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Abstract

We study a temperature and velocity output tracking problem for a two-dimensional
room model with the fluid dynamics governed by the linearized translated Boussi-
nesq equations. Additionally, the room model includes finite-dimensional models for
actuation and sensing dynamics; thus, the complete model dynamics are governed by
an ODE-PDE-ODE cascade. As the main contribution, we design a low-dimensional
internal model-based controller for robust output tracking of the room model. The
controller’s performance is demonstrated through a numerical example.

Keywords Partial differential equations - Output regulation - Linear systems - Fluid
flows - Coupled systems

1 Introduction

We consider fluid temperature and velocity control for a two-dimensional room model.
In the model, behavior of the fluid within the room is described by the linearized
Boussinesq equations. The Boussinesq equations are a system of partial differential
equations coupling the fluid flow dynamics given by the incompressible Navier—Stokes
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Fig.1 A room with the boundary regions of interest highlighted

equations with the fluid temperature dynamics governed by the advection—diffusion
equation, and they are commonly used for modeling non-isothermal flows, see, e.g.,
[1,10,12]. In this paper, we consider the linearized Boussinesq equations. As the main
control problem, we study output tracking for the room model, where a mix of obser-
vations on the fluid temperature and velocity must converge to a desired reference
trajectory over time, i.e.,

[Y(#) = Vet )] = 0 as 7 — oo, ey

where y(f) € RPY is the observation and yf(f) € RPY is the reference output. The
considered reference outputs are of the form

gs
Yeet (1) = ao(t) + Y _ aj (1) cos(w;t) + b (1) sin(w;1), ©)
i=1
where 0 = wp < w1 < -+ < w,, are known frequencies and a; (¢), b; (t) € RPY are

polynomial vectors with possibly unknown coefficients but known maximal degrees.
As the main contribution of this paper, we design a finite-dimensional controller for
output tracking of the room model with the room geometry depicted in Fig. 1.

Fluid dynamics within the room are governed by the linearized translated Boussi-
nesq equations. We focus on a control setup typical for rooms, where the physical
control inputs act on the fluid near some parts of the boundary of the room, i.e., the
walls, the floor or the roof, cf. [10,12]. In the model, the fluid flows into and out of
the room through the boundary regions I’ and "o, which represent an inlet and an
outlet, respectively. Both the fluid velocity and the fluid temperature are controlled
within Iy, cf. [12]. Additionally, the fluid temperature is controlled within I'y by a
radiating heater, but no velocity control is applied within /'y and there is no fluid flow
through this boundary section. Observations on the fluid are performed both within
the boundary regions and inside the spatial domain. In addition to the fluid dynamics,
the room model includes finite-dimensional dynamical models for the actuators and
the sensors related to the fluid control and observation, respectively. Dynamic actuator
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modeling has been reported to increase model accuracy for an acoustic model in [46],
and has been argued to be a more realistic approach to system modeling in general
[13]. The complete room model is thus a coupled ODE-PDE-ODE model. Compared
to a model with PDE dynamics only, the room model is more complex in the sense of
having extended dynamics, but the control and observation operations are bounded.
From now on, we will refer to the full ODE-PDE—ODE room model as the cascade
system.

We achieve the output convergence (1) for the room model by implementing a con-
troller introduced in [34]. The controller is based on the internal model principle, see
[17,19,35], and has several desirable properties. It can be used in control of unstable
systems, which is essential for this paper due to the fact that the linearized Boussi-
nesq equations may be unstable [12] (depending on the room geometry and physical
parameters). The controller does not require complete state information of the system
but rather only uses the observation y(¢), and since the controller is based on a finite-
dimensional approximation of the room model combined with model reduction, it is
of low-order for fast computations. Finally, the controller is robust in that it tolerates
small system uncertainties and rejects disturbance signals of the form

qs
ug(t) = co(t) + Y _ ci(t) cos(wit) + di (1) sin(w;1), 3)
i=1

which can be applied either within the boundary or inside the spatial domain of the
room. Here, w; are the same frequencies as in (2) and ¢;(¢),d;(t) € RY are poly-
nomial vectors with possibly unknown coefficients but known maximal degrees. For
linear systems, also several alternative output tracking controllers have been designed.
However, these control solutions typically lack the robustness property of fault toler-
ance and disturbance rejection, cf. [14,18,45], are designed for stable systems only,
cf. [22,38], or are infinite-dimensional, cf. [23,33].

Most of the previous work regarding control of the Boussinesq equations focuses
on stabilization [12,26,37,42]. Examples of output tracking for both nonlinear and
linear thermal fluid flows based on state feedback have been considered in [1] and
references therein, and solution methods for the related regulator equations have been
further developed in [2,3]. Additionally, robust output tracking for a simplified room
model with only temperature dynamics and in-domain control and observation has
been studied in [27]. Finally, addition of the actuator dynamics for classes of linear
systems has previously been considered in [11,13,31].

In this work, we utilize the concept of abstract boundary control systems, see [16,
Ch. 3.3], [15], [40, Ch. 10], to formulate the abstract system presentation for the cas-
cade system with temperature, velocity and ODE dynamics. The boundary control
system framework appears to not have been used in the analysis of incompressible
Navier—Stokes-type fluid flows previously, yet it is a natural presentation choice for
systems with boundary inputs and can be translated to the more familiar abstract state
space formulation, see [40, Ch. 10]. We also use the boundary control system frame-
work to study effects of the additional ODE dynamics on exponential stabilizability
and exponential detectability of the room model. Furthermore, the boundary control
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system formulation could be used to justify alternative controller designs, namely
those introduced in [28].

The paper is organized as follows. In Sect. 2, we first present the complete room
model. We formulate the cascade system as an abstract linear control system in
Sect. 2.2. Section 2.3 is devoted for stabilizability and detectability analysis of the
cascade system in terms of us presenting sufficient conditions for these properties.
In Sect. 3, we couple the room model with an error feedback controller to guaran-
tee the output convergence (1). The controller is based on [34] and we present the
design process for the cascade system. In Sect. 4, we present a numerical example of
robust output tracking for the boundary controlled linearized Boussinesq equations
with a mix of boundary and in-domain observations and including actuator and sensor
dynamics. Finally, the paper is concluded in Sect. 5.

We use the following notation. For a linear operator A, D(A), R(A) and N (A)
denote its domain, range and kernel, respectively. The spectrum of A is denoted by
o (A) and the resolvent set by p(A). The set of bounded linear operators from X to
Y is denoted by £(X, Y). Finally, (-, -} and (-, -)  denote the L?-inner product or
duality pairing on the two-dimensional domain £2 and on the one-dimensional domain
I', respectively.

2 The room model

We consider a two-dimensional model of a room depicted in Fig. 1 with the interior £2
and the boundary I". The room has two disjoint vents; an inlet /7 and an outlet . We
denote the walls of the room by I'iy = I'\(I'7 U I'p) and assume “no-slip” velocity
condition at the walls. Regarding temperature, we assume that there is a radiative
heater located within I'y C I'y and on 'y \ 'y the temperature is fixed. In addition
to the radiator, the fluid flow and the fluid temperature within the room are affected by
Robin boundary control within the inlet. Finally, the fluid is assumed to be stress-free
with unforced heat flux within the outlet.

