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PREFACE

My first contact with multi-microphone signal processing algorithms was in 1997
while I was working as a research engineer at Nokia Research Center (NRC). I was
given the task of creating a real-time demonstration of an adaptive beamformer, which
one of my colleagues had simulated in MATLAB®. Soon after I had started, as I was
getting deeper into the subject, I realized that the calculation of the coefficients for
that particular adaptive system was far too complex to be run on even the most
powerful and dedicated hardware that we had in our lab at that time. It also became
evident from further studies that the proposed method was extremely sensitive to
sensor impairments, as well as to multi-path propagation caused by reflections from
surrounding objects, such as the walls in the test room, for example. Hence, even
under these quite normal conditions, the system was doomed to fail. The target
signals leaked through the fairly simple blocking system causing the desired signal to
deteriorate severely at the beamformer output. At this point I felt disheartened and
thought the game was over.

At that time, my immediate supervisor and the project manager, Mr. Jari Sjöberg
had a strong belief in multi-microphone technology and he was not prepared to
give up. He told me to search for a world-class solution to improve speech-to-noise
ratio in close-talking or hands-free telephony by using a microphone array. That
was the kick-off to my research work. Subsequently, in the 1990’s and early 2000’s I
had the privilege of working in a team of talented audio-processing specialists who
all had a passion for developing state-of-the-art audio enhancement algorithms for
mobile devices. I owe a big thank-you to everybody in the whole NRC audio lab for
supporting me in a multitude of ways along my path to my target destination. There
are so many of you that it would be impossible to thank you all by name, but please
know that each and every one of you has a special position in my memory.

I would never have reached this point of finalizing my dissertation without the
close and constant support of my dear colleague, Mr. Matti Hämäläinen. It was his
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idea, originally, that I should focus my research on data-independent filter-and-sum
FIR beamformers instead of banging my head against adaptive filters, which have a
tendency to work perfectly well one day, but go to pieces on the next due to some
slight change in the acoustic environment. I would also like to give special thanks to
Mr. Jukka Vartiainen for his valuable and unswerving support in so many practical
matters, such as helping me in designing realizable digital filters and assisting me
to write real-time code on the dedicated multi-processor target systems we used to
have for demonstration purposes. I also owe a lot to Mr. Ville Myllylä, Mr. Jorma
Mäkinen, Mr. Markus Lemberg, and Mr. Kalle Mäkinen for their precious time and all
those discussions we had on and around the topic of multi-microphone beamforming.
Special thanks go to Doctors Asta and Leo Kärkkäinen for their invaluable support
with the acoustic simulations and building the source model in the tool I made for
simulating the algorithm performance.I must also mention Dr. Nick Zacharov and
Kalle Koivuniemi for their prompt assistance in all sorts of practicalities regarding
acoustic measurements, Dr. Riitta Niemistö for all those friendly debates on and
off the topic, and Dr. Kaarina Melkas, Mrs. Päivi Valve and Mr. Erkki Paajanen for
giving me support as project managers over the years.

Perhaps my deepest gratitude goes to Prof. emeritus Jaakko Astola, who in 1993
convinced me that signal processing is the science of future. It is largely due to him
that I am now finalizing my PhD in signal processing. I am also deeply grateful to Dr.
Petri Haavisto, who hired me at Nokia Research Center in 1994 and appointed me
to the audio enhancement team to work on multi-microphone algorithms in 1997.
I owe a lot to my long-time line manager Jari Sjöberg, who led the team of audio
enhancement algorithm specialists in NRC. I have always admired Jari’s positive
attitude and his energy in convincing the right people and justifying the work I did
in order to get internal project funding from Nokia for multi-microphone research
in those very early years, when there were no tangible results to be shown. I had
the privilege of working full time on my pet topics for ten years with Nokia before
moving on to new challenges outside the company. However, Jari always gave me
his full support and managed to encourage the team to get through the hard times
and look for a brighter future, and to enjoy the hard-won fruits of success when they
arrived.

Looking back over my career, during the early days of developing the polynomial
beamformer I was extremely busy at work and frequently had various business-
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related deadlines to meet. Therefore, academic research and preparing my doctoral
dissertation were not high on my list of priorities. One thing led to another and
I was soon juggling my duties as an audio specialist at work with being a father of
two small children at home. Now, almost two decades after the initial start of my
research, I have finally found the time and the opportunity to go through all the
material, finalize my research, and write this dissertation. This has required a lot of
planning and organization in order to bring all the various threads together, so here
I would like to express my sincere gratitude to Prof. Ari Visa and Dr. Pasi Pertilä,
who have instructed and supervised my dissertation and given me valuable guidance
throughout the writing process and have sharpened the focus of my work. I would
also like to warmly thank Prof. Tapio Lokki, Doc. Alessio Brutti, and Prof. Dr.-Ing.
Nilesh Madhu for the time they have spent on the pre-examination of my work.
Their comments helped me to finalize this dissertation. In addition, I would like to
extend my warm thanks to Prof. Dr.-Ing. Walter Kellermann for agreeing to act as
the opponent of my dissertation.

From a funding perspective, I am grateful to the three employers that I have
had the pleasure of serving during my research work. I would like to thank the
Finnish Defence Research Agency for the three-year study leave I got from my
current position there. Without the positive understanding from my superiors and
colleagues in FDRA, I would probably never have had the time to finish my research,
as this has been an extremely time-consuming project. Thus, my warm thanks go to
my superiors Dr. Jari Hartikainen and Dr. Paavo Raerinne, and to all my colleagues
and friends there in FDRA. I am very pleased to have Messrs Tapio Sorvajärvi and
Petteri Mikkola acting as my deputies for the period of my absence and taking good
care of the great team of talented research engineers and laboratory tehnicians that I
had the privilege of leading directly before taking my study leave. I am extremely
grateful to Nokia Research Center for the opportunity they gave me to work in the
field of multi-microphone technology for all those years in the early phases of my
work from 1997 to 2007 and, later, to Nokia Technologies (2016 – 2019) for allowing
me the opportunity to continue from where I had been when I left NRC and joined
FDRA. The time at Nokia Technologies gave me a deeper insight into the subject
and enabled me to restore much of the material that I had left behind in NRC, and
this has now played a crucial role in finalizing this dissertation. My special thanks go
to Mr. Matti Hämäläinen, Mr. Mikko Tammi, and Mr. Ari Koski, my superiors in
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Nokia Technologies, for their open mind towards my research and their flexibility
in allowing me the time needed to complete this work. I would also like to give my
warm thanks to my colleagues Mr. Miikka Vilermo, Mr. Antti Eronen, and Mr.
Matti Malinen for the special discussions we had about multi-microphone algorithms
and mathematics, to Mr. Antero Tossavainen for sparring with me in the final stages
of the writing process, and to Mr. Mikko Pekkarinen for his constant willingness
to give me a lift home at the end of a working day. Finally, my thanks go to the
TUT Foundation for enabling me to take time off from all business-related work and
concentrate fully on completing my dissertation. I have met some great people there
in the TUT Signal Processing Laboratory, not least Dr. Joonas Nikunen who has
enlightened me about the essentials of spherical harmonic transformations.

Last, but surely not least, I am supremely grateful to my parents, Jyrki and Rauni,
and to my stepfather Mr. Matti Saikkonen, for their strong parental encouragement
and support on my everlasting journey on lifelong learning. I would also like to
express my sincere thanks to my family: my loving wife Marja, and my brilliant
children, Niilo and Milla. Thank you for all the time I took from you in order to
prepare and finalize this dissertation; at last, it is done.

Matti Kajala
Tampere, May 2021
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ABSTRACT

Transducer arrays combined with signal processing algorithms are called beamformers
when they transmit or receive energy in a focused direction. Beamformers are widely
used in radar, radio astronomy, communication, seismology, tomography, and sonar.
They can, for example, enhance signal-to-noise ratio, track a moving source, scan the
surrounding environment, or detect and locate an event.

Beamforming algorithms can be divided into three main categories: data indepen-
dent, statistically optimum, and adaptive. This thesis deals with data-independent
algorithms, which can provide computationally efficient methods to control the
spatial sensitivity of a broadband microphone-array beamformer. Power consump-
tion and hardware costs play an important role in consumer electronics and mobile
telephony applications so designers want to keep these as low as possible. In this
work, the ideal configuration consists of no more than four microphones fitted on the
form factor of a hand-held device. However, the algorithm itself can accommodate
any number of microphones and the array can be of any shape and size.

The author has derived a new steering method based on a combination of the
conventional filter-and-sum FIR beamforming techniques and the well-known Far-
row structure. The algorithm provides an efficient implementation of fractional
delay filters using polynomial approximations of the FIR filter coefficients. The
performance of this steerable beamformer is evaluated by exposing the given example
designs to a simulated sound field. For comparison, a reference system is built with
a set of conventional filter-and-sum beamformers, each of which is optimized for a
fixed target direction.

The example design discussed here contains a Y-shaped array of four omnidirec-
tional microphones with leg lengths of 2.54cm, a sampling rate fs = 8000 Hz, FIR
filters of length Nh = 21, and the Farrow degree Nq − 1 = 4. The desired output
magnitude response is a frequency-invariant cardioid shape pattern over a frequency
range of 300 Hz – 3400 Hz and steering angles of 0° ⩽ θ ⩽ 360°. It is also argued
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that full 3D control can be achieved by replacing the planar Y-shaped array with a
3-dimensional tetrahedron, for example, and adding a second variable in the steering
function to enable elevation control.

The operation of the beamformer is validated according to the following criteria:

• computational complexity
• accuracy of the polynomial approximation
• white noise gain

Computational complexity is evaluated with the same number of microphones
and equal FIR lengths in both designs. It is shown that the polynomial beamformer
is computationally less complex than traditional configurations as long as the num-
ber of simultaneously processed target directions is greater than the length of the
approximating polynomials, i.e. Nq = 5 for horizontal steering.

Accuracy of the polynomial approximation is evaluated by comparing the steered
output response with the fixed single-direction optimized beampattern. Both the
directivity index and target direction magnitude response are calculated and, regarding
these measures, the difference between steered and fixed filter outputs is, on average,
below ±1dB over the entire frequency range of 300 Hz – 3400 Hz. This difference
is so small that it is barely recognizable, even when the two outputs are directly
compared with one another by a trained listener.

White noise gain measures the algorithm’s sensitivity to thermal noise, which is
inherently present in all analog electronics. For the Y-shaped array it mostly remains
below 0dB, thus keeping the output noise at the same level as, or below the input
noise. Only the low frequency end below 1kHz shows increased values up to 9dB
at 300 Hz. This is related to the super-directive performance inherent to small array
apertures, and can be lowered, if desired, by reducing the requirements for spatial
response or increasing the gain error tolerance in the optimization routine.

The most remarkable thing about this system is that it has no steering delay at
all. The output is formed on a sample-by-sample basis, since the modal beamformers
consist of fixed FIR filters. Therefore, any change in the control value immediately
defines a new direction for the next output sample.
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TIIVISTELMÄ

Tässä työssä on kehitetty menetelmä, jolla luodaan annetulle mikrofoniryhmälle
halutun kaltainen suuntakuvio, jonka suunta ja muoto on määrättävissä kiinteällä
esisuodattimella ja yksinkertaisella jälkilaskennalla. Menetelmän etuna on myös mah-
dollisuus poimia esisuodatetuista välisignaaleista mielivaltainen määrä rinnakkaisia
ulostuloja, joista kukin edustaa eri kuuntelusuuntaa tai herkkyyskuviota lisäämättä
oleellisesti laskentakuormaa.

Yksi työn tavoitteista on luoda perinteinen ensimmäisen kertaluvun suuntaku-
vio kuten hertta tai kahdeksikko ja ohjata sitä portaattomasti eri suuntiin käyttäen
vain neljää pallokuvioista mikrofonia. Mikrofoniryhmän tulee olla myös fyysiseltä
kooltaan sellainen, että se voidaan toteuttaa henkilökohtaisiin kommunikaatiovä-
lineisiin. Käyttötarkoituksesta johtuen, työn tavoitteena on lisäksi laskennallisesti
mahdollisimman kevyt menetelmä, joka voidaan toteuttaa suhteellisen halvoilla,
aikoinaan jo vuosina 1997 – 2007 matkapuhelimissakin yleisesti käytetyillä, signaali-
prosessoreilla.
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SYMBOLS

[]∗ Element-wise conjugate of a complex matrix

[]† Hermitian transpose of a complex matrix, e.g. A† = (A∗)⊤

[]⊤ Transpose of a matrix

α,ϕ Phase angle of a complex value rad

ȷ Imaginary unit
⎷
−1

⌊x⌋ The largest integer less than or equal to x

A Captured pressure data CNs N f ×NmNh , CNd Ns N f ×Nq NmNh

b Desired response values RNs N f ×1, RNd Ns N f ×1

h FIR filter coefficients RNh×1, RNmNh×1, RNq NmNh×1

rm Position vector of a single microphone R3

rs Position vector of a single point source R3

W Cost function weighting matrix RNs N f ×Ns N f , RNd Ns N f ×Nd Ns N f

X Microphone array data, array manifold matrixCNm×Nh , CNq×Nm×Nh

x Microphone array data, array manifold vectorCNmNh×1, CNq NmNh×1

x0 Data captured by the reference microphone CNh×1

xi Data captured by the i th microphone CNh×1

Ei Instantaneous energy density J/m3

Sd Steering variables {d ∈R | −1≤ d ≤ 1}

S f Frequencies {R}

Sm Microphone positions {R3}

xxi



Ss Source positions {R3}

Ssd
Desired source positions {R3}

Ssn
Noise source positions {R3}

T Discrete-time system

ω Angular velocity rad/s

φ,θ Elevation angle, azimuth angle °

ℜ{·},ℑ{·} Real and imaginary parts of a complex entity {·} R

ϕ Angle measured about the symmetry axis (linear arrays) °

B(φ,θ,ω) Directional sensitivity, beampattern

Bk (ϕ) Directional sensitivity of a first-order microphone, k ∈R[0,1]

c Speed of sound m/s

d [n] Steering variable at the time instance n ∈Z R−1≤d≤1

E Total acoustic energy J

f Signal frequency Hz

h[k] Filter coefficients of a single FIR filter R

hi ,q[k] Filter coefficients of the q th prefilter (polynomial beamformer) R

hi [k] Filter coefficients of the i th microphone (conventional beamformer)
R

J (Sδ,s ,S f ) Cost function of a polynomial beamformer R≥0

J (Ss ,S f ) Cost function of a conventional beamformer R≥0

JW (Sδ,s ,S f ) Weighted cost of a polynomial beamformer R≥0

JW (Ss ,S f ) Weighted cost of a conventional beamformer R≥0

Nord Order of spherical harmonics Z≥0

Nd Number of designated directions Z>0

N f Number of frequencies Z>0
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Nh FIR filter length Z≥0

Nm Number of microphones Z>0

No Number of selectable coefficient sets Z>0

Np Number of outputs Z>0

Nq Number of coefficients in approximating polynomials Z>0

Ns ,Nsd
,Nsn

Number of sound sources, desired sources, noise sources Z>0

p(t ) Pressure value at the time instance t Pa

Ts Time period, sampling interval s

x(t ), y(t ) Continuous-time variables, t ∈R R,C

x[n], y[n] Discrete-time number sequences, n ∈Z R,C

Y (δ, j , l ) Actual response of a polynomial beamformer C

Y ( j , l ) Actual response of a conventional beamformer C

Ydes(δ, j , l ) Desired response of a polynomial beamformer C

Ydes( j , l ) Desired response of a conventional beamformer C
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STRUCTURE OF THE DISSERTATION

This dissertation is written as a monograph consisting of 6 chapters. Starting with
the background information, the first chapter defines the scope of this work, points
out the research questions and explains the author’s contribution to the dissertation.

The second chapter provides the theoretical foundation for, and clarifies the
terminology and definitions used in the field of acoustic signal processing. Those
readers who are familiar with the subject may well skip directly to Chapter 3 and go
back to the basics as and when needed. The second chapter explains the nature of
sound, how it travels in air as pressure waves, and what are the conventional methods
to capture and process sounds based on the direction they come from. Related to this,
we explain some commonly used metrics and performance measurements which are
needed to analyze the results of this work. The chapter finishes by elaborating on
the state-of-the-art techniques in the field in order to gain an understanding of the
various spatial audio capture techniques used as a benchmark for comparison of the
proposed beamforming.

The main contribution of the author is presented in Chapters 3 to 5. Chapter 3
describes a beamformer design method that optimizes the beamforming filter coeffi-
cients for a given array geometry and for necessary boundary conditions. A design
example is given for a linear microphone array and a filter-and-sum FIR beamformer
algorithm that is optimized for a flat frequency response to the desired target direction
while maximizing attenuation in all other directions.

Chapter 4 derives the proposed polynomial beamforming filter structure. Design
examples are given for the smooth steering of a rotationally invariant beampattern
360° in the horizontal plane using a single variable.

In Chapter 5 the various properties of the developed system are analyzed in
terms of computational complexity, memory consumption and design accuracy with
respect to conventional beamformers optimized for a fixed set of target directions.
Furthermore, the base functions of the interpolating filters are compared, using
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a design example, with the orthogonal base of a system that utilizes well-known
spherical harmonic decomposition. Lastly a design example is given for steering the
maximum sensitivity in any direction by interpolating over two variables, namely
azimuth and elevation.

Finally, Chapter 6 concludes the dissertation by summarizing the work and dis-
cussing the findings, and suggesting proposals for further research.
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1 INTRODUCTION

©publicdomainstockphotos ID 83040979 | Dreamstime Stock Photos

Elephants can sustain powerful infrasound conversations at distances
as far as eight miles. These can be perceived by attuned humans as air
pressure variations.

Eduardo Kac, Telephant Infrasonics
http://www.ekac.org/biopoetry.html

Imagine that you are standing on a busy street corner and your phone rings. You
pick up your phone and answer. However, the microphone in your cell phone not
only picks up your voice, but also senses a significant amount of ambient noise from
passing traffic and people rushing by. In an extreme case, the noise in the received
signal is so overwhelming that the person who called you cannot hear you, and hangs
up. Can anything be done about this? Is there a trick to maintain communication in
such adverse conditions? The answer is "yes". We can apply spatial filtering and sharp
focus in the direction of the desired signal while discarding any sounds that emanate
from outside the listening range. In this case, the focus should be in the direction of
your mouth. However, what happens if you keep the device in your hand, maybe
half a meter away from your mouth? In this case, the system must also be steerable
in order to track and pick up the signal from a position that moves in relation to the
device.

This dissertation answers the above questions by proposing a polynomial beamfor-
ming algorithm that allows dynamic steering of maximum sensitivity in the desired
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direction. The dissertation is written in the form of a monograph, which gives the
reader the comprehensive theoretical foundation needed to understand the methods
used and their derivations. In the end, giving a few design examples, the complex-
ity figures and spatial filtering characteristics are compared with the state-of-the-art
systems that belong to the same category of beamformer and have similar response
behavior for spatial sound capture. Finally, in drawing the conclusions together,
possible future research topics are brought into view.

1.1 Background

Spatial sound capture has recently gained importance in virtual reality (VR) produc-
tions and surround sound recordings offering a 360° listening experience. Directional
pickup for live streaming in 360° (horizontally) or even in full 3D (including eleva-
tion) requires real-time capture and rendering algorithms for both video and audio
signals. Today, the biggest players in streaming and the gaming industry are currently
deciding on their preferred formats for their productions.

Well-known techniques for spatial sound recording date back to the early 1930s
when Alan Blumlein developed the Mid-Side (M-S) stereo format. His idea of
recording two outputs, one from a pressure microphone and the other from a
pressure-gradient sensor, provides a means to control a stereo-widening effect in
post-production which ranges dynamically from a simple monaural (omnidirectional)
output up to a full 180° stereo separation of the left and right sides.

In the mid-1970s, John Billingsley led a research group that invented the acoustic
telescope for real-time source location of full-sized jet engines, which is based on a
microphone array with the accompanying signal processing software. That system
can be considered as one of the first microphone array beamformers as it calculated
array outputs on a digital computer.

Sound field microphone, or tetrahedral recording experiments made in the early
1970s by Michael Gerzon were the first steps towards 3D spatial sound capture. Later
on, in 1994, Driscoll and Healy derived a computationally efficient calculation of
spherical harmonic transformations, developed a sampling theorem, and proposed a
steering method to be used with spherical microphone arrays.

Since then, spherical arrays have been regarded a a kind of de-facto standard in
spatial audio capture, offering higher order Ambisonics to be recorded immediately
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and, if raw microphone data is also stored, a post-production sound engineer can
control the array response afterwards. The term Ambisonics has been used since the
1970s to indicate a 3-dimensional sound format that maps the recorded channels onto
a loudspeaker installation that reproduces a sound at the so-called ’sweet spot’ in the
listener’s ears as it was originally captured.

Products such as the SoundField™ microphone, Eigenmike® [35], and B & K
Spherical Beamforming System [102], are designed for spatial audio capture and
include a control method for steering the array response in a desired direction. The
first of these, the SoundField™ microphone, consists of three pairs of cardioid sen-
sors pointing in opposite directions and a single omnidirectional microphone in the
middle. Each pair provides an output signal that represents one of the orthogonal
components in the X Y Z -base. The other two products are based on spherical har-
monic transformations, assuming that the microphones are located on the surface of
a sphere.

This dissertation gives an overview of these spatial audio capturing techniques.
It also introduces a new beamforming concept based on polynomial approximation
of the filter coefficients, proposed by the author. It is shown that the polynomial
beamformer can provide similar capturing performance and steering functionality as
the state-of-the-art methods with the same array geometry.

Related work from other institutes and researchers in the field of microphone
array signal processing can be found that further utilizes the work published by the
author in [54]. For example, the steerable polynomial beamformer has been studied
for use in speech recognition. This has a curved line array mounted on a robot’s
forehead. This work was presented by Barfuss et al. in [7].

1.2 Scope of the work

In the late 1990s and early 2000s, while working at Nokia Research Center in a team
that developed audio algorithms for Nokia products, the author was involved in
the creation of beamforming algorithms for multi-microphone signal processing.
Based on a literature study and some experiments with adaptive beamformers, it was
soon discovered that a fixed filter-and-sum beamformer would perfectly supplement
the conventional single-microphone adaptive signal processing techniques, such as
dynamic range control, acoustic echo cancellation, and noise suppression, to name
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but a few. Otherwise, if a signal-dependent multichannel front-end processor was
used, any subsequent adaptive algorithms would have been severely affected and their
performance degraded.

The aim of this work is to optimize the filter coefficients so that the spatial
sensitivity, or the directional magnitude response, increases signal-to-noise ratio with
minimal colorization of the signals that impinge on the microphone array, regardless
of their direction. Thus, a frequency-invariant filter-and-sum beamformer with fixed
filter coefficients optimized for a desired target response would perfectly fit with
the given requirement. However, in order to track a moving source, or just point
the array output in a new direction, the beamforming filter coefficients should be
changeable. An intuitive method, which perhaps first springs to mind, would be to
store the filter coefficients for each desired target direction separately and then, while
operating the system, select the coefficients that best match a desired source direction
at a given time.

In the late 1990s, the generic objective of this work was to find a suitable algorithm
utilizing multiple microphones in a such way that speech communication could
be significantly improved in noisy environments compared to conventional single
microphone methods. Moreover, the aim was to develop a beamforming1 filter
that is able to pick up speech signals and can be fitted to mobile terminals using
just a few microphones in an arbitrary geometric array. Also, the realized filter
should change the look direction in a steerable manner and, ideally, it should also
be as computationally simple as possible. Since those early days at the beginning of
this kind of research, it has been noted that there is an increasing interest on 360°
audio capture which has since become the driving force for many recording systems
developed later.

Beamformers can be classified into three main categories: data independent, statis-
tically optimum, and adaptive algorithms [111, Sec. 61.2.3]. The filter coefficients
in a data independent beamformer do not depend on the array data and, thus, the
response is known beforehand and can be measured for each signal direction inde-
pendently. In statistically optimum beamforming, the coefficient values are chosen
based on a-priori knowledge about the signal and interference statistics. Adaptive
beamformers, e.g. those based on the well-known generalized sidelobe canceling
technique originally developed by Frost [39] and later on modified by e.g. Griffiths
1Beamforming is the name given to a wide variety of signal processing algorithms that, by some means,
focus the array’s signal-capturing abilities in a particular direction [51, p. 112].
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and Jim [46], can be used when there is separate information about the interfering
signals available. In the adaptation process, the beamformer weights are continuously
updated for the optimal solution to time-varying statistics.

Furthermore, the number and physical dimensions of the microphones in an array
must be small enough to be fitted to a hand held device. Omnidirectional capsules
are the simplest and cheapest to manufacture and, since the manufacturing cost is one
of the most important considerations in business, omnidirectional microphones are
of primary interest in this work. In the early phase of the research, the microphones
had analog components that required pre-amplifiers and other circuitry to get the
signal into the digital domain. Eventually, components based on Micro-Electro-
Mechanical Systems (MEMS) technology became available, and these offered digital
output directly from the same chip as the microphone capsule [107]. No matter
what the hardware design, we assume in this work that the microphones are ideal
omnidirectional sensors and their digital output accurately reflects the acoustic wave
field.

In the early stages of this research work, around the turn of the millennium, the
algorithm development was targeted for use in mobile communication devices around
operational frequencies which at that time varied on a frequency band, from say,
300 Hz to 3.4kHz2. It was also desired to minimize the computational complexity
of the algorithms to make them fit with a restricted processing capacity, and also to
restrict the power consumption.

1.3 Research question

This work investigates whether it would be possible to build a data-independent
broadband filter-and-sum FIR beamformer consisting of four omnidirectional micro-
phones that is capable of steering the array output in the horizontal plane simply by
changing the value of only one, single, control variable. The spatial response of the
beamformer should be similar to that of a first-order microphone, the shape of which
is frequency invariant and also independent of the steering angle. Furthermore, if
there are several source directions to be traced simultaneously, the computational

2The frequency band is chosen to match with telecommunication standards defined for hands-free
speech communication in mobile terminals [1, Section 5.4].
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complexity of the steerable beamformer should be significantly lower than that of a
selected set of fixed filters.

1.4 Research methods

In array processing, signal-to-noise ratio is improved by picking up sounds from
a known target direction while rejecting signals coming from other directions. In
hands-free speech communication or in live capture of audio-visual content, the
exact location of the sound sources are not known beforehand and they typically
move during the take. Hence, it would be beneficial to have an algorithm that
can be steered smoothly and accurately in the desired direction. In this work, the
sensitivity characteristics of the proposed beamforming filter are evaluated in terms
of the performance metrics commonly used in mobile telephony, surround sound
recording, and spatial audio capturing systems.

The author has made a simulation tool that is used for evaluating the proposed
polynomial beamforming filters in terms of spatial sensitivity and accuracy and is
comparable to the performance obtained with a single-direction-optimized filter-and-
sum FIR beamformer. The computational complexity and memory consumption of
the proposed filter structure is analyzed, as well.

1.5 Author’s contribution

This dissertation is based on research conducted between 1997 and 2009 while the
author was working in the Speech and Audio Systems laboratory at Nokia Research
Center. During that time, several patents [55][52][75][65] and conference papers
[53][54] on multi-microphone beamforming algorithms were published by the author.
Regarding the specific topic of this dissertation, the author is the co-inventor of the
polynomial beamforming method [55] and the main writer and the presenter of
two conference papers, one that proposes a method for joint optimization of sensor
positions together with beamforming filter coefficients published in [53] and another
paper that presents the method for polynomial approximation of beamforming filter
coefficients, presented at the ICASSP 2001 conference and published in [54].
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Chapter 3 presents the joint optimization3 of sensor locations and beamforming
filter coefficients based on the author’s work published in [53]. The author developed
a simulation tool for modeling spherical pressure wave propagation in a free-field
and optimizing the filter coefficients for a given array geometry and ran simulations
whose results were presented in the conference paper. The idea of joint optimization
came from the co-author, Mr. Matti Hämäläinen, who also helped in interpreting
the results.

Chapter 4 derives the polynomial beamforming filter structure and Chapter 5
provides a performance analysis in comparison with conventional fixed beamformers.
The material presented in this chapter is based on the author’s work published in
[54]. The polynomial beamforming filter structure was invented together with the
co-author Mr. Hämäläinen. Again, the simulation tool was made by the author,
while the co-author helped in interpreting the results shown in that paper.

In addition to developing the methods described above, the author conducted
independent research in 2016–2018. During that period, he studied the polynomial
beamforming filter structure in greater depth and analyzed various aspects of its
performance, the results of which are presented in Chapter 5. Section 5.2 compares
the spatial properties of the modal base functions of the polynomial beamformer and
the modal part of the well-known spherical harmonic decomposition using an exam-
ple design of four omnidirectional microphones. The accuracy of the polynomial
approximation is analyzed in Section 5.3 by comparing the steered filter coefficients
with a set of fixed filters and measuring the corresponding spatial output signals in
terms of their directivity index, target signal frequency response, and robustness
in terms of white noise gain, proving that such filters are practically realizable. In
Section 5.4.1 the computational complexity of the proposed polynomial system is
compared with a conventional method in terms of the arithmetical operations. Sec-
tion 5.4.2 considers memory consumption and, in Section 5.4.3, a practical bound is
derived which can be used to tell under which circumstances polynomial steering
outperforms a conventional design based on a set of fixed filters. Finally, Section
5.5 briefly touches on the idea of expanding the polynomial approximation in two
variables enabling steering in both the azimuth and elevation directions.

3Optimization: the action of making the best or most effective use of a situation or resource.
https://en.oxforddictionaries.com/definition/us/optimization
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1.6 Impact of the research

The results of this work show that this polynomial approximation can be used
effectively to steer the spatial response in an arbitrary direction providing similar
sensitivity characteristics as would be obtained with a fixed beamformer separately
optimized for that particular direction.

Yet another result is that, if the microphone array has the symmetry of a circle or
sphere and the beam is steered 360° around the array, the inner layers of the polyno-
mial filter structure will produce elementary beams that resemble the components
used in spherical harmonic decompositions. In Section 5.2, the author analyzes
similarities found in the example configuration using a flat Y-shaped array for steering
in the horizontal plane. A tetrahedron array may be used for obtaining elevation
control as well. Only four omnidirectional microphones are used in the example.
Thus, the first-order sensitivity pattern can be formed and rotated at different angles.
The results show that the polynomial approximation method presented in this work
provides, as expected, similar filtering characteristics as state-of-the-art sound captur-
ing techniques, such as the SoundField™ microphone discussed in Section 2.7.2 or
the modal beamformer described in Section 2.7.3.

Additionally, the author developed a MATLAB®4 Filter Optimization Package
(FOP), which is a toolbox supporting research work and facilitates the verification
of realized beamformers. The FOP toolbox is a simulation tool that consists of
interactive graphical interfaces for optimizing and analyzing the spatial response of
the beamformer in a free-field and to evaluate the polynomial approximation. It was
created and maintained by the author for Nokia’s internal R&D purposes.

This work has also involved the creation of multi-microphone fixed-point refer-
ence C-code for product integration, which required the specialised skills needed to
optimize the assembly code on certain Texas Instruments digital signal processors,
such as the TMS320C54x hardware. An example of a Nokia product that utilizes a
microphone array for speech pickup is the Nokia Wireless Plug-in Car Hands-free
device HF-6W, which was launched in 2005. It is equipped with a digital signal
processor with four microphones [77, pp. 7–9].

4MATLAB® is a registered trademark of The MathWorks, Inc.
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2 THEORETICAL FOUNDATION

Information about distant events is carried out to our sensors by
propagating waves

Johnson & Dudgeon [51, p. 10]

The human ear is highly sensitive to pressure variations in the air. Likewise, the
membrane of a microphone senses the movement of particles in the air. Microphones
convert pressure waves into an electrical voltage swing to be further processed by a
digital signal processor and transmitted over the cellular telephone network or stored
in the memory of the recording device. While receiving or retrieving the stored data,
it will first be converted back to an analog voltage swing, amplified to adjust the
sound level and then fed through the loudspeaker to create pressure variation, i.e.
sound waves, that imitate the captured sound.

