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1. Introduction

In this work, we consider an output tracking problem for vis-
cous nonlinear fluid flows in the neighborhood of a (locally) expo-
nentially stable steady state solution. We formulate our results for
the incompressible Navier-Stokes equations on a sufficiently regu-
lar domain € c R? with boundary I". More precisely, we consider
controlling an output y of the equations

0
St = VAW = W V)W Va+ fu+ fut fa (1a)
0=V-w, wr=0, (1b)

where w(&,t) is the fluid velocity, q(£€,t) is the fluid pressure, v
is the kinematic viscosity, fw (&) is a body force, f,(£€,t) is the
control action and f;(&,t) is the disturbance action. Our goal
is to design a controller such that a chosen velocity output of
(1) converges to a desired reference output approximately for
initial states which are, in a certain sense, “close enough” to a
steady state solution of (1).
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Theory of output regulation for nonlinear systems is still un-
der development, especially for infinite-dimensional systems. The
finite-dimensional results of [11] have been extended to a class of
infinite-dimensional systems in [5] and for co-located inputs and
outputs in [6], based on which several example cases are presented
in [1]. In this work, we focus on output regulation in an approxi-
mate sense utilizing the results of [13]. In [13], the authors use an
error feedback controller designed for robust output regulation of
exponentially stable regular linear systems and show that the same
controller achieves approximate local output regulation for a class of
nonlinear systems which they call regular nonlinear systems. Simi-
lar approach of using linear control solutions for nonlinear systems
has been utilized for local stabilization of nonlinear fluid flows in
different setups, see e.g. [3] for in-domain inputs, [14] for bound-
ary inputs and [10] for observer design.

As the main contribution of this paper, we show that the
Eq. (1) can be formulated as a regular nonlinear system (in the
sense of [13]) for a wide range of velocity observations including
the point observation. To achieve this, we consider the Eq. (1) on
a “lifted” state space, i.e. we demand more smoothness from the
velocity and the pressure than would typically be required to e.g.
solve similar control problems for linear systems. To formulate
(1) as a regular nonlinear system, we rely on the fluid being vis-
cous and assume that the domain 2 together with the bound-
ary conditions are such that the system can be formulated on
the “lifted” state space. These properties, together with the type
(x - V)x of the nonlinearity typical for fluid flows, characterize the
fluid flows for which the results can be applied.
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Using the results of [13], we show that in the neighborhood of
a steady state solution, velocity observations on (1) approximately
converge to any desired “small enough” periodic reference signal
of the type

as
yr(t) = ag + ) a;cos(wit) + b; sin(wit)

i=1
in the sense that for small enough initial data, a finite number of
chosen harmonics of the system output and the reference output
are the same. Here the coefficient vectors a;, b; € RPY may be un-
known but we expect to know the frequencies w;. The controller
introduced in [13] also rejects periodic in-domain disturbance sig-
nals of the type

o
ug(t) = co + Y _ ¢;cos(wit) + d; sin(wit)

i=1

with small enough amplitude, where again c;, d; € R¢ are allowed
to be unknown. Note that several controllers have been designed
for robust output tracking of similar signal classes in the case of
linear systems, see e.g. [15,16].

Rest of the paper is organized as follows. In Section 2, we re-
call the concepts of regular nonlinear systems and approximate lo-
cal output regulation. In Section 3, we show that the Navier-Stokes
equations with in-domain control and point observation fit into the
framework of regular nonlinear systems on a suitable state space.
In Section 4, we construct, based on [13], a controller for approx-
imate local output regulation for the Navier-Stokes equations and
then illustrate the controller’s performance through a simulation
example in Section 5. Finally, the paper is concluded in Section 6.

Throughout the paper we denote by £(X,Y) the set of bounded
linear operators from a Hilbert space X to a Hilbert space Y. For
a linear operator A: D(A) — X, D(A) is the domain of A, p(A) is
the resolvent set of A and T, is the strongly continuous semi-
group generated by A on X. For a fixed s e p(A), we denote by
X_; the completion of X with respect to the norm ||x||x_, = [/(s] -
A)~1x|lx and define X; = D(A), equipped with the norm X1,
I (sI — A)x||x. Finally, the L2-inner product over a domain 2 is de-
noted by (()v ('))LZ(Q)~

2. Regular nonlinear systems and output regulation

Output regulation for fluid flow systems covered by this work
is based on the concepts of regular nonlinear systems and approxi-
mate local output regulation, which were introduced in [13]. These
concepts are presented next, with the definition of regular nonlin-
ear systems formulated in a slightly restricted setting by excluding
parts that are not relevant to this work.