We next formulate the linearized Boussinesq equations around a steady-state solu-
tion of the Boussinesq equations. The linearized Boussinesq equations are used to
describe the flow and temperature evolution of the fluid within the room. The system
of PDE:s is coupled with abstract ODE systems governing the actuation and sensing
dynamics, and we present the cascade system in an abstract form. Finally, we consider
stabilizability and detectability properties of the cascade system

2.1 The linearized translated Boussinesq equations with actuation and sensing

The Boussinesq equations for & € §2 and ¢ > 0 are given by

1
w1 = EAw(E’ n—wE, 1) -VwE, 1) — Vg, 1)

. Gr
+ezR—€2T(E,t)+fw($), (4a)
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. 1

T, 1)=—=AT (¢, 1) —wE, 1) -VTE, 1) + fr§), (4b)
RePr

0=V-wE, 1, wE 0 =we), T 0 =Toe), (4¢)
where T is the temperature, ¢ is the pressure, and w = [wy, w>]T is the velocity of the
fluid. The functions f,, and fr represent a body force and a heat source, respectively,
and ¢, = [0, 1]T indicates the direction of buoyancy. Finally, the condition 0 =
V - w(&, t) describes incompressibility of the fluid, Re is the Reynolds number, Gr is

the Grashof number and Pr is the Prandtl number. By linearizing the above equations
around a steady-state solution (wyy, gss, Tss) of (4) using the change of variables

v(E, 1) = wE, 1) —wss(8),006,1) =TE, 1) — T (8), p(§.1) = q(§, 1) — gys(8),

we arrive at the linearized translated Boussinesq equations

1
v, 1) = R_eAv(E’ 1) — (wys(§) - VIv(E, 1) — (v(§, 1) - VIwgy(§)
. Gr

1
0. 1) = —A9($ 1) —wss(§) - VO(E, 1) —v(E, 1) - VI (8), (5b)
0=V. U(Ev t)’ v(év O) = U()(s), 9(57 O) = 80(5) (SC)

We consider the linearized translated Boussinesq equations subject to the boundary
conditions

(TE D, pE D) -1 +avE )|, = [by € bay ©)] [“Z “)] L (5d)

u v;(t)
_ upg, (1)
<RePr o &, 1) + b (8, t)) N = [bo, (§) bag, (§)] [Mde, (t)} , (5e)
_ upgy (1)

< RePr an(é t)) L (Do (§) basy ()] [udgz (t)] (5f)
(T, 0, pE.0)-n)lr, =0, vE Dlp, =0, (52
00

n(é Dlro =0, 0E. Dlry\ry =0, (5h)

where n denotes the unit outward normal vector of I", 7 is the fluid Cauchy stress
tensor and «,, ag > 0 are constants, up = [Upy,, Upg,, MbgH]T are control inputs,
ug = [Udv;, Udo;, Udoy 1T are disturbance inputs, and the control and the disturbance
inputs are applied via the shape functions by, , by, , bg, , bav, , bag, and bgg,, . The inputs
up(t) are not directly generated by the controller, but are rather given as the output of
the finite-dimensional actuator

Xa(t) = Agxq(t) + Bau(t), x4(0) = x40 € R, (6a)
up(t) = Caxq(1), (6b)
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Fig. 2 A closed-loop control scheme with an actuator .4, a plant P, a sensor Sy, the cascade system P
and a controller C

which takes as its input the control signal u(¢) generated by the controller.
We are mainly interested in two types of observations. These are weighted temper-
ature or velocity averages either over a two-dimensional domain £2¢ C §2, given by

yo(t) = <CQ &), [vE. 1) O, t)]T> , (7a)
2¢
or over a one-dimensional domain I'c C I', given by
yr) = <cr<f3), [v(E. 1) O, r)]T> , (7b)
I'c

and we denote by yj, the observation of interest consisting of a combination of the two
types. Note that one may include several observations of one type with the restriction
that one needs to increase the number of inputs u(¢) accordingly to at least match
the number of observations, cf. Assumption 3.1 in Sect. 3. These additional inputs
are included in (5d)—(5f) by considering vector valued uy,, , upg; Ubg,, » by, , bg, and
bg,, . Just as in the case of the fluid input, the fluid output is also processed by a
finite-dimensional system, the sensor

X5 (1) = Agxs (1) + Bsyp(1), x5(0) = x50 € R, (8a)
y(t) = Csx4(2) (8b)

with the observation y(z). The complete plant thus consists of the linearized translated
Boussinesq equations (5) coupled with the actuator (6) via the input u; and with the
sensor (8) via the output y. Recall that we refer to the system (5)—(8) as the cascade
system. Figure 2 depicts the control scheme consisting of the cascade system and an
error feedback controller.

The control goal is considered for the observation y(¢) of the sensor, which we
want to converge exponentially to a prescribed reference trajectory yrer(¢) of the form
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(2) despite the disturbance signal u4(¢) given by (3). That is, for some M,, w, > 0 it
should hold that

Iy(t) = et (DIl < Mye™" Py, ©)

where Py is determined by the initial states of the linearized translated Boussinesq
equations, the actuator, the sensor and the controller and the coefficients a; (¢), b; (¢),
ci(t) and d; () of the reference signal (2) and the disturbance signal (3).

2.2 Abstract formulation of the control system

The controller to be implemented achieves output tracking for a class of abstract linear
systems, which motivates us to present the cascade system as one. We define the system
dynamics operator based on a weak formulation of the cascade system. We then follow
up with formulation of the operators related to the abstract boundary control system
representation of the cascade system, a formulation choice natural in the presence of
boundary inputs such as (5d)—(5f). Finally, we connect the abstract boundary control
system framework to the abstract state space formulation of the cascade system.
To prepare for the formulations, we define the spaces

Xy ={ve(*(2)?*V-v=0, (v-n)lp, =0},
Xp = X, x LA2(2),

X = (L*(I')* x L*(I'7) x L*(T').
Hy={veH'2)*|V-v=0, v|n, =0},

Hp = {6 € H'(92)| 0l(ry\ru) = 0},

Hy, = H, x Hy

concerning the Boussinesq equations and the spaces

X =X, x R"™ x R™, (10a)
H = H, x R" x R (10b)

concerning the cascade system. Furthermore, for all x = [xp, x4, x]T € X, where
xp = [v, 017, we define the norms

2 2 2 2
xlly = llxslx, 4 1%allRea 4 11%s Ins » (11a)

2 2 2 2
I = Ixe Nz, + 1xXallga + 1% llns » (11b)

and denote the input space U = R™, the output space ¥ = R”Y and the disturbance
space Uy = RY.

The presented observations (7) are not the only possible choices, and before focus-
ing on the system as a whole we present an assumption characterizing the class of
suitable observations
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Yo (t) = Cpxp(t) (12)

on the linearized Boussinesq equations.

