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A B S T R A C T

Results from experimental torsion and bending tests show the existence of a size effect, which conventional
continuum models are unable to describe. Therefore, the incorporation of the micropolar media into numerical
approaches for the analysis of materials with a complex microstructure looks necessary. So far, most studies
utilize Cosserat continuum theory with 3D finite solid elements, even though, it covers only few beam elements
developed within a linear strain–displacement relationship, and therefore only works in a small deformation
regime. In this study, the authors aim to develop a size-dependent 3D continuum beam element based on the
absolute nodal coordinate formulation (ANCF) with microstructure inclusions. Comparing analytical solutions
within the Cosserat continuum model and models based on the proposed and already existing 3D micropolar
solid elements, one can see a good correlation between them, with a faster convergence rate for the developed
ANCF beam element. That allows exploiting the developed beam element within the non-linear deformation
range, which is usually bypassed because of high computational costs, thus, accounting fully for differences
between two media descriptions.
1. Introduction

For many decades, bending and torsion tests were widely used
in experimental investigations (Liu et al., 2015). However, the ma-
terial behaviour might differ significantly from the theoretically pre-
dicted one because of the microstructure influence (Lakes, 1983; Park
and Lakes, 1986). That can come out in various manners, for exam-
ple, during miniaturization (Lakes, 1986; Engel and Eckstein, 2002),
where the so-called size-effect appears. Therefore, the rigidity de-
pends on the object dimensions, and smaller samples respond more
stiffly than larger samples from the same material. Current demand for
the correct description of miniaturized parts, such as nanostructured
materials (Atroshchenko et al., 2017), and the analysis of fibrous
materials, e.g., bones (Hassanpour and Heppler, 2017), require the
implementation of the microstructure into the modelling process.

One possible way to deal with it is the utilization of extended con-
tinuum models, for example, the micropolar (also known as Cosserat)
elasticity theory (Carrera and Zozulya, 2021; Neff and Jeong, 2009;
Neff et al., 2010). The difference between classical and Cosserat media
is in the latter, material particles can be oriented via an additional ob-
ject called a ‘‘director’’. Thus, the microrotations associated with points
are introduced into the material description. In classical mechanics, a
material particle only has one position, and its orientation does not play
a role, contrary to the micropolar theory, where the particle orientation
influences the results (Pabst, 2005).
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The origin of the micropolar continuum theory traces back to the
Cosserat brothers’ work (Cosserat and Cosserat, 1909), although its
extensive use started after the work of Ericksen and Truesdell (1957),
and later, in the 60s, continued wildly internationally (Aero and Ku-
vshinskii, 1960; Truesdell and Noll, 1965). That progress was then
generalized and developed in a number of Eringen’s and Kafadar’s
works (Eringen, 1967; Kafadar and Eringen, 1971a,b; Eringen and
Kafadar, 1976; Eringen, 1999). Initially designed for viscous fluids,
then extended to elastic solids and later applied to the liquid crystal
and biomaterial descriptions (Pabst, 2005; Park and Lakes, 1986; Lakes,
1995), the micropolar theory has a variety of applications for mate-
rials with a complex inner structure, e.g., fibrous, porous, granular,
multilayered materials and molecule polymers (Eremeyev et al., 2016a;
Hassanpour and Heppler, 2017; Walsh and Tordesillas, 2006; Riahi and
Curran, 2009). Moreover, there is experimental evidence that red cell
walls have solid-like elastic properties and can be modelled via Cosserat
media (Krishnaswamy, 1996). It can also be applied to the bone de-
scription, where size-effect is noted and moments appear in addition to
forces (Eremeyev et al., 2016b; Hassanpour and Heppler, 2017), and
can provide better results (Lakes, 1986). Thus, this theory is used to
overcome the struggle points of classical continuum theories (Carrera
and Zozulya, 2021): the size-effects (Neff et al., 2010; Kiani, 2017),
problems related to strain localization computations (Ramezani et al.,
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2009). All of that is possible because it has additional descriptors for the
micromutations and associated with them the internal lengths (Fantuzzi
et al., 2018).

From here, one can see the benefits from the inclusion of Cosserat
theory into FE modelling. Moreover, it can cure the mesh depen-
dence on FE computations of strain-softening models (Providas and
Kattis, 2002; Trovalusci and Masiani, 2003) and stress concentration
singularities in contact areas (Eremeyev et al., 2016a). The practical
aspects of the implementation can be found in Eremeyev and Skrzat
(2017), Ramezani et al. (2009) and Riahi and Curran (2009), where
the authors combined the theory with the general 3D continuum FE
formulation. Subsequently, the developed element has been applied to
numerous problems, even the analysis of beam-like structures (Huang
et al., 2000; Tang and Hu, 2017, 2011). However, in these cases, the
3D formulation cannot be considered an efficient solution, and the
combination of micropolar theory and beam formulations seems more
natural. This combination could be beneficial and have applications
in various fields where micro-scaled beam-like structures are taken
into account (Kiani, 2017; Akgöz and Civalek, 2015; Atroshchenko
et al., 2017; Reddy, 2011): microactuators, micro-electromechanical
systems, microsensors, microbiological apparatus, optical microdevices,
etc. Furthermore, some microstructural biomaterial elements such as
struts can be treated as beams, and, therefore, be described with such
an element (Eremeyev and Skrzat, 2017). The main possible advantage
of the beam formulation is in saving computational power, which is a
highly important issue because of the heaviness of the micropolar solid
element. Several beam elements based on Euler–Bernoulli, Duleau and
Timoshenko theories have been developed in Hassanpour and Heppler
(2016) and Nampally and Reddy (2020) to describe the deformation of
the micropolar continuum. However, they possess certain limitations
as original theories, such as the fixed cross-section in Hassanpour and
Heppler (2016). In Nampally and Reddy (2020), the magnitude of
microrotation is assumed small with the following accepted approxi-
mations, which make them suitable only for small deformation cases.
Additionally, the developed elements are utilized within the so-called
2D Cosserat media.

