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Abstract: Preservation of an entangled state in a quantum
system is one of the major goals in quantum technological
applications. However, entanglement can be quickly lost
into dissipation when the effective interaction among the
qubits becomes smaller compared to the noise-injection
from the environment. Thus, a medium that can sustain
the entanglement of distantly spaced qubits is essential
for practical implementations. This work introduces the
fabrication of a rolled-up zero-index waveguide which can
serve as a unique reservoir for the long-range qubit–qubit
entanglement.Wealsopresent thenumerical evaluationof
theconcurrence (entanglementmeasure) viaAnsysLumer-
ical FDTD simulations using the parameters determined
experimentally. The calculations demonstrate the feasibil-
ityandsupremacyof theexperimentalmethod.Wedevelop
and fabricate this novel structure using cost-effective self-
rolling techniques. The results of this study redefine the
range of light-matter interactions and show the potential
of therolled-upzero-indexwaveguides forvariousclassical
and quantum applications such as quantum communica-
tion,quantuminformationprocessing,andsuperradiance.

Keywords: concurrence; decay rate channels; entangle-
ment; rolled up metamaterials; zero-index mode.

1 Introduction
Metamaterials are defined as artificially engineered struc-
tureswith differentmaterial properties as compared to nat-
urally existing materials [1, 2]. From their inception, these
materials have played enormous roles in themanipulation
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of electromagnetic fields in many disciplines [3, 4]. The
unique properties of these materials have been identified
to serve as means to enhance dipole-dipole interactions,
energy harvesting, and long-range interactions of quan-
tum emitters (i.e., quantum dots and diamonds (NV defect
centers)) embedded within their waveguide-like meta-
structures [5–8]. These physical systems find use in many
quantum technologies such as quantum communication,
quantum information processing [9], and single-photon
generation [10, 11].

Other unique properties of metamaterials are related
to the high enhancement of quantum emitter’s response
coupled with such a medium. These responses of emitters
coupled to such an environment can be described by the
dyadic Green’s function which is related to the local den-
sity of states (LDOSs) formulations. This further leads to
enhanced Purcell effects independent of the emitter posi-
tion along and within the waveguide-like meta-structures.
Experimental verifications of suchmaterial have been real-
ized for a rectangular epsilon-near-zero (ENZ) waveguide
using cathodoluminescencemeasurement techniques [12].
Fleury et al. [13] explored that the flexibility of dipole posi-
tions in ENZ waveguide channels at the cutoff wavelength
is not the only relevance of these channels but could also
boost Dicke superradiance effects which leads to a high
collective coherent emission of the quantum emitters.

Plasmonic waveguide channels have also been iden-
tified to support extraordinary optical transmission when
excited and have been implemented in the subwavelength
regime to mediate long-range interactions of quantum
emitters [14, 15]. Recently, Li et al. [16] presented a com-
parative study of ENZ and plasmonic waveguide channels
used to enhance efficient long-range resonance energy
transfer and inter-emitter entanglement. Although plas-
monic waveguide types such as V-shaped grooves and
cylindrical nanorods have been identified to outperform
the sub-wavelength distance limitations of quantum emit-
ters cooperative emission in a homogeneous medium,
yet, quantum emitters entangled states mediated by these
waveguides suffer from practical applications due to their
dependence on the spatial position of emitters [14]. As
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a result, different techniques have been implemented by
many authors to overcome these challenges [14, 16–18].

Note, due to the inherently short-range nature of the
dipole-dipole interactions of quantum emitters in a homo-
geneous medium, it is relevant to identify different reser-
voirs that can be used to enhance the cooperative effects of
quantum emitters [19]. The excitation of zero-index mode
in such reservoirs makes it possible to enhance long-range
interactions of quantum emitters as well as strong entan-
glement at farther distances. These waveguide channels,
zero-index mode, exhibit a uniform field amplitude along
the propagation axis which is independent of the axial
dipole position due to the integrally large phase velocity
[1, 20, 21].