Assumption 2.1 The observation operator satisfies C;, € L(Hp, Yp) for some Y, :=
RPb,

Lemma 2.2 For system (5), both the observation yo = (c@,Xp)oc and yr =
(er, xp)re in (7) with cq € (L*(R2¢))* x L*(2¢) and cr € (L*(I'c))* x L*(I'c)
satisfy Assumption 2.1.

Proof Clearly (cg, ‘). € L(Xp, R). Due to properties of the trace operator, we have
for a constant k > 0

(er,xp)re = lerlip2arpIxpll2rey < kllxpll g1y

thus (cr, ')FC € L(Hp, R). O

Existence and uniqueness of steady-state solutions for the Boussinesq equations
are outside the scope of this work. For the following analysis of the cascade system,
we assume that a weak steady-state solution

(Wyss Gss» Tss) € Hy x L*(2) x Hp

for the Boussinesq equations (4) exists. Discussion on existence and uniqueness of
steady-state solutions for the Boussinesq equations can be found in, e.g., [29].

As the first step toward abstract formulation of the cascade system, we construct
the system dynamics operator A via a weak formulation of the cascade system and
verify that it generates a strongly continuous semigroup on X. To that end, we define
the bilinear and trilinear forms

2
ay(v, ¥) = R—e(E(v), eW)e +alv, ¥)r, Vv, ¥ € Hy, (13a)
1
ag0,¢) = WWG, Vo)a +apl0,d)r, V0,9 € Hy, (13b)
by(vi, v2, ¥) = ((v1 - VIva, V)2 VYui, 02, ¥ € Hy, (130)
by(v,6,¢) = (v-VO,¢)o Vv e X,, V0, ¢ € Hy, (13d)
bo(0, ¥) = <é2§—:29, w> VO € L2(2), V¢ € (L*(2))°. (13¢)
2

Here,
1
e(v) = E(Vu +(Vo)T) Yv e (H'(2))?,
thus the Cauchy stress tensor is given by

2
T, p) = R—ee(v) —pl.
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Note that 0 = —ag (0, ¢) corresponds to a weak formulation of the stationary diffu-
sion equation for the temperature subject to (5e), (5f) and (5h) with zero control and
disturbance, i.e., when

1 39+ P | —0 1 a6 | —0
RepPron 207 )l =% RePron)'n =

Similarly, due to Stokes formula and incompressibility, 0 = —a, (v, ¥) corresponds
to a weak formulation of the stationary Stokes equation subject to (5d) and (5g) with
zero control and disturbance, i.e., when

(T(v, p)-n +avv)|rl =0.

Consider the cascade system (5)—(8) subject to a constant boundary disturbance
signal u/, = [u;lvl, ”219,’ u;mH]T and denote g4,, = bv,u;w[, gdo; = bg,u;m[, 8doy =
boy, ”:19,1' Now the boundary conditions (5d)—(5f) for the cascade system are

(T(U’ p)-n+ avv)|1-vl = byCoyXq + gdv;»

1 90 + b
— 4«
RePr on v
1 90
RePr on
where C,,, Cde, and CaeH are obtained from C, = [C,,, C“Hﬂ Caé,H 1T. A weak

formulation for a steady-state solution of the cascade system subject to u/, and a
constant control input u” is now given by

= b91 Cae, Xq + 8do;
Iy

= bGH CagH Xq + 8doy
I'y

0=—ay(v, ¥) — by (v, wys, ¥) — by(wss, v, ¥) + b0, ¥) + (T (v, p) -n, ¥y
+o (v, ¥)ry
= —ay(v, ¥) — by (v, ws, ¥) — by(wss, v, ¥) + bo (0, ¥)
+ (bvCayXa + 8av;, V)1, VY € Hy,
1,00

0= —06(9» ¢) - b@(wSS7 95 ¢) - b@(vv TYSa ¢) + RePr(a_n’ ¢>FIUFH + ap (67 ¢)F[

= —09(0, ¢) - b@(w&ﬁ 91 ¢) - bQ(U, TSSs ¢) + <b91 C91-xa + 8d6y» ¢)F]
+ <b01-1 CQHxa + gd0H7 ¢>FH V¢ € Hg,
0= (Auxa, Ya)ra + (Bau,’ Va)rra Y, € R,

0 = (Asxs, Ys)mrns + <Bst |:10)i| ) Ws)Rns Vs € R™.

Motivated by the weak formulation, we define for u/, = 0 and u’ = 0 the bilinear
form

ao(®, V) = ao((v, 0, x4, X5), (¥, @, Ya, ¥s))
=ay(v, V) +ag0, ) + by (v, wys, V) + by(wys, v, ¥) + by (wys, 0, @)
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+ bQ(U, TSS? ¢) - b()(@, w) - (bvl Cauxav W)I‘, - <b9[ Caglxaa ¢>1‘1

— (b6 Cagy X 901y — (BeCo [V 0] W)y — (Aaa. Yia)na
- (AS-xSﬂ w&‘)RnS V(ps \IJ S H? (14)

and more generally for u’ = 0 and some u/, € RY the bilinear form

ag((pv \IJ) = a()((U, 91 Xa, xs)v (Ip’ ¢7 Waa ws)) - <gdv17 W)FI - (gd@lv ¢>F1
— (8aoy» P)ry VP,V e H. 15)

Using the bilinear form ag (-, -), we define the linear operator A by

(Ax, W)x = —ap(x, V),
D(A) = {x € H|Y¥ € H, ¥ — ao(x, ¥) is X-continuous}.  (16)

Note that the geometry of §2 and presence of the mixed boundary conditions reduce
regularity of the solutions of (5) so that D(A) ¢ (H*(£2))> x H?*(£2) x R" x R,
cf. [12,24,30].

The following semigroup generation result is not only needed for the abstract system
formulation but also the coercivity and boundedness results for the bilinear form
will be utilized for the controller implementation to achieve output tracking, cf. [34].
Similar results focusing mainly on semigroup generation instead of coercivity and
boundedness of the bilinear forms for both the linearized Boussinesq equations and the
linearized incompressible Navier—Stokes equations without additional ODE dynamics
have been presented in multiple papers, see, e.g., [12,24,32].

Theorem 2.3 Operator A is the generator of an analytic semigroup on X and the
bilinear formay(-, -) is H-bounded and H -coercive, i.e., H is continuously and densely
embedded in X and there exist ¢, ., y > 0 such that for all &,V € H

lag(®, W)| < c|| @ 5| &
ag(@, @) > yl®l13 — Al ®l%.