The above description is, of course, a highly simplified and idealised version of
the process. In practice, sound capture and playback require dedicated hardware
and specific techniques to get it right in each and every acoustic environment. For
example, recording a distant and possibly faint sound event, such as wildlife in nature,
or athletes on a sports field, would differ greatly from a situation where a person is
talking on their cell phone in a busy street or in a crowded bar with loud music. Thus,
it is usually beneficial to have some sort of control over what sounds are picked up
by a microphone. In this work, we will focus on multi-microphone signal processing
techniques that can be used to dynamically steer the focus in a desired target direction
and cancel out noise from other directions.

In this chapter the reader will be guided through the terminology and definitions
used in the field of acoustic signal processing. The chapter is divided into three
sections. The first section is the acoustic part, i.e. it deals with how sounds are
produced and propagated in air, and what means can be used to capture a sound. The
second section is about digital signal processing, spatial filters, and their performance.
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The last section discusses state-of-the-art techniques in spatial audio capture with an
explanation of the formats that are used for comparison of the later results.

Advanced readers with a basic knowledge of acoustics and digital signal processing
may want to skip this chapter and jump directly into the main results presented in
Chapter 3. However, those who want to revise their knowledge of either of these
two topics may find it worthwhile to go over the relevant sections of this material in
order to familiarize themselves with the terms and definitions used in the rest of the
thesis.

2.1 Acoustics

Acoustics as a science may be defined as the generation, transmission, and reception of
energy as vibrational waves in matter [57, p. 1].

This section deals with sounds related to audio communication. First we will
take a look at some basic properties of the physical aspects of a sound and then, after
defining the coordinate systems needed in the latter part of this thesis, we will specify
the kind of sources we use in the spatial analysis of capturing sound waves based on
the direction of their propagation.

2.1.1 Sound

Amongst the many meanings for the word sound, we adopt here the medical defini-
tion1: sound is mechanical radiant energy that is transmitted by longitudinal pressure
waves in a material medium (as air) and is the objective cause of hearing. A sound is
said to exist if the pressure waves or displacement of particles of the medium could
be detected by a person or by an instrument [10].

Sounds begin with the oscillatory movements of a source causing the surrounding
air molecules to move back and forth. This in turn affects more distant air molecules
which will move accordingly. The outcome of this chain reaction is a sound wave
traveling outwards from the source through the air as successive, imitative oscillating
layers of particles. It should be noted that the molecules themselves do not travel. At
an observation point some distance from the origin of the sound, these longitudinal
compressions and rarefactions can be detected by any light structure, such as the

1https://www.merriam-webster.com/dictionary/sound
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eardrum of a listener or the diaphragm of a microphone, both of which follow the
pressure variations and move accordingly. [17, p. 17]

A sound wave can be the result of single impulsive movement of the source, e.g.
two hard objects suddenly colliding with each other, or it can be a simple harmonic
vibration [57, p. 2] caused by pendulum-like swings, such as the thrum of a tuning
fork. Human speech and the ambient noise around us is a rich combination of these
two varieties of sound waves.

Vocal organs in mammals (larynx) and birds (syrinx) open and close mechanically
to cause pulse-like pressure disturbances in the airflow. This excitation signal vibrates
the tissue layers further up the vocal tract and, in combination with aerodynamic
driving forces, determine the frequency and mode of oscillation. [32]

2.1.2 Speed of sound

The speed c at which sound waves travel through any medium is determined by the
medium’s elasticity and density. In dry air the distance traveled per second is

c = 331.45
p

1+ t/273.15°C
m
s

, (2.1)

where t is the air temperature in Celsius [17, p. 21]. To get a rough idea of how
temperature affects the speed of sound, we have plotted the function values in Figure
2.1 and list some of them in Table 2.1. It is obvious that close to absolute zero point
t = −273.15°C the speed of sound drops down to zero as the air molecules stop
moving. In a typical atmospheric temperature range at ground level, say from−40°C
to 60°C, the curve seems rather linear. In Table 2.1, the speed increases by roughly
6m/s for each step of 10°C. Hence, we may approximate Equation (2.1) by

c = 331+ 0.607t
m
s

(2.2)

for temperatures above −30°C and below 30°C [10, p. 13].
In practice, according to [17], humidity would play a role here, too. However, its

effect is minor compared to that of temperature changes. Thus, in order to make the
results of this work more generalisable, we will not quibble over the exact climatic
conditions, and will neglect the effect of humidity. So, in dry air, we can define the
speed of sound by Equation (2.1).
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Figure 2.1 Speed of sound in dry air versus temperature according to Equation (2.1).

Air temperature [℃] Speed of sound [m/s]

-40 306.2

-20 319.1

0 331.4

20 343.4

40 354.9

60 366.0

Table 2.1 Speed of sound in dry air at some selected temperatures.

Although atmospheric conditions affect sound propagation in a number of ways,
especially over longer distances and at different altitudes [64, p. 9], in this work we
are dealing with distances of no more than a few meters, and in such cases it is fair
to assume that the air as a medium is lossless and homogeneous. In other words,
absorption, diffraction, reflection, and so on, are neglected and we assume that sound
waves propagate freely with no obstacles or other disturbances between the source
and the sensor.

2.1.3 Wavelength and frequency

One important measure of a propagating pressure wave is the wavelength, defined as
the distance between successive maximum values in the propagating wave at the time
instant t . Another interesting property is the number of cycles per second or the
frequency at which the pressure changes from one maximum to another. Wave length,
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Frequency [Hz] Wavelength [m]

20 17.2

100 3.44

300 1.15

1 000 0.344

5 000 0.0688

10 000 0.0344

20 000 0.0172

Table 2.2 Frequencies and wavelengths in dry air at 21 °C (c = 344 m/s).

frequency, and the speed of sound are in relation

f =
c
λ

, (2.3)

where c is the speed of sound expressed in meters per second (m/s), λ the wavelength
in meters (m), and f the frequency counted as the number of cycles per second, or
hertz (Hz). [57, p. 9]

Unless otherwise specified, the temperature is assumed to be 21°C. So, the speed
of sound is c = 344m/s. The average young person can hear, or more precisely, sense
vibration on frequencies from about 20 Hz up to 20kHz [57, p. 1]. According to
Equation (2.3) wavelengths can vary from tens of meters down to a few centimeters.
Some of these values are depicted in Table 2.2 and Figure 2.2 for further reference.

If either the sound source or the sensor is moved in the direction of wave propaga-
tion, the measured frequency could be different from that originally produced by the
source. This phenomenon is known as the Doppler effect [51, p. 18], which denotes a
shift in the frequency domain [57, p. 453]. Throughout this work, it is assumed that
sound sources and observers are in fixed positions or moving so slowly (compared to
the speed of sound) that the Doppler effect is negligible and can be ignored.

2.1.4 Sound fields

Acoustics and sound fields have been studied extensively over the years, and although
the same basic principles hold true in most cases, there is a wide range of practical
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Figure 2.2 Wavelengths on the frequency range from 20 Hz up to 20 kHz (c = 344 m/s).

issues that may need to be taken into account, depending on the application in
mind. These issues may vary depending on whether one is dealing with architectural
acoustics [62], different kinds of environments in open or closed spaces [57], or
even reaching up to various layers on the atmosphere [64] [58]. Here, in this work,
sound propagation is analyzed over relatively short distances, so the sound field is here
defined as a scalar pressure wave field generated by a number of distinct point sources
(Section 2.1.6) pulsating harmonic spherical waves into a lossless and homogeneous
medium.

This section consists of a quick tour through the most relevant acoustic spaces for
this work, followed by a detailed discussion of how sound waves propagate in each of
them.

Acoustic environment

Physical objects like hard walls, soft curtains, furniture, or any mass can cause scat-
tering, diffraction and absorption to propagating sound waves. Part of the energy
originally radiated away from the sensor would therefore be reflected back towards
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the sensor from directions other than where the original sound source is physically
located. From the sensor’s perspective, this multi-path propagation has the same
effect as if there were other sources present. These are known as mirror images,
and are derived from the original source. The distance from the mirror image to
the sensor would be the same as the distance from the original source via reflection
points.

For the observer, mirror images are like pulsating harmonic spherical waves on
the same frequency as the original source, but coming from a different direction, and
further attenuated due to the longer distance traveled, and possibly, by hitting some
acoustic damping materials. Therefore, depending on the acoustic environment, an
observer not only senses waves coming directly from the physical sound sources, but
also recognizes reflected waves from a variety of other directions.

For the purposes of this research, however, it is assumed that the sounds just travel
in free-field, with no obstacles in the way. As will be seen later, in our case, there is no
need to distinguish between the components of the sound wave coming directly from
the physical location of the source and those which come from virtual mirror images.
We are only interested in the sensor system’s response based purely on the direction
from which the sound arrives at the sensor, i.e. the angle of incidence, regardless of
the physical origin of the original sound per se. So, if there is a mirror image, it is
treated as if it were a new independent sound source, unless defined otherwise.

Free-field

Ideal free-field sound conditions are relatively rare, but a good approximation would
be a dead calm polar night on a wide open hilltop under 2-metre deep snow stretching
in every direction as far the eye can see. Unfortunately, even here in Finland, such an
environment is not an ideal place in which to conduct acoustic measurements. Luckily,
there is a suitable solution in which researchers can conduct acoustic experiments
inside under stable conditions, as will shortly be revealed.

For this research we are dealing with acoustic waves of varying lengths from a few
millimeters to up to tens of meters (Table 2.2). The longest waves, say those with
frequencies below a few hundred hertz, can be heard far away and even through walls.
Every room has its own acoustics depending on its dimensions, the furniture, and
even the materials used for decoration. If we clapped hands in the middle of a room,
the sound waves would propagate not only directly, but also indirectly to the point

41



where the listener or sensor is located. A straightforward method to analyze a room’s
acoustics is to expose the room to a sound impulse at one location and measure the
response in another. We define the room reverberation time T60 [106, p. 982] as the
time that has elapsed from when the first (direct) wave hits the sensor to the moment
when the sound pressure level of reflections (reverberation) has decayed by 60dB [10,
p. 470]. Impulse response and room reverberation time describe any room’s unique
acoustics. Naturally, any measured response would be different if either the source
or the sensor’s location was changed [70].

Although theoretically speaking the reverberation time in a closed space can never
be exactly zero, in practice, we can use a room for acoustic free-field measurements if
the reverberation time is short enough, e.g. T60 < 0.15ms [74], and the ambient noise
inside the room is below the hearing threshold. An anechoic chamber is a specially
designed space for acoustic measurements which meets those requirements. Such
rooms can come in many shapes and sizes, but the main principle is that the inner
walls of an anechoic chamber are coated with thick sound-absorbing material and
any interior lightning, ventilation, door openings, cable ducts, etc. are all carefully
designed and installed to minimise noise. Building an anechoic chamber that is big
enough to contain reasonably-sized measuring equipment is not quite as simple as
it might seem. It could easily contain tons of concrete in its surrounding walls and,
being so heavy, it needs to be constructed so that it is isolated from the surrounding
building on a floating bed with a heavy-duty spring mechanism in order to remove
any physical connection with external noise sources.

Diffuse field

We define a diffuse sound field as one which is formed by an infinite number of plane
waves extending over a band of frequencies and traveling in every direction with equal
probability. It is impossible to produce a perfectly diffuse sound field. However, we
can reach a close approximation in a room with irregular shape and hard material
on walls, ceiling, and floor, which reflect the waves in all directions2. Then, if the
room reverberation time is long enough, say well beyond T60≫ 1s, and we fire an
acoustic impulse from a random location, we could measure the tail of a reverberated
sound in another position with no strong directional components left, but merely a

2Balloon pop: reverberant room vs. anechoic chamber.
https://www.youtube.com/watch?v=zq07ZFMvo-c
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myriad reflected rays bounced from the surrounding walls in almost every direction.
Another example of a diffuse sound field, is the noise field in a moving passenger
car. The acoustic noise inside the car cabin is close-to-diffuse in the sense that the
noise is formed from a combination of sounds rising up from all over the car chassis
from many independent sound sources, such as the engine, the exhaust system, the
suspension, the wheels, the wind, the rain, and so on.

Human perception

Human hearing is sensitive to the frequency, loudness and direction of sound. The
human ear is most sensitive to sounds between 2 and 4 kHz. It cannot be a coincidence
that directional sensitivity is also most accurate at the same frequencies, where the
wavelength is closest to the distance between two ears (Table 2.2). The acoustic effects
of the human head, torso, and pinnae are specific to each listener. These, including
individual inter-aural and inner ear responses among the many neural processes that
combine the signals from our two spatially separated ears, all characterize our feelings
about the surrounding auditory scene, enabling us to locate the direction of a sound
wave. [113]

2.1.5 Coordinate systems

Coordinates, in general, can be thought of as being a system of indexing by two or
more terms so that documents may be retrieved through the intersection of index terms3.
There are several types of coordinate systems [104, pp. 126–130] that can be used for
describing a point in three-dimensional space. In our case, the most suitable ones are
rectangular and spherical coordinates. We utilize the former to locate physical objects
such as sound sources and sensors, whereas the latter is useful in analyzing spherical
wave propagation. These are discussed in more detail shortly, but let us first reiterate
some basic terminology used in scalar and vector algebra.

Directed line

The simplest coordinate system is one-dimensional and can be represented by a
directed line as illustrated in Figure 2.3. Thus, any real number x ∈R can be expressed

3https://www.merriam-webster.com/dictionary/coordinate
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graphically as a point P on the line X . Positive values of x are to the right of the
origin, O, and negative values are measured in the opposite direction. The absolute
value |x| is the distance from the origin O and the sign of x will tell us in which
direction the value is to be measured.

X
x

O P

Figure 2.3 A graphical representation of the real number x ∈R.

Vector

A vector describes a quantity having both magnitude and direction. Physically,
vectors represent quantities such as displacement, velocity, acceleration, or gradient.
Graphically, in Figure 2.4, it is an arrow u with its origin at point O , pointing to P , and
characterized by its direction and length. We write u = |u| to denote the magnitude of
vector u and say that the scalar value of u ∈R≥0 is a quantity having magnitude but

u
O

P

Figure 2.4 The vector u having origin in the location O and terminating to the point P .

no direction. Calculus with scalars follow the rules of elementary algebra. Vector
equations can be treated in the same way. A unit vector is an elementary vector
êu = u/u pointing in the same direction as u and having a magnitude equal to one.
We can also write u= u êu , assuming that u ≠ 0. [103]

Rectangular coordinates

A right-handed rectangular coordinate system is defined by three mutually perpendic-
ular directed lines X , Y , and Z as illustrated in Figure 2.5. These lines are drawn
through a common point O known as the origin of the system. Any pair of these
lines, or axes as we may call them, determines a coordinate plane. A radial position
vector r has the initial point in O and terminates at the point P . It can be written as a
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P = (x, y, z)
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z

r
êz

êx

O

Figure 2.5 The right-handed rectangular coordinate system.

resultant of the three component vectors

r= x êx + y êy + z êz , (2.4)

where the unit vectors êx , êy , and êz have the directions of the positive X , Y , and Z
axes, respectively. [103, pp. 2–3]

The distance between the points P1 = (x1, y1, z1) and P2 = (x2, y2, z2) is a scalar
value denoted by d = d (P1, P2) = |P2− P1| and can be measured by [19, p. 167]

d =
Æ

(x2− x1)2+(y2− y1)2+(z2− z1)2. (2.5)

Magnitude r of the position vector r in Figure 2.5 is the distance between the points
P = (x, y, z) and O = (0,0,0). Thus, we can write

r =
p

x2+ y2+ z2. (2.6)

Scalars x, y, and z are called the rectangular components of r [103, p. 3]. An ordered
set (x, y, z) ∈R3 uniquely defines a point in three-dimensional space, and conversely,
each point has a unique set of coordinates in the same system [19, p. 166].
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Spherical coordinates

The spherical coordinates [19, pp. 194–195] of a point P = (r,φ,θ) are shown in
Figure 2.6. Given the radius r , elevation φ, and azimuth θ, we can write

θ

Z

Y

y

x

P = (r, φ, θ)

X

z

r

O

φ

Figure 2.6 Spherical coordinates (r,φ,θ) in relation to rectangular components x, y, z .
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x = r sin(φ)cos(θ)

y = r sin(φ) sin(θ)

z = r cos(φ)

(2.7)

and
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

r =
p

x2+ y2+ z2

φ= cos−1 z
p

x2+ y2+ z2

θ= tan−1
� y

x

�

.

(2.8)

Equations (2.7) and (2.8) are useful when we transform coordinates between the
rectangular and spherical systems.

Complex numbers

Two directed lines crossing perpendicularly as shown in Figure 2.7 defines a two-
dimensional rectangular coordinate system that is useful for representing complex
numbers graphically.
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Figure 2.7 Rectangular and polar coordinates in the complex plane.

Let us denote the imaginary unit by ȷ =
⎷
−1. Imaginary numbers are the products

ȷy for all y ∈ R. In Figure 2.7, imaginary numbers populate the imaginary axis ℑ.
Conversely, all real numbers x ∈R reside on the real axis ℜ. Complex numbers are
defined as combinations

u = x + ȷy, (2.9)

where x and y denote the real and imaginary parts, respectively. Here, we have used
a rectangular coordinate system for describing the complex plane and the set of all
values u ∈ C. Calculation with complex numbers follows real arithmetic and the
same laws that hold for real numbers hold for complex values as well.

We may also represent complex numbers by points P⊥ = (x, y), which are ordered
pairs of two real numbers x and y measured along the real and imaginary axes
accordingly, or we can choose the polar coordinates P∠ = (r,α) to express a complex
number by its distance r from the origin and angle α measured counterclockwise
from the positive ℜ-axis.
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Switching from rectangular to polar coordinates or vice versa is straightforward
with the transformation equations [104, Eq. 10.14]

(

x = r cos(α)

y = r sin(α)
(2.10)

and
⎧

⎨

⎩

r =
p

x2+ y2

α= tan−1
� y

x

�

.
(2.11)

According to Euler’s identity [104, p. 24, Eq. 7.16]

e ȷα = cos(α)+ ȷ sin(α) (2.12)

and noting Equation (2.10), we can now write Equation (2.9) in the polar coordinate
system as

u = r e ȷα, (2.13)

where r denotes magnitude and α the direction angle of the complex variable u ∈C,
which is illustrated in Figure 2.7.

Conjugate transformation often appears in complex arithmetic operations. It
reflects the plane across theℜ-axis. We define u∗ = x− ȷy is the conjugate of a complex
value u = x + ȷy or, in the polar form, u∗ = r e− ȷα is the conjugate of u = r e ȷα. It
directly follows from these two definitions that the conjugate transform is associative
with addition and multiplication: for any two complex numbers u1 = x1+ ȷy1 and
u2 = x2+ ȷy2, we can write

(u1+ u2)
∗ = [(x1+ x2)+ ȷ(y1+ y2)]

∗ = (x1+ x2)− ȷ(y1+ y2) = u∗1 + u∗2 (2.14)

and, choosing any u1 = r1e ȷα1 and u2 = r2e ȷα2 , we can equally write

(u1u2)
∗ =

�

r1 r2e ȷ(α1+α2)
�∗
= r1 r2e− ȷ(α1+α2) = u∗1 u∗2 . (2.15)
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Phasor

A phase vector or phasor [57, p. 7] is a complex quantity typically expressed in polar
coordinates as in Equation (2.13) and denoted by

u0 =Ae ȷα, (2.16)

where A∈R⩾0 is the magnitude and α is the angle measured from the positive real
axis, respectively. We define e ȷωt as a unit phasor rotating counterclockwise in the
complex plane with an angular speed ofω radians per second and magnitude equal
to unity. Then, the product

u(t ) = u0e ȷωt =Ae ȷαe ȷωt =Ae ȷ(ωt+α) (2.17)

represents a phasor rotating counterclockwise and drawing a circle about the origin
with angular speed of ω radians per second, magnitude equal to constant value
A∈R⩾0, and having initial phase angle of α radians at time t = 0. Figure 2.8 illustrates
these relations with a physical representation.

Phasor notation is commonly used in digital signal processing as it simplifies
algebraic equations (with complex coefficients) enabling calculation in the phasor
domain instead of solving the equations (with real coefficients) in the time domain.

Multiplication of the rotating phasor A1e ȷ(ωt+α1) as in Equation (2.17) by a com-
plex constant A2e ȷα2 as in Equation (2.16), produces another phasor

A1e ȷ(ωt+α1)A2e ȷα2 =A1A2e ȷ[ωt+(α1+α2)] (2.18)

which has the magnitude A1A2 ∈R⩾0 and the initial phase term of α1+α2 radians.

Scalar and vector fields

If to every point (x, y, z) belonging to a subset U ⊆R3 there corresponds a number
u(x, y, z) ∈R, we say that u is a scalar function and u :R3→R is a scalar field defined
in U [103, p. 3]. By replacing scalars with complex numbers u(x, y, z) ∈C we have
defined a complex field.

If we further broaden the scope, we can say that u is a vector function and u :
R3 → Rn is a vector field of dimension n ∈ Nn⩾1 defined in U , if to every point
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u(t) = Aej(ωt+α)

Figure 2.8 A physical representation of the complex constant u0 and the rotating phasor u(t ).

(x, y, z) ∈ U ⊆R3 there corresponds a vector u(x, y, z) ∈Rn . Naturally, scalar and
complex fields can be considered as special cases of vector fields with n = 1 and n = 2,
respectively.

2.1.6 Point source

In Section 2.1.5, we defined the rectangular and spherical coordinate systems in a
three-dimensional space. We will now add the fourth dimension, time, which is
needed for the analysis of temporal variations, e.g. wave propagation in a sound
field. A real-valued spatiotemporal4 signal, or a pressure wave field, is defined as a
scalar function p(t ,r), where p is the pressure value, r indicates the field point and t
denotes the time of observation.

Throughout this work, we assume that a sound originates from a dimensionless
point source or a tiny sphere pulsating harmonic spherical waves [57, p. 171]. Due to
rotational symmetry, point sources are the easiest three-dimensional sound sources

4Relates to both space and time. https://www.merriam-webster.com/dictionary/spatiotemporal
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to analyze but perhaps the most difficult to realize in practice [10, p. 139]. Figure 2.9
illustrates a complex spherical wave propagating away from a point source. Signal

θ

X

r

φ

Z

s(t) = Aeωt

Y

p(t, r)

y(t, r, φ, θ) = p(t, r)B(φ, θ)

m

Figure 2.9 A spherical pressure wave p(t , r ) captured by the microphone m at the distance r from the
sound source s(t ). Directional response of the microphone is denoted by B(φ,θ).

propagation from the sound source s (t ) to the sensor output y(t , r,φ,θ) is modeled
by multiplying the two components along the path: a value of p(t , r ) representing
the acoustic wave at the distance r from the point source s and a value of B(φ,θ) de-
noting the directional response of the transducer, which can be produced acoustically,
electrically or even digitally (see Section 2.2.3).

Sound waves are longitudinal in nature and, thus, the wavefront of a spherical
source resembles a continuously expanding sphere propagating radially in all direc-
tions. We will now take a closer look at the definition of a point source by defining
simple harmonic motion and writing the wave equations based on assumptions made
in energy distribution.

Simple harmonic motion

It is noted previously that any complex number can be expressed in polar coordinates
as a constant u0 =Ae ȷα of length A and angle α measured counterclockwise from the
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positive real axis. By defining u(t ) = e ȷωt , we get a unit phasor [57, p. 7] rotating
counterclockwise in the complex plane with an angular speed ofω radians per second
and a magnitude equal to unity. Moreover, the product

u(t ) =Ae ȷαe ȷωt =Ae ȷ(ωt+α) (2.19)

represents a phasor of length A rotating in a complex plane with an angular speed of
ω radians per second with the initial phase angle α at t = 0. Equation (2.19) denotes
the complex form of simple harmonic motion [57, p. 6], which is also illustrated in
Figure 2.8.

According to Equation (2.12), the real part of the rotating phasor ue ȷωt in Equa-
tion (2.19) becomes

ℜ(Ae ȷ(ωt+α)) =Acos(ωt +α), (2.20)

which is actually an orthogonal projection of the complex phasor moving back and
forth along the real axis. A real-valued simple harmonic motion is now defined as

p(t ) =Acos(ωt +α) (2.21)

where A is the amplitude and α is the initial phase angle of the motion. Throughout
this work, we will consider e ȷωt as a unit length phasor rotating counterclockwise in
the complex plane with an angular speed ofω radians per second. [57, pp. 2–7]

Wave equation

When there is no disturbance or sound wave present, gas molecules in the air are in
continuous random motion. On average, though, there is no net movement in any
direction. Hence, we say that particle displacement and particle velocity are both zero
and the ambient pressure throughout the homogeneous medium is constant. Hence,
the incremental pressure is zero. A sound wave propagating through the medium
causes variations above and below the ambient pressure. This incremental value is
called the sound pressure or the excess pressure. [10, p. 9]

Assuming an infinite and homogeneous medium such as air, a point source located
in the origin of a spherical coordinate system will produce an outgoing pressure wave

p(t , r ) =
A
r

e ȷω(t−r/c) =
A
r

e ȷ2π f (t−r/c), (2.22)
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where p is the deviation from ambient pressure in a distance r at time t [51, p. 17].
The two parameters f = ω/(2π) and A in Equation (2.22) are the fundamental
frequency and maximum displacement, or amplitude, of the oscillating source, respec-
tively. The parameter c stands for the speed of sound in dry air and is related to the
ambient temperature by Equation (2.1). The above definition of a pressure wave is
independent of direction angles θ and φ, hence the name spherical wave.

The Equation (2.22) can also be formulated as [51, p. 17]

p(t , r ) =
A
r

cos(ω(t − r/c)). (2.23)

It should be noted that the pressure amplitude A/r in Equation (2.23) has a singularity
at point r = 0. Also, if the source is physically small compared to the wavelength
of sounds, it cannot generate waves of large intensity [57, p. 129]. Various source
geometries and their impact on the wave field is thoroughly studied in [10].

Energy distribution

We define energy as the capability to produce an effect [16, p. 20]. Acoustic pressure
waves transport energy essentially in two forms: one is called the kinetic energy of
particles moving back and forth along with the waves and the other is the potential
energy related to the compression and rarefaction of the medium [57, p. 124].

Let us consider a particle that occupies an infinitesimally small volume V0 of an
undisturbed elastic5 medium such as fluid or gas. Furthermore, let ρ0 denote the
density of that medium, say, at time instant t = 0, when there are no sound waves
present and the system is in equilibrium. As the sound wave travels through an
observation point r, the particle in that location begins to move along accordingly.
Having the mass ρ0V0 moving at an instantaneous particle velocity6 u(t ,r) the kinetic
energy is

Ekin(t ,r) =
1
2
ρ0V0u(t ,r)2 (2.24)

5Deformation that disappears upon removal of the external forces causing the alteration and stress
associated with it. https://www.merriam-webster.com/dictionary/elastic%20deformation

6The instantaneous particle velocity at a point in space is the velocity, due to sound wave only, of a
given infinitesimal part of the medium at a given time instant [57, p. 13].
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and the change in potential energy associated with a volume altering from V0 to V (t )
is

Epot(t ,r) =−
∫︂ V (t )

V (0)
p(t ,r)dV , (2.25)

where p(t ,r) is an instantaneous sound pressure measured as the incremental change
from the static7 pressure P0 at the given time instant t and particle position r. The
negative sign in Equation 2.25 implies that the potential energy will increase, i.e. work
is done on the element, if its volume is decreased by a positive pressure p(t ). Without
diving too deep into thermodynamic processes we skip the deduction available in
[57, p. 124] and write the total acoustic energy in the form

Etot(t ,r) = Ekin+ Epot =
1
2
ρ0V0

�

u(t ,r)2+
�

p(t ,r)
ρ0c

�2�

(2.26)

and the instantaneous energy density Ei = Etot/V0 is

Eins(t ,r) =
1
2
ρ0

�

u(t ,r)2+
�

p(t ,r)
ρ0c

�2�

, (2.27)

where c is the speed of sound and both the pressure p and particle velocity u are
assumed to be real quantities obtained from the superposition of all acoustic waves
present at the position r and time t . [57, p. 124]

The time average of the instantaneous energy density Eins at the point r gives the
energy density

E = 1
T

∫︂ T

0
Eins dt , (2.28)

where the period T is long enough to take all frequencies, even the lowest ones, into
consideration.

Taking into account the statement of energy conservation in a lossless medium
[57, p. 130], the energy radiated from a point source is evenly distributed over the
surface of a continuously expanding sphere.

7Static pressure P0 at a point in the medium is the pressure that would exist at that point with no sound
waves present [10, p. 12].

54



Plane wave approximation

If the observation point is relatively far away from the point source, the wavefront’s
curvature decreases and it starts to resemble plane wave propagation. Additionally,
pressure amplitude A/r in Equation (2.23), does not change significantly from p(r1, ·)
to p(r2, ·), when r2 = r1+∆r and∆r is small compared to r1.

Superposition principle

Principle of superposition: The response y(t ) of a linear system due to several inputs
x1(t ), x2(t ), . . . , xn(t ) acting simultaneously is equal to the sum of the responses of
each input acting alone [25]. That is, if yi (t ) is the response due to the input xi (t ),
then

y(t ) =
n
∑︂

i=1

yi (t ). (2.29)

As the wave equations (2.22) and (2.23) are linear systems, the principle of superposi-
tion holds and we can make linear combinations of them to model sound fields that
are produced simultaneously by multiple sources. Conversely, if we had a combined
wave field, the contribution of each source could be analyzed separately.

2.2 Microphones

The first mention of the word ’microphone’ was in 1827 in Wheatstone’s description
of an acoustic8 device [17, p. 9]. In 1961, the invention of an electret condenser
microphone [99] started a new era in sound pickup. Charged electric condenser
microphones did not require external phantom power and, thus, they could be easily
fitted in small consumer products like private mobile radios, cell phones and hand
held voice recorders, to name but a few. In the late 1970s, about one third of all the
microphones sold were based on this electret condenser technology. [73]

Today, microphones are everywhere. Acoustic energy from a sound source to
the observation point is conveyed in the air as pressure waves. A microphone placed
at the observation point converts the acoustic pressure variation to an electrical

8The term acoustic is used for something that has physical characteristics associated with sound waves,
acoustical on the other hand is being used for something that does not explicitly have such properties
[49].
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voltage swing on the recording device. The directional response of a single port
microphone capsule is always omnidirectional, assuming that the mounting structure
does not impact on the sound wave propagation. For larger objects with built-in
microphones, e.g. mobile terminals, the device surface affects the pressure field
around the microphone opening and has an effect on the spatial sensitivity of the
sensor. By applying two or more sound ports to a single capsule or combining the
output of several microphones by means of digital signal processing, one can adjust
the directional sensitivity of the system. A set of microphones acting as a group that
provides a combined output of the processed input signals is called a microphone
array.

This section describes how directional sensitivity is formed with some traditional
microphone types. Omnidirectional response is the simplest to produce and the vast
majority of microphone capsules used in consumer electronic devices are omnidi-
rectional. A pressure gradient microphone is typically formed with a single capsule
fitted in a cover with two holes. By modifying the acoustic channels for each hole
one can adjust the direction in which the spatial null is located. A special type of
directional microphone is a physically long tube that is highly sensitive to sounds
coming parallel to the tube’s axis, while cancelling out waves impinging on the tube
from the side. Due to its physical dimensions and the fact that they have openings
along the side, these tubes are often called shotgun microphones. In addition to
mechanical devices only including a single diaphragm, directional response can also
be achieved by combining the outputs of two or more omnidirectional microphones.
We will deal with these so-called microphone arrays at the end of this section.