These realizations of zero-index waveguide channels
have intrigued much interest in the study of decay rate
enhancement and cooperative emission of quantum emit-
ters mediated by these channels [6]. Thereby, relevant
to the practical realization of such zero-index waveguide
channels with minimal constraints that can be used to
enhance resonance energy transfer and long-range entan-
glement between two-level quantum fluorescence atoms
(qubits) [22]. However, the difficulty to integrate quantum
emitters in rectangular zero-index waveguide materials as
well as the fabrication difficulties in the nanoscale regime
has inhibited their practical applications [23]. To fulfill
these zero-index features, the integration requires a con-
trollable and feasible 3D fabrication process. The latter,
while extremelypertinent froma fundamental perspective,
poses limitations due to difficulties in sample fabrication,
which may result in a reduced zero-index response or cre-
ate a nonaccessible medium for integration and excitation
of emitters.

Therefore, in this study, a self-assembled three-
dimensional rolled-up zero-index waveguide will be our
choice to overcome these deficiencies. We designed, fabri-
cated, and numerically simulated, based on the parame-
ters attained experimentally, alternating layers of metal
and dielectric rolled-up zero-index waveguide to serve
as an environment to mediate the cooperative emission
of emitters embedded within it. We anticipate that the
proposed rolled-up zero-index waveguide will enhance
long-range dipole-dipole interactions and the preserva-
tion of entangled states due to its exotic properties to
enhance super coupling within the cutoff region. To study
these properties, we implemented the concept of rig-
orous dyadic Green’s function relative to macroscopic
quantum electrodynamics (QED) techniques to describe
the response of a single fluorescence quantum emitter
coupled to the rolled-up zero-index waveguide reservoir.

Also, we used the quantum master equation presented
in the Supplementary section to numerically calculate
the transient and steady-state entanglement between two-
level atoms mediated by rolled-up zero-index waveguide
using Wootters’ concurrence formalism. Before the entan-
glement property calculations of the rolled-up zero-
index waveguide, we first studied the photonic properties
of the zero-index waveguide using Ansys Lumerical Finite
Element EigenMode (FEEM) solver.

2 Zero-index waveguide modes
Ostensibly, long-distance entanglement between two
quantum bits (qubits) is known to be mediated by pho-
tons. However, the recent emergence of the application of
surface plasmons generation in different resonators and
plasmonic waveguides has attracted researchers to delve
into plasmon mediated entanglement between qubits in
the nanoscale regime [13, 14]. This technique to confine
optical fields in the subwavelength regime is fundamen-
tal in the application of surface plasmons in quantum
optics. However, the sinusoidal phase change variations in
propagating surface plasmon (SPP) mode of a waveguide
channel limit the free distribution of quantum emitters in
its corresponding environment [24]. It is thereby pertinent
to use alternativemeans to examine other plasmonic chan-
nels with near-zero index properties andwith the ability to
enhance the entanglement of two qubits coupled with its
excited zero-index waveguide mode.

Here, we investigate the fundamental TE11 mode of
a rolled-up zero-index structure at the cutoff wavelength
where there isminimal phase variation between two quan-
tum emitters. Before investigating the fundamental mode,
we examined the photonic properties of a traditional cylin-
drical hollow waveguide.

2.1 Cylindrical hollow waveguide
To serve as a guide to determine the fundamental mode of
the rolled-up zero-index waveguide composed of an alter-
nating layer of metal and dielectric, we numerically imple-
ment the analytical equation for a homogeneous circular
waveguide with an air core [25]. The dispersion relation of
the rolled-up zero-index waveguide is initially calculated
to identify the cutoff wavelength, where the propagation
constant k = 0. At this wavelength, the electromagnetic
waves can be squeezed or tunneled through a waveg-
uide to exhibit a similar response as zero-index materials.
This phenomenon relative to circularwaveguides has been
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demonstrated theoretically by Pan et al. [26] to exhibit
unique electromagnetic tunneling which is independent
of the waveguide length.