Proof Throughout the proof, we denote by ¢ a generic positive constant which may
have a different value for each occurrence. We start by considering the terms ag (-, -)
and ay (-, -). Now properties of the trace operator imply

0 < ag(6,0)r, < clfllf,
thus using Poincare’s inequality we get for 6 € Hy and a constant ¢y > 0
1 2
ag(0,0) = m(vﬁ VO)a +as(0,0)r; = collOlly, a7)
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i.e., ag (-, -) is Hg-coercive. Since

0,¢)| < Vo,V 0

lag (6, ¢)| < RePr( V)| + lae 0, o)
1

= 2op, 1Platlllg + Ol @l g (18)

ag (-, +) is also Hy-bounded.
Regarding ay (-, -), it similarly holds that

2
0 S Olv<va U>F1 S C”v”Hh

and the norm ||€(+)]| ;2 is equivalent to the norm || - || ;1 through Korn’s and Poincare’s
inequalities. Now for v € H, and a constant ¢, > 0

a (v, v) = po{e), €W + o (v, vir = =€)l = eollvlly,  (19)

thus a, (-, -) is Hy-coercive. Since additionally

2
lav (@, ¥)| = | ={e@), e e| + low (v, ¥)ry |

< c(lvll g ¥l + ol g ¥ lig), (20)

ay(+, +) is also Hy,-bounded. Combining (17)—(20), we have that there exist constants
c1, Y1 > 0 such that for all ¢, Y, € Hp the bilinear form

a1(Yp, ¢p) = a1((v, 0), (¥, ¢)) = ay (v, ¥) +ag (0. $)

satisfies

la1 (o, ¥i)| < cilldpll m, 1¥bllHy, (2la)
ar(pp. ¢5) = villgnl,- (21b)
The rest of the proof now consists of presenting estimates for the norms of the

remaining terms of ag(-, -).
We immediately have that

1bo(0, ¥)| < cllOll 21Vl x,» (22)
[{AaXa, Ya)rra| < cllxallrma [VallRea, (23)
[{(Asxs, Ws)mras | < cllxsllrs ¥ lIrns - (24)

Regarding the form by (-, -, -), by Sobolev embeddings, L?-duality of H'/> and H~/?
and Ladyzhenskaya’s inequality
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|b9(U, T5519)|

- |<v . VTss’ 9)9'

< |(vTs, VO) | + [(v-n, Ty0) r|

< Tl 21V6 12 + ellvll 1 [ Tssb 1l 2

< 0l a1 Tesll o 190 12 + ellvll g Tos 2161 4

1/2 1/2 1/2 1/2

< el Tl (10151901 5219012 + vl 0] 1Vel,5). @5

Similarly, we have
|be (wys, 0, 0)| = = (w5, VO ) o

(wys - n, 92>F

l\)l'—*l\)l—‘

< cllwgs |l 11107 12
= cllwssll 1101174
= cllfll 2 VOl 2. (26)

Furthermore,

b (v, 0, )| < [(v, V(EP)) 2l + [(v0, Vo) ol
= {v-n,00)r|+ [(v0, Vo)al
= clvllg 0l Pl p- 27)

Regarding the form b, (-, -, ), we again use Lz—duality of H'/2 and H~1/2, Sobolev
embeddings and Ladyzhenskaya’s inequality to form the estimates. Now

[y (Wsg, v, V)| = [{(wss - VIV, V) 2|
< [{wgs, (- VIv)@| + [{wys -1, v - v) |

2
< c(llwsslpallvll 2 1VUll g2 + lwssll g llv]l74)

1/2 3/2
< (I ZIVelRs + vl 21Vl 2) (28)
and
|6y (v, Wys, V)| = [{((V - VIwgs, V)|
< [vl74l Vgl 2
Additionall, < cllwgs gt o1l 21V vll 2. (29)

by (1, v2, Y| < [{v1, (v2- V)Yl + (v -n,v2- Y|
< cllorligallozll sVl 2 4 cllvillgrllve - &l 2
< c(lvtllgrllvall g 19 e + ol g o2l o 19l Le)
= clvillgrilv2ll g ¥l g (30)
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Finally, properties of the trace operator together with Assumption 2.1 and duality
imply

[(b: CaVas ¥o)r| < cllVallrra 1Vl by, €Y
(BsCo ¥, Vs )rons | < cllpslirns 1V Il (32)

where b, := [by,, bs,, bg,]. Recalling the norm definitions (11), equations (21a),
(22)—(24), (27) and (30)—(32) together imply H -boundedness of ag(-, -). H-coercivity
of ap(-, -) follows from (21b) after applying Young’s inequality to (25), (26), (28), (29),
(31) and (32). Finally, H-coercivity and H-boundedness of ag(-, -) imply generation
of an analytic semigroup on X, see, e.g., [6]. O

To formulate the cascade system as an abstract boundary control system in the sense
of [16, Ch. 3.3], we next define the related operators. In what follows, P denotes the
Leray projector as defined in [32, Lemma 2.2], which is used to eliminate the pressure
term while imposing incompressibility. Define the operators

v P(%Av — (wys - VIV — (v VIwgs + %529>
Algl= Repr A0 — wys - VO — v VT D~ X,
xa Agxg
$ B Agxs + ByCplv, G]T
by, 0 0
Br,=1| 0 by, O |:Up— Xr,
i 0 0 by,
bay, 0 0
Brud = 0 bgg, O 2Ug — X,
| 0 0 bysy

Br =(Br, Br,,].

where U, := R™?. Operator A coincides with A on D(A) but has a larger domain
due to relaxed boundary conditions within the boundary parts I'; and I'y affected
by disturbance inputs. That is, noting that the Neumann trace of Hj functions is in
(H=Y2(I")* x H=Y2(I") and recalling the definition of a, (-, -) in (15), the domain
is given by

D(A) = {x € H| 3gqy, € (H™V2(I))%, 3gas, € H 21,
gasy € H_l/z(FH) YW eH, W — a,(x,V)is X -continuous}.

Corresponding to the control and disturbance boundary conditions (5d)—(5f), we
define the operator

v (’T(v,p)~n+avv)|n
By |0 |=| (zeprie+ad)|y, |:DWBy)CXpxLHR2)—> Xr.
P (RelPr %)|FH
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The pressure p is uniquely defined by the velocity v, see [4], thus there exists an
operator B, such that

v v

By [;] =B, |0| Y|0|eD®By, DB ={(v,60)e DB
p p

To match the state variable x € X of the cascade system, we finally define the operator
B=[By00]:D(®B)=D®B) x R" xR"™ C X > Xp.

Since A = A|nB-[0, Br,C,. 0)) generates an analytic semigroup on X by Theo-
rem 2.3 and B is onto X, cf. [12], by defining

B =[0x, Ba Ognc]" € LU, X) (33)

we have that the cascade system (5)—(8) corresponds to the abstract boundary control
system

() = Ax(t) + Bu(b), (34a)
Bx(1) = By [CZ;C?;(; )} (34b)

on X with the (boundary) input space X in the sense of [16, Ch. 3.3]. The system
observation is given by

y() =Cx(t), C=|[0x,, Opwa, Cs] € L(X,Y). (34c)

Note that the control and observation operators of the boundary control system are
bounded and the disturbance Br,, , u is the only boundary input of the boundary control
system. The boundary control system formulation of the cascade system also has the
following equivalent state space formulation.

