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ABSTRACT

Dale Gottlieb: Design and Construction of an Optimal Mueller Matrix Imaging Polarimeter for
Biomedical Applications
Master of Science
Tampere University
September 2021

A Mueller matrix polarimeter is a device that measures the Mueller matrix of a sample and
provides quantitative information on the change of the polarization state of light after interaction
with the sample. These devices have seen increasing interest in various fields from physics to
biological sciences, and must be optimized to minimize noise between repeated measurements.
However, this optimization often requires expensive and difficult to purchase equipment, which is
specific to the device being built.

This thesis presents a new method for optimizing rotating compensator polarimeters based
on the implementation of an elliptical retarder made by placing two off-the-shelf retarders at an
angle offset. By changing the angle between the two retarders, the linear retardance can be
adjusted to the optimal value of 132◦, achieving a condition number of

√
3 over a broad ±100 nm

spectroscopic range. This elliptical retarder greatly reduces the cost and complexity in designing
optimal polarimeters, and can be easily added to existing setups.

The elliptical retarder is first experimentally demonstrated on a Mueller matrix imaging po-
larimeter in a back scattering configuration capable of measuring in-vivo tissue samples at both
550 nm and 850 nm, and is able to measure the orientation of collagen fibers on the surface of
human skin. The device has a standard deviation of < 0.01 between repeated measurements for
every Mueller matrix element, which is comparable to other setups in literature, and a wide field of
view of 6 cm. A second polarimeter design in a microscope configuration also utilizing the elliptical
retarder is presented. This device has a polarization sensitive camera allowing it to measure the
top three rows of a Mueller matrix with only N = 4 measurements, significantly improving the
temporal resolution to ≈3 s to determine the top three rows of the Mueller matrix. This device has
micrometric imaging resolution, and is capable of recording videos of dynamic samples.

Keywords: Biomedical Imaging, Polarimetry, Mueller Matrix, Optimization

The originality of this thesis has been checked using the Turnitin OriginalityCheck service.
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1. INTRODUCTION

Polarized light microscopy techniques have seen a wide range of applications in physical

and biological sciences [1–4]. However, many of these techniques are qualitative, and

rely on interpretation of the results by an experienced user. For example, a common

technique in polarized light microscopy is phase-contrast microscopy where small irregu-

larities in the wavefront of light caused by changes in the refractive index of the sample

lead to intensity changes in the measured image, even if the sample appears transparent.

Polarized light microscopy improves the contrast of the microscope, but it doesn’t provide

any quantitative data about the sample such as the magnitude of the samples refractive

index.

This limitation can be overcome by instead measuring the Mueller matrix (MM) of the

sample, which is a 4 × 4 matrix that quantitatively characterizes the change of the po-

larization state of light upon interaction with the sample. MM polarimeters have recently

been gaining attention as cancer diagnostic tools since uncontrolled cancerous growths

lead to changes in the optical properties of tissue [5–9].

While there are many proposed designs for MM polarimeters using either combinations

of several retarders [10], liquid crystals [11, 12], metasurfaces [13], or photo-elastic re-

tarders [14], the most common and simplest design is based on the dual retarder design

first proposed by Azzam in 1978 [15]. This implementation uses a light source followed

by a static polarizer and a rotating compensator to generate a known polarization state

that interacts with the sample. After interaction, another rotating compensator and static

polarizer are used to measure the new polarization state. After a series of measurements,

the MM of the sample can be determined based on the information on how the sample

changes the known input polarization states. The dual rotating compensator polarime-

ter has been implemented by both continuously rotating the compensators [16], and by

placing the compensators at discrete positions [17]. The error tolerance of either imple-

mentation is an important parameter to optimize and relies on both the angles that the

compensators turned, and the retardances of the compensators [18].

While angles for both discrete and continuous systems can be easily adjusted to achieve

optimal conditioning of the setup [19], optimizing the retardance is more difficult. This is

because common off-the-shelf components often come at either 90◦ or 180◦ retardances,

and work over a very narrow wavelength range. Therefore, many MM imaging systems

are not optimal and rely on taking many measurements to overspecify the calculations.

In some systems, this can even be thousands of measurements taken over dozens of

rotations of the compensators, taking several minutes to perform measurements [16].

This thesis details the design and implementation of an optimal MM polarimeter which
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overcomes this challenge through the use of an elliptical retarder, the first time this type

of compensator has been used in a polarimetric system.

In Chapter 2, a theoretical background in polarimetry and the types of quantitative data

recovered from measuring the MM is introduced. In Chapter 3, the theoretical design

of an elliptical retarder made from two linear retarders is covered and how it can be

added into an existing system with only minimal changes to the commanded positions of

the retarders. This solves the problem of non-optimal retardances over broad ±100 nm

wavelength ranges, and is compatible with any type of rotating compensator system.

For measuring tissue samples, a back reflection MM polarimeter configuration should

be used, since tissue samples are thick and don’t transmit light. A field of view (FOV)

of several centimeters is also desirable to measure large areas of the tissue and detect

cancers on the scale of a few cm. The small MM element values in tissue samples and

requirement for a large FOV make the elliptical retarder ideal for these types of setups.

The elliptical retarder design is therefore first implemented in a real system in a back

reflection configuration in Chapter 4. In this setup, N ≥ 16 measurements are performed

at discrete angular positions, and the data is analyzed using common MM decomposition

techniques.

In Chapter 5, another implementation of the elliptical retarder in a MM microscope is

demonstrated with micrometric resolution. This setup is unique in its use of a single

polarization sensitive camera capable of measuring multiple Stokes components simul-

taneously. This functionality allows the MM to be measured in fewer measurements,

increasing the temporal resolution of the setup.

Finally, the conclusions and outlook of the work performed in the thesis are discussed in

Chapter 6.
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2. THEORY

This chapter describes the operating principle of a polarimeter and how measurements

are acquired. An introduction to the polarization of light and Stokes-Mueller calculus will

be presented, followed by an analysis of typical polarimeter systems. The analysis will be

mainly focused on a full Stokes polarimeter which can measure the complete polarization

state of light. This analysis is then extended to a general MM polarimeter, which is made

of two Stokes polarimeters with the sample in between. Lastly, the properties and a

quantitative analysis of the MM will be presented.

2.1 Polarization of Light

The Maxwell equations that govern electromagnetic phenomena are defined as

∇× H(r, t) =
∂D(r, t)

∂t
+ J(r, t),

∇× E(r, t) = −∂B(r, t)
∂t

,

∇ · B(r, t) = 0,

∇ · D(r, t) = ρ(r, t),

(2.1)

where E is the electric field, B is the magnetic field, D is the electric flux density, H is the

magnetic flux density, and J and ρ are the electric density of current and electric density

of charges, respectively at a point r and time t. In a vacuum, the constitutive relations are

D(r, t) = ϵ0E(r, t)

H(r, t) = µ−1
0 B(r, t),

(2.2)

where µ0 is the vacuum permeability and ϵ0 is the vacuum permittivity, and ϵ0µ0 = 1
c2

where c is the speed of light in a vacuum. In non-magnetic materials, which is generally

valid in optics, the constitutive relation satisfies

D(r, t) = ϵ0E(r, t) + P(r, t), (2.3)

where P is the electric polarization vector. It can be shown that if P depends linearly on

E, there exists a distribution T such that

P(r, t) = ϵ0T ⊛ E(r, t) =⇒ P̂(r, ω) = ϵ0T̂ Ê(r, ω) (2.4)
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where ⊛ is the convolution operator, andˆdenotes the Fourier transform. The electric flux

density can therefore be written in the frequency domain as

D̂(r, ω) = ϵ0(1 + χe(ω))Ê(r, ω) = ϵ0ϵr(ω)Ê(r, ω), (2.5)

where ϵr(ω) is the relative permittivity and χe is the electric susceptibility and is defined

as

χe(ω) = T̂ (ω). (2.6)

Switching to the Fourier domain by substituting

∂

∂t

FT−−→ −iω, (2.7)

where i =
√
−1, the Maxwell equations in the absence of sources (J = 0, ρ = 0) can be

written
∇× Ĥ(r, ω) = −iωD̂(r, ω) = −iωϵ0ϵr(ω)Ê(r, ω),

∇× Ê(r, ω) = iωB̂(r, ω) = iωµ0Ĥ(r, ω),

∇ · B̂(r, ω) = 0,

∇ · D̂(r, ω) = 0.

(2.8)

Taking the curl of the second relation in Eq. 2.8 and substituting the first gives

∇×∇× Ê(r, ω) + k2
0ϵr(ω)Ê(r, ω) = 0, k0 = ω

√
ϵ0µ0, (2.9)

and applying the identity ∇×∇× = ∇(∇·)−∇2, Eq. 2.9 becomes

∇2Ê(r, ω)− k2Ê(r, ω) = 0, (2.10)

with k = k2
0ϵr(ω). Eq. 2.10 is known as the Helmholtz equation.

As a trial solution to this equation, we substitute

Ê(r, ω) = E0e
ik·r (2.11)

into Eq. 2.10, where k is the wave vector and r is a direction vector to get

∇×∇× Ê(r, ω) = −(k · Ê(r, ω))k − k2Ê(r, ω), (2.12)

where k2 = k · k. Finally, by taking the divergence of the last relation in Eq. 2.8 and

assuming a homogeneous medium such that ϵr is a constant, we find

∇ · Ê(r, ω) = ∇ · E0e
ik·r = ik · E0e

ik·r = 0, (2.13)

which shows that k⊥Ê .
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In the time domain, the electric field E(r, t) is related to its complex amplitude E(r) =

E′(r) + iE′′(r), where the underbar denotes a complex number, as

E(r, t) = Re{E(r)e−iωt} = E′(r)cos(ωt) + iE′′(r)sin(ωt), (2.14)

where E′ and E′′ are real vector fields, and E(r, t) is a plane wave.

If the field is travelling along the z-axis, such that k = kez, the electric field can have

components on both the x- and y-axes, since k⊥E. Therefore, at a particular point in

space r0, E is given as

E(r0, t) = Re{Ex(r0)e
−iωt}ex + Re{Ey(r0)e

−iωt}ey

= ax cos(ωt+ δ1)ex + ay cos(ωt+ δ2)ey,
(2.15)

where δ is the phase and a is the amplitude of each component. Eq. 2.15 traces an

ellipse and describes the polarization state of the light. Three different polarization states

are possible:

• Linear: when δ1 = δ2 or δ1 + nπ = δ2.

• Circular: when δ1 = δ2 ± nπ
2
.

• Elliptical: when neither of the previous two conditions are satisfied.

2.2 Stokes-Mueller Calculus

All polarization states of light can be described using a Stokes vector which consists of

four elements

S =

⎛⎜⎜⎜⎜⎜⎜⎝
S0

S1

S2

S3

⎞⎟⎟⎟⎟⎟⎟⎠ , (2.16)

where S0 is the intensity of the light, S1 is the intensity of vertically or horizontally po-

larized light, S2 is the intensity of linearly polarized light at ±45◦, and S3 is the intensity

of circularly polarized light. Note that elliptically polarized light can be described by a

combination of these components. These values must satisfy the relation

S2
0 ≥ S2

1 + S2
2 + S2

3 . (2.17)

The Stokes vector can therefore also be used to measure the degree of polarization

(DOP) of light as

DOP =

√︁
S2
1 + S2

2 + S2
3

S0

, (2.18)
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which is the magnitude of the polarization states divided by the total intensity of the light.