Multibody system (MBS) dynamics offers computer-based
approaches to generate and solve the equations of motion of systems
of interconnected rigid and elastic bodies. One of them, namely the
absolute nodal coordinate formulation (ANCF), was introduced more
than two decades ago for highly flexible beam-like structures (Sha-
bana, 1997). The ANCF is a nonlinear finite element approach, where
beam elements are represented via continuum-based functions and the
number of these functions depends on the necessary level of cross-
section deformation description. The key idea behind ANCF-based
elements is to use the spatial Hermitian shape functions based on their
absolute nodal positions and gradients instead of rotational parameters.
The usage of the gradients is a distinguishing feature of ANCF type
elements. However, there are several formulations close to it Rhim and
Lee (1998) and Choi et al. (2021), which can be considered as varia-
tions of this approach. ANCF elements have been applied to standard
problems (Nachbagauer, 2014; Ebel et al., 2017) and demonstrated
to be more efficient in simple loading cases than the conventional
solid elements (Obrezkov et al., 2020, 2021). Additionally, the fairly
simple representation of beam-like solid kinematics advocates using
this approach (Romero, 2008).

The current work aims to develop a size-dependent beam element
by combining an advanced beam formulation and micropolar media.
For this reason, the authors have chosen a reliable ANCF continuum-
based beam element suitable for torsion and bending tasks and not
computationally heavy (Ebel et al., 2017). The micropolar media de-
scription for the element is based on the general non-linear formulation
presented in Kafadar and Eringen (1971a), which is significantly dif-
ferent from the suppressed number of works within the field where
linear material relations are considered. The researchers hope to reveal
the possible benefits of the above-mentioned theory and the ANCF
2

combination.
2. Basic relations in micropolar continuum mechanics

Here, we briefly present basic relations of Cosserat continuum the-
ory, which are essential for the next section.

Let ℬ ⊂ R3 be the continuum body at the initial period of time, and
we refer to 𝒓 ∈ ℬ as a point of the body in the initial configuration.
Then we define a smooth function of macrodeformation 𝜒 ∶ ℬ ⟶

ℒ ⊂ R3; therefore, the point position in the actual configuration can be
defined as 𝒓 = 𝜒(𝒓) ∈ ℒ . We also define two systems of the curvilinear
orthogonal coordinate systems 𝒙 and 𝑿 corresponding to deformed and
undeformed configurations, respectively, with 𝑒𝑖 and ℰ 𝑖 covariant base
vectors tangent to the coordinate curves, where upper index 𝑖 denotes
the coordinate’s number and takes values 1, 2 and 3. That allows us to
define the deformation gradient as

𝐅 = 𝜕𝒙
𝜕𝑿

=
𝜕𝜒
𝜕𝑿

= 𝜕𝒓
𝜕𝒓

, 𝐽 = det 𝐅 > 0. (1)

The micropolar theory takes into account the local rotations of
material particles for each point of ℬ. We define the angle of rota-
tion as pseudovector 𝜽. We assume, that in the initial configuration,
the microrotation pseudovector is zero vector. Then, the orthogonal
micro-rotation tensor has the following form:

𝐑 = exp(𝜴) =
(

𝐈 + sin 𝜃
𝜃

𝜴 + 1 − cos 𝜃
𝜃2

𝜴𝜴
)

, det 𝐑 = 1, (2)

here 𝜴 is the skew-symmetric tensor corresponding to 𝜽, having the
ollowing representation in the indicial form 𝛺𝑖𝑗 = −𝜀𝑖𝑗𝑘𝜃𝑘, 𝜃 is the
agnitude of 𝜽, and 𝜀𝑗𝑚𝑛 are components of the third-order Levi-Civita

ensor 𝜺. Eq. (2) presents the so-called the exponential map, which is
he common parametrization approach and can be found in Eringen
1967), Kafadar and Eringen (1971a,b), Eringen and Kafadar (1976),
ringen (1999), Ramezani and Naghdabadi (2007), Ramezani et al.
2009), Ramezani and Naghdabadi (2010) and Bauer et al. (2010) etc.
ccording to the work (Pietraszkiewicz and Eremeyev, 2009), it is valid

n the range [−2𝜋, 2𝜋], in that work, readers can also familiarize with
ther ways to parameterize.

In the classical theory, the deformation gradient 𝐅 can be uniquely
resented via the polar decomposition:

𝑐 = 𝐑𝑐𝐔𝑐 = 𝐕𝑐𝐑𝑐 , (3)

where 𝐔𝑐 and 𝐕𝑐 are the right and left stretch tensors, respectively, and
𝐑𝑐 is an orthogonal rotation tensor within the classical theory. In the
micropolar theory, the deformation measures are defined similarly, as
written in Kafadar and Eringen (1971a), but are not the same:

𝐔 = 𝐅𝑇𝐑, where 𝐅 = 𝐑𝐔𝑇 . (4)

However, the strain measures can be defined in different ways,
(see examples in Eringen (1999), Münch et al. (2011) and Eremeyev
et al. (2013)). Then, we derive the expression for the wryness or
microcurvature tensor 𝜞 in the form:

𝜞 = −1
2
𝜺 ∶ (𝐑𝑇∇𝑿𝐑), (5)

where ∶ stands for the double contraction operation and ∇𝑿 is the
covariant differentiation operator in the reference coordinate system.

