polarization [26], spectrum
[27], waveguide modes [28], and free-space transverse-spatial modes (Ch. 4). In
this thesis, we will be looking into the last one of the listed degrees of freedom,
focusing on so-called paraxial beams of light. Besides the experiments presented
in this thesis, and the aforementioned waveguide modes, it should be noted that
quantum interference in transverse field structures has also been explored in a
few other contexts in earlier experiments, such as with g-plates [29] and in
multi-mode fibres [30]. It has also become an important effect in recent proof-
of-principle experiments [31, 32].

Out of the range of possible structures paraxial light fields can have, beams



with a helically twisted wavefront have been of special interest due to the orbital
angular momentum (OAM) they carry [33, 34]. This OAM has a plethora of
applications ranging from optical tweezers [35—40| to quantum simulations [41]
and encoding quantum information [42, 43]. In addition to these applications,
light beams with OAM, and structured light in general, seem to be especially
suited for different imaging and sensing applications. This is evident from
the different proof-of-principle experiments using generation and measurement
techniques of transversely structured light, e.g., for distinguishing two incoher-
ent point sources [44-47|, sensing beam rotations [48-51|, or sensing lateral
displacements |52-54].

As alluded to before, besides these sensing applications, experiments investi-
gating the suitability of such transverse spatial modes for quantum information
tasks have also become more frequent. These experiments usually investigate
their usefulness for encoding quantum information in communications [55-62| or
information processing applications [63-69|. Photons encoded with such high-
dimensional quantum information are often called qudits and they have been
shown to have the potential to surpass qubit implementations. This potential
stems from their increased data capacity [43, 70|, their increased security in
communications applications [71, 72|, resilience to noise [73|, and their poten-
tial in simplifying quantum algorithms [70, 74, 75]. While the set of transverse
spatial modes is the high-dimensional set of discrete modes we are investigat-
ing here, other sets and degrees of freedom have also been used to encode
high-dimensional information onto photons. These sets include time-bins [73],
frequency-bins [76], temporal modes [77], macro-pixels [78, 79|, and photon
paths [80]. In addition to such discrete bases, the same degrees of freedom can
be used for encoding so-called continuous-variable quantum information [81].

In general, the research fields of structured light and photonic quantum
information are currently very active fields of research, which is evident from
the amount of published research. This same trend is also seen in the number

of related review and roadmap articles published since 2019 [82-88].



1.1 Aim of this work

Because of the increasing interest in new quantum technologies, the promi-
nence of transverse-spatial modes, potential applications in sensing, and the
central role of interference in the physics of light, a few interesting questions
arise. How could the aforementioned technologies benefit from transverse spa-
tial modes? And could quantum interference in the transverse-spatial degree of
freedom be used to investigate fundamental aspects of photons? Furthermore,
since quantum interference has such a central role in many of the photonic
quantum technological applications, it would be interesting to know if we can
achieve arbitrary control of multi-photon quantum interference solely in the
transverse-spatial degree of freedom. Hence, the aim of this thesis is to in-
vestigate if it is possible to build, with current technologies, arbitrary spatial
mode transformations where it is possible to control the quantum interference of
multiple photons. Furthermore, we will investigate if this quantum interference
could be immediately harnessed in creating quantum states for exploring the
fundamental nature of photons, or in developing novel quantum technologies

benefiting from the transverse-spatial degree of freedom.

1.2 Qutline

The thesis is structured as follows. In chapter 2 we describe the theoretical
background of the key concepts relevant to the experimental studies performed
in this thesis work. We will start from the classical optics description of parax-
ial light beams in section 2.1, move to the quantum description of such beams
in section 2.2, after which we will briefly go over some relevant concepts of
nonlinear optics in section 2.4. After exploring the relevant theoretical back-
ground, in chapter 3 we will get a better understanding of the methods and
devices needed to create, manipulate, and measure quantum states of light in
the transverse-spatial degree of freedom. This includes a description of our
photon pair source (section 3.1), details on structuring photons with a spatial
light modulator (sections 3.3 and 3.4), and a description of a relatively new
category of light shaping devices called multi-plane light converters (MPLC) in

section 3.5. In section 3.5 we will also explore how we can use these devices



to build the arbitrary spatial mode unitaries we wanted to use in investigating
the quantum interference of photons. Finally in chapter 4 we move on to the
work reported on in publications I and II. This chapter shows how photon
bunching (or two-photon quantum interference) occurs in free-space transverse-
spatial field structures of photons, with and without the spatial mode unitaries
described in section 3.5. In chapter 5, we investigate how the techniques of
the previous chapter could be applied to engineer so-called two-photon NOON
states for transverse-spatial fields. We will also explore how such states of light
could be useful in sensing applications, as was reported in publications II and
III1. Before drawing our conclusions in chapter 7, in chapter 6 we look into how
the quantum interference effects of chapter 4 can give us more insight into one

fundamental property of light called the Gouy phase [89, 90].






2  CLASSICAL AND QUANTUM THEORY OF
STRUCTURED LIGHT

Although transverse spatial modes and quantum optics are very vibrant sub-
fields of modern optics, some of the theory used in describing them goes back
more than a century. Hence, going through all of this background does not
fit the scope of this thesis. In this chapter, we will explore the most relevant
parts of the theoretical framework utilized in this thesis. For a more complete
description, one should look for the many textbooks covering these topics (e.g.
[91-95]).

In this chapter, we will first see how paraxial light beams come about from
Maxwell’s equations and derive some important mathematical tools which we
will use later to study the propagation of light. We will then look into the so-
called canonical quantization of light and see how we can describe these paraxial
light fields in the context of quantized light fields. Finally, we will have a brief
look at some relevant concepts of nonlinear optics, which will become important

when describing the operation of our photon pair source in Chapter 3.

2.1 Classical Linear Optics

In this section, we will briefly derive the paraxial wave equation (PWE), in-
troduce one set of solutions to it, and finally explore how we can describe
the propagation of these transverse field structures, in theory and simulation,

through the angular spectrum representation.
2.1.1  Paraxial Wave Equation

To describe the propagation of light in free space, or when describing light at

all, the best starting point is Maxwell’s equations. As we are only concerned



with light beams in free space, we do not need to consider any charge densities

or current densities, and hence the equations can be stated in the form

- - B
V-E=0, (a) vxBE=-B )
ot (2.1)
OE

V-B=0, (¢) and Vxﬁzeouog, (d)

where E(r,t) is the electric field vector at position r and time ¢, B(r,t) is
the magnetic induction, €g is the free space electric permittivity, ug is the free
space magnetic permeability, and V operates on r. The tilde on top of the
parameters denotes that the field can include the rapidly oscillating temporal
part of the optical field, in accordance with the notation of Boyd [95]. In order
to describe light or electromagnetic waves, these equations can be used to derive
the electromagnetic wave equations
~ 19 = 10?5
V2E—- -—--E=0, and V’B—- ---B =0, 2.2
c2 Ot? c2 Ot? (22)
where ¢ = 1/,/€ofig is the speed of light in vacuum. To arrive at the well-known
Helmholtz equations, we further need to limit ourselves to light with a single
frequency with the ansatz
~ E(r . .
E(r,t) = ;)e“”t +c.c. = Re {E(r)e '“'} | (2.3)
where w is the chosen angular frequency, c.c. denotes a complex conjugate, and
the operator Re takes only the real part of the complex field term. This then

gives us the Helmholtz equations
V2E + k*E =0, and V’B + k’B =0, (2.4)

where k = w/c is the corresponding wavenumber.

Before we can finally get to the PWE, we need to address a few details
and make some further assumptions. Here, we will use the vector potential
A in the Lorentz gauge to derive the PWE. The Lorentz gauge is chosen for
convenience [92] and the vector potential is used in this derivation since the
divergence equation of the electric field (equation (2.1)(a)) is not fulfilled in

the paraxial approximation (read more about this in references [92, 96, 97]).
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Although this needs to be done to keep the results consistent with Maxwell’s
equations during this derivation, it has been shown that the results derived
using the vector potential are equivalent to the electric field solution in the
lowest order approximation [97].

To get to the PWE, we start with the Helmholtz equation for the vector
potential A, and assume the polarization of the field to be transverse to the
propagation direction (or optical axis). We denote polarization with a unit
length polarization vector e, and if we further assume a uniform polarization
structure, we can focus on the scalar field A using A = eA. As the definition
of a paraxial beam confines our light field to mostly propagate along an optical
axis, we can make another ansatz A(r) = Au(r)e'**, where z is the direction of
the optical axis and A is the corresponding amplitude containing the units of
the field in question (more about units of u(r) in section 2.1.2). Since now the
wavevectors of the field point mostly in the direction of the optical axis, we can
assume that the amplitude distribution u(r) changes slowly upon propagation
in the z-direction. More precisely, this means that we can assume the transverse

variations of u(r) to become dominant, i.e.,

2
’M < ‘Viu‘,

072

when Vf_ is the Laplacian acting on the transverse coordinates (z,y). The last
assumption we need is that we have a field profile which varies slowly enough

with 2z to have

@
0z

)

52| <
after which we have the PWE

’82u

V2 u(r) + 2i k:aazu(r) = 0.
Although the approximations required for deriving the PWE are well known and
well documented elsewhere, because all light fields do not fall into the scope
of these approximations, it is still important to restate and remember them
when designing and simulating optical systems. When it comes to determining
whether a specific beam of light is paraxial, different metrics can be used but

one useful tool for defining the paraxiality of complex transverse light fields is



the paraxiality estimator introduced by Vaveliuk et al. [98].

Since all the experiments presented in this thesis were performed in the
paraxial regime, we will not explore the effects of tightly focused light fields
here. However, many of the findings and effects explored in this thesis should

also apply beyond the paraxial regime.
2.1.2  Laguerre-Gaussian Modes

Having defined the PWE which governs the structure of the light fields we
will use in our experiments, it is important to explore the fields fulfilling this
equation. When defining fields that are acceptable solutions to the PWE (or the
Helmholtz equation), it is convenient to start from a complete set of solutions to
the equation and express the field as a superposition of the members of this set.
There are different complete sets of solutions to the PWE, with one of the most
well-known ones being the Hermite-Gaussian (HG) family of solutions which
have a roughly rectangular shape and are a natural set of solutions to the PWE
in Cartesian coordinates. A few other examples of complete sets of solutions
to the PWE are Ince-Gaussian modes which have an elliptical symmetry [99],
and the Bessel modes which have a transverse profile extending to infinity and
can also be formulated to fulfil the Helmholtz equation [92].

The set of modes we will be using in this thesis are the Laguerre-Gaussian
(LG) modes which are a natural set of solutions to the PWE in cylindrical
coordinates (p, ¢, z). We define p as the radial distance from the optical axis,
 as the azimuthal angle in the plane perpendicular to the optical axis, and z
as the distance along the optical axis. The normalized form of the LG modes

can be written compactly in the form given below and in reference [100]

o (N RN a2
upp(p, o5 2) = (1| + p) w(z) (w(z)> eXp< w2(2)>Lp <w2(2)>

exp (i [2}2?(2) — (2p+ €] + 1) arctan <Z ;RZO> + &pD ,
(2.5)
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where Lg |(§) is the generalized Laguerre polynomial [101]

TSI e . L L. - (2.6
P — (p —m)(|¢] + m)m!> ’ '
from which the modes get their name, w(z) = woy/1 + [(z — 20)/2r]? is the

beam radius, R.(z) = 2z (1+ [zr/(z — 20)]?) is the radlus of curvature, wy is
the beam radius at the beam waist, zp = kng is the Rayleigh length, and zg is
the position of the waist on the optical axis. From the form of this equation, it
can be seen that the overall shape of the modes stays approximately the same
upon propagation. Only the size of the modes w(z) increases away from the
focus due to diffraction, which is accompanied by a changing quadratic phase
p*k/(2R.(z)) and the Gouy phase ®5(2) = (2p + || + 1) arctan (%)

The LG modes given in equation (2.5) form an orthonormal set, meaning

that an overlap integral of any pair of LG modes takes the form

2m
/0 /0 PULypy (P, 2) (ufgm (% Z))* ddp = 6,6,0p,ps (2.7)

where 0., is a Kronecker delta and (-)* denotes complex conjugation. The
orthogonality of the LG modes stems from the properties of the Laguerre poly-
nomials and the orthogonality of the azimuthal phase terms exp (ify). Also
note that the normalized form of LG modes given in equation (2.5), and used
throughout this thesis, has units of 1/m. Hence, although they describe the
shape of the real electric, magnetic induction, or vector potential field struc-
tures used in the experiments, the amplitude distributions u(r) used here are
of this normalized form.

To plot these transverse-field structures, we use a combination of plotting
the phase of the field using a colour map and the amplitude using the brightness
of the colours. An example set of the 45 lowest order LG modes is plotted in
figure 2.1. In the figure, the modes have been sorted into separate mode groups
which are subsets of modes with the same Gouy phase. Hence, it is useful to
characterize each mode group by the integer number used in the Gouy phase,
which is M = [¢] + 2p + 1 for LG modes. It should be noted that in the
publications attached to the end of this thesis, intensity is used instead of

amplitude in similar plots. However, when using intensity, slight modifications
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Figure 2.1 An example set of the first 45 lowest order LG modes. The plots are of the transverse
structures of the beams at the beam waist. The modes are grouped in one mode order
M per row which makes the structures of the higher order mode groups easy to intuit
based on the emerging patterns. As mentioned in the text, the two-dimensional colour
map shows the phase structure in colour and amplitude structure in the brightness of the
colours at each point.

of the contrast and brightness of the image were used to make the wanted
structures visible.

One of the reasons for the popularity of LG modes in research is the OAM
they carry. This is distinct from the more well-known spin angular momentum
(SAM) carried by the circular polarization of light which Poynting postulated
already in 1909 [102] and which was measured in 1936 [103]. What the existence
of these two seemingly separate angular momenta is hinting at, is that the total
angular momentum of a localized finite light field, which can be defined as an

integral over a volume V' [92, 94, 104]
J:eo/rx(ExB)dV, (2.8)
1%
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can be divided into separate SAM and OAM terms. Sticking to the case where
V - E = 0 while using the vector potential B =V x A and only looking at the

divergenceless components of AL, these two separate momenta are [105]
3
S:w{/ExAFdVamiL:QE:/erxvyﬁdV (2.9)
v = Jv

The connection between L and OAM can be seen from its dependence on the
choice of origin which leaves S to be naturally associated with SAM due to its
dependence on the polarization of the field and not the origin [94]. Although
this separation will be useful later on, it should be noted that there are issues
with defining these two separate parts as angular momenta and in performing
the above separation of the total angular momentum for fields that are not
divergenceless [92, 105, 106].

‘HIII5> ",| F‘ 1’,!” Fk "”!!!’,!',‘
2=1 £=2 £=3 =4

Figure 2.2 Examples of four different twisted wavefronts corresponding to OAM indices ¢ =
{1,2,3,4} of LG modes. The different colours are used to make the different arms of
the helices more easily visible and \ denotes a single wavelength’s worth of distance in
the direction of the optical axis.

The OAM of light in LG modes was first pointed out in 1992 by Allen et
al. [33], and was demonstrated to rotate particles in 1995 by He et al. [34,
107] (a more complete account of important first works on optical vortices and
optical OAM can be found in [108]). The characteristic of OAM in LG modes
is the azimuthal phase structure €' which can also be seen in figure 2.1 as
the rainbow-like structures around the azimuth of the modes. The index ¢ also
characterizes the amount of OAM carried by a single photon in the given LG
mode, since a photon occupying an LG mode with the phase structure e'¢?
has ¢h OAM in the direction of the optical axis. Note that here A refers to
the reduced Planck constant. Physically, OAM is accompanied by a spiralling
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wavefront (illustrated in figure 2.2) which also means that the electric field is
not perfectly transverse to the optical axis.

In addition to the index £ which defines the OAM of an LG mode, the second
index p defines the radial structure of the fields by giving us the number of dark
rings the LG mode has. Although controlling this radial degree of freedom is
equally important for many applications, there has not been as much interest
in exploring the nature of this radial index. However, in the past ten years, a
few studies exploring the nature of this radial index have been published [109,
110]. Furthermore, an article published by Plick and Krenn linked this index to
a dilation of the field and named it the intrinsic hyperbolic momentum charge
[111].

2.1.3  Angular Spectrum Representation

Having defined the set of paraxial modes we will use in the later chapters,
we still need to know how we can conveniently calculate the propagation of
any arbitrary transverse field. This method of calculating the propagation
should also be easy to implement in simulations since that is crucial for our
experimental methods. Fortunately, propagating through the angular spectrum
representation (ASR) fulfils these requirements quite well.

To start deriving the ASR propagation formula in free space, we can initially
assume that our light field is in an isotropic, homogeneous medium, without
sources, and with a linear electromagnetic response. We can thus focus on a
single frequency again and separate the fast-oscillating temporal part from our
light field. This means that our light field satisfies the Helmholtz equations
(2.4), and we can limit our investigation to the spatially dependent part of the
electric field E(r) (see equation. (2.3)).

To describe the propagation of our field of light, we choose a propagation
direction z and start with the electric field on a plane (z,y) perpendicular to
this propagation direction. This selection of the propagation direction can be
arbitrary, but for the paraxial beams, we always choose the optical axis as the
axis along which our field propagates. We can then get the angular spectrum of

this two-dimensional field structure, at an arbitrary position z1, by performing
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a Fourier transform
1 o0 oo .
Elhakyiz) =5 [ [ Blgse bt dogy, (200
T J—coJ—-0

where (kz, ky) are the transverse spatial-frequency coordinates in units of ra-
dians per meter. Since at any arbitrary point (ks, k), €(ky, ky; 21) describes
the amplitude of a plane wave travelling in a certain direction, it is sometimes
also called the plane-wave spectrum. By taking a single plane-wave component
of this angular spectrum and inserting it into the Helmholtz equation, we find

that its evolution, upon a translation along the z-axis, can be stated as
E(ky, ky; 21) = E(ky, ky; 0)eT Eelhaky)zr (2.11)

where k,(kz, ky) = (/k? — (k2 4 k2) is the wavevector in the direction of the
optical axis. The factor e¥1#:%1 is often called a propagator and the sign of
this phase term defines the propagation direction of the field. The positive sign
refers here to the field propagating in the positive z-direction and the negative
sign, conversely, to the negative z-direction. Using this translation of a plane
wave, we can construct an equation for expressing the field at a position z = 21,
through a subsequent inverse Fourier transform, when we know the transverse

field structure on a plane at z =0
1 . )
E(w,y,21) = 2//8(]%’ ky;o)el(kszrkyy)eilkzZl dkmdky. (2.12)
T

In the above equation, we have omitted the integration limits and will sub-
sequently do so if our integration is over the whole space R™. The inverse
Fourier transform effectively superimposes all of the possible plane-wave com-
ponents with complex amplitude vectors €(kz, ky;0) and plane-wave phases
ellkaztkyydh=z1) resulting in the total field structure at (z,y,z1). Note that
the normalization factor 1/27 is placed in both the equation (2.10) and equa-
tion (2.12), to ensure that both operations conserve the normalization of the
field being transformed (see equation (2.7) for the relevant LG mode normal-
ization).

It should also be noted that since (k;, k) are spatial frequencies, it is tech-

nically possible to have an imaginary k. using its definition. Such a case, where
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k2 < k2 + k‘g in free space, results in evanescent waves which corresponds to

Izl Since these evanescent waves only exist for

the propagator becoming e~ ¥
higher spatial frequencies, some of the fine details of the initial field disappear
once we reach the far-field, if such high frequencies are present in the initial
field. Hence, propagation into the far field can be interpreted as a low-pass
filtering of the initial transverse structure. However, since we will only be con-
cerned with paraxial light fields in this thesis (i.e. |kL|/|k.] << 1), we won’t
be dealing with evanescent fields when using ASR propagation.

Most importantly for us, we see that calculating the propagation of monochro-
matic transverse fields only requires Fourier transforms and the multiplication
of multiple complex numbers. Thus, performing these calculations on a com-

puter can be done efficiently with the fast Fourier transform (FFT) algorithm.

2.2 Quantized Light

In the previous section, we introduced important equations governing the clas-
sical evolution of the electromagnetic fields that we will be using in this thesis.
Although these equations are sufficient for describing some properties of all
states of light, even single photons, the central theme of this thesis, i.e. quan-
tum interference, requires a deeper look into the quantization of the light fields
described in the previous section. Thus, in this section, we will be first working
through the quantization of light using the so-called canonical quantization.
We will then look at two types of quantum states of light and describe how
we can include paraxial light beams in this framework. In the last part of this
section, we will go through some details of how we can theoretically describe
measurements and transformations of quantum states of light. This section is
mostly based on Gerry’s and Knight’s book [93], Calvo et al.’s article [105],
Audretsch’s book [112|, Grynberg et al.’s book [94], and the review article of
Fabre and Treps [113].

2.2.1  Multimode Field Quantization

The canonical quantization of the electromagnetic field is crucial for describing
theoretically the experiments of modern quantum optics. However, since large

parts of entire chapters are dedicated to the canonical quantization in many
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textbooks, e.g. [93, 94|, here we will only have a brief overview.

We again start with the assumption of being in free space, without radiation
sources or charges, meaning that Maxwell’s equations still match equation (2.1).
We will again be using the vector potential K(r, t), but this time in the Coulomb
gauge VA= 0, meaning that the electric and magnetic fields can be calculated
from the vector potential using the equations

BoVxA and E=_22 (2.13)
ot
With our free space conditions, the vector potential also satisfies the wave
equation
via- PR g (2.14)
c2 ot? ’
which is identical to the ones fulfilled by the electric and magnetic fields (see
equation (2.2)).

We then model free space as a cubic cavity with a side length L. The walls

of this cavity have to be perfectly reflecting and it should be arbitrarily large,

allowing us to take L. — oo at any point. This cavity allows us to enforce

periodic boundary conditions for the cube faces, i.e., el#+% = ¢l ka(z+L) limiting
the set of allowed wavevectors to be
2 T
k = T (Mg, My, mz]" (2.15)
where [z,y, 2] is a three-dimensional horizontal vector, [- - -] denotes a trans-

pose, and {m;} is a set of three integers.

As we saw in section 2.1.3, we can decompose a light field into a set of
plane-wave components. Although in section 2.1.3 we only did this for two-
dimensional field structures, this same process can also be done for a three-

dimensional field and it produces a sum of plane waves in our finite cavity
At =Y ews [Kk,s(t)eik-r + Ap (e ier| (2.16)

k,s
In the above equation, the sum is performed over the wavevectors allowed by

the cavity (see equation (2.15)) and the two orthonormal polarizations (s) con-

nected to the polarization vector ey ;. The time-dependent complex amplitudes
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gk,s(t) are reminiscent of the plane-wave amplitudes used in equation (2.12)
but this time for a discrete set of wavevectors and with an included time de-
pendence. The polarization vectors are assumed to be real, for simplicity, and
with the Coulomb gauge, the vector potential can be shown to be transverse
(k- eks = 0). In the rest of this section the summing over k and s is replaced
by a single index j. Note that we can replace the sum in equation (2.16) by an
integral when taking the size of our cavity to be infinitely large in free space.
When performing this switch, one needs to take into account the density of
plane-wave modes in our box (see references |93, 114| for more details).

Using the wave equation (equation (2.14)) and the Coulomb gauge, we find

a familiar-looking set of solutions for the complex amplitudes of equation (2.16)

Aj(t) = Aje” 19t with A;(0) = A;. (2.17)
Placing now equation (2.16) into Egs. (2.13), we can write the electric and

magnetic fields as

E(I‘, t) = IZ wjej [Ajei(kj.r_wjt) — A;E_ i(k]-~r—wjt):| )
’ (2.18)

B(r,t) = éij(&j X €j) {Ajei(kj‘r_wﬂ't) — A;e_i(kj'r_wjt)] ,

where k; = |k;|k;. If we then insert these equations into the formula for the

energy carried by the field, we obtain a solution for the field energy of the form

1
H:/eOE B+ 1B BdV =2¢V Y wldjA;, (2.19)
2 )v

Ko F

where V = L3. Before we can perform the canonical quantization of this field,
we still need to define canonical conjugate variables (g;, p;) for each mode. One
convenient way to define them is as

Aj = (2.20)

1
Sy JegV 3% TP
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which changes the field energy to

1
H=33 (0 +wid). (2.21)

J

which is identical to a sum of the energies of different harmonic oscillators with
a mass m = 1. From this comparison, we infer that p; and g; fulfil the role
of canonically conjugate variables in the classical Hamilton equations of the
system. For a more rigorous demonstration of their fulfilment of these roles,
see reference [94] where the authors use the same assumptions and starting
point used here, with a slightly different definition for p; and g;.

As we have finally identified the two conjugate canonical variables, we can
perform the quantization step. This step simply involves associating the above
defined p; and ¢; with Hermitian operators p; and ¢; with the canonical com-
mutation relations

[4j.5] = 0= [B;py] (2.22)
[fljaﬁj'] = 1hd;jr = Ok dss'-
The caret is used to distinguish operators from other mathematical objects.
For convenience, we further define the non-Hermitian annihilation and creation

operators for each mode of the field as

R 1 o

a; = oI [quj + 1pj] and (2.23)
1

o L

4G = 2Mw; oty = 1hi] 220

respectively. Note that here (-)! denotes a Hermitian conjugate. Based on the
commutation relation of the conjugate canonical variables, we can calculate the

commutation relation of the creation and annihilation operators

[aj,a;] =0 = [ajaj]

T (2.25)
[dj, @j/} = 0jj = Ok Oss/

which are the same for any bosonic system, up to a chosen normalization con-
stant.

With the quantization of the multi-mode field, the total field energy, electric

19



field component, and magnetic field component get an operator form as well

e e (). 220

1
A hw 5 .
E(r,t) =i) <2€0€/> ej [a] i rmwit) gl l(kf'r*‘”jt)], (2.27)
J

1
B(r,t) = i%: <Z)’€/> ’ (kj;jej> [ajei(ka"r—wﬂ) - a}e—i(kﬂ—wﬂ)} .(2.28)
Note that the annihilation and creation operators in the above equations should
be interpreted as operators in the Heisenberg picture at t = 0, i.e., a;(t) =
aj(0)e” 1%t = gje~ 1%t Since the equations (2.26)-(2.28) describe observables,
the operators need to be Hermitian. There is also an additional physical mean-
de which is often dubbed the number

J
operator since it gives us the number of photons in the mode. This interpreta-

ing of the combined operator n; = a

tion becomes clearer if we compare the Hamiltonian to the energy of a quantum
harmonic oscillator E,, = fww (n + 1/2) [115]. Hence, equation (2.26) also gives
us the amount of energy each photon, or excitation of the field, adds to the
total energy of the field. Additionally, from Eqs. (2.27) and (2.28) we get the
electric and magnetic field amplitudes per photon which are (fiw;/(eoV))/?
and (fiw;/(eoVc?))'/2, respectively.