For perfectly polarized light, DOP = 1, while partially depolarized light has 0 < DOP <

1.

The change of the polarization state of light upon interaction with a sample is described

by the MM, which in the most general case is the 4× 4 matrix

M =

⎛⎜⎜⎜⎜⎜⎜⎝
m00 m01 m02 m03

m10 m11 m12 m13

m20 m21 m22 m23

m30 m31 m32 m33

⎞⎟⎟⎟⎟⎟⎟⎠ . (2.19)

The output polarization state of light after interaction with a sample with the MM Msample

is given by the multiplication

Sout = MsampleSin. (2.20)

When light interacts with several elements, such as in Fig. 2.1 where each blue rectangle

represents another optical element or sample with Mueller matrix Mn, the Mueller matri-

ces are multiplied in reverse order of the propagation of light, or in the order of the optical

elements as seen from the detector. For the setup show in Fig. 2.1, the resulting Sout

seen by the detector would therefore be

Sout = Mn . . .M3M2M1Sin. (2.21)

Figure 2.1. When light passes through several elements, the MM multiplication is per-
formed in the opposite direction as the light propagation, or from the point of view of the
detector.

2.3 The Stokes Polarimeter

A Stokes polarimeter measures the polarization state of light and returns the Stokes vec-

tor. A schematic of the most common type of Stokes polarimeter using a single rotating

compensator and a static polarizer can be seen in Fig. 2.2, where the detector only mea-

sures the intensity of the light. The use of a static polarizer has the advantage that any

polarization sensitivity of the detector is ignored, since the detected light has only one
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polarization state. We can write this system using Stokes-Mueller calculus as

Sout = P1R(θ)MLRR(−θ)Sin, (2.22)

where Sin and Sout are the Stokes vectors of the incident and detected light, respectively,

and

P1 =

⎛⎜⎜⎜⎜⎜⎜⎝
1 1 0 0

1 1 0 0

0 0 0 0

0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ , R(θ) =

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0

0 cos(2θ) − sin(2θ) 0

0 sin(2θ) cos(2θ) 0

0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ , (2.23)

are the MMs of a horizontal polarizer and a rotation, respectively. MLR is the MM of a

linear retarder given as

MLR =

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0

0 1 0 0

0 0 cos δ − sin δ

0 0 sin δ cos δ

⎞⎟⎟⎟⎟⎟⎟⎠ , (2.24)

where δ is the retardance of the compensator.

Figure 2.2. Rotating compensator Stokes polarimeter.

Since the detector only measures the intensity of the incident light, we only consider the

top row of the multiplications in Eq. 2.22, which is given as

Ik = [1, cos2(2θk) + cos(δ) sin2(2θk), sin
2(δ/2) sin(4θk), − sin(δ) sin(2θk)]Sin

= WkSin,
(2.25)

where Ik is the intensity of the kth measurement, θk is the angle we place the compen-

sator, and Wk is termed the measurement vector and is the kth row of the measurement
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matrix W. After N measurements are performed Sin can be solved as

Sin = W+I, (2.26)

where I = (I1, I2, ...IN)
T is the intensity vector of all intensities detected after N mea-

surements (with a measurement being defined as a single intensity measurement at a

unique compensator position), and W+ = (WTW)−1WT is the pseudo-inverse of W,

which gives the least squares estimate of the inverse. The advantage of using the pseudo-

inverse rather than the inverse is that an arbitrary number of measurements can be taken,

allowing for over-specifying the calculations and reducing noise in the final result. If N = 4

measurements are taken, W is a 4× 4 matrix and the pseudo-inverse can be substituted

with the inverse of the matrix. From Eq. 2.26, we see that the matrix W must be invertible

to determine Sin which sets the requirement that

det(W) ̸= 0. (2.27)

This also shows that a minimum of N = 4 measurements must be performed, and the

matrix should be well conditioned to minimize the error in the measurements. This is

achieved either when the determinant is maximized, or equivalently, when the condition

number

cond(W) = ∥W∥∥W+∥ (2.28)

is minimized [20]. It has been shown through numerical optimization techniques that the

condition number is minimized to a value of
√
3 when a δ = 132◦ retarder is used, and

moved to the angles θ = [±15.1◦, ±51.7◦] [18].

It is useful to present a visual method of representing the Stokes polarimeter optimization

on the surface of a Poincaré sphere. To do so, note that the last three components of Eq.

2.25 have a unitary magnitude and thus lie on the surface of a sphere. By plotting the

three components as θ is rotated a full 180◦, the curve shown in Fig. 2.3 is produced [21].

The effect of changing the retardance δ of the compensator can now be understood as

changing the extent of the path traced by the system. Since the volume of a polyhedron is

equal to 1/6 the determinant of the matrix containing its vertices, the requirement of max-

imizing the determinant can instead be understood as maximizing the volume connecting

the measurement points. The blue tetrahedron shown in Fig. 2.3 connects the four points

on the δ = 132◦ retarder curve at θ = [±15.1◦, ±51.7◦]. The tetrahedron is the shape of

maximum volume inside a sphere with N = 4 vertices, so the δ = 132◦ configuration is

therefore optimal.

If instead a sub-optimal δ = 90◦ retarder is used, the orange path in Fig. 2.3 is traced.

The polyhedron formed by connecting any set of N = 4 points on this curve will have a

smaller volume than the tetrahedron, and would therefore have a less well conditioned W.
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This analysis can be extended to any number N [18].

Figure 2.3. Representation of a Stokes polarimeter analogous to the Poincaré sphere.
The lines are plotted by rotating the compensator over a full 180◦, while the tetrahedron
is formed by connecting the θ = [± 15.1◦, ± 51.7◦] points on the δ = 132◦ curve. Any
combination of N = 4 points on the δ = 90◦ will form a shape with a smaller volume
than the tetrahedron, showing the the determinant will be lower and the system less well
conditioned.

2.4 Mueller Matrix Polarimeter

To measure the MM of a sample, a MM polarimeter generates a known polarization state

of light that interacts with the sample, and it then analyzes the new polarization state

to determine how it changed [22]. This requires polarization state generator (PSG) and

polarization state analyzer (PSA) components, as shown in Fig. 2.4.

Figure 2.4. A general MM polarimeter contains a PSG to generate a known polarization
state and a PSA to analyze the polarization state after interacting with the sample.

The measured intensity of light after the PSA will be given by

Ik = AMsGSin, (2.29)

where A = [a1, a2, a3, a4] is the top row of the MM for the PSA, G is the MM of the PSG,

and Ik is the intensity of the kth measurement. We only multiply by the top row of the

PSA since the camera only measures the intensity of the out-coming light, given by the

first element of the Stokes vector. If we define P as the polarization state of light leaving
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the PSG (G Sin), we can write this equation as a vector product [15]

Ik =
4∑︂

i,j=1

aipjmij. (2.30)

If we unravel the MM of the sample to make a 16× 1 vector M⃗ = [m00,m01,m02,m03,

m10...m33]
T and define the measurement vector Wk as

Wk = [a1p1, a1p2, a1p3, a1p4, a2p1...a4p4]
T , (2.31)

we see that the measured intensity is just the vector dot product with the Mueller vector

of the sample

Ik = Wk · M⃗. (2.32)

After a minimum of N = 16 measurements are taken, the Mueller vector of the sample M⃗

can be solved as

M⃗ = W−1I (2.33)

where W is termed the measurement matrix with Wk as the kth row, I = (I1, I2, ...IN)
T

is the intensity vector, and W−1 is the inverse of the measurement matrix. If more than

N = 16 measurements are taken, the calculations are over-specified, and the pseudo-

inverse (W+ = (WWT )−1W) should be used instead of the inverse. This helps to further

improve the conditioning of the system.

Since we need to take the inverse of W, we have the same requirements as for the Stokes

polarimeter that the determinant cannot be 0, and that the matrix must be well condi-

tioned. This requires a minimum of N = 16 measurements, where a measurement is

defined as a single detection at a unique setup configuration, if all the elements of the

MM are to be determined.

There exists several different types of MM polarimeters depending on the parameters of

interest in the sample [22]. The various types are summarized in the following Subsec-

tions and their operating principles all depend on the previous calculations.

2.4.1 Complete and Incomplete Polarimeters

Complete polarimeters are able to measure all four terms of the Stokes vector, while

incomplete polarimeters only have access to a few terms. An example of an incomplete

polarimeter would be a rotating compensator setup using a half-wave plate, which rotates

the linear polarization of light but doesn’t affect the circular polarization state. In this

setup, only the top 3 rows of the MM could be determined regardless of the number

of measurements performed. In Chapter 4, a complete polarimeter is detailed while in

Chapter 5 an incomplete polarimeter is detailed.
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2.4.2 Spectroscopic and Imaging Polarimeters

Spectroscopic polarimeters us a spectrometer to measure the intensity of light and MM of

the sample over a broad wavelength range [17]. These devices only measure a small area

in the sample. Imaging polarimeters measure a large area of the sample and apply the

matrix calculations at every pixel of the imaging camera, but only at a single wavelength

[16].

2.4.3 Sequential and Parallel Polarimeters

Sequential polarimeters change the polarization state of the incident light by, for exam-

ple, rotating a compensator or changing a liquid crystal device, and then record intensity

measurements to build the measurement vector. The polarimeter in Chapter 4 is an ex-

ample of a sequential polarimeter. Division of aperture polarimeters conversely measure

multiple polarization states which are analyzed simultaneously, such as in [23]. The po-

larimeter in Chapter 5 is an example of a division of aperture polarimeter.

2.5 Properties of the Mueller Matrix

Since the MM described physical systems, the elements are not free to range across any

value, which was the case in Eq. 2.19. Instead, the MM must follow a general set of rules

which also allows for ample quantitative information about the sample to be extracted, as

discussed in the next sections.

2.5.1 Normalization of the Mueller matrix

For the MM to describe a real system, it must obey several conditions [22]. For example,

for any input polarization state, the output Stokes vector must obey Eq. 2.17. Another

condition is that for a passive system, the gain

g =
|Sout|
|Sin|

(2.34)

must be 0 ≤ g ≤ 1 [24]. Among other conditions [25, 26], the most important conditions

that MM must obey are [22]

• m00 ≥ |mij|, i, j ̸= 0

• m2
00 ≥

√︁
m2

01 +m2
02 +m2

03.

Therefore, it is always possible to express the MM in a normalized form by dividing by

m00, such that all elements are between −1 and 1. It should be well indicated when a

presented MM is normalized.
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2.5.2 Quantitative Analysis of the Differential Mueller Matrix

While the MM of a sample allows for a quantitative and complete understanding of how

light interacts with a sample, when measuring a sample in transmission, the values in the

measured MM depend on the interaction length l with the sample. To remove the effect

of physical properties of the sample from the measured results, consider the differential

evolution of the Stokes vector of the light S(l) which depends on the input Stokes vector

S(0) as

S(l) = MlS(0), (2.35)

where Ml is the MM of the total sample [27]. Differentiating the expression gives

dS(l)
dl

=
dMl

dl
S(0). (2.36)

Considering a differential MM m defined as

dS(l)
dl

= mS(l) = mMlS(0), (2.37)

this expression can be substituted into Eq. 2.36 to get

dMl

dz
= mMl, (2.38)

where m is the differential MM describing the intrinsic properties of the material in an

infinitesimally thin slab, while the bulk Mueller matrix Ml describes the properties of the

sample.