From the Helmholtz eigenvalue equation, the cutoff
wavelength as a function of the effective mode index of a
circularhollowwaveguide canbeexpressedanalytically as

neff =

√
1−

(unm
𝜋

)2( 𝜆

2𝜌

)2
, (1)

where neff is the effective index as a function of dielectric
core diameter, unm is the root of the Bessel function, 𝜌 is
the radius of the circular core, and 𝜆 is the wavelength.
Since our mode of interest is the fundamental TE11 mode,
the corresponding root of the Bessel function selected
is 3.832. The analytical calculation of the dispersion
relation of a cylindrical dielectric waveguide is shown in
Figure 1(a). This served as a benchmark to determine the

cutoff frequency of the rolled-up zero-index waveguide
presented in Figure 1(b) for different diameters D.

For different core diameters D of both the cylindrical
and zero-index hollowwaveguides, we obtained a redshift
of the cutoff wavelength. This shows the dependence of
the cutoffwavelength on thematerial dimensions. The dis-
persion of the cylindrical hollow metallic (i.e., gold (Au))
waveguide (dotted lines) superimposed on Figure 1(b)
shows a similar dispersion relation as the rolled-up zero-
index waveguide. Figure 1(c) illustrates the unique and
complex modes of the rolled-up zero-index waveguide at
different effective indices (neff). The complexmode profiles
with effective cladding index (neff ≠ 0) are mostly confined
in the metal-dielectric cladding region due to the excita-
tion of plasmon modes. However, the fundamental mode
of the waveguide with neff ≃ 0 confined in the core pos-
sesses a similar dispersion relation with the fundamental

Figure 1: Photonic properties of a cylindrical hollow waveguide and a rolled-up zero-index waveguide with its corresponding mode profiles.
(a) The dispersion relation of a cylindrical hollow waveguide with different core diameters D. The schematic of the homogeneous circular
waveguide is represented by the black circular inset. (b) The dispersion relation of the rolled-up zero-index waveguide (solid lines). The
dotted lines in the same figure show similar dispersion calculated for the cylindrical hollow metallic waveguide. The yellow circular inset
represents the cylindrical hollow metallic waveguide and the rolled-up tube is represented by the multilayer gray circular inset. The cutoff
wavelength varies as a function of the core diameter D in both figures (top panel). (c) The different mode profiles excited in the rolled-up
zero-index waveguide (D= 700 nm) for different effective indices (neff ) with neff ≃ 0 depicting the fundamental TE11 mode.
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modes of the plasmonic hollow waveguide. This waveg-
uide fundamental mode with an effective index near zero
introduces novel ways of controlling optical field propaga-
tion and enhancement due to the infinite phase velocity of
the tunneled electromagnetic wave.

2.2 Rolled-up zero-index waveguide
In this section, we described how the proposed structure
can be fabricated.

The first rolled-up tubes were fabricated by Prinz et al.
using strained InAs/GaAs bilayer with lattice mismatch
[27]. The layers start to roll as the sacrificial layer beneath
them is released by an etchant. However, semiconductor-
based rolled-up tubes are not suitable for our purpose, due
to the high refractive indices of materials as compared to
near-zero refractive index material required for this study.
In this study, we adopted a similar strained induced self-
rolling mechanism to obtain a three-dimensional rolled-
up zero-index waveguide of Au and SiO2 on a silicon
(Si) substrate using germanium (Ge) as a sacrificial layer
(see Supplementary for details). Figure 2(a) illustrates the
schematics of the proposed design. Figure 2(b) depicts the
scanning electron microscope (SEM) image of the fabri-
cated rolled-up zero-index waveguide. The structure has a