Definition 1. Let X, U, Y and V be Hilbert spaces, and let
Cp defined by Cax=lims, 0 Cs(sI—A)"1x with D(Cy) ={xe
X|the above limit exists} be the A-extension of the observation
operator C, see [21]. The system

X(t) = Ax(t) + Bu(t) + Byugy(t) + QF (x(t)),
x(0) =xp € X,
y(t) = Cax(t),

which we denote by X, is called a regular nonlinear system if the
following hold.

(i) The operator A generates an exponentially stable strongly
continuous semigroup T, on X.

(11) It holds that Be L(U,X_]), Bd € L(Ud,x_]), Qe L(V,X_l)
and Ce £(Xq,Y), and the triples (A,B,C), (A,B4,C) and
(A, Q,C) are regular linear systems in the sense of [21].
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(iii) The nonlinear map F : X — V satisfies F(0) =0 and is lo-
cally Lipschitz. That is, for every bounded set O c X, there
exists a constant Ly such that for all x;,x, € O

|F(x1) — F(x2) llv < Lollx1 — X21Ix.

Furthermore, for each y > 0 there exists a ¢ > 0 such that if
sup {[|x[|x|x € 0} < ¢, then Ly < y.

To generate the plant input, we use an error feedback controller
of the form

z(t) = Giz(t) + Gre(t), z(0) =2y € Z, (3a)

u(t) = Kz(t), (3b)

where e(t) =y(t) — y,(t) is the regulation error and Z is a Hilbert
space. Coupling the controller with a regular nonlinear system
yields the closed-loop system X defined by

Xe(t) = AeXe + BeWexe (t) + Qe F(x(1)),
e(t) = CeXe(t) + Dey, (t)

Xeo € Xe,

on the Hilbert space X=X xZ, where x. =[x, z]|T, Wex =
[ug, Yr]T,
A BK By 0 Q
A = B = =
¢ [ngA 91}’ ¢ [O —gz}’ Qe [Oil’
C=[Cx» 0], De=[0 -IJ.

Before introducing the output tracking problem, we recall the
concept of harmonics of a function. Consider a function f = fp+
fe. where f, € 2 ([0, 00); C") is T-periodic and fe € L?([0, 00); C").
For a non-negative integer I, the /" harmonic of f is the function

2mlt 2mlt

fi(t) = o sin (T) + B, cos (T) t>0,

where

7 f@)sin (Z%H)dt,

o= lim —
! keN,k—oco kT 0

2rlt

B “ f(t) cos (T)dt’

= lim —

keN,k— oo kT 0
thus for frequencies of the harmonics, we have w; = 27l;/T. Now
the problem of achieving approximate local output regulation is
stated as follows.

Problem 2. Let T > 0 be a constant. Assume that y, and u, are
T-periodic functions and let V= {ly.L,..., In,} be a finite set of
non-negative integers. Design an error feedback controller (3) such
that:

1. The closed-loop system X is a regular nonlinear system.

2. There exist positive constants cy, ¢4 and ce such that if
yrll20.1) < ¢y llugllz= < cg and ||xeollx, < ce, then x. converges
asymptotically to a T-periodic function and the I harmonic of
y —yr is O for each I € V. The output satisfies y =y, + ye, where
Ye € 12([0.00):Y) and y, € L2 ([0, 00);Y) is a T-periodic func-
tion.

Accuracy of output tracking by solving the above problem
clearly depends on how dominant the harmonics included in V are.
In many cases, ensuring that the first few harmonics of y match
those of y, results in a small tracking error, since higher harmon-
ics of the output are typically small.
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3. The incompressible Navier-Stokes equations as an abstract
control system

The goal of this section is to formulate the Navier-Stokes
Eq. (1) as a regular nonlinear system. We start by finding a suit-
able state space for the formulation and then verify that the re-
quirements of Definition 1 are fulfilled.

3.1. Choosing the state space

Translating the Eq. (1) to the vicinity of a steady state solu-
tion (ve, pe) using the change of variables v(€,t) = w(&,t) — ve (),
p.,t) =q(§,t) — pe(§) yields

% = VAV = (Ve - VIV = (V- V), (4a)
—@-Vv-Vp+ fu+ fa, (4b)
0=V.v, vlr=0 (4c)

with the initial state v(£€,0) = vy(&). We assume that the control
and the disturbance are defined by

fuE ) =[g18) &) gn (&) Ju(), (5a)
fiE O =[gE) &) 8,(6)]ua (o), (5b)
where each gi,....gm and g;,....g, is an R2-valued function

on 2, u(t) eU :=C™ is the finite-dimensional control input and
uy(t) €Uy :=C? is the finite-dimensional disturbance input. Ad-
ditionally, we assume that the output space Y is also finite-
dimensional and Y = CP» with p, <m.