Now that we know how to quantize a field of light starting from Maxwell’s
equations, we can use this formalism to describe the states of light we have
in our experimental system. Here we will split this discussion into two parts.
First, we will look into a few different photon number distributions that we will
be using for our plane-wave modes and afterwards, we will see how we can take

these same states and extend them to the paraxial beams of light.
2.2.1.1 Fock States

With the ladder operators defined in Eqgs. (2.23) and (2.24), we are now able
to describe different states of light using this formalism. Here we will focus
on two types of states, Fock states and coherent states. The first one of these

two, Fock states or photon number states, are eigenstates of the Hamiltonian
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we introduced in equation (2.26)
H|n); = (nhw; + Ezpg) In;) = En), . (2.29)

Since they are an eigenstate of the Hamiltonian, Fock states have a well-defined
energy. This also means that these states are eigenstates of the number opera-
tor nj, i.e., they have a well-defined number of photons occupying each mode.
This is also the reason why they are called “photon number states”. Equa-
tion (2.29) also interestingly points out a few other curious consequences of
the quantization of the electromagnetic field. Namely, the zero point energy
(ZPE) Ezpp = >_; lw;/2, which tends to infinity due to the infinite amount of
radiation modes in our universe. This energy is accompanied by vacuum fluctu-
ations which can be seen when calculating the expectation value and variance
of the electric field operator equation (2.27) for the vacuum state. Such a cal-
culation gives us a zero average field, as expected, but a non-zero value for its
fluctuations. Although the infinite energy and vacuum fluctuations cause issues
such as the aforementioned infinite energies, both of them also play a role in
measurable effects, e.g., vacuum fluctuations in spontaneous emission and ZPE
in the Casimir effect.

Note that in equation (2.29), and throughout the thesis, we use the Dirac
notation to denote a quantum state. In equation (2.29), we have a state where
n photons occupy the mode j while all of the other modes just contain vacuum
|0);. Hence, the Fock state |n); could also be stated in a more complete form

in a few different ways:

n); = 10);@[0),®[0)3®--®|n), @
= [0)110)5[0)5 -~ [n); - - (2.30)
= 10,0,0,...,m,...).

In this thesis, we will usually omit all of the vacuum modes in our states and
will adopt the notation of reference 93| for a state where all of the modes are
in vacuum [{0}).

Besides being eigenstates of the Hamiltonian, the Fock states have some
other useful properties. Firstly, the effects of the annihilation and creation

operators on the Fock states are quite intuitive. The annihilation operator
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removes a quantum of energy, or a photon, from a photon number state
asln); = Virln = 1), a;10), =0 (2.31)
and the creation operator conversely adds a quantum of energy
A1 _
ajln); =vn+1ln+1),. (2.32)

The Fock states are also orthogonal to each other, meaning that when modes
corresponding to indices ¢ and j are part of an orthonormal set of modes, we
have

]< ‘n>z = 6nm6]z (233)

With these definitions, we can verify that the photon number operator actually
gives us the number of photons in a number state j(n|d}&j In); = n. We can
also derive a general expression for constructing of photon number state from
vacuum an
(%)

)y = = o). (2.34)
A few other interesting features of the Fock states are that, as eluded to before,
the fluctuation in the photon number of such a state is zero ;(n| (Aﬁj)2 In); =
<ﬁ]2> —(j)*> = 0. Also, in contrast to a classical description of a light field, Fock
states of light do not have a well-defined phase in which the electric field would
oscillate. This latter detail is accompanied by an electric field that is zero on
average j<n|E(r, t)|n); = 0. There are of course other interesting features that
these number states have but we will explore those in chapters 4—6 as these
states will be the main workhorse in our investigations.

At this point, it is also useful to note that the space of states we have
constructed above is sometimes called the total Fock space. Mathematically,
it can be constructed as a direct sum of Hilbert spaces with a fixed number
of identical particles, while taking into account the permutation symmetries of

the particles in question [116, 117].
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2.2.1.2 Coherent States

Fock states are a class of states of light that are quite rare in laboratories
and nature. Conversely, thermal light states, which will not be described in
this thesis, are quite prevalent in all aspects of our daily lives. Such states
are prevalent because they describe the light emitted in black-body radiation.
In between these two cases are coherent states of light which most closely
correspond to the usual picture of a classical light field. Coherent states also
describe well the properties of laser light.

Coherent states, often denoted as |«) j for a single mode j, are defined as

eigenstates of the annihilation operator
ajlo); = ala);. (2.35)

These states can be constructed as a coherent superposition of Fock states

according to

_1‘042 > a”
ja); = e 2 S Oy (2.36)

where we can see that they have an intrinsic uncertainty in the number of pho-
tons with a Gaussian-like shape for this photon number distribution averaged
around (7)., = |a%. More precisely, the distribution in the photon number
of a coherent state is in fact Poissonian, meaning that the photon number un-
certainty is (Anj), = |af, giving us the intrinsic photon number uncertainty
of coherent states which is also linked to the shot-noise limit [118]. Coherent
states are not an orthogonal set since the overlap between two coherent states

occupying the same mode is
H(Bla); = o~ 3 (182 +|al?~28%a) (2.37)

The reason why coherent states are perceived as classical is that the expec-
tation value of the electric field behaves comparably to a classical wave (here

we assume a plane-wave mode j polarized in the x-direction)

~ hw; \2 .
;o] Egjla)j = 2] <260€/) sin(wjt — kj - r —0), (2.38)
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when a = |ale'?. Contrary to a classical field, however, coherent states have
an uncertainty in the number of photons which is also accompanied by an

uncertainty in the phase and amplitude of the electric field. One instructive

@ X (b) X, / ’ © X2
lal, .~
' X \e X <>%W X

Figure 2.3 A phase-space representation of (a) a vacuum state, (b) a coherent state, and (c) a Fock
state. The solid circles represent the uncertainty in defining the vacuum and coherent
states in phase space. In these pictures, the distance from the origin is related to the pho-
ton number and the angular displacement from the X -axis is linked to the phase of the
field associated with the state. Hence, the coherent state has a reasonably well-defined
phase and photon number (with some uncertainty) and the Fock state has a well-defined
photon number but a completely undefined phase. In c) these properties of the Fock state
are represented by the thinness of the ring, giving the well-defined photon number, and the
occupation of every angular position showing the undefined phase. The figure is based on
a figure in reference [93] and is made as a qualitative representation of these states since
an accurate picture of the phase space cannot be drawn due to the uncertainty. Character-
istic functions such as the Wigner function provide a more complete visual representation
of these states (see, e.g., reference [93] for a description of characteristic functions).

way of visualising both of these uncertainties is through a phase-space picture.
The phase-space can be defined through the quadrature operators, which are

dimensionless versions of the canonical position and momentum operators

- 1

X, = 5(A]-Jra}), (2.39)
. 1,
Xag = 57(a5—ay). (2.40)

Phase-space pictures of a single-mode vacuum state and coherent state can be
found in Figure 2.3, along with a phase-space picture of a Fock-state constructed
in an analogous way. Note that although we call these phase-space pictures,
these images are only qualitative and differ from the classical phase-space pic-

ture through the intrinsic uncertainty in the pictured states. In these images,
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we see that the vacuum and coherent states have a similar spread through the
phase space denoting the identical uncertainty these states possess. This is why
coherent states are also categorized as displaced vacuum states with an average
photon number |a|? and phase § = arg(a), where arg is an operator giving us

the phase or argument of a complex number. Thus, coherent states can also be

T

defined through a displacement operator bj (o) = exp (a =

a*aj) as
ja); = Dj(a) [{0}). (2.41)

Both the vacuum state and coherent states also minimize the corresponding
Heisenberg-type uncertainty product between the two quadratures.

The phase-space picture presented here is mostly added as an instructive
image to highlight the difference between the properties of coherent states and
Fock states. However, such phase space representations are much more in-
structive when describing the behaviour of other useful quantum states such as

squeezed states [93], which are not in the scope of this thesis.
2.2.2 Quantized Paraxial Beams

To describe the states of light which we use in the experimental section, we
still need to go from the quantized plane-wave modes of the previous sections
to quantized versions of the paraxial modes described in section 2.1. To start,
we should remember that, for any set of solutions to the wave equation, their
superposition also forms an acceptable solution due to the linearity of the wave
equation

E(r,t) =Y &f(r,t)+cc. (2.42)

J

Here we have chosen an arbitrary electric field E(r, t) that was represented as a
superposition of orthonormal vector modes Fj(r, t) with the corresponding com-
plex amplitudes &£;. Also, in comparison to section 2.1.2, here the normalized
field structures are more general and include the field polarization and temporal
structure as well. The sum in equation (2.42) is sufficient for describing any

arbitrary electric field in free space if we restrict ourselves to a volume V as in
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section 2.2.1, where we can have a set of orthonormal modes

1 ~ ~
— / f;(l‘, t) . fj/(I‘, t) d31‘ = 5jj’7 (243)
Vv

which can be used to decompose any electromagnetic wave within the volume.
Similarly to section 2.2.1, the volume is an arbitrary choice which can be ex-
tended to infinity.

When we have a finite and complete basis of orthonormal plane-wave modes
{E}, we can construct any other set of basis modes as a superposition of these
modes. Limiting ourselves to a finite number of modes d can be often justified
by the experimental system only accommodating a fixed number of modes. The

new basis can be calculated as

Em(r.t) = > Ulf(r,t), (2.44)

=1

where U, are the complex components of a unitary transformation U, e.g.
mapping a finite set of plane-wave modes to the new set of orthonormal field
structures {g,}. The unitarity of the transformation ensures that the new set
of basis modes is also orthonormal.

Taking these same arguments to quantized electromagnetic fields, we can
express any mode of a quantized electromagnetic field as a superposition of
another finite set of modes. To perform this change in basis modes, we can
again use a unitary transformation U, but this time operating on the field

creation and annihilation operators
b, = S uial, (2.45)
J
aj = > Ubbm. (2.46)
m

Here the unitarity of the matrix U ensures that the commutation relation of
these new operators l;m and I;:rn are still of the same form expressed in equa-
tion (2.25). Hence, we can simply change the basis of the quantized plane-wave
modes used in section 2.2.1, and construct the wanted set of modes as a super-

position of them. Thus, if we would associate the modes a; with the plane-wave
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modes of the previous section, the electric field operator in this new basis takes

the form
B(r.t) =) (fgg>gm(r, )b + H.c.) , (2.47)

m
where H.c. denotes a Hermitian conjugate. The term giving us the electric field
per photon .7-"7(7} ) in the above equation can be calculated from the normalization

procedure of the modes g,,,, and is of the form

(féi’)2 =Y <2’Z”0€/> U7 |2, (2.48)

Note that in this general case, the new normalized field structures g, are of

the form

1
. 2 L~
E(r,t) = f;) Zj: (i‘(‘)’g/) US T (x, ), (2.49)
where the frequency-dependent scaling factor in the sum over the frequencies
might cause the new basis modes {g,,} to be nonorthogonal [113]. However,
in the case of only a narrow band of frequencies around wg being considered
(i.e. assuming a single frequency), equation (2.49) takes the same form as
equation (2.44) and the orthonormality of the modes is guaranteed again [113].
In this narrow-band approximation we also have F. ](1) = ((hwo)/ (260V))1/ 2,

If our narrow-band set of modes {g,, } is additionally limited to being parax-
ial to the z-axis (with a mean wavevector k), we can simplify equation (2.47)

by assuming the approximate form

. Feon | 172 .
E(r, 1) ~ <2€0€/> 3 (el<k02—w0t>gj(r,t)aj) +Hel, (2.50)

J

where we have envelope structures g;(r,t) that vary slowly compared to the
scale of the oscillation period and the wavelength. Hence, it would seem that
we can simply switch from the already quantized plane-wave basis to the LG
mode basis using a unitary mapping and have our quantized LG beams of light.

Of course, there are some details to keep in mind before making this step.
First of all, as we already discussed in section 2.1.1, one should keep in mind the

assumptions made in the paraxial approximation. One of the constraints for
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choosing an orthonormal basis Fj(r, t) for expressing our classical or quantized
light field is that it needs to satisfy Maxwell’s equations. Hence, the same
caveats given in the classical paraxial approximation extend to the quantized
version of the fields. However, we do know from experiments that the paraxial
approximation does hold quite well for quantized fields as well. Finally, as we
are working in free space, we should take our sum of plane-wave modes into the
continuous regime.

We can start working closer towards the quantized LG modes by staying
in the Coulomb gauge, as defined in section 2.2.1, and first writing our vector
potential operator in a continuous plane-wave basis. We write the operator
using so-called operator densities a(k) and a'(k) [119], defined in such a way
that we have [105]

h .
- | —— e, (K)ay (K)elkr—®t) 4+ el (251
;/d \/ T6m3eow(k) [e (k)ao (k)e +Hel . (251)

The operator densities follow the commutation relations

[ao(k),ag,(k’)} = 5y d®(k — K (2.52)
T

(k) al, ()] = 0= [a5(K), a0 (k)] (2:53)

where §(N)(¢ — ¢') denotes a d-dimensional Dirac delta function. In equa-
tion (2.51), we have also now switched our polarization labels to o, denoting
that the polarization unit vectors e, (k) are complex and either right-handed
circular (o = +1) or left-handed circular (o = —1).

From this general form of the vector potential operator we can get to the

form of a quantized LG mode by following the steps! in reference [105], which

dk iy ]{? lko(z ct) k
Z/ \/ 47r606k0 [esd Zp 0) Uep(I‘J_,Z 0) (2.54)

o,l,p
+ H.cl,

gives us

!Note that in this derivation, and in some other derivations performed in this thesis, we
need to exchange the order of sums and integrations. Although we assume this to hold in all
our derivations here, we should remember that such equivalences do not hold in general.
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where the field is taken to be paraxial to the z-axis. The field is also assumed
to propagate in the positive z-direction (kg > 0), without a loss of generality.

The restriction to the positive half-space is done to avoid issues in the paraxial
k. |?
2k3
in the positive z-direction, and k, is the wavevector transverse to the optical

approximation k, = kg (1 — ), where k = k, + k,u,, u, is a unit vector
axis. In equation (2.54), ug, is the same field structure that was given in
equation (2.5), r; is a two-dimensional position vector perpendicular to the
optical axis, and the annihilation and creation operator are defined similarly
to Egs. (2.45) and (2.46). However, this time the sum is changed to a double

integral
bt (ko) = / A2k L Uf (1 )i (K 1 Ko), (2.55)

where Uy (k1 ) is a Fourier transformed profile of an LG mode at z = 0 and the

a, (k1 , ko) operator follows a familiar commutation relation
[da(kl, ko), al, (K, k())} = 0,00 (k. — K\ )6(ko — kD). (2.56)

Through the above definitions, and the orthonormality of the LG modes, we can

derive the expected commutation relations for the operators in equation (2.54)

o0 p (ko) 0] ,’z,m,(k{))} = OBy O (ki) — ). (2.57)

To complete our look into the angular momentum of light, we can now give
a quantized form of the angular momentum operators using the quantized LG
modes. We will not go into the details of the derivation here, but more infor-
mation can be found by following the description of the derivation in reference
[105]. According to this reference, the z-components of the spin and orbital

angular momentum operators take the form

L. = n) ¢ / dkod, , (ko) igep(Ko) (2.58)
o.l,p 0

5. =m0 [ kil (o)), (2.59)
al,p

The above equations tell us that each photon occupying an LG mode with index

{ carries h¢ amount of OAM in the propagation direction of the paraxial field, as
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was also mentioned in section 2.1.2, and the SAM depends on the polarization of
the field. It also shows that LG-mode Fock states are eigenstates of both of these
observables which commute with each other. We should note that although
we can define these two commuting operators in the above-defined paraxial
approximation, the general three-dimensional OAM and SAM operators of light
fields are not true angular momentum operators since they do not follow the
usual commutation relations of angular momentum operators [105].

Since we have now defined the creation and annihilation operators for LG
modes in free space, we can write any paraxial quantum state of light in the

LG basis. For example, a single-photon state would take the form
= i
)= 3 [ ahCrsplho)al (o) O). (2.60)

ol,p 0

where the coefficients C, ¢, have to be normalized such that
[o¢]

Z/ |Co (ko) [Pdko = 1.
atp” 0

One more useful modification we can make to this expression is converting it

to real space by defining one more set of creation and annihilation operators

1 .
ao(r L, ko) = 2ﬂ_/d2kL61(kl'u)&U(kL,k0). (2.61)

The commutation relations of the above operator can be derived from equa-
tion (2.56) and they are [a,(r ], ko),&L, (r' k)] = 050 0P (r . — 1/ )S(ko — K}).
This allows us to rewrite the state in equation (2.60), using equation (2.55) and

the inverse transform of the one in equation (2.61)

1 )
o (kL ko) = 5 / A% e 00T (1) ko), (2.62)

which gives us

W) _Z/O dko Ca7g7p(kg)/d2rL al(ry, ko)
ok (2.63)

X (;T/d%mgp(kl)ei(krm) 1{0}).

30



In the above equation, we can clearly identify a two-dimensional Fourier trans-
form operating on the k-space distribution of the LG modes, when comparing
to the ASR transform at z = 0 in equation (2.12). Hence, we can write the

quantum state in the form

¥) = Z/OOO d’fO/dZPLfa,e,p(nvko) af (v, ko) [{0}) (2.64)

ol,p

where fy0,(r1) = Cyep(ko) X ugy(r i,z =0) gives us one component of a type
of two-dimensional wave function for our state (ug, is given in equation (2.5)).

The concepts presented above also have some general implications which
highlight the direct connection between the modes of light in classical optics
and the Fock space operators [113]. The first one is the commutation of the

creation/annihilation operators of two arbitrary modes [119]
br.8}) = [ 209 &7 (0) @'k (2.65)

where Bf is an annihilation operator for the mode with a normalized angular
spectrum f(k) and i)j] is a creation operator for a mode with the normalized
angular spectrum g(k). The normalization means that the modes produce an

overlap of one when integrated over the whole k-space

/ f(k)-f*(k) &k = 1

The second example of this connection is seen in the inner product of single-
photon Fock states. This inner product can be calculated from the commutation

relation in equation (2.65)

#{111)g = ({0} by} [{0}) = /f(k)~g*(k) d’k. (2.66)

Thus far we have defined modes of the electromagnetic field both classically
and quantum-mechanically. We also explored what sort of quantum states we
could theoretically construct (both spatially and through their photon distribu-
tion). What is left then, before moving into describing experiments, is exploring

some properties and use-cases of such quantum states of light and what physical

31



process can create such states of light.

2.3 Measurements, Unitary Evolution, and Mutually Unbiased Bases

In the previous sections, we have seen that paraxial light beams have a plethora
of orthogonal modes which photons can occupy and learnt how to mathemat-
ically describe them. However, for the purposes of our experimental inves-
tigations, we should still know how the measurements and evolution of such
quantum states are theoretically calculated. Hence, in this section, we will ex-
plore how we can theoretically describe these processes in addition to discussing
the concept of mutually unbiased bases (MUBs) which is important when in-
ducing quantum interference. Additionally, MUBs are an important concept in
some technological applications. Lastly, we will briefly go over how these con-
cepts come together in describing NOON states which we will be utilizing in the
experimental section of this thesis. This section is mostly based on Audretsch’s
book [112] and Gerry’s and Knight’s book [93].

2.3.1 Measurements

When it comes to measurements, in quantum mechanics there are more general
methods of theoretically describing measurements, such as a positive-operator-
valued measure (POVM) [112]. For most of our purposes, however, Born’s rule
for pure quantum states is sufficient. Born’s rule states that for some Hermitian
operator Q with eigenvalues A;, the probability of a normalized pure state |1))

being in a specific eigenstate |\;) is

p(N) = (] P [9) = (W] A0) (Nl ) = [l 9)]?, (2.67)

where P; = |\;) (A is a projection operator onto the state |A;). In other words,
Born’s rule gives us the projection of the quantum state in question onto a
chosen quantum state.

Besides projecting onto specific states, it is sometimes instructive to model
a measurement as probing the expected number of photons in the state (7).
For calculating the probability of two coinciding photodetections in detectors

that measure counts in modes 1 and 2, an observable of the form <&I&£d2d1>
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is often used [19, 120].
2.3.2 Mutually Unbiased Bases

A basis B is mutually unbiased in regard to another basis B’ if for any basis
state in basis B the projection onto a mode from basis B’ is | (1| vy )|* = 1/d
[121]. Here d is the dimension of the Hilbert space in question. Or phrased
differently, measuring a basis state of B in the B’ basis gives out a random
result.

To give an example, we first limit ourselves to a two-dimensional Hilbert
space, by focusing on a single photon and two modes. For photons, the modes
that are usually chosen for two-level systems have orthogonal polarizations but
are otherwise identical. Thus, we can denote our basis of two modes occupied by
one photon as {|1) ;7 , 1)}, }. These two states can be used as polarization qubits,
and they form the building blocks of different potential quantum technologies.
One fitting example of such a technology is quantum key distribution (QKD)
where single-photon qubits can be used to produce an unconditionally secure
encryption key, at least theoretically [122]. The example is fitting since MUBs
are often important in QKD, due to the objective randomness they add [123].

For any two-dimensional state space, such as the two polarization modes,
there is always a set of 3 MUBs when including the chosen initial basis. For
the basis {|1);,|1),/} these are the diagonal/anti-diagonal basis {|1),|1) 4}
and left /right circular basis {|1); ,[1)z}. Identically to classical optics, these

states can be given as superpositions in another basis

Vp = \}5(’1>H+|1>V>7 ’1>A_\}§(’1>H_’1>V) (2.68)

), = j§<|1>H+i|1>V>, |1>R=j§<|1>H—il>v>. (2.69)

It is simple to see that these states form MUBs for {[1), ,|1),/}, producing
,(1|1)y|> = 1/2 for any pair of bases. One visual way of representing these
polarization MUBs is using the Poincaré sphere (figure 2.4a) or the more general
version of it called the Bloch sphere, which can be used to represent any pure
two-dimensional quantum state (see a spatial mode Bloch sphere in figure 2.4b).

Mixed states can also be drawn in the same Bloch sphere picture, but they are
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represented by so-called Bloch vectors which do not reach the surface of the
sphere [112].

Figure 2.4 Drawings of, a) a Poincaré sphere and b) a Bloch sphere for a two-dimensional subset
of LG modes with p = 0 and / = +1. Each basis is composed of the two points on
the unit sphere’s surface, on opposite sides of the sphere. In both a) and b), a new MUB
can be defined for one selected basis by rotating an axis with these basis states 90° in
any direction. An arbitrary fully polarized state (a) or a pure quantum state (b) in this two-
dimensional space can be stated using an azimuthal angle ¢ = [0, 2| and an elevation
angle 0 = [0, 7] as [¢)) = exp(—ip/2)cos(6/2) [1); + exp(ip/2)sin(0/2) [1),,
where {|1) ., [1),} is a pair of orthogonal basis states chosen for the corresponding an-
gles [112]. The Bloch sphere can also be used to visualize other effects such as measure-
ments and unitary dynamics, more details of which can be found in reference [112].

For arbitrary Hilbert space dimensions, it has been shown that if the dimen-
sionality of the space can be stated as a power of a prime number d = II"", m €
N, we can construct the maximal number of d + 1 MUBs for this space [121].
However, although some MUBs can be constructed for other dimensions (e.g.
d = 6) it is not known if a maximal set of MUBs can even be constructed for
these dimensions. The construction of such bases is discussed in detail in refer-
ence [121] and, e.g., in the case where d is an odd prime we have the convenient
formula for the k" eigenstate of the j¥* MUB

d—

o) = 72 wg e ) (2.70)
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In equation (2.70), |m) are the eigenstates in the computational basis forming
the first MUB in the set, wg = exp(i27/d), and all of the indices count from 0
tod— 1.

2.3.3  Unitary Evolution

The final concept on our list, unitary operators, is a set of linear operators
for our chosen Hilbert space. Unitary operators are also categorized as special
normal operators [112]. Their defining feature is that their Hermitian conjugate

corresponds to the inverse of the operator, i.e.,
A A T A —i— A A~
UU =UU =1, (2.71)

when I is the identity operator in the chosen Hilbert space. These operators
are important for our experiments since any lossless linear optical system can
be modelled as a unitary transformation acting on the finite set of modes we
are working with, in our system [124, 125]. One especially important property

of unitary operations is that they conserve the inner product

(W) = (| T |6) = (wuldv),

when |¢y) = Ul¢) and |¢y) = Ulg). This means that photon-number-
preserving linear optical systems preserve the orthogonality of states of light.
In the two-dimensional single-particle Hilbert space we worked in above,
unitary operators can be stated in two equivalent forms. They can be written
using the Dirac notation or equivalently, since Hilbert spaces are vector spaces,
as a matrix. One example of such unitaries is a so-called beamsplitter unitary
which sets either of two arbitrary modes 1 and 2 into a balanced superposition
of the same pair of modes. One version of such a unitary can be written in the

Dirac notation as
N 1 i i 1
Ups = NG 1)1, (1 = 7 1)1 (1] = 7 194 (1] + 7 [1)q0(1. (2.72)

When stating this transformation as a unitary matrix, the diagonal elements

correspond to the coeflicients of the [1),,(1] terms and off-diagonal elements
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are the coefficients of the [1), ;(1] terms

U Lyt (2.73)
BS = —= : .
V2o

Besides describing the operation of a beamsplitter, this unitary operator also
gives us a MUB transformation. Hence, if we set H = 1 and V = 2, we can
state [1), = Upg |1); and —i|1); = Upg|1)y.. This leads us to a more general
point; for any finite dimension, we can define a unitary matrix for each MUB
of the computational basis [121].

Moving to transformations with multiple photons, we have to jump from a
simple two-dimensional Hilbert space to the total Fock space. Although the
states of the total Fock space can be described in a Hilbert space formalism
[117], for our use cases, working with the Fock space is more convenient. As
it turns out, for the purposes of this thesis, all of our transformations of the
modes of light can be conveniently calculated by transforming the creation and
annihilation operators. Meaning that, for a unitary evolution operator U , We
can calculate the resulting state by evolving the creation operators of all the
relevant modes as

u'alu. (2.74)

Furthermore, in finite-dimensional photon-number-preserving linear systems,

the resulting transformation can be stated as a sum of orthogonal modes &;r-,
summed together using the unitary matrices we introduced for single-photon

transformations [126]
al =Y Ulal. (2.75)

To use the two-mode beamsplitter as an example again, if we define
lps = ¢ = (afaz+asaf)

the evolution of the creation operators for modes 1 and 2 become

ATt L .+ .. At 1 Cat oA
i saltlps = G (ai - 1a£> U sabllps = % (—laJ{ + a;) . (2.76)
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which can be calculated with the Baker-Hausdorff lemma [115]

(2.77)

By comparing the forms of Eqgs. (2.73) and (2.76), we can clearly see the link
between the single-photon Hilbert space unitary matrix Upg and the evolution

of the corresponding creation operators.
2.3.4 NOON States

NOON states provide a relevant example where a combination of the concepts
presented in this section is needed to theoretically describe them. NOON states
are commonly used in the field of metrology where quantum features can im-
prove the precision with which we can estimate a set of parameters when the
number of photons is fixed. More about the details and advancements in the
field of photonic quantum metrology can be found in references [118, 127-129].

The specific quantum-enhanced measurement technique we are interested in
here utilizes the increased phase sensitivity of photon number states. This is
an effect we will be utilizing in the experimental section of the thesis as well.
Generally, in the context of NOON states, this phase sensitivity is useful in
interferometric applications. NOON states get their name from the form of the

state written in the Fock basis

1
V2

where our set of IV photons are in a superposition of two orthogonal modes.