2.2.1 Pressure microphone

The device that transforms an external acoustic force into corresponding electric
voltage is called a pressure sensor. More specifically, if the output is sensitive to pressure
waves on audible frequencies, the sensor is a pressure microphone. We will briefly
look at some basic types commonly used in the field. Figure 2.10 represents the
basic mechanical structure of a pressure sensor while Figure 2.11 illustrates the four
different mechanical principles commonly used in producing such sensors in more
detail.
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Figure 2.10 The operating principle of a pressure microphone with the same sensitivity in all directions
[10, p. 200].

In Figure 2.10 the acoustic sound wave produces pressure changes that move the
diaphragm against the closed inner cavity with the force F (t ). Figure 2.11 illustrates
a few alternatives for how that acoustic force can be transferred into an electric signal.

A tiny hole on the back plate is used for slowly adapting the inner pressure to the
predominant atmospheric condition outside the capsule. The physical size of the
diaphragm is typically so small compared to the acoustic wavelength that although
the capsule can sense the pressure force F , it cannot sense the direction in which
the acoustic wave is traveling [57, pp. 416–417]. In this work, we consider pressure
sensors to be ideal omnidirectional microphones, having a flat uniform response to
each and every direction.

A dynamic microphone has a metal coil attached to a light diaphragm and, when
the coil is placed in the radial field of a permanent magnet, the two ends of the coil
will produce a voltage swing following the pressure changes on the other side of
the diaphragm. Typically some sort of silk material is used for restricting the air
flow to the inner cavity in order to control the high frequency response and there
may also be an air tube or back port on the reverse side to enable tuning of the low
frequency response. A condenser microphone has a metallic membrane parallel to a
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Figure 2.11 A cross-sectional view of some mechanical constructions commonly used in pressure sensors
[57, pp. 418–428].

rigid plate and, when a polarized voltage is applied between the membrane and plate,
the pressure change that moves the diaphragm in relation to the rigid plate causes
a change in capacitance between the two. The operation of a carbon microphone is
based on the total resistance of a small enclosure, a button filled with carbon grains,
which varies with the force applied to it. The actuator of a piezoelectric microphone
is made of quartz crystal or ceramics which can become electrically polarized and
produce voltage output proportional to the strain. [57, pp. 418–428]

Each microphone type has its own advantages. For example, piezoelectric mate-
rials can tolerate extreme environmental conditions such as the humidity and heat
typically addressed by consumer products, whereas carbon microphones can provide
high electrical output and durability which is highly desirable in broadcasting studios.
[57, pp. 418–428]
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2.2.2 Pressure-gradient microphone

In the previous section we noticed that the operation of a pressure microphone is based
on the acoustic wave acting primarily on one side of the diaphragm thus resulting
in a driving force that is proportional to the outside pressure. Here, in this section,
we look briefly at how the pressure-gradient microphone works. Instead of sensing
the pressure itself, it will only react to the slope or gradient between the acoustic
pressure on the two sides of the diaphragm. Hence, its sensitivity is dependent on
the incidence angle of the propagating sound wave.

A cross-sectional view of a pressure-gradient microphone is illustrated in Figure
2.12. This design is rotationally symmetric around the X -axis. Since the sound waves
travel two different paths to the membrane, one to the side "a" and another to the
side "b", the resultant force F (t ,ϕ) becomes a function of the incident angle ϕ.

�
�
�
�

������������
������������
������������
������������

������������������������

side b

r +∆r

d

side a

ϕ

X

Y s(t)

wavefront

r

diaphragm

F (t, ϕ)

Figure 2.12 Pressure-gradient microphones have both sides of the diaphragm exposed to the acoustic
sound pressure [10, p. 202]. This design is rotationally symmetric about the X -axis.

It should be noted that relations like wavelength-to-∆r and d/r are critical pa-
rameters that also affect the system response. Properly choosing the capsule size
d small enough compared to the wavelength and source distance minimizes these
effects. In the ideal case, as discussed in the end of Section 2.2.3, the directivity of a
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pressure-gradient sensor is similar to that of a first-order microphone by choosing
k = 1 in Equation (2.36), i.e. the shape looks like the figure-of-eight shown in Figure
2.15f [57, pp. 423–425].

2.2.3 First-order microphone

A first-order microphone [90] is a mixture of the two types of transducers, namely the
pressure and pressure-gradient sensors, described earlier in Sections 2.2.1 and 2.2.2,
respectively. This section looks at two acoustic solutions implemented in a single
enclosure. The first is a mechanical design and the second is an electrical one. A
third alternative is also briefly discussed, which is a system of two omnidirectional
capsules and a signal processor combining the two outputs into one with the first-
order directional sensitivity. However, digital signal processing in general is addressed
in Section 2.3.

Mechanical solution

A mechanical solution is a capsule that resembles the pressure-gradient design, being
open at both ends but with a restricted air flow at one end. This can be obtained with
a short, typically cylindrical, tube that is open at one end and half-open at the other
to produce an acoustic impedance on the half-open side. A sketch of the mechanical
solution is in Figure 2.13.

Clearly, if the acoustic resistance R is high, pressure waves can only hit the di-
aphragm from the right, i.e. the open side. Hence, the membrane moves along the
waves no matter which direction they come from and the microphone would be an
omnidirectional pressure sensor. On the other hand, if the resistance is completely
removed, the diaphragm becomes open on both sides and the system provides a
pressure-gradient performance with a spatial null in the direction of the positive
Y -axis (actually in the whole Y Z -plane) like in Figure 2.12.

Mixing the two concepts, namely pressure and pressure-gradient, it is possible
to tune the acoustic delay on one port and place the spatial null in any direction
simply by choosing the right parameters for the acoustic resistance R, which controls
the propagation delay corresponding to the path difference∆r . With a mechanical
construction, however, steering the null direction (with respect to the symmetry
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Figure 2.13 An example of the mechanical solution for a first-order microphone: open from both sides
like a pressure-gradient sensor, but having resistive material on one side to act as a pressure
microphone as well [10, p. 206].

axis) would only be possible by changing the physical parameters of the resistive
component.

Electrical solution

In the electrical solution, a variable pattern is produced with a dual-diaphragm capacitor
microphone, which has a central plate between the two diaphragms. There is an array
of holes in the central plate that produces both resistance and reactance. Directional
response is controlled by the polarizing voltage to the two plates. If the voltages are
equal on both diaphragms, the system behaves like a pair of back-to-back pressure
microphones, resulting in an omnidirectional directivity pattern. If the polarization
voltage is inverted for one of the diaphragms, both membranes will have the same
magnitude sensitivity but in opposite phases, which means the microphone is only
sensitive to pressure differences as a single diaphragm open on both sides providing a
figure-of-eight pattern. In the third alternative, no voltage is supplied to one of the
diaphragms so that it does not contribute to the output voltage. Altogether, these
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lead to a similar configuration as with the mechanical combination of pressure and
pressure-gradient microphones shown in Figure 2.13. [10, p. 231]

Differential microphone

It is possible to add the outputs of two closely-spaced omnidirectional microphones so
that they behave like a first-order microphone. Alternative solutions are thoroughly
covered by several authors, for example in papers [34, 40, 97]. Here, in this work, the
method is briefly touched on by giving an example based on the system illustrated in
Figure 2.14. If a sensor spacing is small compared to the source distance, d ≪ r , the
pressure waves propagate towards the microphones as if they were plane waves and
the amplitude of a waveform does not significantly change from one microphone to
another. Also, the angle of incidence is nearly the same, ϕ̂ ≈ ϕ, and the propagation
delay from one sensor to the other can therefore be approximated by (d cosϕ)/c ,
where d is the sensor spacing and c is the speed of sound.

symmetry axis

ŷ(t, ϕ) = pr(t)
(
1− e−ω[τ+(d/c) cosϕ]

)

pr(t)e
−ω[τ+(d cosϕ)/c]

r̂

pr̂(t) ≈ A
r
eω[t−

r
c
−(d cosϕ)/c]

ϕ̂

pr(t)

pr(t) =
A
r
eω(t−

r
c
)

s(t) = Aeωt

ϕ
r

d

y(t, ϕ) = pr(t)Bk(ϕ)

d c
os
ϕ

Xϕ

τ

H(ω, τ)

Figure 2.14 A method for creating a first-order sensitivity pattern with two omnidirectional microphones.
The angular response Bk (ϕ) is defined by the value of k in Equation (2.34).

A time delay τ applied to the signal from one microphone controls the null
direction [34]. In order to show how the delay value controls the angular response of
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the system we first write the difference of two microphone outputs, one delayed by
τ, in the form

ŷ(t ,ϕ) = pr (t )
�

1− e− ȷω[τ+(d cosϕ)/c]
�

= pr (t )
�

1− cos
�

ω[τ+(d cosϕ)/c]
�

+ ȷ sin
�

ω[τ+(d cosϕ)/c]
�

�

. (2.30)

Assuming a short delay τ and a small spacing d the trigonometric functions in
Equation (2.30) vanish as both of the terms,ωτ andωd/c , are small. The differential
signal can then be approximated as

ŷ(t ,ϕ)≈ ȷω [τ+(d cosϕ)/c] pr (t ), (2.31)

where ϕ is the angle-of-arrival of sound waves propagating through the pair of sensors.
Applying a lowpass correction filter |H (ω,τ)|= 1/(ω[τ+ d/c]) to the differential
signal ŷ(t ,ϕ) in Equation (2.31) produces the output magnitude response

|Bk (ϕ)|=
|y(t ,ϕ)|
|pr (t )|

=
|H (ω,τ)||ŷ(t ,ϕ)|
|pr (t )|

≈
|τ+(d/c)cosϕ|
τ+(d/c)

. (2.32)

By defining a system parameter k so that

1− k =
τ

τ+ d/c
and k =

d/c
τ+ d/c

(2.33)

we can write Equation (2.32) in the form of a normalized response [34]

Bk (ϕ) = (1− k)+ k cosϕ. (2.34)

Selecting τ = 0 in Equation (2.33) gives k = 1. Substituting that in Equation (2.34)
leads to the magnitude response |Bk (ϕ)|= |cosϕ| (Fig. 2.15f). Setting the delay value
to τ = d/c implies k = 0.5 and the magnitude response then resembles a cardiod
pattern (Fig. 2.15c). Having k = 0, instead, leads to omnidirectional sensitivity (Fig.
2.15a), but that would not be possible to realize with this system since the delay
then becomes infinitely large. Equations (2.34) and (2.33) define the null response

63



Bk (ϕnull) = 0 is obtained in the direction

ϕnull = arccos
�k − 1

k

�

= arccos
�−τc

d

�

, (2.35)

where d and c are positive constants. Choosing a delay value 0 ≤ τ ≤ d/c steers
the spatial null in a direction π/2≤ ϕnull ≤π, respectively. Since Bk(−ϕ) = Bk(ϕ),
the null always exists symmetrically on both sides of the X -axis9. Those values of k
that correspond to the null directions are in the range 0.5≤ k ≤ 1.0. In other cases,
namely for the values of 0≤ k < 0.5, a perfect null cannot be realized. Directional
sensitivity then looks like a circle flattened on the other side (Fig. 2.15b).

Since magnitudes are by definition always positive (see Section 2.1.5), it is better
to redefine the response in Equation (2.34) by taking the sign separately and write

Bk (ϕ) = sign{Bk (ϕ)} · |Bk (ϕ)| . (2.36)

A negative sign of Bk(ϕ) in Equation (2.36) merely indicates the phase is inverted
and |Bk (ϕ)| remains the true magnitude response of the system. Equation (2.34) is a
subset of curves known as Limaçon10 of Pascal [104, Eq. 11.32].

The most popular shapes or directional patterns of the first-order microphones
are sketched in Figure 2.15.

2.2.4 Shotgun microphone

The directional sensitivity pattern of a shotgun microphone is extremely narrow and
typically made by mechanical design with pressure holes on the side and a single
cardioid microphone capsule inside the bottom of the tube. Pressure hole locations
are aligned such that sounds arriving from near the tube axis are added in-phase
whereas pressure waves from the side of the tube bounce off each other thus canceling
the pressure wave before it hits the tube end, i.e. the sensor. [17, pp. 106–107]

Shotgun microphones are typically used in TV production and on video cameras
where distant sound sources needs to be recorded as if they were in front of the cam-
era. Another alternative to the shotgun design would be to line up omnidirectional
9Actually the design in Figure 2.14 is rotationally symmetric about the X -axis.
10Origin and Etymology of limaçon: French, literally, snail, from Old French, diminutive of limaz slug,

snail, from Latin limax; akin to Russian slimak snail. First Known Use: 1873.
https://www.merriam-webster.com/dictionary/lima%C3%A7on
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(a) Omnidirectional (b) Subcardioid

(c) Cardioid (d) Supercardioid

(e) Hypercardioid (f) Figure-of-eight

Figure 2.15 Directional magnitude response figures of the most common types of first-order microphones
produced by selecting different k-values according to Equation (2.36). For k > 0.5 the
backlobe has an inverted phase response. Naming convention is adopted from [90].

microphones on a rod and sum up the output signals from each microphone with a
proper delay. In this latter design, maximum sensitivity direction can be steered on
the side of the rod, if the electronic delay lines can be reprogrammed accordingly. In
a fixed mechanical design steering would not be feasible.
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2.2.5 Microphone array

A microphone array11 is a set of acoustic sensors organized in a geometrical constella-
tion to provide a meaningful spatial sampling grid on the sound field. Accompanied
by subsequent signal processing algorithms, microphone arrays form a system that
can provide powerful and dynamic tools for spatial sound capture. For example, the
processed output can pick up the desired signal in a specific direction while atten-
uating the interference coming from the other directions. Typical applications for
such systems can be found in source separation, de-reverberation, noise cancellation,
speech recognition, or in sound source localization, e.g. tracking a moving target.

Microphone arrays can be categorized, for example, by their geometrical shape,
density, or the type of sensors used in the array. Conventionally, since closed-form
solutions can only exist for some particular shape, design methods were first developed
for linear, circular, spiral, spherical, or whatever shape the design method supports the
best. Nowadays, an emerging number of algorithms have been developed to operate
on arbitrary shapes as well. In terms of density, arrays can be considered sparse, if the
distance between any two microphones is higher than the acoustic wavelength, or
dense, if all the microphones can fit within the wavelength. Increasing the number of
microphones adds degrees of freedom, e.g. to support a broader frequency range or
to produce a sharper and deeper angular response. Sensor types are various, but here
we are only interested in their directional sensitivity characteristics, otherwise they
are considered similar no matter what technology is used to build them.

An example of using mixed sensor types in the same array is the method presented
in [21] that utilizes a single control variable for combining the signals from each
microphone and steers the spatial null to change the directional behavior of the system
in a controlled manner. On the other hand, an example of using a vast number of
microphones in a single array is reported in [100] and [101]. A group of leading
researchers from Brown and Rutgers Universities built a huge microphone array
consisting of 512 microphones for which they also created a real-time processing
system that was installed in a van. Today, digital MEMS12 microphone technology

11The first microphone array was the acoustic telescope [13] developed for real-time sound source
location on full-size jet engines in mid 1970’s by the research group led by John Billingsley [14].

12MEMS microphones are Micro-Electro-Mechanical Systems, which are by definition small
http://www.memsnet.org/mems/what_is.html. As for the reference, components exist that provide
digital output in sizes less than 10mm3 [24].
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[93] enables the utilization of several hundred microphones in a very compact space
[47, p. 137] [56]. An example of a commercial product, the Acoustic Camera
Nor848A consists of 256 microphones in a disc of diameter 1 m, only weighing 11 kg,
and operated with a single laptop computer [78].

2.3 Digital signal processing

A signal conveys information about the state or behavior of a physical system and can
be represented mathematically as a function of one or more independent variables. If
defined along a continuum of time, we say the function is a continuous-time or analog
signal, and, if defined at discrete time instants, the function is called a discrete-time
signal. Moreover, if the values are also discrete, we say the discrete-time function is a
digital signal. [79, p. 8].

Previously, we defined sound as a pressure wave (in air) and a function s(t ) of a
continuous variable t denoting the time continuum. Sound waves can be captured by
any light structure, such as the membrane of a microphone, following movements
in the air and transforming them into an electronic voltage swing. The analogue
amplitude of the electrical signal can be modeled as a continuous function s(t ) of
time. Here, in this section, we discuss digital signals, how to digitize a continuous
function, and how to process that further.

We will start this section by defining control systems in general. Then, by having
a focus on discrete-time systems, we will end up with digital filters and discuss some
of their most relevant properties in relation to the rest of this work.

2.3.1 Control system

We define a control system as an arrangement of physical components connected to
each other in such a way that the system is able to regulate its own behavior or control
another system [25].

Input and output

Input is defined as the stimulus or excitation applied to a control system from an
external energy source. Output is the actual response obtained from the system. For
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example, a microphone with a preamplifier can be described as a control system. The
membrane of the microphone capsule follows the external pressure variation (input)
and converts that into an electric voltage swing (input signal). The preamplifier gain
is used as a control parameter defining the system (output) response with the given
input.

If the control action is independent of the output, we say it is an open-loop system.
Otherwise, the output affects the control action and it is then called a closed-loop
system. Here, we are mostly dealing with open-loop systems.

System model

Graphical representations describing a physical system are given by block diagrams
and signal flow graphs. Mathematical models are used when detailed relationships are
required. Every control system may theoretically be characterized in the form of
system equations, the solution to which represents the system’s behavior.

2.3.2 Discrete-time system

Let xa(t ) be an analog signal of a continuous time variable t . If we take samples of
xa(t ) at discrete time instants t = nTs , we obtain a discrete-time signal as the sequence

x[n] = xa(nTs ),−∞< n <∞, (2.37)

where Ts ∈ R>0 is the sampling period, n the sample index, and x[n] the nth value
of the sequence. From now on, we will use brackets [·] to denote an ordered set of
values and parenthesis (·) for functions of any continuous variable. The number of
samples taken per second is called the sampling period denoted by fs = 1/Ts .

A discrete-time system is a control system that maps an input signal x[·] into a
unique output sequence

y[n] =T {x[·]}, n ∈Z (2.38)

by transformation T {·}. This is illustrated in Figure 2.16. It should be noted that
the Equation (2.38) indicates a system in which the output value y[n] at each index
n can depend on one or more, or even all, of the values in the set {x[·]}. [79, p. 17]
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x[n] y[n]
T {·}

Figure 2.16 A discrete-time system.

Basic operations

The product and sum of two signals, e.g. sequences x1[·] and x2[·], are defined as the
sample-by-sample product and sum, respectively. Multiplication of a sequence x[·]
by scalar a is defined as multiplication of each sample value by a. If x[·] is an input
to a system with the output

y[n] = x[n− k] for all n ∈Z, (2.39)

we say that the output y[·] is a delayed version of the input x[·] and constant k ∈Z
denotes the amount of delay introduced by the system. [79, pp. 10–11]

Impulse

A unit sample sequence δ[·] defined as

δ[n] =

(

0, n ̸= 0

1, n = 0
(2.40)

is often referred to as an impulse. Any arbitrary sequence x[·] can be represented by
a sum of scaled and delayed impulses [79, pp. 11–12], and expressed as

x[n] =
∞
∑︂

k=−∞
x[k]δ[n− k]. (2.41)

Complex exponential sequence

In the case of complex numbers, the general form of a geometric series is

u[n] = u0 r n , n = 0,1,2, . . . , (2.42)
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where the initial value is u0 ∈C and the common ratio is r ∈C, i.e. u[n+1] = u[n]r
for all n ∈Z⩾0.

Defining u0 = Ae ȷα and r = r e ȷω0 in Equation (2.42), and multiplying the two
terms like the phasors in Equation (2.18), the series now becomes

u[n] =Ar n e ȷ(ω0n+α), n = 0,1,2, . . . , (2.43)

where A and r are real valued constants, α is the initial phase angle, and ω0 is the
speed at which the phasor rotates (see the definition of phasors in Section 2.1.5). Here,
n ∈Z⩾0 denotes the time instant t = n ·Ts , and Ts is the sampling period in seconds.
It should be noted that n is a dimensionless integer and, for the sake of conformity
with the continuous-time case, we specify the units ofω0 to be radians per sample and
the unit of n to be samples. Moreover, if |r |> 1 or |r |< 1, the sequence in Equation
(2.43) oscillates with a growing or decaying envelope, respectively. However, for the
value of r = 1, we get the complex exponential sequence

x[n]
(2.43)
= Ae ȷ(ω0n+α) (2.12)

= A(cos(ω0n+α)+ ȷ sin(ω0n+α)) , (2.44)

for n = 0,1,2, . . . , representing harmonic oscillation at the fundamental frequencyω0

having the phase termα and the magnitude A. From Equation (2.44) it directly follows
that complex exponential sequences are indistinguishable at frequenciesω0+ 2πk,
where k is an integer. Hence, it would be sufficient to define the sequences in a
frequency interval of length 2π, such as −π⩽ω0 <π or 0⩽ω0 < 2π. [79, p. 14]

Sinusoidal sequence

Let us consider harmonic oscillation according to the definition in Equation (2.44).
As illustrated in Figure 2.8, projecting a rotating phasor on theR -axis produces a
real valued harmonic oscillation at the fundamental frequency ω0, with the constant
magnitude A∈R, and the initial phase term α, represented by the sinusoidal sequence
[79, p. 13]

x[n] =Acos (ω0n+α) for all n ∈Z≥0. (2.45)

Due to the periodicity of the cosine function, any sinusoidal sequence with a frequency
ω0+2πk, where k is an integer, is indistinguishable from the one defined in Equation
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(2.45). Thus, we only need to consider angular speed values in the intervals of length
2π such as −π⩽ω0 <π and 0⩽ω0 < 2π.

Periodic sequence

It should be noted that, if we sampled a periodic continuous-time signal, the resulting
discrete-time sequence would have a different period. For example, a continuous-time
sinusoidal or complex exponential signal having the angular velocityω = 2π f has a
period equal to 2π/ω = 1/ f . On the other hand, a discrete-time sequence is periodic
if there exists an integer number or the period N such that

x[n] = x[n+N ] for all n ∈Z. (2.46)

Linear time-invariant system

Let yk[·] =T {xk[·]} be the response to input xk[·]. The system T is called linear if
it obeys the principle of superposition defined in Section 2.1.6, i.e.

T {ax1[n]+ b x2[n]}= aT {x1[n]}+ bT {x2[n]} (2.47)

holds for all values of n ∈Z and for any arbitrary constants a and b . Furthermore,
we say that T is a time-invariant system if a delayed input signal causes the same
amount of delay in the corresponding output sequence, that is

y[n] =T {x[n]}⇒ y[n− k] =T {x[n− k]} (2.48)

holds for all n ∈Z and any delay value k ∈Z. [79, pp. 18–19]

Convolution

Let h[n] = T {δ[n]} be the impulse response of a linear time-invariant system T .
From the Equation (2.48) it immediately follows that for any arbitrary integer l we
may write

h[n− l ] =T {δ[n− l ]}. (2.49)
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Now, if x[·] is the input sequence and y[·] the corresponding output, we can derive
the convolution sum

y[n]
(2.38)
= T {x[n]}

(2.41)
= T

¨ ∞
∑︂

l=−∞
x[l ]δ[n− l ]

«

(2.47)
=

∞
∑︂

l=−∞
x[l ]T {δ[n− l ]}

(2.49)
=

∞
∑︂

l=−∞
x[l ]h[n− l ].

(2.50)

Equation (2.50) is conventionally denoted by

y[n] = x[n] ∗ h[n]. (2.51)

We say that the output y[n] is a convolution of the two inputs x[n] and h[n]. [79,
pp. 21–22]

If we shift the time origin, substitute the variables by a relation k = n− l , and
reorganize the terms in Equation (2.50) we can write

y[n] =
∞
∑︂

l=−∞
x[l ]h[n− l ] =

∞
∑︂

k=−∞
h[k]x[n− k]. (2.52)

Hence, from the two Equations (2.51) and (2.52), it immediately follows that the
convolution operation is commutative, i.e.

x[n] ∗ h[n] = h[n] ∗ x[n]. (2.53)

Convolution also distributes over addition

x[n] ∗ (h1[n]+ h2[n]) = x[n] ∗ h1[n]+ x[n] ∗ h2[n] (2.54)

and can be cascaded

(x[n] ∗ h1[n]) ∗ h2[n] = x[n] ∗ (h1[n] ∗ h2[n]) = x[n] ∗ h[n]. (2.55)
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Moreover, in a parallel connection, two or more systems have the same input and the
outputs are summed to produce an overall output

y[n] = x[n] ∗ h1[n]+ x[n] ∗ h2[n] = x[n] ∗ (h1[n]+ h2[n]) . (2.56)

Causality

A linear time-invariant system is causal if it only produces an output when there is
an input [50, pp. 104–105]. Mathematically, the response y[n0] at any time instant
n0 ∈Z depends only on the current and past input values {x[n] | n ⩽ n0} [79, p. 20].

In order to represent a causal system, the impulse response in Equation (2.52)
must be h[k] = 0 for all k < 0. [79, p. 30]

Stability

A system is considered stable [79, p. 20] if and only if every bounded input sequence
produces a bounded output. The input x[n] is bounded if there exists a fixed non-
negative value bx such that

|x[n]|⩽ bx <∞ for all n ∈Z. (2.57)

Stability requires that for every bounded input x[n] there exists a fixed non-negative
value by such that

|y[n]|⩽ by <∞ for all n ∈Z. (2.58)

Finite impulse response

If the impulse response h[n] of a linear time-invariant system y[n] = h[n] ∗ x[n]
has only a finite number of non-zero samples, it obviously defines a finite-duration
impulse response (FIR) system. All FIR systems are clearly stable if

∞
∑︂

n=−∞
|h[n]|<∞. (2.59)

Finite-duration impulse response systems form an important class in digital signal
processing. They will be discussed further in Section 2.3.3.
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Frequency response

We saw previously that for linear time-invariant systems a weighted sum of delayed
impulses leads to a representation of the output as a weighted sum of delayed re-
sponses. One fundamental property of complex exponential sequences is that they
are eigenfunctions of linear constant-coefficient difference equations (time-invariant
systems) in the sense that the response of a sinusoidal input is sinusoidal with the
same frequency, but the amplitude and phase are determined by the system. [79,
pp. 39–42]

Let us consider, for example, an input x[n] = e ȷωn for −∞< n <∞, which is a
complex exponential sequence with a radian frequencyω. According to the Equation
(2.52), the output of a linear time-invariant system with an impulse response h[n]
can be written as

y[n] =
∞
∑︂

k=−∞
h[k]e ȷω(n−k) = e ȷωn

� ∞
∑︂

k=−∞
h[k]e− ȷωk

�

. (2.60)

By defining

H (e ȷω) =
∞
∑︂

k=−∞
h[k]e− ȷωk (2.61)

the output becomes

y[n] =H (e ȷω)e ȷωn =H (e ȷω)x[n]. (2.62)

The term H (e ȷω) in Equation (2.62) is the frequency response of the system expressed
as a function of the radial frequencyω. In general, the values of H (e ȷω) are complex
and, hence, we may express the frequency response in terms of

H (e ȷω) = |H (e ȷω)| e ȷ∠H (e ȷω), (2.63)

where |H (e ȷω)| is the magnitude response and ∠H (e ȷω) is the phase response of the
system defined at frequencies 0⩽ω< 2π. [79, pp. 39–40]
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Sampling theorem

The frequency response of a discrete-time linear time-invariant system is always a
periodic function of the frequency ω with period 2π. This becomes evident, if
we remember our previous observation of complex exponential sequences being
indistinguishable at frequencies ω+ 2πk, where k is an integer and 0 ⩽ ω < 2π.
Hence, the two input sequences e ȷωn and e ȷ(ω+2πk)n are identical for any integer k,
and thus, the two frequency responses of the system are same, i.e.

H (e ȷω) =H (e ȷ(ω+2πk)) for all k ∈Z and 0<ω ⩽ 2π. (2.64)

Values ofω close to 2πk for any k ∈Z are typically referred to as low frequencies,
because the sequence values are oscillating relatively slowly. Conversely,ω close to
π+ 2πk for any integer value of k are commonly referred to as high frequencies,
because the sequence is oscillating relatively fast. Since n is a dimensionless integer
the frequencyω must be in radians. To align with the continuous-time signals, we
say that the units ofω are radians/sample and the units of n are samples.

Let x0(t ) be harmonic oscillation at the fundamental frequency f0. Sampling
theorem [50, p. 15] says that a sequence x0[n] = x0(nT ) describes the continuous-time
signal x0(t ) completely, as long as the sample rate is higher than twice the rate of f0,
i.e. fs > 2 f0, where fs = 1/T .

It follows immediately from the principle of superposition (Section 2.1.6) that if
there were multiple frequency components, e.g. x(t ) = x1(t ) + x2(t ) + · · ·+ xk(t )
with fundamental frequencies f1, f2, . . . , fk and the highest frequency is denoted by
fmax then the sample rate must be

fs > 2 fmax (2.65)

in order to describe x(t ) completely by x[n].

Fourier series

Let x(t ) be a piece-wise continuous function representing a periodic waveform with
the repetition period T > 0. Mathematically, it means that x(t +T ) = x(t ) for all
t ∈R. We say the fundamental frequency is f0 = 1/T and write x(t ) in terms of the
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Fourier series [104, p. 131]

x(t ) =
A0

2
+
∞
∑︂

n=1
An cos2πn f0 t +

∞
∑︂

n=1
Bn sin2πn f0 t , (2.66)

where

A0 =
1
T

∫︂ T /2

−T /2
x(t )dt

An =
2
T

∫︂ T /2

−T /2
x(t )cos2πn f0 t dt

Bn =
2
T

∫︂ T /2

−T /2
x(t ) sin2πn f0 t dt .

(2.67)

The constant term A0 equals the average of x(t ) taken over one period of time and
the coefficients An and Bn denote different amplitudes of the integer multiples or
harmonics of the fundamental frequency f0. By defining

Cn =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

1
2

A0 n = 0

1
2
(An − ȷBn) n > 0

1
2
(A−n + ȷB−n) n < 0

(2.68)

we can rewrite Equation (2.66) in the complex form [104, p. 131]

x(t ) =
∞
∑︂

n=−∞
Cn e j 2πn f0 t , (2.69)

where

Cn =
1
T

∫︂ T /2

−T /2
x(t )e− ȷ2πn f0 t dt . (2.70)

The derivation of Equation (2.69) from Equation (2.66) is based on well-known
Euler’s identities [104, p. 24] and can be found e.g. in [83]. The coefficient Cn in
Equation (2.70) equals the average of product x(t )e− j 2πn f0 t over one period of time.
Since the coefficients Cn are complex quantities in general, they can be expressed in
the polar form

Cn = |Cn |e
− ȷ∠Cn (2.71)
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and Equation (2.69) can be expanded to an infinite sum of phasors

x(t ) =
∞
∑︂

n=−∞
|Cn |e

− j (2πn f0 t+∠Cn) dt . (2.72)

Thus, in the frequency domain, x(t ) consists of phasors at frequencies fn = n f0,
n = 0,±1,±2, ..., defining a two-sided line spectrum with |Cn | representing the
amplitude spectrum at frequencies fn = n f0 and ∠Cn is the phase spectrum.

If x(t ) is a real-valued function of time, then C−n = Cn∗ = |Cn |e− j∠Cn implies
that the amplitude spectrum has even symmetry and the phase spectrum has odd
symmetry. When dealing with real signals, these symmetries allows us to regroup
the exponential series in Equation (2.69) into complex-conjugate pairs and write

x(t ) =C0+
∞
∑︂

n=1
|2Cn |cos(2πn f0 t +∠Cn), (2.73)

which is the trigonometric Fourier series suggesting a one-sided spectrum with positive
harmonics n f0 for n ⩾ 0. [20, pp. 24–25].

