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ARTICLE INFO ABSTRACT

MSC: This paper proposes a novel modelling approach for a heavy-duty manipulator with parallel-
00-01 serial structures connected in series. Each considered parallel-serial structure contains a revolute
99-00 segment with rigid links connected by a passive revolute joint and actuated by a linear hydraulic
Keywords: actuator, thus forming a closed kinematic loop. In addition, prismatic segments, consisting
Mathematical modelling of prismatic joints driven by hydraulic linear actuators, also are considered. Expressions for
Multibody-system dynamics actuator forces are derived using the Newton-Euler (N-E) dynamics formulation. The derivation

Hydraulic manipulators
Virtual decomposition control
Lyapunov stability

process does not assume massless actuators decoupled from manipulator links, which is common
in the Lagrange dynamics formulation. Actuator pressure dynamics are included in the analysis,
leading in total to a third-order system of ordinary differential equations (ODEs). With fewer
parameters than its predecessors, the proposed model in the N-E framework inspires revision
of the virtual decomposition control (VDC) systematic process to formulate a control law based
on the new model. The virtual stability of each generic manipulator revolute and prismatic
segment is obtained, leading to the Lyapunov stability of the entire robot.

1. Introduction

Mathematical modelling and model-based control have drawn much attention in the field of electrically driven robots, as in [1-4].

Hydraulic actuators have higher power-to-weight ratio and robustness and less cost compared to their electric counterparts for
given payloads. In addition, they can generate high force/torque without overheating, and load holding can be carried out without
any energy use, as reported in detail in [5].

Hydraulic robotic manipulators also are receiving attention, primarily because different original equipment manufacturers invest
vast resources in developing automated solutions for their products, as recounted in more detail in [6]. Aspirations to increase
productivity and reduce human error, operating costs and energy consumption are bound to change heavy-duty working machines
into field-robotic systems. In addition to all this, a high number of units sold, together with the substantial growth in market size
that is projected, further motivates hydraulic robotics research [7].

Nonlinear model-based (NMB) control techniques have stood out as being able to provide the most advanced control performance
for hydraulic robotic manipulators, exploiting the highly nonlinear mathematical model of a manipulator and the desired motion
dynamics [7,8]. These model-based methods in motion control rely predominantly on explicit equations of motion (EOMs).
Implementing these controllers requires solving the inverse dynamics problem, i.e. calculating the forces/moments required to
produce linear/angular accelerations in a rigid-body system. When using these calculations in real-time motion control, the choice
of a modelling framework and a computationally efficient inverse dynamics algorithm is highly significant. No less important is the
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proper formulation of feedback terms, which are bound to exist in the control law to ensure closed-loop stability. Thus, it is also
desirable for a modelling framework to be in line with the systematic addressing of closed-loop stability.

Among the various approaches for dynamics modelling, the Lagrange formulation, based on the kinetic and potential energy,
and the N-E formulation, based on the balance of forces acting on a rigid manipulator link, are the two most common [9], and
the N-E approach is considered more fundamental [10]. Apart from these two most frequently employed formalisms, varieties of
Kane’s equations [11] also have been used to model different manipulators.

The Lagrange formulation has been used extensively to model revolute segments of parallel-serial manipulators with passive
revolute joints actuated by linear actuators. In the mainstream of this kind of approach, a hydraulic robot with closed kinematic
loops is modelled mainly as a series of nearly rigid bodies in a kinematic chain, with linear actuators considered decoupled from
manipulator links and usually approximated as massless. This removes the need to calculate the Lagrange multipliers, [12]. However,
the question of modelling accuracy is raised since discrepancies in dynamics calculations may exist at high velocities, where actuator
inertial forces can significantly affect the system dynamics. At zero velocity, actuator masses also induce forces/moments of a
certain magnitude. Notable examples of this kind of simplified modelling, using the Lagrange formalism, can be found in [13-
15]. The equivalent piston and cylinder mass notion has been a step closer to a more accurate model in [8], but closed-loop
kinematics were not considered. Even with these a priori approximations, after including actuator dynamics, control of a hydraulic
manipulator, described with a third-order model in the form of ODEs, using specific NMB techniques such as feedback linearisation
or backstepping, introduces significant complexities.

A dynamics model of a hydraulic excavator with closed kinematic loops containing passive revolute joints and linear actuators
also has been given in the form of Kane’s equations in [16]. However, this neglected the masses of the hydraulic actuators, and it
did not deal with closed-loop kinematics. A complete and general dynamics model without any approximations, together with the
determination of actuator forces for rigid links connected with passive joints, actuated by the electrically driven linear actuators,
is given in [17]. Kane’s equations, obtained by combining screw theory and the principle of virtual work, were used. Actuator
dynamics and a control algorithm were not included.

The reformulation of the N-E approach, using 6D (spatial) vectors, given in [18], has had the most notable use in the virtual
decomposition control (VDC) community. It has become a central modelling tool, which has been proven in real-time control
applications and has shown superior performance, [7].

In the VDC approach, any manipulator is divided into several modular subsystems. Kinematics and dynamics of each subsystem
obtained after the decomposition are being separately analysed. Relying on the notions of required velocity and required force,
as will be demonstrated, and taking full advantage of the N-E dynamics, the stability of the entire robot with actuator dynamics
accounted can be rigorously guaranteed by systematically choosing control laws at the subsystem level, without imposing additional
approximations.

Control action in VDC predominantly relies on feed-forward terms that, in essence, generate actuation forces based on inverse
dynamics. Feedback exists to overcome uncertainties, maintain stability and address transition issues. With careful choice of control
values, virtual stability (see Definition 4) on the level of each particular manipulator segment can be achieved. The virtual stability
of every manipulator segment (revolute or prismatic) per se will guarantee the equivalent of Lyapunov stability, L, and L, stability
of the entire robot [19].

The modularity in the VDC approach arises because changing the control (or dynamics) equations of one subsystem does not
affect the control equations of the rest of the system. This property makes the VDC a candidate for a leading control technique in
future industrial innovations since the modularity property is crucial for handling complexity, as discussed in [20].

Many SoA real-world robotics control performances have been reported for both hydraulic and electric actuators in the VDC
framework, such as [21-26]. A performance index p that presents the ratio of a maximum absolute position error and maximum
absolute velocity, see [7], has often been used for benchmarking. A small value of this performance index (which indicates high
performance) is obtained in all works assumed to be SoA and which rely on accurate system modelling.

Depending on how the virtual decomposition is performed, governing sets of EOMs vary since reaction forces are different at
different virtual cutting points (VCPs). Thus, the most convenient way to decompose the manipulator is to determine the least
number of subsystems, accompanied by the least number of parameters having a clear physical interpretation. At any rate, the
final values of actuator forces/moments must remain the same, irrespective of the decomposition. Furthermore, it is necessary to
emphasise that control computations in the VDC are proportional to the number of subsystems (see [19]), and every additional
subsystem means that more on-line computational burden is added. A simple mass object, observed as a subsystem with N DOFs,
introduces a need to form at least 4N additional equations since substantial quantities as total forces, forces, required total forces,
and required forces must be calculated as will be elaborated in more detail. Different transformation matrices, on-line parameter
value updates in adaptive control, and others may also be required.

This paper contributes with the novel mathematical model in the N-E framework, using 6D vectors, to address the dynamics of the
considered class of hydraulic manipulators. The proposed model has the following new essential properties: (1) the required number
of virtual subsystems in the analysis of the manipulator dynamics is decreased, (2) the straightforward expression for the actuator
forces is derived, free of many surplus factors used earlier, (3) the model can be easily incorporated into the VDC framework,
providing the simplified control forming process and guaranteeing stability.

The more detailed descriptions of the above contributions are as follows:

(1) A general manipulator from Fig. 1, containing revolute segments with a closed kinematic loop and prismatic segments
connected in series, can be decomposed into fewer subsystems than in the VDC mainstream approach.
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Fig. 1. Virtual decomposition of a manipulator using the approach presented here.

Fig. 2. Virtual decomposition of a manipulator in the VDC mainstream.
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Fig. 3. Comparing virtual decompositions of relevant manipulator segments.

Fig. 2 shows the same general manipulator decomposition resulting from the prevailing VDC approach. Fig. 3 compares in
more detail virtual decompositions using the currently widely accepted and here presented approach. As Fig. 3(a) shows, a revolute
segment followed by another revolute segment now has one less subsystem in the analysis, and Fig. 3(b) shows that the same applies
to a revolute segment followed by a prismatic segment.

Considering that prismatic segments are a minority compared to revolute segments, this result is more striking, since a robot
consisting of n revolute segments in series will now have n subsystems instead of 2 n. This means that at least 4n N fewer equations
will be formed in the process.