&) (IN)110)3 +10)1 [N)5) (2.78)

The increased phase sensitivity of Fock states is simple to derive using the
relation we gave in equation (2.75). We just need a unitary evolution of the
two modes where they acquire different phases. The most common example
is a seemingly normal interferometer where the two modes correspond to two
Gaussian beams travelling along different paths, as displayed in figure 2.5. we
can then, for example, assume that the phase difference is acquired through a

slightly different path length in the interferometer, allowing us to construct a
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Figure 2.5 Conceptual drawing showing a NOON state between two photon paths. The drawing shows
the phase accrued by the two states during propagation between generation and measure-
ment.

unitary matrix

U, = . (2.79)

which describes the situation? with any arbitrary pair of phases 6; and 6y. As
in equation (2.75), we can now construct a new pair of creation operators after
the propagation dJ{ — 6101&]; and dg — elf2 d;

With the evolution of the creation operator, we can write the NOON state

after propagation as

1 1 . 1 .
75 (@™ + @) 1oy
1

1
Nl

=75 M (IN)110)y + ¢V o), 1N, )

where we now have a photon-number-dependent phase shift. One optimal mea-

<ei%§>N) o)) (2.50)

surement for getting the most amount of information about the phase dif-
ference AG = 6y — 6y, is by using the observable A = |0}, [N)y (N],(0] +
IN);10)5 (0] 5(IN|. The expectation value of this observable gives us

<A> = cos (NAG) (2.81)

2We should keep in mind that although translating along the optical axis of a paraxial
mode is a unitary process, it is not solely a constant phase shift, as will be discussed in detail
in chapter 6. For the purposes of this example however, this approximation is sufficient.
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where we clearly see that the signal has N times the fringes in comparison to a
regular interferometer using classical light, where the signal is proportional to
cos (Af).

Although this derivation tells us about the basic principle behind quantum-
enhanced NOON state interferometers, it is still missing a few key details such
as, how to justify the usefulness of NOON states and how one determines if
a measurement is optimal. These justifications will be explored in chapter 5
where we will combine the properties of NOON states with transverse spatial

modes.

2.4 Nonlinear Optics

The final piece of theoretical background we are currently missing is a brief look
into nonlinear optical phenomena. This is required since the source of photons
used in this thesis work is based on a nonlinear optical effect called spontaneous
parametric downconversion (SPDC). However, although this source of photons
plays an important part in our experiments, the operation of similar sources
has been described in a myriad of different publications and a lot of research
has been done on optimizing different types of downconversion sources (see e.g.
references [130-139|). Therefore, we will only briefly introduce some of the
most important basic concepts relevant to building a photon pair source. For a
more in-depth description of nonlinear optics, one should look into books such
as Boyd’s [95].

2.4.1 Classical Three-Wave Mixing

Nonlinear optics is a sub-field of optics that studies light interacting with media
that have a nonlinear response to applied optical fields. Classically the effects of
nonlinear optics can be again calculated from Maxwell’s equations but, as we are
no longer in free space, one needs to take into account the material polarization
P which we ignored in the earlier sections. This is usually done while still
assuming no free currents or charges in a nonmagnetic medium, and switching
to the macroscopic Maxwell’s equations with the electric displacement field
D = ¢FE + P [95, 140]. The usual equation written to describe the nonlinear

response in the material polarization (or dipole moment per unit volume) is
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95, 133, 140)

t)=eo [ D XGE(1) + > xOLE () Ex(t)+
7 ok (2.82)

ZXUM ( )El( )+
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where (1) is the linear susceptibility of the material, (™, (n > 1) are its non-
linear susceptibilities which are (n + 1)-rank tensors, and {i, j, k} denote the
Cartesian components of the fields. In this form of the equation, the response of
the medium is assumed to be instantaneous. These assumptions imply that the
medium is assumed lossless and dispersionless [95], which is not true in general.
Here we will only be utilizing the second term of this equation, which can be
written in a more general form by first following the definitions of Boyd [95];
P(r,t) = >, P(rjw,) exp(—iwyt) and E(r,t) = 3 E(r;w,)exp(—iwnt),
where the summation extends over a discrete set of all possible frequencies,
including negative frequency components as well to accommodate for the com-
plex conjugate terms. Due to the negative frequency components, we define
E(r; —w,) = E*(r;wy). With these definitions, we can write the more general

form of the second-order nonlinearities as

PZ(2) (wn +wm) = € Z Z Xi?k (wWn + Wins Wny Wi ) Ej(wn) Eg(wm),  (2.83)
3k (nm)

where X(.Q)

z,j,k(w” + Wi, Wn, Wiy, ) are the relevant components of the second order

susceptibility tensor and the summation Z(nm) is performed so that the sum
wy, + wyy, is held fixed. The above equation describes a set of interactions
categorized as second-order nonlinear interactions or, alternatively, three-wave
mixing. The name “three-wave mixing” is given to the process due to the fact
that, in contrast to the linear material polarization, the nonlinear response
of material polarization can act as a source emitting light in a mode where
the initial light fields were not oscillating in, adding a third light wave to the
interaction.

The reason why the observed material response to light is usually linear is
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due to how small the nonlinear susceptibilities are in comparison to the lin-
ear ones. Hence, laser light is usually used when inducing nonlinear responses.
Additionally, the second-order nonlinear processes only occur in noncentrosym-

metric crystals, i.e., crystals that do not exhibit inversion symmetry.
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Figure 2.6 Figure denoting a) the energy-level diagram of the SPDC process with dashed lines cor-
responding to virtual energy levels and b) the phase-matching condition for efficient down-
conversion. The red arrows correspond to the pair of downconverted photons (1 and 2)
with a smaller energy compared to the pump photon (3).

The process we are interested in — SPDC — is a three-wave mixing process
since it involves one intense pump field with frequency ws creating two fields
with lower energy w; and we. Since the process is parametric (the crystal’s
quantum mechanical state is left unaltered after the process) the photon energy
needs to be conserved. The energy level diagram in figure 2.6 a) is often used
to describe the process. The diagram uses virtual energy levels, and the energy

conservation follows the equation
hwsg = hwi + hws. (2.84)

The process is also most efficient for the case of perfect phase matching [133,
140] (see figure 2.6b)
Ak =ks —ky —k; =0, (2.85)

where 0 is a zero vector. This condition can be interpreted as momentum
conservation or as a condition for the energy from one optical field to couple
efficiently to another optical field by keeping both fields in phase as they travel
through the crystal. Commonly for birefringent crystals, this is achieved by
selecting a combination of polarization directions in the crystal so that the
phase-matching condition is fulfilled [95]. However, it is also possible to achieve

phase matching, in the wanted propagation directions, through a process called
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quasi-phase-matching (QPM) [95, 141] which we will be utilizing in this thesis.

The details of quasi-phase-matching can be read in publications such as ref-
erence [141], but in short, QPM reduces the effects of imperfect phase matching
by periodically inverting the orientation of one of the crystalline axes [95]. This
is done to induce periodical flips in the sign of the nonlinear coupling coeflicient
between the driving field(s) and the material polarization. If the periodicity of
the inversion is equal to the propagation distance after which the energy would
begin to flow out of the generated field(s), the inversion effectively corrects
for the phase mismatch and allows more of the field energy to flow into the
wanted mode(s). Effectively, we can state this as an additional component in
the phase-matching equation [95, 137, 141]

Akg =kz —ky — k1 — 2%, (2.86)
where A/2 corresponds to the domain length after which the crystalline axis is
inverted, and we have restricted ourselves to the case of collinear phase match-
ing for simplicity. Although QPM can produce good efficiencies in nonlinear
processes, it should still be noted that if perfect phase matching is possible, it
would produce a stronger nonlinear effect, provided that all the other variables
are kept the same [95, 141].

2.4.2  Quantum Description of Spontaneous Parametric Downconversion

Although most effects in nonlinear optics are sufficiently well described by a
classical treatment, a full description of SPDC light needs a quantum formalism.
The SPDC process can be described by its effective interaction Hamiltonian,
which is of the form [93, 140]

Hr ~xPagalal + H.c, (2.87)

where ¥ is the relevant nonlinear susceptibility and the indices 1 and 2 cor-
respond to the modes of the downconverted photons while 3 denotes the pump
field. It can be seen from the operators shown in the equation how the SPDC
process corresponds to one pump photon being subtracted to create two pho-

tons in modes 1 and 2.
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Using a more complete form of the interaction Hamiltonian, the quantum
state resulting from SPDC can be calculated under many different conditions
and approximations. For our purposes, the state reported by Lerch et al. [137]
is close to the scenario utilized in our experimental setup. In reference [137],
the authors calculate the output for a QPM type-0 configuration, which means
that the polarization of the pump and the two downconverted photons are
the same. Hence, QPM is needed in the process since the birefringence of
the material cannot be used to achieve phase matching. Furthermore, the
authors assume a non-depleting monochromatic pump with a transverse field
distribution 5; (k) propagating along the z-direction. The frequencies of the
downconverted photons follow the energy conservation in equation (2.84) and
the nonlinear crystal has a temperature-dependent length L(T'). The approx-
imate unnormalized state for the modes 1 and 2 was then calculated, using
perturbation theory [133], to be of the form [137]

|\I’> = ‘{0}> + /dkL,l /dkLg /dw2 S(li,wg — Wwa, kLQ,UJg) (2.88)

X @l (ki 1, ws — w2)ab (ki 2, wo) [{0}), (2.89)
where

2i eoxgc)fL(T)e(wl)e(wg)

- 3h(27)5n(wy, T)n(ws, T)

(A/{:z + %) L(T)
2

s(ki,wi, kig,we) = (2.90)

(2.91)

X Sg_(kJ_J +k 2)sinc

In the above equations, n(w;,T’) denote the material refractive indices, A(T) is
the poling period of the crystal, e(w;) =14/ % is a normalization function,

and the phase mismatch term

Ak, :\/(“jn(wl,:r))z ~K+ \/("fn(wz,:r)f ~K2, (2.92)
_\/C‘f”(w& T)>2 — (ki1 +ki2) (2.93)

One key thing to note about equation (2.88) is that although the equation
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only has a vacuum term and a two-photon term, the perturbation theory so-
lution ignores higher-order terms such as Cs|2), |2), which generally have a
much smaller amplitude. Despite being an approximation, the equation does
give us some intuition on how to maximize the probability of photon pair gen-
eration. Of course, this maximization should be done while keeping in mind
that with a very large downconversion efficiency, the higher-order terms start
to become non-negligible. From s(k; j,wi, k| 2,w2), it is quite clear that the
main contributors to the amplitude of the two-photon state are the amplitude
of the pump field, the length of the crystal, the magnitude of the nonlinear
susceptibility, and the phase matching term Ak, + % In a not-so-direct
way, the shape of the pump also affects the shape of the downconverted state
which then affects the number of collected photon pairs. This is caused by the
spatiotemporal filtering that almost always occurs when the two photons are

collected in an experimental system [131, 138].
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3  CREATION AND TRANSVERSE SPATIAL
MANIPULATION OF PHOTONS

With the theoretical background presented in the previous chapter, we are
well-equipped to start describing the experimental methods and devices that
are utilized in this thesis work. We can roughly separate our experimental
setups into four distinct stages, photon pair generation, transverse structuring
of photons, measuring photon transverse structures, and finally photon pair
detection. As it is crucial to have a source of photons to study two-photon
interference effects, we will start by utilizing the SPDC described in section 2.4
to construct a photon pair source. We will then go through some of the devices
and post-processing required to measure such two-photon states of light. The
rest of this chapter will be spent detailing the devices and methods utilized in

shaping and measuring the transverse structures of these photons.

3.1 Photon Pair Source

In order to reliably study the quantum interference of multiple photons, we
need to have a source of photon number states, i.e., the Fock states described
in 2.2.1.1. Since, as we shall see in the following chapters, the quantum inter-
ference effects we aim to observe require a source capable of producing photon
number states. Although attenuating laser light produces a beam of light which
transmits one photon at a time on average, such states of light are more ac-
curately described by the coherent state (see section 2.2.1.2). Fortunately, in
section 2.4 we saw how the second-order nonlinear process of SPDC is capable
of producing photon number states.

SPDC has been used as a source in many quantum interference experiments
including the seminal experimental work of Hong, Ou, and Mandel [19]. The

process is also very versatile since it can be used in many different scenarios.
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For example, the photon pair generated in this process can be used as a source
of single photons by heralding the existence of one photon by detecting its
partner [142|. In section 2.4 we listed a plethora of articles looking into the
optimization and theory of SPDC sources in different tasks. Although we will
describe in detail the photon pair source used in the experiments presented
within this thesis, readers aiming to build an optimal photon pair source can
get a better overview of optimal parameters from such publications (e.g. [130—
139)).
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Figure 3.1 Drawing of the SPDC source used in the experiments described in this thesis. The draw-
ing shows the focal lengths of the lenses used and displays the general structure of the
source. For a detailed description of the construction of the source, see the main text. In all
the experiments presented here, the photons are detected using single-photon avalanche
diodes (SPADs) and coincidence counters (CC), as is shown in the bottom right corner
and explained in detail in section 3.2. The figure is adapted from the supplementary of
publication Il [143].

A diagram detailing the construction of our photon pair source is shown
in figure 3.1. The source uses a continuous-wave pump laser centred around
405 nm (spectral line width <0.06 nm and free-space output power of roughly
135 mW), the output of which is focused into a 12 mm long quasi-phase-matched
potassium titanyl phosphate crystal. Due to the QPM, such a nonlinear crys-
tal is often called a periodically poled potassium titanyl phosphate (ppKTP)
crystal. The crystal is coated by the manufacturer to increase transmittance at
the pump wavelength and the downconverted wavelength (810 nm). The poling
period of the crystal, as stated by the manufacturer, is 3.425 um. As hinted at
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in section 2.4, the crystal is phase matched for type-0 phase matching. Hence,
a half-wave plate (HWP) and a quarter-wave plate (QWP) are placed before
the crystal to orient the polarization of the pump in the correct direction.

It should be noted that although the same source is used in all three of the
experiments presented in the thesis, some details vary between experiments.
Most significantly, the first experiment (publication I) used a fibre-coupled
version of the same pump laser, with the pump power varying between 40 mW
and 70 mW due to degradation over time. The latter two experiments used
the free-space laser described previously. When using the free-space laser, the
pump field was focused into the crystal with a 300 mm focal length lens. This
gives the pump beam a slightly astigmatic focus with a waist radius of 67 pm,
measured at the crystal position in free space.

The phase matching is controlled through the temperature of the crystal
using an oven that actively controls the temperature of the crystal. The crystal
temperature is tuned to maximize the rate of collected photon pairs, giving
both photons of each pair a spectrum centred at 810 nm. As studied in detail
in reference [137], the temperature dependence of our SPDC source is caused
by the thermal dependence of the refractive index and thermal expansion of the
crystal which changes the crystal length and poling period. Out of these three
effects, they attribute most of the change in phase matching to the temperature
dependence of the refractive index. After the crystal, the pump laser is filtered
out with band-pass filter(s) (BPFs) which also narrow down the bandwidth of
the downconverted photons. The narrowest filter had a 10 nm bandwidth in
the first experiment (publication I) and a 3 nm bandwidth in the two later
experiments (publications IT and IIT).

After the pump is filtered from the downconverted pair of photons, we still
needed to separate the pair of photons and collect them. Since the downcon-
verted photons have the same polarization in type-0 downconversion, we cannot
use polarization-dependent effects to separate them. Instead, we use the intrin-
sic momentum anticorrelations of the photons which exist in phase matched
SPDC (see section 2.4). To do this, we first place a lens one focal length away
from the crystal to gain access to the Fourier plane of the downconverted field
through an optical Fourier transform (see e.g. reference |91] for information

on optical Fourier transform). In the Fourier plane of the crystal, the momen-
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tum anti-correlations of the photons have turned into a spatial separation of
the photons. We can then split the two photons by placing a D-shaped mir-
ror in the middle of the downconverted field, reflecting only one photon of the
generated pair into a separate path. It is important to keep in mind that as
the photons do have a non-negligible transverse extent, it is possible to split a
single photon into a superposition of the two paths using the D-shaped mirror.
In such a scenario, one can observe single-photon interference if the separated
fields are brought together again. To avoid this, we found it best to have the
degenerate downconversion be slightly non-collinear, which gives the filtered
downconverted field a doughnut-like shape at the D-shaped mirror. We then
collected two furthermost regions of the doughnut, which successfully removed
the single-photon interference from our signal.

To collect each photon, we use a lens and a 20x magnification microscope
objective in each collection arm to couple the photons into separate single-
mode fibres (SMF). The SMFs are placed on coupling stages that can be used
to control the position of the fibre along three axes. Additionally, a computer-
controlled delay stage is placed in one of the arms to allow control over the
difference between the arrival times of the two photons in the experiments.
The delay stage was controlled by the Thorlabs ZST225B actuator.

3.2  Photon Pair Detection

To detect photon pairs there are different types of devices one can use. Besides
the capability of detecting a single photon, photon pair detection usually also
require the ability to discern the detection time with sufficient accuracy or a
short enough gating for the detection window of the photon. Nowadays there
are many devices able to do this, such as superconducting nanowire detectors
[144] or intensified charge-coupled devices [145], to name a few. The detectors
we used in our experiments were SPADs, specifically the COUNT-T modules
manufactured by laser components. These detectors have good timing precision
(characterized by a timing jitter that the manufacturer states is around 500 ps
at 670 nm and 100 000 counts per second), a low dark count rate (~20 counts
per second), quantum efficiency of ~74 % at 810 nm and a dead time of ~42 ns,

according to the test data from the manufacturer.
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Since our experiments always involved looking at coinciding detections in
two of the aforementioned SPADs, we also needed a device for distinguishing
when the two detectors registered a photon at the same time. To do this,
we used a coincidence counter made by IDQuantique (ID900). Using 13 ps
wide time-bins, this counter is able to discern the time difference between the
detection events in our two detectors. Hence, with this device, we were able to
calculate the total count rates of both of our detectors, while also counting how
many times the two detectors registered a detection event at the same time.

In addition to choosing a suitable pair of detectors and a coincidence count-
ing device, we still need to consider a few details about coincidence counting
before we are able to move on to performing the experiments. Namely, we
should consider the coincidence window, the rate of accidental coincident detec-
tions, and the nonlinearity of the detectors. The first of these — the coincidence
window — is the window of time within which we consider the two detections
to be simultaneous. This is important due to the spread in the timing of the
detection events caused by properties such as the timing jitter of the detectors.
Thus, we would like to make the coincidence window wide enough to include
most of these coinciding detections. In all of our experiments, the coincidence
window was set to 1 ns in the coincidence counter.

In some cases, however, the second point on our list — accidental coincident
detections — might limit the width of our coincidence window. Accidental coin-
cidences appear when uncorrelated detection events randomly coincide. Hence,
for most quantum optical experiments, such events are inevitable due to detec-
tor dark counts and uncorrelated photons arriving at the detectors. Fortunately,
we can remove accidental coincidences from our signal by calculating the ex-
pected number of such erroneous detections. In this thesis work, the accidental
rates were calculated with the commonly used accidental rate calculation [146-
148]

Ryce = R1RoTe, (3.1)

where R; is the rate of single events in detector i per second and 7. is the
used coincidence window, giving us the rate of accidental coincidences per sec-
ond. This equation also shows us that the rate of accidental detections can be
minimized by shortening the coincidence window or by reducing the rate of un-

correlated detection events. Although this formula for accidental coincidences
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is often sufficient, it is still an approximation and might not be reliable in all
situations [149].

The final consideration on our list — detector nonlinearity — is caused by
the dead time of the detectors. The dead time is the length of time after a
detection event, during which the detector is unable to detect a photon. Thus,
the dead time causes detector nonlinearity since a larger portion of photons go
undetected when the rate of photons arriving at the detector is increased. This
is due to a larger number of photons arriving at the detector during this dead
time. In our measurements, the nonlinearity only affected our results when we
wanted to estimate the rate of single photons and photon pairs our source was
producing. In this case, the true photon rate arriving at our SPADs (when ig-
noring detector efficiencies) can be calculated from the rate of registered events

Rineas using the equation [150, 151]

Rme as

_oomeas 3.2
1- RmeasTD ( )

Ractual =

where T is the detector dead time.

3.3  Liquid Crystal Spatial Light Modulators

The last set of methods we require for our experiments involve the spatial
structuring of light. The methods for performing spatial structuring utilize
planes where the transverse field of the photons is manipulated. Hence, before
we can move on to describing such methods in sections 3.4 and 3.5, we first
need a device capable of modulating the transverse structure of a light field.
Computer-controlled devices capable of shaping the amplitude and /or phase
of a light field at a specific plane are generally called spatial light modulators
(SLMs). The modulation can happen either in transmission through the device
or upon reflection from the device. The term SLM includes devices such as
deformable mirrors, digital micromirror devices, and liquid-crystal (L.C) screens
[152]. In this thesis, we will be working with a specific type of LC SLM that can
only modulate the transverse phase structure of a light field. We will briefly
mention the operating principles of LC SLMs and go over the relevant details

we needed to consider when using such SLMs. A more in-depth description of
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the inner workings, and more details about the usage of such devices, can be
found in references [147, 153, 154].

All of the SLMs used in the published works discussed in this thesis, were
Holoeye Pluto-2 LC on silicon SLMs. These SLMs work in reflection and can
only imprint a two-dimensional phase pattern onto the reflected light field.
In a simplified picture, these SLMs consist of a layer of LCs which introduce
the wanted phase delay onto a horizontally polarized light field through their
intrinsic birefringence. To enable spatial control of this phase delay, the LC
layer is sandwiched between pairs of electrodes. This arrangement enables
a controllable rotation of the LCs at individual pixels which are only a few
micrometres in size. The rotation of the LCs changes the phase delay applied
at that pixel [153], effectively creating a phase difference between parts of the
light field propagating through the LC layer at different positions of the device.
Due to their birefringent nature, such SLMs are designed to operate only for
one linear polarization. The Pluto-2 SLMs have a pixel pitch of 8 um, a fill
factor around 93 %, 1920 by 1080 pixels, and an active area of 15.36 mm by
8.64 mm.

In addition to the discrete size of the phase-modulating pixels, the phase-
modulation levels of the SLM are also discretized. They are controlled by giving
each pixel an 8-bit grey value, and hence at each pixel, we can induce one of
256 different phase delays. Although some SLMs can induce phase differences
between pixels that are larger than 27, we use the 8-bit values from 0 to 255
to impart phase differences between 0 and 2w. We chose the 27 difference
because this gives us the maximum amount of phase delay levels for creating
ramping phase structures between 0 and 27. One such structure can be seen
in figure 3.2 b) which shows a phase mask implementing a blazed grating on
an SLM.

When using an SLM, there are many details and settings that can affect the
end result. Chief among these is the possibility that the SLM imposes incorrect
phase delays onto the light field or that these phase delays are inconsistent
throughout the screen. Thus, we first verify that the different phases imprinted
by the 8-bit values from 0 to 255 increase the phase of the field linearly from
0 to 27. This verification can be done through a variety of different methods

where usually one-half of a coherent light field is delayed by each of the 256
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values and this phase difference is then recorded. The process can be done, for
example, through off-axis digital holography [155-157|, by coupling the field
to an SMF, or focusing the field down to a camera as is shown in the setup
in figure 3.2 ¢). Here we utilized the last one of these methods, the details of

which are given in reference [147|, and briefly mentioned in figure 3.2.
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Figure 3.2 Figures related to SLM phase levels. a) is a colour map showing how the 0 to 255 grey
levels correspond to the phase values from — to 7. This colour map is also used in all
images of phase masks in this thesis. b) contains an image of a blazed grating phase mask
with each ramp of the structure having 15 pixels, a plot of the corresponding discrete phase
levels is also shown. ¢) contains a drawing of the calibration setup used to calibrate the
SLMs in this thesis work. The setup involves a laser beam that is divided into two beams
that are directed onto two sections of the SLM. One of the beams is then successively
delayed by different phase delay values, in respect to the other beam. The beams are
then brought to interfere on a camera using a lens. A line from the interference pattern is
then recorded on the camera for each delay value, which can be repeated multiple times
to average out phase flicker effects. The images are subsequently used to calibrate the
device according to the method in [147] until the stack of line images produces a linear
phase delay for the applied delay values on a range of [0, 27r]. One example of this final
stack of line images is shown on the right side of c).

One important thing to note is that, with any phase calibration method, the
applied phase shifts vary for different incidence angles. Hence, calibration of

the phase response of the SLM is ideally done when it has already been placed
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into the experimental system.
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In a) we see a picturesque way of showing how one can calculate a phase mask imprinting
OAM=+1 on the 1st diffraction order using (1) a blazed grating and (2) an azimuthal phase
ramp (such masks are explained in more detail in section 3.4. b) shows an example of
a phase aberration imprinted on a light field due to, e.g., the backplane of an SLM not
being flat [154]. The plot in b) is adapted from reference [154], and it shows the flatness
of a Pluto 2.1 SLM which has a particularly bad wavefront distortion, according to the
manufacturer. ¢) shows a setup one can use to correct for the flatness of an SLM using an
input beam hitting the mask shown in a) and optically Fourier transforming it onto a camera
[158]. Next to the setup are example camera images we measured of an uncorrected and
a corrected Fourier transform of an OAM=+1 structure. Note that the separation of the 0"
and 1%t diffraction orders is exaggerated here for clarity and the picturesque calculation of
the phase mask is a simplification of the procedure.

Even with a phase calibrated SLM however, the phase delays at different

areas of the SLM might not behave identically. Such behaviour could be caused

by the backplane of the device not being flat due to the fabrication process

[154]. Hence, even when the screen is supposed to set the same phase delay

at each pixel, it might actually imprint a spatially varying phase structure.

One example of an uncorrected wavefront reflected from a Pluto-2 SLM is

shown in figure 3.3 b). To compensate for these phase variations, one can
again use different methods (see for example [154, 158, 159]). For the first

experiment presented here (publication I), we did not compensate for the

unevenness of the SLM phases. In publications IT and IIT however, we used
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the method introduced in reference [158] to flatten the phase response of all
SLMs. The basic idea behind this correction method involves imprinting OAM
onto a beam of light using the SLM, with a phase mask similar to the one
shown in figure 3.3 a). The beam is then optically Fourier-transformed and
recorded with a camera. Figure 3.3 ¢) displays a diagram of this correction
setup. The Gerchberg-Saxton algorithm [160] is adapted to reconstruct the
corrective phase structure from the recorded images. After several iterations,
the process leaves us with a phase-correction mask for a specific area of the
SLM.