Figure 2: Rolled-up zero-index waveguide schematics and
fabricated sample.
(a) Schematic of the rolled-up zero-index waveguide (b) SEM images
of the fabricated waveguide. The green line corresponds to a
diameter of 700 nm and the length of the waveguide is 25 μm. (c)
The volumetric display of the normalized fundamental TE11 mode
propagation in the rolled-up zero-index waveguide. The embedded
dipoles (qubits) are denoted by the black spheres with arrows. The
interaction between the dipoles mediated by the zero-index mode is
represented by the curvy lines. The surface vector plot shows the
field distribution of the fundamental mode.

core diameter (D) of 700 nm, consisting of 12 alternating
bi-layers, 10 nm of Au and 5 nm of glass silica (SiO2) thick,
and length (L) of 25 μm.

The benefit of the rolled-up zero-index waveguide
over other plasmonic waveguide channels is that it offers
different emitters integration techniques into the core
of the waveguide. For example, injection techniques of
colloidal nanoemitters using microsyringe technique.
In such a case, the driving of nanoemitters is mediated
by capillary forces [28]. Another method of integrating
quantum emitters to the core of the rolled-up zero-
index waveguide is to deposit emitters on the planar
bilayer before initiating the rolling process.

We now move to the numerical calculations based on
the parameters of the fabricated structure. However, due to
the existence of the nonradiative and propagation losses,
the 25 μm length of the fabricated waveguide is approxi-
mated to be 3μmin the simulation.Moreover, the 3μmwas
identified to suffice for determining the coupling param-
eters of an emitter positioned at the central part of the
rolled-up zero-index waveguide. It is worth noting that the
numerical calculation suggests that for a dipole placed at
the central part of the waveguide, its decay rate vanishes
beyond 3 μm as we shall see in Figure 4.

The core diameter of the rolled-up structure is filled
with a material permittivity of one. Material dispersion
of Au from Johnson and Christy [29] material dispersion
data and Palik [30] data for the SiO2 layers were used
in the modeling. Figure 2(c) also shows the volumetric
display of the fundamental mode of the rolled-up zero-
index waveguide at the cutoff wavelength 𝜆 ≃ 1450 nm.
The embedded dipoles represent the quantum emitters
mediated by the zero-index mode of the rolled-up zero-
index waveguide, and the vector surface plot shows the
field distribution of the fundamental TE11 mode. Note that
in the case of the fundamental TE11 mode both radial and
axial components of the transverse fields exist resulting in
the distribution of total electric and magnetic field in the
rolled-up zero-index waveguide cross-section.

3 Decay rate enhancement of the
rolled-up waveguide

As stated initially, advances in plasmonicmaterials (i.e., V-
shaped grooves, cylindrical nanorods) and ENZ plasmonic
metamaterials (i.e., plasmonic planar waveguide) have
availed the opportunity to enhance superradiant effects of
a collective quantum emitter which outperforms the weak
interaction of emitters in a homogeneous medium [13].
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The superradiance effect known as the collective effect of
quantum emitters arranged close to each other was pro-
posed by Dicke [31] to show the relationship between the
radiation intensity of quantum emitters and the number of
quantum sources. This radiant effect is linked to the exotic
properties of the reservoir to which the quantum emitters
are coupled to.

At the cutoff wavelength region of the rolled-up zero-
index waveguide channel, we foresee a high LDOS of the
quantum emitter embedded in the waveguide structure.
This enhancement at the cutoff wavelength is insensi-
tive to the emitter axial position and thereby exhibits the
aforementioned inherent flexibility of emitters position in
zero-index metamaterials [16, 32, 33].

To verify the high LDOS at the cutoff wavelength,
we computed the Purcell factor of the proposed rolled-up
zero-index waveguide channels as a function of different
waveguide core diameters D. Figure 3 presents the corre-
sponding Purcell factor calculation. It can be seen that the
spectral resonance response of a single quantum emitter
coupled to a rolled-up zero-index waveguide is depen-
dent on the core diameter D. As the diameter increases the
spectral density response redshifts to a higher wavelength
similar to the dispersion relation in Figure 1(b). For the
waveguide channel with a core diameter of D = 700 nm,
the peak enhancement is around the cutoff wavelength
(i.e., 𝜆 ≃ 1450 nm).