Apart from the decrease of computational load, the preparation process is shortened since fewer inertia tensors, masses, and
position vectors have to be known and thus determined using CAD software or identified.

(2) Dynamic interconnections between subsystems in the stated structures with closed kinematic chains have been strictly
addressed using the so-called load distribution factors and internal force vectors in the existing VDC literature and papers. Analytic
expressions for these did not exist until they were derived and validated in [27], and since then are widely used. The broader use
of derived expressions is hindered by them being overly burdensome, which is a pity considering their potential real-world impact.

This paper shows that both load distribution factors and internal force vectors are surplus terms when calculating actuator forces
in these manipulators. Actuator forces are now calculated using a computationally more efficient procedure. Apart from the decrease
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of the computational load, clarity for the broader audience of readers is increased. The new model also makes the identification
procedures more intuitive and makes all subsequent analyses less complex.

(3) Finally, a systematic process for formulating the control law using the new mathematical model is presented. Respective
qualities of the model are passed to this new VDC implementation scheme, making it consequently more intuitive and requiring less
on-line computations than earlier schemes. All the related stability proofs can be easily derived using the new model.

The rest of the paper is organised as follows. Section 2 presents essential mathematical preliminaries used for modelling, control
formulation and stability analysis. Section 3 presents kinematics and dynamics analysis with central theoretical modelling results
presented here. Sections 4 and 5 present how to form control values and provide stability of the whole manipulator. Section 6
presents an algorithm for the systematic formulation of control law. Section 7 validates the theoretical results by comparing them
to results obtained using a commercial software package. Section 8 provides a discussion of the results. Section 9 presents the
conclusions. Proofs of theorems are given in appendices.

2. Mathematical foundations and some VDC preliminaries

All the preliminaries in this section are reproduced from [19], where relevant proofs for the theorems stated here can be found.

2.1. Dynamics of a rigid body

Every rigid body in the analysis will have at least one three-dimensional coordinate system {A} (called frame {A} in the following
text) attached to it.

Let the linear and angular velocities as sensed in frame {A} be denoted throughout the paper as Av = (4

v, Ao, AvZ)T and
o= (Ao, Awy Aco,)T, respectively. Further, adopting the notation from [19], the 6D linear/angular velocity vector of frame

{A} can be written as:

Ay — (AT Aa)T)T e RS. o)

A

Let the force and moment vectors applied to the origin of frame {A} be similarly denoted as velocities using notation A f =
A A AT ion A A A A, \T
(Af. Afy Af,) for forces and notation *m = (4m, Am, “m,)" for moments.

Same as the 6D linear/angular velocity vector in Eq. (1), the 6D force/moment vector, as sensed and expressed in frame {A}, is
introduced as:

AF = (AfT AmT)T e RS. @

Further, let frame {B} also be attached to the same rigid body as frame {A}. Also, moving the force from the frame {A} origin
to the frame {B} origin introduces the moment of that force about the frame {B} origin. Consequently, quantities from Egs. (1) and
(2) transform as:

By =Aul Ay, 3)
and
AF =AU, PF, &)

where AUB € R% in Egs. (3) and (4) is a force/moment transformation matrix, transforming the force/moment vector measured
and expressed in frame {B} to the same force/moment vector measured and expressed in frame {A}. The transformation matrix can
be further written as:
AR o
A B 3%3
UB = < ) 5 (5)
(Aragx)ARg ARy
where ARy € R¥ is a rotation (direction cosine) matrix from frame {A} to frame {B}, and (*r,gx) is a skew-symmetric matrix
operator defined as:

0 —r

z y
(ArABX) =|r 0 —re | 6)
—ry ry 0

with r,, ry and r, denoting distances from the origin of frame {A} to the origin of frame {B} along the frame {A} x-, y- and z-axis,
respectively.
The net force/moment vector * F* € R® of the rigid body, in frame {A} is:
MA(% (AV) +Cy (R0) AV + G, =AF, @

where M, € R%9 is the mass matrix, C, (Aw) € R®® is the matrix of Coriolis and centrifugal terms and G, € R® includes the
gravity terms. Detailed expressions describing these matrices are given in [19].
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2.2. Required velocities and required forces/moments

The required velocity is a significant notion in the VDC framework, and it differs from the desired velocity. While the desired
velocity serves as the reference trajectory of velocity with respect to time, the required velocity includes both the desired velocity
and one or more terms that are related to control errors, such as position and force errors. When the control objective is to make
a robot track its desired trajectory, it is required that the desired position and desired velocity from the path generator match as
better as possible the measured velocity and position. If the control is performed in the joint space with the goal to track the given
trajectory (we note that the required trajectory tracking can also be designed directly in the Cartesian space as shown in Section
3.3.6 in [19]), then the required joint velocities can be formed as:

Gr = Gja + Aqj (40 = 4;) 5
if the joint is revolute, or as:
Xpjr = Xpjg + Ay (xtjd —-x;),

if the joint is prismatic, where ¢;, is the desired revolute joint angular velocity, q;, is the desired revolute joint angle, ¢; is the
measured revolute joint angle, %,;, is the desired prismatic joint linear velocity, x,;, is the desired prismatic joint linear extension,
x,; is the measured prismatic joint extension with 4,;,4,; > 0, being positive adjustable parameters.

Once the required joint velocities are obtained, the required linear/angular velocity vectors in any frame {A}, labelled as AV, are
formed just by following relations in the kinematic chain, going from the manipulator base to the tip and replacing ¢; with ;. and
%,; with %,;,. The only additional effort in the case of closed kinematic loops considered here would be to relate required velocities
in kinematic closed-loops using the loop-closure functions, as will be shown in more detail. Required force/moment vector presents
a standard notion in the VDC and is defined as:

d

MAE

(AV,) +Cas (R0) 4V, + G, + Ky (AV,-2V) =AF, ®)
where K, € R®9 is a positive-definite matrix. Its forming is based on Eq. (7), and usage will be addressed in more detail later in
the paper.

2.3. L, And L, functions

Definition 1 ([19]). The Lebesgue space, denoted as L, with p being a positive integer, contains all Lebesgue measurable and
integrable functions f(z):

T 1/p
ot = im | [T 1roras] <o ©

(a) A Lebesgue measurable function f(r) € L, if and only if
T
lim / |f()>dt < +oo.
T-co /o
(b) A Lebesgue measurable function f(r) € L, if and only if

max |f(?)]|dr < +oo.
te[0,+00)

Lemma 1 ([28]). If e(t) € L, and é(t) € L, then Ilim e(t) — 0.
—00
2.4. Virtual stability
Simple oriented graphs are used to represent the topological structure and control relations of a complex robot.

Definition 2 ([19]). A graph consists of nodes and edges. A directed graph is a graph in which all the edges have directions. An
oriented graph is a directed graph in which each edge has a unique direction. A simple oriented graph is an oriented graph in which
no loop is formed.

Virtual power flow (VPF) is an essential feature of the VDC approach. VPF defines dynamic interactions between subsystems per
Definition 3, and it plays a vital role in virtual stability, which is given with Definition 4.

Definition 3 ([19]). With respect to frame {A}, virtual power flow (VPF) is defined as the inner product of the linear/angular
velocity vector error and the force/moment vector error, that is:

pa=(2v, =)' (AF,-AF), (10)

where AV, —AV € RO, AF, —-AF € RS,
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Definition 4 ([19]). A subsystem that is virtually decomposed from a complex robot is said to be virtually stable, with its affiliated
vector x(7) being a virtual function in L and its affiliated vector y(¢) being a function in L,, if and only if there exists a non-negative
accompanying function:

v % x()T Px(), (11)
such that
V< =y Qy() — s(t) + ps — Pc (12)

holds, subject to:

/ " sde > -, (13)

0

where 0 < y, < o, and P and Q are two block-diagonal positive-definite matrices, and p, and pc denote the sum of VPFs in the
sense of Definition 3 at frames {A} (placed at driven VCPs) and {C} (placed at driving VCPs).

In Definition 4, s(r) = 0 is a special case that satisfies the definition.

In Definition 4 a virtual function in L, is a candidate function in L, for p = 2, co. A virtual function in L, becomes a function in
L, when every subsystem of a complex robot is virtually stable.

The unique characteristic of virtual stability is that VPF appears in the time derivative of the non-negative accompanying function
assigned to each subsystem. These VPFs represent the dynamic interactions among subsystems. All the VPFs in the system cancel
out since one subsystem’s driven point is the driving point of the adjoined subsystem and virtual power flows are the same, except
that they have opposite signs.