The solution to Eq. 2.38 is for a non-depolarizing sample is

Ml = eml = eL, L =

⎛⎜⎜⎜⎜⎜⎜⎝
A −LD −LD′ CD

−LD A CB LB′

−LD′ −CB A −LB

CD −LB′ LB A

⎞⎟⎟⎟⎟⎟⎟⎠ (2.39)

where

L = log(Ml) (2.40)

and each of the terms in L are summarized in Table 2.1. For a depolarizing sample, a

similar solution L exists although it has less symmetries [28].

Understanding the locations of each of the elements in L is best done by considering

how a sample reacts to orthogonal polarization states. This is called the anisotropy of

the sample and is given by the parameters αL for 0◦/90◦ anisotropy, αL′ for 45◦/135◦
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Table 2.1. Definition of each term in the Mueller matrix shown in Eq. 2.39.

Symbol Name Meaning

A Absorption 2πkl
λ

LD Horizontal Linear Dichroism 2π
λ
(kx − ky)l

LD’ 45◦ Linear Dichroism 2π
λ
(k45 − k135)l

LB Horizontal Linear Birefringence 2π
λ
(nx − ny)l

LB’ 45◦ Linear Birefringence 2π
λ
(n45 − n135)l

CB Circular Birefringence 2π
λ
(n− − n+)l

CD Circular Dichroism 2π
λ
(k− − k+)l

anisotropy, and αC for circular anisotropy [29]. If, for example, a sample is purely circularly

anisotropic (αC = 1, αL = αL′ = 0) with the Mueller matrix MC , an input circular

polarization state is as an eigenvector of the system and will remain on the S3 axis of the

Poincairé sphere after passing through the sample, such that

MC

⎛⎜⎜⎜⎜⎜⎜⎝
S0

0

0

S3

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝
S ′
0

0

0

S ′
3

⎞⎟⎟⎟⎟⎟⎟⎠ (2.41)

must be valid. Purely anisotropic materials will therefore have Mueller matrices of the

form

ML =

⎛⎜⎜⎜⎜⎜⎜⎝
1 m01 0 0

m01 1 0 0

0 0 m22 m23

0 0 −m23 m22

⎞⎟⎟⎟⎟⎟⎟⎠ , ML′ =

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 m02 0

0 m11 0 m13

m02 0 1 0

0 −m13 0 m11

⎞⎟⎟⎟⎟⎟⎟⎠ ,

MC =

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 m03

0 m11 m12 0

0 −m12 m11 0

m03 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,

(2.42)

where ML is the MM of a sample with αL = 1 and αL′ = αC = 0, and ML′ is the MM

of a sample with αL′ = 1 and αL = αC = 0. The locations of each element match

with a corresponding element in L (such as in ML, m01 corresponds with LD and m23

corresponds with LB) while the symmetry of the elements come from the conditions set

by the anisotropy coefficients. Although this analysis helps explain the locations of each
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property in L, defining the meaning of each term as in Table 2.1 requires further analysis

[30].

When the sample is measured in back-reflection, the same analysis can be performed,

but the sample should be left multiplied by the reflection matrix (diag([1, 1,−1,−1]))

before taking the logarithm to convert the reflecting sample into the same matrix form as in

transmission. This is often required to get the measured MM into a form where the matrix

logarithm is solvable, and performing this multiplication should be clearly indicated when

presenting the data. In back-reflection the dichroism terms instead describe diattenuation,

and the birefringence terms instead describe retardation.

2.5.3 Symmetries in Back Reflection

Measuring in back-reflection sets the condition of reciprocity. That is, the measurement

must be the same regardless of if the light comes from the source or the detector. This

condition can be expressed as

M = diag([1, 1,−1,−1])MTdiag([1, 1,−1,−1])−1, (2.43)

where T is the transpose. The reciprocal condition leads a number of symmetry require-

ments in the sample’s MM which is therefore limited to the form

MBR =

⎛⎜⎜⎜⎜⎜⎜⎝
m00 m01 m02 m03

m01 m11 m12 m13

−m02 −m12 m22 m23

m03 m13 −m23 m33

⎞⎟⎟⎟⎟⎟⎟⎠ (2.44)

with only 10 independent parameters. However, these symmetry conditions hold only

for a perfect back-scattering configurations with an incidence angle of 0◦ which is rarely

achieved in most setups. Typically, the incidence angle is ≈10◦ to 15◦ which will lead to

small deviations from this expected symmetry.

2.5.4 Depolarization

Depolarization, the change from polarized to unpolarized light after interaction with the

sample, is closely related to multiple scattering events especially in samples where the

retardance and diattenuation varies rapidly in space or wavelength. A perfect depolarizer

has the MM [22]
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Perfect Depolarizer =

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ . (2.45)

For a general system, the depolarization index (DI) quantifies how far the MM is to the

perfect depolarizer, and is defined as [31]

DI =

⌜⃓⃓⎷ 1

3m2
00

(︄
3∑︂

i,j=0

m2
ij −m2

00

)︄
, (2.46)

where DI = 0 for a sample that’s perfectly depolarizing, while DI = 1 for a non-

depolarizing sample like a mirror. Highly depolarizing samples such as tissues will there-

fore have most of the terms in their MM near 0, and are difficult to measure accurately.

For a non-depolarizing sample such as a mirror, the DOP of the light is maintained after

interaction with the sample; while for a depolarizing sample such as a tissue, the DOP

decreases.

The DI of the sample also determines a number of symmetries for the MM. For a non-

depolarizing sample with DI = 1, the MM must satisfy [32]

3∑︂
i,j=0

m3
ij = 4m2

00, (2.47)

which allows for 7 independent parameters (6 when normalized). For a depolarizing sam-

ple, the general MM with 16 independant paramters (15 when normalized) in Eq. 2.19

must instead be used.

2.5.5 Rotation of a Sample

When a sample is rotated, the measured MM of the sample Ms is left and right multiplied

by the rotation matrix R(θ) and becomes MRotated. The required calculations depend on

whether the setup is in a transmission or a reflection configuration, and a summary of the

required calculations can be seen in Table 2.2.

The value of m12 element in the rotated sample is also shown in the table as m12 Rotated

since this element has a particularly strong rotational dependence. It is also important to

note that for linearly anisotropic samples, m12 = 0. The value of m12 Rotated will there-

fore depend directly on sin(4θ), and will vary rapidly. For a sample that has undergoes

a full 360◦ rotation, such as rotating a polarizer, the value of m12 Rotated will fluctuate be-
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tween ±1 four times. This effect is commonly visible in MM data acquired of continuously

rotating samples [33–35].

Table 2.2. Effect of rotating the sample in reflection and transmission configurations.

Configuration MRotated = m12 Rotated =

Reflection R(θ)MsR(θ) m12cos(4θ) + m11sin(4θ)
2

+ m22sin(4θ)
2

Transmission R(−θ)MsR(θ) m12cos(4θ) + m11sin(4θ)
2

− m22sin(4θ)
2
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3. ELLIPTICAL STOKES POLARIMETER

This chapter presents an overview of the design and theoretical implementation of an

elliptical retarder particularly well suited for polarimetric imaging applications. The chapter

presents the fundamental working principles of the device, and how it can be implemented

in a real system. The work is based on [36].

3.1 Background

As stated in Subchapter 2.3, a Stokes polarimeter is optimized when the determinant of

the measurement matrix W is maximized, or equivalently when cond(W) is minimized.

Through numerical optimization techniques, previous studies have found the minimum

condition number for N = 4 measurements to be
√
3 when δ = 132◦ and θ = [±15.7◦,

±51.7◦] [21]. When viewing the Poincaré representation in Fig. 2.3, it becomes clear

that the retardance of the compensator is an important property for system performance,

and any deviation from the 132◦ value will reduce the setup conditioning and increase the

variance or noise between measurements.

This causes challenges when trying to build a polarimeter since compensators with a

retardance of 132◦ can rarely be purchased. One solution is to manufacture a custom

Fresnel Rhomb, but these devices are expensive, and custom parts require long lead

times [17]. Moreover, a Fresnel Rhomb is not ideal for an imaging polarimeter since it

has a small aperture of a few mm and limits the imaging FOV of the device. Ideally, a

large film compensator should be used to maximize the FOV of the device since it has

no aperture size limit (film sizes of 60 cm × 50 cm are commercially available) and is

very inexpensive, with 1 inch films costing less than $5. However, film compensators are

typically only sold with 90◦ or 180◦ retardances and only operate over narrow wavelength

ranges.

This chapter details the design of a novel Stokes polarimeter using two retarders with

a constant angle offset between them that achieves equivalent performance to a tradi-

tionally optimal setup with a single 132◦ retarder. Although previous studies have an-

alyzed using multiple retarders, the two compensators have never been connected and

have always required two motors to implement [10, 37]. Our design makes it possible

for polarimeters using very inexpensive off-the-shelf components to achieve optimal con-

ditioning, and allows for polarimetic measurements at over ±100 nm from the design

wavelength of the retarder.
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3.2 Design

The design of our elliptical Stokes polarimeter can be seen in Fig. 3.1, where a second

retarder is placed at an angle ϕ relative to the first when compared to the standard setup

in Fig. 2.2. This angle remains fixed, and the two retarders are rotated together by an

angle θ when measurements are taken.

Figure 3.1. Schematic of a polarimeter using an elliptical retarder composed of two linear
retarders.

The setup can be described using Stokes-Mueller calculus as

Sout = P1R(θ)MLRR(ϕ)MLRR(−ϕ)R(−θ)Sin. (3.1)

When ϕ is not a multiple of 90◦, the two compensators together form an elliptical retarder

ME = MLRR(−ϕ)MLRR(ϕ), (3.2)

where ME is the Mueller matrix of the elliptical retarder. It has been shown that any

unitary element can be written as a linear retarder followed by a circular retarder [38], so

we rewrite ME as

ME = M′
LRMCR, (3.3)

where MCR is the Mueller matrix of the circular retarder, and M′
LR is a new linear retarder

effectively formed by the system.

Since the Mueller matrix of a circular retarder has the same form as a rotation matrix, we

make the substitution

MCR = R(ρ), (3.4)

where ρ is termed the optical rotation, and is given by

ρ =
1

2
arctan

mE12 −mE21

mE11 +mE22

. (3.5)
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This allows us to write the total system in Eq. 3.1 as

Sout = P1R(θ)M′
LRR(−θ)R(ρ)Sin, (3.6)

which is the same as for a traditional Stokes polarimeter with only a single compensator in

Eq. 2.22, but with a rotation matrix added. However, two unknowns still exist in the setup:

the angle ϕ required to achieve an optimal linear retardance, and the azimuth angle of the

linear retarder M′
LR. In the next Subchapter, we discuss both optimizing for ϕ using an

optimization algorithm and through an analytical expression, and finding an offset angle

∆ required to correct the azimuth angle.