Fourier transform of a continuous-time signal

The Fourier series expansion requires further modification when the waveform is not
periodic. Let us examine a pulse-like signal x(t ) with a finite duration and limited
value of

∫︁∞
−∞ |x(t )|dt . For notational convenience, we define ω = 2π f . Now, by

increasing the period T towards infinity the spacing 1/T = f0 =ω0/(2π) between
the harmonic components decreases to dω/(2π), where dω is an infinitesimally small
quantity approaching zero. Equation (2.70) then becomes

C (ω) =
dω
2π

∫︂ ∞

−∞
x(t )e− ȷωt dt , (2.74)

which is a function of the continuous variableω. If we divide both sides of Equation
(2.74) by dω/(2π), we get the Fourier transform of x(t ) in the conventional form

X (ω) =
∫︂ ∞

−∞
x(t )e− ȷωt dt (2.75)
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and, according to [76, pp. 38–39], the corresponding inverse Fourier transform is then

x(t ) =
1

2π

∫︂ ∞

−∞
X (ω)e ȷωt dω =

∫︂ ∞

−∞
X (ω)e ȷωt d f . (2.76)

Fourier transform of a discrete-time sequence

Let us assume {x(nT )|n = 0,1, . . . ,N − 1} is a discrete set of N consecutive samples
taken from a continuous-time signal x(t ) at a regular time interval T . As discussed
earlier, x(t ) can be fully recovered from x(nT ) on a time-frame 0⩽ t ⩽ (N − 1)T ,
if the following two conditions are met. Firstly, the sample rate fs = 1/T must be
greater than twice the maximum frequency of the sinusoidal components in x(t ).
Secondly, the ordered set or sequence x[n] = x(nT ), n = 0,1, . . . ,N − 1, has to be
long enough to cover the low frequencies as well. The first harmonic or the lowest
possible frequency which can be represented by x[n] is Ω= 2π/N T . Let us further
assume that the original signal x(t ) is a real-valued function of time, such as the
voltage level of an electrical signal. We define the discrete Fourier transform (DFT) as

X (kΩ) =
N−1
∑︂

n=0
x(nT )e− ȷkΩnT . (2.77)

Replacing kΩ= (2π/N )k/T for k = 0,1, . . . ,N−1 in Equation (2.77) and introducing
the complex quantity WN = e− ȷ(2π/N ), we get

X [k] =
N−1
∑︂

n=0
x[n]W kn

N , (2.78)

where k represents the harmonic number of the transform component.
Equation (2.78) is called the analysis equation [79, p. 532] and the corresponding

synthesis equation is

x[n] =
1
N

N−1
∑︂

k=0

X [k]W −kn
N . (2.79)

The discrete Fourier transform defined in Equation (2.77) greatly resembles (2.75),
which is the continuous-time Fourier transform. For example, if we have x(t ) = 0
for t < 0 and t > (N − 1)T , and put x(nT ) = x(t ), kΩ=ω, and nT = t in Equation
(2.77), we may expect to have similar properties of the two transforms. Moreover,
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making the same substitutions in Equation (2.75) plus having d t = T , i.e. replacing
the integral by a summation, we finally get

X (ω) =
N−1
∑︂

n=0
x(nT )e− ȷkΩnT T =X (kΩ)T , (2.80)

which implies that the components of a continuous Fourier transform can be calcu-
lated from the discrete components by multiplying them by the sampling interval T .
Despite the strong link shown here between the Equations (2.77) and (2.75), the two
transforms are not, however, equal. [50, Section 2.2]

Discrete Fourier transform has several properties as listed in [79, Table 8.2 on
page 547] and [50, pp. 62–64]. Two of them, namely linearity and Parseval’s Theorem,
are of further interest to us and, hence, we will define them here explicitly.

Linearity If the two finite-duration sequences x1[n] and x2[n] of lengths N1 and
N2, respectively, are linearly combined as the third sequence

x3[n] = a1x1[n]+ a2x2[n], (2.81)

then the discrete Fourier transform of x3[n] is

X3[k] = a1X1[k]+ a2X2[k]. (2.82)

It should be noted that the three DFTs in Equation (2.82) must have equal
lengths, say N , and the sequences in Equation (2.81) should then also have
the same length, too. In practice, we can add a number of zeros after the
shorter sequence, or to both sequences if we like, to reach any desired length
N ⩾max{N1,N2} for the DFTs in Equation (2.82).

Parseval’s Theorem The energy in the signal x[n] is given by

N−1
∑︂

n=0
|x[n]|2 = 1

N

N−1
∑︂

k=0

|X [k]|2. (2.83)

The expression on the left-hand side of Equation (2.83) is the average signal
power, i.e. squared effective amplitude (see the definition of RMS value in
Section 2.8), multiplied by the duration of x[n], which is the length N . The
right-hand side is just the mean square spectral amplitude. [50, p. 62]
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A well-known computer algorithm for calculating discrete-time Fourier transform
is called the Fast Fourier Transform (or FFT for short). We do not need to go into
the details of calculating FFT or IFFT (the inverse transform) since software vendors
and chip manufacturers often provide these routines as built-in functions in their
products. The theoretical background and calculation for programming the FFT
algorithm can be found e.g. in [76, Chap. 12].

The z-transform

We define the z-transform [79, p. 149] of a sequence x[n] as

X (z) =
∞
∑︂

n=−∞
x[n]z−n . (2.84)

Assuming that the Fourier transform of x[n] exists, we get the Fourier transform
X (z) from Equation (2.84) by replacing z = e ȷω. In general, the complex variable z
can be expressed in the polar form (see Equation (2.13)) as

z = r e ȷω. (2.85)

We can then write

X (z) =
∞
∑︂

n=−∞
x[n](r e ȷω)−n =

∞
∑︂

n=−∞
(x[n]r−n)e− ȷωn , (2.86)

which can be interpreted as the Fourier transform of the product x[n]r−n . Hence,
for r = 1, Equation (2.86) reduces to the Fourier transform of x[n].

The region of convergence or existence of the z-transform can be found in [79,
p. 160]. We will next highlight some useful properties of the z-transform, namely
linearity, time-shifting, and convolution. All these and many more are described in
[79, pp. 172–180].

Linearity If the two sequences x1[n] and x2[n] have the corresponding z-
transforms X1(z) and X2(z) then the z-transform of the linear combination
ax1[n]+ b x2[n] will be aX1(z)+ bX2(z).

Time-shifting If the sequence x[n] is delayed by the integer number of nd samples,
the result will be the delayed sequence x[n − nd ] and, if the z-transform of
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the sequence x[n] is X (z), the z-transform of the delayed sequence will be
z−nd X (z).

Convolution The output of a discrete-time linear time-invariant system, which is
the convolution (2.51) of input x[n] and impulse response h[n], can be written
as

y[n] = h[n] ∗ x[n] =
∞
∑︂

k=−∞
h[k]x[n− k] (2.87)

and, in terms of the z-transform, it becomes

Y (z) =H (z)X (z). (2.88)

Here, X (z), H (z), and Y (z) are the z -transforms of x[n], h[k], and y[n], respec-
tively. Thus, given the system function H (z) and the input transform X [z], the
output time sequence y[n] can be obtained by calculating the inverse z -transform of
Y (z). Also, bearing in mind that by defining r = 1 in Equation (2.86) we can write
Equation (2.88) in the form

Y (e ȷω) =H (e ȷω)X (e ȷω), (2.89)

which is analogous to the corresponding relation with the Fourier transforms [79,
p. 59].

For a causal system, i.e. x[n] = 0 for all n < 0, the z -transform becomes one-sided

X (z) =
∞
∑︂

n=0
x[n]z−n . (2.90)

We know from [50, pp. 109–110] that the infinite series in Equation (2.90) can be
expressed as a ratio of two polynomials in z−1 or equivalently in z as

X (z) =
a0+ a1z−1+ a2z−2+ ...+ aN z−N

b0+ b1z−1+ b2z−2+ ...+ bM z−M
. (2.91)

The inverse z-transform, i.e. reconstruction of the original sequence x[n] from
Equation (2.91), can be obtained by using one of the methods given in [50, pp. 109–
127].
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Linear constant-coefficient difference equation

Let x[n] be the input and y[n] the corresponding output of a linear time-invariant
system. Let us further assume they are related to each other by a general N th

a -order
constant-coefficient difference equation of the form [79, p. 33]

Na
∑︂

k=0

ak y[n− k] =
Nb
∑︂

k=0

bk x[n− k]. (2.92)

If we divide both sides of Equation (2.92) by the constant a0 and move the output
terms y[n− k] for 1< k ⩽N to the right hand side, we get

y[n] =−
Na
∑︂

k=1

ak

a0
y[n− k]+

Nb
∑︂

k=0

bk

a0
x[n− k], a0 ̸= 0, (2.93)

which is the recurrence formula for y[n] as a linear combination of the past and
present values of the input sequence and the past values of the output [79, p. 293].
In an open loop system discussed in Section 2.3.1 the output values only depend on
input and we then have ak = 0 for all k ⩾ 1. Moreover, without loss of generality, we
may assume a0 = 1 and, thus, for an open loop system we can write the difference
equation in the form

y[n] =
Nb
∑︂

k=0

bk x[n− k], (2.94)

which is recognized by Equation (2.52) as a discrete convolution of x[n] with the
impulse response

h[n] =
Nb
∑︂

k=0

bkδ[n− k] =

(

bn for n = 0,1, . . . ,Nb ,

0 otherwise.
(2.95)

Additionally, if it is initially at rest, the system characterized by the linear constant-
coefficient difference equation (2.94) is causal and it has a unique solution. [79, p. 37]

System function

The properties and characteristics of linear time-invariant systems are best expressed
through the z -transform. Let us consider the system described in Equation (2.92) and
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apply z -transform to both sides of it. Using the linearity and time-shifting properties
mentioned earlier with the z-transform, we obtain

Na
∑︂

n=0
an z−nY (z) =

Nb
∑︂

m=0
bm z−mX (z) (2.96)

and the system function [79, p. 206] becomes

H (z) =
Y (z)
X (z)

=
∑︁Nb

m=0 bm z−m

∑︁Na
n=0 an z−n

. (2.97)

Again, for an open loop system we will have an = 0 for all n ⩾ 1 and, by defining
a0 = 1, the system function in Equation (2.97) then reduces to the form

H (z) =
Nb
∑︂

m=0
bm z−m . (2.98)

Equation (2.98) represents an important sub-class of linear time-invariant systems
and is the basic form for most of the systems referred to later on in this work.

2.3.3 Digital filter

A digital filter is a linear time-invariant system that is implemented with digital
computation and operates on discrete number sequences, possibly derived from a
continuous-time signal by periodic sampling via analog-to-digital conversion. Figure
2.17 illustrates this filtering operation on a continuous-time signal.

x(t) x[n] y[n] y(t)
D/AA/D

Ts Ts

Discrete-time
system

H(z)

Figure 2.17 Discrete-time filtering of the continuous-time signal x(t ).
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Filter design methods can be divided into three steps: specification of the desired
response; approximation of the causal properties of the system; and realization of the
filter. Various design techniques can be found e.g. in [79, pp. 403–513], [94].

In the following subsections we will define finite-duration impulse response (FIR)
filters, draw block diagrams, and discuss the main characteristics of the FIR filters
that are relevant to this work. The notation and definitions are primarily adopted
from the text book [79].

Block diagram symbols

We utilize block diagrams [79, p. 292] for illustrating signal processing systems
and visualizing the associated difference equations. The basic symbols for addition,
multiplication and unit delay are depicted in Figure 2.18.

x1[n] + x2[n]x1[n]

x2[n]

(a) Addition of two sequences

x[n] ax[n]

a

(b) Multiplication by a constant

x[n] x[n− 1]
z−1

(c) The unit delay

x[n]x[n]

x[n]

(d) Branching

Figure 2.18 Basic symbols in block diagrams.

FIR filter

Finite-duration impulse response (FIR) filters are linear time-invariant systems that are
defined by difference equations such as (2.94). In order to clarify the notation in the
latter part of this work, we will rewrite Equation (2.94) in the form of [50, p. 8] as

y[n] =
Nh−1
∑︂

k=0

h[k]x[n− k], (2.99)

84



where Nh is the filter length and {h[k] ∈R | k = 0,1, . . . ,Nh−1} is a set of coefficients
denoting the impulse response of the FIR system. The linear constant-coefficient
difference Equation (2.99) can be represented as a block diagram shown in Figure
2.19 and, as in Equation (2.98), the system function now becomes

H (z) =
Nh−1
∑︂

k=0

h[k]z−k . (2.100)

We assumed here that the system is causal, i.e. x[n] = 0 for all n < 0.

h[Nh − 1]h[2]h[1]

y[n]

x[n] x[n−Nh + 1]
. . .

. . .

x[n− 2]x[n− 1]

h[0]

z−1 z−1 z−1

Figure 2.19 The weighted delay line of Nh − 1 delay units z−1 according to [50, Fig. 1.4(a)].

Frequency response

We discussed earlier that the complex gain H (e ȷω) defined in Equation (2.63) is
the frequency response of a linear time-invariant system applied to the complex
exponential input x[n] = {e ȷωn |n ∈Z}. It is shown in [79, p. 59] that the convolution
in Equation (2.87) can be written in the frequency domain as a product

Y (e ȷω) =H (e ȷω)X (e ȷω), (2.101)

where H (e ȷω) is the frequency response of the system, and X (e ȷω) and Y (e ȷω) are the
Fourier transforms of the input and output sequences, respectively.

Equation (2.101) can be written in the polar form as

|Y (e ȷω)|= |H (e ȷω)| · |X (e ȷω)| (2.102)

and
∠Y (e ȷω) =∠H (e ȷω)+∠X (e ȷω). (2.103)
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The magnitude of |H (e ȷω)| in Equation (2.102) is referred to as the magnitude response
or gain of the system and the phase term ∠H (e ȷω) in Equation (2.103) is the phase
response or phase shift of the system. [79, p. 203]

Frequency selective filters

Frequency selective filters form an important class of time-invariant systems. By
definition they modify amplitude response or gain on certain frequencies relative to
others. One direct implication of Equation (2.102) is that if the magnitude response
|H (e ȷω)| is small then the corresponding frequencies will be attenuated from the
output, respectively. For example, an ideal lowpass filter is defined as a linear time-
invariant system with a frequency response

Hlow(e
ȷω) =

(

1 |ω|<ωc

0 ωc < |ω|⩽π.
(2.104)

The ideal lowpass filter Hlow(e
ȷω) depicted in Equation (2.104) and also shown in

the block diagram of Figure 2.20a selects low-frequency content of the signal below
cutoff frequency ωc and rejects any frequencies higher than ωc . The magnitude
response of the ideal lowpass filter is illustrated in Figure 2.20b.

x[n] y[n]
Hlow(e

ω)

(a) A block diagram

−π −ωc πωc

1
|Hlow(e

ω)|

(b) An ideal magnitude response

Figure 2.20 An ideal lowpass filter with the cutoff frequencyωc .

For a causal system, such as the one depicted in Figure 2.19, there is always a
non-zero propagation delay from input to output (assuming that the filter is not
only a simple allpass gain value h[0]). Hence, for causal systems, an ideal zero phase
filter would not be attainable in practice [79, pp. 250, 204]. However, by accepting
a reasonable amount of phase distortion or deviation from the ideal target, we can
obtain computationally realizable filter designs. For example, instead of looking for
an exactly ideal response, such as the one defined by Equation (2.104), we can set
some practical limits and optimize filter coefficients h[k] in Equation (2.99) to get a
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system response that would fit in the design window as demonstrated by the example
of a target magnitude response plotted in Figure 2.21.

1− δp

Stopband

Transition

1 + δp

ωωsωp π

Passband

δs

|Hlow(e
ω)|

Figure 2.21 A lowpass filter design target.

Ultimately, the aim is to minimize passband ripple δp and maximize stopband
attenuation 1/δs while keeping the transition bandwidthωs−ωp as small as possible.
The choice of filter structure and design technique would greatly impact on how close
we can get to a realizable system with the given requirements. Typically, we aim to
minimize distortion in gain and phase while trying to keep the computational costs,
i.e. filter length and structure, as short and simple as possible.

Phase response

Let us consider a discrete-time system that produces a pure time delay of an integer
number nd in samples. Then, the impulse response is

hd [n] = δ[n− nd ]. (2.105)

According to Equation (2.78), the frequency response of the pure time delay is corre-
spondingly

Hd (e
ȷω) = e− ȷωnd , (2.106)
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from which we can immediately see that

|Hd (e
ȷω)|= 1

∠Hd (e
ȷω) =−ωnd .

(2.107)

Equation (2.107) clearly shows that, for a discrete-time sequence delayed by an integer
number of samples, the magnitude response is just an allpass unity gain and, when
it comes to the phase, there is a linear phase response with negative slope and depth
depending on the value of nd . [79, p. 204]

A linear phase response is usually regarded as a rather mild form of phase distortion,
since it only shifts the sequence in time. Moreover, it could be even desired to have
some time delay introduced by the system. Delay control can be used, for example,
to synchronize two or more sequences from different sources and combine them
coherently, as in delay-and-sum beamforming. Eventually, we may want the system
to produce a time delay that is a non-integer multiple of the sampling interval. Hence,
we must first look for an α, which is a positive real number although not necessarily
an integer multiple of the sampling period. We should also consider that the system
may produce an initial phase shift ofβ radians, which is measured at frequencyω = 0.
Therefore, we will define a generalized linear phase system by the frequency response

H (e ȷω) =A(ω)e− ȷωα+ ȷβ, (2.108)

where A(ω) denotes the magnitude as a function of frequency. According to Equation
(2.108), the system will have the magnitude response

|H (e ȷω)|=A(ω) (2.109)

and the corresponding phase response will be

∠H (e ȷω) =β−αω. (2.110)

In general, considering the phase response as a continuous function of ω, we can
define the group delay as

τ(ω) = grd[H (e ȷω)] =− d
dω
∠H (e ȷω) (2.111)
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and use (2.111) to measure nonlinearities in the phase response. Now it is clear that a
linear phase system like the one depicted in Equation (2.110) would have a constant
group delay, namely τ(ω) =−α, and the deviation from the constant value indicates
the degree of nonlinearity of the phase. [79, p. 205]

Fractional delay

This section focuses on a class of systems that have constant group delay i.e. linear
phase response with a negative slope over the entire passband. Leaving aside that
we will need fractional delay later on for derivation of the polynomial beamfor-
ming structure, we would also like to have that delay adjustable by a single control
parameter.

The concept of a continuously variable digital delay was first introduced by C.
W. Farrow in 1988 [37] and further elaborated on by, for example, by J. Vesma and
T. Saramäki in [112]. Farrow found out that instead of using complex calculations
to adjust FIR filter weights to produce a certain delay value, it is possible to obtain
the delay value (within a sampling period) by only adjusting a single parameter that
combines the outputs of a small set of fixed-weight FIR filters. We will now take
a closer look at the system described in [37]. According to Equation (2.100), the
transfer function of a flat time delay τ ∈R is

H (ω,τ) = e− ȷωτ . (2.112)

Then, the system function (2.99) of the FIR filter shown in Figure 2.19 is

y[n] =
Nh−1
∑︂

k=0

τh[k]x[n− k], (2.113)

where {τh[k] ∈R | k = 0,1, . . . ,Nh − 1} is the set of filter coefficients corresponding
to the specific delay value τ, and Nh is sufficiently large to enable the required accuracy
for the implementation. Furthermore, if we define the delay parameter α ∈ [− 1

2 ,+ 1
2]

such that τ = αTs is just a fraction of the sample interval Ts , we can approximate
each filter coefficient as a polynomial in α and write

αh[k] =̂ h0[k]+ h1[k]α+ h2[k]α
2+ ...+ hNq−1[k]α

Nq−1, (2.114)
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or more shortly

αh[k] =
Nq−1
∑︂

q=0
hq[k]α

q , (2.115)

where k ∈ {0,1, . . . ,Nh−1} and Nq is the number of coefficients in the approximating
polynomial. Replacing τh[k] in Equation (2.113) with the short notation in Equation
(2.115), we get

y(n,α) =
Nh−1
∑︂

k=0

Nq−1
∑︂

q=0
hq[k]α

q x[n− k], (2.116)

and, by rearranging the summation order in Equation (2.116), we can finally write

y(n,α) =
Nq−1
∑︂

q=0
αq

Nh−1
∑︂

k=0

hq[k]x[n− k], (2.117)

where Nq − 1 is the designed degree for polynomial interpolation.
This is illustrated in Figure 2.22. Farrow proved his concept experimentally with

a system implemented on a digital signal processor. In [112], the authors present a
modified structure and state that polynomial interpolation is more efficient if the
internal control variable is mapped to a physical delay value in such a way that α spans
the full range of [−1,+1]. In Chapter 4 we will derive the polynomial beamforming
structure based on these principles.

Linear vs minimum phase

A linear phase response [67] is often desired since it corresponds to a time shift, which
is a relatively mild form of phase distortion. Indeed, it can even be used favourably on
fractional delay filters, as noted earlier. In general, the magnitude and phase response
are independent, but for a minimum phase system the magnitude uniquely defines
the phase and vice versa. Non-minimum phase filters can be represented as a cascade
of minimum-phase systems and an allpass system. [79, pp. 266–269]

Various digital filter design techniques are thoroughly discussed in the text books
[79, pp. 403–513] and [81].
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...
...

α

α

x[n]

x[n]

x[n]

h0[0] h0[Nh − 1]h0[2]h0[1]

. . .

. . .
x[n− 2]x[n− 1]

h1[0] h1[Nh − 1]h1[2]h1[1]

. . .

x[n−Nh + 1]
. . .

x[n− 2]x[n− 1]

hNq−1[0] hNq−1[Nh − 1]hNq−1[2]hNq−1[1]

α

y(n, α)

. . .

x[n] x[n−Nh + 1]
. . .

x[n− 2]x[n− 1]

...
...

x[n−Nh + 1]

z−1 z−1 z−1

z−1 z−1 z−1

z−1 z−1 z−1

Figure 2.22 An example of the Farrow structure according to Equation (2.117).

Finite word length effects

In order to use digital filters for processing analog signals we need an analog-to-digital
conversion (ADC). This process is illustrated in Figure 2.17. Using a fixed word-
length processor and integer number precision to describe analog values in the digital
domain, a continuous-time signal is sampled into a discrete-time number sequence by
mapping an analog (infinite) set of values onto a discrete (finite) set of integers. This
so-called fixed-point calculation is vulnerable to certain type of errors and noise as
listed below.

• ADC noise is visible in the least significant bits

• Quantization error is a result of representing the sample values with a limited
number of bits

• Roundoff errors occur when arithmetic operations are performed and the results
are rounded to the nearest possible value

• Arithmetic overflow would happen, if a partial sum or an end result of a calcu-
lation exceeded the word length of the system
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The number of errors depends on the selected number representation and the
range of values in the digitized signal. Floating-point arithmetics is used throughout
this work and, thus, the type of errors listed above can be considered negligible in
this case. [50, p. 349]

2.4 Classification of beamformers

Beamformers13 are typically divided into three main categories based on their behavior
or response to the input signal. These classes are known to be data independent
beamforming, statistically optimum beamforming, and adaptive algorithms. Another
classification can be made into narrowband and broadband beamformers, based on
the width of the frequency range that the beamformer can handle comfortably. [111,
Sec. 61.2.3]

Data-independent beamforming can be further classified into fixed, selectable and
steerable systems. Additionally, steering functionality can be divided into two sub-
classes, external and internal, based on the control logic: if there is a dedicated
parameter for steering the beam in a certain direction we say that the control decision
is made externally, whereas an automated process in which a built-in algorithm makes
the decision as to where to point the beam is called internal control.

The array configuration can also be used for classification. There are methods
like blind beamforming and blind source separation that work on ad-hoc arrays of
unknown microphone locations [82]. Then there are methods that only work with
certain types of sensor configurations, such as linear, circular, spherical, or other such
geometrically well-defined arrays. Most often, in the latter systems, the beamforming
function is based on analytical methods and assumptions about the sound propagating
over the sensor system. One of the results of this work is the development of a
steerable beamformer that can be optimized for a given configuration no matter what
the physical shape and size of the sensor array. Of course, the array geometry defines
certain physical limits beyond which the response can never reach, but the word
optimal in the previous sentence only means that the method is matched with the
given boundary conditions.

13A beamformer is a processor used in conjunction with an array of sensors to provide spatial separation
of a signal radiating from a specific location by attenuating signals from other locations. The term
beamforming comes from the fact that early spatial filters were designed to form pencil beams. [111]
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The scope of this work is in data independent broadband beamformers with an
external signal that controls the beamsteering functions. Hence, they can have fixed,
selectable, or steerable functionality. Throughout this work, the array configuration
is considered unaltered and the sensor locations fixed once they have been defined for
a certain purpose.

Classical beamforming systems are based on the well-known filter-and-sum tech-
nique, which enables signal processing in both space and time. Having a sensor array
with delay lines after each microphone, beampatterns can be formed and shapes
controlled over a broad frequency range by properly optimizing the filter weights
against the desired target response [111]. If the delay-lines are removed, the system is
reduced to a phased array that can be typically found in radio communications.

If the sensors are placed more densely than one half of the wavelength, the system
can provide additional gain in isotropic noise fields. Cox et al. presented a method that
is suitable for linear arrays of different sensor spacing defining the optimal weights
that provide optimum array gain versus a white noise constraint [22].

2.5 Filter-and-sum FIR beamformer

A filter-and-sum FIR beamformer consists of two parts:

• An array of transducers

• A set of digital FIR filters

Sensor arrays can produce spatial information about the sound field whereas digital
filtering is used for shaping the frequency response of the selected beamforming
method which, in this case, is the filter-and-sum algorithm described below.

Different types of microphone arrays were discussed in Section 2.2.5 and the
operation of an FIR filter is explained in Section 2.3.3. An acoustic point source
denoted by s (t ) spreads spherical pressure waves at the location rs and the generated
pressure field is then captured by the microphones at discrete locations rmi

, for
i ∈ {1,2, . . . ,Nm}, where Nm is the number of microphones14. Furthermore, the
output signal xi (t ) of the i th microphone is subsequently digitized providing input

14See e.g. Figures 3.1 and 4.1 for a definition of source and sensor positions.
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sequences xi [n] for the beamforming function

y[n] =
Nm
∑︂

i=1

Nh−1
∑︂

k=0

hi [k]xi [n− k], (2.118)

where n, k ∈Z denote the time instances, xi [n] represent the acoustic pressure field
sampled at the field point rmi

, hi [k] are the filter coefficients, Nh is the length15, and
Nm is the number of filters. The block diagram of this conventional filter-and-sum
FIR beamforming algorithm is depicted in Figure 2.23. [110, p. 649]

...

x1[n]

x2[n]

h1[0] h1[Nh − 1]h1[2]h1[1]

. . .

x1[n−Nh + 1]
. . .

x1[n− 2]x1[n− 1]

h2[0] h2[Nh − 1]h2[2]h2[1]

. . .

x2[n−Nh + 1]
. . .

x2[n− 2]x2[n− 1]

hNm [0] hNm [Nh − 1]hNm [2]hNm [1]

y[n]

. . .

xNm [n] xNm [n−Nh + 1]
. . .

xNm [n− 2]xNm [n− 1]

...

...

z−1 z−1 z−1

z−1 z−1 z−1

z−1 z−1 z−1

Figure 2.23 The block diagram of a conventional filter-and-sum FIR beamforming algorithm according to
Equation (2.118).

The transfer function of a single FIR filter is given in Equation (2.101). Similarly,
the spatial transfer function of the filter-and-sum beamformer (2.118) can be defined
as

Y ( f ,rs ) =
Nm
∑︂

i=1

Hi ( f )Xi ( f ,rs ), (2.119)

15Here, the value of Nh − 1 refers to the degree of a characteristic polynomial according to the system
function expressed in the Equation (2.100).
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where Xi ( f ,rs ) is the Fourier transform of the sound wave acquired by the i th micro-
phone, the sound source is in position rs , Hi ( f ) is the frequency response of the i th

filter, and Y ( f ,rs ) is the Fourier transform of the beamformer output.
Later on, in Section 3.3.6, sets of linear equations are created and solved for optimal

filter coefficients. In that part of this work vector notation is preferred and, hence,
Equation (2.118) is rewritten in the form

y[n] = x[n]⊤h, (2.120)

where the filter coefficients hi [k] ∈R are organized in the Nm blocks

hi =
h

hi [0] hi [1] . . . hi [Nh − 1]
i⊤

, i = 1,2, . . . ,Nm , (2.121)

of a single column vector

h=
h

h⊤1 h⊤2 . . . h⊤Nm

i⊤
, (2.122)

and the spatiotemporal data composed in the blocks

xi [n] =
h

xi [n− 0] xi [n− 1] . . . xi [n−Nh + 1]
i⊤

, i = 1,2, . . . ,Nm , (2.123)

produces the array manifold vector

x[n] =
h

x1[n]
⊤ x2[n]

⊤ . . . xNm
[n]⊤

i⊤
. (2.124)

The integers n, k ∈Z above denote the time instances of the input and output data
sequences xi [n] ∈R and y[n] ∈R, respectively.

Now, depending on the array geometry, sounds originating from the two separate
source locations rs1

and rs2
could have different responses at the beamformer output

y[n] even if the filter coefficients were intact and the sensors were not moved in
relation to the sources. In order to obtain a meaningful response for the surrounding
sound field, it is therefore necessary to model the acoustic wave field for the relevant
source positions and optimize the filter coefficients so that they meet some selected
design criteria. These issues are all addressed in Chapter 3, where the optimization
method is presented in detail.
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2.6 Selectable beampattern

Let us assume that we have a fixed array geometry. If we cannot rotate the physical
device and we want to focus on different target directions we must change the filter
coefficients accordingly. A straightforward method would be to optimize the beam-
former in several desired look directions one-by-one, and store the corresponding
filter coefficients in a memory. During this operation, one can just switch to those
coefficients that most closely match the desired target direction at the time. Moreover,
if we had to track several targets on the same input stream, we would need more
outputs.

As an example, the block diagram in Figure 2.24 presents the idea of a selectable
beamformer. The bottom part is a pipeline receiving input sequences xi from the
array of Nm microphones on the left and calculating the Np outputs y(n, dp ) to the
right. Filter coefficients {hi , p[k]} for each target direction θdp [n]

are fetched from
the static memory as pointed by the index vector d[n]. The control unit then selects
which Np out of No possible filter coefficient sets are used at the time instant n.

It should be noted that an audible click is likely to occur, when the filter coefficients
are switched on the delay lines. The best way to deal with this is to implement an
additional temporary beamformer and use the overlap-and-add method to switch over
from one output to another. Obviously, adding an extra beamformer for switching
over from one output to another would increase the computational load accordingly.
However, in this work, these additional enhancements are not counted in the load
figures, since the method is strictly used for the reference purposes and there is no
intention of implementing this in practice.

The number of basic arithmetic operations that are required for filtering the digital
input signals received from the Nm microphones with the FIR filters of length Nh

and producing the Np output data streams as illustrated in Figure 2.24 is

Csel =Np · Cfix, (2.125)

where Cfix =Nm ·Nh is the computational complexity of the conventional filter-and-
sum FIR beamformer shown in Figure 2.23.
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Figure 2.24 The block diagram of a selectable filter-and-sum FIR beamformer.

2.7 Steerable systems

Steering is usually understood as changing the direction in which the processed output
has the maximum sensitivity. However, in order to block a jamming source that
moves around while the actual target is still, it is best to steer a spatial null instead
[80]. In the broadest sense, beamsteering may be considered as changing the system
parameters so that the output meets a spatial target response regardless of its shape as
long as the desired signal is passed through, while any others are attenuated. Typically,
this last definition applies to adaptive beamforming, which is beyond the scope of
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this work. We keep the first definition and consider that beamsteering is simply to
point the maximum sensitivity of a beamformer in the desired direction, while beam
shaping is used as a term for adjusting the spatial response aiming at maximum noise
attenuation. In a diffuse noise field, as defined in Section 2.1.4, adaptive systems
cannot perform any better than fixed beampatterns, which are already optimal in
the least-squares sense in a diffuse noise field. For example, the first-order cardioid
patterns already have a high signal-to-noise ratio compared to a single omnidirectional
sensor, as shown in Figure 2.30.