Above the cutoff wavelength, the decay rate is pre-
dominantly quenched by the environment as there is a
very low density of states due to the quenched propagat-
ing modes in the waveguide. However, below the cutoff
wavelength, there is monotonic build-up in the decay rate

Figure 3: Decay rate enhancement for different core diameters D of
the rolled-up zero-index waveguide.

reaching amaximumat the cutoffwavelength. Close to the
cutoffwavelength, the decay rate is not only enhanced but
remains uniform along the waveguide channel. This uni-
formity is due to the nonresonant mode distribution at the
cutoff wavelength [12].

4 Rolled-up zero-index waveguide
dipole-dipole coupling and decay
rate

To determine the key parameters (i.e., decay rate (𝛾 12)
and dipole-dipole coupling (±g12)) to solve the quan-
tum master equation in Eq. (S3), we calculate the 𝛾 12
and ±g12 of an emitter embedded within the rolled-up
zero-index waveguide using the dyadic Green’s function
obtained from FDTD simulations (see Supplementary for
details). We study these parameters of the quantum mas-
ter equation at three different wavelengths (i.e., the cutoff
wavelength (𝜆 = 1450 nm) and at two other wavelengths:
close (𝜆 = 1300 nm) and far (𝜆 = 1250 nm) from the cutoff
wavelength).

Figure 4(a) depicts the dipole-dipole interactions
of quantum emitters embedded in the rolled-up zero-
index waveguide at three different wavelengths as a func-
tion of interatomic distance (r12∕𝜆0). At the cutoff wave-
length, the dipole interactions increase appreciably at
short-range and decay exponentially as a function of inter-
atomic distance as compared to the other twowavelengths.
At 𝜆 = 1250 nm and 𝜆 = 1300 nm, we identified an oscilla-
tory behavior of the dipole-interactions as compared to
the cutoff wavelength. This oscillatory behavior of the
two wavelengths relative to the cutoff wavelength is also
shown in the spontaneous decay rate of the quantum
emitter as shown in Figure 4(b). Figure 4(c)–(e) presents
the energy transfer resonance, which is dependent on the
dyadic Green’s function of the qubits inside the rolled-up
zero-index waveguide [34]. This shows that, at the cutoff
wavelength, the rolled-up zero-index waveguide provides
modes with a longer wavelength and minimal phase vari-
ations to enhance strong entanglements of two qubits
placed at farther distances.

At the cutoff wavelength 𝜆0 = 1450 nm, we also see
a long-range decay rate as a function of interatomic dis-
tance which enhances qubit entanglement. It is evident
that the comparison between the normalized decay rate
and the dipole-dipole interaction at the cutoff wavelength
satisfies the condition of attaining high entanglement
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Figure 4: Coupling parameters of the rolled-up zero-index waveguide.
(a) The dipole-dipole interaction and (b) the decay rate of emitters coupled to the rolled-up zero-index waveguide at different excitation
wavelengths. Energy transfer resonance (ETR) of the rolled-up zero-index waveguide for the different excitation wavelengths: (c) 1250 nm, (d)
1300 nm, and (e) 1450 nm.

performance i.e., g12 ≪ 𝛾 and 𝛾 = 𝛾 12 as shown in
Figure 4(a) and (b). Note that the emitter’s decay time
at the cutoff wavelength is normalized by its maximum
value of approximately 10−5 s at normalized interatomic
distance r12∕𝜆0 = 0. Themaximumvalue of the decay time
is represented by the qubit self-interaction term 𝛾 . We also
observed that r12∕𝜆0 = 0 to r12∕𝜆0 = 1, there is an appre-
ciablehighdecay ratio𝛾 12∕𝛾 which results ina suppression
of the subradiant decay state |−⟩ as compared to the super-
radiant |+⟩ state (i.e., superradiant 𝛾 + 𝛾 12 and subradiant

𝛾 − 𝛾 12 decay rates) (see Supplementary for details). Based
on the coupling parameters (Figure 4(a) and (b)) and
energy transfer resonance (Figure 4(e)) predicts strong
long-range interaction of qubits and high persistence of
entangled states in the rolled-up zero-index waveguide at
the cutoff wavelength.