Remark 1. In Eringen’s works (Eringen, 1967; Kafadar and Eringen,
1971a,b; Eringen and Kafadar, 1976; Eringen, 1999), the wryness
tensor 𝜞 expression in Eq. (5) is given only in the index notation.
The coordinate invariant form was presented in the works (Ramezani
and Naghdabadi, 2007; Ramezani et al., 2009; Ramezani and Naghd-
abadi, 2010), but it has differences in components between (Ramezani
et al., 2009) and Eringen and Kafadar (1976). So, here, to prove our
derivation, we present Eq. (5) in the following index notation:

𝛤𝑖𝑗𝑒
𝑖𝑒𝑗 = − 1

2
𝜀𝑖𝑙𝑡𝑒

𝑖𝑒𝑙𝑒𝑡 ∶ (R 𝑣
𝑠 𝑒𝑣𝑒

𝑠R𝑝𝑞
,𝑗 𝑒𝑝𝑒𝑞𝑒

𝑗 )

=𝛿𝑠𝑝
1
2
𝜀𝑖𝑙𝑡𝑒

𝑖𝑒𝑡𝑒𝑙 ∶ (R 𝑣
𝑝 𝑒𝑣R

𝑝𝑞
,𝑙 𝑒𝑞𝑒

𝑗 )

=𝛿 𝛿 𝛿 1 𝜀 𝑒𝑖R 𝑡R𝑝𝑙𝑒𝑗 ,

(6)
𝑠𝑝 𝑡𝑣 𝑞𝑙 2 𝑖𝑙𝑡 𝑝 ,𝑗
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where 𝛿𝑠𝑝 is the Kronecker delta function and, 𝑗 denotes the 𝑗 coordinate
differentiation. Hereinafter, we apply the Einstein summation rule over
repeating indices. From Eq. (6), one can see that

𝛤𝑖𝑗 =
1
2
𝜀𝑖𝑙𝑡𝑒

𝑖R 𝑡
𝑝 R𝑝𝑙

,𝑗 ,

is in complete agreement with formulas given in Eringen’s works.

Then, using formula (4), we define the material strain tensor:

= 𝐔 − 𝐈. (7)

hen restricting to linear kinematics, the material strain and wryness
ensors reduce to 𝝐 and 𝜿, respectively, which have the following forms:

≈ 𝝐 = ∇𝑿𝒖𝑇ℎ +𝜴
𝜞 ≈ 𝜿 = ∇𝑿𝜽,

(8)

here the translation 𝒖ℎ field is defined as follows:

ℎ = 𝒓 − 𝒓. (9)

where the second one is responsible for the moment description inter-
actions (Eremeyev et al., 2016a), or in component form as:

𝜖𝑖𝑗 = 𝑢ℎ𝑗,𝑖 − 𝜀𝑖𝑗𝑘𝜃𝑘,
𝜅𝑖𝑗 = 𝜃𝑖,𝑗 ,

(10)

As it is possible to see from (10), even in a geometrically linear case, the
strain tensors are not symmetrical. Additionally, we would like to draw
the attention of our readers to the expressions of (10) – especially to the
index order of the of Levi-Civita tensor components and the component
order of the rotational field differentiation.

In this work, we consider a linear isotropic micropolar solid, where
the relations between stress 𝐭 and couple stress 𝐦 tensors and the

aterial strain and wryness tensors are:

= 𝜆tr(𝐇)𝐈 + (𝜇 + 𝑘)𝐇 + 𝜇𝐇𝑇 ,
𝐦 = 𝛼tr(𝜞 )𝐈 + 𝛽𝜞 + 𝛾𝜞 𝑇 .

(11)

t can also be written in a compact form as Pabst (2005), Eremeyev
t al. (2016a) and Eringen and Kafadar (1976):

𝑡𝑖𝑗 = 𝐶 𝑖𝑗𝑘𝑙𝜖𝑘𝑙 ,
𝑚𝑖𝑗 = �̃�𝑖𝑗𝑘𝑙𝜅𝑘𝑙 ,

(12)

where 𝐶 𝑖𝑗𝑘𝑙 and �̃�𝑖𝑗𝑘𝑙 are the elasticity tensors, which in the isotropic
ase can be written as:

𝐶 𝑖𝑗𝑘𝑙 = 𝜆𝛿𝑖𝑗𝛿𝑘𝑙 + (𝜇 + 𝜅)𝛿𝑖𝑘𝛿𝑗𝑙 + 𝜇𝛿𝑖𝑙𝛿𝑗𝑘,

�̃�𝑖𝑗𝑘𝑙 = 𝛼𝛿𝑖𝑗𝛿𝑘𝑙 + 𝛽𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛾𝛿𝑖𝑙𝛿𝑗𝑘.