Besides the aforementioned details, there are other factors that might affect
the operation of the SLM, such as the phase stability of the screen [147, 153,
154]. In addition to the effects listed in these references, we observed other
effects that seemed to influence the behaviour of the SLMs. However, we did
not investigate these effects in detail due to a limited time frame. First among
these effects is a seemingly thermal effect affecting the alignment of optical
setups with multiple reflections off of SLMs. When working with a setup with
5 reflections off of Holoeye Pluto-2 SLMs, we observed a slow decoupling of
the system when switching from an alignment laser to a photon pair source.
This decoupling was less severe when only using two reflections off the SLMs,
and reducing the power of the alignment laser seemed to reduce this effect.
The second effect was a polarization rotation we observed when using specific
incidence angles and phase delay values on the SLM. This effect was observed
when reflecting multiple times off of an LC SLM, manufactured by Meadowlark
Optics, at a relatively small incidence angle. In this system, by only adding
a uniform phase delay value on the SLM, the intensity of the beam after a
polarizer was reduced significantly. One possible explanation of this effect could
be that the birefringence of the LC produces a rotated polarization state instead
of matching the output polarization to the polarization of the input field, at this
specific incidence direction. One final effect we observed, in the same multi-
reflection system with a Meadowlark SLM, was a slight lateral shift in the light
beam when a spatially uniform phase shift was applied to the whole beam at
one plane. This effect could cause small errors when complex manipulations of
the spatial structure are performed. As for the cause of this effect, we do not

currently have a satisfactory hypothesis.
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3.4  Single Mask Spatial Mode Manipulation

Now that we have a device for structuring light, we can explore methods for
using the phase-only SLMs to structure and measure the transverse field of
our photons. We group these methods into ones utilizing a single phase mask,
outlined in this section, and methods using multiple phase masks, also called
multi-plane light conversion (MPLC) methods, which we will outline in sec-
tion 3.5.

3.4.1  Spatial Structuring

With phase-only SLMs, the simplest form of spatial structuring is imprinting a
phase structure on the beam. Such a method is straightforward but can cause
the amplitude structure to evolve in a complex manner if proper imaging is not
implemented. In the case of LG modes, this method is often used when dealing
with pure OAM modes (i.e. modes where we do not care about the radial
structure of the field). Due to the imperfect modulation efficiency of SLMs,
caused by properties such as the non-unit fill factor and crosstalk between
adjacent pixels, a blazed grating is often added onto these phase masks. This
allows one to separate the light with the wanted phase modulation into the
first diffraction order of the mask. The modulated light can then be separated
from the rest of the field through filtering in the Fourier plane or far field of
the phase mask. In all experiments presented in this thesis, such a grating was
added to the hologram displayed on the SLM. However, not all applications
and devices require this added grating term.

Phase mask patterns with a phase structure and an added grating were al-
ready used for creating OAM light fields already in the 1990s [161-164], and in
single-photon experiments around the turn of the current century [165]. Com-
putationally, one can create such a mask by simply summing up the phase
profile one wants to imprint onto the beam with the phase profile of the blazed
grating, as is also shown in figure 3.3 a). After summing up the phases, we
still need to bring the resulting phase structure to a 27 range for the SLM
with a modulo operation. Figure 3.4 displays a simplified rendered image of an

incoming Gaussian beam on which an OAM is imprinted in the first diffraction
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Figure 3.4 A render of an SLM imprinting +1 OAM onto a Gaussian beam. The input beam comes
from the left and the wanted phase structure is imprinted onto the first diffraction order,
shown on the right side of the input beam. An approximate structure of the zeroth diffrac-
tion order is shown on the right to emphasize the non-perfect diffraction efficiency of the
phase mask shown on the SLM. The colours of the cross sections correspond to spa-
tially varying phases, as introduced in the colourmap of figure 2.1. Note that the radial
amplitude structure of the beam changes in propagation since simply imprinting a phase
structure on a Gaussian beam creates a complex superposition of modes of differing mode
order, where different components of the superposition might have different Gouy phase
terms.

order.

Since such simple structuring cannot perform arbitrary amplitude modu-
lations, a different technique needs to be used for modulating the phase and
amplitude of a light field with a single reflection off of a phase-only SLM. For-
tunately, such methods do exist and the operation principle behind them often
relies on scattering or diffracting the unwanted parts of the light field into a dif-
ferent direction [166-169|. Besides the referenced methods, one can also create
such phase masks through a modified Gerchberg-Saxton algorithm [170, 171].
In our experiments, we used the method detailed in reference [169], where the
diffraction efficiency of a blazed grating term is scaled depending on how much
amplitude we want to send into the first diffraction order at each transverse
position. For convenience, we will be referring to this method as mode carving.
The diffraction efficiency is reduced by allowing the grating to only use a frac-
tion of the 27 range. Note that the relation between the wanted field amplitude

and grating phase range is not linear [166, 169]. Figure 3.5 shows an example
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Figure 3.5 A rendered image showing a phase mask performing amplitude and phase modulation on
the first diffraction order of the mask. The input field is a Gaussian field and an estimation
of the field shape in the zeroth diffraction order is shown on the right. The output field is
also shown as an ideal mode here, without considering possible sources of error.

of such a mask carving an LG mode with radial index p = 1 and OAM index
{=1.

In the final experiment (publication IIT), we also performed an additional
correction to the mode carving method. Specifically, with this correction we
took into account the Gaussian shape of the input field. The original carving
method uses a large input beam that can be approximated as a plane wave
but, in some cases, the results can be significantly improved by taking the
shape of the input beam into account. The correction was done by calculating

the carving phase mask for a transverse field

U(rp) = me@(rm)’ (3.3)
where A(rp;)e! ®#) is the field structure we want to generate and Ag(rp,) is
the real amplitude structure of the initial Gaussian light field the mask is ap-
plied to. Here, r,, are the two-dimensional coordinates identifying the centres
of each pixel in the device and A(rp;) is a real amplitude function. Although
this added envelope can correct for some of the unwanted effects caused by
the input beam shape, the incident Gaussian beam should still be kept larger

than the wanted transverse structure to minimize the losses accrued in the
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Figure 3.6 An exaggerated image highlighting that for a beam at an extremely large input angle, the
illuminated area on an SLM is elliptical. An example of a phase mask taking into account
the elliptical shape of the input beam is also shown.

carving process. Additionally, if one wants to implement further corrections to
equation (3.3), the amplitude structure Ag(rp;) can be changed to a complex
field that includes details such as a possible quadratic phase structure, in case
the incident beam is not exactly at the waist position. More details on this
amplitude correction can be found in the supplementary of reference [172].
One more additional correction we can include in any phase mask type is
taking into account the angle of incidence of our incident beam. Such a cor-
rection is not often necessary but increases in importance if larger incidence
angles are used on the SLM. Since we have to use the SLM at an incidence
angle larger than zero to have a sufficient spatial separation between the input
and output beams, the SLM plane is not perfectly perpendicular to the prop-
agation direction of the beam. Hence, the area that a circular beam (such as
a Gaussian beam) illuminates on the SLM is slightly elliptical. This ellipticity
produces some unwanted effects on the modulated field which can be reduced
by calculating the phase mask in elliptical coordinates, where the longer axis
of the corresponding ellipse is within the plane of incidence. This effect and
correction are visualized in figure 3.6. This correction was used in the second

experiment (publication IT) of this thesis to improve the results.
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3.4.2 Single Mask Measurements of Spatial Structure

To measure the transverse field structure of a classical field, one can employ
methods utilizing interferograms such as off-axis digital holography [157|. How-
ever, such methods do not work as well for determining the structure of a single
photon since they require many copies of the photon to be prepared and in-
terfered with a coherent reference beam. Because of this, projective methods
are commonly used to measure the spatial structure of a single photon. Such
methods often involve types of filters which ensure that only photons with a
non-zero spatial overlap to a given field structure can end up at a certain detec-
tor. Ideally, we would have efficient sorting schemes [173-183] where a set of N
different orthogonal spatial field structures are separated into NV paths that lead
to N different detectors. Although certain sorting procedures are also possible
with a single phase transformation [184, 185|, we limit ourselves to filtering for
a single transverse field at a time, using a single phase mask. Such single-mode
filtering measurements reduce the number of required single-photon detectors,
offer decent efficiency, and are flexible when filtering for arbitrary transverse
field structures.

Methods that filter for transverse field structures usually rely on using a
phase mask on an SLM and a subsequent SMF. The SMF, as the name sug-
gests, allows only a single transverse spatial mode to couple into the fibre
efficiently. For standard SMF's, this mode is approximately a Gaussian mode.
Since propagating a field from an SLM and focusing it down to an SMF is a uni-
tary transformation (ignoring small losses)[125], this ensures that the overlap is
conserved between a pair of transverse fields after the propagation. Hence, we
can calculate the probability of a single photon coupling into an SMF, after a
phase transformation at an SLM, by calculating the overlap of the photon spa-
tial structure and the mode of the SMF, at the SLM plane. If we limit ourselves
to a paraxial beam with a single polarization and wavelength, while defining
in(r1) as the photons normalized spatial structure, M(r ) as the phase mask
structure, and ©g(r;) as the approximately Gaussian field structure of the
SMF', back-propagated to the SLM plane, the probability of coupling is given

by
2

‘/dQI'J_ M(I’J_)lﬁm(rj_)lﬁg(rj_) . (3.4)
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Note that the above equation can be derived from the Born rule (Eq. (2.67))
and an overlap relation for paraxial beams, similar to the one shown in equa-
tion (2.66).

Since such a filtering measurement process is the reverse of the process per-
formed when generating transverse spatial modes with a single phase mask, the
same masks and corrections can be applied for measurements as for the shaping
of Gaussian beams. For example, if we are only interested in measuring the
OAM of the photon, we can employ the same phase-only masks described in
the previous section, and couple the first diffraction order of this mask into the
SMF. Hence, the combination of the phase mask and SMF acts as an OAM filter
for the photons. The type of mask used for measuring depends on whether we
need to also measure the amplitude structure, and if we can afford the losses of
the mode carving masks. With the mode carving masks, the same corrections
seen in section 3.4.1 can be introduced when taking into account the shape of
the back-propagated SMF mode. This means that a correction similar to the
one in equation (3.3) can be added, or the size of the back-propagated Gaussian
can be increased to approximate a plane wave [186]. Note that the mask filter-
ing for a specific spatial structure should be calculated by using the complex

conjugate of the field being measured, as can be seen from equation (3.4).

3.5  Multi-Plane Light Conversion

In the previous sections, we discussed how a single phase modulation plane on
an SLM can be used to shape and measure the transverse field structure of
light. As we noticed, however, the more complex the shaping gets, the more
losses such methods intrinsically have. Thus, to maintain high efficiency when
increasing the complexity of a transformation, we can distribute the shaping
of the transverse field structure over multiple planes. Methods that perform
such light shaping with multiple linear optical elements separated by free-space
propagation are categorized as MPLC schemes [125, 187]. Although this def-
inition is quite general and could be interpreted to include any linear optical
system with multiple components, the term is usually reserved for systems
where phase-only SLMs or custom phase plates are used.

MPLC devices enable the simultaneous shaping of the phase and amplitude
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profile by solely utilising phase manipulation masks which are ideally lossless.
The individual phase masks allow us to change the transverse phase structure,
and the propagation between multiple phase-modulating masks allows us to
shape the amplitude structure. In the mode picture, this amplitude shaping
can be attributed to the differing Gouy phase evolution between the paraxial
modes the previous phase mask “excites” in the beam.

MPLC transformations can be designed to convert a single transverse field
structure to a different one [125, 188| or to map pairwise a large set of orthogonal
input structures into a different large set of output modes, with one static
device. These large sets of orthogonal structures include orthogonal transverse
fields propagating in a single beamline [66] and transverse fields sufficiently
separated from each other on the transverse plane to make the fields orthogonal
[174, 181, 187, 189-191|. Here we will focus on transformations within a single
beamline, one example of which, implemented on an SLM, is shown in figure 3.7.

MPLC is, in principle, capable of shaping any set of d modes into any other
set of d modes, as long as the linear transformation is unitary and there is a
sufficient number of phase modulation planes. Although, unfortunately, there
does not seem to be a clear way of determining the necessary number of phase
planes needed for a given task as this number is highly dependent on the specific
transformation being performed. In reference [125], the authors reported that
for a specific construction of an MPLC, it is possible to perform any unitary
transformation using MPLC, provided a sufficiently large but finite number of
phase manipulation planes. However, as the authors also noted, compromises
might need to be made on the quality of the MPLC transformation due to
a limited number of available phase manipulation planes. Based on existing
literature, transformations of a single paraxial mode, e.g. LG modes, seem
to require three phase manipulation planes [125, 188]. When scaling up to
an arbitrary number of input fields, a differing number of phase manipulation
planes have been used and reported on. For example, in reference [187] the
authors state that they have arrived empirically at a rule that, in general, a
transformation with d inputs and outputs requires 2d + 1 phase manipulation
planes. However, as the method has been developed, specific transformations
have been shown to require a significantly smaller number of planes without

compromising too much on the quality, e.g. 7 phase manipulation planes for 210
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Figure 3.7 An example of an MPLC device implemented on an SLM using three phase modulation
planes. The device allows for consecutively shaping the transverse phase profile at the
masks while enabling amplitude modulation through propagation between each phase
mask. The beam is reflected three times off of three different sections of the SLM by
placing a mirror in front of it. To minimize the change of the beam being cut when pass-
ing next to the mirror, the mirror chosen for this application was a coated right-angle prism
mirror. The shown transformation performs a beamsplitter-like unitary mapping for the two-
dimensional set of LG modes with radial index p = 0 and OAM ¢ = +2, shaping either
one of these modes into an even superposition of the two. The output superpositions are
orthogonal to each other since the unitary device preserves the orthogonality of the input
modes.

transverse spatial modes [174]. Additionally, in some applications the overall
accuracy of the total unitary transformation might not be of importance and
lower conversion efficiencies could be tolerated as long as, within the desired

mode set, the cross-talk between the wanted output fields is small.
3.5.1  Wavefront Matching

At the heart of any MPLC device are the phase manipulation masks. To design
a set of these phase manipulation masks, an inverse design optimization method
is usually employed. This optimization usually takes some of the constraints
and limitations of the physical system into account. Different methods have
been suggested and used for the optimization of MPLC systems [192] and other

similar systems [193|, but the method used to optimize phase masks in the
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present work was wavefront matching (WFM).

One example of an MPLC system, with three phase masks optimized through
WEFM, is shown in figure 3.8. The same transformation is also shown in fig-
ure 3.7 but in figure 3.8 we also see some of the intermediate stages of the
smooth transformation provided by MPLC. To give a simple example of a mul-
tiplexing MPLC system, figure 3.9 shows an example of how the same WFM
algorithm can be used to create a two-mode multiplexing device with five phase
masks.

WEFM gets its name from a waveguide design method [194], and one expla-
nation of the method is given in reference [190] (with example codes provided
in references [174, 195]). When using WEFM, we first select the number of
phase modulation planes NV, set the free space propagation distance Az between
the planes, select the set of input modes (a set of normalized transverse-field
structures {f;(r; }), and the desired set of output modes (a set of normalized
transverse-field structures {b;(r  }). Before proceeding with the optimization,
it is recommended to verify that the desired transformation is unitary. For
most applications, this verification can be done by making sure that both the
input and output field sets contain mutually orthogonal fields. To begin the
optimization, we simulate the propagation of the transverse input fields for-
ward through the system. In the simulation, we usually limit ourselves to a
grid with the same pixel pitch as the SLM we are using. The wanted output
fields are then conversely propagated backwards through the same system. To
perform both of these propagations, we use the ASR propagation described in
section 2.1.3, using the FFT algorithm to perform the Fourier transforms.

After the initial fields are propagated through the system, we can start op-
timizing the blank phase masks in sequence. Of course, as we update the phase
masks over multiple iterations, we need to also keep updating the propagated
fields as the updated masks affect the propagation of the fields through the
system. The basic principle behind the method for updating the individual
masks is to minimize the phase differences between each forwards-propagated
input mode and corresponding backwards-propagated output mode at every
phase mask plane. This process is then repeated while cycling through the
phase mask planes until a minimum difference between the wanted output and

the simulated output is reached. Ideally, this gives us a smooth transition by
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Figure 3.8 An image showing how an MPLC with three phase masks converts either of two input
modes into their corresponding output mode. The masks are calculated with the WFM
method to transform the two input modes with a single set of masks, in the same beamline.
Some intermediate field structures are also shown to highlight the smooth transformation
the device performs. The transformation shown here is identical to the one shown in
figure 3.7.

perfectly matching the wavefronts of the forwards-propagated inputs with the
backwards-propagated outputs at every phase modulation plane. The opti-
mization can be started from any one of the phase masks and we first calculate
the spatially varying phase difference between each pair of input and output
modes at this mask. The difference is calculated by multiplying the forwards-
propagated beam by the complex conjugate of the backwards-propagated beam

at each pixel of the simulation grid
ors(@,y) = fiw s (k= 1) x A2} (2,3 (k= 1) x Az),  (3.5)

where k is the index labelling the specific phase mask plane corresponding to
a z-position (k — 1) x Az (with mask k& = 1 set at z = 0). The index j labels
the pair of input and output modes. At this stage, if our optimization included
only one phase modulation plane and one input-output mode pair, we could
perfectly match the input to the output using a phase mask with the phase
structure

o) = —arg(o11), (3.6)

provided that the amplitude structures of both the input and output were
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Figure 3.9 Animage showing a multiplexing MPLC converting two Gaussian inputs, sent in at different
transverse positions, to two Hermite-Gaussian modes in the same beamline. The MPLC
uses 5 phase masks and the intermediate field structures are again shown in between
the masks. Compared to the transformation in figure 3.7, the masks here have much
higher spatial frequencies, which is due to this specific transformation being more difficult
to implement, at least with the specific MPLC settings chosen for this transformation.

identical at the plane & = 1. This can be seen by stating the input field as
filz,y; (k= 1) x Az) = ag(z, y) exp(iby(z, y))

and the output field as
bi(z,y; (k — 1) x Az) = ap(x,y) exp(i0y(z, y)).

With these definitions the single phase mask takes the form

Py (2, y) = —0f(z,y) + Op(z,y).
If we then set
af(l‘,y) = Clb(l',y) = a(a:,y),

at the phase mask, our forward propagated beam exactly matches the wanted

output after the phase mask
e P1@Y) £ (2, 1:0) = a(z, y)e O @0 @v+0@) — b (2, 4:0). (3.7)

In a more general situation, our device has multiple input-output pairs.
Then the new phase mask is calculated as a sum of the oy; terms for each pair

of modes

Oz, y) = —arg | Y ogj(x,y)e ¥ | (3.8)
j
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This sum is comparable to a weighted average of the field overlaps at the plane
k. This weighting comes from the amplitude of the product fields og;(x,v),
which gives more weight to positions where the amplitude of this product is
larger. The additional phase factor ¢; is introduced to ensure that each term
okj(x,y) in the sum adds constructively to the new phase mask structure, while
allowing the global phase of each input field to vary in the final transformation.
In reference [190], and in the code provided with reference [174], the phase
factor is the phase of the overlap integral between the mask calculated in the

previous iteration (P,iprev) (x,y) and the product oy;(z,y)

¢; = arg </ d’r, okj(x,y)eiqbgcpm)(z’y)> ) (3.9)

In simulation, the integral turns into a sum over the finite and discrete sim-
ulation grid where our initial input and output fields are normalized. How-
ever, based on our limited testing of the method, it does not seem to matter
whether the mask from the previous iteration is taken into account. Simply us-
ing ¢; = arg (f d?r | okj(z, y)), instead of the function given in equation (3.9),
seems to produce equally good results in the update procedure described here 1.
The phase factor and mask update procedure used in publication I are iden-
tical to the ones in the code provided in reference [195].

With a sufficient number of iterations, the process almost always converges
to a solution where the difference between the simulated and wanted output
modes is minimized. Unfortunately, however, this minimum can be local [190]
and, to change the outcome, the number of parameters and constraints one can

apply to the optimization procedure are numerous.
3.5.2 Constraints and Parameters in Wavefront Matching

To improve the result of the WFM algorithm, we can change the numerous
parameters used in the optimization procedure or include additional constraints
that encourage the algorithm to arrive at certain types of solutions. In this final

section of this chapter, we will look at some of the constraints we have found

"However, if the term @ (z,y) is used more as an updated structure added to the previous
phase mask, instead of a completely new mask which we can use while discarding the previous
one, equation (3.9) might be the better option.
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useful when designing MPLC masks. We will also talk about the effects that
some of the parameters have on the end results.

Based on experience, smoother phase masks seem to work better in the
physical implementation of MPLC devices. Although there are numerous tricks
one could think of to reach such an end result, we often achieve this by using
a set of multiple wavelengths in the optimization. In the WFM algorithm, this
can be implemented by simulating the propagation of the input-output pairs
over a set of wavelengths around the wanted operation wavelength. In this case,
the sum in equation (3.9) is summed over field pairs of different wavelengths
as well. This usually minimizes the amount of higher spatial frequencies in
the mask as those can result in drastically different behaviours for light with
different wavelengths. It thus reduces the number of small details, limits the
number of adjacent pixels with a large difference in grey values (which can
cause significant pixel cross-talk on an SLM), and increases the bandwidth
of the resulting phase masks. Of course, if gratings are added to these phase
masks, as discussed in section 3.4, the bandwidth of the masks, and the number
of phase jumps, will be defined by the grating instead of the underlying phase
transformation. When adding multiple wavelengths to the WFM algorithm, it
is especially important to equalize the average phase? for each term in the sum of
equation (3.8). This is because the different wavelength components might have
different global phases, although the transformations might be similar. Hence,
the different terms op; would start interfering with each other in unwanted
ways, unless the global phases of each term are adjusted.

Besides adding more wavelengths, adding absorbing boundaries to the simu-
lation grid can help with removing nonphysical artefacts. The specific artefacts
these boundaries remove are created when a part of the light field crosses the
edge of the simulation grid. Although these artefacts are not an issue with all
transformations, in tasks requiring large spatial frequencies they become more
prevalent. When implementing the absorbing boundaries, we have found that
applying them at the phase mask location is usually not sufficient. Thus, we
also need to apply the absorbing edges at locations between the masks. Hence,
we apply the absorbing edges by distributing these absorption planes randomly,

in every iteration.

2This is taken care of by the phase factor in equation (3.9).
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One more addition that can help in creating better solutions is partially or
completely neglecting the low-intensity parts of the field in the mask updating
procedure. An example of such a parameter is given in the example code of
reference [174]. Lastly, enforcing symmetries such as rotation, reflection, or in-
version symmetry on one or more of the masks, has also produced better results
in some physical implementations. However, the effectiveness of this constraint
is highly dependent on the transformation in question and the symmetries of
the set of input and output modes.

Besides these constraints, parameters such as the size of the fields and propa-
gation distance between phase masks can have a large effect on the solution the
algorithm finds. Hence, the solutions can also be improved, quite significantly,
by optimizing these parameters. More about the constraints and parameters
in WFM can be found in references [174, 190].

To further improve the WFM algorithm, one could also consider additional
experimental imperfections which could affect the physical implementation of
the transformation. Some imperfections, which we did not consider in our own
WEM algorithm, include the effects caused by the fields input angle to the
phase masks (similar to the effects discussed in section 3.4), the effects of the
discrete pixel size of the SLM, the fill factor of the SLM screen [153], and the

pixel crosstalk.
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4 PHOTON BUNCHING IN SPATIAL MODES

With the overview of the theoretical background in chapter 2 and the detailed
look into the experimental methods in chapter 3, we will now use these con-
cepts to explore two-photon interference in transverse field structures. We will
start by looking into what photon bunching exactly is and how it works in the
transverse-spatial degree of freedom, after which we move on to utilizing states

produced by photon bunching as tools in the next two chapters

41 Two-Photon Interference

Photon bunching is a type of quantum interference between multiple photons
and its name refers to how photons tend to group together, into the same mode,
in certain situations. This bunching is a result of the bosonic nature of photons.
One of the most common examples of photon bunching is HOM interference
where two photons enter a balanced beamsplitter as is shown in figure 4.1.
To calculate how quantum interference occurs in this scenario, we first assume
that the photons occupy two paraxial modes {1, 2}, which allows us to write

the quantum state in the form

) = [1) 1alDap= a162 |{0}>

-y % / dko / dky C) (ko)CD, (kb . (ko)BLs o (kD) 1{0)

ol,pa’ l.p
(4.1)

where we have stated the general paraxial beam in the LG basis according to
equation (2.60). The indices {1, 2} label the different properties of each photon,
and the letters @ and b used in the creation operator denote the different optical
axes that the two photons have. The different photon paths also make the
modes orthogonal. The operation of the balanced beamsplitter on these two

input modes can be represented by a unitary transformation similar to the one
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Figure 4.1 Picturesque representation of the quantum interference process described in equa-
tions (4.4) and (4.5). Inthe picture, two photons enter the beamsplitter from two separate
input ports. The representation shows a set of classically expected output possibilities for
the photon pair. The two terms where the photons would exit from separate output ports
interfere destructively and the two photons bunch together. The figure is adapted from
publication I.

shown in section 2.3

v LM (4.2)
V2 '
Hence, our operators evolve as
~f 1 (AT .AT) Al 1 ( o AT)
ay — —= (ay +1iby ), by — — (iay + by ), 4.3
1 A 1 2 NASERRE (4.3)
giving us an output state
ety = (m}az +albl —dlal + ii{z};) 1{0}). (4.4)

From the above equation, we can see that if the transverse structures 1 and 2
are exactly identical, i.e. Cg 2 ko) = C’g E) p(ko), the two middle terms cancel
each other and we are left with a two-photon NOON state between paths a and

b .
ey = £ (a 457 1{0)) = 75 (2100 10}, 120). (45)

Hence, the two photons bunch together and only exit the beamsplitter in the
same output port. Figure 4.1 also gives a visual demonstration of this interfer-
ence. Note however that we cannot know which output port the two photons
exit from since they are in a superposition of being in path a “and/or” b. Addi-
tionally, since the unitary given in equation (4.2) is a MUB transformation, this

example shows us that two-photon interference can be achieved by a change
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into a different MUB.

If our two photons are not exactly indistinguishable Cg?l?’p(ko) # Cfr?e)’p(ko),
nor perfectly orthogonal >, o~ dko C;(Z{ ;(ko)Cfe)’p
tum interference still occurs but with lower visibility. To demonstrate this,

(ko) # 0, some quan-

we can calculate the rate of coincident detections, similarly to the calculation

performed in reference [196], using a projector

A

P=P, P, (4.6)

with

Pu= Y [ b al,, (00) 10)) ({0} ) )

al,p

and

Py= 3 [ o ] h0) 01) (O3] B “8)

ol,p
By assuming that the unitary in equation (4.2) applies similarly to all LG modes
and wave numbers being used, we can calculate the probability of detecting two
photons in paths a and b simultaneously, from the state }\Ilout>, by calculating

the projection

Peoinc = <‘1}0ut‘ Pa ® Pb ’\IIOUt>
2

1 o0 *(1 2
=2t g / dko Caff,;(kO)ch,f),P<k°> :
g’ ?p

(4.9)

where we see that the coincidence detection probability ranges between 1/2 and
0, depending on the overlap of the modes (1) and (2) |22, 196|. This means that
our coincidence detection probability will get closer to zero as the transverse
structures (¢,p), the polarization structures (o), and the spectral/temporal
profiles (kg = wp/c) of the two photons get more identical. Hence, the two-
photon detection probability can be tuned by, e.g., changing the arrival times
of one of the photons compared to the other.