4.1 Measure of entanglement
Using the decay rate (𝛾 12) and the dipole-dipole
interactions (±g12) of the qubits inside the rolled-up
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zero-index waveguide, we calculated the corresponding
concurrence metric measure of entanglement (transient
and steady-state) using Eqs. (S8) and (S9) (see Supplemen-
tary for details). This measure of entanglement is relevant
to determine the long-range interactions of quantum emit-
ters and their duration.

4.1.1 Transient entanglement mediated by rolled-up
zero-index waveguide

Using the cutoff wavelength 𝜆0 and self-interactions 𝛾 as a
normalization factor for both the interatomic distance r12,
and evolution time t, we calculated the concurrencemetric
of the quantum emitters as a function of normalized time

Figure 5: The measure of entanglement between qubits embedded within the rolled-up zero-index waveguide.
(a)–(c) The concurrence metric heatmap for different wavelengths: (a) 1250 nm, (b) 1300 nm, and (c) 1450 nm (zero-index wavelength). (d)
and (e) Similar concurrence metric plot at normalized interatomic distance (r12∕𝜆0 = 0.1) and their corresponding symmetric |+⟩ and
antisymmetric |−⟩ states.
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𝛾t and interatomic distance r12∕𝜆0 at differentwavelengths
using Eq. (S8) (see Supplementary for details).

Figure 5(a)–(c) illustrates the measure of entangled
states using the concurrence metric formalism for the
different wavelengths. It is evident that the concurrence
metric ishigher at the cutoffwavelengthas compared to the
other twowavelengths. Thehigh concurrence as a function
of time and inter-emitter distance is due to the excitation
of the zero-index mode of the waveguide which mediates
the long-range interactions of the quantum emitters. At
𝜆 = 1300 nm, which is closer to the cutoff wavelength
(𝜆 = 1450 nm), shows a higher entanglement as compared
to the concurrence for 𝜆 = 1250 nm.

The excited mode at 𝜆 = 1250 nm wavelength region
has efficient entanglement at short-range but decreases
monotonicallyasa functionof inter-emitterdistancedue to
the confined field as shown in Figure 4(c). However, at the
cutoff wavelength, we obtain a large homogeneous elec-
tromagnetic field as shown in Figure 4(e). This results in a
large decay rate value and small dipole-dipole interactions
and thereby leads to a higher concurrence independent of
the emitter position. To appreciate the latter effect,weplot-
ted the concurrence metric at r12∕𝜆0 = 0.1 as a function of
normalized time 𝛾t for the different wavelengths, i.e., 𝜆 =
1250 nm, 𝜆 = 1300 nm, and 𝜆0 = 1450 nm, respectively, as
shown inFigure 5(d), (e), and (f). It is clear that at the cutoff
wavelength, we have high concurrence which persists for
an appreciable time as compared to the otherwavelengths.
This effect is a consequence of the suppressed subradiant
state |−⟩ascomparedwith thehighsuperradiant |+⟩decay
channels which are superimposed on the concurrence plot
in Figure 5(d)–(f). Clearly, a decrease in the population
dynamics of the subradiant state |−⟩ at 𝜆 = 1250 nm and
𝜆 = 1300 nmwavelengths results in a lower persistence of
entanglementover time.Comparatively, thedependenceof
the subradiant |−⟩ population of states is appreciably high
at the cutoffwavelengthwhich leads to a high concurrence
state.