For simpler notation, we define the spaces

X={ve @*(@)’|V-v=0, (v-n)|r =0},
A={ve H'(Q)?|V-v=0, v|r =0}

and the bilinear and trilinear forms
a(v, ) =2v{e), €(¥))(q)
b, ¢. ) =({(- V). V)12
where (V) = 1/2(Vv+ (Vv)T).

Yu, ¥ e H,
Vv, ¢, € H,

Assumption 3. We assume the following:

(i) The boundary T is of class C3 and f,, € (H1(Q))2.
(ii) The linearization of (4) is exponentially stable.

The first part of the assumption guarantees sufficient regular-
ity of the solutions of the Navier-Stokes Eq. (1), while the second
part is required for Definition 1.(i) to hold and is satisfied for large
enough v, c.f. [3].

As the first step towards choosing the state space X, we con-
sider semigroup generation for the linearized version of (4) on X. A
weak formulation for the stationary, linearized version of (4) sub-
ject to zero control and disturbance inputs is given by

0=—a(, V) —b@,ve,¥) —b(Ve,v, ) V¥ €H.
Lemma 4. The operator A defined by
A=Ay +A.
(Aox, )20y = —a(x. ).
(Ax. V) 2oy = —b(X. Ve, ¥) — b(Ve. X, ¥),
D(A) = D(Ay)
={xeA|Vy e H.¢ — a(x. ¢) is X-continuous}

generates an exponentially stable analytic semigroup on X.
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Proof. We start by showing that a(.,.) is H-bounded and H-
coercive, i.e. H can be continuously and densely embedded in X
and there exist ¢y, ¢, A > 0 such that for every ¢, ¥ ¢ H

lat. )| = cild ¥ l1s. (6a)
a(d. $) = el Pl — AIBIIZ. (6b)

Since the norm |€(-)|y is equivalent to the || - ||5 norm through
Korn’s and Poincare’s inequalities, we immediately have for a con-
stant ¢; > 0 and for any v e H

a(v,v) = 2vlle )13 = crllvl.

Similarly, for a constant ¢, > 0 and any v, ¢ € H,

la(v, @) = 2v[leW)lizlle @)z < c2lvlizll@ll5-

As such, a(-, -) is H-bounded and H-coercive, which implies that A,

generates an analytic semigroup TAz on X [2, Section 2].
Regarding the trilinear form b(.,-,-), Assumption 3.(i) guaran-

tees that v, € A, c.f. [12, Ch. 5]. We have for constants c3,c4 > 0
using integration by parts and Sobolev embeddings

[b(v1, v2, )| < [{v1, (V2 - V)Y )l + [{v1 -1, v2 - )|
< alvilla@llvalliee) Il
<calnligllvallghvlly Yo v ¥ e A

Now A; € L(H,X), thus perturbation theory of semigroups, see e.g.

[7, Ch. I1], implies that A generates an analytic semigroup T; on X.
By Assumption 3.(ii), T; is exponentially stable.

The fact that we may choose A =0 in (6b) implies that the
semigroup T4, is exponentially stable for any v > 0. Furthermore,

A, is self-adjoint and the fractional powers (—A,)® are well de-
fined. Domains of the fractional powers are defined by, c.f. [18,
Ch. 2], [14],

D((-A2)%) = {v e (HP*(@)?*|V - v=0, @-m|r =0},
1
0<d< T
D((~A)%) = {v e (H*(@))?|V-v=0, v|r =0},
% <d<1.
The norms corresponding to domains of the fractional powers for
the full range § € R are given by
HXHD((_AZ)J) = ||(_A~2)8x”)2~

We next utilize domains of the fractional powers to find a “lifted”
state space X such that in particular Definition 1.(iii) is satisfied by
(4).

For the translated Navier-Stokes Eq. (4), nonlinearity in the ab-
stract framework X is described by

Fw)=-P((v-V)v), Q=I, (7)

where P is the Leray projector, see e.g. [8,14]. The domains of def-
inition for 7 and Q are dictated by the following Lemma.