In our experiments, we tune this detection probability by moving the delay
stage in the source (see figure 3.1). As is explained in reference [196] and can be

inferred from the time dependence given in section 2.2.1, this delay effectively
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corresponds to a frequency-dependant phase factor
it it —ikgcr
b (ko) —> b (ko)e 70T, (4.10)

where 7 is the amount of time delay between the photons. To give an example of
the effect of this temporal delay, we will assume that both of the photons have a
uniform circular polarization og, a single-mode LG structure corresponding to
indices {£p, po}, and a Gaussian frequency profile centred at ko with a Gaussian
width ¢ (related to the spectral width [19])

*52(160*’“6)2

v , 0 =00, L =1Ly, p=po

oW

o,l,p

(ko) = O (ko) =
0 , otherwise
(4.11)
Inserting this into equation (4.9), while noting that the phase shift in equa-
tion (4.10) effectively changes c? (ko) to c? (ko)e™ hoeT gives us

ol,p ol,p
1
]_ _

00 c  —Pg-ko? |
/ dk‘o e E— 6—1koc7—
0
1 0o
1— ‘/ dr efofigT(achwo)
Vil

Pcoinc =

O |

] (4.12)

NN

<\/7T6
7

where we have defined x = ¢(ko — k¢)/s, giving us the constant z¢g = ck./s.

To calculate the integral, we can approximate that the lower limit is effectively

at —oo, as the constant xg is ~ 150, for our experimental parameters, and the

T

Gaussian envelope e~ * differs significantly from zero only within the range

(—3 < x < 3). This makes the integral into a regular Fourier transform, which

simplifies equation (4.12) to

2.2

]. ST
Peoine = 5 I:l —e 2 :| . (4.13)

Hence, as the temporal overlap of our photons is adjusted, the coincidence
probability varies in a Gaussian manner, reaching a minimum at 7 = 0. This
can also be seen from the plot of equation (4.13) in figure 4.2.

From the above calculations, we see that the only requirement for HOM

interference to occur in a unitary transformation is to make the output modes
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Figure 4.2 Plot of two different coincidence probability curves calculated with equation (4.13). The
plots are made with two different values of ¢, where the blue solid curve corresponds to a
value of ¢ that roughly matches our experiment in publication I.

of the two photons indistinguishable from each other. Hence, photon bunching
can be induced when the two photons are independent of each other, even
when created in two different sources [197]. This is an important detail for
applications of multi-photon interference such as some quantum communication

and certain linear optical quantum computing schemes [22].
Experimental results

The first measurement we performed was to verify the indistinguishability of
the photon pairs produced by our source (see sec. 3.1). To do this we measured
HOM interference using a fibre beamsplitter instead of a free-space beamsplit-
ter. This essentially involved adding the fibre beamsplitter between the source
and the detectors, after which we scanned the delay stage to change the tem-
poral overlap of the two photons. The measured two-photon coincidence data,
accompanied by the single photon data in each detector, is shown in figure 4.3.

As can be seen from figure 4.3, our photons were not perfectly indistin-

guishable from each other, and they also did not produce the same Gaussian
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Figure 4.3 Plot of measured two-photon coincidence data over different temporal delays (left) with
the corresponding single detections (from detectors D1 and D2) shown on the right. Ac-
cidental coincidences have been removed from the data and the solid line is a fit of the
form shown in equation (4.14). The visibility of the two-photon interference (as defined in
equation (4.15)) was v = (97.7 £ 0.02)%, calculated from the fit to the data. The error
bars in the plot are standard deviations and the error in the visibility is a standard error
calculated from the fit. The measurement was performed with the source settings used
in publication I but with an effectively lower pump power (around 1.5 mW) to reduce the
number of accidentals and minimize the effects of detector nonlinearity. The fluctuations
in single counts are caused by a changing rate of two-photon states |2) arriving at each
detector. As our detectors see these two-photon states as just a single detection, the over-
all number of detections slightly fluctuates as a consequence. The figure is a reprint of a
figure in the supplementary material of publication | [198].

interference curve. Instead, the calculation of the dip shape is slightly more
complicated due to the spectral correlations of SPDC photons [196]. In our
system, the roughly rectangular transmission band of the BPF gives the HOM
interference a sinc-like structure, as was calculated for a similar scenario in
reference [199]. However, due to the filter not being a perfect rectangle, in
addition to other wavelength filtering effects, our two-photon coincidence rates

effectively follow a profile
R, = Ry (1 +v Sinc(le)e_(d27)2> + ST, (4.14)

where R, is the classically expected rate of photons, d; and dy are constants
that depend on the spectral profile of the photons, and v is the visibility of the
interference defined as

v = ‘Rcl - un‘/RCla (4'15)
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with R4, being the coincidence detection rate at 7 = 0. The coefficient S is
a slope that takes into account any linear decoupling, either over time or due
to changes in the delay stage position. In equation 4.14, the Gaussian term
is added as an ad hoc correction term to get a better fit to the data and the
two different signs for v are used since the shape of the interference curve is
inverted for certain measurement scenarios. As an example, for the state in
equation (4.4), if we measured the number of photon pairs in path a instead of
measuring coincident detections between the two paths a and b, our interference

curve would have the plus sign in equation (4.14) [22].

4.2 Two-Photon Interference in Spatial Mode Unitaries

In the previous section, we saw one example of two-photon interference when
we placed two photons into a superposition of two different paths using a MUB
transformation. This is the most famous of such experiments [19] and is the
most common type of two-photon interference in photonic quantum techno-
logical applications. However, as mentioned in the introduction, this is not
the only manifestation of such two-photon interference. Specifically, for any
unitary device placing the photons into a superposition of an arbitrary set of
orthogonal modes, a similar interference should occur [26-28|.

In publication I we set out to demonstrate that arbitrary control of such
bunching is possible, while only shaping the transverse spatial field structure.
To perform the initial test, we needed a unitary device that could bunch two
photons with orthogonal transverse structures, within the same beam path.
Effectively, the device should take a state with two photons in orthogonal LG

modes
‘\I/in> |1

(4.16)
/ ko / dky OO (k) O (k)T o(ko)al 41 o(kb) [{O}) -

and send them into a superposition of the two modes we want the photons to
bunch into. That is, the device would ideally perform a MUB transformation
on the transverse spatial modes, instead of photon paths. For our measurement,

we chose LG modes with OAM quanta ¢+ 1 which the unitary would transform
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Figure 4.4  Picturesque representation of the quantum interference process in a modesplitter for two
LG modes. Here the device Us is a black box converting the two LG modes according to
equation (4.17) as is shown in (a). (b) shows the bunching in the modesplitter, similarly
to figure 4.1. The figure is adapted from publication I.
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This unitary mapping is similar to the beamsplitter transformation, but this
time in the transverse-spatial degree of freedom. Hence, similarly to the previ-

ous section, the device should give us an output state

\Ifout / dko/ dk;o )C(Q)(k[/))
) {a o(ko)al 1o (ko) + al s o(Ko)al _y o(kp) (4.18)
o slbi o8 — gl (k:@] o))

which produces the coincidence detection probability in equation (4.9) when
we detect coincidences between the two orthogonal LG modes (¢ = +1), in the
same path.

This calculation tells us that the unitary device which should produce bunch-
ing between orthogonal transverse spatial modes is a beamsplitter transforma-
tion between a pair of such modes. Due to its similarity with a beamsplitter,
we will call such a device a modesplitter.

To produce two-photon interference between transverse spatial modes in

publication I, we constructed a unitary device that performs a modesplitting
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transformation between transverse spatial modes. We constructed this device
using the MPLC scheme introduced in chapter 3. As an example, we could
have used the unitary transformations displayed in figures 3.7 and 3.8, if we
wanted to create a modesplitting transformation between the LG modes with
OAM values +2.

HWP
QwpP
SMF B
VO
Ry &
%O L4 ; Microscope
& objective
x10
“ <
SLM 3

x10

(0l < v

Figure 4.5 A drawing of the experimental setup. The photons are input into the system from the SMFs
shown at the top of the figure and waveplates are used to orient their polarization to match
the operating polarization of the first SLM. Amplitude and phase modulating masks are
then used to shape the photons at separate regions of the first SLM, after which the first
diffraction orders of the masks are selected using an iris in a 4f imaging system. The two
photons are probabilistically overlapped to the same beam path using a beamsplitter, after
which they are imaged onto the second SLM which performs the MPLC transformation.
After the unitary transformation, the photons are imaged again and split from each other,
probabilistically, with a second beamsplitter before they are directed onto a third SLM which
performs a projective measurement on the photons with phase-flattening masks. The first
diffraction orders of the measurement masks are then coupled into different SMFs, after
which we post-select on two-photon coincidences using the same SPADs and coincidence
counter introduced in chapter 3. Note that the “longer path” was added to emphasize the
fact that the optical path lengths were roughly equal for both arms before the beamsplitter.
The figure is adapted from the supplementary of publication 1 [198].
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The first modesplitting transformation studied in publication I had a sim-
ilar construction to the one in figure 3.8 but used the basis of LG modes with
OAM values £1. For such a device, when the two photons entering the MPLC
device were indistinguishable from each other in every way besides the trans-
verse structure, we should be able to measure two-photon bunching into the
wanted spatial modes, which is visualized in figure 4.4.

It should be noted that a prior experiment achieved a similar effect by con-
verting a polarization NOON state into a NOON state of so-called vector beams
[29]. Vector beams have a spatially varying polarization structure in addition
to a structured transverse profile. In contradistinction to an MPLC, the device
utilized by the authors was a g-plate which limits the effect into a 2-dimensional
subspace due to the involvement of polarization. It also restricts the space of
transverse-spatial modes that can be used since it is a single-plane unitary

device.
Experimental results

To experimentally test this bunching, we used the photon pair source intro-
duced in chapter 3 and directed them through the two SMFs to the experimen-
tal setup shown in figure 4.5. The two photons were prepared in the two LG
modes using the mode carving masks introduced in chapter 3. The measure-
ment was performed by only modulating the phase structure of the photons.
The initial measurements were done with the device performing the unitary
described in equation (4.17) and visualized in figure 4.4. The results for two
different projective measurements are shown in figure 4.6.

For the first two measurements we calculated visibilities of (88.0 + 3.8)%,
for the coincidences between orthogonal modes, and (90.9 £+ 4.5)% for coinci-
dences within the same mode. Both of these measurements were also larger
than the 50% visibility that is achievable for classical light fields prepared in a
specific way [200-202|. However, as this 50% visibility bound is not accepted
by everyone to be a sign of quantum behaviour [202], publication I also has
measurements of the same interference in different MUBs. Observing the inter-
ference in different MUBs gives us a clear demonstration of quantum behaviour,
as will be discussed in the next section. It should be noted that the error bars

in figure 4.6 were calculated from only five repetitions of the measurement at
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Figure 4.6 Plot showing the measurement data for the two initial measurements performed with a
unitary modesplitter performing the transformation in equation (4.17). The two different
plots are with the same pair of input modes shown in the lower left inset. A dip is shown
for a projection onto the orthogonal pair of LG modes while a bump was measured for
measurements projecting the photons onto the same mode. The legend shows the modes
on which the pair of photons was projected. The error bars are standard deviations cal-
culated from five repetitions at each point and the solid lines are fits of the form given in
equation (4.14). The figure is adapted from publication I.

each position due to the system decoupling over time and the photon counts
being comparatively low. As is detailed in the Supplementary material of pub-
lication I [198|, we chose to show standard deviations of a limited number of
measurements instead of the commonly shown Poissonian error estimates. We
chose to do this because Poissonian errors represent a best-case scenario for our
measurement errors and are much smaller for our data than the errors shown
in figure 4.6. With Poissonian errors, we refer to the error estimate where the
standard deviation is taken to be the square root of the number of detected
events. The Poisson distribution gives us the best-case errors as it represents
the expected distribution in the number of identical independent random events
occurring within a fixed time interval [203], and already the statistics of our
photon pair generation are well described by the Poisson process [149, 204].
Hence, any additional sources of error, such as experimental instability, would
just add to the Poissonian errors in our system.

Besides the simple two-photon interference in the two-mode modesplitter,
we also measured more complicated interference effects with different high-
dimensional unitaries in publication I. Being able to change the unitary sim-

ply by changing the phase masks on our second SLM showcases the flexibility
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Figure 4.7 Measurements with (a) a balanced three-dimensional unitary sending each of the input LG
modes ({¢,p} = {-1,0},{0,0},{1,0}) into a balanced superposition of the same
modes. A superposition of these three LG modes is used as an input to induce anti-
coalescence in one of the pairs of modes (blue dots) while a different pair of detected
modes show coalescence (orange squares). In (b) the same effects are introduced by
making the unitary unbalanced while using pure LG modes as inputs. The input modes are
again shown in the bottom left corner and the legend shows the pair of modes the photons
were projected on in the measurements. The error bars were omitted for clarity but can
be found in the supplementary of publication | [198]. The ideal curves are theoretical
curves calculated for the effects using the interference curve measured for the source,
with the expected ideal visibility of the interference. The figure is a reprint of a figure in the
supplementary of publication 1[198].

of MPLC, although more phase manipulation planes would have been needed
to produce better quality unitary transformations for larger mode sets. The
flexibility in selecting the unitary is also shown in figure 4.7(b) where we were
able to utilize the added number of modes to observe photon anti-coalescence
between orthogonal modes while still observing bunching between a different
pair of modes using the same inputs and unitary. In figure 4.7(a) we demon-
strated the same effects using a three-dimensional beamsplitter-like unitary
while structuring the input photons in a superposition that produced the same
effect. This was done to additionally highlight the flexibility we have in creating
complex superpositions of transverse spatial modes. Note that the error bars
for the plots in figure 4.7 are shown in the supplementary material [198|, along
with the number of repetitions performed per each measurement.

Besides the measurements presented in this section, we also used the MPLC

device to measure interference effects in higher-dimensional MUB transforma-
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tion unitaries. This included a three-dimensional unitary and three different

four-dimensional unitaries. These results can be found in publication I.

4.3  Creating NOON States Through Two-Photon Interference

As we saw already in equation (4.5), two-photon bunching in a balanced two-
dimensional splitting unitary can create a two-photon NOON state between two
orthogonal modes. Also, in section 2.3 we briefly discussed how NOON-states
can be useful in metrological applications. Hence, creating NOON states be-
tween transverse spatial modes of light would be interesting for testing how the
properties of spatial modes could be harnessed in different applications of the
NOON states.

If we want to create transverse-spatial NOON states, however, we should have
an efficient way of generating them since losses in such states are detrimental to
the benefits such states offer [205]. In the setup given in figure 4.5, we already
have too many losses from combining the two photons into the same beam path
through a beamsplitter. Hence, if we wanted a principally lossless method of
creating two-photon NOON states between transverse spatial modes, we would
need to construct a two-mode multiplexer similar to the one shown in figure 3.9.

From the experiments presented in publication I we know that two-photon
interference can be tuned using MPLC devices and we now know that MPLC
multiplexers would be the optimal devices for creating two-photon NOON states
between two transverse fields in the same beam path. What is left to do is to
create transverse-spatial NOON states and see if they can be useful in any appli-
cations or fundamental studies. Since creating an MPLC system with SLMs is
quite challenging and lossy, and we just wanted to create NOON states to utilize
them in proof-of-principle experiments, we went with a different approach for
creating NOON states in the next experiments.

The experimental system we built to test such NOON states had some sim-
ilarities with the one presented in figure 4.5 and a simplified diagram of it is
shown in figure 4.8. In this second setup, we perform the bunching into the
wanted modes by already preparing the two photons in the required superposi-
tions before combining them to the same beam path (a more detailed diagram

of the experimental system can be found in the supplementary material of pub-
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Figure 4.8 A simplified rendered image of the experimental system used in publication Il. The two
photons are again directed from the source using two SMFs and sent onto two separate
sections of an SLM. The photons are independently structured into superpositions of OAM
modes, as described in the main text, and combined into the same beam path using a
beamsplitter. After being combined, the photons can bunch into the wanted transverse
structures if they are temporally overlapped after the beamsplitter. The insets show an
example of the SLM masks used to create a two-photon NOON state of idealized OAM
modes with ¢ = +2 and a flat radial structure. A position is also shown where a single
sample could be probed with this NOON state. However, note that no sample was used in
the actual experiment and the effects of a possible sample were simulated using the final
SLM. Finally, a second beamsplitter is used to probabilistically split the two photons into
separate paths to again allow independent projections onto specific pairs of transverse
structures using the methods described in chapter 3. A more detailed drawing of this
experimental system can be found in the supplementary of publication 11 [206]. The figure
is a reprint of a figure in publication II.

lication ITI [206]). How this method achieves bunching can be seen from the
property of modes already introduced in equation 2.45 and hinted at in fig-
ure 4.4(a). Meaning that, if we prepare the two photons in a set of modes that
can be written as orthogonal superpositions of the modes we want our photons

to bunch into

il (ko) = == (alaolho) = yo(0)
(4.19)
ilalho) = == (alaolho) + ] o).

we should be able to achieve bunching by simply creating a separable two-

photon state
W) = ’1>51,(1) |1>52,(2) (4.20)

through independently structuring the two photons on an SLM. If we then
overlap the two photons, e.g. by using the beamsplitter shown in figure 4.8,

we should end up with the state shown in equation (4.18). Hence, due to
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the two photons being in the same beam path, we can always find a basis
where the two photons are separable. This is true even for a perfect two-
photon NOON state between orthogonal transverse spatial modes which exhibit
quantum correlations (this is also true for polarization [205]).

Before utilizing this method for testing properties of NOON states in pub-
lications II and III, we verified that this method is capable of producing a
NOON state, by creating a two-photon NOON state between two OAM modes

1
V2

The OAM modes we utilize here are just structures of light with identical uni-

‘\IINOON> —

(12)10)_, — 10 12)_,) (1.21)

form polarizations and well-defined azimuthal profiles. The radial and spectral
structures can be arbitrary for these modes, as long as they are the same for
both of the modes. One idealized example for such modes with OAM indices
¢ = £2 is shown in the insets of figure 4.8.

To quantify how good our NOON states are, we measure an entanglement

witness value
W= (6206 | +](6,06,)|+](6.26.)|. (4.22)

This witness effectively verifies that we have correlations in all three MUBs of
our two-dimensional space in comparison to the classical case where we can
only have perfect correlations in one basis. Here &; are the Pauli operators
for the two possible OAM modes of each photon. More details on how such
entanglement witnesses are calculated can be found in reference [147]. For this
entanglement witness, a perfect two-photon NOON state would produce a value
W = 3, while a perfectly correlated classical state can only produce a value of
W = 1. In publication II we measured the entanglement witness value for
a NOON state, with OAM ¢ = +£1, to be W = 2.92 + 0.02 which is close to
the maximal value 3. The error for our witness value was calculated through
error propagation, starting from the standard deviation in our measurements
of photon rates for each relevant measurement setting.

The entanglement witness measurement verifies that our NOON states are
close to ideal. Hence, we can use the experimental system shown in figure 4.8

to investigate spatial mode NOON states in the next chapter. Before we do
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that, however, we should address the fact that our two photons are seemingly
entangled when they are in a NOON state. Although the measured quantum
correlations seem to hint at this, it should be noted that this is only true in
post-selection. This means that we can only get nonlocal quantum correlations
for these transverse-spatial NOON states by splitting the two photons nondeter-
ministically and post-selecting on cases where photons were separated. Hence,
the two-photon transverse-spatial NOON state is not an entangled state in the
traditional sense, due to the lack of nonlocality. The quantum correlations they
exhibit are still very real, however, and lead to effects we utilize in the next two

chapters.
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5  METROLOGY WITH TRANSVERSE-SPATIAL NOON
STATES

To test the usability of the transverse-spatial NOON states in metrological appli-
cations, we first need to identify which parameters such states are specifically
suited for measuring. To get some insight into how we can determine this,
we will spend the first part of this chapter looking into the concepts of Fisher
information (FI) and quantum Fisher information (QFI). After exploring the
different parameters that need to be optimized in creating a suitable probe state
for a given parameter, we will look into the experimental demonstrations of pa-
rameter estimation with transverse-spatial NOON states given in publications
IT and III.

5.1  Fisher Information and Quantum Limits of Estimation

The field of metrology is full of mathematical tools and practices that help
with estimating a set of parameters. For example, these tools can help with
choosing optimal probes, optimizing the related measurements, or choosing an
appropriate estimator for the parameter to extract the maximal amount of
information from the measurement data. If one wants to get a more complete
understanding of all of the nuances related to metrology, or photonic quantum
metrology specifically, there is plenty of literature exploring the topics [127-129,
207]. Here we will only focus on a few concepts relating to the specific type of
parameter estimation we are interested in; optimizing a quantum probe-state
for single parameter estimation. To do this we will be looking at FI and QFI.

We will mostly be following reference [128] to do this.
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5.1.1  Fisher Information

The process of single-parameter estimation using quantum states of light can be
broken down into five separate steps. First we need to prepare a specific probe
state, then let the probe state interact with the system and encode information
about the parameter () to the probe state, extract the information from the
state with a measurement, and finally, use an estimator to arrive at an estimate
of the parameter \. In actual applications of this process, multiple probe states
are usually created and the final parameter estimate is calculated from this
set of independent repetitions of the measurement. For now however, we will
be focusing on a single predefined probe state which we will assume to be a
pure quantum state ‘\Iﬂ’mbe>. We will investigate what is the smallest possible
measurement uncertainty we could achieve, in principle, with such a probe
state. If we additionally fix the measurement of our probe state, we can use
Fisher information to do exactly this.

In the context we have set here, Fisher information acts as a metric that can
tell us how much information our measurement of the probe state can extract
about a parameter A. If our measurement is described as a POVM, effectively
giving us a discrete set of possible measurement outcomes 7 for each probe state,

the related FI can be calculated as

1 [0P(iN)\?
F()\):ZP(Z'\)\)< 8()\| )> ) (5.1)

i

when P(i|)) is the probability of measurement outcome i conditioned on the
value of the parameter A. One important property of FI is that if we have v
independent probes that are measured the same way, independently of each

other, the total Fisher information can be calculated as
Fer ) = 3 PO (), (5.2)
j=1

where F(j)()\) is the FI of the j* probe. Another important property of the
FI is that it can be used to calculate the best variance achievable using a
fixed probe state, fixed measurement, and an arbitrary number of independent

identical probes v. This bound on the variance is called the Cramér-Rao bound
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(CRB) and for locally unbiased estimators, it is of the form

1
AN? > .
~vF(\)

(5.3)
If an estimator can reach this lowest possible uncertainty, it is called efficient.
5.1.2  Quantum Fisher Information

If we start again with a single parameter estimation process, with a fixed num-
ber of identical and independent probe states but do not fix the measurement,
we can calculate the theoretically lowest possible CRB. This can be calculated
using the QFI (Fp(\)) which maximizes the FI over all possible POVMs, giving
us the quantum Cramér-Rao bound (QCRB)

1 S 1

AN 2 vF(X) — vFo(\)’

(5.4)

To calculate the QFI in a more general case, one can look into references [127—
129, 207]. For our purposes though, it is sufficient to limit ourselves to pure
states while having the parameter A be encoded by a unitary transformation.
This means that our state undergoes a unitary evolution Uy = e~ iAG where
G is a Hermitian operator called the generator of the unitary. Under these

conditions, the QFI simplifies to

Fo(\o) = 4A%G = 4 (<G2> - <G>2> , (5.5)
Y P
where the expectation values are calculated for the initial probe state [¢).
This means that the best quantum states for estimating a specific parameter
maximizes the variance of the generator of the unitary evolution that encodes
the parameter A\. Additionally, pure probe states have a larger, or equally large,
QFT compared to mixed states [128].

For experimental implementations, in addition to finding a probe state that
can maximize the variance of the generator, we also need a POVM and an
estimator to saturate the QCRB. For the case of single parameter estimation,
it is theoretically possible to saturate the QCRB with a suitable measurement

[128, 208|. As we will see in section 5.3 however, the physical implementation
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of a measurement might not always be so straightforward.
5.1.3  Standard Quantum Limit and Heisenberg Limit

The final piece of our optimization puzzle is determining what probe states
are the best for each single-parameter estimation task. This we can do by
considering the QFI and QCRB for different input states. For more details
on this, one can look, e.g., into reference [128]. However, for our purposes, it
is sufficient to note that with more “classical” probe states, such as coherent
states, parameter estimation in an interferometric scheme follows the standard
quantum limit (SQL)

1
AN> —— (5.6)

(1)
I/NFQ

Here Fc(gl) is a constant dependent on the physical system, N is the number of
photons in the probe state (the average number of photons for coherent states),
and v is again the number of repeated measurements with identical independent
probe states. In the scaling shown in equation (5.6), the defining feature is that
the minimum uncertainty scales with the square root of the total number of
photons used in the estimation process A\ < 1/v/v x N.

For NOON states, we have N photons in a state

1 .
NOON\ _
[WNON) = = (M), 10)g, + €2 [0, IN),,) (5.7)
where ¢ is an arbitrary phase and the labels g; denote eigenstates of the gen-
erator of the unitary G. The generator and eigenstates are selected so that the

relation G |N) g = Ngi [N),, holds. In such a case, our uncertainty scales as

1
AN> ————. 5.8)
VVN|g1 — g2 (
This AX o 1/N scaling is the ultimate limit on estimation precision called the
Heisenberg Limit (HL). The value |g1 — g2| in equation (5.8) comes from the
variance of the generator
N2

A2G = T(gl — 92)2. (5.9)
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Thus, with NOON states, we can reach the HL in estimating a single parameter
A, when the generator of the encoding unitary transformation has eigenstates
of the form @ [N)y, = Ngi|[N),,. 1If the set of eigenstates allows it, we can
additionally improve the precision of our estimation by choosing modes with

an extremely large difference in the values g;.

5.2 Angular Superresolution with Orbital Angular Momentum NOON
States

In publication IT we used the theory presented in the previous sections to
construct transverse-spatial NOON states for sensing rotations. By a rotation
of a paraxial beam, we mean rotations around the optical axis, which happens
to be the z-axis in our formalism. As is shown in standard quantum mechanics
textbooks [115], the generator of rotation around an axis is the angular mo-
mentum operator in the direction of that axis. Hence, the unitary operator

describing the evolution of our quantum state upon a rotation of ¢ is
~ s Ly
Urot = e_lT¢7 (510)

where L. is the OAM operator given in equation (2.58) and we have ignored
any effects rotation has on the polarization. Since LG mode Fock states are
eigenstates of this generator, we know that having a NOON state between two
LG modes as a probe state would give us an HL scaling in the uncertainty of

the rotation angle. Specifically, if we choose a NOON state

W) = ¢1§ (IN)y, 10}, — 0}, [N)y,) (5.11)

where the two modes are in the same beam path and have an LG mode structure

with p = 0 and ¢ = ¢;, we should be able to achieve a sensitivity scaling of

1

Ap>—
vz |61 — b2 Ny

(5.12)
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according to equation (5.8). To achieve this scaling we define the OAM modes

as

D=2 /000 dko Cop(ko)atl . (ko) 1{O}) = a, [{0}), (5.13)
o,p

where every mode with an OAM index ¢; has an identical normalized spectrum,

polarization, and the same weights on the radial indices
> 2
> [ ko Copth)l? = 1. (5.14)
U7p 0

Using the mode in equation (5.13), we can also calculate the QCRB! directly

through a calculation of the variance for the OAM operator using the relations

do,p(k0) IN) = foep(ko)a|N) and af, (ko) |N) = f,

*
o.l,p o,l,p

(ko)al [N, (5.15)

where f,/,(ko) is an arbitrary normalized amplitude function and the operator

a is defined as

& = Z/o dko £ 4, (ko)ag,ep(ko) with Z/o dko | frgp (ko) = 1

ol,p o,l,p

and
("~
v N!