The six elastic constants: 𝜆, 𝜇, 𝜅, 𝛼, 𝛽, 𝛾 should satisfy the following
conditions in order to meet the postulate of thermodynamic stabil-
ity (Eringen, 1999):

3𝜆 + 2𝜇 + 𝜅 ⩾ 0,

2𝜇 + 𝜅 ⩾ 0,

𝜅 ⩾ 0,

3𝛼 + 𝛽 + 𝛾 ⩾ 0,

𝛾 ⩾ 𝛽 ⩾ −𝛾. (13)

The linear elastic constitutive equations can be written in slightly
different forms, which can cause confusion when comparing the re-
sults (Carrera and Zozulya, 2021). Important work to clarify this ambi-
guity has been done by Hassanpour and Heppler (2017), summarizing
five different notations. Additionally, the elastic constants can be pre-
sented in the form of technical parameters (Eremeyev et al., 2016b;
Lakes, 1995):

𝐺 =
2𝜇 + 𝜅

, 𝜈 = 𝜆 , 𝑙2 =
𝛽 + 𝛾

,

3

2 2𝜆 + 2𝜇 + 𝜅 𝑡 2𝜇 + 𝜅
𝑙2𝑏 =
𝛾

2(2𝜇 + 𝜅)
, 𝑁2 = 𝜅

2(𝜇 + 𝜅)
, 𝛹 =

𝛽 + 𝛾
𝛼 + 𝛽 + 𝛾

,

here 𝐺 is the shear modulus, 𝜈 is Poisson’s ratio, 𝑙𝑡 is the characteristic
ength for torsion, 𝑙𝑏 is the characteristic length for bending, 𝑁 is a
oupling number and 𝛹 is the polar ratio. As can be seen, there are two
ength scales. Interesting advice related to these length scales is given
n the work (Atroshchenko et al., 2017): the relationship between the
ize of the Cosserat intrinsic length scales and the size of the material
ample 𝑙𝑡, 𝑙𝑏 ≪ 𝐿 leads to the standard theory; in the case 𝑙𝑡, 𝑙𝑏 ≈ 𝐿, the
odies should be approximated by the micropolar media.

In this work, the technical parameters are used. However, if in the
eferences have, as for example in Huang et al. (2000) and Tang and Hu
2017), different notations, the material parameters are transformed to
he technical ones.

It is possible to reduce the number of elastic coefficients to four
y requiring, conformally invariant curvature state (Neff and Jeong,
009; Neff et al., 2010). As a result, the micro-curvature tensor is
ymmetric, resulting in the symmetric moment stress tensor. Yang et al.
2002) and Surana et al. (2017) have postulated an additional balance
quation, which also yields the symmetric moment stress tensor. In the
onformally invariant curvature state, 𝛾 = 𝛽, 𝛽 = 𝜇𝑙2𝑡 and 𝛼 = − 2

3𝜇𝑙
2
𝑡 .

In addition to the reduction of the number of material parameters, the
conformally invariant curvature assumption results in bounded stiffness
when the size of the object tends to zero.

From the balance equations of linear momentum and the moment of
momentum, the equilibrium equations can be obtained in the following
form:

∇𝑿 ⋅ 𝐭 + f = 0,
∇𝑿 ⋅𝐦 + 𝜺 ∶ 𝐦 + c = 0

(14)

or in the component form:

𝑡𝑖𝑗,𝑖 + 𝑓𝑗 = 0,

𝑚𝑖𝑗,𝑖 + 𝜀𝑗𝑚𝑛𝑡𝑚𝑛 + 𝑐𝑗 = 0
(15)

where 𝑡𝑖𝑗 and 𝑚𝑖𝑗 are components of the stress 𝐭 and couple stress
tensors 𝐦, respectively. Finally, 𝑓𝑖 and 𝑐𝑖 are the components of external
body forces and couples f and c.

Thus, with the above-mentioned expressions, it is possible to de-
scribe the deformation mechanism of the micropolar isotropic linear
elastic continuum. However, even for such a micropolar media case,
there are a few publications, where data for the elastic constants given.

3. ANCF element for micropolar media

In this section, we describe the kinematics of a beam element. We
focus our attention on continuum-based ANCF elements due to their
ability to faithfully represent the deformations of slender bodies and
incorporate constitutive models without any modification (Romero,
2008).

Before we present our approach in detail, we would like to explain
the reason for this choice. The ANCF elements were already used for
various applications and showed results in good agreement with the
references. They also demonstrate better convergence rates against the
commercial software solutions (Obrezkov et al., 2020). However, some
beam elements, despite their benefits, have weak points: for example,
suffering from various locking phenomena. Assuming in advance that
the size-effect reveals itself during bending and has a significant in-
fluence on it Liu et al. (2015) and Engel and Eckstein (2002), it is
reasonable to choose the element that has no additional problems with
this type of deformation.

Among all variations of the ANCF continuum-based beam elements,
we limit our choice to the three-noded high-ordered ANCF beam el-
ement called 3363c. The reason is based on the work of Ebel et al.
(2017), where it was finalized that only this element gives appropriate

results in all conducted nonlinear tests and maintains a reasonable
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convergence rate. Also, it does not require any curing modifications
for better performance (Obrezkov et al., 2022). To distinguish the
element dealing with Cauchy-continua, it will in this work be referred
to as ‘‘ANCF Cauchy’’. The element applied to the micropolar media
description, we call ‘‘ANCF Cosserat’’.