Lemma 5. For a (small) § > 0, choose X = D((-Ay)V2+8) and V =
D((—A3)%). Then Definition 1.(iii) holds for F.

Proof. The proof is based on the “properties of multipliers”, see

[17, Ch. 4.6.1, Thm. 1], [4, Lemma 5.4], which state that if

do

, 8
> (8)
where dg, is the spatial dimension, then

HSt - H — HS

Sy > 81, Sy >
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is a continuous embedding, where
H H%:={fg | f e H", ge H"}.

Since dg =2, we choose s; =28 and s, =1+ 28, and apply the
above result. Now for a constant ¢; > 0 and ¢, ¥ € X

||¢iajwk||HS1 @ = ||¢i||HSz(Q)||3j'ﬂk||HS1 Q) (9a)
for i, j, k € {£1, &5}, thus for some constants ¢, c3 > 0 also
(- V¥lv <callplixIVilv

< allplx (=AY |l

= csll@llx Il llx- (9b)

Utilizing (9), for v1,v, € X and some constants c4,cs5 >0 we
have

|7 (1) = Fwa)llv
= | =P((1- VIvy — (- VIva)lly
= P(((W1 —v2) - V)v1 + (v2- V) (11 —12)) |l
< ca(ll@r = v lIxIVurlly + v2llx ]IV (w1 = v2)lv)
< cs(llvallx + llvzllx) Iy = v2llx.

thus F is locally Lipschitz. Clearly F(0) =0, and if ||vq||x, [[v2]lx <
¥ for a large enough constant ¢ > 0, then (|lvyllx + [l[v2llx) < ¥,
which completes the proof. O

Due to Lemma 5, we choose for a fixed (small) § > 0
X =D((-Ay)"*+%)

as the state space for our abstract system presentation and de-
note

Xs = D((—Ap)!/2+5+%)
with the corresponding norms defined accordingly by
Xllx, = I (=A2)*xllx = |(—Az)7#++x]| 5.

Now V =X_1p, F: X >V and Q =1Iy € L(V).

Vs e R,

3.2. The abstract system formulation

We define the operators

A=A, +A;:DA) - X, (10a)
Ay, = VPA, Av= —IP((ve Vw+ (- V)ue), (10b)
D(A) = D(A;) = D((-A,)*?*%). (10c)

Now A,v=A,v and A;v=Aqv for veD(A). To verify that
Definition 1.(i) holds on the state space X, we note that A gen-
erates a strongly continuous semigroup T4 on X, c.f. [7, Ch. 5]. The
semigroup Ty is exponentially stable, since for x € X

(Taxllx = I|(=A2) 2 Tax]|g
= [|T5(—A2) V/**0x]|5
< 1Tl 2 x) %11 x-

We still need to verify Definition 1.(ii). We do so for controls
and disturbances of the form (5) and observations up to the “level
of unboundedness” of a point observation. Using integration by
parts, we have for the X-adjoint of A,

Aip =P((ve- V)$ — (V1e)T9).
Properties of multipliers with the choices s; =1+26, s =2+ 2§

to satisfy (8) imply, similarly to (9), for any ¢, ¥ € X;,, and a con-
stant ¢ > 0

IB((@ - VIV)lIx < clidalix,, 1¥2llx,,.
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IB((V) ) llx < cllpalix,, 1¥2llx .-

Since Assumption 3.(i) implies ve € X1, ¢ (H*23(2))? [12, Ch. 5],
we have A],A?< € [:(X]/Z,X).

As such, theory of admissible control and observation operators,
see [20, Ch. 4-5], now states that

- Let ¥ be a Hilbert space. If C € £(X;,2.Y), then C is an admissi-
ble observation operator for T,, and its adjoint C* € £(Y,X_y/3)
is an admissible control operator for Ty,.

» The sets of admissible control (observation) operators for Ty
and T,, are the same.

Note that above we assumed for ¥ to be self-dual.

We first search for admissible observations for (4) on the state
space X by considering observations such that C € £(Xj2.Y). Typ-
ically the “most unbounded” observation of interest would be the
point observation

Cpx(é:v t) = x(%‘pv t)

for some &, € Q. By Sobolev embeddings, when © c R?, H(Q)
C() for s > 1, thus Cp € L(X,C). That is, all the observations of
interest for (4) are bounded operators from X to Y. As such, C, =C
and if U, Uy and Q are admissible control operators for Ty,, then
Definition 1.(ii) holds.