The derivation of equations (5.15) can be done by following a similar derivation

[N) = {0}) .- (5.16)

in reference [119].

The uncertainty in equation (5.12) can be minimized by choosing fo = —¢; =
£ > 0 while maximizing the value of £. Although the value of ¢ is unbounded
in theory, the larger the value is, the larger the paraxial beam is going to be
as well (when we keep the Gaussian radius w(z) fixed). Hence, the maximum
amount of OAM is limited by the aperture size of our system. Of course, we can
reduce the Gaussian radius of our OAM modes to compensate for this but, at

some point, we will reach a limit on the level of detail to which we can structure

'Note that in the supplementary of publication II we also calculate this bound using a
simplified notation where most other degrees of freedom are ignored by assuming arbitrary
single modes with well defined OAM.
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our light fields. In addition, light fields with such small details diverge rapidly,
requiring small-scale custom optics to deal with. If we would go to small enough
beam sizes, we would eventually reach the limit of paraxiality, requiring us to

reformulate our theory (209, 210].
Experimental results

To experimentally verify this rotation sensitivity, in publication II we create
single-photon and two-photon NOON states using the method described in sec-
tion 4.3. The details of the two-photon experiment are explained in section 4.3
and, for the single-photon case, we simply used the same photon source to
generate heralded single photons as is described in reference [142].

For the single-photon case, only one of the input and output fibres, shown in
figure 4.8, were used. The other photon was sent to a detector immediately from
the source. The data was then measured as coinciding detections between the
two detectors while accounting for the delayed detection of the signal photon.
The single-photon nature of our heralded single photons was quantified in our
work [172] where a ¢g%(0) value of 0.022 4 0.003 was measured. This g?(0) value
was measured for the same source with slightly different alignment and pump
power, using the method described in reference [60].

In the rotation experiment, we effectively created different NOON states

1
V2

with N = {1,2}. Using the unitary operator describing the state evolution

[Uy) = (IN)10) _y = 10),IN)_,) , (5.17)

under rotation (see equation (5.10)), we expect the modes to evolve as
A~ VN
urotaz Uror = € &(z»azi’ (5.18)

which can be calculated using the Baker-Hausdorff lemma in equation (2.77).
What equation (5.18) tells us is that a rotation around the optical axis cor-
responds simply to a global phase shift for a pure OAM mode. Linking the
rotation to a phase shift gives us a more intuitive picture of why the OAM
NOON state is a good probe state for estimating the rotation. The link is

clearer if we remind ourselves of the increased phase sensitivity of NOON-state
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interferometers discussed in section 2.3. Hence, by rotating a superposition of
OAM modes, we effectively have a NOON-state interferometer in a single beam.
Due to this mapping of rotation to phase shift, OAM modes have already been
used in a few earlier theoretical and experimental studies looking into using
different types of quantum states to measure such rotations [48-51|. The novel
feature of the measurements presented here is the usage of a single-beam spatial

mode NOON state which has the robustness and convenience of a single-beam

operation.

(|17 0>£,—( - |07 1>£,—£)
(|27 0>£.—l - |07 2>[.—[)

S-Sk

Detections

Rotation (°)

Figure 5.1 Measurement data from different OAM NOON states. The black triangles are single-photon
NOON state measurements and the green dots are two-photon NOON state measurements.
The solid lines are fits of the form shown in equation (5.19) and the images on the right
side are false-colour camera images of the corresponding single-photon structures made
visible with a laser. The error bars in the plots are standard deviations calculated from
at least 19 repetitions of the measurement and accidental coincidences have been sub-
tracted for the two-photon measurements. More details about the data can be found in
publication II. The figure is a reprint of a figure in publication II.

In our measurements, we simulated a rotation of the beam by rotating the
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measurement masks on our final SLM (shown in figure 4.8). Using the mea-
surement masks we project the photons onto superpositions of the constituent
OAM modes as described in publication II. The expected detection signal is
of the form

Ry

2

T
180°

an ideal version of which is calculated in the supplementary of publication II

[1 _ cos (QNe ¢ — 9)] + Rp, (5.19)

[206]. In the above equation, R4 and Rp are parameters effectively giving us the
height of the fringes and the bottom of the fringes, and 6. is a phase offset. The
measurement data for NOON states with OAM values {£1, 10, +100} is shown
in figure 5.1. From this data, we can clearly see the angular superresolution
of OAM NOON states from the increased density of fringes with larger photon
numbers.

In addition to the superresolution measurements, we also investigated the
scaling in measurement sensitivity for our OAM NOON states and looked into
whether they show this HL scaling or not when ignoring the losses in our
experimental scheme. The details and result of this investigation can be found

in publication II.

5.3  Longitudinal Superresolution with Radial Mode NOON States

Besides rotations, structured light fields can be used to measure other param-
eters as well. For spatial structuring, transverse displacement [54] and longi-
tudinal displacements are the obvious choices. In publication III we focused
on the latter one of these two, which in our specific case of paraxial modes,
corresponds to measuring distances along the optical axis of the beam.

For translation along the optical axis, the generator of the unitary evolution

is
P, S [ > ¢ .
—? = — d kJ_ ) dko kz(kl,ko)ag(kj_,ko)ag(kl,k0)7 (5.20)

where we have chosen the negative sign to match the signs of the phase terms
of the field (see equation (2.51)) and modified the momentum operators shown
in references [94, 119] to fit our formalism. If we then restrict ourselves to

transverse-spatial NOON states between two orthogonal modes labelled 1 and 2
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1
W) = 7 (IN)1 [0)g = 10)1 [NV)5) , (5.21)

we can calculate the QFI for longitudinal translation, with any pair of modes,
using

4 R
Fo(z;4,) = = A%P, o (5.22)

z

If the modes have the normalized structures

@:Z/d%ﬁ&%m&ﬂd

0

o (5.23)

g = Z/ dko g, (k1. ko)ao (ki , ko),
e 0

we can use similar relations to the ones shown in equation (5.15) to calculate

the QFI, while assuming that we have a single frequency and single polarization

| fo (i, ko)~ 05 410(ko — ke)| f1 (k) |2,
|90 (k1 , ko) ~ 05 410(ko — ke)| fa (k)|

The momentum variance then takes the form

(5.24)

2
b = T VD = ) 2N (8% A%R)] (525)

AP,

In the above equation, (k7). is the n'® moment of k, for mode i, which is

i
calculated as

wmz/ﬁmwwbmm&m% (5.26)

when f;(k, ) is the transverse field structure of the mode i (e.g. an LG or an
HG mode).

From equation (5.25) we see that the first term is similar to the NOON-state
QFI shown in equation (5.9), as it scales with N2. Hence, we can assume
that such monochromatic transverse-spatial NOON states have the potential for
quantum-enhanced measurement precision of longitudinal shifts as well. The
only requirement we have is that the two orthogonal modes being occupied
have different average momenta in the direction of the optical axis.

In the supplementary of publication III [143], R.F. Barros has calculated
the QFI in the case where modes 1 and 2 are HG modes. These HG modes, as
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Figure 5.2 Simplified figure of the experimental setup utilized in publication Ill. The generation is
done using the mode carving method described in chapter 3 and the photons are again
combined in a beamsplitter to enable bunching. The measurement is done by coupling the
two photons into an SMF after which we post-select for two photons coupling into the SMF
at the same time using a fibre beamsplitter, two detectors, and a coincidence counter. The
SMF is then scanned backwards through the focus to measure the signal at different points
z. The figure is a reprint of a figure in publication IlI.

already mentioned in section 2.1.2, are paraxial modes with Cartesian symme-
tries and the QFI for these modes is of the form

N2 d N !/ !
Fo(19:)) = — =~ A%l + 13 (My + M{ + My + Mj), (5.27)

4 dz 71%
where M; = n+ m+ 1 is the mode order of mode i, M| = n? +m? + 1, and
A®q|,_, is the Gouy phase difference between the modes at the waist. The
indices n and m define the structure of the HG modes (similarly to ¢ and p for
LG modes), and A®g = (M7 — Ms)tan~! (z/zg). The derivative of the Gouy
phase difference then gives us % Adg|, o= (M — Ms)/zR.

Equation (5.25) tells us that as the difference between the average momenta
in the z-direction gets bigger, the amount of information encoded in our state
increases. Equation (5.27) additionally tells us that for a monochromatic light
field of HG modes having the same waist, this difference in average momenta
corresponds to a mode order difference. That is, the larger the difference be-
tween the mode orders of the constituent modes, the more information about z
is encoded into the state upon translation. When calculating equation (5.27) for
LG modes [143], the first term is unaltered, and hence, we should also be able
to observe some longitudinal superresolution using NOON states of LG modes.

To demonstrate this superresolution, we create transverse-spatial NOON states
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Figure 5.3 (a) contains a rendered image showing the concept of the experiment in publication Il
where a changing intensity in the centre of the beam corresponds to interference due to
the difference in the Gouy phases of the modes. The inset shows the central intensity of
the beam. (b) shows the expected intensity and (c) a two-photon probability along a line
containing the optical axis. The two-photon structure was made visible by post-selecting
for the two photons existing at the same position, and it also shows an increased density
of fringes at the centre of the beam. The figure is a reprint of a figure in publication IIl.

between radial modes, i.e., LG modes without any OAM. A simplified diagram
of the experimental system is shown in figure 5.2. Devising a measurement
capable of saturating this longitudinal QFI might be tricky since the physical
size of the modes changes as they propagate. One option for a measurement
might be a mode sorting of the Fourier transform of the beam as the momen-
tum space structure of the modes does not change in size upon propagation (see
equation (2.12)). However, such a projection would need to properly account
for the position-dependent phase.

In our proof-of-principle experiment, we measured the two-photon NOON
state by simply scanning an SMF through the focus of the NOON state. The
radial modes were specifically chosen since the central intensity of these super-
position structures interferes, resulting in a changing intensity at the centre of
the beam, as is also visualized in figure 5.3.

We measured the interference signal first with a laser while only using one of
the inputs. These measurement results are shown on the upper row of figure 5.4.
The corresponding two-photon measurements are shown in the lower row of the
same figure. By comparing the results, we see that the NOON states have an
increased fringe spacing. The solid lines, in the plot, correspond to fits and
more about the form of those fits can be found in publication III.

In both the case of rotational and longitudinal superresolution, we see that
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Figure 5.4 Measurement results from publication Ill. The upper row shows data measured with a
laser in a superposition of a Gaussian beam and a higher-order radial mode. The insets
of a mode in each column show the radial mode used in those measurements. The error
bars are standard deviations and more information on the fits and measurements can
be found in publication Ill. The lower row shows the corresponding two-photon NOON
state measurements, with the same Gaussian and radial modes, with accidental detections
removed. In the data, we see that the fringes are confined closer to the focus (z = 0)
for the NOON states, with an increased number of fringes compared to the laser for p =
{3,4}. Also, as could be expected from equation (5.27), the fringes get denser with a
larger mode order difference. The figure is a reprint of a figure in publication Il.

we can engineer single beam quantum states of light that could, in principle,
surpass the SQL scaling in parameter estimation. In both of these cases, it is
important to create a large momentum difference between the two modes to
increase the sensitivity. By analogy, if we would extend the presented method to
measuring lateral displacements, we would need to create a NOON state between
two field structures with a large difference in the transverse momentum. One
example of such field structures is given in reference [54|. Additionally, for
longitudinal superresolution, Bessel beams might be a better alternative to LG
modes due to their momentum being well-defined along the optical axis [211].

Of course, in the case of longitudinal displacement, it would be better to
induce wavelength scale phase differences as in a traditional interferometer. If
we would like to increase the sensitivity while maintaining the single beamline
operation, creating a NOON state between different wavelengths would be ideal.
Nevertheless, the two experiments presented here demonstrate that we can en-
gineer single beamline quantum states of light to measure different parameters
with beyond SQL scaling.
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6  PHOTON NUMBER STATES AND THE GOUY
PHASE

Besides testing different metrological applications, we can use our transverse-
spatial NOON states to investigate fundamental details about the nature of
photons. In publication III we demonstrate this by measuring the Gouy
phase of photon number states. Although one might simply assume that the
phase sensitivity of Fock states extends to the Gouy phase, as it is such a
central property of the modes, it is surprising that there seem to be no prior

investigations into the Gouy phase of Fock states.

6.1  Propagation of N-photon Fock states

To start off with, we can use the translation unitary to calculate what we
would expect the Gouy phase evolution of number states to be. Because this
calculation is performed in the supplementary of publication III [143| using
a slightly simplified formalism, we will repeat some of the steps here.

We can start with our photons occupying a mode corresponding to the cre-

ation operator
al(z=0) = Z/ dko fg(ko)/koLUZP(kL)&L(kL,k‘o), (6.1)
= Jo

where we have assumed that the transverse structure of our mode is an LG
mode, at the waist position, and the spectral structure f, (ko) is assumed to be
monochromatic with a single polarization. The evolution of each plane-wave
component of our field can be calculated as

Pz

di,(kbko,z) =e ' HE

al (ko ko) T = e thelkiko)zgt (k| ko) (6.2)
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where we have used the definition in equation (5.20), the commutation relations
in equation (2.56), and the Baker-Hausdorff lemma in equation (2.77). This

gives us the translated mode
al(z) :Z/ dko fg(ko)/koLe_ikz(ki’kO)Zng(kL)di.(kL,ko), (6.3)
- Y0

which we can restate using the relation in equation (2.62) as

al(z) :Z/Ooodko ﬁ,(kzo)/ci%«L af(r1, ko)

1 . .
« % d2kL elkl'rle_lkz(kL’kO)ZUKp(kL)

(6.4)

where the last integral corresponds exactly to the ASR propagation shown in

equation (2.12), giving us
(@) =32 [ ko folio)e 07 [ e ugler, skl k) (65)
o 0

We can now define a slightly adjusted form of an .G mode which does not have
the Gouy phase (®g(z;ko) = (2p+|¢| + 1) tan~!(z/2r)) but includes the plane

wave phase
ulgp(rb -2z ko) = ugp(r i, —2; ko)e_ikozei(bc(_"”ko), (6.6)

giving us modes

al(z) = 2/ dkq fg(ko)e_iq)G(_Z?kO)/der up,(r i, —z ko)al (ko, ko)
o 0

~ eii@G(fﬁkO)dg,(z),

(6.7)
where we have used the assumption that the mode is monochromatic, allowing
us to separate a constant Gouy phase term from the mode a;(2).

What the above derivation allows us to do is to describe the Fock state
evolution upon translation. That is, if we have N photons occupying the mode

in equation (6.1) and propagate it from z = 0 to an arbitrary position z, we
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can state the Fock state as

(d;r(o))N 6_1Nég(—z;ko) (CAL/-(z))N
e Vo 0D (6y)
—e~ IN®G(—ziko) IN)

iz

What this result tells us is that the N-photon Fock state does evolve with
an increased Gouy phase and we just need to project on the correct state to
see its effects. It turns out that one such measurement scenario is the one
presented in section 5.3, and the measurement results in figure 5.4 confirm this

experimentally. More information on this can be found in publication III.

6.2 Implications of the N-photon Gouy phase

Besides confirming that the Gouy phase of N photons differs from the Gouy
phase of single photons [100, 212] and classical waves, in publication III
we additionally investigated the implications of the N photon Gouy phase.
Specifically, we first looked into how this Gouy phase fits in with the so-called
effective de Broglie wavelength of N photons. We additionally investigated if
it fits into the framework of any of the multiple physical and mathematical
interpretations of the classical Gouy phase [213-221].

The effective de Broglie wavelength of light is usually used in the context of
interference of multi-photon quantum states and it ascribes an effective wave-
length of \/N for N-photons occupying the same mode with wavelength .
Sometimes in discussions, this concept is taken as far as to mean that N-photon
Fock states evolve identically to a classical mode with a shorter wavelength. Al-
though this gives an accurate image of the Fock state evolution in some cases,
e.g. for the free-space plane-wave phase e!*0% [222-224], it does not give us the
full picture. One such case where the effective de Broglie wavelength doesn’t
reproduce the same effect as true Fock state evolution is when it comes to the
Gouy phase. This difference is described in detail in publication III and in
the news and views article in reference [225].

As for linking the N-photon Gouy phase to the different interpretations
of the Gouy phase, we found that by using the momentum spread in equa-

tion (5.25), we can link the N-photon Gouy phase to the uncertainty interpre-
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tation of the Gouy phase [215]. In simple terms, this interpretation says that
a larger spread in transverse momentum should correspond to a larger Gouy
phase shift that evolves faster around the focus. For monochromatic fields, the
spread in transverse momentum is directly linked to the spread in longitudinal
momentum. Hence, our QFI calculations in section 5.3 show that the faster
Gouy phase change of Fock states in section 6.1 is accompanied by a larger
spread in transverse-momentum, as is required by the uncertainty interpreta-
tion [215]. However, our investigation in publication III did not look into
whether the momentum uncertainty of equation (5.25) could be used to calcu-
late the Gouy phase evolution of Fock states, as is done for the classical Gouy

phase in reference [215].
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7 CONCLUSION AND OUTLOOK

In this thesis, we first derived a theoretical representation of quantized paraxial
light fields, with the goal of explaining the theoretical and experimental back-
ground of the published works attached to the end of this thesis. Afterwards,
we explored more details behind the experiments performed in this thesis and
discussed some of the implications of these results. The three publications this
thesis is built around explored the interference of two photons in the transverse-
spatial degree of freedom. We restricted ourselves to the set of paraxial LG
modes but the formalism and effects of this thesis are not restricted to these
sets of modes or only two photons.

The thesis work builds upon the long line of works investigating interference
of multiple-photons [5, 22|, by first utilizing a relatively new tool in optics, i.e.
MPLC devices, to induce different quantum interference effects of two-photons
in the high-dimensional state space of transverse spatial modes. This work
highlights the flexibility that MPLC provides for engineering different multi-
photon interference effects through custom-made unitaries. These unitaries are,
in principle, capable of performing an arbitrary linear optical transformation
for an arbitrarily large set of modes. Of course, these theoretically limitless
options are limited by some of the physical realities discussed in this thesis,
such as the lossiness of the physical implementations or the restrictions caused
by limited aperture and pixel sizes. Nevertheless, the experiment performed
in publication I is a part of the first steps required in bringing the MPLC
method into the quantum domain.

Besides using complicated inverse-design methods to engineer transverse-
spatial quantum states, our work in publication II additionally highlighted a
much simpler method of creating such states. This was done by simply perform-
ing the required structuring of the photons separately, before bringing them to

interfere in the same beam path. We were able to use the method to generate
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high-quality two-photon NOON states and the method could also be scaled to
other quantum states with a larger number of photons. One straightforward
example of such an extension to N photons is the creation of Holland-Burnett
states which can also beat the SQL in metrological applications [226]. However,
this scaling in photon number presents other difficulties such as the increased
losses of a probabilistic system. Although the losses caused by post-selection
might be tolerable in proof-of-principle experiments with a few photons, larger
photon numbers would require a more efficient system if a single-beam quantum
state is required. One example of such a device would be the aforementioned
deterministic spatial-mode multiplexer.

As far as we are aware, publication II shows the first instance of this simple
method for two-photon bunching in the transverse spatial domain. However,
the effect itself is quite fundamental and might have been used before as a part
of a more complicated quantum state engineering experiment.

Finally, we applied the transverse-spatial NOON states to different proof-of-
principle applications. The first of these was to demonstrate that we can use
the tools of quantum metrology to engineer quantum states for single parameter
estimation tasks. In publication II we demonstrated this for rotation sensing
and in publication III we extended it to longitudinal displacement measure-
ments using a single beam. Although the second one of these does not have a
clear measurement scheme for achieving supersensitive parameter estimation,
even with future technologies, the experiments demonstrate a possible future
application of quantum state engineering using transverse-spatially structured
photons. In addition to these metrological applications, in publication III
we showed how investigating such quantum states can give us new perspec-
tives into physical systems and phenomena. Specifically, we were able to give a
concrete example of how the concept of effective de Broglie wavelength breaks
down when it comes to the fundamental wave property of the Gouy phase in
paraxial beams. The same measurements also showed a link to a specific phys-
ical interpretation of the Gouy phase effect [215|, hinting at a possibility of

extending the interpretation to quantum states.
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7.1 Outlook

Since this thesis work includes novel methods of shaping quantum light, it will
be interesting to see how the methods are utilized and built upon. Hence, here
we will briefly list some possible future research applications of the methods
presented here.

To start off with, the unitary devices of publication I could find use in
experiments performing some quantum information processing tasks, as the
method can be used to create quantum gates [66]. Besides applications in quan-
tum information, the MPLC system has already been extended into devices that
can shape the spatiotemporal structure of a vectorial light field [227]|. Extend-
ing such shaping techniques to quantum light might enable the generation of
novel types of structured quantum states. Including the spectral /temporal and
polarization degrees of freedom would increase the dimensionality of the state
space and introduce novel properties for metrological applications. One might
be able to then additionally combine different degrees of freedom to achieve a
combined effect in parameter estimation, similarly to the combination of OAM
and SAM in reference [50].

We also anticipate that the unitary MPLC devices and the simplified quan-
tum state engineering method introduced in publication II will be useful in
simulating different systems or testing different measurement schemes in the
high-dimensional state space of transverse spatial modes. One example of such
an application is already investigated in reference [228]. Additionally, the mode
and photon number-dependent nature of the Gouy phase, explored in publica-
tion III, might open up interesting possibilities in the future. Especially since
it should extend beyond photonic systems and should occur in any bosonic
system with focused wave dynamics.

Finally, this thesis work outlines a theoretical formalism for operating with
photon number quantum states of paraxial beams and includes experiments
utilizing some very fundamental features of photons. Hence, we hope that our
work can help anyone wanting to learn more about the fundamental properties,

possibilities, and limitations of quantized paraxial fields of light in linear optics.
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Two-photon interference is a fundamental quantum optics effect with numerous applications in quantum
information science. Here, we study two-photon interference in multiple transverse-spatial modes along a
single beam-path. Besides implementing the analog of the Hong-Ou-Mandel interference using a two-
dimensional spatial-mode splitter, we extend the scheme to observe coalescence and anticoalescence
in different three- and four-dimensional spatial-mode multiports. The operation within spatial modes, along
a single beam path, lifts the requirement for interferometric stability and opens up new pathways of
implementing linear optical networks for complex quantum information tasks.

DOI: 10.1103/PhysRevLett.126.123601

Two-photon interference at a beam splitter, i.e., Hong-
Ou-Mandel (HOM) interference [1], is one of the most
important effects in photonic quantum information science
[2]. Its applications range from quantum computing [3], to
cryptography [4] and from repeaters [5] to sensing [6], as
well as quantum foundations [7]. Because of its impor-
tance, it has been studied with photons from different
sources [8,9] and in different degrees of freedom (DOF)
[10-12]. Domains that can encode high-dimensional quan-
tum states, such as spatial, spectral, and temporal DOF,
have attracted a lot of attention as they can be used to
implement schemes with multiple input and output ports,
i.e., multiports. Such linear optical networks are of
importance for performing increasingly complex tasks in
photonic quantum computing that require multiphoton
interference [13-17].

Transverse-spatial modes, i.e., propagation invariant
photonic structures that discretize the transverse-spatial
domain, comprise a popular Hilbert space for encoding
high-dimensional quantum states [18]. One prominent
family of spatial modes is the Laguerre-Gaussian (LG)
family that is defined by two quantum numbers, ¢ and p,
describing the photons’ azimuthal and radial structures,
respectively. The azimuthal DOF has gained significant
popularity as it is connected to the orbital angular momen-
tum (OAM) of photons [19]. Benefits of encoding quantum
states in photonic spatial structures include mature tech-
nologies for generating and detecting high-dimensional
states, as well as intrinsic phase stability of complex super-
position states, ensured by single beam-path operation.

In this Letter, we demonstrate two-photon interferences
in multiple transverse-spatial modes. We use the technique
of multiplane light conversion (MPLC) [20] to implement
various spatial-mode unitaries, leading to different inter-
ference effects between two structured photons. We first
observe bunching of photon pairs into the same spatial
mode by implementing the direct spatial-mode analog of

0031-9007/21/126(12)/123601(7)
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HOM interference using a two-dimensional “mode split-
ter.” Utilizing the same setup and benefiting from the
advantages spatial modes offer, we study various two-
photon interferences in high-dimensional state spaces along
with complex superposition states. The flexibility of our
high-dimensional spatial-mode multiport further allows
observing both coalescence and anticoalescence of photon
pairs with three and four input and output modes. Our
demonstration opens up paths to realize novel implemen-
tations and complement existing high-dimensional linear
optical networks for quantum information science.

In the conventional HOM interference, photon bunching
is obtained when two photons that are indistinguishable, i.e.,
perfectly overlapping in polarization, spatial structure, and
time, are sent into a balanced beam splitter from separate
inputs. While classically four different output situations are
possible, only the two possibilities in which both photons
exit through the same output port will remain after the
interference [see Fig. 1(a)], which can be attributed to the
bosonic nature of photons. A common way of assessing
the quality of the interference is evaluating the change in
coincident detections of the two exiting photons while
scanning the temporal delay between them. This quality
can be quantified with a visibility V = |Ry — Rqu|/Rc €
[0, 1] [21] between the classically expected rate R and the
rate Ry, observed due to quantum interference.

In our experiment, we replace the beam splitter acting on
the paths with a mode splitter acting on the transverse-
spatial modes of the photons. Hence, the photons bunch
into the transverse-spatial modes, which is in contrast to
previous quantum interference measurements, where spa-
tial-mode overlap served as a condition for observing two-
photon bunching into paths [26-30]. We note that in one
recent experiment single-path two-photon interference
between two spatially structured photons was observed,
however, using polarization structures which limit the
dimensionality to two [31].

© 2021 American Physical Society
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FIG. 1. Conceptual sketch of two-photon interference and the experimental setup. (a) Conventional HOM interference in a regular

beam splitter between two paths. (b) Its spatial mode analog implemented with a mode splitter. (c) The setup used to demonstrate two-
photon interferences in different mode splitters. Photon pairs are produced in a periodically poled potassium titanyl phosphate (ppKTP)

crystal, adjusted in their temporal overlap using a delay line, and coupl

ed into single mode fibers. Three spatial light modulators are used

for spatial mode generation [22] (SLM1), unitary transformation [14] (SLM2), and measurement [23,24] (SLM3). Single photon
detectors and a coincidence counter are used to detect the photon pairs. For more details, see the main text and Supplemental Material

[25]. The two-dimensional color map shown in (c) is used in all of

To study HOM interference between two spatial modes,
we prepare the photons in orthogonal OAM modes, i.e.,
one photon with £ = +1 and the second having £ = —1.
Note that although our scheme would be able to transform
any combination of spatial modes [14], we are only
involving the OAM degree of freedom. Using the Fock-
state notation |n),, where n is the photon number and the
subscript labels the OAM value, we can write the input
state as |1)_;|1),; =[1,1). Analogous to the classic
HOM interference, a balanced mode splitter unitary U/,
transforms the two input modes into two equally weighted
superpositions which leads, via interference, to the state

b
V2

if the two photons are perfectly indistinguishable in polari-
zation, time, spectrum, as well as path [see Fig. 1(b)
and the Supplemental Material [25] for more details].
This state is distinct from earlier spatial-mode interference
experiments [26-30], as it is a so-called NOON state in a
single optical path, which is a desirable state for quantum
metrology tasks due to its increased phase sensitivity [32].
The single beam-path operation is similar to quantum
interference with polarization [10,33], however, with the
much larger state space that spatial modes offer. Thus,
enabling more complex unitary transformations and a path-
way to building single-path linear optical networks.