4.1.2 Steady-state entanglement mediated by rolled-up
zero-index waveguide

Up until now, we have justified the relevance of con-
currence metric key parameters (i.e., 𝛾 12, ±g12) which
can be beneficial to achieve appreciable entanglement
useful for quantum information processing and commu-
nication. We have also demonstrated the concurrence
as a function of normalized time and interatomic dis-
tance as well as illustrate the flexibility of emitter axial
positions at the cutoff wavelength for the rolled-up

zero-indexwaveguide.However, this entanglementdecays
with time as shown in Figure 5(d)–(f). In the case of
Figure 5(f), we can visualize the reduction in concur-
rence as a function of the gradual monotonic decay of
the subradiant |−⟩ population of states as compared to the
sharp decay of Figure 5(d) and (e). This transient effect of
entanglement between emitters embeddedwithin a rolled-
up zero-index waveguide is due to decoherence which is
attributed to radiation losses and depopulation of emitters
in the excited states [16]. To attain a steady entangled state
C(t→∞), it is relevant to compensate for thedepopulation
of theexcitedstatesbypumping thequbitswithanexternal
source. It is also interesting to note that to achieve strong
steady-state entanglement between the qubits, the pump
strength should not be too large; otherwise, strong inter-
actions between the pump and the qubits as well as the
pump and the zero-index channel may occur. This could
eventually lead to qubit decoupling and lasing or strong
resonanceswhichmayaffect thedecaychannel of theemit-
ter embedded within the waveguide channel [18]. In the
currentcase,weutilizedaweakpumpingscenarioandcon-
sidered the effect of the pumpon the zero-indexwaveguide
negligible. We used pump intensities optimal to compen-
sate for the depopulation of emitters in the excited states
to enhance long-range entangled states.

We also assume a detuning parameter, Δi = 𝜔0 −
𝜔p = 0, by utilizing an external source with a resonance
frequency 𝜔p similar to the transition frequency 𝜔0 of
the quantum emitters embedded in the rolled-up zero-
indexwaveguide.Figure6(a)–(c) shows theheatmapof the
steady-state concurrence as a function of varied normal-
ized Rabi frequenciesΩ1∕𝛾 for a single pumpwith the sec-
ond pump kept constant (Ω2∕𝛾 = 0). We present here the
steady entangled states at different interatomic distances
r12∕𝜆0 = 0.5, r12∕𝜆0 = 1.0, and r12∕𝜆0 = 1.5, respectively.
The heatmap shows a high concurrence at r12∕𝜆0 = 0.5
which corresponds to the high decay ratio 𝛾 12∕𝛾 and min-
imal dipole-dipole interaction g12 which satisfy the afore-
mentioned criteria for qubits entanglement. It can be seen
that as the decay ratio 𝛾 12∕𝛾 decreases relative to the inter-
atomic distances r12∕𝜆0, the concurrence decreases. Note
that the normalized interatomic distance r12∕𝜆0 = 0.5,
r12∕𝜆0 = 1.0, and r12∕𝜆0 = 1.5 correspond to a qubit sepa-
ration of r12 = 725 nm, r12 = 1450 nm, and r12 = 2175 nm,
respectively, which exceeds the resonance energy transfer
of quantum emitters in vacuum.

Figure 6(d)–(f) also shows the concurrence of quan-
tum emitters in the presence of a coherent pump source
at three normalized interatomic distances r12∕𝜆0 = 0.5,
r12∕𝜆0 = 1.0, r12∕𝜆0 = 1.5. Similar calculations for vacuum
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Figure 6: Persistent time dependent concurrence as a function of an external coherent source. The time dependent concurrence for different
Rabi frequenciesΩ1∕𝛾 of a single pump source (Ω2∕𝛾 = 0) for different normalized interatomic distances (a) r12∕𝜆0 = 0.5, (b) r12∕𝜆0 = 1.0,
and (c) r12∕𝜆0 = 1.5. Time dependent concurrence between two quantum emitters at different normalized interatomic distances for different
external pumping (d) asymmetric (Ω1 = 0.4𝛾,Ω2 = 0), (e) symmetric (Ω1 = Ω2 = 0.2𝛾), and (f) antisymmetric (Ω1 = −Ω2 = 0.2𝛾). Similar
plot of the homogeneous medium is illustrated by the plot legend vacuum r12∕𝜆0 = 0.5