3.3 Optimization

To find the optimal settings for the setup, the combination of measurement angles θ and

offset ϕ that leads to the best conditioned system must be found. These parameters

must be varied freely since there’s no guarantee that the previously optimal angles will

work with our system. The entire parameter space for every possible configuration must

therefore be searched, and the optimal configuration selected.

A Stokes polarimeter requires at least N = 4 measurements, each consisting of inde-

pendent angles to move the compensator between 0◦ and 180◦. With the addition of phi,

which is free to range from 0◦ to 90◦, if this measurement space of all possible configura-

tions of the setup is searched by a brute force algorithm, a total of 1804 × 90 calculations

would need to be performed to get an accuracy of only 1◦ to the ideal settings. This large

sample space makes brute force searching impossible and necessitates more advanced

optimization algorithms to achieve a well conditioned system.

Therefore, a differential evolution (DE) optimization algorithm was implemented [39]. In

this technique, a minimum of four trial vectors are solved randomly in the solution space

of the optimization function F . For optimizing a Stokes polarimeter, the most obvious

goal is to minimize F = cond(W) from Eq. 2.28. The random vector that achieves the

minimum value of the condition function is then mutated using two other vectors as

x′ = xbest + mutation × [xa + xb], (3.7)

where xbest is the current vector in the population that achieves the minimum value of F ,

xa and xb are two randomly selected vectors within the population other than xbest, and

mutation is a value ∈ [0, 2] that dictates how strongly the mutation is added to xbest.

The new mutant vector is then constructed by randomly generating a number ∈ (0, 1]

and comparing it to a recombination constant for each dimension of the trial vector. If

the random number is less than the constant, then the trial vectors value at index i takes

the value from x′, otherwise it takes the value from xbest. If the mutated vector has
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better conditioning than xbest, it is added to the population and becomes the new xbest.

Otherwise, it is discarded and a new mutant vector is trialed, making this search algorithm

a "greedy" technique.

This optimization algorithm was implemented in Python and was capable of finding the

set of four angles θ that get the condition number down to 1.75 for a 132◦ retarder, close

to the optimal value of
√
3.

3.3.1 Optimizing Offset Angle

The first attempt at optimizing the setup used the DE algorithm to find the offset angle

ϕ required between the two retarders. The full matrix multiplication in Eq. 3.1 was per-

formed with θ and ϕ as free variables in the DE optimization. The top row of the resulting

matrix at each angle θ was used to construct the measurement matrix W, and cond(W)

was minimized. This optimization was performed at retardance values δ ranging from 66◦

to 114◦, and the angles ϕ that achieve a minimum condition number are plotted in Fig.

3.2. At all these values, the condition number was optimized to ≈
√
3 achieving optimal

performance.

Figure 3.2. Plot of required ϕ using both the DE optimization method, and the analytical
expression.

An analytical expression for the required angles was later found by performing the multi-

plication of Eq. 3.1 and solving for the linear retardance of M′
LR, LR′, as

cosLR′ = 0.25
(︁
3 + cos(2LR) + T − 2 cos(2ϕ) sin2(LR)

)︁
− 1, (3.8)

where T =
√︁

(cos(2ϕ)− 2 cos2(ϕ) cos(2LR)− 3)2 and LR is the linear retardance of

MLR. The results of the analytical calculations are also shown on Fig. 3.2, matching the

results found through the DE optimization.

The required angle between the two retarders peaks at ϕ = 24◦ when the retardance is
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90◦, and decreases to ϕ = 0◦ at retardances of 66◦ and 114◦. When two 66◦ retarders

are placed in parallel, the retardances combine to form a single optimal 132◦ retarder,

while two 114◦ retarders in parallel form a 228◦ retarder which is also equivalent to a

132◦ retarder in these systems.

The analytical solution for ϕ can also be extended to larger retardances, as shown in

Fig. 3.3. This may be applicable if a setup uses two half-wave plates and a wavelength

far below the design wavelength. This increases the retardance of the wave plates to

potentially above 250◦, allowing the setup to be used. However, it also shows that no

orientation of two retarders with retardances of 180◦ will work.

Figure 3.3. Extension of the analytical solution for required ϕ over a broader range of
retardances.

3.3.2 Optimizing Measurement Angles

Although the optimal ϕ gives the elliptical retarder a linear retardance of 132◦, the azimuth

position of the new retarder is unknown. To compensate for this, the commanded angles

of the compensator must be adjusted to θ = [±15.7◦, ±51.7◦] −∆ where ∆ is the angular

offset of the retarder M′
LR.

In Fig. 3.4, the accessible Stokes vectors by a system using a single 132◦ retarder (left),

and an elliptical retarder (right) are shown. The red dot on both curves is the polarization

state when θ = 0◦. With a single retarder, the point is at the intersection of the curve,

while with the elliptical retarder, the point moves up. The offset ∆ can be interpreted as

the angular distance along the curve required to "pull" the red point (and subsequently all

other points on the curve) for the elliptical retarder back to the same position as for the

single linear retarder. Once this is done, the same four points that form the tetrahedron on

the 132◦ retarder curve will also form an equivalent shape on the elliptical retarder curve.

The required angle offset ∆ was therefore found by using the DE algorithm to find the

point on the plot that had S3 = 0, while limiting ∆ ∈ [0◦, 90◦]. The results of this

optimization can be seen in Fig. 3.5.
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Figure 3.4. Comparison of the accessible polarization states for a single 132◦ retarder
(left) and an elliptical retarder (right). The red dot indicates the polarization state formed
by setting θ = 0. The offset angle ∆ can be interpreted as the distance along the curve
the red dot needs to move to reach the origin point.

An analytical solution for ∆ can also be found by taking the ratio of the projections of the

linear birefringence and the 45◦ linear birefringence of the M′
LR matrix according to Eq.

2.39, as

∆ =
1

2
arctan

M ′
LR13 −M ′

LR31

M ′
LR32 −M ′

LR23

. (3.9)

Figure 3.5. Required offset angle ∆ for the elliptical retarder setup.

3.4 Performance of Elliptical Retarder

The analysis in the previous Subchapters sets a protocol for how to design an elliptical

retarder setup. Based on the linear retardance of the single compensators, the retarders

are set at a relative angle ϕ to each other, and a constant offset ∆ is applied to the

commanded angles. For example, if a quarter-wave plate (QWP) is used with δ = 90◦,
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the relative offset angle ϕ = 24◦, and the angular offset ∆ = 45◦, setting the commanded

angles to θ =[±15.7◦,±51.7◦] −45◦ = [6.7◦, −29.9◦, −60.1◦, −96.7◦].

A polarimeter using this elliptical retarder design achieves the minimum condition num-

ber of
√
3, and it also performs optimally using other performance metrics. The equally

weighted variance (EWV) is a common metric to measure the variance of the Stokes vec-

tor between measurements and is found by taking the trace of the matrix (WTW)−1 [20].

Both the elliptical retarder design and a single 132◦ wave plate have an optimal EWV of

2.5.

The simulated effect of optimizing the retardance for the system can be seen in Fig. 3.6.

In (a), a test image was divided into four polarization states, which creates the intensity

images in (b) when measured with a perfect polarimeter with a compensator at an angle θ.

Upon multiplying the images in (b) by W+, the polarization states are recovered perfectly

in (c) when no noise is added to the system.

Figure 3.6. (a) A test image is divided into four polarization states. (b) Measured intensity
images by a polarimeter with a retarder placed at angle θ. (c) Recovered intensity images
after multiplying by W+ with no noise added. (d) Recovered images when noise is added
using different linear retarders. Image adapted from [36].

In (d), Gaussian noise was added to the simulated intensity images in (b) before multi-

plying by W+. The recovered images now have noise levels depending on the retarder

used. A single 30◦ retarder has too much noise to recover the image, while a 90◦ retarder

performs slightly better, since it has a higher condition number. Both the single 132◦ re-

tarder and elliptical retarders perform equally well and minimize the noise in the acquired

images.



24

All combinations of various retarders that satisfy the conditions on ϕ and ∆ also achieve

an EWV of 2.5 and cond(W) =
√
3. This shows that the elliptical retarders perform well

over a broad wavelength range since changing the wavelength changes the retardance,

which can be easily adjusted for by changing ϕ and ∆ accordingly. Implementing an ellip-

tical retarder will therefore generally reduce noise in the acquired data. This is especially

helpful in samples with low reflection or transmission coefficients, or samples with high

depolarization leading to MM elements being close to 0.

3.5 Discussion

We have shown the equivalency of our elliptical retarder design to a single retarder with

optimal retardance of 132◦. This novel design allows for polarimeters to use very readily

available off-the-shelf QWPs with only minimal additional equipment and still perform as

well conditioned systems.

Since the preceding analysis works for any retardance from 66◦ to 114◦, the elliptical

retarder also works at wavelengths outside of the design wavelength of the retarder. For

example, for a Thorlabs WPQ10E-633nm polymer zero-order QWP, the retardance is

around 70◦ at 750 nm, and 110◦ at 500 nm, changing linearly at all values in between.

Any of these wavelengths over a range of ±100 nm could therefore be used by a setup

utilizing an elliptical retarder by just adjusting ϕ and ∆ accordingly. This allows for a device

to take spectroscopic measurements of the MM of a sample without changing retarders.

The elliptical retarder design is particularly well suited for imaging applications, since poly-

mer film compensators can be made arbitrarily large, and have very uniform properties

across the device. Although the analysis was only performed for N = 4 measurements,

the results extend to any number N , which would allow for further improvements to the

conditioning of the setup by over-specifying the calculations.

In the next Chapters, the elliptical retarder design is implemented in two real systems, and

the performance is analyzed compared to using single retarders. Two main advantages

of the elliptical retarder design become clear:

• The motors are the most expensive components of rotating polarimeter setups,

other than the cameras, and coupling the two retarders to a single motor greatly

reduces the cost of the devices compared to designs with multiple free retarders.

• Finding optimal angles for devices more complicated than Stokes polarimeters is

extremely computationally intensive. Requiring only a single offset ∆ simplifies the

optimization process.

However, the elliptical retarder design is generally limited to rotating compensator po-

larimeters, and my not be applicable to more advanced setups using, for example, liquid

crystals that help maximize the temporal resolution of measurements.
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4. MUELLER MATRIX IMAGING POLARIMETER IN BACK

REFLECTION

This chapter describes the design and analysis of a MM polarimeter in a back-reflection

configuration which implements the elliptical retarder for the first time. The device was

fully realized during this thesis, including the design and programming the setup. Several

results are presented, including an in-depth analysis of the MM of a human skin tissue

sample.

4.1 Background

MM polarimeters in back-reflection have found use in various fields from materials science

to biology [5, 40–42] and are becoming very capable medical diagnostic tools, particularly

in detecting cancerous growths that are typically a few cm in size. Novikova et. al. were

able to use a MM polarimeter to detect colon cancers, although their analysis was limited

to studying the depolarization of the tissue [5]. They found that cancerous growth disturbs

the ordered structure of collagen fibrils on the tissue which reduces its diattenuation and

depolarization. Dong et. al. were able to further improve on this analysis by using a more

quantitative approach by directly measuring the diattenuation and retardance of the tissue

[6].