Theorem 2 ([19]). Consider a complex robot that is virtually decomposed into subsystems and is represented by a simple oriented graph
in Definition 2. If every subsystem is virtually stable in the sense of Definition 4, then all virtual functions in L, are functions in L, and all
virtual functions in L, are functions in L.

Theorem 2 makes it possible to focus on the virtual stability of every subsystem in lieu of ensuring the stability of the entire
robot.

3. Kinematics and dynamics of a generic manipulator structure

The following analysis considers the jth generic manipulator structure, as shown in Fig. 4. It consists of a revolute and a prismatic
segment. Without loss of generality, it can be assumed that the prismatic segment has only one linear hydraulic actuator for clarity.

The hydraulic manipulator consists of n structures like this in series, whereas prismatic segments might not exist in every
structure, depending on the analysed configuration.

3.1. Virtual decomposition

In the analysis of the closed kinematic loop, virtual cutting can be performed, and open kinematic tree structures are obtained
as the first step [29-31]. Virtual cutting points are also significant in the VDC approach as separation interfaces that conceptually
cut through a rigid body.

Parts that come from the VCP maintain equal positions and orientations. Furthermore, at a VCP, force/moment vectors can be
exerted from one part to another. Every VCP is considered a driving VCP for a subsystem from which the force/moment vector is
exerted, and it is considered a driven VCP for another subsystem to which the force/moment vector is exerted [19].

The mass object O,; and the link L}, from Fig. 4 are treated as joined in the revolute segment decomposition, contrasting all
the prevailing approaches. The proposed decomposition is shown in more detail in Fig. 5a.

After virtually cutting the closed kinematic chain, the open kinematic chain 1, has a passive revolute joint, and the open kinematic
chain 2 contains a linear hydraulic actuator. The structure can now be presented as a set of modular subsystems. The optional
subsystems that originate from the prismatic segment are shown in Fig. 5b and Fig. 5c. They are treated as in the VDC mainstream.

The optional existence of the prismatic segment also introduces the open kinematic chain 3;, which contains a linear hydraulic
actuator, into the analysis.

The division of a manipulator segment into subsystems by virtual decomposition creates a demand for various well-defined
body-fixed frames so that all linear/angular velocity and force/moment relations can be established.

Different frames are used here to describe the motion of every subsystem obtained by virtual decomposition. To analyse the
Jjth revolute segment kinematics and dynamics, 14 body-fixed frames {B;}, {By;}, {Bs;}, {B1j}> {Bsj}> {Byi}> {Tej}> {Tyj}> {T5}
{Py;}, {Pa;}, {Beji1}s {Dyj} and {Ey;} are introduced, and they are all attached, as shown in Fig. 5a. If a prismatic segment exists
in the jth segment, additional frames {Bs;}, {P3;}, {D5;} and {E;;} will be needed to account for kinematics and dynamics of that
linear hydraulic actuator and mass object O,;. They are shown in Figs. 5b and 5c. It is important to note here that some frames are
just configuration-dependent auxiliary frames, introducing generality into the analysis.
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q; 7 -th manipulator structure
L~

Fig. 5. Virtually decomposed manipulator structure.

For a start, frame {Ej;} in Fig. 5a coincides with one of three frames shown in dashed lines: {B,j,;}, {Py;} or {Dy;}. The other
two frames shown with dashed lines will not exist, depending on manipulator configuration, as will be discussed. The same applies
to frame {Ezj} in relation to frames {Bc i +1} and {Dzj} in Fig. 5c.

7
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Some of the frames will mainly serve in the result derivation process, so extreme care about them may not be needed once all
necessary relations are derived, and a new algorithmic approach to VDC deployment is established.
A simple oriented graph is shown in Fig. 6, where an optional prismatic segment is shown with dashed lines.

open chain gy open chain 1,j+1

——»()———» mass open chain §j | MAass L,y
ooo ObjeCt 77777 *\/'*\F 77777 N Object ' oo o

4>O—> Olj i 02]- 34,@—,

open chain 25 open chain 2,j+1

Fig. 6. Simple oriented graph of the manipulator structure.
It is worth emphasising that frames at the driven point of the revolute segment are coincident (see Fig. 5a):

{Bg) = {Byj} = (B} . a4
as at the revolute segment driving point, frames {ch}, {le} and {sz} coincide:
{Tq} = {Ty} = {Ty}. (15)

The x-y plane of every frame is located at the plane defined by three revolute joints. Their angles reference passive revolute
joints as g;-, q;;- and g;,-joint.

The origins of frames {B;} = {By;} = {B,;} are located at the g;;-joint, and their x-axes point to the g;-joint. Then, the frame
{By;} origin is located at the g;-joint, and its x-axis points to the g;,-joint. Origins of frames {T} = {Ty;} = {Ty;} are located at
the g;,-joint, and they have the same orientation as frame {By;}. The origin of frame {Bj;} is located at the g;-joint, and its x-axis
points to the g;,-joint. The origin of the {B4j} frame is at the end of the linear hydraulic actuator piston, and its x-axis points to
the g;,-joint. The last frame of the open kinematic chain 2; is {Py;}, located at the g;,-joint with the same orientation as the {By;}
frame. Frame {sz} has its origin where the driven point of a prismatic segment and the manipulator link connect. The action of
the surroundings on the manipulator is expressed in the frame {Dlj}.

Similarly, as shown in Fig. 5c, frame {P3j} has its origin where the prismatic segment driving point and the manipulator link
that follows connect. Frame {Dzj} expresses the effect of surroundings on the manipulator imposed on the link that comes after the
linear actuator. Since the manipulator usually interacts with its surroundings only using the end-effector, frames {Dlj} and {Dzj},
j=1,....,n—1 can be removed from consideration. Depending on the manipulator configuration, i.e. whether the end-effector is
connected to the link that precedes or follows a prismatic segment, only frame {D;,} or frame {D,, } exists, and they are mutually
exclusive.

Assumption 1. A manipulator interacts with its surroundings using its end-effector.

Corollary 1. Only frame {Dy, } or frame {D,,} exists on the manipulator.

Recall that the notion of the end-effector implies that there are no manipulator links after it in the manipulator serial chain.
Therefore, the existence of frame {Dy, } excludes the existence of frames {B, . } and {P,, }. The same applies to frames {D,, } and
{Bens1}- Frame {B, j 41} coincides with the driven point of the (j + 1)-th revolute segment. In practice, it is not likely to encounter
the prismatic joint driven point on the same link where there exists a revolute segment driven connection. This leads to the following
assumption, considering manipulator configurations:

Assumption 2. The driven point of a revolute segment and the driven point of a prismatic segment are never connected to the
same link.

Corollary 2. The existence of the frame {B,,,} excludes the existence of the frame {P,;} and vice versa.

As noted, frames {Elj} and {Ezj} are introduced for the sake of generality. Based on Fig. 5, Assumption 1, and Assumption 2,
frame {Ey;} can be:

{B, 1 }.  if a revolute segment follows, going from base to tip,
{Elj} = {sz}, if a prismatic segment follows, going from base to tip, (16)
{Dp}. if an end-effector is at the end of a link.

Moreover, frame {E,;} can be one of the following:

B.:.;!, if a revolute segment follows, going from base to tip,
{EZj}:{ { C,J+1} g going p a7

{Dy,}. if an end-effector is at the end of a link.

Relations given by Egs. (16) and (17) play a significant role in the general algorithm.
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3.2. Kinematic relations

In VDC, kinematic relations are used primarily to formulate the total forces needed to act on rigid bodies, based on the required
velocities. Before carrying out the kinematic analysis of the jth manipulator structure, important geometric relations for the jth
closed chain, representing constraints, must be introduced.

3.2.1. Loop-closure functions

Constraints must be introduced to accompany the virtual cutting approach in a closed kinematic loop analysis. Here, analytic
loop-closure functions can be incorporated into the analysis.

The joint angle of every revolute segment must be related to the corresponding piston displacement and the other two
closed-chain angles g;; and g;,, using known lengths.

Referring to Fig. 4 and considering the introduced sign conventions, these relations are:

x; = \/L?+L12.l +2L, L, cosq; — X0, (18)
2 2 2
le—(xj+xj0) —Lj
q;) = —arccos ) 19
-2 (xj +xj0) L;
2
L2.—(x-+x-0) -I?
qj, = —arccos ! d d 1 s (20)

=2 (x;+x5) Ly
where L; and L;, are lengths between the frames, and x;, is the effective length of the hydraulic linear actuator at zero piston
stroke. These values are assumed to be known with a high degree of accuracy. Differentiating Eqgs. (18)-(20) and appropriately
transforming them, the following expressions for velocities hold:
L;L; sing;
sy =-—L—1y, 1)
Xj+ X0
(x» +x-0) —L; cosq;;
i =- Jj Jj J : LN (22)
(xj +xj0) L; singj
. (x; +xj0) = Lj1 cosgp
4jp = — ( X;i.