2.7.1 M-S stereo concept

The M-S, or Mid-Side, recording technique originally developed by Alain Blumlein in
the early 1930s [15] is used extensively in stereo sound recording [95] and television
broadcasting [84] [36], largely because the tracks are always mono-compatible. Its
convenience and flexibility make it a good choice for live recording.

While X-Y recording [89] (see also Section 2.7.2) requires a matched pair of mi-
crophones to create a consistent image, M-S recording often uses two completely
different microphones. The Mid channel is typically oriented towards the desired
sound scene by selecting the cardioid figure for ambient noise reduction behind the
recording point, but the middle microphone can also have an omnidirectional or
figure-of-eight (front-back) pattern if so desired [28]. The requirement for a side
microphone is more stringent in that it must have a figure-of-eight pattern aimed
90° off from the sound source. Both capsules should be placed as close to each other
as possible. Typically, one is directly above the other, forming co-centric beams as
illustrated in Figure 2.25.
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Figure 2.25 A Mid-Side constellation obtained from the two first-order systems defined by Equation
(2.36). The solid line refers to the Middle channel output M picked up by a cardioid sensor
(k = 1/2). The dashed line represents a figure-of-eight pattern (k = 1) used for the Side
channel output S.
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(b) R= M−S
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Figure 2.26 The left and right stereo channels L and R, derived from the M and S signals, while the
monaural center channel M is still pointing towards the direction 0°.

The MS stereo recording system can be built with two pairs of omnidirectional
microphones. The Mid part, the cardioid pattern, is obtained by directing one pair
towards the sound scene and choosing k = 0.5 in Equation (2.34). The other pair must
be turned 90 degrees counter-clockwise from the first pair in order to form a figure-of-
eight pattern (k = 1) along the horizontal axis like in Figure 2.25. Furthermore, since
Bk=1(ϕ) =−Bk=1(ϕ+ 180°), signals coming from the right side could be considered
as they were captured by the sign changed.

In post-production, using the two recorded outputs, namely M and S, it is then
possible to create a stereo signal by simply adding them to form the left output channel
(M+S) and subtracting one from the other to produce the right output channel (M-
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S). The resulting left and right stereo patterns are illustrated in Figure 2.26. Both
responses are scaled down by the factor of two for a fair comparison with the plots in
Figure 2.25.

2.7.2 SoundField™ microphone

The design and operation of sound field microphones is described in [91]. The
surround sound recording marque SoundField™ was recently bought by Freedman
Electronics Group from TSL Products [38]. Tetrahedral recording was experimented
with in the early 1970s by the famous audio pioneer, Michael Gerzon [41] [108].

2.7.3 Spherical harmonics

Spherical arrays have gained special interest in the field of beamforming since they
allow full 3-dimensional control over the beampattern shape and direction [85, Sec.
2.1.3] [71]. The theory is based on convolutions of pressure wave equations defined
on the surface of a sphere exposed to an acoustic field of plane waves. Here, in this
section, the spherical harmonic functions are covered broadly in order to gain an
understanding and insight into spherical harmonic decomposition, which, in a way,
resembles the polynomial beamformer filters presented in 4.2.

Background

In 1994, Driscoll and Healy [29] considered a computationally efficient algorithm for
convolving two functions on a sphere. They also developed a sampling theorem that
is based on a finite number of sensors forming an equiangular grid on the surface of a
unit sphere S2. Later on, Meyer and Elko [71] further elaborated the spherical array
construction and developed a commercial product [35], which can record spherical
harmonics up to order Nord by only using Nm = (Nord+ 1)2-elements.

Since those early days in the 1990s, several papers have been published in the
field of beamforming using spherical harmonic transformations. For those who are
interested in the topic, some of the highlights are picked out here in this section for
future reference.
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Fourier expansion to spherical harmonics

Let us consider a function p(Ω) which is square integrable on the surface Ω ∈ S2 of
a unit sphere. Driscoll and Healy reported in [29, pp. 205–207] that the systematic
use of symmetry simplifies certain linear operators in Fourier analysis and enables
efficient implementation for a convolution of two spherical functions. Realizing that
any rotation in R3 can be characterized almost16 uniqely by linear operations based
on the three Euler angles θ̃ ∈ [0,2π], φ̃ ∈ [0,2π], and ψ̃ ∈ [0,2π], the orientation
of a rotated system x ′y ′z ′ relative to some fixed reference xy z can be completely
specified [44, pp. 150–154]. Instead of using the standard rotation invariant measure
or the area element dΩ on the sphere surface, the integrals can also be expressed in
the form

∫︂

Ω∈S2
p(Ω)dΩ=

∫︂ 2π

θ=0

∫︂ π

φ=0
p(φ,θ) sin(φ)dφdθ, (2.126)

where φ and θ are the spherical coordinates as defined in Section 2.1.5. According
to Driscoll and Healy [29], the Fourier expansion of the function p on the sphere is
defined as

p(φ,θ) =
∞
∑︂

n=0

n
∑︂

m=−n
p m

n Y m
n (φ,θ), (2.127)

where the Fourier coefficients p m
n of order n and degree m can be calculated from

p m
n =

∫︂ 2π

θ=0

∫︂ π

φ=0
p(φ,θ)[Y m

n (φ,θ)]∗. (2.128)

In Equation (2.128) the symbol [·]∗ denotes the complex conjugate of a complex
entity [·] and the terms Y m

n are considered as the spherical harmonics of order n and
degree m forming an orthonormal basis of the functions defined by

Y m
n (φ,θ) = (−1)m

⌜

⃓

⎷
(2n+ 1)

4π
(n−m)!
(n+m)!

P m
n (cosφ)e ȷmθ, (2.129)

16If the second rotation is zero, i.e. φ̃= 0, then the first and last rotation angles are not uniquely
defined.
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where P m
n (cos(φ)) are the associated Legendre functions17 representing standing waves

in φ and the term e ȷmθ denotes traveling waves in θ. [87]

Sampling grid

It is realized in [29, p. 213] that Legendre polynomials comprise a Chebyshev system18

on the equiangular sampling grid defined by points Ωi , j = (φi ,θ j ) = (iπ/2b , jπ/b ),
for all i ∈ [0,2b − 1] and j ∈ [0,2b − 1]. Other possible sampling grids were
later investigated by several authors. For example, Meyer and Elko [71] proposed
using a uniform distribution of sensors on a rigid sphere and developed the concept,
also called the Eigenbeamformer [72], into a commercial product. Yan et al. [115]
presented a time-domain implementation of a broadband beamformer operating in
the spherical harmonics domain, whereas Lai et al. [60] presented a design method
to allow flexible sensor configurations on spherical arrays, and they also proposed a
robust design in terms of white noise gain using the Farrow structure for arbitrary
array geometry [59].

The impact of choosing different sensor configurations on a rigid sphere has been
elaborated by Rafaely in [87]. Moreover, in order to extend the spatial response
towards lower frequencies, the array size needs to be enlarged and, thus, a rigid
body may not be a feasible solution. Balmages and Rafaely [4] studied the use of an
open construction consisting of two co-centric spherical designs and compared the
performance with more conventional rigid solutions.

In order to avoid spatial aliasing, the spherical Fourier coefficients in Equation
(2.128) need to be computed without error. According to Rafaely [87], a sampling
scheme can be considered exact if the Fourier coefficients p m

n in Equation (2.128) can
be computed from the spatial samples with no error. This would then require that
the equation

p m
n =

Nm
∑︂

i=1

ci p(φi ,θi )[Y
m
n (φi ,θi )]

∗ (2.130)

17The associated Legendre functions satisfy the recurrence formula [104, p. 149]
(n−m+ 1)P m

n+1(x)− (2n+ 1)xP m
n (x)+ (n+m)P m

n−1(x) = 0,
which is known to provide a numerically stable method of computing those functions [29, p. 208]

18Chebyshev system is a set of functions {ψ0(x),ψ1(x), . . . ,ψn(x)} that are linearly independent and,
furthermore, there is no linear combination c0ψ0(x)+ c1ψ1(x)+ ...+ cnψn(x) that can have n+ 1
different roots on the defined range x ∈ [a, b ] [11, p. 49].
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holds for the selected microphone positions {(φi ,θi )| i = 1,2, · · · ,Nm}, where Nm is
the number of microphones and the weights ci are real values depending on the se-
lected sampling scheme. Now, substituting (2.127) in Equation (2.130), the condition
for exact sampling is satisfied, if

Nm
∑︂

i=1

ci Y
m′
n′ (φi ,θi )[Y

m
n (φi ,θi )]

∗ = δn,n′δm,m′ (2.131)

for all n, n′ ⩽ Nord and |m| ⩽ n, where δi , j is the Kronecker delta function, i.e.
δi , j = 1 for all i = j and δi , j = 0 otherwise. For a uniform sampling grid, the weights
ci are all equal and have the value 4π/Nm .

Decomposition and modal beamforming

Let us have Nm microphones uniformly spaced over a rigid sphere and denote the
time series captured by the i th microphone as xi (t ). If the corresponding frequency-
domain signal is x( f ,φi ,θi ), then the discrete Fourier transform can be expressed in
the spherical domain by the modal components

x m
n ( f ) =

Nm
∑︂

i=1

ci x( f ,φi ,θi )[Y
m
n (φi ,θi )]

∗ (2.132)

and the array output becomes the weighted sum

y( f ) =
Nm
∑︂

i=1

ci x( f ,φi ,θi )[w( f ,φi ,θi )]
∗

=
Nord
∑︂

n=0

n
∑︂

m=−n
x m

n ( f )[w
m
n ( f )]

∗,

(2.133)

where Nm ≥ (Nord+1)2 and w m
n are the spherical Fourier coefficients of w. A modal

beamformer that has a rotational symmetric beampattern around the desired direction
(φ̂, θ̂) is obtained by applying weights in the form [115]

[w m
n ( f )]

∗ = gn( f )Y
m
n (φ̂, θ̂). (2.134)
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The structure of a modal beamformer originally presented by Meyer and Elko in [71]
is illustrated in Figure 2.27.

FilteringModal decomposition Beamsteering

...

..
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Figure 2.27 An example of the modal beamformer according to [60].

The modal beamformer consisting of Nm = 4 uniformly spaced microphones
combines the spherical harmonics up to order 1 as depicted in Figure 2.28.

2.7.4 Commercial products

There are products available on the market such as Brüel & Kjær Spherical Beamfor-
ming Type 8606 [102] and mh acoustic Eigenmike® em32 [35] that are able to capture
sounds by steering beampatterns in the spherical harmonic domain. The B&K Type
8606 is a 36-channel 19.5cm diameter spherical microphone array operating on acous-
tic signals at frequencies 100 Hz− 6400 Hz. The Eigenmike® em32 is a 32-element
microphone array that consists of an 8.4cm diameter rigid sphere baffle [31] and can
be used for generating position-independent auditory scenes relying on harmonic
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(a) Y 0
0 (b) Y 0

1

(c) Y 1
1 (d) Y−1

1

Figure 2.28 Illustration of spherical harmonics up to 1st order: the magnitude value of |Y m
n (φ,θ)| is

denoted by the surface distance from the origin in a direction (φ,θ), the red color indicates
a positive phase value and the blue color relates to a negative phase, respectively [30].

expansions [33] providing steerable beampatterns from 100 Hz19 up to 8kHz, which
is the spatial Nyquist limit [35, p. 12].

2.7.5 Audio formats

There is a wide variety of audio formats that can be used for production, capture,
delivery, and playback [96, p. 61]. In this section we only cover a few of them merely
giving a list of their names to give an idea about the techniques used in surround-sound
systems.

Acoustic sounds can be captured in mono, stereo, surround-sound, ambisonics
[12], and many more systems. Spherical microphone arrays are typically used for

19In order to limit the system self-noise, the lowest operating frequency of the Eigenbeams is restricted
at higher orders, e.g. 400 Hz for the 2nd and 1kHz for the 3rd order, according to [30].
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(higher order [105]) ambisonics and 3D sound capture as their inherent symmetry
offers seamlessly identical steering in any direction around the system [48, pp. 67–89].

Ambisonics is known as a technology that consists of a series of recording and
playback techniques that were originally developed by the audio pioneer Michael
Gerzon (1945-1996) [108] [42] [41] [43].

Wave field synthesis (WFS) is a rather exhaustive system that can be used for creating
a sound field in a listening room by using a large number of loudspeakers placed
horizontally with rather dense spacing of about 10cm. It is clear that the exact
loudspeaker signals for a particular WFS system are specific to the selected layout
depending on the number, spacing, and acoustic properties of the loudspeakers.
Therefore, it is not useful to directly send the loudspeaker signals, but rather provide
a description of the scene. Traditionally, the delivery consists of the source audio
signals with additional meta data. On the receiving side, the exact loudspeaker signals
are then calculated based on the delivered content to produce the desired sound field
in the listening room. [96, pp. 59–61]

Austerberry [3] has covered a wide range of topics from content creation to
delivery and playback. His book considers different media players, audio formats,
compression standards, and whatever is related to streaming audio-visual content.
The listening position and sweet spot on 5.1 sound reproduction has been discussed in
[9]. Playback through a pair of headphones usually requires some additional tricks,
typically involving binaural recording with a head-related transfer function (HRTF) or
using hybrid methods [96, pp. 61–62] that guarantee sources are correctly positioned
in the spatial domain and, thus, results in a realistic listening experience.

2.8 Performance measures

We will next discuss some fundamental properties of transducers. Similar terms and
definitions can be used for both radiating sources [57, pp. 188–193] and capturing
devices [110, pp. 59–70]. Three performance measures commonly used in array signal
processing are:

• Signal-to-noise ratio

• Spatial response (directional sensitivity)

• White noise gain
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2.8.1 Signal-to-noise ratio

In order to define the term signal-to-noise ratio, or SNR for short, we first need to
look at some fundamental properties of discrete-time signals.

RMS value

The root-mean-square RMS value of a time-varying signal s(t ) is given by

σs =

⌜

⃓

⎷ 1
T

∫︂ T

t=0
|s(t )|2, (2.135)

where the interval T defines the period of time over which the value is calculated.

Effective amplitude

Equation (2.135) defines the effective amplitude of the waveform s(t ), which means
that the signal s(t ) delivers the same amount of power on average as a signal with
the constant amplitude σs [10, pp. 11–12]. If the RMS value in Equation (2.135) is
independent of time we say the signal s(t ) is stationary.

Signal power

If we have a discrete-time signal x[n], then the effective amplitude can be obtained
from

σx =

⌜

⃓

⃓

⎷

1
N

N−1
∑︂

n=0
|x[n]|2, (2.136)

where the average is taken over N consecutive samples. Assuming that x[n] represents
the instantaneous energy density at a point in some acoustic system given as a time
series, e.g. voltage over a unit impedance, we can calculate the average signal power
by squaring the effective amplitude, i.e.

Px = σ
2
x =

1
N

N−1
∑︂

n=0
|x[n]|2. (2.137)

107



Energy

If we further multiply the average signal power Px in Equation (2.137) by duration
or the length N of the time series x[n], we will then get

Ex =N ·σ2
x =

N−1
∑︂

n=0
|x[n]|2, (2.138)

which is the amount of total energy (Section 2.1.6) conveyed by the signal x[n] over
the period 0⩽ n ⩽N − 1.

According to Parseval’s relation for DFT [79, p. 574] defined in Equation (2.83),
signal energy calculated as a square sum in time series can be equally obtained from
its Fourier transform by summing up the squared amplitudes of the normalized
frequency components. Thus, we can write Equation (2.138) as

Ex =
N−1
∑︂

n=0
|x[n]|2 = 1

N

N−1
∑︂

k=0

|X [k]|2 (2.139)

SNR

Let us consider a discrete-time signal x[n] = xs[n]+ xn[n] as a combination of target
xs [n] with some additive noise xn[n]. We define the signal-to-noise ratio SNR as

SNR=
Ps

Pn
, (2.140)

where Ps is the target signal power and Pn is the noise power, respectively. According
to Equation (2.137) we can also write (2.140) in the form

SNR=
σ2

s

σ2
n

, (2.141)

where σs and σn are the effective amplitudes of the two components, target and noise,
respectively. Typically, power values are effectively exponential and, thus, they are
often expressed on a decibel20 scale in relation to some selected reference. If we are

20One decibel is equal to one-tenth of a bel, i.e. 1B= 10dB, a unit named after Alexander Graham Bell.
It was first used in telephony, where signal loss is a logarithmic function of the cable length. [66]
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not interested in absolute values we may simply write

SNR= 10 · log10
Ps

Pn
dB, (2.142)

which shows the target signal power relative to noise power on a 10-base logarithmic
scale.

If noise is present all the time and continuously mixed with the target, estimation
becomes difficult, since the two signal powers are needed separately. However, if the
target power vanishes just momentarily and this can be detected, it is then possible to
obtain the value of Pn by approximating signal-to-noise ratio in Equation (2.140) by

SNR=
Ps +(Pn − Pn)

Pn
=
(Ps + Pn)− Pn

Pn
≈

Ps+n

Pn
− 1, (2.143)

where Ps+n is the signal power at the time when both the target and noise are present
at the same time. We have assumed here that noise is stationary over the time of
interest and there is no significant correlation between the target signal and additive
noise so that we can write Ps + Pn ≈ Ps+n .

The signal-to-noise ratio of non-stationary sound sources is time-varying and,
usually, a function of frequency, too. Moreover, the spatial distribution of sound
sources and their movements about the measurement spot can cause variations in
the SNR values depending on the direction of interest as a function of look-direction
in the angular domain. As a result, taking for example a single measurement point,
the perceived SNR is not necessarily a single value but can be a tensor with entries
denoting space (distance and direction), time, and frequency. If we can calculate SNR
values, or more specifically the signal powers Ps and Pn , in all those dimensions, we
can draw a pretty good picture of the noise field around the measurement spot and,
also, sketch the location of acoustic sound sources as well. This approach can be used,
for example, in automatic speaker tracking systems [109].

2.8.2 Spatial response

In many applications it is desirable to control the spatial response of the transducers.
For instance, in radio communication, transmitting and receiving antennas can
increase the link capacity and improve the error tolerance, if the transmitted energy
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can be aligned and maximized with the physical direction of a radio link. In acoustics,
directional microphones21 are typically used for multi-channel recording and playback
of the surrounding sound field. In this section we define the spatial transfer function
and discuss the metrics, such as the directivity index, which are commonly used for
the evaluation of directional sound capture of microphone arrays.

Directional sensitivity

The sensitivity of a microphone is typically expressed as the ratio of an (electric)
output to a given (acoustic) input. In general, output voltage depends linearly on the
acoustic force moving the diaphragm and a sensitivity value, which is the ratio of
these two, would remain constant regardless of the input signal level. In this work
we are only interested in directional sensitivity defined as the system response to a
sound impinging from a source direction (φ,θ) at an acoustic frequencyω.

Let us first consider an ideal omnidirectional microphone capsule placed in the
origin of a spherical coordinate system, like the one shown in Figure 2.9, and further
there is a single acoustic point source s (t ) =Ae ȷωt at the distance r from the origin.
Then, if the pressure amplitude A, frequencyω, and distance r all remain constant, the
acoustic pressure at the chosen reference point in the origin will be p(t , r ) = 1

r s (t −
r/c) = A

r e ȷω(t−r/c), which is independent of the source direction. Furthermore, if
the sensor is an ideal omnidirectional microphone, its output signal is defined by
y(t , r ) = κp(t , r ), where the sensitivity κ is a constant value expressed in V/Pa.

In general, electro-acoustic transducers and sound-capturing systems typically have
linear frequency response like (2.89), and the corresponding spatial transfer function
can be thus written as

Y (ω,r) =H (ω,r)X (ω,r), (2.144)

where X (ω,r) is the transfer function from an acoustic point source s(t ) located at
the distance r from the origin and measured to the output of an omnidirectional
reference microphone. Correspondingly, Y (ω,r) is the transfer function from the
same source, but in this case to the output of a sensor system that is being evaluated
in place of the calibrated omnidirectional reference. Hence, the term H (ω,r) in
Equation (2.144) does not directly tell the physical input-output connection of the

21Directional microphone is a sensor the response of which varies significantly with the direction of
sound incidence [106, p. 316].
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transducer, but merely characterizes the relation with a selected reference. In this
case the output of an omnidirectional microphone located in the coordinate system
origin is chosen as the reference.

If we were only interested in the magnitude of Equation (2.144) for sound sources
relatively far away, we can define the spatial magnitude response as being the power
ratio of two signals denoted by

Bpow(ω,φ,θ) = |H (ω,r)|2 =
|Y (ω,φ,θ)|2

|X (ω,φ,θ)|2
, (2.145)

where |Y (·)|2 is the output power of the measured transducer and |X (·)|2 is the power
of the omnidirectional reference microphone output, respectively. It should be noted
that the response given by Equation (2.145) still depends on the source frequency and
direction angles but it no longer depends on the input sound pressure level. Equation
(2.145) is typically expressed on the logarithmic scale as

Blog(ω,φ,θ) = 20 log10
|Y (ω,φ,θ)|
|X (ω,φ,θ)|

dB, (2.146)

which can be calculated using the effective amplitudes as defined in Equation (2.136),
for example.

In practice, acoustic measurements can be done with a single loudspeaker as the
sound source s (t ) and, while keeping the loudspeaker intact, the microphone orienta-
tion is changed to get the sensitivity values measured in all desired directions. Hence,
it is only necessary to compare the output power |Y (·)|2 of the rotated microphone
with the signal power |X (·)|2 of the calibrated reference sensor in the same position
and calculate the directional sensitivity values according to Equation (2.145) on the
linear scale or using (2.146) on the logarithmic scale.

Beampattern

Assuming that the spatial transfer function (2.144) is linear, as it typically is in the case
of the acoustic sources, sensors and media in which the pressure waves propagate, it is
no longer necessary to use a calibrated reference sensor, since we are only interested
in the relative differences of the measured system output with respect to a fixed
reference regarding the response to a source direction and frequency. Hence, it
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would be sufficient to select an "on-axis" direction that is then used as the reference
for measurements in the other directions. So, the magnitude response (2.145) now
becomes the directivity factor

Bref(ω,φ,θ) =
|H (ω,φ,θ)|2

|H (ω,φref,θref)|2
, (2.147)

where the two angles, namely the elevation 0° ⩽ φ ⩽ 180° and azimuth 0° ⩽ θ <
360°, denote the incidence angle or direction-of-arrival (DOA) of an acoustic wave
propagating at the frequency ω [114]. The directivity factor Bref(ω,φ,θ) ∈ R≥0

denotes the sensitivity as a proportional quantity measuring the squared magnitude
response of the system output in direction (φ,θ) relative to that in the selected
reference direction (φref,θref). Selecting the maximum over all angles as the reference,
we obtain the normalized response

Bnorm(φ,θ) =
|H (ω,φ,θ)|2

max
ω,φ,θ
{|H (ω,φ,θ)|2}

, (2.148)

which has values Bnorm ∈R in the range [0,1]. This would be the case in Figure 2.29,
if the dashed line represents the unit circle and the pattern is drawn on the X Y -plane
in a linear scale.

In acoustics, power ratios are typically expressed on a logarithmic scale using
decibels [106, p. 278], which is the standard unit of transmission gain or signal
amplification. Hence, in decibels, the Equation (2.147) becomes

BdB(ω,φ,θ) = 20 log10
|H (ω,φ,θ)|
|H (ωref,φref,θref)|

dB, (2.149)

where the relation is between the two effective amplitudes22. If decibel scales are used,
the 0 dB reference level must be clearly indicated. In the above definition (2.149), the
reference point is selected as the output magnitude in the desired direction (φref,θref)
at the specified reference frequencyωref.

Spatial sensitivity is quite often drawn as a polar plot or beampattern illustrating
transmission power, radiated or received, relative to that on the selected reference

22See the definition in Equation (2.136).
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angle. An example of the polar plot is sketched out in Figure 2.29 with the names
typically used in directional responses.

mainbeam
backlobe

sidelobe

spatial nulls

θ

X

Y

Bno
rm
(θ
)

Figure 2.29 An example of a beampattern in the X Y -plane.

Even though beampatterns are inherently three-dimensional, a symmetrical design
may reduce the need to draw a 3D picture of a beam. For example, the first-order
beampatterns in Figure 2.15 can be used to describe the function of a single variable,
namely the azimuth angle in this case. However, in general, we should use the
spherical coordinates defined in Section 2.1.5 and draw the beampattern as a 3D-
object.

The directional range at which the sensor provides nearly maximum sensitivity is
called the mainlobe. In Figure 2.29, if the target direction is selected to be θref = 0°,
it would be perfectly aligned with the mainlobe providing maximal signal strength
at the sensor output. The sensitivity decreases if the transducer is turned away or
the target moves sideways so that it is not within the mainlobe direction. The edges
of the mainlobe are defined as the direction in which the received signal power first
drops to half of the maximum, i.e. the values of θ closest to the main direction, here
θ= 0°, such that Bnorm(θ) = 1/2 or BdB(θ)≈−3dB. Assuming a linear scale on the
X Y -plane, it looks like the mainlobe width is about 180° covering the angular range
of −90°⩽ θ⩽ 90°.
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Opposite the mainlobe, there is a backlobe, which in this case is in the direction of
the negative X -axis. Any other slopes in the picture are called sidelobes. In between
the many lobes there are singularities with no response at all. These are called spatial
nulls. In this case, there seem to be two spatial nulls roughly in the directions θ= 135°
and θ= 160°. The other two nulls on the bottom side of the diagram are essentially
the same nulls, but they are there because the design is rotationally symmetric about
the X -axis, just as the one shown in Figure 5.4 is rotationally symmetric about an
axis in the X Y -plane. Without symmetry, we would need to draw a 3D graphics
object that would then reflect the sensitivity in all directions at once.

In addition to having the maximum sensitivity in a defined direction, it is often
important to control spatial null directions [110, p. 165]. Typically, system parameters
are optimized in a way that the resulting beampattern guarantees the desired signal
throughput in the desired direction while there is enough attenuation of interfering
signals coming from other directions.

Directivity index

The directivity index (DI) of a microphone is defined as the ratio of acoustic power
transmitted by the directional microphone and an omnidirectional reference sensor,
both measured in a diffuse sound field23. It is further assumed that the reference micro-
phone output power level is calibrated so that both sensors provide the same output
power in the desired target direction. The directivity index is typically expressed in
decibels. [2]

The above definition denotes the spherical directivity index, which can be written
as [61]

DIref(ω) =
1

4π

∫︁ 2π
θ=0

∫︁π
φ=0 |H (φ,θ,ω)|2 sin(φ)dφdθ

|H (φref,θref,ω)|
2 , (2.150)

where (φref,θref) is the reference direction andω is the frequency at which the direc-
tivity is evaluated. Typically, (φref,θref) is aligned with the mainlobe or maximum
sensitivity of the transducer.

23Diffuse sound field is a superposition of an infinite number of sound waves traveling in all directions
with equal probability [10, p. 469].
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Figure 2.30 Directivity index of the first-order microphones.

The directivity indexes of the ideal first-order microphones24 are shown in Figure
2.30. Again, the values can be expressed in decibels by defining

DIdB(ω) = 10 log10 [DIref(ω)] dB. (2.151)

If the output signal power of the measured transducer is equalized with the power
obtained in the reference direction, we can also write

DIdB(ω) = 10 log10

�

1
4π

∫︂ 2π

θ=0

∫︂ π

φ=0
Bref(φ,θ,ω) sin(φ)dφdθ

�

dB, (2.152)

where Bref(·) is the directivity factor defined in Equation (2.147).

2.8.3 White noise gain

Analogue electronics in transducers and related signal-conditioning circuitry produces
thermal noise25 that can be observed as self-noise of the microphone. Thermal noise

24Directivity of a first-order microphone is characterized by the system parameter k in Equation (2.34)
25Random motion of electrons in conducting media such as wires and resistors causes electric noise, the

average energy of which is directly proportional to absolute temperature [20, p. 171].
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is typically modeled as statistically independent gaussian random variables having a
probability density function with a zero mean and a variance that is linearly dependent
on the temperature. For our purposes, it is sufficient to assume that the noise has a
flat power spectrum over a wide range of frequencies whose magnitude is normalized
to unity. Since the spectrum is flat, it is also called white noise, an analogy to white
light, which has all its frequency components in equal proportion. [20, p. 174]

The robustness26 of a beamformer is typically indicated by the white noise gain,
which denotes the amount of white noise at the beamformer output versus that on
a single microphone signal at the input. Obviously, minimizing the total energy
of the white noise at the beamformer output sounds like an ultimate design target.
However, setting too tight a requirement for the white noise gain could also limit the
filter performance and lead to unnecessarily conservative beampatterns. Therefore, it
is customary to set a realistic target level which is carefully balanced with the other
requirements. A natural choice, if nothing else, would be that the amount of white
noise at the system output should not exceed that of a single sensor.

The frequency response of the filter-and-sum beamformer is defined in Equation
(2.119) as a function of the acoustic source location and the signal frequency. Sensor
self-noise, instead, is considered as thermal noise that is modeled as additive gaussian
white noise in the beamformer input signals xi [n], for all i = 1,2, · · · ,Nm , having
no correlation between any two of the signals and being statistically independent of
i over all frequencies f . According to Equation (2.102), since the spectral density
of white noise at the beamformer inputs is uniformly distributed, i.e. |Xi (e

ȷω)|2 is
constant across the entire frequency range, the filtered output of a single microphone
prior to the summation then takes the shape of |Hi (e

ȷω)|2. Since filter-and-sum
beamformers are linear time-invariant systems, these colored27 outputs of the FIR
filters retain the nature of still being statistically independent random processes and
the total power spectrum of the beamformer output can be expressed as

G( f ) =
Nm
∑︂

i=1

|Hi ( f )|
2, (2.153)

26A robust design makes the product or process insensitive to variation without eliminating the causes
of the variation. https://vardeman.public.iastate.edu/IE361/s00mini/maurer.htm

27Shaped white noise is also called as colored noise [20, p. 175].
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where G( f ) is the white noise gain of the filter-and-sum FIR beamformer at a frequency
f =ω/(2π). On a logarithmic scale, the white noise gain becomes

GdB( f ) = 10 log10

 

Nm
∑︂

i=1

|Hi ( f )|
2

!

. (2.154)

In this work, white noise gain is calculated analytically based on the filter coeffi-
cients in the system function (2.100) and using MATLAB® routines to calculate the
power spectrum in Equation (2.154). Another method of evaluating white noise gain
is to measure it experimentally and feed the system with a white noise input as a test
signal. Calculating the input and output signal powers in a time-domain by (2.137)
the gain value is then obtained as a single scalar value with no frequency resolution
in it. However, if the input signals are band-pass filtered prior to power calculation,
then the input-output relation can be provided on a frequency scale as well.

Limited number presentation [79, p. 328] and filter coefficient quantization [79,
p. 335] can also introduce noise that is inherently generated by the system itself.
However, those errors are data-dependent and more related to fixed-point arithmetic.
The simulation results in this work are obtained from calculations using floating-point
numbers and, therefore, errors related to number representation can be considered
negligible. However, for anyone who is interested, a comprehensive study of error
modeling in signal quantization, fixed- and floating-point number representation,
format conversion, and algorithms, can be found in the text book written on digital
audio signal processing [116].
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3 BEAMFORMER OPTIMIZATION

Optimization can be defined as the action of making the best or most
effective use of a situation or resource.

https://en.oxforddictionaries.com/definition/us/optimization

The objective of this chapter is to present a design method that produces robust
broadband1 multi-microphone beamformers that are optimized to provide their
maximum sensitivity towards a known target direction while rejecting signals arriving
from other directions. This chapter is based on the author’s work published in [53].