The optical properties of tissues that allow for the MM to detect cancers come from aligned

collagen fibers on the surface that scatter light and lead to diattenuation and depolariza-

tion [43]. The diattenuation can be measured through analyzing the logarithm of the mea-

sured MM, L from Eq. 2.39, while the depolarization is found using the DI and comparing

the magnitudes of the individual MM elements. When cancer is present, the uncontrolled

growth disturbs the regular arrangement of these fibers, and leads to a decrease in the

depolarization and anisotropic properties of the tissues.

The results in previous literature showcase the potential of MM polarimeters in biomedical

imaging, but also highlight some requirements of a potential system:

• The FOV should be on the order of a few cm to properly image the cancerous

region.

• Since the tissue is highly depolarizing, the MM elements are close to 0. The setup

must be sensitive enough to measure these elements with very little deviation be-

tween measurements.

These requirements fit well with the advantages of the elliptical retarder; the film compen-

sators allow for a wide imaging FOV, and the optimal retardance reduces the standard
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deviation of measurements enough to confidently determine the values of MM elements

even when their values are very close to 0. This chapter therefore seeks to build a setup

capable of meeting these design requirements to measure cancer samples through the

implementation of the elliptical retarder for the first time in a real setup.

4.2 Operating Principle

A MM polarimeter extends the concept used in a Stokes polarimeter to measuring the

MM of a sample. A common design for a MM polarimeter is just two rotating compensator

Stokes polarimeters, one on either side of the sample, with one being the PSG and the

other being the PSA, as seen in Fig. 4.1. This allows a known polarization state to interact

with the sample, and the new polarization state after the interaction to be measured. After

several measurements, the MM can be determined. One of the greatest advantages of

this design is that the static polarizers allow any light source to be used, including simple

and inexpensive light emitting diode (LED) sources, since the polarizers set a constant po-

larization state of the light. If the polarizers were also rotated with the compensators, this

may cause unwanted fluctuations in the light intensity if the light source were elliptically

polarized. Other advantages include: the low costs of compensators and motors com-

pared to other polarimeter designs using liquid crystals or other more advanced optical

equipment, the large imaging FOV achievable with large compensator sizes, the compact

mechanical components, and the simple analysis of the results.

Figure 4.1. Common dual-rotating compensator MM polarimeter design, with PSA and
PSG components.

The analysis performed for a Stokes polarimeter is extended to a MM polarimeter by again

taking advantage of Stokes-Mueller calculus

Sout = P1R(θ1)MLR1R(−θ1)MsR(−θ0)MLR0R(θ0)P0Sin, (4.1)

where Ms is the MM of the sample.
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Since the camera only measures the intensity of the output light Sout, only the top row of

the multiplication is considered. The MM elements of the sample can be factored out of

the multiplication, and the problem is reduced to the vector multiplication

Ik =
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= WT
k · M⃗, (4.2)

where Wk is termed the measurement vector and is the kth row of the measurement

matrix W, M⃗ is a 16× 1 element vector containing all the MM elements of the sample, Ik

is the kth measurement by the detector, and Cx = cos(x) and Sx = sin(x). We see that

Eq. 4.2 takes the same form as Eq. 2.32, allowing us to solve for M⃗ by multiplying both

sides by W after taking N measurements, which gives

WI = WWT M⃗, (4.3)

where I = (I1, I2, ...IN)
T is the intensity vector of all measurements. Solving for M⃗ gives

M⃗ = (WWT )−1WI = W+I. (4.4)

The problem of measuring the MM of a sample is therefore similar to measuring the

Stokes vector and requires finding the pseudo-inverse of the measurement matrix W. This

sets the two conditions that a minimum of N = 16 measurements must be performed,
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and that the matrix must be well conditioned to reduce noise in the setup. Note that a

measurement is defined as a single detection at a unique setup configuration, not as a

determination of the sample’s MM. Measurements can be improved either by optimizing

the measurement such as by varying δ, or by taking N > 16 measurements to over

specify the calculations. Since a MM polarimeter is simply two Stokes polarimeters, the

optimal condition number of the setup is 3, the square of the
√
3 limit for a single Stokes

polarimeter.

4.3 Setup Description

Our bio-imaging MM microscope combines the elliptical retarder design detailed in Chap-

ter 3 with the dual rotating compensator design discussed in Subchapter 4.2, making a

dual rotating elliptical compensator polarimeter. The final setup can be seen in Figure

4.2, and an overview of the LabVIEW program made to control the setup can be seen in

Appendix A.1.

Figure 4.2. The final setup (left) showing the upright configuration of the microscope
with the sample mounted on the bottom. The stage allows the angle of the sample to be
adjusted for either specular or diffuse reflection measurements. A cropped portion (right)
showing the PSA and PSG for generating and analysing the polarization states of light.

The PSG light source is an LED flashlight available at either 550 nm or 850 nm near-IR

wavelengths, which is mounted on a post allowing it to be easily swapped between ex-
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periments. The light source is followed by a linearly polarizing film (Edmund optics linear

polarizing film) which is fixed to a rotation mount (Thorlabs CRM1LT). The elliptical re-

tarder is made by placing one QWP (Edmund Optics QWP film compensator) on a static

mount, and putting the second on a rotation mount (Thorlabs CRM1LT) connected using

cage rods to the first. This allows the user to rotate the second retarder freely, and fix

the relative angle ϕ between them. To rotate the compensator couple, a high precision

piezoelectric motor (Elliptec ELL14) with 873 µrad positional accuracy is used. The po-

larization state analyzer uses the same components in reverse, but the film polarizer is

connected to a fixed mount, and a camera (FLIR Grasshopper 3, 2448 × 2048 resolution,

45 frames per second) is used to record the intensity images.

When the 550 nm source is being used, the retarders operate at their designed wave-

lengths and have a retardance of 90◦ so ϕ = 24◦ and ∆ = 45◦. At 850 nm, the retar-

dance is reduced to δ = 62◦, which is outside the range of the elliptical retarder design

based on Fig. 3.2 which has a minimum of δ = 66◦. The compensators are placed at

ϕ = 0◦ to create a linear retarder with δ = 124◦ which is close to optimal. With these

settings, the device has a theoretical minimal condition number of 3 at 550 nm, and ≈3.6

at 850 nm.

To help in calibrating the setup, we placed our polarizers in an orthogonal configuration,

which is different from the parallel configuration in the design first proposed by Azzam

[15]. This helps with alignment since the polarizers can be rotated until the light trans-

mitted is minimized, which is easier to measure than maximizing the light for the parallel

configuration. Also, film components are used throughout the setup since films can have

large apertures allowing for a wide FOV, and have good uniformity across the aperture of

the device.

The total horizontal FOV of the setup is 6cm, as shown in Fig. 4.3 by imaging a grid

pattern. The resolution of the setup is also shown by zooming into a 1 cm grid and

showing that the setup is capable of resolving the 1 mm increments. Although the setup

is capable of recording 6 cm×5 cm images, it is very computationally demanding to do

16× 16 matrix multiplication calculations ∼ 1.5E6 times across every pixel in the camera

sensor. Therefore, the results in this thesis have a smaller FOV by cropping the full

camera sensor to allow for faster acquisition.
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Figure 4.3. Imaged 1cm grid pattern showing 6 cm FOV of setup.

4.4 Optimizing Temporal Resolution

As explained in Subchapter 3.3, for a MM polarimeter intended for measuring static sam-

ples, seeking to minimize cond(W) is ideal to maximize the noise tolerance. However, for

biological samples the temporal resolution of the measurements is also critical. There-

fore, the optimization function was modified to also consider the angular distance travelled

by the setup between measurements as

F = (1− weight)× cond(W) + weight × DistanceTravelled, (4.5)

where weight ∈ [0, 1] determines how much the temporal resolution should be consid-

ered, and DistanceTravelled is

DistanceTravelled =
n∑︂
2

MAX(|θ(PSA, n)− θ(PSA, n− 1)|,
|θ(PSG, n)− θ(PSG, n− 1)|),

(4.6)

which can be understood as the total angular distance that the setup will need to travel to

take the measurements. Since the PSA and the PSG move independently, we consider

only the one that travels the furthest distance between two measurements n and n − 1

using the MAX function, since this is the rate determining step.

The value of weight must be chosen carefully. If the distance travelled is over optimized

with a large weight, then the final measurements will be poorly conditioned, while if

weight is small, the results will be the same as for a normal optimization. Therefore, the

value of weight was also included in the optimization scheme to maximize its value while

allowing cond(W) to increase to a maximum desired value, as described in Appendix A.2.

The final results of this optimization method can be seen in Fig. 4.4. For these results, the

tolerance was set to a maximum condition number of 1.07× cond(W)weight=0, and it can
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be seen that the condition values never increase above 107 % of their calculated values

when weight = 0, which were typically ≈3.2, close to the theoretical optimal value of 3.

However, the total distance travelled is decreased by an average of almost 50%, greatly

increasing the achievable temporal resolution of the setup.

Figure 4.4. Results of optimizing the angular distance travelled to improve temporal
resolution of the setup. The condition values increased slightly from their calculated
weight = 0 values, while the total distance travelled decreased by an average of 52 %.

To get the results in Fig. 4.4, only 7000 iterations of the differential evolution function were

performed for N = 16 measurements, decreasing linearly to 200 iterations for N = 100

since W+ takes longer to compute. Even with limiting the number of iterations, it took

a few days to perform the optimization on an AMD Ryzen 3950X utilizing all 16 cores,

so computation time is still an important consideration even when using the differential

evolution optimization method, although the calculation only needs to be performed once

for the system for each number N . Since the temporal resolution is such an important

parameter for a MM polarimeter for biomedical applications, the system will likely only

ever use N = 16 measurements. A more accurate optimization with 80000 iterations was

performed for only N = 16, using a large mutation value of 1.5 and a small recombination

value of 0.35, which improves the accuracy of convergence at the cost of computation

time. The final system has a condition number of 3.3, with a 58 % reduction in distance

travelled, with a total measurement time to determine the MM of ≈16 s.

4.5 Calibration

Calibrating the setup follows a standard procedure set for dual rotating compensator

systems, with only slight modifications because of the back-reflection configuration [17].

When the sample measured is a mirror with a MM of diag([1, 1,−1,−1]), Eq. 4.2 shows
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that the intensity measured is

Ik = 1− (C2
2θ0

+Cδ0S
2
2θ0

)(C2
2θ1

+ Cδ1S
2
2θ1

)+

[C2θ0S2θ0(1− Cδ0)][C2θ1S2θ1(1− Cδ1)]− Sδ0S2θ0Sδ1S2θ1 .
(4.7)

After taking multiple measurements and building the intensity vector I and measurement

matrix W, Eq. 4.4 should recover the MM of the mirror. However, the measured in-

tensities depend on the actual positions and retardances of the components, while the

measurement matrix depends on the commanded positions and expected retardances of

the components which may not be equal to the actual values. This discrepancy will lead

to the MM of the mirror not being properly recovered.