Consider next admissible control operators for T,,, thus also
for T4. We start with the operator Q =1Iy =1Ix_, - Note that in
this case the “input space” V is not self-dual, but instead the
correct dual is the X-dual of X_;,,, i.e. V' =Xj,;. Thus we have
Q* € L(X1/2.V’) and Q € L(V,X_q,,), ie. the triple (A,Q,C) is a
regular linear system.

For a single control input of the type (5a), we have B = g(&). If
geX;, then B e L(C, X). That is, if

geX 12 =D((-A)°),

then B is an admissible control operator for Ty, .
We conclude the section by gathering our findings in the fol-
lowing result.

(11)

Theorem 6. Given Assumption 3, assume that the control shape func-
tions g; and the disturbance shape functions g’j satisfy g;, g’j eXp=
D((=A)®) foreachi=1,2,...,m, j=1,2,...,d and a small § > 0.
Then the translated Navier-Stokes Eq. (4) with the dynamics operator
(10), the nonlinearity (7), the control (5a), the disturbance (5b) and
py point observations (11) form a regular nonlinear system on the
state space X = D((—Ay)1/2+9),

4. The controller

We use a low-gain -type controller design introduced in [13] to
solve Problem 2. The only system information required to construct
the controller is the transfer function gains

G(&iwy) = C(xianl — A)"'B

of the linearized system (A, B,C) for the frequencies wy = 2ml,/T
for each I, € V. A good estimate for these gains of the linearized
system can be obtained experimentally from the gains of the non-
linear system Xy, see [13], and robustness of the controller means
that the approximate gains can be used to achieve the output
tracking goal.

The controller consists of two finite-dimensional systems. The
first system Xf is described by the transfer function

ny

Ge(s) =l — [

k=0

s? + w}
-y,
s+ s+ w}
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J,U d

Up Yr

XF

Fig. 1. The closed-loop system.

where ¢ > 0 is the control tuning parameter. The second system
Yk is described by the transfer function

ny ny
PRy
GR(S)ZH XZ(s—ic;k+

k=0 k=0

2+ w}
$2 425 + w2

P_kR_k
S+ iwy

where
Ry = G* (i) (Giewy ) G* (i)~
R_y = G*(—iwy) (G(—iwy) G* (—iwy)) ™,

2 2 ;
v w; — o + 2iwy
Pre= H 2 2
w? —w
j#k.j=0 J k
2 2 ;
B ﬁ w3 — Wi, — 2iwy
Pk = wz — wz
Jj#k.j=0 J k

We denote a state space realization of Gr on Xgp = C" by
xp(t) = Arxp (t) + Brup(t),
Yr(t) = Cpxp(t),

and a state space realization of G on X = C™® by
Xg(t) = Arxg(t) + Brug(t),
Yr(t) = Grxg(t) + Drug(t).

After coupling the two subsystems of the controller as depicted
in Fig. 1, i.e. by setting ur =y —yr +yr and ug = yr, we have the
structure of an error feedback controller (3) with z=[xp, xg|T €

Xp(0) = Xpo € Xr,

xg(0) = Xpo € Xg,

XF XXR,

_ AF+BFCF 0 _ —Br
o[ 0] e[ P )
K=[DeCr G- (12b)

The following result is obtained in [13] for the class of regular
nonlinear systems and we formulate it for the incompressible 2D
Navier-Stokes equations.

Theorem 7. Assume that G(iwy,) is surjective for each k=1,2,...ny
and the assumptions of Thm. 6 hold. There exists €* > 0 such that an
error feedback controller (3) with the operators chosen as (12) with
0 < & < &* solves Problem 2 for the system (10),(11).

Proof. The proof follows directly from Theorem 6 and [13, Sec-
tion 5.2]. O

5. A Numerical Example

Let Q be the unit disk and consider the Navier-Stokes
Eq. (1) with v =1/25 around a steady state solution correspond-
ing to the body force

fulEr.8) = [6(0 -2 -8, &0 -8 -£)] A

and f; =0, f; =0. Our output tracking goal is to have the point
observation

y(t) = c[l’g g g} =1,([04, -04].t) e LK. R)
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0.6

0.5

0.4

0.3

0.2

0.1

Fig. 2. The steady state velocity field v, (&), where color depicts speed of the fluid.

track the reference signal

y:(t) = 0.5sin(2t) (13)

despite the disturbance

fa(6.0) = Baug(t) = P[0, xg,(6)]' (1 +cos(20)).

where xgq, is the characteristic function and Q4 =[-0.4,-0.1] x
[—0.4, —0.1]. The output tracking is to be achieved, approximately
and locally, by using the control

fu®.t) = Bu(t) = P[xe,(6). 0] u(t)

where €, =[-0.6,-0.3]x[0.1,04]. Now U=U;=Y =R and
since xq,. Xo, € H*(£2) for any s < 1/2 [19], also Be L(U,X_1,2)
and By € L(Ug, X_1,2). As such, if the steady state (ve, pe) is locally
exponentially stable, then the translated system (4) forms a regular
nonlinear system on the state space X.