In the experiment [see sketch of the setup in Fig. 1(c) and
Supplemental Material [25]], we generate photon pairs
using spontaneous parametric down-conversion, ensure
their temporal overlap through a delay line in the path
of one photon, and couple both photons into single mode

[¥2p) = —(10,2) - [2,0)), )

the figures.

fibers (SMF), thereby spatially filtering them to a Gaussian
mode. Using a fiber beam splitter, we obtain an initial
HOM visibility of 97.7% £ 0.2% (see the Supplemental
Material [25]). Note that for all visibility values given
throughout the Letter, the errors denote a standard error
calculated from a fit to the data. For more information on
the specific function we fit to the data, see the Supplemental
Material [25], which is partially based on the derivation in
Ref. [34]. A few examples of these fits are shown in Fig. 2.
We then imprint the desired spatial modes onto the photons
using a spatial light modulator (SLM) and an amplitude and
phase modulation technique to guarantee the best mode
quality at the cost of loss (around 94%-99% loss per
photon) [22]. Lossless schemes exist [35] but we abstain
from using them due to their complexity. After imprinting
the modes, the two photons are overlapped probabilistically
with a balanced beam splitter. The input spatial modes are
chosen to be orthogonal to avoid any interference in the
combining beam splitter.

The photons are then input into the spatial-mode multi-
port, i.e., an MPLC setup, that we use to implement any
unitary operation on the biphoton state. The three phase
modulations in our MPLC setup, that define each unitary,
are generated using free-space wavefront matching (WFM),
which is described in more detail in the Supplemental
Material [25], and an example code can be found in
Ref. [36], and earlier works [14,37]. When generating
these transformations, the pixelization and limited number
of phase values (8 bit) of our SLMs are taken into account.
Our 2D mode splitter achieved a simulated efficiency above
99% for a bandwidth of roughly 5 nm around the target
wavelength. Importantly, out of the 1% loss, only a small
fraction (1%) remains in our operating state space, i.e.,
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FIG. 2. Measurement of two-photon bunching in a two-
dimensional mode splitter. (a) HOM-like interference visualized
in Fig. 1(b). Insets show the input modes of both photons (lower
left) and legends depict the mode pair they were projected on
(upper right). (b) Interference data with the same input two-
photon state projected onto two different MUBs. (c) Flipped
scenario of (b), i.e., the input states are in a different MUB and
projected onto the OAM basis. The mode splitter unitary U/, was
the same in all three scenarios. The error bars are standard
deviations calculated from multiple consecutive measurements
and the curves are fits. In (b) and (c) the error bars were omitted
for clarity and can be found in the Supplemental Material [25].
The change in the overall coincidence rates, especially visible in
(b), is a result of decoupling over time.

contributes to errors. Note that this particular transforma-
tion for OAM modes 7 = +1 resembles two rotated
cylindrical lenses [38]. The simulated evolution of
the photon’s structure in the 2D transformation, with all
the other utilized phase modulations, are displayed in the
Supplemental Material [25].

After the two-photon state has been transformed through
the mode splitter, the photons are probabilistically split into
separate paths using another beam splitter. Their individual
spatial modes are then measured using another phase
modulation and SMF coupling followed by detection
[23,24]. The signals of the detectors are fed into a time
tagging unit, which registers coincident detections through
temporal correlations. If the two-photon interference in
spatial modes was successful, no coincidence counts
will be detected when the photons are projected on
orthogonal modes, i.e., using the projection operator
Py =141 (1_ (1] =|1,1)(1,1]. Simultaneously
scanning the temporal delay between the photons results
in a dip in coincidence detections, identical to a classic
HOM dip.

For the 2D mode splitter, we obtain a HOM-interference
dip with a visibility 88.0% = 3.8%, that is well above the
classical limit of 50% [39]. When the two photons are
projected onto the same state, i.e., P+1+1 =0,2)(0,2|, we
observe an increase in coincidences due to bunching, i.e., a
HOM bump, with a visibility 90.9% = 4.5%. This change
in the projection only requires changing one hologram on
SLM3. Both results are shown in Fig. 2(a).

We then take advantage of a particular benefit of spatial
modes and study the interference when generating and
detecting superposition states, a task that is usually difficult
to implement in other degrees of freedom. At first, we keep
the photons in the same input state, but project them onto
orthogonal states of the two other mutually unbiased
bases (MUB), which we define as [¥)/4) = 1/V/2(|1,0)+
i0, 1)) and [¥y,y) = 1/4/2(]1,0) + |0, 1)). When projec-
ting the photons onto the orthogonal states of the
(D/A)-MUB, we again find an interference dip with a
visibility of 85.6% =+ 6.2%. However, when projecting
both photons onto the (H/V)-MUB, no bunching is
observed as both photons are transformed through the
mode splitter into the eigenstates of this basis [see
Fig. 2(b)].

To show that it is irrelevant whether we prepare or
project onto superpositions, we then generate photons in
the superposition states |¥,) and |¥p) but perform the
projection measurements }A’H,l and IA’HH. The results are
similar to the ones using no superposition states, with
visibilities 84.0% =+ 4.1% and 93.8% =+ 9.5%, for the dip
and the bump, respectively [see Fig. 2(c)]. Note that,
although the interference remains the same, the relative
phase changes in the output state, allowing tuning of the
obtained state.

To verify generation of the entangled state described in
Eq. (1), we perform an entanglement witness test on the
two postselected photons, which verifies nonseparability if
the sum of the visibilities measured in at least two MUBs is
larger than 1 [40-42]. From our measurements in all three
MUBSs, we obtain a witness value of w = 2.2 + 0.1, which
is more than 11 standard deviations above the classical limit
(see Supplemental Material [25] for details).

We then scale our state space to larger dimensions, i.e.,
study two-photon interferences in high-dimensional mode
splitters. At first, we choose a balanced three-dimensional
mode splitter U 3 operating on the state space spanned by
LG modes with £ = —1, 0, +1. With this unitary, that splits
the photons into an even superposition of all three spatial
modes, different interference effects can be observed. For
example, if we again send in the same input state, now
written as |¥) = [1)_,]0)o|1),, = [1.0,1), we will not
observe a perfect bunching. By measuring correlations
using any of the projectors P“_l, i)+1o, or Py_,, a HOM
dip with a maximum visibility of 0.5 can be observed
(see Supplemental Material [25]). Experimentally we
measure visibilities of 39.7% +2.9%, 49.3% 4+ 3.1%,
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FIG. 3. Two-photon interference in a three-dimensional mode
splitter. The two-photon input state, shown in the inset on the
lower left, was sent into a balanced unitary U5. The resulting
interference was measured when projecting the photon pair onto
every combination of our initial basis states. The ideal curves
were calculated from the theoretically expected visibilities and
the two-photon properties measured at the source. The omitted
error bars and more experimental details can be found in the
Supplemental Material [25].

and 38.3% =+ 2.8%. Similarly to the two-dimensional case,
projecting both photons onto the same mode with P,
Py, or P_,_;, results in a twofold increase in coincidences.
The corresponding measurements lead to visibilities
84.3% +5.6%, 77.2% +4.8%, and 94.7% +7.2%,
respectively (see Fig. 3). For the high-dimensional inter-
ference curves, we display ideal curves instead of fits, to
keep the figure simple and compare the data to theoretically
expected results. The imperfect visibilities are likely due to
small misalignments and imperfections in the unitary
implemented with only three phase modulations for these
increasingly complex transformation. For completeness,
we also confirmed that this three-dimensional unitary
works with superposition states, which is shown in the
Supplemental Material [25].

Naturally, scaling these effects into higher-dimensional
state spaces, i.e., realizing linear optical networks, is
important for quantum information applications [13-17].
However, this scaling also provides some fundamentally
interesting effects that cannot be observed in a classical
HOM setting, i.e., a two-dimensional system. One such
effect is anticoalescence, where two-photon interference
causes an increase in coincidences when projecting the
biphoton state onto two orthogonal spatial modes, while
still having a separable state as an input. In three dimen-
sions, this phenomena can be observed if either the input
states or the unitary is prepared in an unbalanced super-
position basis. An example of the latter has been

demonstrated using paths and an imperfect tritter [43],
which could also be modeled as a lossy asymmetric beam
splitter [44]. We demonstrate anticoalescence by exploiting
the flexibility of our multiport, and compare the interfer-
ence obtained with the balanced mode splitter /5 to an
unbalanced unitary URO‘H, while keeping the same two-
photon state |1,0, 1) as input and output. As already shown
in Fig. 3, for the balanced mode splitter {/; we observe
coalescence. However, when using the unbalanced mode
splitter (AJRmH we find an increase in coincidences with a
visibility of 77.4% =+ 6.4% caused by anticoalescence [see
Fig. 4(a)]. Because of the imperfections outlined earlier,
our measured visibilities are slightly lower than the
theoretically expected 100%. Because of the bosonic nature
of photons, bunching is still the driving force of these
interferences, which manifests as HOM dips when projec-
ting on the two other orthogonal mode pairs (see
Supplemental Material [25]). We further verified the same
anticoalescence using the balanced unitary 03 and
unbalanced superposition states, which can be found in
the Supplemental Material [25].

When going beyond three dimensions, tuning the
observed interference becomes easier since the mode
splitter unitary can be kept balanced while changing its
internal phases [43]. We demonstrate this tunability using a
balanced four-dimensional mode splitter

11 1 1
1|1 er -1
201 -1 1 =11}

1 —e? —1 e

for which we adjust the internal phase values ¢ to 0,
7/2, or, &, corresponding to an anticoalescence, no inter-
ference, and coalescence, respectively. The chosen four-
dimensional state space is spanned by the OAM modes
with £ = £2, +1. Although any two-mode combination of
the mode set could have been used, we kept the same input
state [¥) = [0) _5|1)_y|1) 1/0),> = [0,1.1.0) and pro-
jected on the same output state, i.e., }A’,,H, as before to
show that the change in interference only stems from the
different unitary operation. In our measurements [shown in
Fig. 4(b)] we obtained a visibility of 75.0% =+ 6.1% for
@ =0, no significant interference for ¢ = z/2 and a
visibility of 63.2% =+ 6.4% for ¢ = n. While not being
perfect, the obtained visibilities are above the classical
limit, with at least 95% confidence. We again attribute the
discrepancy between theory and experiment to the limi-
tations of our small MPLC system performing more
complex transformations. Already in simulations, the
limited number of phase screens leads to an increase in
mode-independent loss, around 27%-37%, and a slightly
unbalanced mode splitter. Although MPLC setups
have been implemented using a larger number of phase
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FIG. 4. Two-photon anticoalescence in a high-dimensional
unitaries. The results in (a) show how imperfect coalescence
in a three-dimensional state space can be changed to antico-
alescence by changing to an unbalanced mode splitter unitary.
Further, in (b), three different balanced four-dimensional mode
splitters are used to tune the observed coalescence with the same
input and output states. Definitions for the unitaries and error bars
can be found in the Supplemental Material [25].

modulations on a single SLM [14,37], we refrained from
doing so here due to the additional losses induced by every
SLM reflection.

The multiphoton interference effects shown here, dem-
onstrate that a reconfigurable spatial-mode multiport,
implemented through MPLC, can be used in the quantum
domain, opening up multiple new research avenues and
quantum technological applications harnessing the benefits
of spatial modes. The current limitation of our experimental
scheme is the lossy method of generating the spatial modes
[22] and the limited efficiency of our SLMs (75% effi-
ciency per reflection), that limits the number of phase
modulation planes. However, these limitations are only of a
technical nature and can be tackled in the future with more
expensive devices, e.g., high-quality deformable mirrors,
and novel methods, e.g., lossless generation and detection
of structured photons [35]. Because our scheme is intrinsi-
cally stable and can be fully automized [14], scaling to
large mode numbers, i.e., the realization of large linear
optical networks along a single path, seems feasible.
Additionally, other input states, such as entangled states
or multipartite states, could be used to investigate more
complex multiphoton interferences. The well-controlled
two-photon interference can further be applied in

generating custom-tailored NOON states of spatial modes,
studying complex quantum walks within the spatial-mode
set [45], simplifying fundamental research endeavours
such a high-dimensional multipartite entanglement [46],
or applying spatial modes in complex quantum informa-
tion tasks like photonic quantum processors [13,47],
high-dimensional quantum teleportation [48], or Boson
sampling [49].
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The increased phase sensitivity of NOON states has been used in many experiments, often involving
photon paths or polarization. Here we experimentally combine the phase sensitivity of NOON states with the
orbital angular momentum (OAM) of photons up to 100 7, to resolve rotations of a light field around its
optical axis. The results show that both a higher photon number and larger OAM increase the resolution and
achievable sensitivity. The presented method opens a viable path to unconditional angular supersensitivity
and accessible generation of NOON states between any transverse light fields.

DOI: 10.1103/PhysRevLett.127.263601

During the past few decades, NOON states have been the
focus of several studies where their potential was explored
in different metrological applications [1-4]. Specifically, a
NOON state refers to an extremal superposition of N quanta
between two orthogonal modes, ie., (1/v2)(]N,0) +
|0,N)) [3]. These states owe their usefulness to an
increased phase sensitivity that an N-photon Fock state
has in comparison to a single photon, or more classical
states of light. The increased phase sensitivity means that a
phase ¢ affects the Fock state [N) N times, changing the
state to e’¥?|N), whereas classical states of light would
only gain the phase ¢ [3]. This increase in phase sensitivity
has been utilized in many proof-of-principle experiments,
most commonly by preparing two photons in a super-
position of two paths [1] or polarizations [2]. One notable
example is the demonstration of an unconditional quantum
advantage in sensitivity, using two-photon polarization
NOON states [5].

Similarly to the phase sensitivity scaling with a photon
number, the sensitivity in rotation measurements around the
optical axis scales with the amount of helical twistedness in
the wavefront of the light used [6]. This sensitivity is related
to the rotational symmetry of the helically twisted wave-
front of a light beam with nonzero orbital angular momen-
tum (OAM). The amount of wavefront twistedness, or
OAM, a photon can have is quantized to integer multiples £
of 7, and is theoretically unbounded [7], leading to a
theoretically unbounded increase in measurement sensitiv-
ity. Experimentally, values of up to 10 010 quanta of OAM
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were already demonstrated [8]; however, this value is
bounded by the finite aperture of the optical system [9].

Theoretical and experimental studies have examined
methods of combining the increased phase sensitivity of
quantum states and the optimal rotation sensitivity of light
beams with large OAM [10-14]. In these studies however,
instead of experimentally implemented twisted NOON
states, the authors used either squeezed light states, light
directly from a spontaneous parametric down conversion
(SPDC) source, or multiple paths for the photons with
different OAM values to travel. These implementations
lack the robustness and simplicity of a single-path oper-
ation which can be achieved with the recently introduced
method for bunching photons into different OAM NOON
states [15].

In this study, we experimentally demonstrate an
increased rotation sensitivity of twisted NOON states along
a single path. With our method, we are able to show the
increased rotation sensitivity using NOON states with
photon numbers 1 and 2, and OAM values up to 100 7.
Our results show that twisted two-photon NOON states
have the potential for an angular uncertainty scaling
« (1/¢N), whereas classical light is limited to a scaling
 (1/¢£+/N) [10,13]. Although the amount of OAM is
limited by the physical aperture, increasing the number of
photons in a twisted NOON state has the potential to surpass
any classical angular resolution limit. Due to the simplicity
of the presented method, spatial mode NOON states with
large OAM values and high efficiencies are achievable even
with current technologies. As such, our work opens up
novel ways to generate NOON states invoking the transverse
spatial degree of freedom and offers a path to unconditional
angular supersensitivity.

To create a two-photon twisted NOON state, two photons
that have orthogonal transverse-spatial structures but are
otherwise indistinguishable need to be brought into the
same beam path. A unitary that transforms the modes into a

Published by the American Physical Society
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mutually unbiased basis (MUB), i.e., a Hadamard operation
H,, then leads to a bunching of the two photons into
the original spatial structures [15]. This interference is
analogous to the well-known Hong-Ou-Mandel inter-
ference realized by a beam splitter transformation [16].
However, since the beam-splitter-like transformation A, is
unitary, the two photons stay orthogonal in a certain basis

. 1
Holl. Ve = 75(12.00e = 10.2) ) = |1 Das sy

where M; refer to the modes of another MUB of the OAM
modes {¢#,—¢}. Because of this feature, it is possible to
include the beam-splitter-like operation into the state
generation, before bringing the photons into the same
beam path, while still achieving the same two-photon
bunching and, thus, the same two-photon twisted NOON
state. Interestingly, for larger photon numbers the process
generates Holland-Burnett states that are also capable of
overcoming the shot-noise limit [17].

To experimentally verify the efficacy of this method, we
use an SPDC source to generate photon pairs and the setup
shown in Fig. 1 (see Supplemental Material for details
[18]). The photon pair is coupled out of single-mode fibers
onto two separate regions of a spatial light modulator
(SLM), as shown on the left side of Fig. 1, where the
photons are structured using holographic phase and ampli-
tude modulation [19,20]. The structured photons are then
brought to the same path with a beam splitter to enable
bunching into OAM structures. To measure the two-photon
state, a second beam splitter probabilistically separates the
photons, and a second SLM (SLM2) is used in conjunction
with two single-mode fibers to filter the spatial structures of
the photons independently [21,22]. Both of the SLMs that
were used were wavefront corrected [23]. For single-
photon NOON states, only one input and output fiber were
used, and the other photon was detected at the two-photon
source, to herald a single-photon state [24].

To confirm that the photons bunch into a NOON state, we
first prepare a two-photon NOON state with an OAM
value of # = =+1, and verify its quantum correlations
using an entanglement witness [25,26]. Measuring the state
in all three MUBs, we achieve a witness value of
w = 2.92 + 0.02, which is greater than the maximal value
of w =1 for separable states and close to the maximum
value of w = 3 of the witness for maximally entangled
states.

After this initial confirmation, we proceed to examine the
angular resolution and sensitivity of these OAM NOON
states using our measurement scheme. In these measure-
ments, we prepare heralded single photons and two-
photon NOON states with OAM values |£| = {1,2,3,5,
10,25,50, 100}. For |#| < 10, we use mode carving [19]
and intensity flattening [21] to create and measure the
structures, respectively. The amplitude modulation imple-
mented in these procedures is needed to get as close as
possible to the MUB states of OAM light fields. The OAM
states have a complex field structure E, () o ¢?, where 6
is the azimuthal coordinate. Hence, the MUB structures are
of the form Ey, /1, (0) o« (e + ¢=?) and are often called
petal beams [27]. Examples of these structures for £ = £2
are shown in the insets of Fig. 1. When generating photons
with |£| > 10, no amplitude modulation is required as the
spatial structures are sufficiently filtered by the limited
aperture of our system. Thus, simple phase imprinting [20]
and phase flattening [22] are used to generate and measure
the desired modes, respectively.

To demonstrate angular superresolution, we simulate the
rotation of our photon structures by rotating the measure-
ment holograms on SLM2. As with the more common two-
photon Mach-Zehnder interferometer, a second Hadamard
transformation is needed to detect the phase change. In the
case of OAM modes, the second Hadamard transformation
can be performed in the measurement by simply projecting
the photons onto the petal mode basis (see Supplemental
Material [18]). Hence, the two-photon state was measured

N

7
N7
¥ Sample

> -TC
Intensity

Measurement

1
75120~ 10512}

FIG. 1. Conceptual image of the experimental setup. Two holograms are used on the first SLM (SLM1) to imprint the wanted
structures onto each photon, independently. The two photons are then overlapped using a beam splitter, to enable photon bunching into
the same spatial structure, hence, allowing for a single beam operation when probing a sample. To measure the two-photon state, the
photons are separated with a beam splitter and sent to SLM2 where another set of holograms are used to measure the structure of each
photon (see main text for details). The insets show an example of the holograms displayed on SLM1 to generate an OAM NOON state
with # = £2, an example of a sample position, and the transverse field structures the photons have at different points of the setup,
visualized by a two-dimensional colormap (see color bar on right).
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by projecting the photons on orthogonal petal structures,
which can only result in an interference curve with perfect
visibility in the case of bunching. Interestingly, projecting
both photons on identical petal structures can produce a
perfect fringe visibility irrespective of bunching, although
with an increased amplitude in the case of bunching (see
Supplemental Material [18]).

Since rotating the light field by an angle ¢ induces a
phase ¢V on an N-photon Fock state [10], the theoreti-
cally expected optimal detection rate is (M) = (M/2)
[1 —cos (2NZ¢)|, where M is the number of repetitions
of the measurement and N is the number of photons used in
the NOON state. From the detection rate, the theoretical
scaling of the angular uncertainty can be expressed as

B (AM) o
? = Jotknyjog] ~ 2VMNE

which saturates the quantum Cramér-Rao bound. For deri-
vations of Eq. (1) and the bound, based on Refs. [10,28—
30], see Supplemental Material [18].

The rotation measurements with £ = {+1,+10,+100}
are shown in Fig. 2. The figure shows that increasing the
amount of OAM increases the achievable resolution, and
changing from a single-photon to a two-photon NOON state
doubles the resolution.

To further analyze the measured data, we estimate the
Fisher information and angular precision for each meas-
urement. Therefore, we first fit a curve to each set of the
measured data using a weighted nonlinear least squares fit
(each point is weighted by the reciprocal of the measured
variance). The fitted curve is

(D)

A b2
E{l—cos <2waq)—c>} + D, (2)

where A is the amplitude of the cosine curve, D is the
offset, and ¢ sets the position of 0° rotation. Hence,
[A/(A+2D)] gives an estimate of the visibility of the
curve, based on the fit. For the single-photon measure-
ments, we obtain an average visibility of 0.999, whereas for
the two-photon measurements the corresponding value is
0.956 averaged over all measurements. The maximum
standard error for the visibilities is 0.011, calculated for
the two-photon # = 4100 state, from the confidence
intervals of the fitting parameters.

From these fits and the estimated system efficiencies
(around 0.015 for a single photon with £ =1 and 0.002
when ¢ = 100) we are able to derive the expected Fisher
information (see Supplemental Material [18]). We also
calculate the angular uncertainty using

AM (o)

A
¢ sin 2NC 12— c)|”

= - 3)
ANC &

where AM (¢) is the standard deviation for each measure-
ment angle calculated from around 25 repetitions,
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FIG. 2. Detected single photons and two-photon coincidences
as a function of rotation angle. The single photons were prepared
in the modes shown in the insets (insets show false-color images
of structures taken with camera and laser light), and the
corresponding two-photon NOON states were created by imprint-
ing the same structure on one photon and its orthogonal pair
(same structure rotated by 180°/2¢) on the other. The plots in (a)—
(c) show single photon (two-photon) counts within integration
times of 2s (3 s), 1 s(3s),and 2 s (8 s) and OAM values of Z = 1,
10, and 100, respectively. The error bars have been calculated as
standard deviations from at least 19 repetitions of the measure-
ment at each point, and the solid lines are fits of the form shown
in Eq. (2). The decreased period between oscillations shows the
angular superresolution achieved with the two-photon NOON
states [31]. For the two-photon measurements, accidental
coincidences have been subtracted.

depending on the photon number and OAM value. The
Fisher information and angular precision are shown in
Fig. 3 for # = 100 and in the Supplemental Material [18]
for £ = 1.

Plots (a) and (c) in Fig. 3 show that the expected Fisher
information curves follow the reciprocal of the rotation
angle variance, meaning that the results are close to the
Cramér-Rao bound of our specific state measurement [4].
Similarly, the expected angular uncertainties mostly agree
with the measured angular uncertainties. This indicates that
the achieved precision is close to the maximum precision
bounded by Poissonian noise. The differences between the
expected curves and measured data stem from the limited
number of repetitions used to calculate the standard
deviation, the decoupling of the system during long
measurements, and differences in system losses due to
different bandwidths of our single-photon source and the
laser used in characterization. The change in precision
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Poissonian errors calculated from the fit. The red crosses are the experimentally determined uncertainties, calculated using Eq. (3). Plots
(a) and (b) display the heralded single-photon data, and (c) and (d) contain two-photon data. In all graphs, the black dashed lines depict
the interference curves for reference. On the bottom row, the uncertainty values that have been circled are used for calculating the

respective sensitivities in Fig. 4.

caused by errors that were larger than Poissonian is
especially apparent with the Z = 100 measurements where
a small drift over time has a comparatively large effect on
the alignment of the small structures of the transverse field.

Finally, we compare the sensitivities that are achievable
with two-photon NOON states to single-photon sensitivities,
using different values of OAM. Figures 3(c) and 3(d) show
that the best angular precision tends to be found at the same
values of ¢ where the Fisher information is maximized.
Therefore, to quantify the achievable sensitivities with
different values of N and 7, we take the four smallest
values of angular uncertainty A¢ from each measurement,
close to the point of maximum Fisher information. We then
calculate the reciprocal for each of these values and define
it as the sensitivity. To be able to compare sensitivities
between different measurements, we normalize them by
dividing each value Ag by (/A + D/A), which removes
the dependence of Ag on the varying number of detections
in each measurement. These values are plotted in Fig. 4,
along with theoretically expected maximum sensitivities
for the measurement scheme used.

Fig. 4 shows that the measured two-photon states are
more sensitive than their one-photon counterparts, although
the theoretical scaling was not reached with two-photon
states with large OAM. This discrepancy is caused by the
nonperfect visibilities of the measured interference curves,
in addition to the increasing complexity of the structures
and their decreasing efficiencies, causing the alignment to
be more sensitive while requiring longer measuring times.
As a result, a slow misalignment over time has a larger
effect on the variability of detection rates over the repeated
measurements.

In the presented experiment, we created twisted one-
and two-photon NOON states and verified the scaling
they enable for angular resolution and sensitivity, when

increasing the photon number or OAM. In order to verify
these properties, we rotated the measuring hologram on a
SLM to simulate a rotation of the light field. Hence, the
method could be directly applied to precisely aligning two
rotational reference frames, e.g., in a communication
channel [13]. However, in order to apply the method for
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FIG. 4. Measurement sensitivities of single-photon and two-
photon NOON states. The theoretical curves are calculated using
Poissonian errors and a visibility of 0.9999 for the cosine curve
introduced in Eq. (2). The crosses represent the four normalized
sensitivities calculated from the uncertainty values chosen from
each measurement. The mostly linear dependence of 1/A¢ on
OAM follows the scaling of angular uncertainty introduced in
Eq. (1).
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measuring rotations caused by a separate system, the
probed sample needs to be the one providing an
OAM-dependent phase onto our two-photon state. This
could be achieved by embedding an image rotator (e.g., a
Dove prism) into the object whose rotation we want to
measure, or by probing samples that interact with the NOON
state by inducing an OAM-dependent phase which is
contingent upon some property of the sample. Hence,
the scheme is not restricted to only measuring rotations
of a light field or reference frame, but can be used to
measure any OAM-dependent phase changes. Additionally,
since adding photons into the NOON state can be done
irrespective of the aperture of the system, the increased
angular resolution provided by a NOON state might be
beneficial in tasks with a limited aperture size. However, in
order to push the limits of achievable sensitivity with this
measurement scheme, the system losses need to be reduced
and a more appropriate estimator for the rotation angle
should be devised [5,32].