Proposition 2.4 The cascade system (5)—(8) can be formulated as

%(t) = Ax(t) + Bu(t) + Baua(t), x(0) = xo € X, (35a)
y(#) = Cx(@) + Dquq(t), (35b)

where the dynamics operator A defined as in (16) generates an analytic semigroup
on the state space X defined in (10a) and the control operator B together with the
observation operator C defined in (33) and (34c) are bounded. Additionally, a change
of the state variable x can be applied such that also the resulting disturbance operator
By is bounded.
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Proof Existence of the state space formulation (35) follows from the boundary con-
trol system formulation as presented in [40, Ch. 10] and boundedness of B and C is
apparent from their definitions. The change of variable X, = x, — BB Lug» where
Bje L(X, D(Ap)) is a right inverse of 5, used to homogenize the boundary con-
ditions and obtain a bounded operator By, is presented in [16, Ch. 3.3]. Note that the
change of variable utilizes smoothness of the disturbance signal u, given by (3) and
introduces a bounded feedthrough operator D, into the system. O

The state space formulation together with the fact that the operators B, B;, C and Dy
are bounded will later in this paper be utilized for implementing the output tracking
controller.

Remark 2.5 The controller to be implemented uses no information on the disturbance
related operators By and Dy, thus we do not formulate the cascade system using the
state variable x;,. However, one needs to verify that a representation using bounded
disturbance operators By and Dy exists.

2.3 Stabilizability and detectability of the system

We will be using a controller including an observer-like structure, which means that
we need to address both stabilizability and detectability properties of the cascade
system (5)—(8). Here, we focus on deriving sufficient conditions for exponential sta-
bilizability and exponential detectability of the cascade system based on properties of
the linearized translated Boussinesq equations, the actuator and the sensor.

To begin with we note that, in addition to the cascade system, also the linearized
translated Boussinesq equations (5) form an abstract boundary control system

Xp(t) = Apxp(2), (36a)
Byy(t) = Br [Z%] , (36b)

which can be verified by repeating the steps of Sect. 2.2 without the actuator and
sensor dynamics. Here

Ap = Alpay)
D(Ap) = {xp € Hp| 3gy, € (H™'2(I')?, 3go, € HV2(I),
380, € H '*(I'n) : Yo € Hy, ¢ — ap(xp, ¢) is X, -continuous }

with the bilinear form a;, (-, -) defined by

ap((v, 0), (¥, ¢))
=ay(v, V) +ag0, ) + by (v, wys, V) + by(wys, v, ¥) + by (wys, 0, @)
+b9(l), Tss’ ¢)) - b0(09 l/,) - (gUI’ W>F1 - <g91’ ¢>F1 - <g0H’ d’)FH'
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The associated generator of a strongly continuous semigroup is A, = Ap|n7(53,). Now
recalling that A = A|nB-(0, B, C,. 0))» A is described by

Xp A, 0 0 Xp
Alx, | = 0 A, O Xa |, (37a)

Xg _Bscb 0 As Xs
D(A) = {(xp, Xa, x5) € D(A)|Bpxp = Br, Caxa}, (37b)

which is the expression that we will use for the stabilizability and detectability analysis.

Recall that by Theorem 2.3 A generates an analytic semigroup on X. Additionally,
by Theorem 2.3, Lax—Milgram theorem and compactness of the embedding H onto
X, the resolvent of A is compact on X, cf. [37]. Thus, A has a finite number of

isolated eigenvalues on the closed right half plane C, each with finite multiplicity.
As such, stabilizability and detectability considerations of the cascade system with the
bounded control operator B and the bounded observation operator C can be treated as
controllability and observability problems of the finite-dimensional unstable part, see
[16, Ch. 5.2]. That is, the pair (C, A) is exponentially detectable if and only if

N(sI —A)NN(C) = {0} foralls € Cf, (38)

and the pair (A, B) is exponentially stabilizable if and only if
R(sI — A)+R(B) = X foralls € CJ. (39)
Recalling Assumption 2.1, the observation (12) satisfies C, € L(D(Ap), Yp), thus
it can be included into the abstract boundary control system framework as defined in
[15]. For any s € p(Ayp), the transfer function Py (s) of the triple (A, By, Cp) is then

defined by

Py (s)up = Cpz(s), (40

where z(s) € D(Ap) is the unique solution of the abstract elliptic problem

Apz(s) = sz(s), (41a)
Bpz(s) = Br,up, (41b)

see [15]. The transfer functions for the actuator (6) and the sensor (8) are defined as
Pu(s) = Caq(sI — Ag) "' B, and Py(s) = Cs(sI — Ay)~! By, respectively.
For ease of notation, we define the operator Bj, as
By = (Ap — Ap)B1 Br, € L(Up, Xp_,), (42)
where we recall that B; € L(X, D(Ap)) is arightinverse of B,. Here, A, is regarded

as an operator from X to X;_,, which is the completion of X, with respect to the
norm || - [[x, | = (s — Ap)~'()llx, with s € p(Ap).
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Lemma 2.6 The boundary control system (Ap, By, Cp) corresponds to a state space
formulation (Ap, Bp, Cp), which is a well-posed triple in the sense of [41, Def. 4.8].
Furthermore, the triple (Ap, Bp, Cp) is regular in the sense of [43, Def. 4.1].

Proof The proof is a combination of existing results. We start by presenting results
of [12, Sec. 2.2] relevant to the proof. Let Ao € p(Ap) have a large enough real part.
Then, the fractional powers of Lo/ — A are well defined, D((Aol — A;,)l/ 2) = H,
and

(ol — Ap)~ 4By € L(Up, Xp) (43)

for any € > 0. Additionally, the operator Aj; has a decomposition A, = Apz + Ap10,
where Ay, with the domain D(Apz) = D(Ayp) is self-adjoint and the generator of an
exponentially stable analytic semigroup on Xp, and Ap19 € L(Hp, Xp).

Now by [41, Prop. 6.5] both (Ap>, By, Cp) and (Ap2, Bp, Ap1g) are well-posed
triples and even regular with zero feedthrough. We then use the feedback results of
[21], which originate from [44], by considering the operator Apo in the expression
Ap = Apa + Apio as an output feedback for Apy. By [21, Lemma 12] the triple
(Ap, By, Cp) is well-posed. Finally, the triple (A, Bp, Cp) is regular by [41, Prop.
5.13], since the degree of unboundedness is at most 1/2 for Cp, and strictly less than
1/2 for By, cf. Assumption 2.1 and (43). |

Since the transfer function Pj, is well defined, we can make the following assumptions.

Assumption 2.7 Assume that the following hold:
(1) The spectra o (Ap), 0 (A,) and o (Ay) are pairwise disjoint on (CTJ{.
(i) The pair (Cs, Ay) is deteitable.
(iii) Forevery A € 0(A) NCY, N(Ps(M)Cp) NN (A — Ap) = {0}.
(iv) Forevery & € 0(Aq) NCy, N (Ps(M)Pp(A)Co) NN (AT — Ay) = {0}

In particular, the assumption requires that also the pairs (Cp, Ap) and (C,, A,) are
exponentially detectable even if Cp, is unbounded [5].