If we consider primed values (δ′0, δ
′
1, θ

′
0, θ

′
1) to be the actual physical values, the uncali-

brated values are
δ0 = δ′0 +∆δ0 , δ1 = δ′1 +∆δ′1

,

θ0 = θ′0 +∆θ0 , θ1 = θ′1 +∆θ′1
,

(4.8)

where ∆x is a small value representing the error in the measurement x. The goal of

calibration is to determine the values of ∆x such that both sides of all the relations in Eq.

4.8 are equal. Note that in our system, while there is an additional ϕ parameter that must

be calibrated, the effect of a ϕ misalignment is to change δ and θ by some value, so the

error propagation can be analyzed in the same way.

On standard dual rotating compensator polarimeter systems, the calibration can be per-

formed manually by adjusting the ∆x values over a small range and noticing that some

elements of the measured MM depend strongly on certain errors (m01 ∝ ∆δ1 , m10 ∝ ∆δ0 ,

m02 ∝ ∆θ1 , m20 ∝ ∆θ0). However, with the addition of ϕ in the calibration procedure, the

search space becomes too large to perform manually.

A DE optimization process was implemented with goal of minimizing the mean square dif-

ference between the measured MM and the MM of a mirror. To speed up the calculations,

all the pixels of the measured MM are averaged and only a single 16×16 matrix multiplica-

tion is calculated in each iteration of the optimization function. The search space is limited

to within 5◦ of the expected values for all parameters to prevent runaway optimization and

nonphysical results.

To further improve the optimization, optimized MM elements that are within 0.01 of their

expected values are no longer considered when calculating the mean square difference.

This helps in getting all values across the MM to acceptable values and prevents the algo-

rithm from holding a certain element near the expected value at the expense of optimizing
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the rest of the matrix. An example measurement of a MM of a mirror after calibration is

Mmirror =

⎛⎜⎜⎜⎜⎜⎜⎝
1 −0.023 −0.004 0.006

0.008 0.99 −0.008 0.01

0.008 −0.01 0.99 −0.006

0.006 −0.006 −0.006 0.97

⎞⎟⎟⎟⎟⎟⎟⎠ . (4.9)

4.6 Results

Several samples were measured with the system, demonstrating the ability to character-

ize tissues, specular reflections, and rotation of a sample.

4.6.1 Characterization of Human Skin

The first results obtained with the setup are an example of in vivo measurements taken of

the back of a hand, as shown in Fig. 4.5. Measurements were taken both at 550 nm and

850 nm near-IR light to show the differences in how these wavelengths interact with the

skin, and to demonstrate the ability of the setup to work over such a broad wavelength

range because of the elliptical retarders. The vein in Fig. 4.5 can be seen in the 850 nm

image, but not in the 550 nm image, since the 850 nm light is inside the therapeutic

window where absorption is minimized in tissue and therefore has a larger penetration

depth through the surface of the skin. This leads to more scattering events and more

depolarization of the detected light.

Figure 4.5. Imaged region on the back of the hand to demonstrate in vivo measurement
capabilities of the setup. Greyscale images were made by averaging the N = 16 intensity
images at different compensator angles, and are at approximately the same location.

The normalized MMs at both wavelengths are shown in Fig. 4.6, with the off-diagonal
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elements scaled by a factor of 5 to make them more visible. The symmetry conditions set

by Eq. 4.9 are mostly seen in the measurements, although the measurement angle was

relatively large at 15◦ and the off-diagonal values are very small, leading to the symmetry

conditions not being strictly satisfied at all points.

Figure 4.6. Measured MM of hand after normalization at 550 nm and 850 nm. Off-
diagonal elements are multiplied by 5 to increase their visibility.

The first observation we can make directly is that the skin is highly depolarizing, since all

the elements after normalization are close to 0. To quantify this, we calculate the DI from

Eq. 2.46 for both 550 nm and 850 nm measurements, which can be seen in Fig. 4.7.

The skin is very highly depolarizing with DI ≈ 0 and experiences more depolarization at
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850 nm since the light penetrates deeper and more scattering events occur. The presence

of the vein underneath the skin increases the DI, since it interacts with the light at a

shallower depth and is highly absorbing, reducing the number of scattering events, and

reducing the depolarization caused by the tissue.

Figure 4.7. Depolarization index of the hand at (left) 550 nm and (right) 850 nm. The
measured region is the same as in Fig. 4.5. The skin depolarizes 850 nm light more due
to more scattering events.

We can further perform quantitative analysis on the data by taking the logarithm of the MM

after left multiplying by the reflection matrix, as explained in Subchapter 2.2. This gives

a matrix of the form L in Eq. 2.39 which describes the intrinsic properties of the sample.

The direction of the linear retardance can be found by taking the arctangent between the

terms in Eq. 2.39 representing linear horizontal/vertical and the linear 45◦/135◦ terms as

azimuth angle =
1

2
arctan

L13 − L31

L32 − L23

, (4.10)

The azimuth angle of the linear retardance for skin at 550 nm is shown in Fig. 4.8 in

two different orientations of the hand. Initially the bulk of the hand has a green colour

at ≈ −20◦, while after rotating 90◦, the colour switches to purple at ≈70◦, matching the

rotation of the hand. The directional properties on the skin is caused by collagen fibers

along the surface. When cancer cells grow, they push the collagen fibers aside which

breaks the order of the fibers within the tissue [5]. In our measurements, this would lead to

a region with rapidly varying orientations in Fig. 4.8, and a decrease in the depolarization

of the tissue leading to an increase in the value of DI in Fig. 4.7. The demonstration

that our setup is sensitive enough to measure the well ordered structure of the collagen

fibers also demonstrates that it would be able to measure a break in the order caused by

cancerous growths, and matches the performance of previous setups in literature.
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Figure 4.8. Azimuth angles of the skin at 550 nm, calculated by taking the arctangent
of the linear retardance terms in the logarithm of the MM. After the hand is rotated, the
direction of linear retardance also changes colour by π

2
along the scale.

The final analysis performed on the measured data is to compare the magnitudes of the

linear diattenuation and linear retardance, shown in Fig. 4.9. The linear diattenuation

image has more roughness and details of the skin’s surface, indicating diattenuation is

mainly caused by surface reflections. Since linear retardation requires propagation into

the tissue and interaction with elastin and collagen fibers, the surface details of the skin

are not visible [4].

Figure 4.9. Comparison of the linear diattenuation (left) and linear retardance (right) of
the skin at 550 nm. Linear diattenuation is a surface effect, and therefore the roughness
of the skin is clearly visible. Linear retardance effects require propagation through the
sample, and therefore lose the surface details.
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4.6.2 Specular Reflection

The setup is also capable of measuring specular reflection off a shell of a Cetonia aurata

beetle (Fig. 4.10), which is native to the Catalonia region of Spain, and acts as a narrow-

band left-hand circular polarizer [44]. The following results are a good demonstration of

the setup working over a wavelength range of 300 nm since the properties of the beetle

change drastically between visible and near-IR wavelengths.

Figure 4.10. Grey scale image of beetle taken by setup. The image was made by aver-
aging the N = 16 intensity measurements taken by the setup.

The measured Mueller matrices of the beetle for 550 nm green light and 850 nm near-

IR light are shown in Fig. 4.11. At 550 nm, the elements m03 = m30 ≈ −1, while at

850 nm, m03 = m30 ≈ 0 and the shell is a mirror with the MM diag([1, 1,−1,−1]). The

background underneath the beetle is an anti-reflection cloth, and the edges of the beetle

reflect light away from the PSA making the outline of the beetle have nonphysical results,

since the intensity images are always dark regardless of the input light polarization state.

We can demonstrate that the beetle is a left-hand circular polarizer by simulating the in-

teraction of the sample with polarized light. Fig. 4.12 shows the top element from the

vector formed by the multiplication of the MM of the beetle at 550 nm with an input Stokes

vector of either left- or right-handed circular polarized light. The beetle appears bright

when left-handed polarized light is reflected, while it attenuates right-handed polarized

light. These images can be interpreted as what the beetle would look like if it were illumi-

nated by circularly polarized light.
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Figure 4.11. Normalized MM of the Beetle using 550 nm (top) and 850 nm (bottom) light.
The shell is a circular polarizer in visible wavelengths but not in near-IR, as seen in the
elements m03 = m30 ≈ −1 in the 550 nm results.
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Figure 4.12. Interaction of beetle with (left) left hand circular polarized light and (right)
right hand circular polarized light. The beetle appears brighter in the left image since its
shell acts as a left hand circular polarizer in visible wavelengths.

4.6.3 Rotation of Linearly Anisotropic Sample

The sensitivity of our setup is further demonstrated by rotating a sample. The mea-

sured m12Rotated element of a rotated sample is given in Table 2.1 for reflection, and is

seen to be highly dependant on θ. In Fig. 4.13, we held three individual strands of hair

taut between two clamps over an anti-reflection cloth surface and present the normalized

m12Rotated element at three different orientations while rotating the entire base, including

the background cloth. Due to the stretched fibers in the cortex of hair, the hair is linearly

anisotropic, and m12 0◦ = 0 [45]. The measured values should therefore depend directly

on sin(4θ), with a value of 0 at 0◦, and a maximum at 22.5◦.

In the first image in Fig. 4.13 at θ = 0◦, the horizontal strand of hair (2) in the middle

has a value close to 0 and appears white. The two strands (1 and 3) that bend are also

seen to turn red when orientated at +θ and blue when orientated at −θ, even for small

deviations. When the hair is placed at θ = 22.5◦, all hair strands appear red, and reach

the maximum value of ≈0.3. Finally, at θ = 45◦, the values are expected to flip from the

0◦ measurement since 4× 45◦ = 180◦. This can be seen by comparing the red and blue

regions of the hair in the θ = 0◦ and θ = 45◦ results, where the signs of the two bent hair

strands (1 and 3) flip.

These results confirm the linearly anisotropic properties of single strands of hair, and

can be replicated at 850 nm by our setup. This demonstrates both the accuracy of the

measurements taken with our setup, and that the setup has enough spatial resolution to

resolve single strands of hair.
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Figure 4.13. Normalized m12 element of hair strands being rotated. Due to the sin(4θ)
dependence, the signal is maximized when θ = 22.5◦, and θ0◦ = −θ45◦ .

4.6.4 Standard Deviation

The discussion in Chapter 3 was to create an optimal retarder with δ = 132◦ to minimize

the condition number of the measurement matrix W. This is an important parameter in

polarimetry, since a better conditioned system is more noise tolerant and has smaller de-

viations between multiple MM determinations. The benefit of using the elliptical retarder is

therefore best demonstrated by comparing the standard deviation (STD) between multiple

measurements of the MM of the same sample.

In Fig. 4.14, the STD for every MM element after 10 complete measurements are shown

using (left) an elliptical retarder with δ = 132◦ and (right) a single QWP retarder. It is

seen that while the single QWP retarder performs well for some elements, in particular at

the corners of the MM, the measurement acquired with the elliptical retarder is generally

better with all elements achieving a STD < 0.01 between repeated measurements, which

is lower than comparable systems in literature [40], and could be improved further by

increasing N .