reservoir (r12∕𝜆0 = 0.5) (see Supplementary for details)
are illustrated in the corresponding figures for reference
purposes. We implement three types of pumps namely,
asymmetric with Rabi frequencies Ω1 ≠ 0,Ω2 = 0, sym-
metric with Ω1 = Ω2, and antisymmetric pumping with
Rabi frequencies Ω1 = −Ω2. As expected, we obtain high

steady-state concurrence at r12∕𝜆0 = 0.5 to r12∕𝜆0 = 1.0, as
compared to thevacuummedium.Thisshows that thezero-
index rolled-upwaveguide attains high entangled states at
thecutoffwavelengthandenhance long-range interactions
of quantum emitters. From all the aforementioned pump-
ing states, we see a persistent concurrence as a result of
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the external source which compensates for the depopu-
lation of the entangled states. Figure 6(d) and (f) (i.e.,
asymmetric and antisymmetric pumping) showquite iden-
tical steady-stateconcurrencewithhighentangledstates in
the proposed zero-index rolled-up waveguide at different
interatomic distances r12∕𝜆0. In addition, the symmetric
pumping criteria sustains the concurrence to normalized
time t𝛾 = 15 at r12∕𝜆0 = 0.5. The high and persistent con-
currence for the different pumping criteria (i.e., asym-
metric and antisymmetric pumping) illustrates that one
can achieve steady entangled states C(t→∞) by compen-
sating for the depopulation of the excited states through
pumpingof the qubitswith a coherent external source (i.e.,
monochromatic laser source).

5 Conclusions
Wehave presented an alternate,more practical, and exper-
imentally attainable rolled-up zero-indexwaveguideusing
a unique self-rollingmechanism. Based on the parameters
attainedexperimentally,we implementednumericalmeth-
ods to study the photonic properties of the rolled-up zero-
indexwaveguide. Thenumerical calculationsdemonstrate
that, at the cutoff wavelength, the rolled-up zero-index
waveguide can serve as a reservoir to mediate dipole-
dipole interactions and long-range entangled states. More-
over, the calculations establish that the rolled-up zero-
index waveguide design will enhance resonance energy
transfer and transient entanglement of qubits at the cut-
off wavelength. We also demonstrate that the transient
entanglement of qubits mediated by this novel rolled-
up zero-index waveguide could reach its steady-state by
using an external pump source. The different pumping
systems compensate for the depopulation of the emitter
excited states in the rolled-up zero-index waveguide. Our
design and numerical calculations have established the
feasibility of the rolled-up zero-index waveguide to serve
as a unique reservoir for quantumentanglement. The prac-
tical realization of the proposed design is also experimen-
tallynovel and relevant topursue inour subsequentworks.
We also envision that this rolled-up zero-index waveguide
could overcome the practical challenges of quantum emit-
ters integration. This will open a new avenue to explore
entanglement in zero-index mediums practically, which
is promising for quantum teleportation, computing, and
communication.

Supporting information available
The version of the codes used to generate the transient
entanglement calculations are provided here: link (i.e.,

https://github.com/issahi62/Rolled-up-ENZ-Waveguide)
and users of this code are kindly requested to cite its use
in their work. Supplementary Information (SI) includes
Entanglement theory of qubits coupled with a rolled-up
zero-index waveguide, Unbounded vacuum dipole-dipole
coupling and decay rate, Modelling, and Fabrication.
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