Assumption 2.8 Assume that the following hold:
(i) The spectra o (Ap), 0(A,) and o (Ay) are pairwise disjoint on (C_(J)r.
(i) The pair (A4, B,) is stabilizable and P, ()) is surjective for every A € o (Ap) N
o+
Cy. o
(iii) For every A € o (As) N CH, RO — Ag) + R(Bs P,(M) P, (V) = X.
(iv) The pair (Ap, Bp) is exponentially stabilizable, i.e., there exists K, €

L(X}p, Up) such that Ap|ar(5,—k,) generates an exponentially stable strongly
continuous semigroup on Xp.

Note that due to the results in [S] we can limit our attention to considering bounded
operators Kp in Assumption 2.8(iv).

Lemma 2.9 If Assumption 2.7 holds, then the pair (C, A) is exponentially detectable.
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Proof To show that (38) holds for the pair (C, A),let (xp, X4, X5) € N (A —A)NN(C),
where A € C(‘;. Since (xp, X4, X5) € D(A), using (34c) and (37) we have

Csxs =0, (44a)
A — Ayx, =0, (44b)
M — Ap)xp =0, (44¢)
Bpxp = Br,Caxa, (444d)
(A — Ag)xg — BsCpxp = 0. (44e)

Ifx € p(Ay), (44b) implies x, = 0, thus (44d) implies x, € D(Ap).If X € p(As)N
p(Ap), then x;, = 0 by (44c) and furthermore (44a), (44e) and Assumption 2.7(ii)
imply x; = 0. If L € p(A,) No(Ap), then x; = (A — Ag) "' B;Cpxp by (44e) and
Assumption 2.7(i). By (44a), (44b) and Assumption 2.7(iii) we have x;, = 0, which
then implies x; = 0.

If X € 0(A,), then A € p(Ap) by Assumption 2.7(i). Now combining (41)—(40)
with (44c¢), (44d) and (44e) and using Assumption 2.7(i) again yields x; = (Al —
AL ByPy(L)Cyxy. Then, x, = 0 by (44a), (44b) and Assumption 2.7(iv). By (44d)
it now holds that x;, € D(Ap), thus x;, = 0 by (44c). Finally, x; = 0 by (44e). Since
A€ C(T was arbitrary, (38) holds and (C, A) is exponentially detectable. O

Lemma 2.10 If Assumption 2.8 holds, then the pair (A, B) is exponentially stabiliz-
able.

Proof We show that (39) holds for the p_air (A, B). Using (33) and (37), for arbitrary

z = (2p, 24, 2s) € X and for any A € (Cg' we need to find x = (xp, X4, X5) € D(A)
and u € U such that

M — Ap)xp = zp, (45a)
(A — Ag)xa + Bau = z4, (45b)
(A — Ag)xg — BsCpxp = 25, (45¢)
Bpxp = Br, Cuxg. (45d)

If A € p(Ap), there exists X, € D(Ap) such that z, = (Al — Ap)Xp = (A — Ap)Xp.
Since Bpxp = 0, (45a) and (45d) form an abstract elliptic problem

(M — Ap)(xp — Xp) =0, (46a)
By (xp — Xp) = B, Caxq, (46b)

which has a unique solution x;, — X = xp — (Al — Ap) 'z, € D(Ap) depending on
Xq [40, Rem. 10.1.5]. If in addition A € p(A,) N p(Ays), (45b) and (45c¢) yield

Xa = (M — Ag) " (24 — Bau), (47)
xs = (M — Ag) " (zs + BsChxp), (48)
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respectively, thus x and u for the arbitrary z can be solved from (46)-(48). If 1 €
p(Ap) N p(As) No(A,), Assumption 2.8(ii) implies that there exist x, and u such
that (45b) holds. Then, x; and x; can be solved from (46) and (48). If L € p(Ap) N
p(Ag) No(Ay), we can use (47), (46) and (40) to rewrite (45¢) as

Zg = (M — Ag)xy — By Py(M)Cyxq + BsCp(A — Ab)_lzb
= (M — Ag)xs + By Pp(M) Pa(Mu — By Py(M)Cy (A — Aa)_lza
+ B,Cpy(M — Ap) 2. (49)

Now Assumption 2.8(iii), (46), (47) and (49) guarantee that there exist x and u such
that (45a) holds.

By Assumption 2.8(i), the single case left to consideris A € o (Ap)Np(Az)Np(Ay).
In that case x, and x; can be solved from (47), (48) with the latter depending on the
choice of x;. By [40, Ch. 10] we have A, = Ap + BpBBp on D(A), where Ap again
denotes the extension from X, to X;,_, and By, is defined in (42). Now using (45a) and
(45d) yields

2 = A — Ap)xp = (A — Ap)xp — BpCyxq,
thus by (47) we have
2 = M — Ap)xp + By PaOu — ByCo (M — Ag) ™'z,
Based on Lemma 2.6 and [39, Lemma 8.2.8], Assumption 2.8(ii),(iv) imply
Xp C R(A — Ap) + R(Bp Pa (1)),

thus there exists xp, hence x and u, such that (45a) holds. Now (39) holds, i.e., the pair
(A, B) is exponentially stabilizable. O

3 Robust output regulation

The output tracking goal (9) is in the case of abstract linear systems covered by the

robust output regulation problem. We start by coupling an error feedback controller

with the cascade system (35). The resulting system is called the closed-loop system.

We then present the robust output regulation problem, which describes requirements

for choosing the controller operators. Finally, we design an error feedback controller,

introduced in [34], to solve the robust output regulation problem for the room model.
An error feedback controller on a Hilbert space Z is given by

2(t) = Giz(t) + Gae(t), 2(0) =20 € Z, (50a)
u(t) = Kz(1), (50b)
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where G generates a strongly continuous semigroup on Z, G» € L(Y,Z), K €
L(Z,U) and e(t) = y(t) — yrer (¢) is the regulation error. Coupling the controller with
the cascade system (35) yields the closed-loop system, see [23,35],

Xe(t) = Aexe(t) + Bewext (1), x(0) = xe0,
e(t) = Cexe(t) + Dewexi (1)

on the Hilbert space X, := X x Z with the state x, = [x, z]T. Here, wext = [uq, yref]T,

L _[A BK By 0
€T 1GC G |’ GDg —Go |’

B, =
Cc.=[C.0], D, =[Dg4, —I].

The robust output regulation problem Design a controller (G, G2, K) such that the
following hold:

(I The closed-loop system is exponentially stable.
(I) There exist M., w, > 0 such that for all initial states x,o € X, of the closed-loop
system and for all reference signals yrer in (2) and disturbance signals u4 in (3)

Iy(1) = et (DIl < Mre™" (lxeoll + [IA]D, (S

where A is a vector consisting of the coefficients of the polynomials a; (¢), b; (¢),
¢i(t) and d; (t) of yref and ugy.

() If A, B, By, C, Dg in (35) are perturbed to A,B,By,C,Dginsucha way that
the closed-loop system remains exponentially stable, then for all x,o € X, and
for all signals of the form (2), (3) the regulation error satisfies (51) for some
M,, w, > 0.