(23)

X; +xj0) Lj singj,

3.2.2. Subsystem velocities
Let the linear/angular velocity vector B ¥ be known from recursive calculations carried out through preceding subsystems. From
Eq. (14), and Fig. 5(a) it follows that:

Biy =By =By, (24)
Linear/angular velocities in the open kinematic chain 1 can be written as:
Biv=gz, g+ By; Ug Bojy, (25)
1j
and

Ty =Piup Puv, (26)
L

wherez,=(0 0 0 0 0 1)
Similarly, linear/angular velocities in the open kinematic chain 2; are:

Biv =z, 4 + BzJ'Ug}j By, (27)
BV =x,x;+ By By, (28)
and
iy =24, +54 Ui' By, (29)
)

wherex,=(1 0 0 0 0 O)T.
Per Eq. (15), linear/angular velocities at the driving VCP of the closed kinematic chain are:

Tiy =Ty =Ty, (30)
Finally, linear/angular velocities measured and expressed in frame {Elj} can be calculated as:

Ejy =Tq U, Ty, (31
)
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When a prismatic joint exists in the considered jth manipulator structure, additional kinematic relations have to be established.
In the case of a prismatic joint existence, Eq. (16) holds that {E;;} = {P,;}, and Eq. (31) reads:

Pay =Taul Tiy. (32)
Py
Further kinematic relations for a linear hydraulic actuator per Fig. 5b and Fig. 5¢ can be written as:
By =x, x,; + " Ugsj Py, (33)
and
Py =Bsiy?l Bsiy, 34
Py

3.2.3. Forming required velocities

It is shown in [19] that the position control can be performed through a velocity controller by incorporating a position error
term into the required velocity. Once the desired velocities are calculated solving the inverse kinematics, the required velocities are
formed, as already described in 2.2. For revolute segments, in the case of integrated piston position feedback, required velocities
can be formed as:

Xjp =X+ Ay (xjd—xj), (35)

where 4,; € R is a positive constant.

By contrast, if the required piston velocities are known, the rotating joint velocities needed can be calculated using Eq. (21)
again. If the integrated rotating joint position feedback is implemented, required velocities in closed chains can be alternatively
formed as:

Gr = Gja + Aqj (40 = 4;) 5 (36)

where A,; € R is again a positive constant, and the required piston velocities can be inferred from Eq. (21). For prismatic joints
with integrated piston position feedback, required velocities are formed as:

Xijr = Xpjq + Ay (xtjd - xtj) > (37)

where 4,; € R is a positive constant. Knowing required velocities for pistons and joints enables forming the required velocities, and
this is essential for control, since required forces are formed using these, as will be shown.

Reusing Egs. (24)-(31) with required joint velocities ¢;, and piston velocities %, ;. gives an extensive set of equations to determine
the required velocities:

Biy, =Puy, =Py, (38)
BV, =z, 4, + iUy v, (39)
Tiy, =By Ugu Biy,, (40)
B3, = 2.4, +50] BV, (4D
By, =x;x;, + "4 Up, By, (42)
T3V, =2, 4, + 54 ngj Biy,, (43)
Tiy, =Ty, =Ty, (44)
and
By, =Ta Uglj Tiy,. (45)

In the case where there exists a prismatic joint, {E;;} = {P,}, and these expressions follow:

Py, =T ng' Tiy,, (46)
)
Bsj Vr = Xf xtjr + P2 Uz;sj i Vr’ (47)
and
Py =By Ulf}_ By, (48)
)

10
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3.3. Dynamics relations

The proposed reduced set of governing EOMs for the decomposed jth manipulator structure, using the suggested virtual

decomposition, differs from the one obtained following the VDC mainstream. Nevertheless, the calculations proposed here yield
the same values of actuator forces as earlier approaches had. Eq. (7) describes the motion of a rigid body with constant mass. It is
used here repeatedly to describe the motion of several subsystems: both revolute segment links from Fig. 5a, both cylinder cases
and pistons with a rod from Figs. 5a and 5b and the mass object from Fig. 5c. The total force acting on each subsystem from Fig. 5
can be modelled as:
d
dr
where instead of a general frame A, one of the distinct frames By;, By, B3j, Byj, Py;, Bs; or Py; is used for each separate subsystem.
Velocities B v, Biiv, By Bsy Piy Bsiy and P3iv also are necessary. They are given with Egs. (24)-(34).

My~ (AV) +Cy (R0) AV + G, =AF7, (49

3.3.1. Prismatic segment dynamics
Let the force/moment vector ¥2i F be known from previous recursive calculations through other subsystems. From both Eq. (17)
and Fig. 5c¢, it follows that:

By — { BI;J“ F, ifa rev9lute segment prec.eded, going from .tip to base, 50)
m F, if an end-effector is at the end of a link.

The total force/moment acting on the mass object O,; can be expressed as:

PiF* =Py F - Paug "I F. (51)
This enables the force/moment vector F3 F to be calculated as:

PiF =P F 4 Piug, M F. (52)
Next, the total force/moment acting on the piston from Fig. 5b is:

Bsip* = Bsip _ By Up,, PiF. (53)
Thus, force Bsi F can be expressed as:

PiF =P F* 4Py, PaF. (54
Linear actuator force can now be readily calculated as:

fey =X, PSF, (55)

and force 2 F, which propagates to the revolute segment, is:
PaF =PuF MU P F. (56)

3.3.2. Revolute segment dynamics
As in the VDC mainstream, it is assumed that the main friction in this type of revolute segment occurs between the piston and
cylinder case. Thus, other frictions will be neglected, and this yields the following assumption:

Assumption 3. Friction moments in all the rotating joints are equal to zero.

Corollary 3. The following expressions can be written and assumed to be valid:

2' BN F =, (57)
2T PUF =0, (58)
2l BiF =0. (59)

The introduction of Assumption 3 does not make this analysis less general. Rather, it simplifies it using practical claims. If friction
moments in particular joints cannot be neglected, they can be added to the analysis.

Let the force/moment vector ¥1i F be known from previous recursive calculations through other subsystems. Again, from both
Eq. (16) and Fig. 5a, it follows that:

Bejt1 F,  if a revolute segment preceded, going from tip to base,
EiF = P23 F,  if a prismatic segment preceded, going from tip to base, (60)
DmF, if an end-effector is at the end of a link.

11
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The dynamics of all subsystems using recursive calculations can be addressed starting from EOM for link L;;:
BiF =BifF* +Buy, EiF-Buy, PuF. (61)
1j 1j

The other dynamics equation for the open kinematic chain 1; is the EOM for link L;:

BuF =B 4 Bayy P0F. (62)
Similarly, EOMs for the open kinematic chain 2;j are:
By F =Baj p* 1 By Uy, Py, (63)
B3 F = Baj p* 4 B3 Ug,, By F, (64)
By 1 _ By By
AF ="PaUg, PO F, (65)

and finally, the force/moment vector at the driven VCP is:

BiF =ByF+BaF. (66)

The actuator force is calculated as:
_ T By

foj=x;"4F. (67)
which is an essential expression, since it is directly used in the control law and stability analysis; thus, a straightforward solution is
sought.
Theorem 3. Let the force ®ii F acting on the revolute segment from Fig. 5a be known from previous calculations through other subsystems.

Then, the linear actuator force can be determined as:

(o, ) o () () ] (95 (5 51

By *
Sej = A -
I L;j singj, (x; +xj9) tang;,

Theorem 4. Let the force ®1i F acting on the revolute segment from Fig. 5a be known from previous calculations through other subsystems.
Then, the total force acting on the driven point of the revolute segment is:

Bip = Bofp+ 4 BOJ'UBIJ_BIJ'F* + BZjUststF* + BZJ'UBSJ_B3J'UB4J_B4J'F* + B”J'UBIJ_BIJ'UEU EiF. (69)

The proofs of Theorems 3 and 4 are given in Appendix A and Appendix B, respectively.

3.3.3. Forming required force/moment vectors

The required force/moment vector for every subsystem of the jth manipulator structure can be easily obtained by replacing A
in Eq. (7) with By, Byj, By;, By, Py;, le; and Py; for different subsystems.