The whole procedure for the ANCF Cosserat element is similar to
the ANCF Cauchy one. As was already mentioned, the micropolar elas-
ticity utilizes alongside displacement components three microrotation
degrees of freedom. Here, we apply to the microrotation field the same
approximation procedure as to the displacement vector field, with the
same shape functions. Then, the whole shape function matrix has the
following form:

𝐍𝑚(𝜉, 𝜂, 𝜁 ) =
[

𝑁1 �̃� 𝑁2 �̃� 𝑁3 �̃� ... 𝑁18 �̃�
]

, (16)

where �̃� is an 6 × 6 identity matrix, and shape functions can be written
as:

𝑁1 =
1
2
𝜉(𝜉 − 1) 𝑁2 =

1
4
𝑙𝑦𝜉𝜂(𝜉 − 1) 𝑁3 =

1
4
𝑙𝑧𝜉𝜁 (𝜉 − 1)

4 =
1
8
𝑙𝑧𝑙𝑦𝜉𝜂𝜁 (𝜉 − 1) 𝑁5 =

1
16

𝑙2𝑦𝜉𝜂
2(𝜉 − 1) 𝑁6 =

1
16

𝑙2𝑧𝜉𝜁
2(𝜉 − 1)

7 = 1 − 𝜉2 𝑁8 =
1
2
𝑙𝑦𝜂(1 − 𝜉2) 𝑁9 =

1
2
𝑙𝑧𝜁 (1 − 𝜉2)

10 =
1
4
𝑙𝑧𝑙𝑦𝜂𝜁 (1 − 𝜉2) 𝑁11 =

1
8
𝑙2𝑦𝜂

2(1 − 𝜉2) 𝑁12 =
1
8
𝑙2𝑧𝜁

2(1 − 𝜉2)

13 =
1
2
𝜉(𝜉 + 1) 𝑁14 =

1
4
𝑙𝑦𝜉𝜂(𝜉 + 1) 𝑁15 =

1
4
𝑙𝑧𝜉𝜁 (𝜉 + 1)

16 =
1
8
𝑙𝑧𝑙𝑦𝜉𝜂𝜁 (𝜉 + 1) 𝑁17 =

1
16

𝑙2𝑦𝜉𝜂
2(𝜉 + 1) 𝑁18 =

1
16

𝑙2𝑧𝜉𝜁
2(𝜉 + 1).

𝜉, 𝜂, 𝜁 are the bi-normalized coordinates in the local coordinate system
𝝃 with the range [−1, 1]; 𝑙𝑥, 𝑙𝑦 and 𝑙𝑧 are the physical dimensions of the
element. Assuming that for the 𝑖th node we have the following set of
the nodal coordinate 𝒒𝑖 (see Fig. 1):

𝒒𝑖 =
[

𝒓𝑖𝑇 𝒓𝑖𝑇,𝑦 𝒓𝑖𝑇,𝑧 , 𝒓
𝑖𝑇
,𝑦𝑦 𝒓

𝑖𝑇
,𝑦𝑧, 𝒓

𝑖𝑇
,𝑧𝑧,𝜽

𝑖𝑇 𝜽𝑖𝑇,𝑦 𝜽𝑖𝑇,𝑧 𝜽𝑖𝑇,𝑦𝑦 𝜽
𝑖𝑇
,𝑦𝑧 𝜽

𝑖𝑇
,𝑧𝑧

]𝑇
, (17)

Hence, instead of the general curvilinear orthogonal coordinates, we
use Cartesian systems. Therefore, shorthand symbols used in Eq. (17)
are:

𝒓𝑖,𝛼 = 𝜕𝒓𝑖
𝜕𝛼

, 𝛼 = {𝑦, 𝑧}. (18)

Then, the finite element approximation can be expressed in the form:

{𝒓,𝜽} = 𝐍𝑚 (𝜉, 𝜂, 𝜁 ) 𝒒(𝑡). (19)

With (19), the expressions for (1) and (2) have the forms:

𝐅 = 𝜕𝒓
𝜕𝒓

= 𝜕𝒓
𝜕𝝃

(

𝜕𝒓
𝜕𝝃

)−1
= 𝐈 +

𝜕𝒖ℎ
𝜕𝝃

(

𝜕𝒓
𝜕𝝃

)−1
,

𝐑 =𝐑(𝜽(𝝃)).
(20)

The internal virtual work 𝑊int is given as:

𝛿𝑊int = −∫𝑉

(

𝐭 ∶ 𝜕𝐇
𝜕𝒒

+𝐦 ∶ 𝜕𝜞 𝑇

𝜕𝒒

)

𝑑𝑉 ⋅ 𝛿𝒒, (21)

and the virtual work of the external forces has the form (Obrezkov
et al., 2020):

𝛿𝑊ext =∫𝑉
𝒃𝑇 𝛿𝒓𝑑𝑉 + ∫𝑆

𝒏𝑇 𝛿𝒓𝑑𝑆

=
(

∫𝑉
𝒃𝑇𝑵𝑚𝑑𝑉 + ∫𝑆

𝒏𝑇𝑵𝑚𝑑𝑆
)

⋅ 𝛿𝒒,
(22)

here vectors 𝒃 and 𝒏 are the vector of body and surface forces,
espectively. 𝑆 is the body surface. Assuming that we are dealing with
tatic tasks, we have:

𝑊ext + 𝛿𝑊int = 0. (23)
4

Table 1
The deformations in the 𝑦 direction [m] of the rectangular cantilever beam problem
within classic linear elasticity; 𝑛 is the number of the elements.
𝑛 ANCF ANCF 𝑛𝐻 × 𝑛𝑊 × 𝑛𝐿 Solid Solid ANSYS

Cauchy Cosserat Cosserat Cauchy SOLID185

1 0.000655 0.000655 1 × 1 × 2 0.000296 0.000296 0.000398
2 0.000757 0.000757 2 × 2 × 4 0.000548 0.000548 0.000607
4 0.000783 0.000783 4 × 4 × 10 0.000739 0.000739 0.000766
8 0.000793 0.000793 8 × 8 × 16 0.000776 0.000776 0.000786

Reference solution 0.0008099

4. Numerical results

In this section, we use the derived finite element to analyse a
few static problems for solids. To check the results for the ANCF
micropolar element, we will compare them with analytical solutions, if
any are available, and with the 3D micropolar solid element developed
in Eremeyev et al. (2016a) and Eremeyev et al. (2016b), hereinafter
called ‘‘Solid Cosserat’’. Its counterpart within the Cauchy theory is
called ‘‘Solid Cauchy’’.