We use the Taylor-Hood finite element spatial discretization for
the Navier-Stokes equations. With the help of functions included
in the Matlab PDE toolbox, the unit disk is approximated by 694
triangles with the maximum edge length of ~ 0.1, which leads to
approximation order of 1453 for each of the velocity components
and 380 for the pressure. The steady state solution (ve, pe), with
the steady state velocity depicted in Fig. 2, is calculated using the
Newton’s method, and we assume p.(0) =0 to obtain a unique
steady state pressure.

We check numerically that linearization of the translated sys-
tem (4) is exponentially stable. Then we design an error feedback
controller (12) with V = {0, 1,2, 3} and choose as the control tun-
ing parameter ¢ = 0.095 to roughly maximize the stability margin
of the linearized closed-loop system. For the simulation, we relax
the incompressibility condition by using a penalty method with
the penalty parameter €, = 10~>, see e.g. [9, Ch. 5.2], to decouple
the fluid pressure from the fluid velocity. As the initial state, we
use

Xeo = [Ve —Verp. 0] eXxZ

where v,1,,(§) is the steady state velocity corresponding to the
body force fui,2=0.5fw and f, =0, f;=0. Evolution of the
closed-loop system is then solved using Crank-Nicolson method
with the time step At = 0.01 together with Newton iteration.

Output tracking performance of the controller is depicted in
Fig. 3 and a snapshot of the fluid velocity at the time t = 120 is
shown in Fig. 4.

The controller achieves output tracking of (13) with satisfactory
performance for the chosen initial state despite the disturbance.
The effect of the disturbance is not clearly visible in Fig. 3, since
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Fig. 3. Thepoint observation y(t) (red) and the reference output y,(t) (black) for
t €[0,120] and t € [110, 120]. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Fig. 4. The velocity field v(£, 120), where color depicts speed of the fluid. Bound-
aries of the control and the disturbance domains are highlighted with black and
red, respectively, and the observation point is highlighted with green. (For interpre-
tation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

J
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t
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110

Fig. 5. Tracking error comparison of the implemented time step 0.01 (red) to the
time steps 0.025 (black), 0.05 (blue) and 0.1 (cyan) for t € [110, 120]. (For interpre-
tation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

the frequencies of y; and u, coincide. The locations of €2, and €2,
with respect to the observed point also lead to the disturbance not
being clearly visible in Fig. 4, although the fluid velocity inside the
disturbed region has a dominantly positive &-component for the
most part.

A small tracking error remains after the transient behavior. This
could be due to the approximate nature of the output tracking, but
also at least partially due to the discretization schemes. A compar-
ison of tracking errors using different time step sizes for the im-
plemented Crank-Nicolson method is presented in Fig. 5. The fig-
ure indicates that refining step size from 0.1 to 0.025 is beneficial,
but further refinement to the implemented 0.01 has little effect.
Recall that in practice the controller would be constructed with-
out having to rely on system approximations, since the construc-
tion only requires knowledge of the transfer function gains at cer-
tain frequencies, which can be experimentally estimated with good
accuracy.
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6. Conclusion

We studied a velocity output tracking problem for the in-
compressible 2D Navier-Stokes equations. As the main result, we
showed that the studied equations subject to in-domain control
and point observation form a regular nonlinear system, in the
sense of [13], on a smooth enough state space. As such, a specific
error feedback controller, introduced in [13], achieves approximate
local velocity output tracking of periodic sinusoidal reference sig-
nals. Achieved output tracking is approximate in the sense that a
finite number of harmonics of the system output and the reference
output are the same.

The same control approach can be implemented directly for
other fluid flow models as well. To do so, the fluid should be
viscous for the decomposition similar to (10a) to exist, and with
the nonlinearity modeled by a term of the type (x- V)x. Addition-
ally, the domain Q2 together with the boundary I' should be such
that the estimates used in Section 3 are justified. This means that
no loss of regularity of the solutions may occur at least until the
regularity level associated to the space Xj ;.
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