In summary, we showed that by structuring and over-
laying two photons, a high-fidelity two-photon NOON state
can be created between any two high-OAM spatial struc-
tures. With this method, we are able to bunch two photons
into modes with up to OAM 100 £, with minimal experi-
mental complexity. For future implementations, improving
the method’s efficiency would be key in pushing the
achievable sensitivity. The current losses are caused by
the methods used for generation and detection, as well as
the probabilistic overlapping and separation of the photon
pair. To show a quantum advantage over a lossless classical
system with perfect visibility, the condition 7VV?N > 1,
introduced in references [5,31], needs to be met. With the
average visibility V = 0.956 for our two-photon rotation
sensing, the single-photon efficiency needs to be n > 0.74
to overcome the shot-noise limit. However, the efficiency of
the system could be increased by using methods that are, in
principle, lossless for preparing and measuring the spatial
modes [33], and for combining the two photons into the
same beam path [34,35].
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Controlling the evolution of photonic quantum states is crucial for

most quantum information processing and metrology tasks. Due to its
importance, many mechanisms of quantum state evolution have been
tested in detail and are well understood; however, the fundamental phase
anomaly of evolving waves, called the Gouy phase, has had alimited number
of studies in the context of elementary quantum states of light, especially
inthe case of photon number states. Here we outline a simple method for
calculating the quantum state evolution upon propagation and demonstrate
experimentally how this quantum Gouy phase affects two-photon quantum
states. Our results show that the increased phase sensitivity of multi-photon

states also extends to this fundamental phase anomaly and has to be
takeninto account to fully understand the state evolution. We further
demonstrate how the Gouy phase can be used as a tool for manipulating
quantum states of any bosonic system in future quantum technologies,
outline a possible applicationin quantum-enhanced sensing, and dispel
acommon misconception attributing the increased phase sensitivity of
multi-photon quantum states solely to an effective de Broglie wavelength.

The wave dynamics dictating the evolution of quantum states is of
utmostimportance in both fundamental studies of quantum systems
and quantum technological applications. For photons, the evolution
of their spatial structure has been the key in a plethora of promising
techniques for quantum communication'?, information processing®*,
simulation® and metrology®. One particular feature of a converging
wave travelling through its focus is the acquisition of an additional
phase shift when compared with a collimated beam or a plane wave trav-
elling the same distance. This effect, which is known as the Gouy phase,
was first observed and described by Gouy more than a century ago™.
Although the phenomenon is well established and can be described
throughmethodsin physical optics®'®, the Gouy phase continues to be
the topic of studies discussing its underlying physical origin by linking
it to properties such as the geometry of the focus, geometric phases
and the uncertainty principle® ¢, In addition to the continued inter-
est aiming at providing an intuition for the phenomenon, this phase
anomaly is often harnessed to realize tools in optics® .

Despite the Gouy phase being a general wave phenomenon, stud-
iesinvestigatingitsrolein quantum state evolution have been limited to
afewmatter wave studies”* and spatially separated photon pairs*%.
Although these demonstrations use (locally) single quantum systems

and thus observe the effect known for classical light waves, more com-
plex quantum states consisting of multiple identical quantum systems
(that is, bosonic systems with multiple excitations) have not been
studied before. We term the specific phase acquired by such quantum
states the quantum Gouy phase.

In general, any phase accrued by a mode of a photonic quantum
system leads to a photon-number dependent phase for the quantum
state. This means that whereas a single photon or a classical field would
acquire a phase ¢ upon propagation, when N-photons occupy the same
mode (|N)), the quantum state is left with Ntimes the same phase, that
is, exp(iNg) |[N)*°. This increased phase sensitivity of photon number
statesis utilized in so-called NOON states, which have garnered popu-
larity due to their potential to push the sensitivity of measurements to
what is considered the absolute physical limit*. NOON states can be
compactly expressed for two orthogonal modes pand p'as

-4

V2

Hence, the enhancement in measurement sensitivity is enabled by the
phase difference between the two components being N times the phase

W) (IN), 10, = 10),IN),) - o
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Central intensity

Fig.1| Observing the quantum Gouy phase through a changing on-axis
interference along the propagation direction. a, Conceptual image of the
observation scheme. The image displays the intensity structure of a
superposition of aradial mode with p’ = 4and a Gaussian reference (p = 0) at
different distances from the focus. The inset shows the intensity of the field on
the optical axis. b, Intensity of a classical light beam prepared in the same

superpositionasina, with a Gaussian waist w, = 25 pmand z, = 0. ¢, Spatially
varying two-photon probability for a two-photon NOON state prepared in the
same radial modes as in a and b. To make this structure visible, we post-select for
cases in which the two photons exist in the same position using the projection
P(x,y,2)= \(W(Z)IZ),\(V\Z. Forband ¢, the intensities/probabilities are calculated on
aplane cutting through the optical axis (see a for reference).

difference between the underlying modes. More importantly, using
such aNOON state configuration allows for the study of the speed-up
of the quantum Gouy phase compared with the classical case.

In the present work we describe theoretically how an N-photon
number state evolves upon propagation and verify experimentally the
speed-up of the quantum Gouy phase with two-photon NOON states
through interference in the transverse structure of a bi-photon. We
further show that the quantum Gouy phase speed-up can be applied
to super-resolving longitudinal displacement measurements using
the quantum Fisher information (QFI) formalism and solidifying its
link to the uncertainty interpretation of the Gouy phase'. Finally, we
show that our results for N-photon states cannot be simulated by clas-
sical light with aA/N wavelength, demonstrating that the often-used
effective de Broglie wavelength approach for multi-photon states,
although useful in specific cases®*, is not always accurate. As such,
our work brings the fundamental wave feature of the Gouy phase to
the quantum domain, thereby opening the path to its utilization in
quantum technological applications throughits unique quantumstate
manipulation properties.

Probing the quantum Gouy phase

An interferometric measurement scheme can be used to observe
the quantum Gouy phase of N-photons. We chose to use the
transverse-spatial modes of paraxial light beams as the different arms of
theinterferometric scheme, where one mode acts as the required refer-
ence arm. More specifically, we used Laguerre-Gaussian (LG) modes,
which are afamily of orthogonal solutions to the paraxial wave equation
in cylindrical coordinates™. In the case of a classical monochromatic
field, the Gouy phase of these modes evolves as*

2(z - zp)
kw} ’

O =-2p+16|+1) arctan( )

wherezis the propagationdistance, kis the wavenumber, £isaninteger
giving the number of orbital angular momentum quanta per photon,
pisapositive integer defining the radial transverse structure of the
field, w, is the beam waist defining the transverse extent of the beam
atits focus, and z, gives the position of the beam focus along the opti-
calaxis. As the Gouy phase depends on the mode order S=2p + €| +1,
its anomalous phase behaviour can be observed through the change
of the transverse structure during propagation when the lightisin a
superposition of spatial modes of different mode orders™. For radial
modes, which are LG modes with £ = 0, this change results in a vary-
ing intensity along the optical axis (as can be seen in Fig. 1a); thus, to
probe the quantum Gouy phase and distinguish it from its classical
counterpart, we study the superposition of a Gaussian reference mode

(p =0) and different higher-order radial modes in both the classical
domain and the aforementioned quantum setting, thatis,aNOON state
superposition. By measuring the change in intensity and two-photon
detection rate, respectively, observed in a single-mode fibre (SMF)
scanned through the focus, we are able to directly observe the speed-up
of the quantum Gouy phase.

Theoretical evolution upon propagation

In our measurement scheme, we expect the propagation toresultina
photon number-dependent Gouy phase when the state \N)pistranslated
through a focus. To verify these expectations theoretically, we start
with N photons occupying amonochromatic paraxial mode at a posi-
tionz=0, withacomplex field structure u,,(p, 0). To translate the mode
along the optical axis, we apply the translation operator e’#% to the
modeinthe angular spectrum representation, in which the quantized
mode of light can be expressed as

a,(0) = / / Fep(x,0)a" ()P, ®3)

where Fy,(k, 0) represents the normalized complex amplitude of the
plane wave mode with transverse wave vector Kk, and @' (x)is the cor-
responding operator density ****, After applying the translation oper-
ator, the mode takes the form

Ggp(2) = / / Fg,,(x,O)e-ikz@za*(x)dlx, 4)

which is identical to the initial mode being propagated by z using the
angular spectrum method (ASM)”*. We thus see that the quantized
modeevolvesidentically toaclassical light field, that s, the propagated
LG mode has anidentical spatial structure u,,(p, z) that only differs by
the propagation-related changes to the wavefront curvature and beam
radius. Due to the beam evolving according to the ASM, we can extract
the Gouy phase evolution by defining a new mode ng(z)fwhich has
the structure of the field after translation—without the accumulated
Gouy phase, that s, u,,(p, 2)e~*?e®(, Using this new mode, we can
express the mode after propagation as a single mode with a phase

() = by (e ©

We can then simply state the Gouy phase evolution of an N-photon
Fock state as

‘N>€p;0 - e—iNkz—iNtDG(z)lmep;z’ (6)
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Fig. 2| Comparison of on-axis interference along the propagation direction
for classical light and two-photon NOON states. The error bars show the mean
value +s.d., solid lines are fits, and the insets show images of the corresponding
radial modes withindex p'. The upper row contains laser data with 100
repetitions per measurement point, whereas the lower row shows two-photon
coincidence measurements. Each two-photon data point was corrected for
accidental coincidence detection and measured 25 times with an integration

Stage position (mm) Stage position (mm)

timeof 28 sfor p’ = {1,2,4}and 24 sfor p’ = 3. Thefits are nonlinear least-
squares fits of the form described in the main text. We aimed to keep the beam
waist radius at 25 pmin all measurements to keep the datacomparable; however,
the fits show that the beam waist was slightly larger for higher-order modes,
varying between 24.95 pmand 26.81 pm. A negative stage position labels that the
SMEF collecting the light was between the focus and the lens.

which explicitly contains the photon number dependent Gouy phase
evolution. See Supplementary Section 1for a detailed derivation.

Experiment
Wefirst prepared laser lightin asuperposition of the Gaussian reference
mode and one of the higher-order radial modes. The structuring of the
laser beam was performed with a single hologram on a spatial light
modulator (SLM) by using a holographic method commonly known
as mode carving*’. After structuring, the beam was imaged one focal
distance away from a 75 mm lens, which performs an optical Fourier
transform on the transverse structure while focusing®. As the trans-
versestructure andits Fourier transformare identical for LG modes, the
beamstructure at the focus was identical to the structure carved at the
SLM, uptoaphase factor of mbetween the superposed LG modes, which
needed to be accounted for with odd values of the radial index'**°. To
measure the Gouy phase-induced change inthe interference along the
optical axis, we placed an SMF at the focus and moved it longitudinally
using a stage with a computer controlled piezo actuator. The laser
source was a continuous-wave diode laser operating at 810 nmand the
SLM used for structuring the light was wavefront corrected using the
method described inref. *'. Furthermore, to get the generated modes
as close as possible to the correct transverse structure at the desired
beam radius, we employed an additional Gaussian correction in the
mode carving that minimized any effect of the initial Gaussian beam
structure in the carved mode (see Supplementary Section 5).

For a classical field, we can extract the theoretically expected
measurement results simply by calculating the overlap of the Gaussian
eigenmode of the SMF and the normalized transverse structure of the

scalar field uiorai(0, 2) = %(uop(p, 2)—euq, (p,2)). Thus, for laser light,

the amount of laser power coupled into the fibre is proportional to
) 2
P, x |Ay(2) — e 04, (2|, %)

where A(2) refer to the overlap between the normalized radial modej,
atadistancezfromits focus, and the normalized Gaussian eigenmode
ofthefibre. Tosee the Gouy phase dependence of the detection prob-
ability, the above equation can then be stated as

P [|Apl? + 1Ay P = 2/Apl1A | cos(ADG(2) — 6 + ()],

where the term ¢)(2) is an extra phase contribution fromthe curvature of
the wavefront acquired upon propagation. However, as the wavefront
curvature is very small near the optical axis, the only substantial con-
tribution to the phase of the overlaps A,(z) comes from the Gouy phase
difference A®(2). Thus, scanning the fibre through the focus results

inasignal that oscillates as cos <2(p’ — p)arctan (K;;—i")))underneath
(4

some envelope function defined by the z-dependence of the
overlap functions.

For the measurements, we kept the reference mode (that is, a
Gaussian mode with radialindexp = 0) fixed and varied theindex p’of
the probe mode between 1and 4, which lead to four unique measure-
mentscenarios with differing Gouy-phase contributions. The measured
data can be found on the top row of Fig. 2. The measurements follow
the probability introduced above very well, which we verified by fitting
curves thatmatch equation (7) to the data. In each fit, we fixed the mode
field diameter of our fibre to the 5 pm specified by the manufacturer
and only had four fitting parameters: an overall scaling factor of the
function, the beam waist w,, focal position z, and the z-independent
phase offset 6. The average adjusted R? value of the fits was 0.986,
meaning that the data correspond well with the theoretical model.

After first verifying the method’s viability using alaser and showing
the effect of the Gouy phase on a classical interference pattern along
the optical axis, we extended the measurement scheme to observe
the quantum Gouy phase. Following the same general idea, we now
generated different two-photon NOON states between a reference
Gaussian mode (p = 0) and higher-order radial modes, and studied the
two-photoninterference patternalong the optical axis. To prepare such
aNOON state, we first generated photon pairs through spontaneous
parametric down-conversion (see Supplementary Section 5 for more
information) and then shaped each of the two photons individually
into a well-defined superposition of the wanted radial modes using
two holograms performing two different mode carvings. Once each
ofthe photons was structured, we directed the photons into the same
beam path using a beamsplitter. As demonstrated inref.°, once in the
same beam path, indistinguishable photons bunch into the desired
spatial mode NOON state given in equation (1). A simplified sketch of
the two-photon experimental set-up can be seenin Fig. 3.

To calculate the N-photon coincidence probability, we project the
radial mode NOON state |W(2)) onto the state where all of the photons
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Fig. 3| Simplified drawing of the experimental set-up. Two photons with
Gaussian beam profiles were sent to separate sections of an SLM where they were
independently structured into orthogonal superpositions of radial modes. These
photons were then probabilistically overlapped using a beamsplitter, after which
they bunched into a radial mode NOON state®. Finally, this two-photon NOON
state was focused down to a 25 um Gaussian beam waist radius and coupled

into a SMF (with amode field diameter of 5 pum) that was scanned through the
focus (from behind the focus towards the lens). The two-photons were then
probabilistically split into two single-photon avalanche diodes (SPAD), and we
post-selected on both of the detectors detecting a photon at the same time using
acoincidence counter (CC). See the main text and Supplementary Section 5

for more details.

have been coupled successfully into the SMF P= [(W(2)|N)sye|*. Assum-
ing that we produce perfectly balanced NOON states of radial modes
with a phase offset 6, the N-photon detection probability can be
reduced to the form

P= %|A;‘,’(z) —e AN (z)|2. 8)

As before, we can express this coincidence probability as

P= %[mp\z’v + Ay 12V =214, |A, ¥ cos(NADG — 6 + Ng(2))],

whichissimilar to the detection probability of the classical field, lead-
ingtoanoscillatinginterference underneath some envelope function.
However, in the above equation we see the photon number-dependent
scaling for both the frequency of the oscillation as well as the envelope
term. Note thata probability curve with halfthe amplitude but the same
shape canalso be observed for photon pairs prepared similarly without
bunching. Thus, to verify that we generate radial mode NOON states in
our experiment, we prepared the two photons in the corresponding
radial mode superpositions and showed that the probability of coupling
both of the photonsinto the SMF roughly doubles when the photons are
made indistinguishableintime, whichis a clear signature of bunching
(see Supplementary Fig. 2 for the measured data). See Supplementary
Sections 2 and 3 for detailed derivations of the detection probabilities.

For the NOON state measurements, we used the same set of radial
modes in superposition with the reference Gaussian mode leading
to the data shown on the bottom row of Fig. 2. As before, the data
follow very well the theoretically expected curves, verifying the
above-presented equations and their described behaviours. Fits of
equation (8) to the data—with the same parameters as in the classi-
cal case—resulted in an average adjusted R? value of 0.951. The slight
imperfections in the data can all be accounted for by imperfections
in the alignment, imaging, the SMF eigenmode, spatial mode genera-
tionand errorsinthe stage position. Aside fromthe errorsin the stage
positions, all of these can be effectively categorized as contaminations
of our state space by modes not included in the theoretical analysis.
Hence, our results demonstrate that the quantum Gouy phase leads to
aspeed upinthe accumulated phase upon propagation and also modu-
lates the underlying envelope function. As we will discuss next, both

—— 810 nm two-photon p’' =3
= ==405nm laserp =3

---------- 405 nm laser p' =6

$ Experimental data p' = 3

50

Number of detected photons &

~ —— 810 nm two-photon p’ = 4
80 = = -405nm laserp’' =4
e 405 nm laser p' = 8
60

§ Experimental data p' = 4

40

20

Number of detected photons &

Distance from focus (mm)

Fig. 4| Comparing measured two-photon count rates with simulations of
classical fields of different wavelength and mode order. a,b, The datashown
(black dots) and their fits (grey solid lines) correspond to the two-photon NOON
state measurements with probe modes p’ = 3(a)and p’ = 4(b). Theerrorbars
are calculated from 25 repetitions and present the mean value + s.d. The dashed
and dotted lines show simulated values for a405 nm laser with two different
mode orders and beam waists. For the blue dashed curves, the beam radius of the
405 nm field is matched to the 810 nm mode of the photons at the focusing lens.
For the red dotted curves, the Rayleigh length is matched to the 810 nm mode
while doubling the radial mode order p’ = {6, 8}. Equation (7) with a scaling
factor was used to calculate the curves for the classical 405 nm beam and the SMF
mode field diameters were scaled to match the change in mode radius (that is,

w405

s, = —o Wi The curves match well near the focus; however, the blue
ibre = ;810 fibre

dashed curve does not exhibit the same fringe pattern and the red dotted curve
has alarger relative amplitude outside the focal region. Hence, the quantum
Gouy phase behaviour cannot be exactly reproduced by simply changing the
wavelength and mode order.

features shed new light on the fundamental understanding of the Gouy
phase, as well as hint at quantum enhanced metrology applications.

Quantum Fisher information

As the quantum Gouy phase evolves faster with a larger number of
photons, one application could be super-sensitive measurements of
longitudinal displacement. This prospect can be investigated by calcu-
lating the QFl achieved through translation, which is of the form*#2-#*

Foll9(2) = 782, ©

When calculating this variance for the radial mode NOON state |W(2)),
we get the QFI

Fo(W(@)) = 2N(A%k, |, + A%k, |,)

2 (10)
+N2((k), — (kz)p,) ,

where A%_|;and (k;), are the variance and average of k. for mode i,
respectively, calculated using the angular spectrum of the correspond-
ing mode. It is worth noting that the QFI does not depend on z, as the
angular spectrum of a mode only acquires a phase structure upon
translation. Fromequation (10), we can see that the second term of the
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QFl has Heisenberg scaling. As we show in Supplementary Section 4,
this term relates to the Gouy phase difference between modes p and
p'.Hence, radial mode NOON states along with their quantum Gouy
phase properties should be able to enhance the sensitivity of longitu-
dinal displacement measurements. However, although these states
provide benefits such asintrinsic interferometric stability when trans-
lating the mode along z, the spatial extent of the modes change, mak-
ing it challenging to devise a real measurement capable of saturating
the QFl at any z. The form of equation (10) also shows that it could be
possible to engineer different spatially structured quantum states to
measure different physical parameters. Due to the form of the QFI, the
key feature that needs to be optimized in such state engineering should
be maximizing variance of aspecific momentum of the quantum state.
For example, this would mean maximizing the variance in orbital angu-
lar momentum for rotation sensing® or linear momentum for sensing
thelongitudinal position (see equation (9)). See Supplementary Section
4 for derivations of the QFl and the Fisher information calculated for
the projection used in our experiment.

Momentum uncertainty

Inaddition to showing the potential for Heisenberg scaling, thereisan
interesting connection between the QFl and the uncertainty interpreta-
tion of the Gouy phase that fundamentally links the potential change in
the spread of the transverse momentum to the evolution of the Gouy
phase'. Feng and Winful also noted that alarger momentum spread of
higher-order modes results in abigger Gouy phase shift'2. As the Gouy
phaseisincreased by the photon number N, whichisaccompanied by a
photon number-dependent momentum spread, as can be seenin equa-
tion (10), our results make a further connection between the quantum
Gouy phase and its uncertainty interpretation. Similarly to ref. 2, one
can further link this behaviour to a tighter spatial confinement of the
photons which can be made visible, for example by measuring the
spatial extent of the N-photon state as shown in Fig. 1c).

The de Broglie wavelength of light

Finally, our results show that the behaviour of a two-photon NOON
state cannot be replicated simply by switching to a classical field with
half the wavelength. The difference is clear if we note that the Gouy
phase has anonlinear dependence on the wavenumber, which means
that simply ascribing an effective de Broglie wavelength A/N to the
N-photon state does not produce the correct quantum Gouy phase.
Thisisin contrast to the phase accrued by anon-converging field upon
propagation as well as arguments discussed in such a context®>>*, To
investigate this fundamental difference in more detail, in Fig. 4 we
plotted the measured data for two radial mode NOON states, along
with overlap curves calculated for classical 405 nm modes with two
different mode orders and waists. From these comparisons we see that
the effect is not reproduced by a simple switching of the wavelength
or doubling of the mode order.

Based on the comparisoninFig.4 and equation (6) the only exact
description of the N-photon Fock state evolution seems to be that it
evolves as the underlying mode, taken to the power of N. Although
doubling the mode order and halving the wavelength seems to repli-
cate quite well the shown two-photon behaviour. As the state evolves
asthemode takento power N, this evolution of the N-photon quantum
stateresultsinamore rapid phase change and tighter confinement of
the N-photon. Both of these features have been taken advantage of in
different studies and experiments. Either in the form of NOON-state
super-resolution measurements®** orinincreasing the confinement*®.

Conclusion

In summary, we have verified theoretically and experimentally that
the increased phase sensitivity of multi-photon quantum states also
extends to the fundamental phase anomaly of converging waves called
the Gouy phase. We have shown through single-path interferometric

measurements along the optical axis that two-photon NOON states
experience twice the Gouy phase when travelling through a focus.
As the Gouy phase is a fundamental feature of converging waves, our
results should apply broadly to quantum states of any bosonic system.
Moreover, as the Gouy phaseisanimportant factor insystems suchas
optical cavities***’, and a powerful tool in various applications such
as mode sorters and mode converters'*, our results can be widely
utilized in applications in quantum optics and quantum information
science. In addition to providing a tool for quantum state manipula-
tion, we showed that our results allow Heisenberg-limited scaling in
measurements of the longitudinal displacement and, as such, might
inspire new superresolution measurement schemes.

Aside from these possible technological applications, we have
linked the speed-up of the Gouy phase in the quantum domain to an
increased spread in the momentum of an N-photon state. Hence, our
results show that the uncertainty interpretation of the phase anomaly"
holds true in the quantum domain. Finally, due to the nonlinear rela-
tion between the Gouy phase and the wavenumber, our results unam-
biguously demonstrate that an N-photon state cannot be rigorously
modelled by using a classical field with a wavelength A/N. However,
our results suggest that an additional N-fold increase in the mode
order can approximate the effect of the quantum Gouy phase when
the beam Rayleigh lengths are matched. This hints at a possible link
between an N-photon state and the Nth harmonic of a classical field,
which introduces an increase of the mode order and decrease of the
beam waist, in addition to doubling the frequency. Thus, our study
notonly outlines possible applications using the quantum features of
spatially structured photons, it also sheds new light on the fundamental
understanding of the Gouy phase, a property intrinsic to all systems
described by converging or diverging waves.

Online content

Any methods, additional references, Nature Research reporting sum-
maries, source data, extended data, supplementary information,
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Methods

Source

The photon pair source uses a 12-mm-long, type-0 periodically
poled potassium titanyl phosphate nonlinear crystal that is pumped
by a 133.5 mW continuous-wave 405 nm free-space laser. The
down-converted photons are filtered through a 3-nm-wide bandpass
filter centred around 810 nm, and coupled into separate single-mode
fibres. Before the single-mode fibres, one photon is sent through an
adjustable delay line. The rate of photon pairs after the single-mode
fibres is roughly 3 MHz (correcting for accidentals, efficiency and
nonlinearity of detectors).

Spatial mode manipulation

The spatial structures of the photons were modulated with aHoloeye
Pluto-2 SLM. To independently shape each photon, a pair of amplitude
and phase modulating holograms were displayed on the phase-only
SLM. The amplitude modulation wasimplemented using amethod that
spatially changes the efficiency of the holograms grating. The NOON
states were created by structuring the photonsinequal and orthogonal
superpositions of the two modes in the NOON state. A detailed figure of
the experimental systemis shownin the Supplementary Fig.2and more
experimental details are given in Supplementary Section 5. The Gauss-
ian beam waist of the photon spatial modes was roughly 774 pmbefore
they were focused down to the final SMF (Thorlabs 780HP FC/PC).

Detection

The single-mode fibre to which the final state of light was projected
onwasscanned around the focus using a translation stage with acom-
puter controlled piezo actuator (Thorlabs PIA13). A coupling stage
(xyz-control) and a mount with tip/tilt controls was placed on top of
the translation stage to allow maximum control of the alignment of the
fibre. Asthe manufacturer of the piezo actuator stated that the step size
of the actuator might differ depending on the direction, the actuator
was scanned in the same directionin all measurements. The typical step
size provided by the manufacturer (20 nm per piezo step) was used in
the data processing. To detect the photon pair, a fibre beamsplitter
was used to probabilistically split the photons. Subsequently, two
single-photon avalanche photodiodes (Laser Components Count-T)
were used in combination with a coincidence counter (IDQ ID900)
to post-select for two-photon detections occurring between the two
detectors. The coincidence window used to determine coinciding
detections was 7=1ns and the accidental coincident detections were
calculated using the approximate formula R,R,t, where R, refer to single
photon detection rates in the two detectors. For measuring the cou-
pling efficiency of laser light, two power meters were used. The first
one was placed in one output of a fibre beamsplitter, which split the
light coming out of the laser into two outputs. The power recorded with

this power meter was used to monitor the output power of the laser as
areferencesignal. The second output of the fibre beamsplitter was fed
to the spatial mode manipulation set-up. To record the classical signal,
the second power meter was placed directly after the final SMF. The
final datais calculated as the power in the second power meter divided
by the power in the first one to eliminate the effects of possible laser
power fluctuations from the data.
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Source Data are provided with this paper.
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