Velocities Bi v, By, By Bsiy Fay Bsiy and v, also are necessary, and they are obtained with series of Egs. (38)—(48).
If frame {Ezj} exists, then the required force/moment vector is deduced from Eq. (50) as:

Eyp — Bejtt F,,  if a revolute segment preceded going from tip to base, 70)
T DamF,, if an end-effector is at the end of a link.
Then the following required force/moment vectors can be calculated:
PyF, =PiF* + P Ug,, B F,, (71)
BsiF, =BsF* +5s Up, PiF,, (72)
Sejr =X PSF,, (73)
PaF, =P Fr + P Ug,, BSiF. (74)
Required force/moment vector i F is easily deduced from Eq. (75) as:
Bej1F,,  if a revolute segment preceded, going from tip to base,
BiF = PyF.  if a prismatic segment preceded, going from tip to base, (75)

DnF, if an end-effector is at the end of a link.

12
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One of the last essential results is a straightforward expression for the required linear actuator force calculation, that follows
from Eq. (68) as:
By By Ey By By By
z’ ( UF; +PUg, IJF,) z’ ( 3JF,) +27 ( 4JF’:> +y5( 4JF,> (x;+xj0—1)
for= XLPBaFr - i - . (76)
! L; singj, (x; +x;p) tang;,

Finally, the required force/moment vector acting on the driven point of a revolute segment also is obtained independent of any
internal forces and moments as:

BaF, = PaFr+Puug B +PaUp PO + Pt iUy P Fr + Puug Buug PO F, 77)

This vector is used for calculations related to the revolute segment. This concludes the kinematics and dynamics analysis.
3.4. Pressure and spool valve dynamics

Both pressure and spool valve dynamics play an essential role in forming control action and securing the stability of the whole
system. The same analysis shown for the linear hydraulic actuator in the jth revolute segment can be applied to the linear hydraulic
actuator driving the jth prismatic joint, and it will not be repeated. It is only necessary to note the differences in subscripts for these
two in the later analysis.

Piston force in the jth revolute segment calculated using Eq. (68) does not include friction contribution. The friction model, if
assumed to be increasing, continuous and antisymmetric, accords with many types of friction encountered in practice, including
Coulomb, viscous and LuGre friction (see [4]). The piston force from Eq. (68) with added friction term f +; can be written as:

Joi = Sej+ Iy (78)
Piston force, Eq. (78), also can be determined from chamber pressures:
Spj = Agj Paj — Apj Pyj» (79

where A,; and A,; denote cross-sectional areas, while p,; and p,; are pressures in linear hydraulic actuator cylinder chambers, all
shown in Fig. 4.
Continuity equations written for linear hydraulic actuators describe pressure changes in both cylinder chambers as:

0, %
py =L ( J —Aaj—]>, (80)
Agi \ %; X;
and
0y %
,-,b]:i( by a0 ) 1)
Abj S;—X; S; =X

where g denotes the oil bulk modulus.

Assumption 4. Piston positions x; and x,; in linear hydraulic actuators never reach their limiting positions at cylinder ends.

Corollary 4. The following inequalities hold: 0 < x; <'s;, 0 < x,; < 5.

Assumption 4 on piston positions ensures that singularities are avoided in Egs. (80) and (81). Their validity is ensured by careful
trajectory planning. These assumptions can also be removed by investing additional modelling effort to model dead volumes and
leakage flows, as shown in [32]. Volumetric flows through orifices of the jth spool valve in Fig. 4, which controls the flow to linear
hydraulic actuator chambers in the revolute segment, are:

Quj = ¢p1j Vs = Paj)u; S(up) + 0Dy = ) u; S(=uy), 62)
and

Qb/ = —Cp2j U(pbj =) u; S(”/) —Cp2j o(pg — Pl;/)“j S(_”/)’ (83)
where ¢}, ¢;;, ¢,1; and c,; are flow coefficients, p; is the supply pressure, p, is the return-line pressure, and S(u;) is the selection

function defined as:

I, if u;>0
)= ’ J ?
S(uy) { 0, if u <0, (84)

and o(4p;) is the function related to drops in pressure:

o(dp) = sign(ap))\/ |4, 85)

A voltage-related term that is significant for further analysis is defined as:

uy=n_ Oy 86)

X; S;—X;

13
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and it lets Eq. (79) be rewritten, using Eq. (80) and (81), as:

foj=8us - Ao Au Y (87)
=P\ T\ TSN ) )
The voltage-related term u 7> EQ. (86), can be expressed from Eq. (87) as:
f j Aa' Ay;
ufj=ﬂ+< " ) X;. (88)
p X; 5; =X

Assumption 5. Pressures in linear hydraulic actuator chambers are always smaller than the supply pressure, and they are always
higher than the return line pressure, which is never zero.

Corollary 5. The following inequalities for pressures hold: p; > p,; > p, 2 0, py > py; > p, 2 0, py > py; > b, 20, py > pyy; > p, 2 0.

Assumption 5 provides univalence between u; and u,;. Combining Assumption 5 with Egs. (82) and (83), the spool valve voltage
can be expressed as:
uy; Stug)) ugy SC=usy)
u; = + .

/ (cplj U(ps _paj) n Cn2j v(pbj _pr)> <cp2j v(ps _pbj) i Cnlj D(paj _pr)> (89)

X; sj—X;

5; =X x;

4. Forming the control action

A control action is formed so that system stability is ensured and all values converge to their respective required levels. The
required value for the voltage-related term from Eq. (88) for a revolute segment is formed as:

Tor  (Aa | Ay .
rip= 5t < 5 13 _xj> %)+ ks (%5 = %) kg (fpje = Fj) s ©0)
and the control voltage is calculated as:
"= upjr SCyye) N upjr S(=g)
/ ¢p1j U(Ps = Pgj) L G o(py; = py) Cpj V(D5 — Ppj) L G 0(pg; = py) (91)
X S; = X; S;—X; X;

For a prismatic segment, the required voltage-related term Eq. (88) is:

Yrijr = f/;;/f * <1:7 " %) Xij o+ kg (e = %0) + K gy (Foujr = L) (92)
and the control voltage is:
4y = Upjr SWpy) + U Sty ‘
<Cpltjv(ps = Patj) 4 Cunj V(Dpej — pr)> <cp21j o(py = Pyrj) + Cn11j0Parj — pr)> (93)
x,j s,j—x,j s,j—x,j th

5. Stability analysis

Per Theorem 2, this analysis can be carried out only for the general jth manipulator segment. The stability of the entire
manipulator is mathematically equivalent to the virtual stability of every manipulator module.
For purposes of analysis, a set of frames important for stability analysis is:

S; = {By;. Byj. By;. By;. B Py Py | (94)

Theorem 5. Let the non-negative accompanying function for the jth manipulator segment in the most general case considered here be
chosen as the sum:

v = Z vA+vpj+vp,j, (95)
AeS;

where individual non-negative accompanying function v, is chosen as:
1 T
=3 AV, =2v) My (AV,-4v), (96)
and let the non-negative accompanying functions for linear hydraulic actuators in the revolute segment and prismatic segment be chosen as:

(fpjr - fpj)2
ij = Tkxj, (97)

14
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and

Vyyy = (fpfjr — fptj)z . (98)
2P ky;
respectively. By forming control actions for linear hydraulic actuators in the revolute and prismatic segments using Egs. (90)—(93), a derivative
of the non-negative accompanying function assigned to the jth manipulator structure is:

Up = gy +Vp, +Vp Vg Vg Vg,V vp],cj < .
A AT A A fi 2_ %y 2 (99)
- Z (V. =%v) Ky PV - V)+chj_pEzj_k - (fﬁjr_fpj) T (fpfjr_fptj) :
AeSj xJj xtj

It implies the virtual stability of the j-th manipulator structure per Definition 4, and consequently of the whole manipulator, per Theorem 2,
implies:

Gia—4; >0, 4q—q; >0, X3—% >0, x5-x; >0, X;3—%; >0, x;55—x;—0. (100)

The proof is given in Appendix C.
6. Systematic formulation of control law

The discussed control law formulation can be shown algorithmically.

At the beginning of the systematic control law formulation, a step must be performed that will not be needed again. It is to
determine which frames coincide with general frames {E,;} and {E,;} and whether a general frame {E,;} exists in a particular
manipulator structure.

calculate velocities and
forces/moments

determine {E;}, Eq.(16) ‘

no

yes

determine {Ey;}, Eq.(l?)‘ ‘ {Ey;} does not exist ‘

Fig. 7. Algorithm for determining {E,;} and/or {E,;} frames.

By proceeding from the manipulator base to the manipulator end-effector, separate manipulator structures, as in Fig. 4, must
be identified, and for each manipulator structure, frames {Elj} and {Ezj} must be established, using the dense procedure given by
Egs. (16) and (17), Fig. 7. The latter does not exist if there is no prismatic segment in the considered manipulator structure.

Current values of linear/angular velocities are calculated first, going from the manipulator base to the end-effector. For each
manipulator structure, as in Fig. 4, calculations are carried out from the driven to the driving point of a revolute segment, using
Egs. (24)—(31). If a prismatic segment exists, calculations are continued using Eqgs. (32)-(34). The procedure from Fig. 8 is repeated
for every manipulator structure in the series.