By the internal model principle, an error feedback controller solves the robust output
regulation problem precisely when the closed-loop system is exponentially stable and
the controller incorporates a suitable internal model of the reference and disturbance
signals [35]. That is, the controller must include the dynamics of the reference signal
(2) and the disturbance signal (3) reduplicated according to the dimension py of the
output space Y, cf. the first step of the controller design algorithm. The following
lemma, i.e., (A, B, C) having no transmission zeros at the relevant frequencies, is a
standard necessary property for solvability of the robust output regulation problem.

Assumption 3.1 None of the systems (Ap, Bp, Cp), (Aq, B, C;) and (Ag, Bs, Cy)
has transmission zeros at the frequencies {iwk}Z“: o 1.€., for bounded stabilizing feed-
back operators K, K, and K the transfer functions Pp g, (iwx) = Cpiwpl —
Ap — ByKp) ™' By, Puk,(ion) = Calion] — Ag — BaKa) ™' By and Py g, (ioy) =
Cs(iowpl — Ay — ByKy) ™! By are surjective fork = 0, 1, ..., gs.

Lemma 3.2 Given Assumption 3.1, the cascade system (A, B, C) has no transmission
zeros at the frequencies {i wg }ZS=0’
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The proof follows immediately since the transfer function of the cascade system is
product of the transfer functions of the three subsystems.

The particular controller design we propose for the cascade system is the one in
[34, Sec. III.A], see also [36] for its boundary control system implementation.
I The observer-based finite-dimensional controller is given by

21(t) = G1z1(t) + Goe(t), (52a)
22(t) = (A} + BLK5)za(t) + By KV 21 (1) — L"e(t), (52b)
u(t) = KV z1(t) + Ky 22(1), (52¢)

and is of the form (50) with z(¢) := [z1(1), 22()]T € Z := Z;, x T,

G 0 G)
N R B B B Lk

For the cascade system (5)—(8), the operators in (52) are chosen according to the
following algorithm.
I The Internal Model:

Choose Z;,, = Y0 x Y211 x ... x Y245 where ni —1,i € {0, 1, ..., g5} is the
highest-order polynomial coefficient of the corresponding frequency w; in (2). Set
G =diag(Jy ... J)) € L(Zim) and Gy = (GY)[" ) € LY, Zim), where

0p Ip 0p
J()Y — OP , G(Q) — .
I Op
0p Ip
andfork=1...¢;
(P78 ]2[, 0217
2 : 0, l
Y _ k k _ _ P kip
Iyp I,
2k 0,

II Plant approximation and stabilization

For a sufficiently large N € N, discretize the operators Ay, By, and Cj, to obtain the
finite-dimensional approximative system (A%, Bliv ,C liv ) on Hév . The chosen approx-
imation method should satisfy the following assumption.

Assumption 3.3 The finite-dimensional approximating subspaces H,jv of Hp, have the
following property: For any x;, € H), there exists a sequence x,ﬁv € H,jv such that

IxY — xpllm, — 0as N — oo. (53)
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More specifically, the approximation of the cascade system should have the property
equivalent to (53), and Assumption 3.3 implies the approximation property for the
cascade system.

Lemma3.4 Let HY := H, bN x R x R denote the finite-dimensional approximating

subspaces of H. Given Assumption 3.3, there exists a sequence x € H" such that
IxV —x|lg — 0as N — oo.

The proof follows immediately by choosing x" = [x;?v , Xa, xg]T, where xf,v is such
that Assumption 3.3 holds.

Denote the cascade system approximation on HY by (AN, BN, CV). Letay, ap >
0 and choose Q1 € L(Uyp, X), Q> € L(X,Yy) such that (A + o171, Q1, C) and
(A+ a2l, B, O>) are exponentially stabilizable and detectable, where Uy and Yy are
Hilbert spaces. Denote by Qllv and Qév the approximations of Q1 and Q, on HV.
Choose 0 < Ry € L(Y)and 0 < Ry € L(U), and choose Qg € L(Z;;,, CP%) such
that (Qq, G1) is observable. Let

v _ [Gi GoCVN N_|O N_|Qo O
Ac_|:0 AN ’BC_BN’ QC_ 0Q12V

and solve the finite-dimensional Riccati equations

AN + a1 N Zy + ENAY o ) — Sy R CY Zy = -0V (o)),
(AN +axD)* My + On(AY +anl) — Ty BY Ry (BY)* 1Ty = —(@Y)* oV,

Finally, define LN = —Z‘NCNRI_1 e L(Y,HY) and KV = [Kfv, Kév] =
—R;Y(BNY*Iy € L(Zim x HY, U).
IIT Model reduction

For a sufficiently large r < N, apply balanced truncation, see [34, Sec. II-B] and
the references therein, on the stable system

(AN +LVeN BN, LM, K}
to obtain the reduced-order system
(AL, [Bp, L], K3).

By [34, Thm. III.1], the observer-based finite-dimensional controller solves the
robust output regulation problem for a class of systems including the infinite-
dimensional cascade system (5)—(8). Thus, the following holds for robust output
tracking of the linearized translated Boussinesq equations (5) with the observation
(12), the actuator dynamics (6) and the sensor dynamics (8).

Theorem 3.5 Assume that ~ the control and disturbance shape  functions
[bo,s bav, ] € (LX), [be,, bag,] € (L*I1) and [bg,,, basy] € (L*(I'm)),
where i, j and k equal the sum of the number of control and disturbance inputs for
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the inlet velocity, the inlet temperature and the heating strip temperature, respectively.
Assume that the observation on the fluid satisfies Assumption 2.1 and the linearized
translated Boussinesq equations (5) with the observation (12), the actuator (6) and the
sensor (8) satisfy Assumptions 2.7,2.8 and 3.1. Then, the finite-dimensional low-order
controller (52) solves the robust output regulation problem for the cascade system (5)—
(8), thus achieving the output convergence (9), provided that Assumption 3.3 holds for
the approximation method used in the controller design and the orders of approxima-
tion N andr < N are large enough.

4 Output tracking example for the room model

We consider robust output tracking of the linearized translated Boussinesq equations
(5) with the actuator dynamics (6) and the sensor dynamics (8) in the rectangular room
= [0, 1] x [0, 1] with the inlet, the outlet and the heating strip given by

-

|
et
W

IA

o

IA
oo | W

e

38

I

(e}
—_

which roughly corresponds to Fig 1. Physical parameters for the Boussinesq equations

are chosen as Re = 100, Gr = 0 % and Pr = 0.7. There are three control inputs on
the fluid; one on each of vg, and 6 within the inlet and one on € within the heating
strip, with coefficients o, = oy = 1 indicating Robin boundary conditions within the
inlet. Additionally, we assume that a single disturbance signal acts within the inlet
on vg,. Now up(t) = [uy(t), ug, (1), ug, ()]’ € R® and ug(t) = uqy, (t) € R. The
control and disturbance shapes are given by

1T

—0.00004
by, (§2) = [exp (m) 0
1

o ) —0.00002 >‘
o (82) = exp (((5/8 “e s -7 )|,

—0.00001
bgy (&1) =exp< )

(3/8 —&1)(5/8 — §1))?
T
Iy :|
with the nonzero components depicted in Fig. 3.
We consider three observations on the linearized Boussinesq equations (5). These
are given by

—0.0003
bav, (§2) = [O’ exp <((5/8—52)(7/8—s2>)2>

1
i) = o |f o€ 0de. w0 = [0 e
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Fig.3 Control and disturbance shape functions. On the left by, (black), by I (red) and b, (blue), and on the
right by,

1
Y3 (1) = m/ﬂ v (5, 1)d§,

where 29 = [%, %] X [g, g] and £2, = [%, %] X [%, %], and we set y, =
[Vb1, Vb2, yb3]T. The actuator (6) and the sensor (8) are characterized by the simple
choices

Ag=As=—-13 B, =Cy=B;=C5 =13, (54)
and the reference signals to be tracked are

Yref1 (1) = —1 +sin(?) + 0.3 cos(2t), yre2(t) = 0.5 c0s(0.5¢),
Yref3 (1) = 1+ 0.5sin(2¢),

respectively. Finally, the disturbance signal is given by u,(#) = 2sin(0.5¢).