4.1. Deformation within linear micropolar elasticity

Here, we consider the solutions obtained within linear micropolar
elasticity with the strain relations given in Eq. (8). The reason for
dividing cases into linear and non-linear is that most of the work related
to micropolar elasticity considers only linear relations. Therefore, these
tasks with known solutions, including analytical ones, can be con-
sidered as benchmark problems. That allows checking the robustness
of the offered calculation scheme. On the contrary, in the non-linear
regime, the solutions are not so broadly presented, with only two
known papers (Bauer et al., 2010; Erdelj et al., 2020). In the following
subsection, these theories will also be compared.

Bending within Cauchy linear elasticity
Firstly, the algorithm will be checked for linear displacements

within Cauchy media. For this purpose, we will apply the fact that
within linear theory the micropolar elasticity should give the same
results as the classic one if microrotations are equal to zero, i.e. as-
suming 𝜽 = 𝟎 or decoupling microrotations and displacements via
𝑁 = 0 (Eremeyev et al., 2016a).

Let us take a rectangular beam: one end of it is fixed, and a vertical
force 𝐹𝑦 is applied to the free end, as shown in Fig. 2. We take the
following set of parameters: 𝐸 = 207 GPa, 𝜈 = 0.3, 𝑁 = 0, 𝑙𝑡 = 0.22 mm,
𝑙𝑏 = 0.45 mm, 𝛹 = 1.5. 𝐸 and 𝜈 are chosen to follow the bending
benchmark problem from Ebel et al. (2017). Other parameters are taken
from the work (Eremeyev et al., 2016b), but they do not influence the
results, as 𝑁 = 0. 𝐹 is equal to 62.5×103 N. The geometrical dimensions
are 𝑙𝑥 = 𝐿 = 2 m, 𝑙𝑦 = 𝐻 = 0.5 m, 𝑙𝑧 = 𝑊 = 0.1 m. Additionally, the
convergence rate of the tip displacement is demonstrated in Table 1 as
a function of the number of elements 𝑛.

As one can see from Table 1, these solutions agree well each other,
with the error for ANCF elements equalling 2.1%.

Bending within Cosserat linear elasticity
To show that the developed element works well within micropolar

theory as well, we again study the cantilever beam bending problem.
However, in this subsection, we consider the bending of two beams
with the following geometrical parameters: 𝐿 = 0.1016 m, 𝑊 = 0.00762
m, 𝐻1 = 𝐿

20 , and 𝐻2 = 𝐿
10 . These beams are subjected to the bending

load in the 𝑦 direction 𝐹𝑦 = 4.4482 N. The physical parameters are
𝑙𝑡 = 0.35921 mm, 𝑙𝑏 = 𝑙𝑡

√

2
, 𝛹 = 1, 𝑁 = 0.5, 𝜈 = 0.3, 𝐺 = 10.3421 GPa.

These problems were considered in Huang et al. (2000) and provided
with finite element solutions based on the Solid Cosserat element, and
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Fig. 1. Illustration of the nodal coordinates for the proposed ANCF Cosserat beam element.
Fig. 2. Geometry and boundary conditions for the bending benchmark within the
classic linear elasticity.

Table 2
The deformations in the 𝑦 direction of the rectangular cantilever beam problems within
the micropolar linear elasticity in mm.
𝑛 ANCF Cosserat

Beam №1 in [mm] Beam №2 in [mm]

Results Error (%) Results Error (%)

1 4.83399 27.21 0.64088 25.35
2 6.04260 9.004 0.79486 7.410
4 6.40551 3.539 0.83735 2.460
8 6.52729 1.705 0.85049 0.930
16 6.56831 1.087 0.85513 0.389
32 6.58256 0.873 0.85662 0.215

Solid
Cosserat (Huang et al., 2000) 6.77926 2.089 0.866648 0.953

Analytic
solution (Huang et al., 2000) 6.64052 – 0.85847 –

analytical solutions. For easy understanding, all data here are given
in the metric system in contrast to the original paper, where they are
presented in the imperial one.

As one can see, the numerical solution errors presented in Table 2
for the ANCF Cosserat element in comparison with the analytical results
provided by Huang et al. (2000) are 0.9% and 0.2%, respectively. These
are less than the errors obtained by the same authors for the solid
element: 2.1% and 0.95%, respectively.

Torque of the micropolar beam
Next, we consider a task of the microrod torque, which was previ-

ously considered in the work of Tang and Hu (2017). Firstly, we want
5

Table 3
The values of the rotational angle of the microrods varying the cross-section diameter
𝑑, with 𝑛 = 8 for ANCF-based solutions.
𝑑 in [mm] ANCF Cauchy ANCF Cosserat Solid Cosserat (Tang and Hu, 2017)

4 0.357473 0.07296 0.07279
8 0.049634 0.02198 0.02193
12 0.014734 0.00917 0.00919
24 0.001842 0.00158 0.00158
40 0.000398 0.00037 0.00037

Analytic Difference with the analytic solution of the classical theory (%)
solution

0.397887 10.157 81.663 81.706
0.049736 0.2051 55.806 55.907
0.014736 0.0136 37.771 37.635
0.001842 0 14.224 14.224
0.000398 0 7.0352 7.0352

Fig. 3. Setup for the torsion benchmark within the micropolar linear elasticity given
in Tang and Hu (2017).

to point out the different notation is used in the paper. To have it agree
with the description given in Section 2, the following changes should
be made: 𝐺𝑐 = 𝜅

2 , 𝑙𝑐 = 𝑙𝑡 =
√

2𝑙𝑏 and 𝛹 = 1. These changes lead to

𝑁 =
√

𝐺𝑐
𝐺𝑐+𝐺

, 𝛼 = 0, 𝛽 = 0, where 𝐺𝑐 and 𝑙𝑐 are called the Cosserat
shear modulus and internal scale, respectively. However, it should be
added that the theory described above is related to the so-called 2D
micropolar continuum according to Fantuzzi et al. (2018).