Current values of relevant forces are calculated from the end-effector, i.e. from frame {Ezj} of every jth manipulator structure
if the prismatic segment exists in the structure. If that is not the case, calculations start from frame {Elj} in the jth manipulator
structure. Calculations are carried out to the manipulator structure’s driven point, and this procedure is repeated for all manipulator
structures up to the first, starting from j = n. If frame {Ezj} exists, current values for forces in the prismatic segment are calculated
using Egs. (51)-(56). Frame {Elj} will exist in any case, regardless of whether frame {Ezj} exists. All the necessary values of
forces in a revolute segment are calculated using Eqgs. (68) and (69). The procedure from Fig. 9 is repeated for all the manipulator
subsystems. By performing these calculations, inertial and gravity terms are accounted for, but the reminder should be set again
to bring the attention to the inclusion of the friction force whose impact cannot be neglected. After solving the inverse kinematics
problem, the required linear/angular velocities are calculated using relations Egs. (38)-(45) and eventually Egs. (46)-(48) in the
case of prismatic segment existence.
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calculate velocities from

{Bcj} frame up to {Elj}
frame, Eqgs. (24)-(31)

yes

calculate velocities from

{Py;} frame up to {Ey;}
frame, Eqgs. (32)-(34)

calculate required

forces/moments

velocities and

calculate forces from frame
{Eq;}back to {Py;} frame,
Egs. (51)—(56)

calculate forces from frame
{Elj} back to {Bcj} frame,
Eqgs. (68) and (69)

j=ij-1

Fig. 8. Algorithm for calculating linear/angular velocities and forces/moments.

solve inverse kinematics;
form required velocities,
Egs. (35)—(37)

calculate required
velocities from {Bcj}

frame to {Ey;} frame,
Eqgs. (38)—(45)

yes

calculate required

velocities from {P2j}

frame to {Ezj} frame,
Eqgs. (46)—(48)

form control values,
Eq. (91) and/or

Eq. (93)

calculate required forces from

{Ey;} frame back to {Py;}
frame, Eqgs. (71)—(74)

calculate required forces from
frame {Elj} back to {Bcj}
frame, Eq. (76) and (77)

j=j-1
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Fig. 9. Algorithm for calculating the required linear/angular velocities and forces/moments.
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Egs. (35)-(37) for required joint velocities are also needed in the process. The calculations of forces/moments starts with
Egs. (71)-(74) if the prismatic segment exists, and it continues with expressions Eqs. (76) and (77). These are the only two
expressions that require evaluation when a prismatic segment does not exist. Finally, control voltages are formed using Eqs. (90)
and (91) and/or Egs. (92) and (93).

7. Simulation results

The proposed forces modelling scheme has been verified in the Simscape Multibody™ simulation environment. A hydraulic
manipulator from the subset of the manipulators proposed in this paper was the focus. The simulation was created using CAD
models of the laboratory installation from Fig. 10.

Fig. 10. Laboratory stand that inspired the simulation.
A more detailed description of this particular experimental setup can be found in papers [33], and [34]. For the simulation
results that follow, it is relevant to emphasise that the servo valves are connected as:

(1) Bosch Rexroth NG6 size servo solenoid valve (40 1/min at Ap = 35 bar per notch) for the Lift cylinder,
(2) Bosch Rexroth NG10 size servo solenoid valve (100 1/min at Ap = 35 bar per notch) for the Tilt cylinder.

Fig. 11 shows the simulation environment explorer at one point in time, in one of many poses during the simulation used to
verify forces modelling method. The same figure also contains sketched the desired A-B-C-D path used later in the control system
simulation and also contains labels for relevant pressures in the simulation, together with axis labels for the world frame. Pressures
in the Lift cylinder are labelled as p,; and p,;, while the pressures in the Tilt cylinder are labelled as p,, and py,.

Fig. 11. Simulation explorer showing manipulator model used to validate the method.
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In order to verify the proposed inverse dynamics method, direct actuation in the simulation was performed using reasonably
chosen but still generally random and uncorrelated changes for generalised manipulator coordinates.

The type of actuation (hydraulic/electric) is not relevant at this point. The proposed theoretical approach was not related in any
way to the particular test stand, and thus the results from Fig. 12 validate the derived results numerically.

150 T T T T T T T T T
= 100 paper
= . . T]\,I -
i SimScape
«o 90 .
0 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9
¢[s]
100 T T T T T T T T T
— paper
— — — -SimScape™
= 500 Pe N
3 \
0 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9
¢[s]
1 T T T T T T T T T
— 0k paper J
: ™
i 4 — — — -SimScape |
LA AL A
-3 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9
¢[s]
]- T T T T T T T T T
— 0k paper J
: ™
g 4 — — — -SimScape |
3
«< 9|
-3 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9
¢[s]

Fig. 12. Comparison of piston forces calculated using Eq. (68) and SimScape™.

Since there is no information about equations used in the simulation environment, and since this internal numerical approach
is affected by many factors, such as the choice of the solver, a relative error of up to 0.2% for reasonably short integration time,
especially considering the magnitudes of the forces, qualifies the proposed inverse dynamics approach for further use.

To compare the execution times in Simulink, the run/sim time ratio from the Solver Profiler is used. Employing the variable-step
ode45 solver with the relative tolerance setting set to 10~7, the run/sim time ratio in the case of the SimScape™ model is about
0.14s. For the presented model, the same run/sim time ratio is 0.05s using the ode4 fixed-step solver with the step size of 0.001s.

Physical quantities such as pressures, volumetric flows, and valve voltages were irrelevant when actuator forces were calculated
since the method does not account for the type of actuators. When applying the proposed control law in the particular case of
hydraulic actuators, it is required to calculate appropriate pressures and, consequently, valve control voltages as functions of the
required forces.

For the considered manipulator, one typical planar task of reaching some starting point (labelled here as A), and after that
performing two A-B-C-D loops with a fast transition (two seconds from one trajectory point to the other) along the quintic rest-to-
rest path, as sketched in Fig. 11 can be investigated in order to obtain values for pressures and control voltages and perform the
preliminary assessment of the control algorithm.

The desired and the obtained trajectory in the simulation are shown in Fig. 13. Fig. 14 shows required and achieved piston forces
in the Lift (f,y,, f,1) and Tilt (f,,,, f,2) cylinders. Fig. 15 shows pressure changes in the Lift and Tilt cylinders during the simulated
experiment. These are labelled in Fig. 11.

Control voltages have a limited range of +10V, and the corresponding time changes for both control valves in the simulated
experiment are shown in Fig. 16. The supply pressure is assumed to be constant at 185bar with the return pressure also being
constant at 10 bar. All the results in Figs. 13 — 16 present the simulation results obtained using the control forming approach, which
relies on the presented novel modelling scheme.
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Fig. 13. Desired and obtained tool centre point path.
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Fig. 14. Required and obtained piston forces.
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Fig. 15. Pressures in the Lift and Tilt cylinders.
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Fig. 16. Control voltages for directional valves.

The simulation has addressed some important practical aspects, such as the noise presence in all the measurements, which, in
turn, required the introduction of appropriate signal filtering, which is all to be tested, verified and discussed in more detail in future
experimental work. Also, the implemented friction model is assumed to be precisely known. The friction forces are not compensated
using the parameter adaptation, which will probably be necessary during the experimental part to achieve better performance and
will be addressed in more detail.

8. Discussion

The final analytic expression presented here, used to calculate actuator forces in revolute segments and given by Eq. (68) can
also be obtained following the algorithm in [27] and performing a simplification through careful symbolic manipulation. Anyhow,
this has remained unnoticed so far.

Using directly Eq. (68), at least five different trigonometric operations, 14 multiplications, and one fewer division have to be
performed to obtain the same linear actuator force value in one revolute segment. The number of necessary operations that are
computationally expensive is significantly reduced, while the final SoA expressions remain intact. Since previously used, additional
auxiliary quantities, are no longer needed, the whole analysis is now more intuitive and straightforward.

Apart from that, an independent comparison with results obtained using Simscape Multibody™ for one particular manipulator
configuration was performed, providing confirmation of the correctness of the proposed expressions.

In addition, the proposed virtual decomposition approach decreases the number of subsystems needed for the analysis. Mass
objects between the driving VCP of a revolute segment and the driven VCP of the following revolute/prismatic segment do not have
to be considered separately anymore. This reduces the total number of equations for at least 4n N, and possibly more, depending
on the additional algorithm complexities. It also lowers the number of inputs to the algorithm, i.e. fewer inertia tensors, lengths,
masses, and similar must be known in the process.