Comparing with theoretical performances in literature [46], the results in Fig. 4.14 match

with what would be expected. It is important to note that an optimal 132◦ retarder isn’t

expected to achieve the lowest STD in every element, but rather achieves the lowest STD

on average across every element. A single QWP retarder is expected to perform optimally

in the corner elements, but an optimal 132◦ retarder is expected to significantly improve

the results on average across all elements, especially the center 4 elements.

The results in Fig. 4.14 clearly demonstrate this. With the elliptical retarder, there are no

measurements that appear white, and almost all measurements achieve similarly good

performance. This setup is therefore optimized to accurately measure the complete MM

of the sample. This is the first time that the elliptical retarder was demonstrated experi-

mentally on a polarimeter to improve the conditioning of the setup, and it is shown to be

equal to the optimal setup.
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Figure 4.14. STD of 10 complete measurements taken with (a) an elliptical retarder with
an equivalent linear retardance of δ = 132◦ and (b) a single δ = 90◦ retarder. Lower
measurements are better. The elliptical retarder a has lower STD on average, although
the single retarder performs better for some elements as expected.

4.7 Discussion

We have successfully built a dual rotating compensator MM polarimeter in the back-

reflection configuration capable of measuring the optical properties of skin. This po-

larimeter turns to discrete positions and can measure the complete MM of the sample

within a STD < 0.01 using only N = 16 measurements. A simple way to improve the

these results would be to use the DE algorithm to solve for the optimal angles for N > 16

and perform more measurements, if measurement time is not an important factor for the

sample.

Although cancer samples could not be obtained within the duration of the thesis, the

accuracy of the measurements on healthy skin shows that the setup would be able to

perform equally as well as MM polarimeters in previous studies. Moreover, this device

is a good demonstration of the advantages of the elliptical retarder, which was shown

to improve the precision of measurements and allows for spectroscopic over a 300 nm

range with minimal changes to the setup. These improvements come without needing

any additional motors or complexity in the optimization of the setup, keeping the cost of

implementing this polarimeter minimal. This is especially important, since the motors are

the most expensive components of the setup other than the camera.

One disadvantage of this system is that the measurement time is still quite long at ≈16 s,

even after significant optimizations. This is an important parameter in measuring many

biological systems, which vary dynamically over time. One way to improve the measure-

ment time would be to pre-align several retarders in a quick-change filter wheel which

can rapidly switch between them. However, pre-aligning the retarders adds complexity
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in calibrating the setup, and likely has the trade off of worse conditioning for better tem-

poral resolution. Another disadvantage of our setup is that the vibration of the motor

and the rotation of the compensator in the PSA may cause unwanted artefacts in the ac-

quired data. In the next chapter a new design for a MM polarimeter utilizing a polarization

sensitive camera with no moving parts in the PSA is proposed, which offers significant

improvements to the temporal resolution.
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5. POLARIZATION CAMERA MUELLER MATRIX

MICROSCOPE

This section presents a MM microscope that uses the elliptical retarder design and a

polarization sensitive camera to improve acquisition times. The contributions to the de-

vice from this thesis include implementing the elliptical retarder and reprogramming the

setup to allow continuous acquisition based on the waterfall code structure presented in

Appendix A.1 which was first implemented on the previous microscope.

5.1 Background

Similar to MM polarimeters in a back-reflection configuration, MM microscopes have also

seen numerous applications in measuring biological samples [16, 47, 48], as well as

applications in other fields of physics [49]. Like a traditional microscope, these systems

work in a transmission configuration and measure microscopic features of thin samples,

typically prepared on microscope slides.

Many of the challenges in the back-reflection configuration are also present in transmis-

sion, such as optimizing the retardance of the compensator over a large aperture size

and maximizing the temporal resolution. Polarization sensitive cameras have recently be-

come commercially available and are able to measure multiple components of the Stokes

vector simultaneously. This would allow multiple MM elements to be determined simulta-

neously with each measurement, offering significant improvements in the time it takes to

measure the sample’s MM.

The first implementation of a polarization camera in a MM polarimeter was demonstrated

just this year [50]. However, this implementation is a division of focal plane polarimeter

which relies on two cameras and a retarder in the PSA to measure the complete Stokes

vector. This is difficult and expensive to implement, since the cameras need to be care-

fully aligned and are the most expensive components of polarimeter setups. Additionally,

measuring the last Stokes component is often not necessary for bioimaging applications

which are often only concerned with comparing the m11 and m22 components or the lin-

ear birefringence of the samples [5]. In this chapter, we demonstrate a new use of the

polarization camera in an incomplete MM polarimeter capable of measuring the first 3

rows of the MM with just N = 4 measurements. For non-depolarizing samples, the last

row of the MM can be solved with post-analysis calculations based on the top three rows

[51], giving a four-fold temporal resolution improvement compared to the setup in the pre-

vious chapter. To improve the noise tolerance of the device, the elliptical retarder design

is added to this system as well and compared to using a single retarder.
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5.2 Operating Principle

To speed up the measurement time of the MM, a polarization sensitive camera can be

used to measure multiple polarization states of the light simultaneously. This camera has

a micro-polarizer array placed above the camera sensor pixel array as shown in Fig. 5.1,

which lets it measure the first 3 components of the Stokes vector (S0 = (I0◦ + I90◦ +

I45◦ + I135◦)/4, S1 = (I0◦ − I90◦)/2, and S2 = (I45◦ − I135◦)/2). This allows the first

three rows of the MM to be determined using a setup with only a static polarizer and a

single rotating compensator in the PSG, and no additional components in the PSA, with

the Stokes-Mueller calculus representation given by the multiplication

Sout = MsR(−θ)MLRR(θ)P0Sin. (5.1)

Figure 5.1. Layout of camera sensor, showing the 2X2 grid of polarizers forming a super-
pixel. Figure adapted from [52].

Upon performing the matrix multiplication and using the short notation Cx = cos(x) and

Sx = sin(x), the Stokes vector detected by the camera Sout is given by

Sout =

⎡⎢⎢⎢⎢⎢⎢⎣
m00 +m01(C

2
2θ + CδS

2
2θ) +m03S2θSδ −m02C2θS2θ(Cδ − 1)

m10 +m11(C
2
2θ + CδS

2
2θ) +m13S2θSδ −m12C2θS2θ(Cδ − 1)

m20 +m21(C
2
2θ + CδS

2
2θ) +m23S2θSδ −m22C2θS2θ(Cδ − 1)

m30 +m31(C
2
2θ + CδS

2
2θ) +m33S2θSδ −m32C2θS2θ(Cδ − 1)

⎤⎥⎥⎥⎥⎥⎥⎦ . (5.2)

While a traditional camera only measures the top row of this multiplication, our polariza-

tion camera is capable of detecting the first three rows. The MM elements for the first
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three rows of the sample can therefore be factored out as

Sout,i =

⎡⎢⎢⎢⎢⎢⎢⎣
1

(C2
2θ + CδS

2
2θ)

−C2θS2θ(Cδ − 1)

S2θSδ

⎤⎥⎥⎥⎥⎥⎥⎦

T ⎡⎢⎢⎢⎢⎢⎢⎣
mi0

mi1

mi2

mi3

⎤⎥⎥⎥⎥⎥⎥⎦ = Wk · M⃗i, with k = 0, 1, 2 (5.3)

where Wk is termed the measurement vector and is the kth row of the measurement

matrix W, and M⃗i is a 4 element vector containing the ith row of the MM elements of

the sample. Like the dual rotating compensator polarimeter in the previous chapter, this

analysis again reduces to a matrix inversion to determine M⃗i. However, the inversion is

now possible if W is a 4× 4 matrix rather than 16× 16, so only a minimum of only N = 4

measurements are necessary, where a measurement is defined as a single detection at

a unique setup configuration and not as a determination of the MM.

It is important to note, however, that since the fourth component of the Stokes vector is

not measured, the bottom row of the MM cannot be measured directly after any number

of measurements, making this an incomplete polarimeter. For non-depolarizing samples

only, the last row can instead be calculated in post based on the other three measured

rows or columns [51].

5.3 Setup Description

This MM microscope is made of a PSG and a PSA, but the PSA in this implementation

has no moving parts, as seen in Fig. 5.2. Instead, the camera (Flir Blackfly, 2448× 2048

camera sensor pixels, 1224 × 1024 superpixels, 75 frames per second) has a polarizer

micro-array placed over the camera sensor, allowing it to detect the first three Stokes

components simultaneously.

The PSG in this device is exactly the same as in the dual rotating compensator polarime-

ter in the previous chapter, with a film polarizer (Edmund Optics) placed in front of the light

source, which is a white light LED with the wavelength selected using a band-pass filter.

The elliptical retarder is made of a single QWP (Edmund Optics) placed on a fixed mount,

and a second placed on a rotating mount (Thorlabs CRM1LT) connected with cage rods

to the first. This design allows the user to easily turn the second retarder to adjust the

relative angle ϕ to the first, and keeps them fixed as a couple when rotated to a desired

angle θ. A high precision piezoelectric motor (Elliptec ELL14) with 873 µrad positional

accuracy is used to turn the retarder couple.

In the PSA, an objective directly images the sample onto the camera sensor with a Raynox

DCR-250 used as a tube lens. Since no moving parts are required to detect the polariza-
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tion state, noise caused by vibrations is significantly reduced.

Figure 5.2. (a) The final setup of the polarization sensitive camera MM microscope,
showing both the PSG and the PSA. (b) Schematic of the setup. Compared to the setup in
Chapter 4, the PSA of this device replaces the rotating compensator with a static polarizer
array placed over the camera sensor. Figure adapted from [52].

5.4 Results

An example measurement can be seen in Fig. 5.3 taken of a banded D-mannitol spherulite

sample with N = 4 measurements at 610 nm. To create the sample, the spherulites were

grown from a super cooled melt in the presence of Chicago-blue dye [53]. While a normal

spherulite sample displays strong birefringence characteristics, the presence of the ab-

sorbing dye also causes linear anisotropy and dichroism. This can be seen by the large

values of m10 ≈ m01 and m20 ≈ m02. Another observation can be seen in the m12

element, which radially oscillates between positive and negative values 4 times. This is

caused by the polymer chains growing outwards from the center of the spherulite, creating

a sin(4θ) angular dependence of the linear anisotropy around the center, as discussed in

section 2.5.

Since the images were acquired at 610 nm and the operating wavelength of the QWP

retarders is 550 nm, they had an effective retardance of 81◦. Based on the analysis in

chapter 3, the angle between the two retarders was set to ϕ = 21.9◦ and the offset angle

was set to ∆ = 33.3◦, setting the optimal angles to θ = [−15.1◦, 15.1◦, 51.7◦,−51.7◦]−
∆ = [−48.4◦,−18.2◦, 18.4◦,−85◦].

The advantage of this setup is that the data in Fig. 5.3 was acquired with only N = 4

measurements, rather than N = 12 measurements required for a traditional system with-
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Figure 5.3. Normalized MM of a banded D-mannitol spherulite sample. The sample is
seen to exhibit both birefringence and dichroism characteristics. Figure from [52].

out the polarization sensitive camera. This greatly decreases the overall measurement

time to ≈3 s. Moreover, since this is just a limitation of the turning rate of the motor,

acquisition speeds could be made even faster by making hardware changes, such as by

pre-aligning compensators in a quick change filter wheel.