Now, let us consider the cantilever beam with a circular cross-
section, as given in Fig. 3. The free end of the beam is subjected to
a torque with a magnitude of 𝑀𝑥 = 10 N m. The length of the rod
is given via the relation 𝐿

𝑑 = 10, where 𝑑 is the diameter of the rod
cross-section.
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Fig. 4. Setup for the size-effect benchmark within micropolar linear elasticity, with
size-coefficient 𝑘.

The physical parameters are the following: 𝐺𝑐 = 25 GPa, 𝑙𝑐 = 2 mm,
Young’s modulus 𝐸 = 2𝐺(1 + 𝜈) and Poisson’s ratio of the material
are 100 GPa and 0.25, respectively. The constant values are taken
from Tang and Hu (2017), and following the paper, we also present
an analytical value for the rotational angle at the free end within the
classical linear theory.

The variation of the cross-section diameter 𝑑 leads to the results
presented in Table 3.

The number of the used ANCF elements is equal to 8. As one can
see, the solutions agree very well with ones presented in Tang and Hu
(2017) and suggest the entire algorithm performs well. Moreover, here
it is possible to notice the size-effect: the smaller samples are used,
the more different the solutions are between the classical and Cosserat
theories.

Size-effect prediction Cosserat linear elasticity
Let us consider the size-effect problem in detail. We consider the

cantilever bending problem. We take the following physical features:
𝐺 = 4000 MPa, 𝜈 = 0.25, 𝑁 = 0.5, 𝑙𝑡 = 0.22 mm, 𝑙𝑏 = 0.45 mm, 𝛹 = 1.5.
These constants represent micropolar material data for bones (Ere-
meyev et al., 2016b), with the initial geometrical dimensions 𝐿 = 0.03
m, 𝐻 = 0.01 m, 𝑊 = 0.002 m taken from the same resource. To one
end of the beam, we applied force equal to 𝐹 = 500 N. To represent
the size-effect, we will proportionally, on some coefficient 𝑘, change all
sample dimension lengths as well as the applied force, as presented in
Fig. 4. It should be noticed that in the linear Cauchy continuum model
the coefficient 𝑘 does not influence on the results.
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Table 4
The deformations in the 𝑦 direction of the rectangular sample with dependency on the
size coefficient 𝑘.

ANCF Cosserat

𝑛 k = 0.1 k = 1 k = 10

1 0.00110949 0.00241114 0.00245122
2 0.00135497 0.00272995 0.00277405
4 0.00147545 0.00279695 0.00283931
8 0.00152856 0.00281964 0.00286080
16 0.00155007 0.00282770 0.00286850
32 0.00155706 0.00282995 0.00287086
64 0.00155847 0.00283037 0.00287148

Solid Cosserat

𝑛𝐻 × 𝑛𝑊 × 𝑛𝐿 k = 0.1 k = 1 k = 10

1 × 1 × 2 0.00075488 0.00122865 0.00124078
2 × 2 × 4 0.00114452 0.00210155 0.00212999
4 × 4 × 8 0.00138504 0.00260418 0.00264265
8 × 8 × 16 0.00149324 0.00278504 0.00282668
10 × 10 × 20 0.00151196 0.00281017 0.00285221
12 × 12 × 24 0.00152361 0.00282444 0.00286670
13 × 13 × 26 0.00152788 0.00282937 0.00287171

The variation of the size-coefficient 𝑘 ∈ [0.1, 10] means the varying
of the size from 0.003 ⩽ 𝐿 ⩽ 0.3 m, 0.001 ⩽ 𝐻 ⩽ 0.1 m, and
0.0002 ⩽ 𝑊 ⩽ 0.02 m.

As one can see from Table 4, the variation in size may affect the final
results of each sample significantly. In Fig. 5(a), we also demonstrate
the convergence rate of numerical calculations for several proposed
samples, where the relative error is defined as follows.

Relative error =
‖𝑠𝑜𝑙𝑖+1 − 𝑠𝑜𝑙𝑖‖

𝑠𝑜𝑙𝑖+1
, (24)

where ‖ ⋅ ‖ is defined as 𝐿2 norm.
From Fig. 5(b) and Table 4, it is noticeable that two elements show

approximately the same results in the full range 𝑘 ∈ [0.1, 10], but the
ANCF element demonstrates faster convergence, as Fig. 5(a) shows.
That proves that the ANCF requires significantly less computational
power.

4.2. Non-linear micropolar elasticity

In the literature, the results obtained within the non-linear Cosserat
elasticity are barely presented, which can be explained by the computa-
tional difficulties during the utilization of the non-linear relations, espe-
cially in the cases of computationally heavy micropolar solid elements,
Fig. 5. Illustration of Table 4, the influence of the size element dependency (coefficient 𝑘) on displacements within linear micropolar theory.
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Fig. 6. Illustration of the force–displacement linear and non-linear correlations within the Cauchy and Cosserat theories for two beams with size coefficients 𝑘 = 0.1 and 𝑘 = 1.
Fig. 7. Illustration of the differences in non-linear behaviour for the cantilever bending problem within the Cauchy and Cosserat theories, for a beam with a size-coefficient equal
to 𝑘 = 0.1.
as in the work (Bauer et al., 2010). In Section 4.1, we have already
shown the computational efficiency of the ANCF-based micropolar
element over the Solid one within the linear Cosserat theory.