Virtual stability of the generic manipulator structure from Fig. 4 per Definition 4 is ensured by proper formulation of control
values. This, in turn, guarantees the stability of the entire robot per Theorem 2 and as a consequence, physical quantities converge
to their required values.

This different decomposition leaves the virtual stability of the manipulator structure intact, and because of this, a subsystem can
be controlled independently from the rest of the system, using one of the main ideas of VDC, modularity.

This reformulation of the linear hydraulic actuator forces model in types of manipulators relevant in practice can be used to
rewrite all the existing VDC results and formulate new ones with less effort. The reformulation is expected to yield many results in
this SoA NMB, stability-guaranteeing, modular control technique, proven to be implementable in real time.

9. Conclusions

This paper provides reformulated general dynamics equations in the N-E framework, using the 6D vector formulation for a
relevant parallel-serial hydraulic manipulator configuration often encountered in practice.

As with previous N-E models in the VDC framework, the proposed model does not use usual approximations, which puts it in
front of traditional models based on the Lagrange formulation.

The reformulation leads to a more straightforward analytic solution for calculation of a linear hydraulic actuator force when this
actuator exists as a part of a 3-bar revolute segment with a passive joint in a hydraulic manipulator.
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In contrast to the reported modelling schemes in the N-E framework, the method presented here is more intuitive and efficient
since fewer equations are formed. Actuator forces can now be calculated without surplus factors required by previous approaches,
using fewer calculation operations in the process.

The proposed scheme for actuator force calculation has been validated both in simulation and analytically, using numerical results
from Simscape Multibody™ and the current SoA analytic expressions as a reference. The analysis has considerable significance when
VDC is used to control the hydraulic manipulators essential in practical applications.

A systematic subsystem-based process to formulate control law has been presented in the VDC framework using the new dynamics
model, which also encompasses pressure dynamics while rigorously guaranteeing Lyapunov stability of the whole manipulator.

It is also expected that this reformulated systematic approach for VDC implementation, based on the proposed model, becomes
a de-facto standard in the VDC community since it leads to experimentally verified, state-of-the-art (SoA) analytic expressions in a
much more straightforward way.
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Appendix A. Proof of Theorem 3

Proof. Let the motion of link L;, be described with Eq. (61). To derive the final result, some special properties of the transformation
matrices are used. The force/moment transformation matrix, which relates frames {By;} and {Py;} is:

cos gj, singj, 0 0 0 0
—sing;, cosqjn 0 0 0 0
0 0 1 0 0 0
BiiUp. = . Al
Py 0 0 0 cosq, sing, O (A-1)
0 0 —-L; —sing; cosg, O
—L; sing;; Lj cosqj 0 0 0 1
The forces/moments with neglected friction in the g;,-joint per Eq. (58) are:
PiF= (M Mg, 0 0 0 0). (A.2)
The motion equation, Eq. (61), combined with Eq. (57) and (A.2) gives:
2! (BUF* + B, El-iF> = —Puf Ly singp+ P f, Ly cosqp, (A.3)

and Eq. (A.3) presents the starting point from which the solution is obtained.
The piston and rod subsystem moves only in the direction of the local frame x-axis, so its motion is constrained. It also has an
angular velocity about the local frame z-axis different from zero. The force/moment vector at the {B4j} frame is modelled as:

Bip=(Bus, Buf, 0 0 0 Pum,)'. (A.4)

The force/moment transformation matrix from frame {Plj} to frame {B4j} has a very simple structure, because B4 Rp, =I5t

1 0 0 0 0 0
0O 1 0 0 0 0
00 1 00 0
By _ A
"Uei=lo 0 0o 1 0 of (A-5)
0 0 -, 0 1 0
0 L., 0 0 0 1

cj
where [, j is the length of the piston and rod from Fig. 4. Eq. (63), combined with Egs. (A.4) and (A.5) yields a simpler form, which
is very significant for further analysis. That is, separate EOMs from Eq. (63) become:

By fo=x (PF) + P, (A.6)
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Buf, =y} (‘%’F*) + 0 gy, (A7)
and

Bom, =2l (BF )+ 71,1, (A.8)
wherey,=(0 1 0 0 0 0).

The force/moment transformation matrix from frame { B4j} to frame {B3j} also has a very simple structure. Again, this is because
B3; .
YRp, = Izt

1 0 0 0O 0 O
0 1 0 0O 0 O
0 0 1 0O 0 O
B3 _
sy =10 0 0 1 0 o0 (A.9)
0 0 -x;—xj+l; 0 1 0
0 xj+x;0—1 0 0 1
The forces/moments with neglected friction in the q;1-joint per Eq. (59) are:
Bip=(%f "y 0 0 0 0). (A.10)
Using Egs. (A.9) and (A.10), separate EOMs from Eq. (64) are:
By fo=x (BF) 4+ B g, (A.11)
B fy =] (BF) + B g, (A.12)
and
0=2" <B31F*)+B4/m7+34ffy (x; + x50 —1;) - (A.13)
Combining Egs. (A.7) and (A.8) and Eq. (A.13), the solution for By; fy is:
ol (st F*) +T (B4j F*) ¥! (B4JF*) I
Byf, = - + (A.14)

X+ Xj X+ Xj

Further, combining equations Eq. (A.3), Egs. (A.6) and (A.7), and Eq. (A.14), the final expression for the actuator force in the
revolute segment can be obtained as:

af (M + Py, iF) B B (A.15)
By ¢ _  _ T( 4J'F*> (B4j _ T( 4JF*)) ta. .
Sx L singy, +X; +( My -y; cot g,

which is in the expanded form given with Eq. (68), and this finishes the proof.

Appendix B. Proof of Theorem 4

Proof. Consider the revolute segment from Fig. 5a. Egs. (63) and (64) can be combined into the following relation:
BiF =B 4 Bty (B F 4 By, PF). (B.1)
Further, Egs. (64) and (B.1) can be combined into:
BiF =B Up,, B3 p* 4 B2 Up,, By Up,, By 4 Ba Up,, By Up,, By Up, PyF. (B.2)
On the other hand, combining Egs. (61) and (62) gives:
BuF =BaF 4 Baug PuF 4 BaUy Puug BuF - Puug B PUF. (B.3)
Combining Egs. (B.2) and (B.3) per Eq. (66) gives a final expression for the force at the driven point, free of internal forces:
Bej F = Boi F* 4 Boj UBljBliF* + B2 Ug,, B3 p* 4 By Ug,, By Ug,, Bsj F* 4 Boj UBIJ_BU Ug,, EiF. (B.4)
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Appendix C. Proof of virtual stability

Stability analysis is carried out for the general case of a manipulator structure, including both revolute and prismatic segments.

If the prismatic segment does not exist in the jth manipulator structure, only specific terms drop from the analysis, and all the

conclusions remain the same.

Proof. Time derivatives of accompanying non-negative functions given by Eq. (96), where {A} € §; and the set S; is given
with Eq. (94), are the first to be found and combined. Using Eq. (8) and (49) along with kinematic relations Egs. (24)-(34) and
dynamics relations given with Egs. (51)-(56) and Egs. (61)-(66), the following expressions are obtained for each subsystem-related

non-negative accompanying function:

Vg, =

Vg, =

VB4j =

Vst =

(B.,JV By )T (B.)JF* By; F*) _
T T
(v -av)” {105 -0r) - () o ()
T
(Bo,V_Bo.V) Ky, (BQin—BQiV>: ©n
C.1
(Boer _Bij>T (B‘)JF B0]F> (BIJUT (BUV BIJV>) By (BIJF BIJF)
0j
T
(Boer _BojV) KBoj <B0er _BojV) _
T
PB(]]' - pBlj - (BﬂjI,r - BOjV> KBoj (Boj‘lr - BOjV) 5
T
(BIJVr _ BIJV> (BljFr* _ By F*) _
T T
(Bw, - Buv) (Bu'F, - "u‘F) - (BuV, - Bu‘V) BiyUy, (EuF, - F‘uF) +
)
T T
(BIJK —BIJV) BiUp (PljFr _PljF) - (BIer _Bljv> Kpg.. (Bler _Ble) =
1j
T
li ! (C.2)
(PljUg (Pler _ ple))T BljUPl- (Pl‘iFr _ PljF) _ (Bler _ Ble)TKBn (B“Vr _ Ble> _
1j j
(BIer _ B‘J‘V)T (BljFr _ BIJF) 4 (P,er _ p]jV>T (p]jFr _ PIjF> _
T T
(El.in - ELiV) (EljFr - El.iF) - (Bler - Bl.iV) Kp,. <Bl.in — Ble) =
J
T
Py ~ PRy T Ppyy (B”Vr —B”V) Kg,, (B”Vr —B“V),
(BW _ BW)T (n,ﬁFr* _By F*> -
T T
(B4,Vr _ B“iV) (BﬁFr _ B4jF) _ <B4J-Vr _ B4jV) B"'iUPlj (PljFr _ PljF> _
T
By, —Bay ) Ky, (Bav, -Biv)=
r , B4J r , (C3)
(v -y (a1, o) - (P (oo ) ety (o o)
4 i
T
(B4er _B4jV) KB4]~ (B4er _B4J~V) —
T
DBy — Ppy; — (B4er - B”V) Kg, (B4j"r - B4jV> ,
(BW BW)T (33,. Fr - By F*) -
T T
(B3JV BSJV) (stF, - stF) - (B3J'Vr - stv) By, (%‘F, - B4jF) _
(B3JV — By V)T Ky, (B3JV — By V)
T
=401 (40P (3, (0, -2a0)) ()