The fast acquisition time of the setup also allows for live recordings of a dynamic sample.

For example, in Fig. 5.4, a saturated solution of nickel sulphate was recorded during

crystallization. The change in colour for the m12 element between the crystal on the top

and bottom is caused by a change in the crystal orientation, rotating the direction of the

linear anisotropy. Since a crystal grows preferentially along a particular crystal axis, a

rotation in the linear anisotropy implies an expected change in the growth direction of the

crystal. This can be demonstrated by looking at multiple frames of the m12 element in

Fig. 5.5 recorded in quick succession. The blue crystal is seen to be growing downwards,

while the red crystal is growing left to right at a slight angle. The different growth directions

causes a sign change in the m12 element of the two crystals, as explained in section 2.5.5.
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Figure 5.4. Normalized MM of growing nickel sulfate crystals at a single point in time.
The arrows point in the direction of expected growth.

Figure 5.5. Multiple frames of the m12 element for growing Nickel Sulphate crystals taken
at 3 s increments.

5.4.1 Standard Deviation

To characterize the conditioning of the setup, the STD is found after taking 10 complete

measurements of the spherulite sample in Fig. 5.3. The STD measurements for two

different setup configurations are shown in Fig. 5.6, one using our elliptical retarder design

(left), and the other a single QWP retarder (right).

The top row of both measurements achieves particularly good performance since all four

pixels of the superpixel are used to measure S0, decreasing the STD by a factor of
√
2

compared to the other two rows. The elliptical retarder is seen to perform better for the

first three columns, while the single retarder is better for the last column. This can be
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Figure 5.6. Measured STD after 10 complete measurements using (left) elliptical retarder
with an equivalent linear retardance δ = 132◦ and (right) a single QWP film compensator,
with a retardance of δ = 81◦ at this wavelength. Lower measurements are better. Figure
adapted from [52].

understood by looking at the efficiency of the measurements given as

δI ′

δmi

=

(︄
N

N∑︂
k=1

W+
ik

2

)︄−1/2

≡ Ei, (5.4)

where N is the number of measurements, I is the intensity of the measurement and

δI ′ = N−1/2δI is the error in the measurement, and Ei is defined as the efficiency of

measurement [46]. A larger efficiency means that the intensity detected changes very

rapidly for small variations in the sample MM, and the setup is more sensitive and will

therefore have smaller deviations between measurements. To visually see the effect of

Ei, consider Fig. 3.6 (d), where the 30◦ retarder has a very low Ei while the 132◦ has a

high Ei.

The results of applying Eq. 5.4 to the governing equation of our setup, Eq. 5.3, is shown in

Fig. 5.7. Higher values in any of the plots will correspond to a lower STD in the associated

column of the MM, and darker elements along the column in Fig. 5.6. At δ = 132◦, the

elliptical retarder is seen to achieve higher values of Ei for the first three columns, while

a single retarder with δ = 81◦ achieves nearly optimal performance for the last column.

Comparing with the measured results in Fig. 5.6, the first three columns of the elliptical

retarder data appear darker with lower STD then for the δ = 81◦ retarder, while the last

column appears brighter.

Similar to the STD results with the previous setup in Subchapter 4.6.4, the goal of opti-

mizing the retarder isn’t to achieve the best performance in all the elements, but rather to

achieve the best performance on average across all the elements and to have none per-

forming particularity poorly. Comparing the measured results in Fig. 5.6 to the expected

results in Fig. 5.7, it is clear that the elliptical retarder has similar conditioning to a single

optimal 132◦ retarder. These results demonstrate the repeatability of measurements with
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our setup, with less than 0.01 deviation between repeated measurements in any MM el-

ement, which is comparable to the literature setup using polarization sensitive cameras

[50]. Moreover, it shows the advantage of using the elliptical retarder design rather than

a single retarder in this type of setup.

Figure 5.7. Calculated efficiency of measurement Ei vs. retardance δ of the polarization
camera setup. Higher values in a plot correspond to better conditioning of the correspond-
ing column of the measured MM. Figure from [52].

5.5 Discussion

This chapter demonstrated a new method to quickly determine the MM of a sample by

utilizing a polarization sensitive camera to simultaneously measure the first three Stokes

components. The device was able to measure thin crystalline samples with micrometric

resolution, and is even able to record videos of dynamic crystal growth.

One of the most promising outcomes of this chapter was that the elliptical retarder de-

sign works even with a polarization sensitive camera polarimeter. By using the elliptical

retarder, the STD of this setup was reduced to < 0.01, which is better than what was

achieved with just a single retarder and is similar in performance to other setups taking

significantly more measurements [29]. The analysis in Chapter 3 never considered mea-

surements using a polarization sensitive camera, yet the device performance matches

exactly with the expected results in Fig. 5.7. This shows the generality of the elliptical

retarder, which can be implemented on multiple designs of MM polarimeters and is not

only restricted to ones with dual rotating compensators.

Although the measurement time of this device is fast, at ≈3 s to measure the top three

rows of the MM, improvements could still be made by implementing a faster change filter

wheel with pre-aligned compensators. Since this setup only requires N = 4 measure-

ments, pre-aligned compensators could achieve good conditioning since only four angles

are required.
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6. CONCLUSION AND OUTLOOK

This project introduced new rotating compensator Mueller matrix polarimeter designs

based on an elliptical retarder with an optimal linear retardance of δ = 132◦ formed

by two linear retarders with an angle offset. The elliptical retarder minimizes the condi-

tion number of the setup which improves the noise tolerance of the measurements. This

retarder design offers several advantages:

• Works over a broad wavelength range by adjusting ϕ and ∆.

• Uses inexpensive off-the-shelf QWP film retarders.

• Easy to implement on existing systems with no optimization required for the optimal

angles.

• Only requires a single motor to rotate the elliptical retarder.

The elliptical retarder was first demonstrated in a Mueller matrix polarimeter configured in

back-reflection which is useful for tissue measurements. This setup is capable of measur-

ing all 16 Mueller matrix elements over a spectroscopic range of 300 nm and was demon-

strated to work even on highly depolarizing skin samples. With the elliptical retarder, the

standard deviation between repeated measurements is < 0.01 for all elements, which of-

fers a significant improvement over using only a single retarder. However, the acquisition

time for the setup is long at ≈16 s which is not suitable for measuring dynamic biomedical

samples. Since the acquisition time is limited only by the time it takes for the motors to

turn, this can be easily improved through physical changes to the setup, such as faster

motors or preset retarders that can be rapidly switched.

The elliptical retarder was also implemented in a Mueller matrix microscope in a trans-

mission configuration, equipped with a polarization sensitive camera. The camera allows

simultaneous detection of the first three Stokes components of light, and is capable of

measuring the top three rows of a Mueller matrix in ≈3 s using only N = 4 measure-

ments with micrometer resolution.

These two setups not only demonstrate the advantage of the elliptical retarder design with

each having standard deviations of < 0.01 between measurements, but they also have

potential applications in biological analysis, medical diagnostics and material characteri-

zation, with very inexpensive implementations and performance comparable to other se-

tups in literature.
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APPENDIX A: APPENDIX

A.1 Microscope Program

The back-reflection polarimeter was programmed in LabVIEW as part of this thesis work,

and its operation was divided into three main subVIs: one for camera control, one for

setup calibration, and one for taking measurements. This allowed the workflow of the

microscope to be broken up into steps, and for easy changes to the setup parameters

between different measurements.

The front panel for the camera controller is shown in Fig. A.1. This subVI is used to set

camera parameters such as exposure time, and adjust the settings for the elliptical re-

tarder. The camera controller is the main VI for the program, and is the first one launched

before running the calibration or measurement subVIs.

Figure A.1. Front panel of the camera controller subVI, which is used to change camera
parameters and align the sample before taking measurements. The buttons to open the
calibration and measurement subVIs are seen in the bottom right.

The calibration code subVI front panel can be seen in Fig. A.2. In this VI, when the

measure button is clicked, a total of 16 images are recorded, forming a 16 element mea-

surement vector where each element is the average intensity of a single image. The user
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can then change the values inside the calibration settings to make ‘Mean MM’ as close

to the MM of a mirror as possible. The program also has automated calibration options

using a differential evolution optimization function by clicking any of the ‘Opt.’ buttons.

Figure A.2. Front panel of the calibration subVI, used to make sure the calculated values
in the measurement matrix W match with the experimental values in the setup.

Finally, the front panel of the ‘Measure’ subVI can be seen in Fig. A.3. When a mea-

surement is taken, the MM image is automatically calculated and displayed in the image

matrix, and the scale bars can be adjusted. Clicking the ‘Save’ button exports the image

for further analysis.

A general overview of the code structure for the ‘Measure’ subVI can be seen in Fig. A.4.

The code has a waterfall queue structure, which has many advantages:

• It will never lose data, since the program can’t exit until the queue is emptied.

• Images are acquired at the frame-rate of the camera, and are not limited by com-

putation times.

• No local variables, and the stop conditions of every loop are controlled by a clear

and wired flow through the queues.

• Well defined functionality of every loop structure in the program

• Separate threads for each of the computationally intensive components of the pro-

gram further speeds up computation time.

• Queue of clusters containing both image data and basis vector data ensures that

the order of measurements is never lost.

• If two different buttons are used to acquire data (such as measuring data or mea-

suring the setup standard deviation), code based on an event structure could po-

tentially lead to differences in how the data is acquired. A waterfall queue structure
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ensures that the measurement code is identical regardless of the measurement

type.

Figure A.3. Front panel of the measurement subVI used to record and analyze data.
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Figure A.4. Skeleton code structure of the measurement subVI is a waterfall queue
structure, which ensures that data can be acquired quickly, and processing and saving
the images is offloaded to another thread. This structure is necessary to minimize tempo-
ral resolution by decoupling image acquisition from the computationally intensive image
processing, and also allows for wires across the entire program without the need for any
local or global variables.

A.2 Optimizing Angular Distance

In the optimization function used to minimize the angular distance travelled by the system

(Eq. 4.5) the value weight must be chosen carefully. If the value is too small then the

optimization function will simply optimize the conditioning of the setup without minimizing

the total travel distance, while if the value is too large then the optimization function won’t

consider the conditioning of the system at all, and will keep the motors stationary.

Therefore, the value weight was optimized using the flowchart in Fig. A.5. First, the setup

was fully optimized with weight = 0, such that the total angular travel distance was not

considered at all. This was considered optimal performance, and a value tolerance was

chosen for how far from optimal performance we would consider acceptable. For our
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setup, we said any conditioning within 107% of the ideal performance was acceptable.

Then, the value of weight was increased to a large value and coarsely adjusted until

the optimization achieved acceptable conditioning. The value was then increased finely

until the system was no longer acceptable, and the previous value was taken. Using this

optimization pathway, the setup had both acceptable performance, and minimal travel

distance between measurements.

Figure A.5. Flowchart of the optimization process. An optimization is performed to find
the minimum condition number possible. The weight of how much distance travelled
should be considered is adjusted coarsely at first, then finely until its maximum value is
found where the condition number achieves acceptable performance.
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