Section 2.5 defines a FIR filter-and-sum beamformer that consists of a sensor array
and a digital signal processor that calculates the beamformer output as a weighted sum
of data sampled in both space and time. In the late 1990’s, when the research work for
this dissertation started, spatial filter design methods mostly focused on either defining
signal weighting functions for a known sensor array or, separately, investigating array
configurations yielded as filter equations that can be defined and solved analytically.
The author’s work in [53] proposed a method for joint optimization of beamforming
filter coefficients and sensor locations as a single optimization problem. However,
since the work in this dissertation is focused on fixed sensor arrays, it is sufficient to
present the filter coefficient optimization method for an arbitrary, but known, array
configuration.

The chapter begins with a short background to the motivation for robust broad-
band filter-and-sum beamformer optimization. Then, the filter design method is
given with the linear array used as a design example.

1The term broadband in the context of microphone arrays typically means that the processing can
handle signals over several octaves. In telecommunication standards, however, the term narrowband is
used for similar bandwidths, e.g. from 100 Hz up to 3800 Hz [69, Table 7 - Narrowband filter
definition].
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3.1 Background

It is known that conventional adaptive beamformers, like the generalized sidelobe
canceller [110, p. 659], are able to effectively reject signals from unwanted directions.
The adaptation process, however, can be disturbed and the output signal may become
distorted if the beamformer is exposed to even mildly reverberant conditions. In that
case, if there were reflected components of the target signal that arrive from the same
direction as noise, the adaptation process would try to cancel the desired signal as
well.

Non-adaptive systems, like filter-and-sum FIR beamformers, can provide data-
independent and robust performance. The filter coefficients can be calculated as a
constrained optimization problem [51, pp. 355–357] and the robustness control can
thus be added there, taking into account the statistical properties of the gain and
phase errors in the array sensor system [27] [26].

3.2 Motivation

The objective of this work is to find a system that retains a flat magnitude response in
the desired direction under all circumstances and yet is able to reject sounds from other
directions. For that purpose, it is decided to study filter-and-sum beamforming, which
not only provides frequency invariant behavior over a broad range of frequencies
but also yields a robust design. Flat magnitude response is usually needed in the
other directions as well, in order to minimize colorization of noise and preserve its
naturalness as it could still be audible even though attenuated. A useful byproduct
of using the filter-and-sum technique in a reverberated environment is that the fixed
filter not only attenuates noise coming from outside the main lobe, but also reduces
the reverberation of the desired signal. Furthermore, tuning of any subsequent
adaptive algorithms like automatic gain, echo, or noise control, which are typically
found in telephone applications, would become difficult if the beamformer had
signal-dependent and time-varying adaptive paths.
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3.3 Design method

Digital FIR filter design principles are briefly discussed in Section 2.3.3. The method
presented here is based on the author’s work published in [53]. The task is to find
the filter coefficients that minimize the cost function for the given set of boundary
conditions and sensor locations.

In this section, we will go through the optimization process step-by-step and
utilize an example that is easy to follow. The method consists of the following phases:

• Acoustic wave field: specify point sources in the desired and undesired directions
• Sampling grid: select the number of microphones, filter length and sample rate
• Actual response: determine the spatial frequency response of the beamformer
• Desired response: define the ideal beampattern and a limit to white noise gain
• Cost function: calculate the difference between actual and desired patterns
• Optimization algorithm: solve the set of linear equations obtained above

A separate MATLAB® toolbox is created for designing filter-and-sum beamform-
ers. The graphical user interface, which provides us with a view of the resultant
beamformer design, is presented in Section 5.1.

3.3.1 Acoustic wave field

Pressure waves propagating in a free field can be modeled as spatiotemporal signals
given by Equation (2.22), which assumes that the source is located in the center
of a coordinate system spreading spherical waves symmetrically about the origin.
In order to model several sources in different locations we require that the source-
centric coordinate systems are harmonized to a single unified system, such as the
one illustrated in Figure 3.1, and a mutual sound field is then obtained as the linear
combination2 of the source-related wave fields3.

Let us start with a simple example having a point source at the location rs and
an omnidirectional microphone in the position rm , like one of the microphones
in Figure 3.1. From Equation (2.22) it immediately follows that a pressure wave,
generated by the point source in location rs and observed at the field point rm , can

2According to the superposition principle discussed in Section 2.1.6.
3The mathematical definition of a wave field can be found in Section 2.1.5.
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be expressed as the phasor4

ψ(t ,rm ,rs ,ω) =
As (ω)

d
e ȷω(t−d/c), (3.1)

which has the angular velocityω and a time-invariant pressure amplitude As (ω)/d
specific to the particular source s at the distance5 d from the microphone m. The
phase center at t = 0 is located in the source position, since the necessary and only
condition for that, namely (t − d/c) = 0|t=0, only holds for the value d = 0.

Since the definition in Equation (3.1) has a singularity at d = 0 when rm = rs ,
sounds are typically rated by the pressure waves they generate at some specified
distance d ≫ 0. For example, if the pressure wave magnitude was rated as As (ω) =
1Pa@1m and the sound pressure was measured in a free-field at the distance d = 2.0m,
the observed pressure amplitude would be As (ω)/d = 0.5Pa, which is correctly stated
in pascals. Since this work is about linear time-invariant systems6, we are free to define
sound sources and analyze their effects on the processed system output independently
from each other. Hence, for the sake of simplicity, we choose that the observed
amplitude of a sound wave equals to unity in the origin of the coordinate system by
defining As (ω) = rs in Equation (3.1) for a sound source s at the distance rs from the
origin. Furthermore, in order to express multiple sound sources in the same equation
and to keep the calculations relatively simpled, the time-aligned phase center is moved
to the coordinate origin by adding a distance-dependent linear phase term rs/c to
each of the wave equations. Now, we can define the balanced wave field created by a
single point source in the form

ψ(t ,rm ,rs ,ω) =
rs

d
e ȷω(t+(rs−d )/c), (3.2)

where rs/d is the normalized pressure amplitude. If the balanced wave field is ob-
served in the origin of the coordinate system, i.e. at the distance d = rs from the
sound source, the normalized pressure amplitude will be equal to one and the phase
term will be zero at the time instant t = 0. Then we can write

ψ0(t ,rs ,ω) = ψ(t ,rm ,rs ,ω)|rm=0 = e ȷωt (3.3)

4Phasors are covered in Section 2.1.5.
5The value of d = d (rm ,rs ) =̂ dm,s is the undirected distance according to Equation (2.5).
6Definition and properties of linear time-invariant systems can be found in Section 2.3.2.

122



and use that as the common reference of the sampled wave field.
In practice, the number of sound sources can vary significantly. If all the reflections

are counted as new sources, the total amount becomes exhaustive and may eventually
approach infinity. However, in order to optimize the spatial response of the filter-
and-sum beamformer, which has relatively low degree of freedom in terms of spatial
and temporal selectivity, it is sufficient to only consider the free-field case7 and define
the target response to the sets of well positioned and independent source locations
Ss = {rs j

∈R3 | j = 1,2, . . . ,Ns} and frequencies S f = { fl | l = 1,2, . . . ,N f }, where
fl =ωl/(2π) denotes the fundamental frequency8 of the oscillating pressure wave
expressed in hertz. Proper selection of spatial and spectral distribution of sound
sources is further elaborated in Section 3.3.4.

3.3.2 Spatiotemporal sampling grid

A microphone array configuration, consisting of omnidirectional capsules, is uniquely
defined by the set of position vectors Sm = {rmi

∈R3 | i = 1,2, . . . ,Nm}, where Nm

denotes the number of microphones. For the sake of simplicity, a linear array is used
here as the design example. Figure 3.1 illustrates an array of four omnidirectional
microphones aligned with the X -axis. It is further assumed that the sound sources
are located at some distance in comparison to the size of the array. The notation,
however, is generic and can be used for arbitrary array geometries and nearby sources
as well.

Source direction

In Figure 3.1, the symbol rs denotes the position vector of a point source located at
the distance rs from the origin in a direction indicated by the two angles, namely the
azimuth angle θs and the elevation angleφs . Azimuths are measured counterclockwise
in the X Y -plane from the positive X -axis and elevations are deviations measured
from the positive Z -axis.

The linear array configuration, shown in Figure 3.1, is rotationally symmetric
about the X -axis and the direction of a sound source is sufficiently determined by the
incident angle ϕs measured from the positive X -axis. Furthermore, since the sound

7Free-field propagation is discussed in Section 2.1.4.
8Fundamental frequency is defined in Equation (2.22).
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Figure 3.1 A linear array of Nm = 4 omnidirectional microphones on the X -axis in positions Sm =
{rm1

,rm2
,rm3

,rm4
}= {(x, 0, 0) ∈R3 | x = rmi

∧ i = 1,2,3,4}. A single point source in
the direction ϕs is denoted by the location vector rs .

sources are assumed to be quite far away, the wave fronts resemble plane waves9 and
the distance rs becomes irrelevant.

Ideal transducer

One example of an omnidirectional microphone is the Sennheiser KE 4-211-2 capsule,
which has a rated sensitivity of 10mV/Pa or, equivalently, −40dB ref 1V/Pa [98].
Here, the output voltage is related to the input pressure by a frequency-independent
constant value. Furthermore, if all the sensors are calibrated to same sensitivity
and the output is further amplified to meet the normalized sensitivity 1V =̂ 1Pa,
Equation (3.2) holds for the electric signals as well.

The voltage output of an omnidirectional microphone is a real-valued signal that
directly follows the membrane displacement reflecting the potential energy10 of a
phasor measured along the ℜ-axis as shown in Figure 2.8. The real part of Equation
(3.2) denotes the electric voltage output of the sensor in location rm in relation to the
point source in position rs . It is more convenient, however, to maintain the notation
of complex exponentials in the calculations and only transform into real-valued
representations when needed.

9Various array geometries and their impact on planar waves is discussed in [110, Chapter 2].
10Energy distribution is discussed in Section 2.1.6.
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Array manifold

The digital output of an ideal omnidirectional microphone is a discrete-time sequence
of samples11 taken from the continuous-time wave field ψ at the constant rate of
fs = 1/Ts , where Ts is the sampling interval. When exposed to the balanced wave
field of Equation (3.2) a sensor at the location rmi

∈Sm , like in Figure 3.1, produces
the output sequence

xi (n, j , l ) = ψ(t ,rmi
,rs j

,ωl )
|︁

|︁

|︁

t=nTs

=
r j

di , j
e ȷ2π fl (nTs+(r j−di , j )/c), (3.4)

where r j = |rs j
| is the pressure wave magnitude in the origin, di , j is the distance from

the j th source to the i th microphone, fl =ωl/(2π) is the fundamental frequency of
the source; typically measured in hertz rather than radians per second, and n is the
sample index denoting the time instant t = nTs . Even though the acoustic wave field
is a space-time continuum12, the microphone locations rmi

∈Sm , the source positions
rs j
∈ Ss , and the frequencies fl ∈ S f are all defined by finite sets. A collection of

sensor output data

X(n, j , l ) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

x1,0(n, j , l ) · · · x1,k (n, j , l ) · · · x1,Nh−1(n, j , l )
...

. . .
...

...
...

xi ,0(n, j , l ) · · · xi ,k (n, j , l ) · · · xi ,Nh−1(n, j , l )
...

...
...

. . .
...

xNm ,0(n, j , l ) · · · xNm ,k (n, j , l ) · · · xNm ,Nh−1(n, j , l )

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(3.5)

is the Nm ×Nh array manifold matrix in which the element

xi ,k (n, j , l ) =
r j

di , j
e
ȷ2π fl

�

n−k
fs
+

r j−di , j
c

�

(3.6)

denotes the present (k = 0) or a past (k > 0) value of the i th microphone at the time
instance (n− k)Ts = (n− k)/ fs , for all i ∈ {1,2, . . . ,Nm} and k ∈ {0,1, . . . ,Nh − 1}.

11Discrete-time systems are discussed in Section 2.3.2 and sampling is illustrated in Figure 2.17.
12A system of one temporal and three spatial coordinates by which any physical object or event can be

located. https://www.merriam-webster.com/dictionary/space-time
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The indexes j and l , as discussed earlier, determine the acoustic wave field to which
the array is exposed. In the following sections array data is better organized line by
line in a form of the array manifold vector

x(n, j , l ) =
h

x1(n, j , l )⊤ · · · xi (n, j , l )⊤ · · · xNm
(n, j , l )⊤

i⊤
, (3.7)

where the block

xi (n, j , l )⊤ =
h

xi ,0(n, j , l ) · · · xi ,k (n, j , l ) · · · xi ,Nh−1(n, j , l )
i

(3.8)

is the i th row of the array manifold matrix X(n, j , l ) in Equation (3.5). It should be
noted that Equation (3.8) is similar to Equation (2.123). Here, the entry values are
defined for a selection of source locations and frequencies.

Common reference

Equation (3.6) does not explicitly indicate in which direction the sound wave is
propagating over the measurement point; only the source-to-sensor distance matters.
This is the typical case with ideal point sources, waves propagating in a free field, and
omnidirectional sensors capturing the sounds. In order to evaluate the performance of
a system combining data from multiple sensors, like a filter-and-sum FIR beamformer,
it is necessary to define a common reference. Here, in this work, the reference is
the output of an ideal omnidirectional microphone, m0, placed in the origin of the
coordinate system. According to Equation (3.4), and noting that di , j = r j for m0, the
output of this selected reference microphone is

x0(n, j , l ) = e ȷ2π fl
n
fs , ∀n ∈Z, (3.9)

which is the discrete-time counterpart of Equation (3.3). In order to maintain causality
and enable symmetric designs13 the zero-phase reference sample is usually taken in the
middle of an FIR filter delay line. Then the ideal common reference is

xref(n, j , l ) = x0(⌊n− (Nh − 1)/2⌋, j , l ) = e ȷ2π fl
n−⌊(Nh−1)/2⌋

fs , ∀n ∈Z, (3.10)

13Symmetric FIR filters have linear phase responses [50, Example 6.1] and, thus, introduce less
distortion to the processed output (see Section 2.3.3).
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which is the closest match to the midpoint of an FIR filter of length Nh .

Parameters and boundary conditions

Equation (3.6) represents the field values captured by a microphone array consisting
of ideal omnidirectional microphones. It should be noted that the acoustic wave
field is sampled at a constant sample rate specified by the parameter value fs and,
importantly, all the microphone signals are sampled simultaneously14. The locations
of the sound sources, the positions of the microphones, the values of the designed
frequencies, the length of an array manifold vector, Nm ·Nh , and the number of spatial
source definitions, Ns ·N f , are all related to a particular optimization problem. The
best way to select these values is discussed in the following sections.

3.3.3 Spatial frequency response

Without loss of generality, the microphone array can be aligned with the coordinate
system so that the microphones are located around the origin. The ideal reference
signal xref is then captured within the array manifold ensuring causal beamformer
filter designs and realizable beampatterns. The set of coordinates Sm = {rmi

∈R3 |
i = 1,2, . . . ,Nm}, in order, uniquely defines the microphone array, as in Figure 3.1.
Let us consider a point source in the location rs j

pulsating spherical pressure waves
at the frequency fl . Based on Equations (2.120) – (2.124) the actual output of the
beamformer is

y(n, j , l ) = x(n, j , l )⊤h, (3.11)

where x(n, j , l ) is the array manifold vector as in Equation (3.7) and the elements
are derived from Equation (3.8) and Equation (3.6), respectively. The ratio of the
beamformer output y(n, j , l ) to the common reference xref(n, j , l ) is calculated as

y(n, j , l )
xref(n, j , l )

(3.11)
=

x(n, j , l )⊤

xref(n, j , l )
h

(3.6)
(3.10)=

⎡

⎢

⎣· · ·
(r j/di , j )e

ȷ2π fl

�

n−k
fs
+

r j−di , j
c

�

e ȷ2π fl
n−⌊(Nh−1)/2⌋

fs

· · ·

⎤

⎥

⎦

⎡

⎢

⎢

⎢

⎣

...

hi [k]
...

⎤

⎥

⎥

⎥

⎦

.

(3.12)

14Synchronous sampling is assumed throughout this work.

127



Even though the reference input xref(n, j , l ) and the array manifold vector x(n, j , l )
vary over time, their relation to each other remains time-invariant. Choosing any
particular value of n, say n = 0, in Equation (3.12) yields the spatial frequency response

Y ( j , l ) =
�

· · ·
r j

di , j
e
ȷ2π fl

�

⌊(Nh−1)/2⌋−k
fs

+
r j−di , j

c

�

· · ·
�

⎡

⎢

⎢

⎢

⎣

...

hi [k]
...

⎤

⎥

⎥

⎥

⎦

= a⊤u h, (3.13)

where h is the filter coefficients and a⊤u is the u th row of the system data matrix

A=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

a⊤1
...

a⊤u
...

a⊤Ns N f

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

a1,1 · · · a1,v · · · a1,NmNh
...

. . .
... · · ·

...

au,1 · · · au,v · · · au,NmNh
...

...
...

. . .
...

aNs N f ,1 · · · aNs N f ,v · · · aNs N f ,NmNh

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (3.14)

The row index u = ( j − 1)N f + l runs for the source position and frequency, namely
j ∈ {1,2, . . . ,Ns} and l ∈ {1,2, . . . ,N f }, whereas the column index v = (i−1)Nh+k+1
indicates the microphone number and delay, i ∈ {1,2, . . . ,Nm} and k ∈ {0,1, . . . ,Nh−
1}, respectively. A solution that optimizes the actual system response

Ah=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

Y (1,1)
...

Y ( j , l )
...

Y (Ns ,N f )

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(3.15)

to the selected source positions and frequencies is discussed in Section 3.3.6. However,
it is first necessary to define the desired system response as the design target.
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3.3.4 Desired response

An ideal beamformer picks up sounds intact from the desired direction and completely
rejects signals from the others. An example of the desired response is the flat magnitude
response illustrated in Figure 3.2, where the output magnitude relative to the input
is shown on a linear scale from 0 to 1 over the angles 0° ⩽ ϕ ⩽ 180° and on the
frequency range varying from 300 Hz up to 3400 Hz, which is a typical frequency
range in hands-free speech communication15. The incident angle ϕ denotes the sound
direction of arrival measured about the X -axis as illustrated in Figure 3.1. It is further
desired that the spatial response is independent of frequency.
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Figure 3.2 An example of the ideal magnitude response |Ydes| according to Equation (3.17) as a function
of the incident angle ϕ and the signal frequency f .

The angular grid points define the direction and width of the mainlobe spanning
over the frequency range of interest like the stripe illustrated at the top of Figure
3.2. In this case the target is in the direction ϕ = 90°± 5° and complete rejection is
desired in the directions ϕ ⩽ 60° or ϕ ⩾ 120°. Angular values are usually defined in
degrees on a linear scale whereas the frequencies are preferably given in hertz on a

15Requirements of 3GPP TS 26.131: Terminal acoustic characteristics for telephony [1, Section 5.4].
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logarithmic scale, which better approximates human listening selectivity [92, Section
7.3].

In order to reduce the computational complexity of the optimization problem,
some angular regions are left undefined. These are shown here as the two transition
bands located on both sides of the mainlobe at angles 60°<ϕ < 85° and 95°<ϕ <
120°. Too tight requirements for the desired response can make any realization of the
design virtually impossible in practice. Therefore, some data points can be neglected
as they would greatly add to the cost with no significant difference in the results.

Ideally, considering the balanced wave field of Equation (3.2) and the flat target
response in Figure 3.2, the desired output of the beamformer would either be a delayed
copy of the sampled reference, i.e. the sequence xref(n, j , l ) in Equation (3.10), or
simply zero if the sound does not come from the desired source direction. The output
of an ideal spatial filter can be defined as

ydes(n, j , l ) =

⎧

⎨

⎩

xref(n, j , l ), ∀rs j
∈Ssd

, ∀ fl ∈S f

0, ∀rs j
∈Ssn

, ∀ fl ∈S f

, for all n ∈Z (3.16)

whereSsd
⊆R3 is the set of desired source positions,Ssn

⊆R3 is the set of interfering
noise source positions, and S f is the frequency grid on which the equations are
defined. Likewise, an ideally flat spatial frequency response can then be written as

Ydes( j , l ) =
ydes(n, j , l )
xref(n, j , l )

(3.16)
=

⎧

⎨

⎩

1, ∀rs j
∈Ssd

,

0, ∀rs j
∈Ssn

,
, for all fl ∈S f , (3.17)

which is defined on the signal space S = (Ss ,S f ) where Ss = Ssd
∪ Ssn

is the
combined set of all source positions and S f is the corresponding set of frequencies.
In the example depicted in Figure 3.2 the exact values are Sd = {85°,90°,95°},
Sn = {0°,5°, . . . , 60°}∪{120°,125°, . . . , 180°}, andS f is the frequency grid consisting
of 31 values logarithmically spaced over the range from 300 Hz to 3400 Hz16.

In Section 3.3.6, the desired responses are collected in the form of a column vector

b=
h

b1 b2 · · · bu · · · bNs N f

i⊤
(3.18)

16In MATLAB® the frequency grid is created by logspace(log10(300),log10(3400),31).
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with elements
bu = Ydes( j , l ) (3.19)

defined for u = ( j − 1)N f + l , j ∈ {1,2, . . . ,Ns}, l ∈ {1,2, . . . ,N f }, and where the
quantities Ns = |Ss | and N f = |S f | are the number of sources and frequencies,
respectively.

3.3.5 Cost function

A cost function that minimizes the mean squared deviation from the desired response
can be written as the overdetermined least squares problem [111, Sec. 61.3.2]

J (Ss ,S f ) =
1

Ns ·N f

Ns
∑︂

j=1

N f
∑︂

l=1

|Y ( j , l )−Ydes( j , l )|2 , (3.20)

where Y ( j , l ) denotes the actual response of the beamformer according to Equation
(3.13) and Ydes( j , l ) is the desired response from Equation (3.17).

The cost function in Equation (3.20) is defined for the paired sets (Ss ,S f ), where
the first argument is the set of point source locations,Ss = {s j ∈R3 | j = 1,2, . . . ,Ns},
and the other one is the set of frequencies, S f = { fl ∈ R | 0 ⩽ fl < fs/2, l =
1,2, . . . ,N f }. The cost function J (·) is evaluated for a given microphone array geome-
try denoted by the set of sensor locations Sm = {rmi

∈R3 | i = 1,2, . . . ,Nm} and for
FIR filters of the length Nh .

As discussed earlier the sound sources can be further classified, based on their
positions, into two subsets: S =Ssd

∪Ssn
whereSsd

⊆R3 defines the desired sound
source locations and Ssn

⊆ R3 indicates the spatial distribution of the interfering
noise sources.

Weighted cost

In practice it is often desirable to emphasize specific directions and frequencies in
Equation (3.20). This can be done by properly selecting the sample points (Ss ,S f )
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and defining the weighted cost function

JW (Ss ,S f ) =
1

Ns ·N f

Ns
∑︂

j=1

N f
∑︂

l=1

W ( j , l )2 |Y ( j , l )−Ydes( j , l )|2 , (3.21)

where W ( j , l ) ∈ R>0 for all j ∈ {1,2, . . . ,Ns} and l ∈ {1,2, . . . ,N f }. The weighted
solution in the next section uses the values W ( j , l ) in the form of a diagonal matrix,
W. The indexing scheme for that purpose is clarified in Equation (3.26).

3.3.6 Solution

The cost function in Equation (3.20) defines the mean squared error between the
actual and the desired output of the beamformer for the given source directions and
frequencies. The optimization problem is to minimize the cost for a given array
geometry Sm and filter length Nh by finding the solution to a set of linear equations

Ah= b+ e, (3.22)

where Ah is the set of system responses according to Equation (3.15), b consists of
the corresponding desired output responses Ydes( j , l ) as in Equation (3.18), and e is
the error term measuring deviation from the desired responses.

The optimal solution to Equation (3.22) in the least squares sense is obtained by
finding the real-valued coefficients h that minimize the quadratic error17

∥e∥2 = ∥Ah−b∥2 = (Ah−b)†(Ah−b)

= (h⊤A†−b†)(Ah−b)

= h⊤A†Ah−h⊤A†b−b†Ah+b†b

= h⊤A†Ah− (h⊤A†b)− (h⊤A†b)†+b†b

= h⊤A†Ah− 2ℜ{h⊤A†b}+ ∥b∥2

(A.3)
= h⊤ℜ{A†A}h− 2h⊤ℜ{A†b}+ ∥b∥2 . (3.23)

17The norm of a vector e ∈CN×1 is ∥e∥=
p

|e1|2+ |e2|2+ · · ·+ |eN |2 =
⎷

e†e [45, p. 52].
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Now, setting the derivative of (3.23) with respect to h to zero leads to the unique18

solution
2ℜ{A†A}h− 2ℜ{A†b}= 0

⇔ ℜ{A†A}h=ℜ{A†b}

⇔ h=
�

ℜ{A†A}
�−1ℜ{A†b} . (3.24)

The derivatives of the terms in Equation (3.23) are calculated based on the rules found
in [68, 3.5.6(i), 3.5.4(i)] and on the fact that ℜ{A†A} is symmetric.

Weighted solution

The weighted cost function in Equation (3.21) is minimized by solving the set of
linear equations

WAh=Wb+ e, (3.25)

where the filter coefficients h are real and W is a diagonal matrix

W=
h

W1 · · · Wu · · · WNs N f

i

I , (3.26)

where I is the identity matrix and the elements Wu =W ( j , l ), u = ( j − 1)Ns + l , for
j ∈ {1,2, . . . ,Ns} and l ∈ {1,2, . . . ,N f }, are the weight values of the cost function in
Equation (3.21). The solution to this weighted least-squares problem in Equation
(3.25) is

h=
�

ℜ{A†W†WA}
�−1ℜ{A†W†Wb}, (3.27)

which is analogous to the frequency-sampling design method presented for a single
FIR filter in [81, Section 3.2.1].

Robust design

Robust systems can be optimized by taking into account the white noise gain, as
proposed, for example, in [88]. The beamformer can be made robust to sensor
position errors and differences in microphone sensitivities as elaborated in [27]. Here,
in this work, the white noise gain is controlled by determining the system response
over a range of array imperfections, namely giving each sensor in turn a gain value

18The solution is unique, if there are more equations than unknowns in the system Ah= b and the
matrix A has a full column rank, i.e. the columns are linearly independent [45, pp. 236–237].
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that deviates from the nominal value, say+0.5dB, and including corresponding array
data in the additional rows to the system data matrix A. Likewise, the vector b must
be extended by copying the desired outputs over these skewed input cases as well.

A design example: linear array

The parameters used for optimizing the linear array filter-and-sum FIR beamformer
presented in this chapter are collected in Table 3.1.
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Parameter
name

Symbol Value SI-
unit

Remarks, dimension

Number of
sensors

Nm 4 Ideal omnidirectional
microphones

FIR length Nh 21

Number of
sources

Ns 3+ 26= 29 See below: desired
signal and noise

Number of
frequencies

N f 31 N f = ⌊1.5 ·Nh⌋

Sensor
position

rmi
0.0254 spacing

along the X -axis
m For the linear array

Beamforming
filter

coefficient

hi [k]
i = 1, . . . ,Nm

k = 0, . . . ,Nh − 1
Total number of
coefficients is
Nm ·Nh = 84

Source
distance

R 1.0 m

Desired
direction

ϕd 85,90,95 ° 3

Noise
direction

ϕn 0,5,10, . . . 55,60,
120,125, . . . , 180

° 26

Source
frequency

f =
ω
2π

300, . . . , 3400 Hz N f points on the
logarithmic scale

Target
weight

Wsd
2900 Wsd

= 100 ·Ns for the
mainbeam response

Noise
weight

Wsn
1 Wsn

= 1 for the
directivity index

Table 3.1 Parameter values used for optimizing the linear array beamformer.
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4 POLYNOMIAL BEAMFORMER

Polynomial is an expression of more than two algebraic terms, espe-
cially the sum of several terms that contain different powers of the
same variable(s).

https://en.oxforddictionaries.com/definition/polynomial

The goal of this work is to design a robust broadband filter-and-sum beamfor-
mer that can change the maximum sensitivity smoothly and efficiently providing a
means for listening to a moving sound source even in reverberating environments. A
straightforward approach would be to design a fixed set of filter coefficient vectors,
one vector for each assumed target direction, and store all of them in the memory
as in Section 2.6. Then, applying some external control logic, the coefficient vector
that provides maximum sensitivity closest to the desired direction, will be selected
and used for processing the output. However, beamforming that is based on this
kind of discrete filter set is not only memory-consuming but also computationally
exhaustive, especially in cases where there are several outputs required, one for each
target direction.

In this chapter, we propose a polynomial interpolation1 function that approx-
imates the beamformer filter coefficients and, hence, can significantly reduce the
computational complexity of the system whilst also enabling smooth steering of
the array response in the desired direction. The number of arithmetic operations
needed for the additional outputs is negligible compared to the selectable beamformer
presented in Section 2.6. Moreover, the proposed polynomial filter, steered towards
an arbitrary direction, still provides equal robustness and similar sensitivity charac-
teristics as would be obtained with a fixed beamformer specifically optimized for that
particular direction.

1Interpolate: to estimate values of data or a function between the two known values.
https://www.merriam-webster.com/dictionary/interpolate
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Below, we first derive the characteristic function of the polynomial beamformer
and sketch the block diagram of an interpolating filter. Then, we provide the opti-
mization method for the polynomial interpolation of a single variable and discuss
the difficulties in forming interpolation functions of several independent variables.
The results presented in this chapter are based on the author’s work published in
[54]. Also, a patent [55] was granted for the polynomial beamformer discussed in
this chapter.

4.1 From the idea to implementation

The idea of using polynomial approximation and interpolation to determine the
beamforming filter coefficients came up when studying the individual coefficient
values of the conventional filter-and-sum beamformer as a function of the desired
source direction. This led to the realization that the famous Farrow structure, which
is explained in Section 2.3.3, can be extended to steer the maximum sensitivity
direction of a spatial filter, as well. It is quite obvious that a small change in the
target response would not affect the filter coefficients dramatically. In fact, as will
be shown in Section 5.3, the coefficient values behave smoothly as a function of the
target direction and, hence, each coefficient can be effectively approximated with
polynomials of a relatively low order.2

4.2 Characteristic function

In this section, we formulate the characteristic function of the polynomial beamfor-
mer. Let us start by rewriting Equation (2.118) in the usual form

y[n] =
Nm
∑︂

i=1

Nh−1
∑︂

k=0

hi [k]xi [n− k], (4.1)

which denotes the basic array manifold vector of the elementary filter-and-sum beam-
former depicted in the block diagram in Figure 2.23.

2A study of interpolation techniques and various polynomial approximation methods can be found, for
example, in [11].
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Figure 4.1 The Y-shaped planar array of 4 omnidirectional microphones.

Let us take, for example, the Y-shaped array of four omnidirectional microphones,
as shown in Figure 4.1, and let rs denote the position vector of a single point source in
the 3-dimensional space. A flat design cannot make a difference to sounds originating
from mirror positions on the opposite sides of the X Y -plane, i.e. waves coming from
a point source at the location rs = (rs ,φs ,θs ) would be captured equally as if they
were received from rs ′ = (rs , 180°−φs ,θs ). The Y-shaped array, however, is able to
distinguish sources in the horizontal direction unambiguously. A straight-forward
approach is to choose a pair of microphones and create a first-order beampattern
using the method discussed in Section 2.2.3. The main-axis is then aligned with one
of the angles θ ∈ {0°,60°,120°, . . . , 360°}. Instead of just picking up one pair and
sticking to that physical direction, here the method has been developed so that it
utilizes all four microphones and dynamically steers a first-order beampattern in
any direction around the origin, horizontally, by only changing the value of a single
control variable.