Let us consider the task of the cantilever beam bending given above
just for two different size coefficients 𝑘: 𝑘 = 0.1 and 𝑘 = 1. Here, we
nalyse the problem both using geometrically linear kinematic relations
8) and using non-linear kinematics (7), (5).

As one can see from Fig. 6, for the larger sample size, the differences
etween the Cauchy and Cosserat theories are minimal regardless of
inear or non-linear theory is applied. At the same time, for the smaller
ample, one can notice serious differences in linear theories’ predic-
ions, which were shown already in Table 4 and Fig. 5(b). However,
he comparison between the non-linear Cauchy and Cosserat theories
eveals that initial differences can reduce with the application of further
oading.

To present the matter in detail for the smaller samples, let us
onsider only non-linear theories for the case 𝑘 = 0.1.

From Fig. 7(b) one can notice, the difference might be up to 90%
n the initial loading cases, where the relative difference is defined as

elative difference =
‖𝑠𝑜𝑙𝐶𝑜𝑠𝑠𝑒𝑟𝑎𝑡 − 𝑠𝑜𝑙𝐶𝑎𝑢𝑐ℎ𝑦‖

𝑠𝑜𝑙𝐶𝑜𝑠𝑠𝑒𝑟𝑎𝑡
. (25)

However, under this loading, the displacements might be approxi-
mated with linear theory, and for this benchmark, it would be sensible
to consider the difference between the non-linear theories when 𝐹 ≥ 50
7

𝑦

Fig. 8. The relative difference between the non-linear solutions evaluated over the
whole beam length under bending load 𝐹𝑦 = 50 ⋅ 𝑘.



International Journal of Solids and Structures 254–255 (2022) 111899L. Obrezkov et al.
Fig. 9. The von Mises-like couple stress distributions with different size-coefficient 𝑘 under bending load 𝐹𝑦 = 500 ⋅ 𝑘, 𝐿 = 0.03 ⋅ 𝑘 m, 𝐻 = 0.01 ⋅ 𝑘 m, 𝑊 = 0.002 ⋅ 𝑘 m.
Fig. 10. The displacement dependency from the size-coefficient of the cross-section 𝑘2.

N, where the differences are about 40% with the further tendency to
decrease. The closeness of the two theories under large bending loads is
because the benchmark task is targeting its bending angle limit under
applied force of 𝜋∕2, where elongation deformations appear instead of
bending.

Comparing further the relative difference theories over the whole
beam length for the 𝐹𝑦 = 50 ⋅ 𝑘 from Fig. 7, one can obtain the
dependencies presented in Fig. 8 for the different size-coefficients.

From Fig. 8 we can see, that the biggest influence is at the fixed
edge. Therefore, based on this result and the results presented in Figs. 6
and 7, one can conclude that couple stresses are most intensive at the
edge while decreasing with the increase of the size coefficient. To verify
that claim, let us consider the couple stress distribution for the size-
coefficients 𝑘 = 0.1, 0.15, 0.2. Couple stresses are compared with the von
Mises yield criteria as follows.

m𝑉𝑀 =
√

3
2
(𝑚𝑖𝑗 −

1
3

tr(𝐦)𝛿𝑖𝑗 )(𝑚𝑖𝑗 −
1
3

tr(𝐦)𝛿𝑖𝑗 ). (26)

As one can see from Fig. 9, the influence of the couple stress is
mostly concentrated at the fixed edge with the decreasing tendency
while the size coefficient increasing.

Next, we want to demonstrate the influence of cross-section size.
For this reason, we consider the case with size-coefficient 𝑘 = 0.1 and
applied load 𝐹𝑦 = 50 where the influence of non-linearities is the most
noticeable. To vary the cross-section, we will proportionally, on some
coefficient 𝑘2, change the width and height of the sample, 𝑘 ∈ [0.8, 1.5].
Therefore, the variation of the cross-section geometrical parameters is
0.0008 ⩽ 𝐻 ⩽ 0.0015 m, and 0.00016 ⩽ 𝑊 ⩽ 0.0003 m (see Fig. 10).
8

5. Conclusion

This work has examined beam-like structures within Cosserat con-
tinuum. The authors have utilized two FE schemes based on absolute
nodal coordinate formulations and solid elements for the analysis,
accompanied by analytical solutions. The algorithm for 3D FE was
based on the work of Eremeyev et al. (2016a) and has been included
for validation purposes and to highlight the computational advantage
of the new ANCF beam element. To the best of the authors’ knowledge,
it was the first attempt to implement micropolar media in a continuum
beam formulation within non-linear deformation regime. This work
demonstrated the behaviour of the beam-like structures based on the
micropolar theory with linear and non-linear stress–strain relationships.
The results showed that the ANCF-based results agreed well with
ones obtained with the 3D micropolar solid element within the linear
Cosserat theory. Moreover, during bending and torsion loading cases,
the ANCF element converges closer to the reference solutions than
those from the 3D micropolar solid element. Furthermore, the ANCF
element converges faster than the solid element. Then, based on two
formulations, in graphical and tabular forms, the size-dependency of
deformations was shown. Finally, the non-linear effects were presented
during bending tests and showed that they matter in some deformation
range.
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