T T
(it () (P, 00) () s o)
T T
Qi — ‘I/I) 2T <stFr - Bs.iF) + (szVr _Bz,iV) (szFr — szF) — (B4er — B4jV) <B4jFr _ B4jF> +
T
B

T
. 5 Ba: Ba: Ba: Ba:
szj_pB4j+(xjr_xj) (fcjr_fcj)_(3jlr_ il ) KB3J- <3J|r_ SJI)’

(4
(%5r
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Vp, = (Pz-in - PZJ’V)T (PZJ' Fr - Pz.iF*) -
-J
T T
(PZer - PZJ'V) (szFr - szp) - (sz v, - P2jV> l’szBs_ (BSjFr - BSjF) —
)
r
(PZer _szV> KP2~ (szVr _ szV) _
)
T T (C.S)
(o =ro0)” () o (o —ro0)) ()
)
r
(ot ov)' o, ()
Py~ Pig ~ (szVr _ PZjV) Ksz (l’zer _ szV) s
tny = (P, -Pav) (g =
5j
T T
(stVr _ stV) (BSjFr _ BSJ'F) _ (BSjIIr _ sty) BSjUP3- (l’sj F. - stF) _
]
T
(B5J'Vr _BSjV) Kp.. (BSjV _stv) =
5j r (C.6)
T .
(egjr = %15) (Ferjr = ferj) + <P2j Uﬁsi (sz A V)) (BSj F, - stF) -
T ) T
(103 (a1, 200)) 5 (a1 20r) (o) K, (5,2
) )
T
. . B:: Bs: Bs: B=:
(S4jr = %15) (Ferjr = Jety) + PBs; — Ppy; ~ ( SV, - SJV) Kg, ( SV, - 5JV) ,
vy = ("Wr _pW)T (p3j Fr_Py F*) -
3) r
T T
(stV - stV) (P3J'F, - P3J'F) - (stVr — stV) PajUEr (EZjFr - Esz) -
)
r
(styr _sty> Kij (stVr _P3jV> = ©
: C.7
T T
(o =ta0)” (o) <, (o)) o, ()
T
(PxJVr _ P3jV> KPJJ» (P3er _ P3jV) _
T
In the case when the prismatic segment does not exist, the accompanying function for the jth manipulator structure is:
Ve = Vg, + Vg, + Vg, Vg, =
T
. . B,: B;: B;: B
(xjr_xj) (fcer_fcj)_PElj"'PBcj_( lJVr_ IJV) 71_(131]- ( l‘lVr_ IJV)_ C.8)
(Bo,in _Bl)jV) KBo,' (BOer _ B0jV> - (B4er _B4jV) KB4J~ (B4er _B4jV> — .
(Baer _stV)T Ky <B3er _sty>.
3j
In the case when a prismatic segment does exist, the accompanying function for the jth manipulator structure becomes:
Vie= gy +Vp, +Vp Vg +ip Vg U = .
. . . . . . B,: B,:
(xjr - xj) (fcjr - ij) + (xtjr - xtj) (fctjr - fcrj) +PBcj - PEzj - (B”Vr - BIJV) KBlj ( Ny, - UV) -
T T
(Bo,in _ Bojy> KBOj (Bojyr _ BOjV) — <B4er _ B4jV> Kij (B4jyr _ B4jV> - (C.9)
T T
(stVr —B3JV> KB; (stVr _B3jV) _ (stVr —BSJ'V) KB5< (stVr _stV) _
) )
T T
(Pav, -Pav) " Kp, (Pav,=Pav) - (P5v,-Pav) Ky (¥, -Fav).
) )
Time derivatives of the proposed non-negative accompanying functions Egs. (97) and (98) are:
. 1 fp/r - fpj
Vol T (fosr = Fii) 5 =
xj (C.10)
1 o ok 2
= Unir = L) (pj=ugy) = (Fejo = Se) (g =%5) = (Fpir = 1) Gir = %5) = 2= (Foir = S)
xj xJ
and
V.. = 1 (f —f )fptjr_fprj_
Py T e\t ptj B -
X1 C.11
1 . N , (D
(Fouir = Fos) (Wpigr = tgs) = (Feajr = Feg) Gigr = %15) = (Fpuge = Frig) Gigr = %45) = 2= (Fyyr = Fos)"-
kxtj kX[/
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The time derivative of the proposed accompanying function Eq. (95) for the manipulator structure is obtained by summing
Egs. (C.2)—(C.7) and Egs. (C.10) and (C.11) as:

V= Vg Vp, +Vp Vg Vg Vg, Vg Yy =
Foir = Foi) Cgyr=ugs)  (Fpuir = Fog) (g0 = upiy)
_ Ay _Aap\T K. (Ay _Ay _ ( pir — Jpj) \"fjr —Hfj i otj) \Hf1j fil
Aéj< ' ) * ( ' )+chj pEzj " kxj " kxtj (C.12)
ks: koo
. . . . f 2 f 2
= (Frie=F1i) Gjr=%;) = (Fpue = Frig) (g = %45 _k_x; (fojr = Fi)" = KZ (Soijr = Foij) ™

The stability-preventing terms (%, —x;) (f.; — f.;) and (%, —%,;) (fu;, — fu;) from Eq. (C.9) are replaced with terms
(Foir = Ioi) pjr=tgs)s (Foyr = Fpug) (gpaje =ugig)s (Frjr = Fyj) (%0 = %;) @nd (F e = f1j) (%15 = %,;) in the expression Eq. (C.12)
for the whole jth manipulator structure.

Simply choosing u; ;. =u,; and u,;, = uy,;, two out of four stability-preventing terms in Eq. (C.12) disappear.

The friction model is already assumed to be increasing, continuous and antisymmetric, so using this property, it follows that:

= (frir = 1r3) (%), = %;) <O, (C.13)
and
= (Frijr = Frij) (yjr = %5) <O (C.14)

This makes it possible to write the time derivative Eq. (C.12) in its final form:

V= Vg +Vp, +Vp Vg Vg Vg, Vg 0y v,,l,cj < .
= Z OV R (Vo) = = g e ) = e ) (19
which qualifies the jth hydraulic manipulator structure from Fig. 4 as virtually stable in the sense of Definition 4.
Consequently, from Theorem 2, it follows that:
for=fo €LynLg, (C.16)
Sotjr = Fpj €LaNLg, (C.17)
and
AV, -AV  e€L,nLg. (C.18)
In addition, Egs. (C.18) imply that:
4jr—4; €L,NnLg, (C.19)
and
Xijp— X € LyN L. (C.20)

Given a bounded djr and %, s the boundedness of q; and x, j is ensured from Egs. (C.19) and (C.20), respectively. This guarantees
the boundedness of friction forces f,; and f;,;. Having bounded required accelerations §;. € L, and %,;, € L, implies bounded f;,
and f,,;, and consequently f,;, € L, and f,;, € L. In turn, Egs. (C.16) and (C.17) imply f,; € L., and f,; € L. The boundedness
of f,is fuj» 4; and x,; implies the boundedness of f,; and f,;. Boundedness of all actuation forces implies bounded accelerations
g; and %,;. Moreover, asymptotic convergence of all L, signals with bounded time derivatives are ensured from Lemma 1.

That is, from ¢;,—§; € L, and Eq. (C.19). it follows that ¢;,—¢; — 0, and this in turn guarantees ¢;,—¢; — 0 and ¢;,—¢g; — 0 from
Eq. (36). As a consequence, X;; —%; — 0 and x;, —x; — 0 are guaranteed, per Eq. (18) and (21). On the other hand, %, —%,; € L,
and Eq. (C.20) imply %,;, — %;; = 0, s0 %,;;, — X,; —» 0 and x,;, — x,; = 0.
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