First we introduce a new variable d so that

d =
θd

180°
− 1, (4.2)

where 0°⩽ θd ⩽ 360° is the steering angle and the value of d , correspondingly, falls
within the range [−1,+1]. It is shown later on that each coefficient hi [k] in Equation
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(4.1) can be approximated by a polynomial3 of the order Nq − 1

d hi [k] = hi ,0[k]+ hi ,1[k]d + . . .+ hi ,Nq−1[k]d
Nq−1 =

Nq−1
∑︂

q=0
hi ,q[k]d

q , (4.3)

where the value of the control variable d ∈ [−1,+1] relates to the steering angle
θ ∈ [0°,360°] according to Equation (4.2)4.

Replacing the fixed filter coefficient hi [k] in Equation (4.1) with the continuous
function d hi [k] from Equation (4.3) we get

y(n, d )
(4.1)
=

Nm
∑︂

i=1

Nh−1
∑︂

k=0

d hi [k]xi [n− k]

(4.3)
=

Nm
∑︂

i=1

Nh−1
∑︂

k=0

Nq−1
∑︂

q=0
hi ,q[k]d

q xi [n− k]

=
Nq−1
∑︂

q=0
d q

Nm
∑︂

i=1

Nh−1
∑︂

k=0

hi ,q[k]xi [n− k], (4.4)

which brings out the variable d and leads to a structure of the polynomial beamforming
filter illustrated in Figure 4.2. Furthermore, if the intermediate output signals are
denoted by

ŷq[n] =
Nm
∑︂

i=1

Nh−1
∑︂

k=0

hi ,q[k]xi [n− k], q = 0,1, . . . ,Nq − 1, (4.5)

the output in Equation (4.4) can be expressed in the form

y(n, d ) =
Nq−1
∑︂

q=0
d q ŷq[n]. (4.6)

3Instead of the simple sequence of 1, x, x2, . . . , xn [11, p. 52], we may use any system as long as it forms
a linearly independent setup to the required order n. For example, a periodic function can be
approximated by a set of trigonometric functions 1, sin(x), cos(x), sin(2x), cos(2x), . . . , sin(nx),
cos(nx). [11, p. 127]

4A prescript in the expression d hi [k] indicates that the value of hi [k] depends on the variable d .
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Figure 4.2 The block diagram of a polynomial beamforming filter with multiple output beams. The
functional blocks are defined by the Equations (4.5)–(4.8). Data from the microphone array
comes in from the left-hand side and the steered outputs are produced on the right-hand side.
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Multiple output signals can be formed simultaneously and directed independently
by expressing the steering control as a row vector

d[n] =
h

d1[n] d2[n] · · · dNp
[n]

i

, (4.7)

where Np is the number of outputs. This notation uses the time instance n to
emphasize that the system is capable of changing the steering angles over time, sample-
by-sample, to track and stay tuned in for moving sound sources. Then the output
samples are time-aligned in a row vector

y(n,d) =
h

y(n, d1) y(n, d2) · · · y(n, dp ) · · · y(n, dNp
)
i

, (4.8)

where y(n, dp), for all p ∈ {1,2, . . . ,Np}, are the filtered outputs of the polynomial
beamformer steered in the directions θp[n] = (dp[n]+ 1) · 180°. The grey shaded
boxes in Figure 4.2 are the dynamic steering control, which produces the steered
outputs y(n, dp ) according to Equation (4.6). It should be noted that the coefficients
hi ,q[k] in Equation (4.5) are constant and, hence, the intermediate outputs ŷq[n] are
the same, regardless of the values dp and Np . Therefore, in Equation (4.8), simply
updating entries of the multi-output steering vector d[n] will change the output
signals y(n, dp ) for the new directions. It is remarkable that there is no delay involved
in the grey-shaded area in Figure 4.2. Hence, steering is continuous and the output
response will be changed immediately when the control variable is switched to a
new value. The algorithm itself does not restrict sample-by-sample steering, but its
practical implementations may have some limitations, mostly due to data buffering.
It is also beneficial that, because the steering variable dp[n] is a real number, the
control is smooth and the system is able to accurately focus on and follow a moving
target as long as there is the means for updating the control values in d[n].

In Figure 4.2, the control variables dp[n] can not only actually steer the look
direction but can also change the beam shape5, or produce any other effect that can
be reasonably approximated as an interpolation function over the range of interest.
Only one of the above-mentioned characteristics can be controlled at any one time.
For example, it is not possible to steer the target direction and choose different
beam shapes together unless the system is purposely designed for that use. This

5A differential microphone, discussed in Section 2.2.3, is an example of the system that is able to shape
the beampattern.
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could be considered by bringing more independent variables into the system and
gaining control over several characteristics that way. However, this would then lead
to a system of several independent variables, which would make interpolation more
complex, not only because there are more variables, but also because it breaks certain
principles of interpolation. The issues associated with several variables will be briefly
addressed in Section 4.4 but a more comprehensive analysis of this topic is left for
future research.

4.3 Optimization method for a single control variable

The optimization method for a polynomial beamforming filter is similar to that of
the filter-and-sum beamformer already discussed in Chapter 3. The major difference
between these two optimization methods is that the polynomials, which approximate
the filter coefficients by interpolation, must be taken into account in the cost function
as well. The optimization method presented here is designed for a single control
variable. Interpolation over several variables, e.g. one for the azimuth and the other
for elevation control, is clearly a topic for future research.

In this section we analyze the performance of a polynomial beamformer designed
for the Y-shaped array depicted in Figure 4.1. Later on, it is shown that the Y-shaped
array and the filter structure in Figure 4.2 are capable of steering a first-order6 cardioid-
looking beampattern in any direction on the horizontal plane, i.e. 360° around the
origin, by only changing the value of a single control variable.

4.3.1 Interpolation points

Earlier, in Section 3.3.5, the cost function is used to design a fixed response that is
optimized for a flat unity gain in a single target direction while providing maximum
attenuation in the other directions. Polynomial interpolation brings in an additional
degree of freedom for the filter design. Changing the value of a control variable d ,
as in Equation (4.6), will change the output response, correspondingly. In order to
determine the values hi ,q[k] for the fixed prefilters in Figure 4.2 the interpolation
function for the steerable coefficients d hi [k] in Equation (4.3) must be evaluated at

6The most common types of the first-order beampatterns, such as the cardioid, are drawn in Figure
2.15.
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least for Nd =Nq in distinct steering directions 0°≤ θδ ≤ 360°, δ ∈ {1,2, . . . ,Nd },
preferably evenly spread over the whole angular range of interest. Therefore, we
define

Sθ = {θδ | θδ =
δ − 1

Nd − 1
· 360°, δ = 1,2, . . . ,Nd }, (4.9)

where θδ is the designated steering direction and

Sd = {dδ ∈R[−1,1] | dδ =
θδ

180°
− 1, θδ ∈Sθ} (4.10)

is the corresponding set of control values.
Choosing Np =Nd in Equation (4.7) and spreading the control values dδ ∈ Sd

evenly over the entire range from −1 to +1 gives a good representation over all
possible steering angles. Also, erring on the safe side, the more directions that are
designated for the interpolation equation, say Nd = ⌊1.5·Nq⌋, the more likely it is that
there will be a well-defined solution to the set of linear equations in Equation (4.30).
Table 4.1 defines the parameters and values used for optimization of the polynomial
beamformer based on the Y-shaped array.

For each control value dδ there is a set of source locations, Sδ,s =Sδ,sd
∪Sδ,sn

,
consisting of at least one desired sound source location defined as the subsetSδ,sd

and
a number of interfering noise sources denoted by the subset Sδ,sn

. Without loss of
generality we can assume there is the same number of points in the source constellations
Sδ,s , i.e.

|︁

|︁

|︁Sδ,s

|︁

|︁

|︁=Ns for all δ ∈ {1,2, . . . ,Nd }. Moreover, the constellations used for
the design example are all obtained from the same base configuration by a rotation
around the Z -axis, which basically moves the desired sound source horizontally to a
new location aligned with one of the designated directions.

In the example shown in Figure 4.3 each of the constellations consists of 32 source
locations. A solid black dot denotes the designated steering direction, here the number
of desired sources is one, and a light grey circle marks the location of one of the
31 interfering noise sources. All the points are evenly spread at a distance of 1m
from the origin. The designated steering direction, θδ , belongs to the set Sθ = {θδ |
θδ = (δ−1) ·60°, δ = 1,2, . . . , 7} according to Equation (4.9) and the corresponding
control value, dδ , is a member of the set Sd = {−1,− 2

3 ,− 1
3 , 0,+ 1

3 ,+ 2
3 ,+1} like in

Equation (4.10).
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(f) δ = 6,θ6 = 300°

Figure 4.3 Source locations Sδ,s used for optimization of the polynomial filter. Designated steering
directions θδ = (δ − 1) · 60°, for δ ∈ {1,2, . . . , 7}, are marked with the solid black dots.
Each constellation has Ns = 32 point sources evenly spread at the distance of 1 m from the
origin.
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The ideal reference input for the polynomial beamforming filter, similar to that
defined for a fixed filter-and-sum beamformer in Equation (3.10), is

xref(n,δ, j , l ) = x0(⌊n− (Nh − 1)/2⌋, j , l ) = e ȷ2π fl
n−⌊(Nh−1)/2⌋

fs , ∀n ∈Z, (4.11)

where δ indicates the source constellation and j is the index to a particular location
within that constellation. The desired output of the polynomial beamformer is

ydes(n,δ, j , l ) =

⎧

⎨

⎩

xref(n,δ, j , l ), ∀rδ, j ∈Sδ,sd
, ∀ fl ∈S f

0, ∀rδ, j ∈Sδ,sn
, ∀ fl ∈S f

, ∀n ∈Z, (4.12)

where Sδ,sd
⊆ R3 is the set of desired source positions in the constellation Sδ,s ,

Sδ,sn
⊆R3 is the corresponding set of interfering noise source positions, and S f is

the selection of frequencies. An ideally flat spatial frequency response, like the one in
Equation (3.17), is now defined for each constellation as

Ydes(δ, j , l ) =
ydes(n,δ, j , l )
xref(n,δ, j , l )

=

⎧

⎨

⎩

1, ∀rδ, j ∈Sδ,sd
,

0, ∀rδ, j ∈Sδ,sn
,
, for all fl ∈S f . (4.13)

Without loss of generality we may choose the index value j = 1 in Equation (4.13)
for the designated direction, i.e. Sδ,sd

= {rδ,1} for all δ ∈ {1,2, . . . ,Nd }, whereas the
rest are considered as noise sources denoted by Sδ,sn

= {rδ, j | j = 2,3, . . . , 32}, again,
for all δ ∈ {1,2, . . . ,Nd }.
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4.3.2 Array manifold

A collection of sensor data inside the polynomial filter can be written in the form of
an array manifold matrix

X(n,δ, j , l ) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

x1,0(n,δ, j , l ) · · · x1,k (n,δ, j , l ) · · · x1,Nh−1(n,δ, j , l )
...

. . .
...

...
...

xi ,0(n,δ, j , l ) · · · xi ,k (n,δ, j , l ) · · · xi ,Nh−1(n,δ, j , l )
...

...
...

. . .
...

xNm ,0(n,δ, j , l ) · · · xNm ,k (n,δ, j , l ) · · · xNm ,Nh−1(n,δ, j , l )

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

(4.14)
The element

xi ,k (n,δ, j , l ) =
|rδ, j |
|rδ, j − rmi

|
e
ȷ2π fl

�

n−k
fs
+
|rδ, j |−|rδ, j−rmi

|
c

�

(4.15)

denotes a present (k = 0) or a past (k > 0) value of the i th microphone at the time
instance (n− k)/ fs , for all i ∈ {1,2, . . . ,Nm} and k ∈ {0,1, . . . ,Nh − 1}. The indexes
δ, j and l , as discussed earlier, determine the acoustic wave field to which the array
is exposed. The distance |rδ, j − rmi

| in Equation (4.15) denotes the distance to the
i th microphone from the j th position of the source constellation Sδ,s . Again, for
the solution equation, an array manifold matrix is better organized in the form of an
array manifold vector

x(n,δ, j , l ) =
h

x1(n,δ, j , l ) · · · xi (n,δ, j , l ) · · · xNm
(n,δ, j , l )

i⊤
(4.16)

of the size NmNh × 1, where

xi (n,δ, j , l ) =
h

xi ,0(n,δ, j , l ) · · · xi ,k (n,δ, j , l ) · · · xi ,Nh−1(n,δ, j , l )
i

(4.17)

is the i th row of the matrix X(n,δ, j , l ) in Equation (4.14).
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4.3.3 Steered response

The array manifold vector x(n,δ, j , l ) in Equation (4.16) and the reference in-
put xref(n,δ, j , l ) in Equation (4.11) are defined for different source constellations,
one for each designated mainlobe direction θδ , denoted by the steering index
δ ∈ {1,2, . . . ,Nd }. It follows from Equations (4.6) and (4.5) that the polynomial
beamformer output is

y(n,δ, j , l ) =
Nq−1
∑︂

q=0
d q
δ

ŷq (n,δ, j , l ) =
Nq−1
∑︂

q=0
d q
δ

x(n,δ, j , l )⊤hq , (4.18)

where j ∈ {1,2, . . . ,Ns} indicates the source location, r j , and l ∈ {1,2, . . . ,N f } denotes
the signal frequency, fl , both of them picked from the constellation Sδ,s . The real-
valued coefficient manifold vector

hq =
h

h⊤1,q h⊤2,q . . . h⊤i ,q . . . h⊤Nm ,q

i⊤
(4.19)

is similar to that in Equation (2.122) but here, in Equation (4.18), it represents the
coefficients of the q th prefilter as shown in Figure 4.2. The corresponding steered
response in the designated direction θδ is

Y (δ, j , l ) =
y(n,δ, j , l )

xref(n,δ, j , l )
(4.18)
=

Nq−1
∑︂

q=0
d q
δ

x(n,δ, j , l )⊤

xref(n,δ, j , l )
hq =

Nq−1
∑︂

q=0
d q
δ

Ŷ q (δ, j , l ),

(4.20)
where x(n,δ, j , l ) is an array manifold vector like the one in Equation (4.16) collecting
data from the pressure waves originated from the sound sources in the constellations
Sδ,s , dδ is the steering parameter value referring to the constellation number δ , and
Ŷ q (δ, j , l ) is the spatial response of the q th prefilter which is, by the way, fixed by
the solution. In the design example, as noted earlier, the constellations illustrated in
Figure 4.3 are the rotated versions of the first constellation (θ1 = 0°). These rotations
are needed for aligning the first point, the black dot, with the designated direction.
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4.3.4 System data matrix

The steered response in Equation (4.20) can be written as

Y (δ, j , l ) =
Nq−1
∑︂

q=0

d q
δ

x(n,δ, j , l )⊤

xref(n,δ, j , l )
hq = auh, (4.21)

where au is the u th row of the system data matrix

A=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

a⊤1
...

a⊤u
...

a⊤Nd Ns N f

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

a1,1 · · · a1,v · · · a1,Nq NmNh
...

. . .
... · · ·

...

au,1 · · · au,v · · · au,Nq NmNh
...

...
...

. . .
...

aNd Ns N f ,1 · · · aNd Ns N f ,v · · · aNd Ns N f ,Nq NmNh

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (4.22)

It directly follows, from Equations (4.15) and (4.11), that the value of an element au,v

on the u th row and the v th column of the matrix A is

au,v =
d q
δ

xi ,k (n,δ, j , l )

xref(n,δ, j , l )
= d q

δ

|rδ, j |
|rδ, j − rmi

|
e
ȷ2π fl

�

⌊(Nh−1)/2⌋−k
fs

+
|rδ, j |−|rδ, j−rmi

|
c

�

, (4.23)

where d q
δ

is the control parameter value to the power q , xi ,k is the sampled pressure
data, xref is the reference, and |rδ, j − rmi

| is the distance of the j th source from the
constellation Sδ,s to the i th microphone. The indexes j and l denote the sound
source location and frequency, as is the usual practice.

The time, n, vanishes in Equation (4.23) and, instead of the triplet (δ, j , l ), we
use the row index

u = (δ − 1)Ns N f +( j − 1)N f + l , (4.24)

which is defined for all δ ∈ {1,2, . . . ,Nd }, j ∈ {1,2, . . . ,Ns}, and l ∈ {1,2, . . . ,N f }.
The values of q , i , and k indicate the prefilter stage, i.e. the microphone, and the
sample delay, respectively, and they are replaced with the single column index

v = qNmNh +(i − 1)Nh + k + 1, (4.25)
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for all q ∈ {0,1, . . . ,Nq − 1}, i ∈ {1,2, . . . ,Ns}, and k ∈ {0,1, . . . ,Nh − 1}. The system
response

Ah=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

Y (1,1,1)
...

Y (δ, j , l )
...

Y (Nd ,Ns ,N f )

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(4.26)

is used in Section 4.3.7 to find the optimal solution for the coefficient vector h. Before
going there, however, it is first necessary to define the desired responses as design
targets.
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4.3.5 Desired response

The desired system response is the collection

b=
h

b1 b2 · · · bu · · · bNd Ns N f

i⊤
=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

Ydes(1,1,1)
...

Ydes(δ, j , l )
...

Ydes(Nd ,Ns ,N f )

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (4.27)

where each Ydes(δ, j , l ) is defined by Equation (4.13) and the triplet (δ, j , l ) indicates
the source location and frequency in the selected constellation. The row index u runs
for the triplet, again in the order defined in Equation (4.24).

4.3.6 Cost function

The cost function defined earlier in Equation (3.20) is designed for optimizing a
fixed filter-and-sum FIR beamformer. With a steering control the cost function of the
polynomial filter becomes

J (Sδ,s ,S f ) =
1

Nd Ns N f

Nd
∑︂

δ=1

Ns
∑︂

j=1

N f
∑︂

l=1

|Y (δ, j , l )−Ydes(δ, j , l )|2 , (4.28)

where Y (δ, j , l ) is the actual response of the polynomial filter steered in the designated
direction by the control variable dδ , and Ydes(δ, j , l ) is the desired spatial frequency
response related to the designated steering direction θδ . As earlier, the index l
indicates the frequency fl and j points to the location rδ, j of the constellation
Sδ,s . The pressure wave is captured by the Nm microphones based on the locations
Sm = {rmi

∈ R3 | i = 1,2, . . . ,Nm}, like in Figure 4.1, and sampled data is then
collected on the delay lines of length Nh as in Figure 4.2. The weighted cost, similar
to Equation (3.21), is

JW (Sδ,s ,S f ) =
1

Nd Ns N f

Nd
∑︂

δ=1

Ns
∑︂

j=1

N f
∑︂

l=1

W (δ, j , l )2 |Y (δ, j , l )−Ydes(δ, j , l )|2 , (4.29)
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where W (δ, j , l ) ∈R>0 gives a weighted difference for each position and frequency.
Once again, if the value of Nq denotes the length of interpolating polynomials, Ns

is the number of sources in each constellation, and Nd is the number of designated
directions in which the beamformer is steered and the cost function evaluated in
the optimization process, there will be altogether Nd ·Ns ·N f linear equations and
Nq ·Nm ·Nh unknowns to be solved. Regarding the parameters set in Table 4.1 and the
Y-shaped array shown in Figure 4.1, for example, the numbers will be 7 ·32 ·31= 6944
equations and 5 · 4 · 21= 420 unknowns.

4.3.7 Solution

The task is to minimize the weighted cost function in Equation (4.29) by solving the
set of linear equations

WAh=Wb+ e, (4.30)

where Ah is the set of actual responses, like in Equation (4.26), and b is the desired
output responses, according to Equation (4.27). The above Equation (4.30) resem-
bles the earlier Equation (3.25) with the difference being that the number of filter
coefficients h is now Nq times that in Equation (3.25). The number of rows in the
system data matrix A must be increased accordingly by selecting enough designated
directions to properly determine the interpolation points and source constellations
at which the polynomials are solved. The number of linear constraints, i.e. rows in
matrix A and the length of vector b, is Nd times that in Equation (3.25).

The weight matrix in the error term e=W (Ah−b) is used for defining which of
the source positions, frequencies, or constellations are most influential in obtaining
the least deviation from the desired response. Like earlier, in Equation (3.21), the
weight matrix W is diagonal.

The optimal solution to the weighted least-squares problem in Equation (4.30) is

h=
�

ℜ{A†W†WA}
�−1ℜ{A†W†Wb}, (4.31)

which looks similar to the solution found for the fixed filter-and-sum FIR beamformer
in Equation (3.27). The two equations, however, differ in the size of their matrices
and vectors. Also, there is a fundamental difference in the usability of these results;
the method presented here in this chapter provides a means to dynamically steer
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the beamformer response in any desired direction as a function of the single control
variable d , whereas the conventional design in Chapter 3 only produces a fixed
response.

Robust design

Like in Section 3.3.6, for the fixed filter-and-sum beamformer, the white noise gain of
the polynomial beamforming filter is controlled by determining the system response
over a range of array imperfections, i.e. by giving each sensor in turn a gain value that
deviates from the nominal sensitivity, say +0.5dB, and including any corresponding
array data in the additional rows to the system data matrix A. Likewise, the vector b
must be extended by copying the desired outputs over these skewed input cases as
well. The value +0.5dB is found experimentally and it is a good compromise for the
Y-shaped array. The results shown in Chapter 5 are based on this choice.

4.4 Interpolation over many variables

The functions of more than one variable are naturally more complex to interpolate
than the functions of a single variable. The complexity increases, not only because
there are more variables, but also because there are certain inherent difficulties in the
principle itself. The number and arrangement of the interpolation points must be
considered more cautiously, and the formulas for interpolating the functions of two
or more variables will be very laborious and entail extensive notation. [11, p. 127]

In this work, however, we propose a method that solves the filter coefficients
on a highly overdetermined set of linear equations, which means that the above-
mentioned problems should not become such an issue as long as the target constraints
are fully defined on all fronts, i.e. spanning the entire frequency range and all angles of
interest. In Section 5.5, we present an example of a beamformer capable of steering the
maximum sensitivity of the array in the target directions in full 3-dimensional space
merely by interpolating over two variables, namely the azimuth and the elevation.
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5 ANALYSIS

Analysis is a detailed examination of anything complex in order to
understand its nature or to determine its essential feature.

https://www.merriam-webster.com/dictionary/analysis

The analysis of the polynomial beamforming filter is based on the simulated de-
sign examples. The parameter values in Table 4.1 are used for the polynomial filter
optimization. Various measures have been taken to facilitate a comparison of the
performance of the proposed polynomial filter with other relevant systems. First, in
Section 5.1, we discuss the tool which we made and used to simulate the polynomial
beamforming filter. Section 5.2 untangles the role of the fixed prefilters in comparison
with the spherical harmonic decomposition, Section 5.3 analyzes the accuracy of
polynomial approximation in terms of directivity index, target direction frequency
response, and white noise gain, while Section 5.4 compares the computational com-
plexity and the memory consumption of some practical implementations against the
conventional fixed beamforming, respectively. Section 5.5 concludes by analyzing
the possibility of having two or more independent variables for the steering control.

5.1 Filter design tool

Various simulation tools developed by the author are discussed briefly in this section.
The MATLAB® Filter Optimization Package (FOP) is, in fact, a collection of tools
built for designing and evaluating the performance of a polynomial beamformer.
Some of them are command-line scripts or functions suitable for batch processing and
others are interactive with a graphical user interface. The FOP toolbox was created
and maintained by the author and used for Nokia Research Center’s internal R&D
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purposes in the early 2000s. All the simulation results and graphics for this work are
produced with this tool.

The design parameters (Table 4.1) are supplied to the optimization process as a
single text file and the filter coefficients are then solved by calling the command-line
function with the parameter file. Once the coefficient values are found, the properties
of the polynomial filter can be analyzed in detail with the visual tools, as will be
discussed in the following few paragraphs.

The graphical user interface of the spatial sensitivity analysis tool, the BeamAna-
lyzer, is depicted in Figure 5.1. The beamformer design is first loaded from a data file,
and once the environmental parameters such as air temperature, relative humidity,
source distance, and sound frequency are all set, the resulting steered response in
a simulated free-field environment is then visualized. The BeamAnalyzer steers a
3D-beampattern under given conditions as the function of azimuth and elevation,
whichever is supported by the design. The result section on the lower left corner of
the display shows the calculated directivity index and target direction gain for the
steered beampattern.

Figure 5.1 The graphical user interface of the spatial sensitivity analyzer.

The filter coefficient analyzer is used for defining a proper degree of polynomial
fit. The console view shown in Figure 5.2 can be used for visualizing the coefficient
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values of the optimal filter for different steering angles. The buttons on top of the
figure are the steering control whereas the buttons to the right will open a separate
window showing a polynomial fit, as in Figure 5.6. It is also possible to animate
steering effects on the coefficient values by selecting frame rate and pressing one of
the play buttons on the top row. The values are plotted here as a mesh but the plot
type can also be changed to stem or line.

Figure 5.2 A console view of the coefficient analyzer.

5.2 Orthogonal base

This work is focused on the practical implementation of relatively small arrays in
terms of the number of microphones and their physical dimensions. Therefore, four
microphones have been selected for the design examples.

It has been demonstrated by Derkx et al. in [23] that first-order beampatterns
can be produced in any direction in the horizontal plane by adding up the weighted
outputs of three elementary microphones: one omnidirectional and two orthogonal
figure-of-eights. They also noted that the square formation of four omnidirectional
microphones, as shown in Figure 5.3a, can be used to generate two orthogonal figure-
of-eight patterns and any combination thereof, which analytically steers the array
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response. For example, one figure-of-eight pattern can be formed by connecting
the microphone pair m3−m1 and the other may be formed by combining the pair
m4−m2, which are then orthogonally aligned with respect to each other.

Regarding the optimization method developed in Section 4.3, the array geometry
is not restricted to any special shape. For example, we can choose a Y-shaped configu-
ration to support denser spatial resolution for the microphone pairs and a cardioid
sensitivity pattern is then rotated about the origin in a horizontal plane. Figure 5.3
shows that the symmetrical Y-shaped array provides 30° angular resolution, whereas
the square array is less dense, having a resolution of 45°.

θ

m2

m3 m4

X

Y

0◦

45◦
90◦

135◦

225◦

270◦
315◦

180◦
m1

(a) Square

θm1

m2

m4

X

Y

0◦

30◦

330◦

60◦
90◦

120◦

150◦

210◦

240◦

270◦
300◦

180◦

m3

(b) Y-shaped

Figure 5.3 Direction angles of microphone pairs in the two configurations: squared arrays provide with an
angular resolution of 45°, whereas a Y-shaped design offers more dense steps of 30° in the
spatial domain.
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(a) θd = 0° (b) θd = 135°

(c) θd = 210° (d) θd = 270°

Figure 5.4 Steered magnitude responses 20 log10 |Y (θd )| dB for θd ∈ {0°, 135°, 210°, 270°}.
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(a) 0.99 · |Ŷ 0|

(b) 0.78 · |Ŷ 1| (c) 0.41 · |Ŷ 2|

(d) 0.77 · |Ŷ 3| (e) 0.73 · |Ŷ 4|

Figure 5.5 Spatial responses of the polynomial filter base functions ŷq . Each function is associated with
a scaling parameter only used for plotting purposes to normalize on-axis responses equal to
unity. Red color indicates the phase is inverted.

In the 3D spatial response plots, shown in Figure 5.4, the surface’s radial distance
from the origin denotes a log-magnitude value of the system response in the corre-
sponding direction. The coordinate axes are oriented according to the right-hand
rectangular system as depicted in Figure 4.1. The circles in the horizontal plane mark
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the beamformer sensitivity in 5dB steps, starting from 0dB on the outermost circle
and going down to −20dB at the center. A thick solid line marks the positive X -axis
and the dashed lines are drawn along the other coordinate axes. The parameters used
for this simulation are: Y-shaped array with sensor distances 2.54cm from the origin,
Nm = 4, Nh = 21, Nq = 5, and f = 1000 Hz.

The three-dimensional magnitude responses of the corresponding fixed prefilters
are plotted in Figure 5.5. The output response of each prefilter is calculated by using
the values of Table 4.1 and evaluating the base function Ŷ q according to Equation
(4.20). Each output is associated with a scaling parameter only used for plotting
purposes to normalize on-axis responses equal to unity. The microphone array is
projected on the floor to better illustrate its geometry and orientation. Inverted phase
response is denoted by the red color, whereas the blue portions denote a positive
phase shift, as with the colors in Figure 2.28. The prefilters of this design example,
as shown in Figure 5.4, support steering from 0° up to the full 360° with a control
variable ranging from −1.0 to +1.0.

These simulated results are similar to the first order spherical harmonic decom-
position [71] and eigenbeams [30] both discussed in Section 2.7.3. There are also
similarities with M-S stereo. In Section 2.7.1, the front-cardioid and side-eight were
combined together to form an M-S stereo output with a cardioid pattern pointing to
the left (M+S), or to the right (M-S).

5.3 Accuracy of the polynomial approximation

The output performance of a steerable polynomial beamformer is related to the
accuracy of the interpolation functions that are used for calculating effective filter
coefficients. In this section, we compare not only the modeling accuracy of the filter
coefficients but also the outputs of two types of beamformers, namely a dynamically
steerable beamformer and a set of fixed beamformers optimized for a single-target
direction. The metrics used for comparison are the directivity index and the white
noise gain, as defined in Sections 2.8.2 and 2.8.3, respectively. In this section the
design examples are based on the Y-shaped array shown in Figure 4.1.

In the optimization process, the cost is defined as the mean square error of the
beamformer output, as shown in Equation (4.28) for a steerable beam and in Equation
(3.20) for a fixed target direction. It is reasonable to assume that if the polynomial
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approximation can effectively provide the same coefficients as the fixed beamformers
then the interpolating functions are well defined and the realized beampatterns should
thus be similar to those obtained with the fixed filters. Therefore, we start by first
comparing the coefficient modeling accuracy as a function of the filter order. Once a
good match for each coefficient has been found, then the directivity index and white
noise gain of the resulting steerable beampatterns will be analyzed and compared
with those of the fixed beams as a function of the desired target direction.
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(c) 3rd order
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(d) 4th order

Figure 5.6 An example of choosing the right order for a polynomial beamformer.

In Figure 5.6, the values of a single beamforming filter coefficient h3[10] are
analyzed as a function of the target direction by increasing the order of the polynomial
fit until a visually good match has been achieved. Choosing the approximation
polynomial of degree Nq − 1 = 4 in Equation (4.3) seems to be a good choice, at
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least for the beamforming filter coefficient d h3[10]. Here, a circular mark denotes
the reference value of h3[10] obtained by optimizing a conventional filter-and-sum
FIR beamformer for the specific target direction indicated by the azimuth angle on
the horizontal axis. Correspondingly, a solid line denotes dynamically changing
coefficient values d h3[10] according to Equation (4.3), where the steering parameter
value d ∈ [−1,+1] relates to the azimuth angle θd ∈ [0°,360°] by d = θd

180° − 1 as in
Equation (4.2).

5.3.1 Directivity index and target response

The directivity indexes and target signal magnitude responses are calculated for a set
of 360 directions in the horizontal plane. The average values, as well the minimum
and maximum curves, are plotted in Figure 5.7. The frequency range used for the
coefficient optimization ranges from 100 Hz all the way up to 3800 Hz.