For the simulations, we use a uniform triangulation of §2 together with the Taylor—
Hood finite element spatial discretization for the Navier—Stokes part of the Boussinesq
equations and quadratic elements with the same triangulation for the advection—
diffusion part. The incompressibility condition V - v = 0 is relaxed by using a penalty
method to decouple the pressure term from the velocity, see, e.g., [20, Ch. 5.2] or
[24], with the penalty parameter €, = 107> To approximate the infinite-dimensional
system (Ap, By, Cp), we use the mesh size h;,r = 1/24, which results in approxima-
tion order N;,r = 6728 for the system (A, B, C) after accounting for the boundary
conditions.

We use Newton’s method to calculate a steady-state solution for the Boussinesq
equations (4) subject to

Jr(§) = 55in(27 &) cos(2m &),
Jw&) =4 [sin(27r§1) cos(2mér), —cos(2méy) sin(2n$2)]T .

The steady-state solution may be, and according to numerical tests is, non-unique, and
we choose the steady state (wgs, Tys) corresponding to the initial guess given by the
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Fig.4 A steady-state solution (wgs; , Wss,, Tss) of the Boussinesq equations (4)

steady-state solution (w;, T;) of (4) subject to

J1,(§) = 4sin(27 &) cos(2 &),
fuwi (§) = 2[sin(2m&y) cos(2m&r), — cos(2my) sin(2n$2)]T .

The steady-state solution is depicted in Fig. 4.

We observe numerically that for the calculated steady-state solution Ay, thus also
A due to the block triangular structure if rearranged according to the state (x4, xp, Xs),
has a single pair of unstable eigenvalues

At =~ 0.0621 £ 0.4908i.

Exponential stabilizability, exponential detectability and Assumption 3.1 are checked
numerically for the system (Ap, By, Cp), and for the choice (54) they are transferred
to the system (A, B, C) by Lemmata 2.9, 2.10 and 3.2.

For the controller construction, we use a coarser linearized Boussinesq equations
approximation with the mesh size 7 = 1/16. Using the penalty method would intro-
duce additional modeling error, so we base the plant approximation (AY, BV, CN)
on the discretized Leray projector instead, see [7,8,25]. The discretized Leray projec-
tor is used merely as a theoretical tool, and the Riccati equations together with the
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model-reduced operators A’ , B} , K, L" are instead solved using the differential-
algebraic equation form of the Taylor—Hood-quadratic discretized cascade system.
More specifically, we obtain solutions of the Riccati equations using the Generalized
Low-Rank Cholesky Factor Newton Method, see Algorithm 2 in [7], with the ini-
tial stabilizing feedback solved by the Matlab’s icare function using the penalized
Taylor—Hood-quadratic discretization and the ADI shift parameters solved using the
LYAPACK toolbox for Matlab. Finally, balred function of Matlab is utilized for the
order reduction. Parameters of the Riccati equations are chosen as

a1 =03, v =02, Ri=Ry=5h, 0101=1Ix, 0:0c=1Iz,xx.

To track Yref = [Vrefl, Yref2, Yrer3]! while rejecting ug, the internal model of
the controller has 4 frequencies. Due to y.f and uy having constant coefficients,
dim Z;, =3+ 3 -3 -2 = 21, thus us using the reduction order r = 20 results in the
controller order dim Z = dim Z;,, +r = 41.

Remark 4.1 Assumption 3.3 is not satisfied by the mixed finite element methods such
as the Taylor—-Hood discretization implemented in this work. Convergence properties
of the approximation-based controllers for mixed finite elements are studied in [9], but
the presented results are incomplete for our use. As such, finding suitable approxima-
tion methods or verifying convergence properties of commonly used approximation
methods, such as mixed finite elements, requires further work.

For the simulations, we choose as the initial state of the closed-loop system

T
[vo, 60, Xa0, Xs0, 20]
= [wi — wsss T = Ty, 0,0, 0]" € X, x L2(2) x R x R x Z
and the state components vg and 6y are shown in Fig. 5.
Output tracking performance of the controller for ¢ € [0, 50] is illustrated in Fig. 6.

The system output converges to the reference output with accurate tracking for
t > 30. Initial oscillations of the observation are reasonable, but the state (v, 0) of the
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Fig.7 State (v1, v, 0) of the linearized translated Boussinesq equations at the time 1 = 50

linearized translated Boussinesq equations experiences significant oscillations. The
temperature values near the controlled strips I'; and 'y are a prime example of this
behavior, as Fig. 7 suggests, while incompressibility leads to “less localized” velocity
states.

The controlled strips actually maintain large amplitudes for both the velocity v
and the temperature 6 throughout the simulation disregarding the initial transient, as
evident from Fig. 8.
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Fig.9 Plant input « and the corresponding boundary input u; generated by the actuator

Similarly, the boundary inputs to the room do not change sign after the transient,
see Fig. 9, although the plant input component u3 just barely does.
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5 Conclusion

We studied robust temperature and velocity output tracking of a two-dimensional room
model with the fluid dynamics governed by the linearized Boussinesq equations. For
the room model, we considered the natural case of the control applied on the fluid via
the boundary and the observations performed on the fluid at the boundary. Related to
the control and the observation operations, we modeled actuator and sensor dynamics
of the system, thus the complete room model was an ODE-PDE-ODE cascade. We
examined effects of the added actuator and sensor dynamics on the system properties
such as semigroup generation, exponential stabilizability and exponential detectability,
and implemented an internal model-based error feedback controller design for robust
temperature and velocity output tracking for the room model. In addition to being
robust, the controller is suitable for unstable systems, requires only output information
instead of full state information and is of low order for efficient applicability.

As an example, we illustrated robust output tracking of the linearized Boussinesq
equations with actuator and sensor dynamics in the case of three boundary controls,
a mix of one boundary and two in-domain observations and a boundary disturbance,
each affecting either a velocity or the temperature component of the system. The
controller achieved accurate tracking with relatively small transient observation oscil-
lation, although the system state reaches large absolute values locally. Analogous
approach of actuator and sensor modeling can be applied for robust output tracking
of a class of linear systems with boundary control and observation.
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