Figure 5.7 Sensitivity characteristics of the polynomial filter steered in 360 distinct target directions.
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Figure 5.7 presents the sensitivity characteristics of the polynomial beamformer.
The upper part of the figure illustrates magnitude response in the steered directions;
the thick line is the average value and thin lines represent the minimum and maxi-
mum values over the entire data set of 360 beampatterns steered in the horizontal
directions θd ∈ {0°,1°, · · · , 359°}. In the lower part, the directivity index is calculated
according to Equation (2.150) by simulating the combined output of 812 distinct
point sources that are evenly spread over a spherical constellation at a distance 1m
from the origin. The thick lines show the average performance and the thin lines
represent the minimum and maximum values over the entire data set of 360 beamed
directions in the horizontal plane. The beampatterns are formed and the gain values
calculated on the 128 frequencies that are logarithmically spaced over the design range
of 100 Hz− 3800 Hz. The vertical dashed lines mark the frequency band of primary
interest starting at 300 Hz and ending up at 3400 Hz. The beamformer is designed
for the Y-shaped array of Nm = 4 omnidirectional microphones with leg distances
2.54cm, FIR filters of length Nh = 21, and the approximation order Nq − 1= 4.
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Figure 5.8 Sensitivity characteristics of the optimal filter-and-sum beamformers separately optimized in
360 distinct target directions.

Figure 5.8 illustrates the sensitivity characteristics of the optimal filter-and-sum FIR
beamformers that are separately optimized for each of the 360 target directions in the
horizontal plane. As in Figure 5.7, the upper data illustrates the magnitude response
obtained in the steered directions: the thick line is the average value and the thin lines
represent the minimum and maximum values over the 360 distinct beampatterns
formed towards the horizontal targets in directions θ ∈ {0°,1°, . . . , 359°}. In the
lower graph, the directivity index is obtained by approximating the double-integral in
Equation (2.150) with a discrete sum of 812 point sources in a spherical constellation
at a distance 1m from the origin. Once again, the thick lines show the average
performance and the thin lines represent the minimum and maximum values over
the data set of 360 beamed directions in the horizontal plane.
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Figure 5.9 Difference between the steered response of the polynomial filter and the output of a conven-
tional filter-and-sum beamformer that is optimized for a single target direction alone.

Figure 5.9 illustrates the differences between Figures 5.7 and 5.8. The thick lines de-
note the average values over all 360 directions, whereas the thin lines are, respectively,
the minimum and maximum values of the difference signal.

Increasing the filter length merely flattens the target direction gain over the fre-
quencies, as expected. This is visualized in Figure 5.10. The differences between
the steered polynomial filter and the single-direction optimized reference design
look rather similar regardless of the filter lengths; the maximum deviation of the
steered polynomial output responses are well within ±1dB from the single-direction
optimized references.

Figures 5.11 and 5.12 show the target direction magnitude responses and the
directivity indexes of the two designs, respectively, in all steered directions. The
minimum and maximum values repeat every 120° matching with the geometrical
design of the Y-shaped sensor array. Longer filters on the right hand side seem to
have smoother response figures. This is obvious, since the design target is to have

166



a flat frequency response and lengthening the filter increases the degree of freedom
allowed to deal with the frequencies.

(a) Steered (Nh = 21) (b) Steered (Nh = 105)

(c) Reference (Nh = 21) (d) Reference (Nh = 105)

(e) Difference (Nh = 21) (f) Difference (Nh = 105)

Figure 5.10 Target signal gain and directivity index of the steered polynomial filter (top) and the optimal
references (middle) as well the difference between these two (bottom), are shown for the two
filter lengths, namely Nh = 21 (left) and Nh = 105 (right).
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(a) Steered (Nh = 21) (b) Steered (Nh = 105)

(c) Reference (Nh = 21) (d) Reference (Nh = 105)

(e) Difference (Nh = 21) (f) Difference (Nh = 105)

Figure 5.11 Target direction magnitude response of the steered polynomial filter (top) and the optimal
references (middle) as well the difference between these two (bottom), are shown for the two
filter lengths, namely Nh = 21 (left) and Nh = 105 (right).
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(a) Steered (Nh = 21) (b) Steered (Nh = 105)

(c) Reference (Nh = 21) (d) Reference (Nh = 105)

(e) Difference (Nh = 21) (f) Difference (Nh = 105)

Figure 5.12 Directivity index of the steered polynomial filter (top) and the optimal references (middle) as
well the difference between these two (bottom), are shown for the two filter lengths, namely
Nh = 21 (left) and Nh = 105 (right).

It should be noticed that not only the steered polynomial response, but also the
single-direction optimized reference output, have some variation in the directivity
index over the frequencies. This is due to the short filters. As seen in Figure 5.10,
increasing the FIR length from Nh = 21 up to Nh = 105 removes the gain variation
for all intents and purposes.
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These results, and the corresponding beampatterns in Figure 5.4, indicate that, in
this example, the performance of the first-order polynomial beamformer is close to
the ideal cardioid sensor that is defined by setting k = 0.5 in Equation (2.34). The
ideal cardioid has a directivity index of −4.8dB, as shown in Figure 2.30.

Clearly, the deviation between the minimum and maximum values of the target
signal magnitude response is greater on the output of the steered beamformer than it
is on the single-direction optimized references. However, the maximum difference
between the two systems, as shown in Figure 5.9, is still less than ±1dB which is
below the just noticeable difference1.

5.3.2 White noise gain

White noise gain (WNG), as defined in Section 2.8.3, plays an important role in any
analysis of the beamformer’s robustness. The self-noise of the microphones is ampli-
fied through the beamformer by a factor that can be obtained from Equation (2.153).
Figures 5.13 and 5.14 show both the gain value of a steerable polynomial beamformer
and conventional filter-and-sum FIR beamformers, as well as their differences. The
robust designs of the fixed and polynomial beamformers are obtained by applying a
skew value of 0.50 dB to each microphone, one by one, as discussed in Sections 3.3.6
and 4.3.7.

In Figure 5.13e, the white noise gain of the steered response is slightly higher than
that of the optimal reference, especially at low frequencies of about 700 Hz and below.
However, this fits well with the picture of higher directivity, as shown in Figure 5.9.
It is known that at low frequencies, greater spatial directivity leads to increased noise
sensitivity when the sensors are relatively close to each other relative to the acoustic
wavelength. Table 2.2 shows some frequency-wavelength pairs as an example. The
outer sensors of the simulated Y-shaped microphone array are only 2.54cm away
from the center, which is less than 1% of the wavelength at 100 Hz.

1Just noticeable difference is here taken to be the minimum interaural-level difference that is needed for
a human being to recognize a change in the position of an acoustic source [86].
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(a) Steered (Nh = 21) (b) Steered (Nh = 105)

(c) Reference (Nh = 21) (d) Reference (Nh = 105)

(e) Difference (Nh = 21) (f) Difference (Nh = 105)

Figure 5.13 White noise gain of the steered polynomial filter (top), the optimal references (middle), and
the difference of these two (bottom), are shown for the two filter lengths Nh = 21 (left) and
Nh = 105 (right). Thick line is the average value over 360 different target directions and thin
lines denote the minimum and maximum values, respectively.
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(a) Steered (Nh = 21) (b) Steered (Nh = 105)

(c) Reference (Nh = 21) (d) Reference (Nh = 105)

(e) Difference (Nh = 21) (f) Difference (Nh = 105)

Figure 5.14 White noise gain of the steered polynomial filter (top), the optimal references (middle), and
the difference between these two (bottom), are shown for the two filter lengths Nh = 21
(left) and Nh = 105 (right). Here, the noise gain is expressed as a function of two variables,
namely the steering direction and the signal frequency.
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5.4 System complexity

In this section we calculate the computational complexity and memory requirements
of the polynomial structure depicted in Figure 4.2 and compare this with the results
obtained from the selectable beamformer illustrated in Figure 2.24.

5.4.1 Computational complexity

The number of basic arithmetic operations is typically used to evaluate the computa-
tional complexity of a system. With the polynomial beamformer depicted in Figure
4.2, the number of basic arithmetic operations needed for producing the Np parallel
data outputs is

Cpol =Nq · Cfix+Np · (Nq − 1) (5.1)

multiply-and-add operations, where Cfix =Nm ·Nh is the computational complexity
of a conventional filter-and-sum FIR beamformer as shown in Figure 2.23, Nm is the
number of microphones, Nh is the length of delay lines, Np is the number of output
streams, and Nq is the length of the approximating polynomials.

Comparing the computational complexity of the polynomial beamformer given
in Equation (5.1) with the number of basic arithmetic operations of the conventional
filter-and-sum FIR beamformer in Equation (2.125) we get

Cpol

Csel
=

nq · Cfix+Np · (Nq − 1)

Np · Cfix
=

Nq

Np
+

Nq − 1

Cfix
. (5.2)

5.4.2 Memory requirements

The amount of memory required for storing the beamforming filter coefficients for a
desired steering direction becomes exhaustive in the selectable beamformer, even if
only a few outputs are required, especially if they need to be steered continuously in
different directions. Let us compare this tracking capability by assuming that there is
only a single output required, but it needs to be steered in Np predefined directions.
Then, the conventional selectable beamformer illustrated in Figure 2.24 has to keep

Nsel =Np ·Nm ·Nh (5.3)

173



coefficients in a static memory, whereas the polynomial solution of order Nq − 1 in
Figure 4.2 only needs a constant amount of

Npol =Nq ·Nm ·Nh (5.4)

coefficients for the fixed prefilters. Now, it immediately follows from the above two
equations that the polynomial filter provides a more efficient solution in terms of
memory consumption, if

Npol

Nsel
=

Nq ·Nm ·Nh

Np ·Nm ·Nh
< 1 (5.5)

i.e. the number of steering directions Np exceeds Nq .

5.4.3 Example

It has already been shown in the previous sections that the polynomial filter2 built
on the Y-shaped planar array3 can steer the maximum sensitivity of its first order
beampattern4 in any direction in the horizontal plane. Figure 5.6 indicates that
selecting the polynomial order Nq − 1= 4 could provide a reasonable approximation
for all target directions. Similarly, Figure 5.10 proves that the filter length Nh = 21
is sufficient to have a relatively flat magnitude response and the average error of
polynomial approximation be less than ±1dB over the entire frequency band from
300 Hz up to 3400 Hz. Using the values Nm = 4, Nh = 21, and Nq = 5 in Equation
5.2, the last term becomes a constant value of only 1/21 and increasing the number
Np of outputs will eventually make the first term vanish.

2The polynomial filter structure is depicted in Figure 4.2.
3The geometry of the Y-shaped planar array is illustrated in Figure 4.1
4Some steered magnitude reponses of the first order beampattern are shown in Figure 2.15.
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Figure 5.15 Computational complexity of selectable beamformers and that of a polynomial filter (Nq = 5)
as a function of the number Np of simultaneously calculated beamformer outputs. Here, the
number of microphones is Nm = 4 and the length of FIR filters is Nh = 15.

Figure 5.15 shows the comparison of a polynomial beamformer versus a fixed
filter set. If the number of outputs Np exceeds the value of Nq , i.e. Np > 5 in this
case, it would become more beneficial to use the polynomial filter, if there were more
than 5 different directions that the system needs to be aimed at. For example, speaker
localization methods based on steered response powers [18, p. 170] [109] can benefit
from a great number of outputs. Assuming there were 36 directions evenly spread
over a full circle, it would then be possible to locate a speaker within 10° accuracy by
selecting the beam direction that produces the maximum power.

5.5 Two or more independent control variables

In this section, we analyze the possibility of deploying dynamic steering of the
mainlobe in two directions. The first control variable is used for steering the azimuth
angle in a horizontal direction as described earlier. The second control variable could
be used for controlling the elevation angle in a vertical direction. For example, a
four-microphone array of omnidirectional microphones arranged in the shape of a
tetrahedron would provide steering in spherical coordinates towards a target direction
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(φd ,θd ), where φ is the elevation and θ is the azimuth angle as defined in Section
2.1.5. Figure 5.16 illustrates a tetrahedral array in the rectangular coordinate system.
It is further assumed that the microphones and related electronics are physically
supported on a mounting structure that does not significantly impact on the sound
waves traveling through the structure.
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Figure 5.16 A tetrahedral array geometry.

The tetrahedron, as shown in Figure 5.16, is symmetric about the origin and allows
steering of the beamformer’s target direction over the entire 3D space. The relatively
small number of only four microphones enables rotation of a first-order sensitivity
pattern around and about the origin, not only in the horizontal plane but also in the
elevated directions as shown in Figure 5.1. The beamformer, which is based on an
array of microphones organized in the proper shape and size as a tetrahedron can
provide nearly uniform directionality over a broad frequency band of several octaves,
just like the Y-shaped array used in the earlier examples.

The system function of the polynomial filter that is able to steer the target response
towards an arbitrary angle (φd ,θd ) in spherical coordinates can be characterized by

y(n, dφ, dθ) =
Nφ−1
∑︂

qφ=0
d

qφ
φ

Nθ−1
∑︂

qθ=0
d qθ
θ

Nm
∑︂

i=1

Nh−1
∑︂

k=0

hi ,qθ,qφ
[k]xi [n− k]. (5.6)
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Here, the angular variable (dφ, dθ) ∈ R2
[−1,+1] will span the full 3D range as long

as the elevation control value is defined as dφ =
φ

90° − 1 and the azimuth control

value is defined as dθ =
θ

180° − 1, for all 0° ⩽ φ ⩽ 180° and 0° ⩽ θ ⩽ 360°. The
order of an approximating polynomial is subject to change depending on the steering
range and the array geometry. For example, the simulation tool built by the author
produces an example that is fully capable of steering the beamformer output 180° in
the elevation direction and 360° in azimuth. The example configuration consists of
four omnidirectional microphones placed at the corners of a tetrahedron as shown in
Figure 5.16
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6 DISCUSSION AND CONCLUSIONS

Result: an item of information obtained by experiment or some other
scientific method

https://en.oxforddictionaries.com/definition/us/result

This chapter summarizes the whole work, starting with a brief introduction to
the topic and then, after revising the research methods, there is an outline of the
the main conclusions to be drawn from the results. Finally, some observations and
unresolved issues are discussed with proposals for future research.

6.1 Introduction

The research that led to this thesis was carried out over two periods of time. The first
period covers the years 1997–2009, during which the algorithms were developed and
demonstrators were built for the verification of the methods. During the current,
second period, 2016–2018, the author focused on analyzing the earlier work and
comparing the performance of a polynomial filter with that of a conventional single-
direction-optimized filter-and-sum FIR beamformer.

The main objective of this work is to develop a multi-microphone beamformer
that is sensitive to sound waves coming from a known direction while rejecting
waves arriving from other directions. Furthermore, it is desired to have a control
parameter that would steer the main response in a given target direction, and it is
further desired that the beam shape should remain intact regardless of the steering
direction. The research began in the 1990s with a literature study of various array
processing methods. Based on those early studies, the decision was made to focus on
data-independent beamforming. The polynomial beamformer developed in the early
2000s has here been further analyzed and compared with state-of-the-art methods
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that also provide a first-order sensitivity pattern and that can be steered around and
used for surround-sound capture.

6.2 Methods

The work carried out in the late 1990s and early 2000s went through two major stages.
Firstly, the author created a method for optimizing the filter-and-sum beamformer
coefficients together with the sensor positions as a joint optimization problem. Sec-
ondly, based on the well-known Farrow structure, which effectively implements
fractional delays using a polynomial interpolation function, the author derived a
similar structure for a filter-and-sum FIR beamformer. The entire steering vector of
a broadband array is then approximated by a polynomial filter, which provides an
efficient means of altering the spatial filtering characteristics merely by changing one
single control variable.

Chapter 3 presents a design method for broadband filter-and-sum FIR beamformers
operating on sensor arrays consisting of ideal omnidirectional microphones. For the
sake of simplicity, the theory developed and examples given are only for a line array.
However, the method itself is not restricted to any specific array geometry, as is noted
at the end of Chapter 3. The fact that there may be sound sources relatively close to
the array is accounted for by the use of acoustic point sources and a spherical wave
propagation model throughout the work. It is assumed that the medium is lossless,
homogeneous, and there are no obstacles in the way, i.e. only direct sound waves
are counted as they propagate freely from the source to the microphones. However,
although the optimization method was originally developed to pick up speech signals
on mobile equipment in the range of 300 Hz - 3400 Hz, the design method is not
limited to that range. The main restriction for a practical frequency range arises
from the physical size or aperture of the array and how many microphones there are
in the system. Nowadays, spatial audio capture systems support 360-degree video
clips over the entire audible frequency range from 20 Hz up to 20kHz. The versatile
optimization method presented in Chapter 3 is based on the author’s work published
in [53].
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6.3 Results

Right from the start, the main goal of this work has always been to develop a broad-
band data-independent filter-and-sum FIR beamforming filter for a microphone array
of any arbitrary shape. For practical reasons, the number and type of sensors de-
scribed here is limited to four omnidirectional microphones, but the methods used
are by no means limited to such an array. A concurrent goal is that the filter output,
i.e. the beampattern, can be steered in different directions with minimum impact on
the computational complexity. When this research began, the literature on the topic
only covered microphone array beamformers which were either adaptive systems
or reliant on the statistical properties of the signal and the noise components at the
array input. Moreover, at that time the beamforming design techniques found in the
literature often imposed strict constraints on the array geometry and the distances
between the microphones.

In this dissertation, Chapter 3 presents a method for optimization of the filter
coefficients for a filter-and-sum FIR beamformer with known sensor locations. An
optimal spatial response is then obtained by minimizing the given cost function
between the desired and actual output of the system within given design criteria. The
work related to filter optimization was first published by the author in 1999 at the
IEEE Workshop on Applications of Signal Processing to Audio and Acoustics [53].
Here in this dissertation, however, this method is used to generate all the reference
beampatterns in selected directions, which then serve as the benchmarks for further
analysis.

In Chapter 4, a polynomial filter-and-sum FIR beamformer structure is proposed
for optimal steering of the beampattern in the desired direction. The polynomial
beamforming FIR filter structure was developed by the author in the early 2000’s and
was also published in the IEEE International Conference on Acoustics, Speech and
Signal Processing [54]. This dissertation goes deeper into the performance analysis
and provides more insight into the proposed polynomial beamforming FIR filter by
exploiting simulated design examples. The interpolation accuracy of the coefficient
polynomials is determined by comparing the performance of a polynomial filter with
that of a single-direction-optimized filter-and-sum FIR beamformer, both steered in
the same target direction and designed with the same optimization criteria.
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In particular, it is shown that an array of four omnidirectional microphones
arranged in the Y-shaped configuration with the sensors only a few centimeters apart
in a horizontal plane can be used for steering the output of a polynomial beamformer
in any direction on that horizontal plane, simply by changing the value of one
control parameter. Regarding the computational complexity, the conventional filter-
and-sum FIR beamformer requires a number of basic arithmetical operations that is
directly proportional to the number of provided target directions. However, with the
polynomial filter, the number of parallel output streams has only a minor effect on
the computational complexity. Moreover, the conventional selectable system must
reserve twice the amount of coefficient memory if the number of potential target
directions is doubled. The polynomial filter, on the other hand, can steer the target
direction anywhere with no extra cost in memory consumption.

Depending on the array geometry, the shape of the beampattern may vary accord-
ing to the frequency and steering direction. However, it is here proved that with a
symmetrical Y-shaped free-field array consisting of four omnidirectional microphones,
it is possible to steer a cardioid beampattern on the desired frequency band ranging
from 300 Hz to 3400 Hz over the entire range of 360° on the horizontal plane. The
output accuracy of the polynomial filter is comparable to a single-direction-optimized
beamformer provided that they are both designed based on the same criteria and with
the same system parameters, such as the number of acoustic sources and sensors, the
directions of the target and noise components, the array geometry, the digital FIR
filter length, etc. The only thing that is different in the two designs is the degree of
interpolating polynomials used for coefficient approximation. Here, with a Y-shaped
planar array and a full 360° steering range, it is shown that 4th order polynomials
provide a reasonable approximation of accuracy in terms of the directivity index and
the magnitude response towards the target direction.

The computational complexity is evaluated by counting the minimum number of
basic arithmetical functions needed to produce Np simultaneous outputs steered in
different directions. Two designs are compared, namely the conventional selectable
filter and the polynomial beamformer structure. The number of arithmetical opera-
tions required for calculating the selectable filter outputs is obtained from Equation
(2.125), while the number of operations for the polynomial beamformer is provided
by Equation (5.1). It is further assumed that the two types of beamformers are similar
in the sense that they both utilize the same microphone array of Nm = 4 microphones
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and all the FIR filters in both of them have the length Nh = 21. Furthermore, it
has been verified that the polynomial order Nq − 1= 4 is sufficient to produce the
first-order patterns used in the examples. The minimum number of basic multiply-
and-add operations is plotted as a function of the number Np of outputs in Figure
5.15. Clearly when Np > 5 the polynomial filter is less complex. Remarkably, the
cost of calculating the additional outputs is only a few multiply-and-add operations.
Moreover, there is no delay in the steering function and only a short delay introduced
by the modal functions. A design example is given that consists of a Y-shaped array of
four omnidirectional microphones and the modal FIR filters of length 21 supporting
frequency-invariant behavior over the frequency band of 300 Hz – 3400 Hz at the
sample rate fs = 8kHz.

Directivity indexes have been calculated for the selected test configuration of
four omnidirectional microphones in a Y-shaped array with a cardioid sensitivity
pattern as the design target. A single-direction optimized conventional filter-and-sum
beamformer output is used as the reference for a polynomial filter steered in the same
direction. The mainlobe is rotated around the steering range of 360° in 1° steps and
the deviation from the optimal result is analyzed. These results are shown in Section
5.3. According to the example configuration, it is possible to generate a steerable
polynomial filter that provides essentially the same performance and accuracy as fixed
optimal filters specifically designed for the same directions.

Another interesting feature of the proposed polynomial beamformer is related to
the orthogonal base functions ŷq[n] of Equation (4.5). The spatial correspondence of
those modal functions provided with the Y-shaped array are shown in Figure 5.5. They
resemble the first-order spherical (or circular) harmonic modal decomposition that is
shown in Figure 2.28 and, also, that of the M-S stereo formation discussed in Section
2.7.1. Hence, the polynomial beamformer in this special case of the symmetric planar
array (Y-shaped) can be classed alongside any state-of-the art steerable beamformer,
as they are all built on an orthogonal base of first order modal functions.

Finally, it should again be noted that the proposed polynomial filtering method is
in no way restricted by either the shape or size of the sensor array.

Development of the optimization method

One of the goals was to develop a design method and find the optimal set of filter
coefficients which would enable broadband processing of audio signals captured
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from sound sources that are possibly located in close proximity to the array. Linear
and Y-shaped arrays are used as design examples, and the aim is to create a simple
frequency-invariant directional response, which is good from the perception point
of view, ie. the sound sources are attenuated in the unwanted directions but with
minimal frequency colorization so that they sound weaker, but still natural. Also, the
magnitude response in the direction of the desired sound source enables the system
to relay direct sound loud and clear, whereas any reflected component of the desired
signal is simply attenuated, making the output sound less reverberant.

Although the work was originally carried out for Y-shaped arrays, this method
suits any arbitrary array configuration equally well. However, if we are aiming at
higher orders in directivity, i.e. having more than one spatial null direction, and the
beampattern shape needs to be intact as the mainlobe is steered in different directions,
it would be better to have a symmetrical array.

Design of the polynomial filter

The author presents a method for polynomial interpolation of the beamforming
filter coefficients. The resulting beamformer is a combination of two well-known
systems: a conventional filter-and-sum beamformer mixed with an idea based on
Farrow’s [37] implementation of fractional delays on 1-dimensional FIR filters. The
connection between Farrow’s method and the polynomial beamformer can found by
looking at the system function (2.113) of the Farrow design and that of the polynomial
approximation in Equation (4.4).

Sets of interpolating functions are known as Chebyshev systems1, and these can
also be used. For example, a periodic function can be approximated with a set 1,
sin(x), cos(x), sin(2x), cos(2x), . . . , sin(nx), cos(nx), this being the simplest periodic
Chebyshev system according to [11, p. 127]. As a special case, when the microphones
are evenly spread over a sphere, the Chebyshev system is preferably regarded as
a subset of spherical harmonics2. In Section 5.2, it is briefly demonstrated with a
simple example that state-of-the-art systems operating in a frequency-domain based

1The Chebyshev system is a set of functions {ψ0(x),ψ1(x), . . . ,ψn(x)} that are linearly independent
and, furthermore, there is no linear combination c0ψ0(x)+ c1ψ1(x)+ · · ·+ cnψn(x) that can have
n+ 1 different roots over the defined range x ∈ [a, b ] [11, p. 49].

2Spherical harmonics is a function base typically used with spherical microphone arrays [85]. The
coefficients of the spatial Fourier transform can be expressed in the frequency-domain as a linear
combination of the spherical harmonics [29].
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on the linear combinations of spherical harmonics are basically similar to the method
developed in this work.

The simulation results show that the spatial sensitivity obtained with the proposed
steerable polynomial filter is comparable to separately optimized discrete beams. Also,
the trade-off between a polynomial beamformer and a number of fixed beams has
been evaluated in terms of computational complexity and memory consumption.
One of the major outcomes of this work is the discovery that, in certain cases, the
performance of the proposed filter structure is similar to the performance of the
latest state-of-the-art techniques, which are based on spherical harmonics and are
commonly used in the field of spatial audio capture.

6.4 Discussion

Like all electronic equipment, good microphones are expensive, so in this work,
arrays with only a relatively small number of microphones have been used. Adding
more sensors would increase the degrees of freedom as, for example, higher order
beampatterns could be achieved. Then, instead of just steering the mainlobe direction
of a first-order sensitivity pattern, one can vary the shape as well. However, given
that there already needs to be two independent parameters just for steering, one for
azimuth and the other for elevation, adding shape control would make the design
overwhelmingly complex. In order to become attractive in practice, it would be
necessary to find ways of reducing the complexity of such a design.

The use of a second control variable is only painted with broad brush-strokes
in this dissertation. While the first variable is used for steering in the horizontal
plane, changing the azimuth angle of the mainlobe means that a second parameter
can be used for elevation control. Under the patent [55], although the use of several
concurrent and independent controls is described, no scientific work has yet been
published on this matter by the author. However, others have already carried out
research in this area. Barfuss et al. published their work on steering polynomial
beamforming filters in both the azimuth and elevation directions. Their work has
been reported e.g. in [5] and [6]. Unfortunately, increasing the number of control
variables dramatically increases the complexity of the interpolating filters, which is
also alluded to in Section 4.4. Another approach is the steerable spherical broadband
beamformer published by Lai et al. in [60], which assumes a spherical yet flexible
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array configuration that provides dynamically steerable beampatterns and requires
fewer sensors than the conventional spherical harmonic decompositions.

Polynomial beamforming has recently been studied for improving automatic
speech recognition. Barfuss et al. have investigated a system that involves head-related
transfer functions (HRTF), using a curved array mounted on a robot’s forehead as
the design example. In that particular scenario, variations in the acoustic pressure
field on and about the mounting structure are taken into account as part of the array
steering vector and then used for more accurate optimization of the polynomial filter
coefficients [7].

Robust polynomial beamforming filter designs for symmetrical arrays have been
studied by Mabande et al. in [63] and by Barfuss et al. in [8]. These are aimed at
reducing the computational complexity of a system capable of steering in both the
azimuth and elevation directions.

6.5 Conclusions

The results obtained in this work are based on the simulated performance of a Y-
shaped array consisting of four omnidirectional microphones. Section 5.1 shows that
the spatial response of the simulated polynomial beamformer is similar to that of a
first-order microphone and that the polynomial beamformer is capable of steering
a uniform beampattern in the horizontal plane simply by changing the value of
a single control variable. The simulation results in Section 5.3 demonstrate that
the steered output response of the polynomial filter is comparable to the output of
the conventional filter-and-sum beamformer, i.e. the directivity index and target
magnitude responses vary less than±1dB over the entire frequency range of 300 Hz –
3400 Hz.

In comparison with the conventional selectable beamformer, the benefit of using
the polynomial filter lies in its reduced computational complexity and the smooth
change from one mainlobe direction to another. The polynomial design can produce
a great number of simultaneous outputs without any noticeable increase in the
computational cost. This is shown in Section 5.4.3, where the polynomial design
outperforms the selected set of fixed filters in terms of computational complexity,
assuming that the number of outputs is greater than the length of the approximating
polynomials. Also, the directions in which the polynomial beamformer is steered at
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the time can be updated smoothly by gradually changing the control variables in the
steering vector3, as proposed in Section 4.2.

It should be noted that the array geometry, the microphone locations and the
number and directivity of the transducers are not restricted by this design method.
However, these parameters do greatly affect the steered output response of the opti-
mized polynomial beamforming filter just as they have an effect on the performance
of the conventional filter-and-sum beamformers.

As a rule of thumb, the number of microphones is related to the amount of spatial
nulls in the beampattern. The more microphones there are, the more control there is
over the directional sensitivity pattern. Increasing the number of microphones in the
system can thus improve the signal-to-noise ratio at the beamformer output.

The array geometry, on the other hand, can favour some directions over others.
For example, a line array is known to produce an overwhelmingly good signal-to-noise
ratio in the end-fire direction but the performance degrades on the broadside due to
the rotational symmetry of the structure. Linear arrays, or shotgun microphones,
are typically used in extremely noisy environments and the array is physically moved
and focused in the target direction. Circular arrays are less effective than the end-fire
design but they are commonly used, for example, in teleconferencing devices because
the source location may vary and steering should be possible in any direction around
the table. Crossed arrays, like the Y-shaped array used in this work, are a useful
compromise between the end-fire and circular designs. A crossed array can guarantee
fairly good directivity while steering the uniform beampattern through the full 360°
range.

Audio recording devices for professional video capture typically utilize directional
transducers to attenuate sounds coming from outside the visual area of the scene. The
steering function, in that case, could be restricted to a limited angular range.

The filter design method presented here assumes free-field propagation of sound
waves from source to sensors. An interesting continuation of this work would be to
consider the acoustic properties of the mechanical structure of the microphone array
and to study what benefits and challenges they might give rise to.

3The steering vector is defined in Equation (4.7). A block diagram of the dynamic steering function
with multiple simultaneous outputs is illustrated by the grey boxes in Figure 4.2.
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A APPENDIX

A.1 Lemma

Let us have a square matrix R ∈RM×M and a column vector h ∈RM×1. If the matrix
R is antisymmetric1, then we can write

h⊤Rh= 0, ∀h ∈RM×1. (A.1)

A.1.1 Proof

Since the inner product is commutative2, the left side of Equation (A.1) leads to

h⊤Rh= h⊤ (Rh)

= (Rh)⊤h

= h⊤R⊤h

= h⊤ (−R)h

=−h⊤Rh. (A.2)

The only real number x ∈R that satisfies x =−x is the value x = 0. Hence, the left
and right sides of Equation (A.2) imply that h⊤Rh= 0 for all h ∈RM×1.

1R⊤ =−R.
2x⊤y= y⊤x for all x,y ∈RM×1.
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A.2 Theorem

For any complex-valued matrix A ∈CM×N and a column vector h ∈RN×1

h⊤A†Ah= h⊤ℜ{A†A}h. (A.3)

A.2.1 Proof

The proof follows from the reasoning found in [27]. By defining C = A†A and
denoting am,n , for all m ∈ {1,2, . . . , M} and n ∈ {1,2, . . . ,N}, is an element of the
matrix A ∈CM×N we can write

ci , j =
M
∑︂

m=1
a∗m,i am, j

(2.15)
=

M
∑︂

m=1

�

am,i a
∗
m, j

�∗ (2.14)
=

� M
∑︂

m=1
a∗m, j am,i

�∗

= c∗j ,i (A.4)

for all i ∈ {1,2, . . . ,N} and j ∈ {1,2, . . . ,N}, where ci , j is an arbitrary element of
the matrix C ∈ CN×N . As a result of Equation (A.4) the matrix C is Hermitian3.
Hence, the imaginary part CIm of the matrix C=CRe+ ȷCIm is antisymmetric and,
according to Lemma (A.1), we have

h⊤CImh= 0, (A.5)

which leads to
h⊤A†Ah= h⊤Ch

= h⊤CReh+ ȷh⊤CImh

= h⊤CReh

= h⊤ℜ{A†A}h (A.6)

and proves the theorem.

3A square matrix C ∈CN×N is called Hermitian, if C= (C∗)⊤ =C†.
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